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Abstract
The sixth Painlevé equation PVI is both the isomonodromy deformation
condition of a 2-dimensional isomonodromic Fuchsian system and of a 3-
dimensional irregular system. Only the former has been used in the literature
to solve the nonlinear connection problem for PVI, through the computation of
invariant quantities pjx = tr(M;My). We prove a new simple formula express-
ing the invariants pj in terms of the Stokes matrices of the irregular system,
making the irregular system a concrete alternative for the nonlinear connection
problem. We classify the transcendents such that the Stokes matrices and the
Pji can be computed in terms of special functions, providing a full non-trivial
class of 3-dim. examples such that the theory of non-generic isomonodromy
deformations of Cotti et al (2019 Duke Math. J. 168 967-1108) applies. A
sub-class of these transcendents realises the local structure of all the 3-dim
Dubrovin-Frobenius manifolds with semisimple coalescence points of the
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type studied in Cotti et al (2020 SIGMA 16 105). We compute all the mono-
dromy data for these manifolds (Stokes matrix, Levelt exponents and central
connection matrix).

Keywords: sixth Painlevé equation, isomonodromy deformations,
irregular system, Stokes matrices, coalescing eigenvalues,
Dubrovin-Frobenius manifolds, Laplace transform.

Mathematics Subject Classification numbers: 34M55

1. Introduction

The present paper proposes three main results. The first is a monodromy formula which imple-
ments the isomonodromic deformation method for the sixth Painlevé equation using a 3-
dimensional irregular system. The second is the classification of the solutions of the Painlevé
equation which realizes the first non-trivial class of examples satisfying the theory of non-
generic isomonodromy deformations developed in [9]. The last is the computation of all the
monodromy data (local moduli) of the 3-dimensional Dubrovin—-Frobenius manifolds with
semisimple coalescence points of the type studied in [10]. The second and third issues above
provide an interesting application of sixth Painlevé equation.

The sixth Painlevé equation, hereafter denoted by PVI, is the nonlinear ordinary differential
equation (ODE)

dy 111 1 d\> 11 1 1dy

— == |-t ——+ =) —|=+ + —=

dx2 2|y y—-1 y—x]|\dx x x—1 y—x|dx
)

x x—1 x(x—1)
{a+ﬂy2+7(y—l)2 +5(y—x)2]’

where the coefficients can be parameterized by four complex constants 6,6,,03,60., with
0 # 0, as follows

28=—07, 20=1-03, 2v=03, 2a= (s —1)°. (1.1)

PVI has three fixed singularities at x = 0, 1, oo, called critical points, and its solutions are called
transcendents, because generically are not expressible in terms of classical functions through
Umemura’s admissible operations [52-54].

In order to characterize a transcendent, it is important to know its behaviour, called critical,
at the critical points. A most difficult issue is the nonlinear connection problem, which is to
express the one or two integration constants parametrizing the critical behaviour of a branch
of a transcendent at a critical point (branch cuts |argx| < 7, |arg(l —x)| < 7 in the x-plane),
in terms of the integration constants expressing its critical behaviour at another critical point.
The isomonodromy deformation method has proved effective in solving this problem: PVI is
equivalent to the isomonodromy deformation equations, i.e. the Schlesinger equations, of a
2 x 2 isomonodromic Fuchsian system

@:ZA"(M)Q (1.2)
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with u = (uy,us,u3) € C? and eigenvalues of A; = +6;/2, Zzzl A = diag(—0/2,05/2).
Equivalence means that solutions .4, (), A, (u),.A3(u) of the Schlesinger equations, up to con-
stant diagonal conjugation, are in one-to-one correspondence with solutions of PVI, with

Uz — Uy
X =

Uz —up
The correspondence has been known since [18, 51] and is realized by the explicit formulae
in appendix C of [42]. The core of the method is to be able to explicitly compute the three
different pairs of integration constants for a given branch respectively at x =0,1 and oo in
terms of the same traces

pjx =tr(MiMy), 1<j#k<3, (1.3)

where M, My, M3 € SL(2,C) are the monodromy matrices at A\ = u;,up,u3 of a funda-
mental matrix solution ®(\, u), defined for u varying in a sufficiently small simply connected
domain of C*\ | i1 {uj = wi}, and A in the plane with branch-cuts from uy, u», u3 towards infin-
ity. This method was first used in the seminal paper [40] for a wide class of generic solutions,
and then by several authors in non-generic cases (see [30] for a review).

PVTI also admits an isomonodromic representation by a 3-dimensional system with Fuchsian
singularity at z= 0 and irregular at z = co. Indeed, in [36] a class of integrable systems called
JMMS [43] are described in the loop algebra framework of [1] and, using duality of moment
maps [2], dual isomonodromic systems are obtained. In particular, the dual to (1.2) turns out
to be

dl]: (U"r M) Y, U= diag(ul,uz,u3)7 (14)
dz z
with a certain matrix V(u), satisfying
Ooo — 0 —0r — 03 —0oo — ) — 0y — 05
2 ’ 2 ’
A symmetric description of the Harnad duality [36] is provided by theorem 1.2 of [6]*.
By a Laplace transform [3], it was equivalently proved that the isomonodromy deformation
equations of (1.4) reduce to PVIL, in [13, 14] for §; = 6, = 63 = 0, and in [48] for the general
case. This was later shown also in [4]. The one-to-one correspondence between solutions of
PVI and diagonal conjugation classes of matrices V is realized in [48] by explicit formulae
V= V(x,y(x)) (up to typing misprints).

As suggested in [48], system (1.4) may be useful for the study of symmetries, and
this was later investigated in [4, 6], but (1.4) has never been used for the isomonodromic
approach, which has always been based on the Fuchsian system (1.2), even in the most
recent developments [21, 37, 38]. One main reason is the lack of a formula expressing the
2-dimensional invariants p in terms of the 3-dimensional Stokes matrices of the irregular
system. This issue was not considered in [48] and—to our knowledge—the formula is not
available. A first result of our paper is precisely the derivation of this formula, so filling a gap
in the established literature.

To state our main results, it is necessary to recall the theory of non-generic isomonodromy
deformations developed in [9], and reworked in [35] by a Laplace transform. In [9] (see also
[8, 32-34] for a simpler exposition), an irregular n X n system of type (1.4) is considered, with

eigenvaluesof V=0,

diag(V) = —diag(0;,65,03).

4 In [6], isomonodromic systems are attached to a certain class of supernova graphs. In particular, it is possible to attach
isomonodromic systems of order higher than 2 to each of the six Painlevé equations, of which (1.4) is an example.
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U = diag(uy,...,u,) and V(u) holomorphic in a sufficiently small polydisc D(u°) centred at
a coalescence point u® = (ug,...,uy), so called because uf = uj for some j 7 k. The polydisc
contains a coalescence locus passing through u¢, where some components of u = (uy,...,u,)
merge. Such n-dimensional version of (1.4) has a unique formal matrix solution

Yp(z,u) = I—I—ZFk(u)z_k eV exp{zU},
k>1

and ‘canonical’ fundamental matrix solutions Y, (z, u), uniquely identified by their asymptotic
behaviour Yr(z,u) for z — oo in the overlapping sectors (for small £ > 0)

Syt T+ -2)m—e<argz<7t +(v—1)m+e, veLZ.

Here, 7% € R satisfies 7" # 37 /2 — arg(uf — ui) mod , for j#k such that uf # uj. These
solutions, their Stokes phenomenon and monodromy data are in general well defined only in
a smaller subdomain of D(u) away from coalescence points. Theorem 1.1. of [9] extends the
theory to the whole D(u°): if the following vanishing conditions hold

Vie(u) — 0 for j # k, whenever u; — u — 0, (1.5)

then the matrix coefficients Fy(u) and the canonical solutions are holomorphic in D(u¢), and
the Stokes phenomenon is well posed. Moreover, the monodromy data of (1.4) are well defined
and constant on the whole D(u¢). The Stokes matrices, defined by Y, = Y,,S,, satisfy

(Su)jx = (Su)iy =0 forj # ksuchthatu; = uj.

As a consequence, in order to compute the monodromy data, it suffices to compute the data of
the restricted system

T = (v + )y (16)

dz z

The possibility of restricting at u = u® simplifies the computation of monodromy data, to the
extent that sometimes it can be done in terms of classical special functions.

This theory has attracted the interest of mathematicians for its applications to Dubrovin—
Frobenius manifolds [10] and quantum cohomology of some varieties [10, 11, 19], starting
from dimension n > 4. Our paper provides the first full non trivial class of 3-dimensional irreg-
ular systems such that this theory is realized, and of 3-dimensional Frobenius manifolds where
[10] applies. This may be seen as an interesting application of PVI.

1.1 Results

(1) We prove the formula expressing the pj in terms of the Stokes matrices, making the irregu-
lar system (1.4) an alternative to the Fuchsian one for the isomonodromy deformation method
of PVI. There are two cases.

e If u varies in a sufficiently small polydisc of (C3\Uj¢k{uj = u;}, in theorem 3.1 we show
that

2COS7T(9J' — Hk) — em(effe“) (S])jk(gz_l>kj, J < k,

Pix = A (.7
2c08(6; — Or) — &™) (S)) (S Njks s T K,
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where the ordering relation j < k means R(e'” (u; —uz)) < 0. Here 7* € R satisfies 7* #
37/2 —arg(uj —u) mod 7, 1 <j# k<3, for u in the polydisc. The branch cuts from
uy,us,u3 to oo used to define the monodromies in (1.3) have direction 37 /2 — 7*.

e If u varies in a sufficiently small polydisc D(u¢) centred at a coalescence point u, where V(1)
is holomorphic and satisfies (1.5), formulae (1.7) hold for j # k such that ujc # uf, while

pjx = 2cosm(0; — Ox) forj # ksuchthatuj = uj.

The pj are now defined for a fundamental matrix solution ®(\,u) with u varying in a small
subset of D(u) in whose interior u;,uy,us are pairwise distinct. In this case, 7* # 37/2 —
arg(uf — uj) mod , for all j # k such that uf # uj.

Remark 1.1. In the paper, 7* will be called 7(*) in case there are not coalescences, and 7 in
case of coalescences. Notice that at x =0, 1,00 only two out of the three u;,u;,u3 coalesce,
because x = (up —uy)/(uz —uy).

Theorem 3.1 is based on the isomonodromic Laplace transform of [35], which relates an
isomonodromic irregular system to a Fuchsian one, both of dimension 7, in presence of coales-
cences. In our case, we relate the 3-dimensional (1.4) to the 2-dimensional (1.2). A dimensional
reduction of the monodromy will be studied.

(2) In section 4, we classify all the branches y(x) holomorphic at x =0, corresponding to
the coalescence u; — u; — 0, such that V(u) satisfies (1.5), so that theorem 1.1 of [9] applies to
system (1.4). This classification is an application of PVI providing the simplest but non-trivial
full class of irregular systems realizing the theory of [9].

Moreover, for such transcendents we show that the restriction (1.6) at u = u, (namely
at x=0) can be solved in terms of either confluent hypergeometric functions or general-
ized hypergeometric of type (p,q) = (2,2). Our classification is summarized in the fable of
section 4

In section 5, we compute the Stokes matrices of (1.4) and the invariants pj; associated with a
selection of the classified transcendents. Being [9] applicable, the calculation will be explicitly
done by means of special functions using the restriction (1.6) at x =0.

Remark 1.2. It suffices to compute the critical behaviour at x = 0 and the corresponding integ-
ration constants in terms of the pj.. The results at x = 1,00 are obtained applying the symmet-
ries of PVI [49]. See section 3.1 of [30] for a short explanation of the procedure. For this
reason, in this paper we concentrate on x = 0 only.

(3) Incase B =+ =6 —1/2 =0, abranch of a PVI transcendent locally encodes the struc-
ture of a 3-dimensional Dubrovin—Frobenius manifold [14, 23], whose local canonical coordin-
ates are u = (uy,up,up). System (1.4) is related to a flat connection on the manifold. Its mono-
dromy data are the natural moduli which locally parameterize the manifold. Given these data
the manifold structure can be locally reconstructed by a Riemann—Hilbert boundary value
problem [13, 14].

The coalesce of some coordinates u; — u; — O satisfying theorem 1.1 of [9] corresponds
to true points of the manifold, the semisimple coalescence points, whose theory is developed
in [10]. This has important applications to the computation of monodromy data of quantum
cohomologies in dimension n > 4 [11, 19].

In section 6, we compute all the monodromy data, namely the Stokes matrix, the Levelt
exponents and the central connection matrix, parameterizing the 3-dimensional Dubrovin—
Frobenius manifolds at a semisimple coalescence point. The manifold structure is in this case
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encoded in a transcendent holomorphic at a critical point, belonging to our classification. This
provides the realization of [10] in dimension n = 3, as an interesting application of PVI.

(4) Preliminarily to (1)—(3) above, in section 2, theorem 2.1, we rework the results of [48] by
means of the Laplace transform of Pfaffian systems studied [35], in order to obtain the correct
formulae V = V(x,y(x)). We correct some typing misprints of [48], so making the formulae
usable.

2. PVI as isomonodromy condition of an irregular system

Consider a 3-dimensional Frobenius integrable Pfaffian system

3
V-1 .
dY =w(z,u)Y, w(z,u) = (U—l— Z> dz+ E (zEx + Vi) duy 2.1
k=1

where U = diag(u;,u,u3), u = (uy,u,u3) in a domain of C3, and E; = OU/Ou;. The set

Ac = J{ueC|u;—u;=0} (2.2)
i#j

of ‘diagonals’ is called coalescence locus. V = V() is a matrix holomorphic on a polydisc D,
that we can choose in two ways.

Case 1. D = D(u°) centred at u°, such that D(u°) N Acs = 0.

Case 2. D = D(u), such that D(u“) N Acs # (), with centre at u® € Acs. We assume that u¢
is the most coalescent point, namely if uf 7# uj for some j 7k, then u; 7 uy for all u € D(uc).
There are two possibilities: either the case with two distinct eigenvalues A\; # A, namely

A :=u; = uj for some 1 <i#j<3, and A :=uy # u; for k € {1,2,3}\{i,j},

or the case uf = u§ = u§. The latter will not be considered. In view of the use of theorem 1.1
of [9], we assume in Case 2 that

lim V;;(u) = 0 holomorphically when u; — u; — 0 in D(u¢). (2.3)

u,ﬂfujHO

The integrability of the Pfaffian system (2.1) is equivalent to the strong isomonodromy of

av _ (U+ V) Y 2.4)
dz z

This means that the essential monodromy data (Stokes matrices, monodromy exponents, cent-
ral connection matrix) are independent of u. In Case 1, the result is standard [41], while the
isomonodromic theory in Case 2 is established in [9].

Lemma 2.1. The integrability condition dw = w A w of (2.1) holds on a domain of C? if and
only if V and Vy satisfy on that domain the system

Vii(0ir — 0;

3
Vk(u)—< )> . 1<k<3. 2.5)
ij=1

M,'—I/tj

HV=1[Vi,Vl, k=1,23. (2.6)
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Both (2.6) and the Pfaffian system

Z V;(u)du; 2.7)

are integrable. A Jordan form of V is constant and is given by G~'VG for a suitable funda-
mental solution of (2.7).

Proof. The proof of (2.5) and (2.6) and of the integrability condition 9;V; — 9;V; = V;V; — V;V;
of (2.6) and (2.7) is a computation. The last statement follows from the fact that (2.6) and (2.7)
imply 9;(G~!'VG) = 0 for every fundamental solution of (2.7). O

Remark 2.1. In case V is analytic on either D = D(u°), or on D = D(u¢) with vanishing con-
ditions (2.3), then a fundamental solution G(u) of (2.7), such that G—'VG = Jis a Jordan form,
is holomorphic and holomorphically invertible on ID. For details, we refer to [9, 32, 35] (see
also [8]).

It is an exercise to prove the following

Lemma 2.2. Any solution of the system of partial differential equations (PDEs)

3

of
Zauk 0, Zukaiuk:af, a€C,

k=1

uz—ug uz—ug

has structure f = (uy — uy)*F (”2 2L ) orf=(uz —u)*g (M), where F and G are some
functions of their argument.

Proposition 2.1. The matrix
© = diag(0y,6,,03) := —diag(V(u))

is constant along the solutions of (2.5) and (2.6). Every solution of (2.5) and (2.6) admits the
factorization

V(u) = (us — ul)@ Q(x) (uz — u)~°, Vi(u) = (uz — ul)@ Qe (u) (uz — ul)_e, (2.8)

where §)(x) depends only on x := 2=I1, and
O Q]z(){) Q]j,(X) 0 le(x) 0
uy—up Uy —us U —ug
0 = D1 (x) 0 0 0, = Q1 (%) 0 Qa3 (x)
Uy —1un ’ Uy —1y Uy —u3 ’
Quld 90 0 =W
up—us U —us3
0 0 Q3 (x)
uz—ug
QG=| 0o 0 =
W WE ’
uz—uy uz—uy

If V has diagonal form i = diag(u1, 12, 143), then the general solution of (2.7) diagonalizing
V has structure

Gu) = (uz —u)® - G(x) - (u3 —up)P, (2.9)

where é(x) diagonalizes Q)(x), and is defined up to G—G- diag(e1,€2,€3), where €1,65,63 €

C\{0}.
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Proof. Substituting (2.5) into (2.6) we see that ,V;; =0,V j =1,2,3, V k=1,2,3. Notice
that ), Vi = 0. This, and the conditions (2.5) and (2.6), with diagV(u) = —©, imply

3 3
Z@kVZO, Zukakvij: (6: = 6;) V.
k=1 k=1

Thus, (2.8) for V follows from lemma 2.2. Then, (2.8) for V; follows from (2.5). The factor-
ization (2.9) is also proved from (2.7) and lemma 2.2. ]

Proposition 2.2. The three equations (2.6) are equivalent to

a2 ~

— = [, 2.10

dx [ 2, ] ) ( )
where

=N 1 0 0 0 0 le(x) 0

Qs (x) = 1 0 0 O3 (x) + - le(x) 0 0

TR0 Qn@x) 0 Lo 0 0

Moreover, (2.7) is equivalent to

dG  ~  ~

— =M (x)G.

dx 2(x)
Proof. All follows from the factorizations in proposition 2.1 and the chain rule. O

In the sequel, we will be interested in the solutions of (2.5) and (2.6) satisfying:

diag(V(u)) = diag(—6,,—6,,—65), (2.11)

Ooo =01 —0r— 03 —0c— 01 —0,—0;
2 ’ 2 '
V is then diagonalizable. Here, 0, is just introduced to give a name to the eigenvalues. By

lemma 2.1, the eigenvalues of V are constant and by proposition 2.1 the 6; are constant, so that
0 is a constant. The following statement is straightforward.

V hasdistincteigenvalues = 0, (2.12)

Lemma 2.3. If V is a solution of (2.5) and (2.6) with constraints (2.11) and (2.12), then all
the matrices

KO'V'(KO)_17 K’:= dlag(k(l)7kgakg)7 k(l)vkg7k(3) G(C\{O}a
are solutions with the same constraints. There is no loss of generality in taking kg) =1
The main result of the section is

Theorem 2.1. The integrability condition (2.5) and (2.6), with the constraints (2.11)
and (2.12), is equivalent to PVI with coefficients (1.1) given in terms of the parameters
0,,0,,05,0. Equivalently, the nonlinear system (2.10) with ) satisfying the same con-
straints (2.11) and (2.12) is equivalent to PVI.

There is a one-to-one correspondence between transcendents y(x) and equivalence classes

(KO- V- (K0!, K = diag(K,K3, 1), (K,49) € C2\{0,0} } 2.13)
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of solutions of (2.6), or the corresponding classes {K° - Q- (K°)~'} of solutions of (2.10). The
following explicit formulae hold.

d
N ki1 (%) (xz—x)ji+(9m—l)y2+ 92—91+1—(9m+92)x>y+61x
2T k() 2(x— 1)y ’
d
() (P =05+ O =17+ (61 =241 = (6o = 02)x)y — O1x
Q =
T ) 2(x—) ’
(x—xz)—y+(1—6’oo)y2+((91—93)x+900+03—1)y—61x
913:](1()6)' dx
2(x—1)y ’
d
1 (x—xz)d—z—l—(l Ooo)y2—|—((03—91)x+000—03—1)y+91x
ek 2o—1) /
NS 2
(=) 2+ (1= 000y + (o — 02+ Ooc + 65— 1)y = x(0 — 02 + 6)
Qs = :
23 = ka(x) 2—y) )
d
1 (x—xz)d—)chr(l—eoo)y2+((eoo+9z)x+eoo—93—l)y—x(9w+92—93)
s = ka(x) 2x(1 —y) '

The functions kj(x) are obtained by the quadratures

G =Kew (L), KO0 L= [ hew =12 @.14)
with
x(1 —x)% + (6, — 6, — 03 + 1)y2 +((61+03)x+601—60,—1)y—601x

2x(x—1)(y—1)y ’

e 12D _ B 2
)(Xfy)( x(x 1) dx+((91 392+93+1)x 91+02+93 ])y

ll (x) =

1
b(x) = 2x(1—x)(1—y

+ ((202 —0)— 93)x2 + (392 —30; — 1)x—|— 0, —0r+ 1) y+ ((‘91 — 26, —|—293)x— ‘91))() .
The proof will be given in the analytic case D = D(u), or the case D = D(u¢) with condi-
tions (2.3), but it is based on linear algebra and calculus of derivatives. Thus, the formulae hold

at every point (uy,uz,u3) in a domain of C? where the calculations make sense. They emend
editing misprints of [48].

Remark 2.2. The eigenvalues of V are distinct if and only if

Ooc # 0, % (01 + 0+ 05).
This can always be fulfilled for V associated to a given PVI with coefficients «, 3,7, d, because
thef,,v =1,2,3,00, are defined by (1.1), so the changes 0, — 2 — 0, 01 — —01, 0, — —0,,

03 — —03 do not change the specific equation PVI under consideration.
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dY = w(z,u)Y| (1) Laplace transform |q¥ = P\, u)¥
dw=wAw Y(z,u) =z /e“\fl()\,u)d)\ dP=PAP
Y

dimensional (2)
equivalence up to reduction
diagonal const. gauge

PVI

equivalence

explicit formulae
(Fuchs — Schlesinger) 3 ~
(Jimbo — Miwa) Ap(u) = (us — up)~A= A (@) (ug — up)?>

(4)

Ao O~ Ax(u)
ax
k=1

P

)\—uk

dA, _ [.Z2,.21] dAs [.Zz,-zs] d A, _ _[-Zzwil] _ [JZ2~,-23]

dx x| dx z—1 " dz x z—1 |

Figure 1. Proof of theorem 2.1.

Remark 2.3. In case 6; = 6, = 5 = 0, then in theorem 2.1

V) =Qx),  kix) = kﬁ)m’ ky(x) = k‘)ﬂ

If we choose kY = v/~ 1, k) = £+/—1, then
Vvi=_v

is associated with a Dubrovin-Frobenius manifold [14]. The expressions of theorem 2.1 reduce
to the formulae in section 4 of [23] (see page 269 there for the relation y — V and (48) at page
270, for the relation V — y). These formulae were later used in [27] and in section 22 of [9].

2.1. Proof of theorem 2.1

Since the works of Fuchs [18] and Schlesinger [51], it has been known that there is a one-to-one
correspondence between solutions of PVI and equivalence classes

{ETTAE, ETVAE, ETVAE, € = diag(ey,e3), e1,e3 € C\{0}} (2.15)
of solutions of the Schlesinger equations

WA ] ak A dd A A

(2.16)

x  x dx  x—1"~ dx x x—1"7
with constraints —(A; + Az + A3) = diag(f /2, —0/2) and eigenvalues of Ay = +0;/2.
This has been summarized in appendix C of [42]. To prove theorem 2.1, we use a Laplace trans-
form and a dimensional reduction to show that there is a one to one correspondence between
equivalence classes (2.13) and (2.15). The scheme of the proof is in figure 1.

To starts, we assume that V is a solution of (2.6) with pairwise distinct eigenvalues, one
being equal to zero. Let a diagonal form be

fi = diag (1,0, ) = G(u) ™ V() Glu),

where G is a fundamental solution of (2.7), determined up to G — G - diag(e1,€2,€3).
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2.1.1. Step 1. Equivalent 3-dimensional Pfaffian systems—arrow (1) in figure 1. For fixed u a
vector solution Y(z,u) of (2.4) is representable by a Laplace transform

?(z,u) =z /e’\z\f/()\,u)d/\, (2.17)
8!
where ~ is a suitable path such that e*3(A — U)¥(\)| =0, and ¥ is a vector solution of a
2!
Fuchsian system
3
dw B
W_SBW g gy (2.18)
d\ —1 A— Uy

This is established in [3] in generic cases, and in [31] in every case. In [35], u varies in ]D)(u(o))
or D(u¢), and the Laplace transform relates (2.1) to the non-normalized Schlesinger system

3
AU =PAuw)¥,  PA\u)=>_ (Md@ — ) + Vk(u)duk) . (2.19)
k=1

Elementary computations show that dw = w A w is equivalent to the integrability condition
dP = P A P. This is also evident in [4, 5, 48], and in [15] for Dubrovin-Frobenius manifolds.

2.1.2. Step 2. Dimensional reduction—arrows (2) and (3) in figure 1. Since G satisfies (2.7),
the gauge transformation ¥ = GX transforms (2.19) into the normalized Schlesinger system

3 ~
p P By(u)
dX =P\ u)X P\ u)= d(\ — 220
( 714) ; ( 7u) ;)\*Mk ( uk), ( )
where By := G~'B,G = —G~'E,GJi. Explicitly,
~ 1 —(G22G33 —G23Gn)b1 0 —(GnGa3 — G3Gx)d,
B = detG (G21G33 - G23G31)b1 0 (G21G33 - G23G3])d1 (2.21)
_(G21G32 — GnGs) )bl 0 —(G21G32 — GZZGSI)dl
- 1 (G12G33 — G13Gn)by, 0 (G12G33 — G13G3)d,
B2 = detG (G633 =G31Gi)by 0 —(GnGs3 — G31Gi3)da (2.22)
(G11G32 — G31G12)by, 0 (G11G3: — G31G12)d,
- 1 —(G12G23 — Gi13Gn)bs 0 —(G12Ga3 — Gi13Gn)ds
Bs = detG (G11Gx3 — G2 Gi3)bs 0 (G11Gys —GuGi3)ds |, (2.23)
—(G11G2 — G21G12)bs 0 —(G11Gay — G21Grp)ds
where

by =Gnpt, by=Goup, bz=Gsp, di=Guius, dr=Gouapus, di3=Gyus.
(2.24)

By construction, TrB; = TrBy = 6y, and the eigenvalues of By and By are 0x,0,0. Let a vector
solution of (2.20) be denoted by

X %
X=X, and let X:( 1).
X3
X3
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Then, ® = H;Zl(/\ —u;)~%/2X satisfies

(s A _(Bon By _0
4o = (; A_kuk d(A— uk)> o, A= ((EZ)i (EZ);D — Ekl. (2.25)

By construction,

L  (60)2 0 B , b
Ao i=—(A1 + Ay + A3) = ( 0 _000/2> , TrA, =0, eigenvalues of A=+ X
(2.26)
where 0, is defined by
MIZHOO—G]—GQ_Q:;’ M3:_0°°_91_02_93. 2.27)
2 2
Notice that X is obtained by a quadrature. The integrability condition dP = P A P reduces to
Ai, A . Ai, A
amFM? ik aiA,:—ZM. (2.28)
Ui — Uy el

Arrow (3) in figure 1 is contained in the following

Lemma 2.4. If { Ay }i=123 is a solution of (2.28) with constraints (2.26), then all elements of
the equivalence class

{571./415, 571./425, 571./438, E:= diag(51,€3), £1,€3 € (C\{O}} (2.29)

are a solution with the same constraints. There is a one-to-one correspondence between equi-
valent classes (2.29) and equivalence classes

{KO V- (KO)_lv K’ = dlag(k(l)vk(z)akg)v k(l)vkg7k(3) € (C\{O}} (2.30)
of solutions of (2.5) and (2.6) satisfying the constraints (2.11) and (2.12) (see lemma 2.3).

Proof. The first assertion in straightforward. For the second, we do a proof slightly different
from [48]. To every solution V of (2.5) and (2.6) satisfying the constraints (2.11) and (2.12),
we associate Ay in (2.25), using (2.21)—(2.24), so that

akbk akdk ek
= ——1, k=1,2,3 2.31
Ak (ckbk dek> ) ) sy Dy ( )
where
o= —(GnG33 — G13G3y) o G12G33 — G363 e —(G12Gx3 — G13G22)
: detG r % detG B detG ’
(2.32)
o — —(G21G3, — GG31) o — G11G32 — G31Gy2 o —(G11G» — G21G12)
! detG r detG r detG
(2.33)

The above expressions determine a class (2.29) in terms of V. Indeed, V determines G up
to G+— G-diag(ey,e2,¢3), so that detG — e16,e3det G, a; — sflak, by e1by, ¢ e3¢k,
dy — €3dy, which determines A up to A, — £~ AE£. Moreover, a change Vi V/ = K°.
V- (K% ~!induces G — G’ = diag(k,k3,k3) - G. Therefore, from (2.24) and (2.32)—(2.33) we
receive aj’ = aj/kQ, bj’ = kjobj, cj’ = cj/kj(-), d]»’ = k;-)dj. It follows that Ay in (2.31) is invariant.
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Conversely, consider a solution of (2.28) with constraint (2.26), which can be written as
in (2.31). Thus

—0, —ayby — cdy  —azb; — c3d,
V=GuG ' = [ —a1br — c1d, —6, —azby —c3d, | . (2.34)
—a1b3 — C1d3 —a2b3 — C2d3 —93

The above is invariant under the map a; — sflak, by — e1by, ¢ — e3¢k, dy — e3dy and the
map A — £~ AE. Moreover, A; determines a;, b, ¢j, d; up to a; — a;/k), bj — klbj, ¢ —
/K9, dj— k})dj,j =1,2,3, so that to each {A;,A4;, A3} is associate V up to the freedom

VKO- V- (K%~L O
Lemma 2.5. Every solution of (2.28) with constraints (2.26) admits the factorization
Ac(u) = (u3 — )~ A% A (x) (3 —up)>, k=1,2,3, (2.35)
Uy —up

and the /Tk(x) satisfy the same constraints and solve the Schlesinger

where x = ,
uz—up
equations (2.16).

Proof. The equations (2.28) imply that
3 3
S oA=0; D w0 A= [AnAx], k=123
i=1 i=1

In particular, S 40 (A 12 = 0o (A 12, S 140 (Ar)ar = oo (Ar)ar,
Z?:l u;0; (Ax);; = 0. Therefore, (2.35) follows from lemma 2.2 and then (2.16) follows by
the chain rule. O

The A-component of (2.25) is the Fuchsian system (1.2), and (2.28) expresses its isomono-
dromy. For u away from coalescence points, (1.2) is equivalent to

o _ (“ZL(X) N %2()6) N %3()5)) 3 (2.36)

d\ by Aox  A—1

through the gauge transformation ® (X, x) = (u3 — u;)A>®(\,u) and change of variables A =
(AN—uy1)/(uz —uy), with x = (up —u1)/(u3 — ur). The Schlesinger equations (2.16) are the
isomonodromy condition for (2.36).

Proposition 2.3. The matrices A(x) in (2.35) have structure

0 -
_ a0+ )
Ai(x) = 2(x) + 6, o, |+ k=123, (2.37)

Vi(x) ) - 2

Sfor some functions Vi(x), zi(x). The matrix Q(x) in (2.8) has structure

Q(x) =K(x)Z(x)K(x)™",  K(x) = diag(k; (x),k»(x),1) (2.38)
for some functions k;(x), ka(x), where
Zi=—0. 20 =500~ 2D 0), 1<izj< .39
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Proof. Conditions (2.26) imply ¢; = (6 — arbi)/di, k = 1,2,3, so that (2.31) yields

B arby — 6, /2 ardy (i
&—(wrwwmw@ &ﬂ—@h) (230 %”_<@h+%@ ) )
1<i#j<3. (2.40)

Define z; = zk(u) and vy = vk(u) by zx + 0k = arby and vz = —aidy. Then

Z+ eke/ 2 —ViZk ViZj '
_ o+ . Vi=z—L(z+6) )=, 1<i#j<3. (241
Ay 2+ Ok el i (zj (2 + )) 7 i (2.41)
k

Substituting the factorization (2.9) into (2.32) and (2.33), we receive

aj(u) = @) s — ) 7 by = by (g — )~

¢i(u) =¢i(x) (s — )"0 di(u) = di(x) (us —u)) T, j=1,2,3.

Substituting into Ay in (2.40), recalling that 111 — 3 = 6 and comparing with (2.35) we find

As) = Ek(X)ék(X) — /2 5k(x)3k()f)
COT (0= @B )b fda ) 00/2 = a(x)be(x) )

Comparison with A in (2.41) proves (2.37), with z(u) = zx(x) and vi(u) = Vi(x)(u3 —
uy)"3~#1_ Now, V in (2.41) becomes

Vij(“) = (Zj(x) - M(Zi(x) +9i)) fi(x) (u3 _ ul)‘)i*(’f, 1<i#j<3.

Vi(x)zi(x) di(x)
The above brings back the factorization (2.8) and proves (2.38) and (2.39), with & (x) :=
dy(x)/ds(x) and ky(x) := da(x) /d3(x). O

2.1.3. Step 4. From (2.16) to PVi—arrow (4) in figure 1.  As mentioned in the beginning,
there is a one to one correspondence between equivalence classes (2.15) and solutions of PVIL.
We will use the explicit correspondence in appendix C of [42]. Our x coincides with ¢ used
in [42]. The matrices Ag(t),A;(t),A; () in formula (C.47) of [42] are related to ours by the
identifications

Mm—@ziw,&@—%:&@,m@—szmyt:m

(60,6;,61)in (C.47) = (6,,02,05)in our notations.
(20,21,21)in(C.47) = (z21,22,23) in our notations.

(u,w,v)in(C.47) = (v{,v2,V3)in our notations.

Following [42], the matrices Ay are parameterized by the 741 independent parameters 6, 65,
03, 00, k, y, 7, x, where k, y and z are respectively defined by
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- ~ - xv
k= (1+x)viz1 + V222 + xv323, y= ;{Zl )
0 ) 6 (A 0,/2 (A 0,/2 (A 05/2
Z:ZH—1+Z2+ 2+Z3+ 35( D1 +61/ +( 211+ 62/ +( 3+ 3/'
y y—x y—1 y y—x y—1

Do not confuse the parameter z above, taken from [42], with the independent variable z previ-
ously used in system (2.1).

Now, z1,22,23 and v, v,, V3 can be explicitly parametrized in terms of 6,0,,03,0..,k,y,2,x
by formulae (C.51)—(C.52) (in [42], z=z—0,/y—02/(y —x) —63/(y — 1) is used in place
of 2).

The Schlesinger equations (2.16) become a first order nonlinear system of three differen-
tial equations for y, z, k, reported in formula (C.55) of [42]. As for k(x), it is computable as the
exponential of a quadrature in dx involving y(x) and z(x), so it is determined up to a multiplic-
ative constant kK, which is identified with €3 /¢ in the equivalence class (2.15). Eliminating
z from the remaining first order system for y and z, we see that y solves PVL If y = y(x) is a

solution, then
1 x(x—1) dy(x) 6 | 61 05 )

=3 (y(X)(y(x) DO - dr ) ) x| ) ]

(2.42)

2.14. Step 5. Completion of the proof of theorem 2.1: the explicit formulae.  From (2.39) and
(C.51) of [42], we receive

X — x(y—1
Z12:Z27(Z1+91)(1_)-2))y, Z]3—Z3(Z]+01)(iy_x))))7
1—x x(y—1
Z21:z1—(zZ+92)( — )y, 223223—(224-92)#,
Z31:Z1—(Z3+93)m, Zy =2 (z3+06s) Al
x(y—1) x(y—1)

Substituting (C.52) in the above, where z(x) is given by (2.42), we obtain the explicit expression
of Z(x) in terms of y(x) and dy(x)/dx, which gives Q;(x) = Z;(x)k;(x) /k;(x), 1 <i#j <3,
k3 := 1, as in the statement of theorem 2.1.

To complete the proof of theorem 2.1, we find the differential equations for k; (x) and k, (x).
The factorization (2.38) implies that

. 0 le/x 0
QZZKZQK_I, ZZZ Z21/x 0 Z23/(x—1)
0 Z32/()C—1) 0
Substituting the above and (2.38) into (2.10) we find
dK dz
K'— Z|=1[2,,2 - =
{ dx ) ] [ 2 ] dx’
namely
1 le3> 1 ( de3>
— | [Z2,Z)13 — —— — | 22,23 — ——
dink;, ) Zi3 <[ 2 Zlis dx dink, ) Zx 22 2]z dx
dx ] 1 [dzy Toode ) 1 [dzy, '
— | —— —1Z,,Z — | —=—1Z,,Z
(- iz (2222
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Substituting the expressions of the entries of Z and Z, in terms of y and dy/dx, the r.h.s. of the
above expressions respectively become /; (x) and /,(x) in the statement of theorem 2.1. Notice
that ki (x) and k»(x) contain multiplicative integration constants £ and k9 responsible for the
correspondence between y and the equivalence class {K°- V- (K%)~!, K = diag(k9,k9,1)}.
The proof of theorem 2.1 is complete. U

3. Monodromy data pj, in terms of Stokes matrices

As mentioned in the introduction, the monodromy data pj; of the 2 x 2 Fuchsian system (1.2)
parameterize Painlevé VI transcendents, allowing us to solve the nonlinear connection prob-
lem. We prove a formula expressing the pjx in terms of the Stokes matrices of the 3 x 3 sys-
tem (2.4), so making system (2.4) a concrete alternative to (1.2) in the isomonodromy deform-
ation method for PVI. The formula is stated in theorem 3.1 below and, to our knowledge, does
not appear in the literature.

Preliminarily, we recall when the pj can be used to parametrize univocally the
branch of a transcendent. Consider M :=SL(2,C)*/(M;+ C~'M;C, detC#0)=
SL(2,C)3/SL(2,C), the space of conjugacy classes of triples M1, M,, M;. The ring of
its invariant polynomials is generated by the traces [17]

Pjk = tI'(Mij), ]%kG {15253}3

Poo = tr (Mj;Mj;; M) =2cos(m0s0), j1 <Jj2 <J3; pj =TrM; = 2cos(76;).

The ordering relation < will be explained in (3.3). Two facts play a crucial role. First, a con-
jugacy class belonging to a ‘big’ open subset® of M can be explicitly parameterized by the
Djk» Pj» Poo» according to tables 1 and 2 of [39] (generalized to the Garnier system with two
times in [7]). The second fact is that there is a one-to-one correspondence between monodromy
data and branches of Painlevé transcendents, if none of the M;, j = 1,2,3 and M;, M;, M;, is
equal to £/, where [ is the identity matrix [26]. In this case the integration constants express-
ing the critical behaviours can be univocally written in terms of the pj, provided the triple
My, My, M5 is in the big open of M. Such explicit formulae can be found in [4, 16, 22,
24-26, 28, 40, 44, 46]. An example of a point not in the big open is a triple generating a redu-
cible group, another example is (p12,p23,p31) = (£2,£2,42), discussed in section 6.2.1. The
analytic continuation of a branch is obtained by a completely explicit action of the braid group
on the monodromy data pj. [4, 16, 24, 39].

5 What we can find in the literature is theorem I (theorem 1) at page 389 of [31], where the relation is given between
Stokes matrices of the irregular system of dimension n and traces of products of monodromy matrices of certain
selected solutions of the Laplace-transformed Fuchsian system of the same dimension. Moreover, in theorem 2 of
[4], and in [13, 14] in case of Frobenius manifolds, a Killing—Coxeter identity is given relating a product of Stokes
matrices and a product of monodromy matrices (pseudo-reflections) of the Laplace-transformed Fuchsian system of
the same dimension.

6 Let (i,j, k) be a cyclic permutation of (j,,jz,3). According to [39], the big open is the complement in M of the set
where the following six algebraic equations are satisfied:

(P% — ) (P + P} +Phe — PikPiPoc —4) =0,
foralli=1,2,3.

(P — Y} + P} + Py — papipe —4) =0,
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Definition 3.1. The Stokes rays of system (2.4) associated with U(u) = diag(u;,us,u3) are
the infinitely many half-lines in the universal covering of the punctured z-plane C\{0}, issuing
from z =0 towards oo, defined by R((u; — ux)z) = 0, I((u; — ux)z) <0, for u; # uy.

The following refinement of the size of the polydisc ID must be applied.
In Case 1, D = D(u). Let 7@, () € R satisfy
7O =37/2 -5, n® £ arg(ud — uJQ)mod m, Vi#]. 3.1)

7(9) is an admissible direction in the z-plane for the Stokes rays of U(u°), that is no such
rays have directions 7(*) 4+ hrr, h € Z. The size of D(u°) is so small that the Stokes rays of
U(u) in the z-plane do not cross the directions 7(9) + k7, as u varies in D(u®).

In Case 2, D = D(u). The components of u® = (u§,us,us) only have two distinct values
A1, A2. Let 7, i € R satisfy

T=31/2—mn, 1 # arg(A; — Ap)mod 7. (3.2)

T i8 an admissible direction in the z-plane for the Stokes rays of U(u®). The size of D(u*)
is so small that no Stokes rays associated with pairs (u;,u;) such that u; # uy cross the
admissible directions argz =7 + hm, h € Z, as u varies in D(u¢). For this to occur, it is
necessary and sufficient [9, 35] that D(u¢) = {u € C* | max; <3 |u; — uf| < eo}t has size
€0 < 0/2, where § = min,~¢|\; — A2 + pexp{nv/—1}| = distance in the A\-plane between
two half-lines respectively issuing from \; and A, towards infinity in direction 7.

If D is as small as specified above, an ordering relation < is well defined in {1,2,3}:
e In Case 1,

j<k = RE"W-u)) <0, j#k (3.3)
e In Case 2, there is no ordering relation for j, k such that u]‘ = uy, while

Jj=<k <= R —u) <0, j#kandu #uf. (3.4)

With the above assumptions on D, according to [9] system (2.4) admits a unique formal solu-
tion

Yr(zu) = | 1+ Fi(u)z™* | 2eVe?, (3.5)
k=1

with matrix coefficients Fj(u) holomorphic on I, and unique canonical fundamental matrix
solutions Y, (z,u), v € Z, such that

Y, (z,u) ~ Yp(z,u), 7 — 00, (3.6)
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in the sector (for € small enough)
S TrTHW-2)r—e<argz<7 4+ (v—1)m+¢,
=70 or 7, depending on Case 1 or Case 2.

This is standard in Case 1, while in Case 2 it holds as a result of the vanishing conditions (2.3),
as established in [9].

Remark 3.1 (Uniqueness of the formal solution). In the case D = D(u¢), the notion of par-
tial resonance for V(u°) is introduced in corollary 4.1 of [9] (the name is first used in [50]). In
our case with vanishing conditions (2.3), partial resonance occurs if and only if

0; —0; € Z\{0} fori+# jsuch thatu; = u;.

For example, for x = (up —u;)/(u3s —u;) — 0, partial resonance means 6, — 6, € Z\{0}.
According’ to corollaries 1.1 and 4.1 of [9], if there is no partial resonance system (2.4) restric-
ted at fixed u = u has a unique formal solution equal to Yr(z, uc).

Definition 3.2. The Stokes matrices of system (2.4) are the connection matrices such that
Yoi1(z,u) =Y, (z,u)S,. 3.7
It will suffice to only consider S; and S, because S, 4, = e~ 27idi2e(V) §  p2midiag(V),
The Stokes matrices are constant on D by the integrability of (2.1). This is standard [41] in

case of D(u”), while it follows from® theorem 1.1 of [9] in case of D(u¢). In the latter case, for
eachv € Z,

(SV)IJ = (Sy)]‘,‘ =0 if uf = MJC

Let for short call
n*:=n®orn, andu*=u’oru,

depending on case (3.1) or (3.2). Recall that n* = 37 /2 — 7*. In the \-plane, consider branch
cuts L (n*),La(n*),Ls(n*) oriented from uy,u,,us respective to infinity in direction n*, see
figure 2. Let P« (1) be the A-plane with these cuts and with the determinations

n* =21 <arg(A—u) <n’.
The domain of definition of the solutions of (2.18), (2.25) and (1.2) is the set
Py () XD(u) = {(\ ) | u €D, A€ Py (u)} = | (Pn* (u) % {u}).

ueh
We are ready to state the main result of the section.

Theorem 3.1. Let D be D(u°), or D(u€), and n*,7* as above. For every point u® in D(u°),
or in D(u)\Ags, there is a neighbourhood U of u® in D and a fundamental matrix solution
Dpor( A, 1) of system (1.2), holomorphic of (A, u) € Py (u)x U, whose monodromy invariants

pix := tr (M(u) My(u)),

7 The statement of corollary 1.1. of [9] is imprecise: it is not that ‘the diagonal entries of A (0) do not differ by non-
zero integers’, but the elements of each sequence (A (0))jujr 5 A, (O))jljz,...,(2| (0))),j, corresponding to u;, (0) =
uj,(0) = ... = uj, (0), which precisely is the partial resonance.

8 The matrices S; and S, correspond to S, and Sv4p in [9, 35]. The sectors in (3.6) correspond to the sectors
Su(DW*)), Sy4pu(D(u*)) and Syy2, (D(u*)) of [35], where u* := u° or u¢, depending on the type of polydisc
considered.
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Figure 2. P« (u), branch-cuts and basic loops. The base point \¢ for the loops ~;
belongs to [),,cp Pr (1).

are independent of u. Here, M;(u) is the monodromy matrix at X\ = u;j of ®pe1(\,u). They are
expressed in terms of the Stokes matrices of system (2.4):

2cosm(6; — O) — ™00 (S) 5 (Sy Ny, <k,
Pix = ' (3.8)
2cosm(8; — 6k) — elﬂ(ekiei)(Sl)kj(Szil)jk; , J=k,

with ordering (3.3) or (3.4) according to the polydisc being either D(u°) or D(u°). In the latter
case,

pjx =2cosm(0; — Ok) forj+# k such that u = ug. (3.9)

To appreciate the general validity of (3.8), notice that every fundamental solution ®’(\, u)
of system (1.2), defined at u®, is ®'(\,u) = Ppo (A, u®)C’ (1), with detC’(u) # 0, so that its
tr(M j’ M) coincide with pj in (3.8). The following proposition is proved in appendix B.1.

Proposition 3.1. Consider either Case I or Case 2. In Case 2, let the coalescence be u§ = u§ or
u§ = us, while uzs — uy # 0. Then, in order to compute the monodromy data of (2.4), it suffices
to compute the data of

0 00
dy Q
5= (U(x)—l—(x)) Y, Ux)=10 x 0], (3.10)
¢ . 00 1

where § is given in theorem 2. 1. The monodromy data for the system (2.4) relative to a prefixed
admissible direction argz = 7O) (Case 1) or T (Case 2) are the same data of system (3.10)
relative to the admissible direction 7 + arg(ui — u?), or T+ arg(u§ — us).

The case uz —u; — 0, x — 0o, can be recovered from the proposition above by the
symmetry

=05, 0,=0 0,=0,, 0 _=0x; y’(x')ziy(x), x:%.

Replacing (2.4) by (3.10) is equivalent to assuming that u; =0, u, = x, u3 = 1 in (2.4).

Corollary 3.1. The results of theorem 3.1 hold for the monodromy invariants piy of sys-
tem (2.36), in terms of the Stokes matrices of system (3.10).
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3.1. Proof of theorem 3.1

The Stokes matrices are related to the monodromy of certain selected column vector solutions
Uy (Au), Ua(Au), Us(\,u) of system (2.18). These are uniquely determined in theorem 5.1
of [35], to which we refer (with n =3 and the identification 6, = —\/ — 1, being A/ used in
[35]). They are holomorphic on P, (1) x D(u*). A solution Uy, has a branching point at A = 1
in case 6 € Z, and for A € P, (u) its monodromy corresponding to a loop 7; : (A —u;) —
(A —u;)e*™ in figure 2 is given in [35] by:

27 i Ok \T . .
- € \Ilka J= k7 2mif; _ .
U — N . Oé":{ ¢ i L zli% ) j,k€{172;3}
Wi+ ooV, j#k, T J

(3.11)

with certain connection coefficients cj;. The above formulae imply that ¢ = 1 for 6 € Z, and
cxu=0forb, €Z.1f O, € Z_ :={—1,-2,-3,...}, in some cases depending on the specific
V it may happen that Uy =0, then cjx = 0 for every j.

It is proved in [35] that the cj are isomonodromic connection coefficients, i.e. they do not
depend on u € D, so that the transformation (3.11) holds for every u in the polydisc. In case
of coalescences,

cik =0 forj+# ksuch that u} = uj.

In this case, as u varies in D(u°) the branch cuts L;(n) and Li(n) can overlap, but this causes
no difficulties because the corresponding cjx = 0, so that Uy has trivial monodromy at A = u;.
Hence, (3.11) makes sense also in case of coalescences in D = D(u¢).

A matrix solution of system (2.18) is constructed with the selected solutions:

v u) = (Bi(Au) | B(0w)

\173(/\,u)). (.12)

It has constant monodromy, but it is not necessarily fundamental.

Remark 3.2. A sufficient condition to be fundamental is that V has no integer eigenvalues,
which is not our case. If V has some integer eigenvalues and W(\, ) is fundamental, neces-
sarily at least one 6, € Z (see [3] for the generic case and [31, 35] for the most general case).

By the Laplace transform (2.17), [31, 35] prove that

eZ'fr 10y

S1)i, i <k,
” (St)jes J

Cik = (3.13)
(S3 )i ;
B gZWi(e.f_ek)ak’ s k’
where the Stokes matrices are those of system (2.4). This is true without any assumptions on
the matrix V, and holds also in case of coalescences with vanishing conditions (2.3).
Let

X XX
XO\u) =G v\ =|X3 X2 X3 (3.14)
X5 X3 X
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be the matrix solution of sg/stem (2.20) corresponding to (3.12), and consider the associated
matrix solutions ®U¥ = TT'_, (A —u;) ~%/2XH of system (2.25), where

1
X;

X[jk}(/\a“):(Xj(Av”) Xk(A,u>), X; = <X3> 1<j<k<3.
J

The monodromy (3.11) induces the transformations:

M- X }—>e2ﬂ'i01X1, Xo — Xo +ajepXy, Xs3+— X3+ ajci3Xy; (3.15)
Y2 X — X1+ Xp, Xp— 627ri92X2, X3 — X3+ apepsXo; (3.16)
1 Xi— X1 +asenXs, Xo— Xo FaszenXs, Xz 00X (3.17)

We distinguish two cases: (1) there are two linearly independent X;, Xy, j # k; (2) all the X;
are linearly dependent.

1) Linearly independent case. Without loss of generality, assume that X| and X3 are linearly
independent (the discussion is analogous for another independent pair X;, X;). We compute the
monodromy matrices M, M, M3, corresponding to the loops 7;,72,73 , of the following
fundamental matrix solution of system (1.2)

3
Dpor (A, 1) := (N 0) = TN =) 272150 (). (3.18)

j=1
From (3.15) and (3.17) we receive

e7ri91 677”9]0[16']3 6771'[03 0
M= M; =
1= 0 e~ Tib ) 3= e—ﬂ'i93a3c31 e™ibs |0

— e*l‘ﬂ'(el +03)

so that
P13 1 (3C13C3] +ZCOS(7T(91 —03)).

Now, X, = aX| + bX3 for some a,b € C, so that for the loop 7y, the transformation (3.16)
yields

My = =it 1+axcia ancoasa
anca1 b 14+ arc3b )’

In order to find a, b, we recall that

Tr My = 2cos 70, det M, = 1. (3.19)
Since oy = €*7™% — 1 for 0, € 7 and o, = 27 i for 6, € Z, both (3.19) are equivalent to
1 if 0, &7
cz1a+cng{ 0 ;f 92 iz (3.20)

In order to find other conditions on a and b, we consider the transformation of X, in (3.15)
along the loop 7;:

X — Xo+ajeppX = aXy +bXs + ajcpXy,
X, =aX| +bX3 —> ani”91X1+b(X3+a1c13X1).
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The above holds if and only if a(e*™% — 1) + a;(bc13 — c12) = 0. Thus

y_{ en—a if0¢%
BP=Y e, if6eEZ

(3.21)
For the loop 73 in (3.17):
X, — Xo + azenXs =aX) + bXs + azenXs,
X, =aX; +bX; —  a(X| +azc3 X3) +be? 0 X5
The above is true if and only if b(e*™% — 1) + a3(acs; — c3) = 0, namely
o 6‘32—[97 if 92 gZ;
cna= { Cc32, if 6, € Z. (3.22)

We are ready to compute Tr(M;.M5). In case X and X, are also independent (i.e. b # 0),

since Tr(M ;. M) is invariant by conjugation, we can compute it using X; and X, as a basis,
and this is done as above for the case X, X3, yielding

P2 = eim(elJrez)OthzC]QCzl + 2COS(7T(01 — 92))
In case X; and X, are not independent, then b =0 and

—imh; —imh
e (14 apcpia) e 2nc3a
M, = ( 0 im0 .
Using (3.20)—(3.22) we receive

i7r92 L a1
e 2isin(7é,)cioc
( 0 (efiTzrgz 2 23) , cnpey =1, cxn=ccn, for 0, ¢ Z;
My =
(—1)92 (é 27”1623a) s 6‘1220, c31d = C32, Czla:(), for 92 € 7.

Therefore,

p12 =2cos(m(0; + 63))
92 &/Za

C12C:

S

. 2c12¢21(cosm(0y + 6,) —cosm (0 — 602)) + 2cosm(0; — 63),

po= (—1)92200s(7r91) =, 2¢cip¢21(cos (0 + 0,) —cosm (B — 6,)) +2cosm (0 — 6,),
Cl2=
0, € 7.

The computation of py3 = Tr(M;.M3) can be done in an analogous way. In conclusion, all the
possibilities considered lead to the formula

pix = e O 0 cipey; +2cos(m(6; — Oy)). (3.23)
Finally, substituting (3.13) we receive (3.8) in full generality.

2) The linearly-dependent case. The gauge Y :=z77Y, v € C, transforms (2.1) into

3
V—(1+y)1
d(,Y) =w(zwy) 1Y, w(zuy) = (UJr(Z V) >dz+2(zEk+Vk)duk.
k=1

This changes ; — 6, + ~, while 6, is unchanged, and (2.27) changes to p[y] = (s — 01 —
02 — 93 — 3’}/)/2, ,U3[’}/] = (—900 — 91 — 92 — 93 — 3’7)/2
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There exists vy > 0 sufficiently small such that V — ~ has non-integer eigenvalues and non-
integer diagonal entries for 0 < || < . Hence, the analogous of the matrix (3.12), here called
ST\ u) = (81N u) | 4 Ta(Nu) | 4 T3()\u)), is fundamental, so that there are two inde-
pendent column vectors in the triple X (X, u),,X2(A, u), ,X3(A,u). The connection coeffi-
cients in (3.11), depending on -y, will be called cj[7], with

axly] = 2O — 1.

The discussion of the independent case can be repeated, with the ¢;[y] and oy[7] in the trans-
formations (3.15)—(3.17). We can assume that ,X; and X3 are independent, otherwise the
discussion is analogous for another independent pair. After the gauge

3
v ® = HO‘ - “j)i(eﬂﬂ)/2 +X,
=1

we obtain the analogous of system (1.2):

d(,P) < Al

d =A —
RN DA Avi= A

(3.24)

Let

L3\ u) = f[(/\ — )2 (X () ] X ()

j=1

be the analogous of (3.18), and let M;[v] be its monodromy matrix at u;. The same procedure
leading to (3.23) yields

pily] == (M[v]Mi[v])

= ¢ OO o [y oy [yl e[y e [y] + 2 cos(m(0; — Ok)),  j# k.
In general, cj [+]s ¥, X and A,<I>“73] diverge for v — 0. Therefore, the monodromy matrices
Mi[y], Ma[v], Ms3[y] generate the monodromy group for 0 < || < 7o, but may be not

defined at v = 0. To overcome the problem, we use a relation proved in full generality in [31],
and in [3] in a generic case. In case D = D(u°), the relation says that at any u € D(u)

e oyy] cily], if k-,
Cje = L
ar[y] ci[v], if k<,

The ordering < is (3.3). In case D = D(u¢), the same relation holds at any u € D(u®)\Acs
for j# k such that uf 7 u;, the ordering relation being (3.4). For j# k such that u; = u; the
ordering relation is not defined, but cj = cj [v] = 0, so that we can state that (3.26) still holds.
Using (3.26), (3.25) becomes

(3.25)

for real 0 < v < . (3.26)

pily] = €™ e ™00 oo cier; 4 2 cos(m (0 — 6)), 0 < vy < yoreal, (3.27)

for both u € D(u®) and u € D(u°)\Ags (in the latter case, (3.27) is true also for j # k such that
ui = uj, because it just reduces to the identity 2cos(m(6; — 6)) = 2cos(m(6; — 0k))). Since
both the cj and cj[7] are constant, (3.27) extends analytically at Acs.

Now, (3.27) holds for 0 < v < 7, the r.h.s. depends holomorphically on « € C, while
the Lh.s. pj[7] has been defined for 0 < || < vp. We show that p;[7] can also be obtained
from a fundamental matrix solution of (3.24) which is holomorphic at v=0, so is well
defined at v=0. To do that, recall from [9] that if I = D(u), the choice of an admissible
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direction 7 determines a cell decomposition of D(u¢) into topological cells, called 7-cells.
They are the connected components of D(u°)\ (Ags U X(7)), where X(7) is the locus of points
u= (uy,up,u3) € D(u) such that R(e'™ (u; —ux)) = 0.

For D = D(u°), let u® € D(u®). For D = D(u), let u® belong to a 7-cell of D(u¢). Then,
there is a sufficiently small neighbourhood ¢/ of u® such that, as u varies in U/, the point u;
represented in the A-plane remains inside a closed disc Dy centred at u}, with D; N Dy = () for
1 <j # k < 3. Consider the simply connected domain

By := ,PU* (u')\(Dl UD;, UD3).

Since system (3.24) holomorphically depends on the parameters (u,v) € U x {y € Cs.t. |y| <
7o}, according to a general result (see for example [55], theorem 24.1) it has a fundamental
matrix solution

(D}(ll(l)l)()‘vu77>

holomorphic of (A, u,7y) € Bys x U x {7y € Cs.t. |y] < v }. If U is sufficiently small, it holo-
morphically extends to (P« (u)x U) x { € Cs.t. |y] < 70}. For some invertible connection
matrix C(u,y) we have

o (\uy) =, (A u) - Cluyy),  0< |y] <.

Now, C(u,) is holomorphic of u € U, for any 0 < |y| < 7o, but may diverge as v — 0. On

the other hand, the monodromy matrix M (u,v) of Q)gz]’) (X, u,7) at A\ = uy (the loop going
around ODy) is holomorphic of (u,7y) € U x { € Cs.t. |7| < 40}, including -y = 0. Moreover,

Miln] = Clu,y) - M (u,7) - Cluyy) ™
Since Tr(M}° (u, ) M} (,)) = Tr(M;[y]Mi[y]) = pix[7], we see from (3.27) that
Tr (M}‘Ol(u,*y)/\/l',:"l(u,v)) =™ e O iy cireyi + 2cos(m(0; — Or)), 0 <y <.

Now, both the 1.h.s. and the r.h.s. are continuous of 7 in a neighbourhood of v = 0. Therefore,
taking the limit v — 04 we obtain

Pjk = tr (M;‘Ol(u,O)M],EO](u,O)) = ¢~ o e + 2 cos( (6 — 6r)). (3.28)

In case D = D(u¢), we can repeat the above discussion also for u® on the boundary of one 7-
cell (provided that u® & Acs), because 7 = 37 /2 — 7 can be slightly changed without affecting
the properties of fundamental solutions.

Therefore, we have proved that for every u® € D(u°) or u® € D(u¢)\Ags, we can find a
fundamental solution @ﬁz;)(/\,u,O) of system (1.2), holomorphically depending on (\,u) €
Py (u)§ U, with U small enough, such that its monodromy invariants are the p; in (3.28).

Thus, we conclude that the formulae (3.8) always hold. In the linearly dependent case,

®po1 (A, u) in the statement of the theorem is precisely @ﬁi;) (A, u,0) above, while in the linearly

independent case it is a fundamental matrix like (3.18). O
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4. Classification of transcendents satisfying vanishing conditions (4.1).
Reduction to special functions

By proposition 3.1, in order to compute the monodromy data useful to solve the nonlinear
connection problem for PVI, it suffices to take system (3.10).

We classify all branches of transcendents holomorphic at x=0 (behaviour y(x)=
> o bax™), such that the associated €2(x) of theorem 2.1 satisfies

lim ©42(x) = lim 5, (x) =0 holomorphically (4.1
x—0 x—0

(by the symmetries of PVI, it is enough to study x =0). The reason why we study this case
is for the importance of the conditions (4.1): according to theorem 1.1 of [9], they allow to
compute all the monodromy data of the isomonodromically x-dependent system (3.10) with
coalescing eigenvalues 0 and x — 0 using the system reduced at the coalescence x = 0:
dy Q
(Uo + 0) Y, Uy :=diag(0,0,1), Qo :=Q(0). 4.2)
b4

dz
The latter is simpler than (3.10), because Q1,(0) = £2,;(0) = 0. Hence, for the nonlinear con-
nection problem, theorem 3.1 and Corollary 3.1 allow us to obtain the p;’s in terms of the
Stokes matrices of the simpler system (4.2).

When (4.1) holds, we will show that system (4.2) is equivalent to a scalar confluent hyper-
geometric equation or to a generalized hypergeometric equation of type (¢,p) = (2,2), so that
the Stokes matrices, and consequently the pj, can be concretely computed. This computation
will be explicitly done in section 5 for a selection of transcendents, being all other cases carried
out analogously.

The reduction to a scalar ODE follows two steps. First, (4.2) is changed by a gauge trans-
formation ¥ = G,Y, where GO_IQOGO = diag(p1,0, 113). A column (3,3,,53)7 of Y satisfies a
first order system of ODEs. Then, this system is reduced by elimination’ to a single scalar
ODE for one of the components y;. The latter is in general of the third order (generalized
hypergeometric), but depending on the structure of {2y we may receive a second order equation
(confluent hypergeometric).

The classification and reduction to special functions is technically performed in appendix A
and summarized in the table below. The first column refines the part of the table of [29] con-
cerning transcendents with Taylor series at x =0. The parameters 6;,6,, 03,0, and the free
parameter (the integration constant) yy or y(()‘Nl) in y(x), if any, must satisfy the conditions
in the second column. In the third column, we give our classification according to the fulfil-
ment of the vanishing conditions (4.1) and indicate the classical special functions in terms of
which (4.2) can be solved. For the classical special functions appearing, we refer to appen-
dices B.2 and B.3. For N € Z\ {0} we also define

NN:_{{0,2,4,...,|N|—1}U{—2,—4,...,—(|N|—1)}, if Nis odd “3)

{1,3,..,IN|—1}U{=1,-3,...,—(|[N| = 1)},  if Niseven.

9 Gy is defined with the freedom G+ GoA, where A is a constant diagonal matrix. The transformation
(51,52,53)T = A - (31,2,¥3)" does not change the scalar linear ODE obtained after elimination of two compon-
ents.
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Taylor series

Conditions on parameters

Classical special
functions

_ O —1+0s
=TT
y(x) =yo+ an(yo) X" Ooo + 63 ¢ 7,
n>1 oo # 1;
i or
Solution (A.1). 16
Yo = 0 s
0o — 05 ¢ Z,
fo # 1.
Y®) =yo+ Y balyo) " 03=0,00 =1,

The vanishing
condition (4.1)
does not hold

n>1 Yo free parameter.
Solution (A.2).
by = L7 O # 1.
9ee —1 Confl
(INT) onfluent
Yy = free parameter. .
90 |t = N hypergeometric
Zoi EO} th=Ne equation (A.8) if
: 01 = 0a;
(section A.1.2) equations (A.10),
e (A13), 0, > O;
IN|—1 (N Zoi {0} 3 equations (A.11),
= ny Yo N ’ (A.14), 0, < 0.
y(x) = Z byx" + (|N|)'x and
n=0 ! 01— 6, € Ny
+ Z ba(y§™) X" (section A.1.1)
n=|N|+1 N
(Tl) bozﬁ,eo@;&l.
Solution (A.3). >

yélNl)free parameter.
O —1+03=Nc

Z\{0}

or The vanishing

0o =1 =03 =N€ condition (4.1)

2\ {0}, does not hold

and either

0o —1€

{{—1,...,—|N| +1}

{1,...,|N| -1}

or

01+ 0, € Ny

o= g (22—
y(x) = yox + an(yé) X" 0 —6 €7 6,40, 6,40 Generalized

n>2 hypergeometric

(T2)
Solution (A.15)

(section A.2 and A.2.1)

equation (A.22)

’r_ 01
0= 0+ 6’
91+92¢Z, 91#0,
0, #£0
(section A.2 and A.2.2)

The vanishing
condition (4.1)
does not hold
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y(x) = yox + Ebn (yo) X" 01=0,=0 Confluent
n>2 v # 0,1 free parameter hypergeometric
(T3) (section A.2.3) equation (A.24)
Solution (A.16)
0 —6,=NeZ\{0} (2,2)—
b € Generalized
{{1,2,...,|N+1} b .
ypergeometric
{1,2,...,IN[ -1} equation (A.25)
yélNlH) free parameter
(section A.2.4)
0 —6,=NeZ\{0} Confluent
N or hypergeometric
Y(E) =D bax" 01 +0,=NeZ\{0} equation (A.27)
n=1 (VD) and (either§; =N > 1,
L0 N 1 =0,N, orf; =0,N<—1)
(IN] 4+ 1)! y(()lNH'l) free parameter equation (A.29)
+ Z b, (y(()W‘“)) X' (section A.2.4) (either
n=|N|+2 0p=N<—1,or
(T4) 6, =0,N>1)
Solution (A.17) 0 — 60, =NeZ\{0}
(272)_
{(93 + 000 — 1)7 .
Generalized
(=03 40 —1)}N h .
£ ypergeometric
<|11VV|+1 equation (A.31)
0

Y, ) free parameter
(section A.2.5)

0, +60,=NecZ\{0}
0, €

(—1,-2,...,—IN|+ 1}
(1,2, [N - 1}

or

{(93+900_1)7

(703 + 000 — 1)} N

N
yélNlH) free parameter
(section A.2.6)

The vanishing
condition (4.1)
does not hold

Before going into the details of the construction of this table, we would like to highlight

two facts:

i) in cases (T1), (T3) and (T4), even though the parameters 6, 60,,63, 6, are highly degener-
ate, the solutions for which conditions (4.1) are satisfied are still higher order transcend-

ental functions;

ii) For generic parameters 6’s, there exists precisely one solution for which conditions (4.1)

are satisfied, that is case (T2).

4136



Nonlinearity 36 (2023) 4110 G Degano and D Guzzetti

Remark 4.1. In the table of [29] there is a misprint. Corresponding to the branches (45), the
correct condition is /=28 € {—1,-2,...,N+ 1} for N<O0, and /-28 € {1,2,...,N—1}
for N > 0. In (61), the correct condition is v2a € {-1,-2,...,N+ 1} for N <0, and V2a €
{1,2,...,N—1} for N > 0. Solutions to PVI with Taylorexpansions have been studied also in
[45]

5. Monodromy data—Examples

For a selection of the tabulated transcendents satisfying the vanishing (4.1), we compute the
Stokes matrices of system (3.10), and by formulae (3.8) the corresponding monodromy invari-
ants pj; of the 2 x 2 Fuchsian system (2.36).

Thanks to theorem 1.1 in [9], it suffices to consider the simplified system (4.2) at x =0 and
its fundamental solutions Y;(z), Y2(z), ¥3(z) with canonical asymptotics

Yj(Z)NYF(Z?O)v Z_>OOinSja j:1>2737 (5])

where Yp(z,0) is the value at x = 0 of the unique formal solution

Ye(z,x) = | 1+ ZFk(x)sz 79U
>1

of system (3.10), whose coefficients Fi(x) are also holomorphic at x=0. Then, the Stokes
matrices of (3.10) are just obtained from the solutions (5.1) through the relations

Y2(z) = Y1(2)Sy, Y3(z) = Y2(2)S,.

We will choose the basic Stokes sectors to be

57

3 3
S ——W<arg(z)<g, St —= <argls) < — St z<Ellfg(2)<77

2 2 2’ 2
so that S; contains the admissible ray in direction 7 =0, corresponding to 7 =37 /2 in the
A-plane. We will do the gauge transformation Y; = GoY;, diagonalizing {2y, which does not
affect the Stokes matrices, so that the canonical asymptotics will be

?j(z) ~Yp(z) = Gy 'Yr(z,0), z—o0inS;, j=1,2,3.

In the examples below, no partial resonance occurs, so that it is not necessary to compute
Yr(z,x) and evaluate it at x = 0, being sufficient to compute directly the formal solution of (4.2),
with behaviour Yr(z) = (I+ 3,5, Fiz%)z7©¢¥, which is unique (remark 3.1) and coincides
with YF(Z,O).

5.1 Case (T3) of the table (i.e. solutions (A.16))

In this case, the gauge Y = G, transforms system (4.2) into

—03+0, 0 —03+04 1 —03+0, O 0 _
0 0 0 +5- 0 0 0 Y, (5.2)
O3+0s 0 03+0 < 0 0 —0;—0u

v | 1
dz |20
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where
SO +0s KO1—y, -
BT pa R
-0 B ¥
Gy = =003+ 0o 0 (5.3)
—K 1 —k;
03 - eoo
1 0 1

is a diagonalizing matrix of (A.23)

. A column vector (31, ¥,,73)7 of Y satisfies the 1st order

system

%};1 = 00;90093 O +y3) + 9002Z 63?1,
@ _

dz ’

dy; Ooo + 05 . N Oso + 03
& = 20 (3 +33) — 22 y3.

Substituting the first equation into the third to eliminate y3 and setting y; = wz(?e=%)/2 we
receive the confluent hypergeometric equation (A.24).

In this section we consider the case with 03, 6, not integers, while the case #;3 = 0 and 0, €
Z\ {0} will be considered in section 6. Since 8; — 6, & Z\{0} there is no partial resonance,
so that the formal solution of system (5.2) is unique. It is computed following section 4 of [9],
receiving

_ (/)93~_ 900 _(1 _y(/))93~_ eoo —93_900179361
20900 209000 200
Vv 1 / ~(2) /
Yr(z) = (HO(E)) fyoE Yo 0 ;
y(/) 03~_ 000 (1 _ _V(,)) 03~_ 000 93 + eoo 1793 ez
2K90., 2K90. 20

where &9,k are in (A.23). The elements of the second row of the solutions of (5.2) are con-
stants, while from (A.24) the elements of the first row have the general form

000 703 900703 ):| Z(0m793)/2

2nmi,
2 ,000>+bU(Z€ ’ 2 7900
where M and U are the confluent hypergeometric functions of appendix B.2. It is sufficient to
compute the first two rows of the fundamental solutions Y7, Y>, Y3 with asymptotics Y in the
Stokes sectors Sy, S,,Ss, respectively. The computation of the second row is immediate by
comparison with the second row of the leading term of Y. The first row is obtained by com-
parison of the first row of the leading term of Yr and the leading coefficients of the asymptotics
of M and U. For the fundamental solution Y; we use formulas (B.4) and (B.6) with e = —1:

5)1<Z;O>b15050) S)I(Z;O7b27070> 5’1(Z§6137b3»0,0>

y1(z;a,b,m,n) = {aM (zezm’”;

a,beCnmeZ,

Vv /];(2)

Yi(z) = Y070 Yo 0 ,
~ 1 ~ o~
(Y1)31 (Y1)3 (Y1)33
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where
(0= 65) 63— s
4= F( 2 ) 2000
03 —0 03 —0 0 03)/2) 03 — 0o _ _
by = —yp3 00y (g3 0o L((0o0 = 03)/2) 03 — O —im(00s—03)/2.

2800 Whoo "~ T((0+63)/2) 20

For the fundamental solution ?2 we use formulas (B.4) and (B.6) with e = 1:

$2(2;0,b1,0,0)  1(2;0,b2,0,0) 1 (z;a,b3e™0==%)/2 0,0)

v / ];(2)
— /
Yy(z) = —Yo ]NC—O Yo 0
o~ l ~ ~
(Y2)31 (Y2)3 (Y2)33
For the fundamental solution ?3 we have to use the cyclic relation (B.5) with n = —1 and again

formulas (B.4) and (B.6) with ¢ = —1 to obtain the asymptotics of the function U in the sector
532

y](Z;al,B],0,0) 57](2;02,82,0,0) 5)](Z;a3eiiﬂ—(0m+93)7l‘;3a_17_1)

~ ]}(2)
Y3 (Z) = _y() ko Y6 0 )
(Y3(2)31 (Y3(2)n (Y3(2))33
where
9 — 900 900 + 03 . 7T im0s
= 2iy}, W0 r ( 3 > sin {5(900 + 93)} e
03 — 0 (O0o+03\ . [T im0
—2i(1 —y}) T r( . )sm [5(9w+93)} eimts,

El — blel'7f(9oo+93)7 b2 - bzeiﬂ(9m+93)’ 53 — b3e*i7f(9oc+93)_

The non trivial entries (S )13 and (S;),3 can be computed from the entries (1,3) and (2,3) of
the equation Yz( ) = Y1(z)S;, while the non trivial entries (Sz)x] and (S, )3, can be computed
from the entries (1,1) and (1,2) of the equation Y3(z) = ¥,(z)S,, obtaining

oF((9 —05)/2) [T
5 = (6~ 82 ) (5.4)
0 1 —2ik e (ORAT sm[ (Ooe 93)}
0 0 1
and
1 0 0
S, — 0 1 0
_ 2i7ryée"7793 B 2im (1 —yé)emg3
KT (1— (00 +65)/2)T (6o — 63)/2)  KT(1 = (oo +65)/2)T (B — 63)/2)
5.5
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With the choice of the admissible direction 7 =0, corresponding to 1 = 37 /2, formulas (3.8)
become

P12 =2, pi3=2cos(mbs) — 4y;sin [%(900 — 93)} sin [g(ew + 93)} ,
a3 = 2cos(mfs) —4(1 — y})sin [g(ew - 93)} sin [g(em n 93)} .

The above expressions confirm the results of [29], page 3260, Case (46).

5.2. Case (T1) of the table with N = —1, 61 = 65, 03 = 0

We consider the transcendent in case (T1) for 8, = 01, 63 = 0

1
¥(2) = ——— +ypx+0(*), x—0. (5.6)
1 -0
This solution appears in formula (16) of [25], whose monodromy data {p;, 1 <j#k <3}
for the 2 x 2 Fuchsian system are given in theorem 3 of [25], for 0,60, not integers. It also
coincides with (63) of [29], with monodromy data given at page 3258, especially in the footnote
4. Here, we compute the Stokes matrices and apply the formulae of theorem 3.1, so re-obtain
and verifying the pj. of [25, 29].
If Gy diagonalizes €2 in (A.6), system (4.2) is transformed by the gauge ¥ = G(Y into

0 0 0 1 6, 0 0

0 6 6|l-=10 o0 0 Y. (5.7)
0 6 0, SN0 0 6,+06

v | 1
dz | 6+65

For a column (¥1,2,3)" of Y, the first and second equations of the system yield
M) =C" CeC, J3=—7——"—7, (5.8)

and plugging this expression into the third equation we get the confluent hypergeometric
equation (A.38) for y,. Since 0, — 6, & Z\{0}, there is no partial resonance, so that the formal
solution of (5.7) is unique and computed following [9], section 4:

v (+0(!)

K 2y)(fo0 = 1) + 0 (61 -1 295 (B0 — 1) + 000 (61 - 0 0

1 26,600 ' 261600 '

200~ D0 =1) y 20— 1) =0 (01 +1) 0 oy
20V0o0 (01 +0c0) 20V0o0 (01 +0c0) 601 + 000 '

25 (00 — 1) + 0o (61 — D .- 2580 — 1) — 0o (6 +1),0, O 0.,
Zk?\/@(gl +900) 2]((2)\/@(91 +900) 01+ 0o

where 1}?,123 are given in (A.7). As in [25], we consider the case 6,0, not integers. For the
sake of the computation of the Stokes matrices, it is sufficient to compute the first two rows
of the fundamental solutions Y1, Y>, Y3 with asymptotics Y in the Stokes sectors Sy, S;,Ss,
respectively. The computation of the first row is immediate, by comparison with the first row
of the leading term of Yr. The second row is obtained by comparison of the second row of the
leading term of Yr and the leading coefficients of the asymptotics of the confluent hypergeo-
metric functions M and U appearing in the general solution of (A.8):

Y2 (z;a,b,m,n) = aM(ze*™ ™ 01,0, + 0) +bU(z*™ ;01,01 +0..), a,bcC,nme 7.
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Following the same procedure as in the previous section 5.1, we find that the Stokes matrices
are

0 sin(w@l) F(@l)

10 2 i T
= ~,sin(mfy) T'(0 .
Si=19 —2ikg\/(af)r ((9:0)) (5.9)
00 1
and
1 0 0
S, — 0 1 0

ime=im(01=050) 2! (Boe — 1) 4 0oo (01 — 1) ime— T (01=050) 2! (Boe — 1) — oo (01 + 1)

Vi T(+000(1—0x) Rvie  rOieord—6.)

(5.10)

We apply now formulae (3.8). For 7 =0 and n = 37/2, the ordering relation is 1 < 3 and
2 < 3, while there is no ordering 1 <+ 2, because u; — u, — 0. So we have p;» =2 and

pi3 =2cos (0 — 03) — ™70 (S,)15(Sy sy, 1 <3,

P23 = 20087‘((92 — 6‘3) — 6iﬂ(92_03) (S1)23 (851)327 2=<3.
Substituting the entries of the Stokes matrices, we exactly obtain (and confirm!) the known
result of theorem 3 of [25] or formulas in the footnote 4 at page 3258 of [29], namely pj, =2
and

pi3= 74ss1n(7ri;)sm(7r9m) +2cos(m (01 + 0)),
I

s — 4ssm(7r92 sin(m0oo ) +2cos(m(0) —0.0),
1

where the parameter s is equivalent to y; through

; Oe(25+01+1)
= T 00— 1)

We receive the same result also if we choose 7 = 7 and 1 = 7/2. In this case, the ordering
relation is 3 < 1 and 3 < 2. Then,

P13 = 2C0S7T(91 — 93) 7€iﬂ(93791)(82)31(g3_1)13 1> 3,

P23 = 20057‘1’(92 — 93) — eiﬁ(eB_ez)(Sg)32(S;1)23 2> 3.
We need in this case the Stokes matrices S, and S;, the latter being obtainable from S; by the
formulae

SZV—H _ 62W1V6S16727rw@, S, = 627r1(u71)6816727rl(1/71)@7 = Z,

where © := diag(6,,0,,0;) = diag(6,,01, —0).
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Remark 5.1. The Stokes matrices (5.9) and (5.10) are the same as those for case (T1) of the

table with N= —1, 6, = 6,, 03 = —0,, since the corresponding system is equivalent to the
one for the transcendents considered in this section via the gauge transformation
B _ 0 0 1
Y—PY, P=(0 1 0
1 00

6. Monodromy data of 3-dimensional Dubrovin—-Frobenius manifolds at a
semisimple coalescence point

A semisimple Dubrovin—Frobenius manifold M of dimension n is a complex analytic manifold
whose tangent bundle is equipped with a Frobenius algebra structure, semisimple on an open
dense subset My, C M, and with a z-deformed flat connection [10, 13, 14]. In suitable local
coordinates u = (ul, ...,u"), called canonical, the zero-curvature condition is equivalent to
the Frobenius integrability of an n-dimensional analogue of the Pfaffian system (2.1):

V(u)

) dz+ > (cBi+ Vi(u)) dug, (6.1)

dY=w(z,u)Y, w(z,u)= (U(u) +

where U(u) = diag(u',...,u"), Ex = OU/Ou;, and V(u) is skew-symmetric. V(u) is holo-
morphically diagonalized on M, by a matrix G(u), which Dubrovin calls ¥(u), so that (2.7)
in dimension n reads

S—Z:Vk(u)\ll, k=1,...,n. (6.2)
UT. W is constant, satisfying a normalization condition fixed by the (non-positive definite)
metric of the manifold.

When some coordinates #; — u; — 0 coalesce, this corresponds to a true point of the man-
ifold if and only if V(u) is holomorphic and lim,,_,, o Vjj(u) = 0. Such points are called
semisimple coalescence points and their theory was established in [10] by a geometric applic-
ation of [9].

The monodromy data of the z-component of (6.1)

ar _ (U(u) N V(“)) y, 6.3)

dz b4

locally parametrize the manifold at semisimple points [13, 14], including the semisimple
coalescent ones [10]. This means that given the manifold, so that V(u) is locally given in
coordinates, the monodromy data of the z-component are determined. Conversely, given the
data, V(u) is obtained at semisimple points by solving a Riemann—Hilbert boundary value
problem, and then the manifold structure can be locally constructed from certain fundamental
matrix solutions of (6.3). This is also true for data give only at a semisimple coalescence point
[12, 50]. The global structure of the manifold is related to the analytic continuation of V(u),
and encoded in an explicit action of the braid group on the monodromy data (see [14] and [10]
for details).

The matrix V(«) has a precise definition in terms of the metric and an Euler vector field
defined on the manifold. Here, it suffices to say that for n =3, (6.1) is a special sub-case
of (2.1), with

0, =0,=0;=0, eigenvalues of V= p,0, —pu, pi="05/2#0. (6.4)
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For n =3, (2.8) implies
V(u) = Q(x)7

and the choice of remark 2.3 must be made to obtain VT = —V.

The structure of a 3-dimensional Dubrovin—Frobenius manifold can be written in terms of
the transcendent associated with V, PVI having parameters (6.4). More precisely, a branch of
the transcendent encodes the structure of a region called chamber of the manifold (similar
to a local chart: see definition 2.35 in [10]), through the explicit formulae appearing in [23].
The monodromy data of (6.3) associated with the branch, i.e. the data used for the nonlinear
connection problem!, are the data which locally parameterize the manifold, as explained above.

Consider a Dubrovin—Frobenius manifold M at a semisimple coalescence point p € M, cor-
responding to canonical coordinates u¢, such that u§ = u$. As u varies in a sufficiently small
D(uc), the corresponding point of M varies in a domain intersecting two chambers of M, the
semisimple coalescence point p being on their boundary. Semisimplicity implies Vi, — 0 as
u; —up — 0 in D(u). Hence, the monodromy data of both chambers are the data associated
with a Painlevé transcendent y(x) such that the vanishing condition (4.1) holds. Therefore,
it necessarily has Taylor expansion in the class (T3) of our table, that for parameters (6.4)
becomes

y(x) =y + 951 —y5) 21 —2p+ D)* +0(x%),  y;#0,1. (6.5)

The result of this section is the computation of all the monodromy data of the chambers
at the coalescence point p, namely the data of (6.3) associated with (6.5). By proposition 3.1,
they are the data of system (3.10), which can be computed from the restricted system (4.2).

Our computations provide all the cases when the theory of [10] applies in dimension n = 3.
The results are in propositions 6.1 and 6.2 below.

6.1. The restricted system

The matrix ©(0) = € in (4.2) is (A.23) of section A.2.3, skew-symmetric only for (up to the
sign) kY = i\/y and k9 = i\/1 —y{, namely

0 0 NG

0 0 ipy/1 -y
—iu\/yT) —ip/1 =y 0
The diagonalizing matrix Gy, given in (5.3), with the parameters I~c(1’
renormalized by

Q=

kY fixed above, must be

i/4/2 —/ 1= —i\/¥{/2
Go —s o := Gy - diag(1/V2, \/yz,1/¢§): WA= e iz
0

1/vV2 1/vV2
(6.6)
In this way
Uy ' QW0 = i = diag (1,0, —pu),
and the following normalization, prescribed by the metric on the manifold, holds
0 0 1
Uy =1, n:=10 1 0]. (6.7)
1 00
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A change of the normalization (6.7) does not affect the computation of Stokes matrices, but
changes the gventral connection matrix C(¥ (defined in (6.14) below). In conclusion, Sys-
tem (5.2) for Y =¥ 'Y becomes

10 N 1 01
00 0¥ =500 0] (6.8)
00 —1 1 01

av_
dz

[

Uo +

Remark 6.1. (6.6) can be obtained by linear algebra, but must also come from the solution
U (u) of (6.2) at u; = uy. The general solution when n = 3 has structure (2.9)
U(u)=V(x)H*,  H =diag(H* 1,H "), H:=uz—u.

It is given by explicit formulae in [23] in terms of a PVI transcendent y(x). In our case, these
formulae yield

I —iVi/2  —VT=% iV
Wluymy = PO, WO = /102 TG

~1/2

Vo
where wy € C\{0}. When considering system (3.10), H is replaced by 1. Our matrix U is
U (0) for \/wog = —1/+/2. It follows that (6.6) can always be substituted by any Ui="-
A, where A := diag(1/,/wq, 1,/wo). This changes the central connection matrix by C(?)" =
A~'C) and corresponds to a rescaling of the flat coordinates of the manifold.

6.2. Stokes matrices and data pj

Proposition 6.1. The Stokes matrices for the chambers of a semisimple Dubrovin—Frobenius
manifold associated with the branch (6.5), with 11 # 0, are

1 0 2y/yjsin(ur)

1 0 0
S;=10 1 2y/1—yisin(un) |, S2= 0 1 0],
—2\/y{sin(ur) —2/1—y}sin(pur) 1
0 0 1
(6.9)

and the invariants are
pP2=2, pi3=2-[(S)i)> =2—4yosin’(mu), paz=2—[(S1)23)* =2 —4(1 —yp)sin® (mp).

Proof. If 21 & 7, this is a particular case of the Stokes matrices (5.4) and (5.5), with 6, = 6, =
03 =0, 0, =2u. If 2u € Z, we need two facts. The first is that the symmetries of the Pfaffian
system imply [13]

S, =8;". (6.10)

The second fact is that for a Dubrovin—Frobenius manifold, in order to compute Sy, it suffices
to have /i, the nilpotent exponent R (defined below) and the central connection matrix C(*)
(also defined below). Indeed, the following relations hold (see [10, 13])

S, = (C(O))—le—iﬂRe—iﬂﬂn—l (C(O))_T, or S'{ — (C(O))—leiﬂReiﬂ'ﬁn—l (C(O))_T. 6.11)
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We will compute R and C(%) for all values of 11 0 in section 6.3 below. The result, substituted
in (6.11), gives (6.9) in all cases. The invariant pj follow from theorem 3.1. ]

The invariants pi,p13,p23 in proposition 6.1 coincide with the data obtained by the direct
analysis of the 2 x 2 Fuchsian system, at the bottom of page 1335 of [24] (see the formulae for
o =0 there, where there is a misprint, to be corrected by the replacement: x% — X1, xio > Xoo)-

6.2.1. A remark on the transcendents (6.5) with integer . If p € Z\{0},
Si=S,=1, = pop=p3=ps=2

This corresponds to a degenerate case mentioned in section 3, when the triple M, M, M3
and the integration constant in the transcendent cannot be parametrized by the pjx. For example,
if =1, the series (6.5) is the Taylor expansion at x = 0 of the one-parameter family of solu-

tions
ax

= =y, € C\{0 =1. 6.12
Y= T a=NECMOL 6.12)
The Fuchsian system (2.36) has an isomonodromic fundamental solution
_ 1 L(\x)
P\, x) = 1 — 1)x)? ko #0
D= o LY a0 07

ko
where
2((@a—Dx+ DA+ (1 —a)x* — 1

L\ x)=—aln(A\)+(a—1)In(A—=x)+In(A—1), r(Ax)= % ,

with monodromy matrices

M1=<(1) —2{'7ra)7 MZZ((I) 2i7r((;—1)), M3=<(1) 271ri),

generating a reducible monodromy group. Notice that a appears in y(x) and the matrices, but
not in the traces pj. For other integer values of 1, we obtain the corresponding solutions with
expansion (6.5), applying to (6.12) the symmetry of PVI given in lemma 1.7 of [16], which
transforms y(x) for a PVI with given p, to a solution y(x) of a PVI with —p or equivalently
1 + p. In this way, all values i+ N, N € Z, are obtained. For example, from (6.12), we obtain

ax(1+ (a—1)x*)?
+x(a—1)(1+x(a—1)(ax? —x3 +4x2 —6x+4))’

y(x) = (

w=—12.

6.3. Fundamental solution at z= 0 and central connection matrix

System (6.8) has a fundamental solution at the Fuchsian singularity z =0 with the Levelt form
YO>) =G(x)", G =1+ G (6.13)
k=0

where the series is convergent and R and the G;’s will be constructed recursively in propositions
6.3 and 6.4. The full monodromy data of the chambers of the Dubrovin—-Frobenius manifold
associated to the branch (6.5) include the constant central connection matrix C(©), defined
by

Yi(z) = YO (z)c, (6.14)
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where Y (z) is the fundamental solution in Sy, related to the one of section 5.1 by a change of
normalization

Y/] (z) = diag (\ﬁ, 1/4/¥, \/§> ,}1 (Z)sections.l7
with ];(1) = l\/}73 i(g = lm, Corresponding to \IJO — G(S)eclionS.l . dlag(l/\/i7 \/)T(/), 1/\/5) '

Proposition 6.2. The central connection matrix defined in (6.14) has the following entries,

) = *\/iyé, ey = \/;5 ¢ —o. (6.15)

If p is not a half-integer, the remaining entries are:

oo _ 7i\/27ry(’, sec(um) cO _ (1 -2 V2my  sec(um) 6.16)
1 2142 T(1/24p) 3 2200-m) T(3/2 — )’ '

2n(1—y}) sec(um) 2r(1—yl) sec(um)

(0) ; 0) _
Co =TT e G UMW T ey ¢
V2 : V2 .
Cl(g) _ i seC(WT) e C3((3)) _ (1 . 2#) ™ sec(/ur) s 6.18)
2P T(1/2 4 p) 200 T(3/2— p)
For p > half-integer, the remaining entries are:
iW/L\/W eimH zyl
o p— 0 (4log2 1/2)—~), €O = 0
11 22”“\/77(,u— 1/2)| ( 0og +7/](M+ / ) 'Y) 31 22HR13ﬁ(M_ 1/2)'7
(6.19)

e\ /21— yp)
2w 1/2)

o €™/2(1-yp)

cl9 = | (Hog2+¢(u+1/2)=7), C3 = PRy a(p = 1/2)0

(6.20)
o0 _ V21 ivV2(4log2 + ¢ (u+1/2) —7) oo _ iv2
B2 (p—1/2)! 22t/ (p—1/2)! TR 2R m(p—1/2)0
6.21)

where ¢(x) =T (x) /T (x).
For 1 < 0 half integer, the above results apply exchanging the first and third rows of C(0),
with R3; in place of R;3 and — i in place of p.

The proposition is proved as follows. Y (z) is explicitly obtained from the reduction to the
hypergeometric equation (A.24) (with 3 =0, ., = 2u), and its entries are chosen as linear
combinations of hypergeometric functions that match with the asymptotics f/p(z), as done in
section 5.1. The behaviour of Y, (z) at z=0 can also be exactly computed form the expansion
of the hypergeometric functions at z=0. It must then be compared with (6.13) in order to
extract C(9). Hence, to concretize the computation, we need to write (6.13) in more details.

6.3.1. Computation of Levelt form (6.13).  From the general theory of Fuchsian singularities
[14,55], the matrices Gy and R are recursively computed by formal substitution into the system,
obtaining the following formulae.
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e For k=1, if y1; — p1; # 1 then

choose (R;); =0

(Uo)ij

(G)j=—""—,
T it

else if p; — p; = 1 then

necessarily (Ry); = (Uo);j
(Gy)jis arbitrary;

e For k > 2, if p1; — p; # k, then

choose (Ry);j =0

k=1
UyGi—1 — ZGkafp ,

p=1

1

Golj=————
(G 1y — pi+k

i

else if p; — pj = k then

necessarily (Ry); = (U()Gk—l - Z],j: Gkafp>

(Gy)yjis arbitrary;

i

here p; = p, po =0, pu3 = —p are the diagonal elements of ji. The nilpotent matrix R (which
depends on p) is

R= ZRk finite sum.
k=1

Proposition 6.3. [f system (6.8) is non-resonant (i.e. 2i1 ¢ Z\{0}), then it has a fundamental
matrix solution (6.13) with

R=0 (6.22)
(G = ———— () (6.23)
Y 10 '

3
1 Uo)ir, --- Uo)i,_,j
Gy — k=2, (6.24)
(G 1 — i +k 2 (i = gy k= 1) (= gy + 1)

lkfl,‘.wll:l
where i,j =1,2,3 and p; = p, pp =0, pz = —p.

Proof. From the general theory sketched above we can choose R =0 and G is (6.23). To
prove formula (6.24) we proceed by induction: with the choice R = 0, the recursive relations
for (Gy)yj» k > 2, reduce to
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1

(Gj=—"""+
Ttk

(UoGr=1);j- (6.25)

Then, (6.24) is easily verified for k = 2. Let us suppose (6.24) holds for £ — 1, then substituting
it into (6.25) we receive (6.24). O

Remark 6.2. Due to the particular form of U, the only non zero entries of G, k > 1, are those
at positions (1,1), (1,3), (3,1) and (3,3).

Consider now the resonant case, 21 € Z\ {0}. For p > 0, the resonance p; — p1; € Z\ {0}
occurs only for i =1 and j =3 at step 2 of the recursive construction if 4 is half-integer, and
alsofori=1,j=2andi=2,j=3 at step u when p is an integer. For p < 0, the above applies
with i,j exchanged.

Proposition 6.4. If system (6.8) with y > 0 is resonant, then it has a fundamental matrix solu-
tion (6.13) with the following properties. For p half-integer we can choose the matrix R in
such a way that the only (possibly) non zero entry is

1

Riz = (Up)z, forp= 3 (6.26)
3 3
Ry=Y" Uo) 1m Uo)mi, - - (Uo) 1,3 Cus 3
i 2= (s 20 2) (s — i, 1) 2
(6.27)

For i positive integer
R=0.

If w is half-integer, the matrix coefficient Gy, has entries (1,1), (3,1), (3,3) fully determined
and the entry (1,3) is an arbitrary parameter; if 1 is an integer the matrix coefficient G,,
has free parameters at entries (1,2) and (2,3) and another free parameter occurs in Gy, at
position (1,3).

For 1< 0, the above results apply exchanging the entry (1,3) with the entry (3,1) for u
half-integer or exchanging the entries (1,2), (2,3), (1,3) with the entries (2,1), (3,2), (3,1),
respectively, for i integer.

Proof. From the general theory of Fuchsian singularities, we can choose R such that only R;3
is possibly non zero. Let us start considering half-integer values of p. For the case p = 1/2 we
have

(R1)j=(Up);j and (G,); arbitrary.

Let p > 3/2, then (R)i3 = (UoGapu—1)13. Now, for k=1,...,2pu— 1, formula (6.24) holds,
hence we easily obtain the sought expression of (R);3. Again, the fact that (G»,,) 3 is a free para-
meter is just a consequence of the general theory. Consider now the case of integer u. For k =
1,...,u — 1 formula (6.24) holds and we have (Ru)]Q = (UOGM—I)IZ’ but (Z/f()),'z = (U())zj =0,
for each i, j=1, 2, 3, hence (R,,)1» = 0. Similarly we get (R,,)»3 = 0. From the general the-
ory, (G,)12 = g1 and (G,)23 = g» are free parameters. Let us use the inductive definition to
compute

1

Gy =
iy pi— i +p+1

(UoGp)ijs

4148



Nonlinearity 36 (2023) 4110 G Degano and D Guzzetti

where the product UyG,, has structure

B 81 C
ZL{OG}L = 0 0 0 s
B 81 C

withB = (G,)11 + (G,)31 and C = (Gy,)13 + (G,)33. Now, from (6.24) we see that B = C = 0,
thus (Z/{()G]()]] = (U()Gk)3] = (U()Gk)]3 = (Z/{()Gk)33 =0 for all k > p and therefore (Rzu)w =
0.

The last statement for o < 0 is obvious. O

Summing up, the fundamental solution (6.13) has the following structure. For the non-
resonant case

z 1 0 1/(1—2u)
R=0, G@)=I+= 0 0 0 +0(%).  (6.28)
1/(1+2u) 0 1
For the resonant case
1 0 R1310g(Z) 1 1 0 0 1
K=10 1 0 = &= 0 L O), p<—3
0 0 1 Rizlog(z) 0 1

If 1 # +1/2,41, the expansion of G(z) up to the first order is the same as in (6.28), whereas
if p==£1/2,+1 then G(z) has the form

1 0 g

1
GR) =1+ 0 0 0)+0(). u=73:
1/2 0 1
L1 0 12 |
Gx)=I+=[0 0 0 |+0E), p=-—=,
2 2
g 0 1
z 1 &1 —1
Q(Z)ZI—S—E' 0 0 g |+0E), u=1;
13 0 1
(1 0 1/3
Q(z):uE g 0 0 |+0(%), u=-1,
-1 &2 1

being g,g1,82 € C free parameters.

6.3.2. Computation of the Central connection matrix. =~ The parameters of the confluent hyper-
geometric functions U(z;a,b),M(z;a,b) solving the hypergeometric equation (A.24) (with
03 =0, 0 =2u) are a=p and b =2u. According to lemma B.1 of appendix B, we can
express Y;(z) in terms of the Hankel functions HY (2),H (2), with

1

VZN_E
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We notice immediately that the second row of the connection matrix is (6.15). In order to
compute the other rows, we have to distinguish between the non-resonant and resonant cases.

Let us start with the non-resonant case. We need the series expansion of the Hankel func-
tions in a neighbourhood of z=0 when v ¢ Z:

HP(z) = i (a,ﬁ”(u) (%) ") (%) > 2, (6.29)
k=0
where

(71)k e*l’l/ﬂ" 1) . (71)1{ 1
P T ke o W) i m) e S ey

a,((l)(u) = icsc(vm)

and
N (0 DN _,@ z\"
H9><z>_k§_%(a; 0 (E) - w (E)) > (630
where
_1)k _1\k %4
a,((z)(u):icsc(uﬂ)( D ! b(z)(u):icsc(mr)( D ¢

4kl T(—v+k+1)" 7F 4K T(v+k+1)

Let us consider the entry (1, 1) of (6.14):

y oy, (1
f /lVﬂ/Z[laé)()u_l b(())(y)g—

2y+u+1 2—V—u+] 2Z

(1+0(2))

_ up 2z 0 2
((1 )ZC 1_2M2(331)(1+0(z))

thus we can read the entries (1, 1) and (3, 1) of the connection matrix and see they are (6.16).
The entries (1,2) and (3,2) have the same form with the substitution yj — 1—y/, and
are (6.17). The computation of the entries (1,3) and (3,3) is carried out with the same proced-
ure using the expansion of H (z), obtaining (6.18).

Next, we consider the resonant case 24 € Z\{0}. For integer 4 the computations are the
same as those of the previous non-resonant case. Through the relations (6.11) with R=0, we
obtain the Stokes matrices (6.9), and more specifically S; = S, = I. For half-integer values of

I/L,
v=p—1/2=nez,
hence the local representations of the Hankel functions in a neighbourhood of z=0 are

o= () S 6) -6 R 6

where

(1)) = (=1)* {1+(2i/7f)10g(Z/2) iw(k+1)+w(n+k+1)]
e F(n+k+1) p (n+k)! ;
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being ¢ (x) = T''(x)/T'(x). For the second Hankel function we have:

—_

n—

w0 = (5) S0 () 1 5) L (6) €32
k=0

=0

>~

where

@, (=DF[1—=(2i/m)log(z/2) | i ¢(k+1)+p(n+k+1)
@)= { Thhiktl) = (1 A)! ]

Formulae (6.31) and (6.32) are valid for n € N. Nevertheless, we can use them also for negative
integer n recalling that

HO@) = (-1)'H) (), HO@)=(-1VHP(),  neN.
Suppose that g > 0. In this case Ry3 # 0. We start studying the entry (1,1) of (6.14): the left
hand side is
B p einﬂ' i B u
VAV g (2oe2+ @t 1/2) =) ) 1+ 02t +

inm
e

; /
+l\/% yozzll’il/zﬂ'(uf 1/2)|
while the right hand side is
(14+0@)(C )z +(CD)s1(R) 132" logz.

Equating the two last relations and exploiting the dependence on  and y} we receive (6.19).
Similarly, we compute (6.20) and (6.21). B B
Suppose now that p < 0. In this case R3; # 0. The gauge Y = PY’ brings back to the case

(1+0(z))"logz+ O(z%)(1 4 O(logz))z" + O(z)z™*,

0 0 1
—pu>0,whereP= {0 1 O |.Wehave Y, = PY/I’ YO = py’© p-1 sothat C(© = pC’©),
1 00

with R3; in place of Rj3 and —p in place of p.
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Appendix A. The classification

A.1. Transcendents with Taylor expansion y(x) = yo + O(x)

We study the behaviour of (x) of theorem 2.1 when y(x) =yy+ O(x), where O(x) =
> n>1bax" is a Taylor series in a neighbourhood of x=0. The functions ki, k, can be written
as

F(x— 1)(1+6)/2 o
ki (x) = (14 0(x)) \[y X G2
Vy—x(x—1)%~ e
ka(x) = (1 +00) - e=ppgyp > T 0T LG € C\{0).
Hence, the off diagonal elements of €2(x) have the structure
Qua(x) = wia (x)x? =%, 3 (x) = wiz ()@t Com =02/,
Oy (x) = Wy (x)x92*91 , O3 (x) =wny (x)x(192+193y0/()’0*1)*91*1)/27

31(x) = wsy (x)x*(el+93y0/(,\’0*1)*92*1)/271, Qs (x) = ‘«032(x)x*(92+1‘)3yo/()’0*1)*91*1)/2*17
where w;j(x) are holomorphic functions at x=0, explicitly computed from the formulae of

theorem 2.1.

Remark A.1. From the previous formulas, we see that holomorphicity of 2(x) at x = 0 requires

b3 Yo
yo—1

There are three classes of solutions y(x) = yo + O(x), obtained in [25] and classified in the
tables of [29]. The generic one is

0y —6,€Z and Sy

Y(X) =30(0s0,05) + Y _ba(O)x",  Ooc 1, 0=(01,05,03,05), (A

n=1
with two possibilities

900_1+93

== T O —1-63
Yo = 900_1 )

O —1
By remark A.1, for this class of solutions £2(x) is not holomorphic at x=0. The other two
classes consist of the following one-parameter families of solutions: the family

900+93§éZ; or Yo = 900—93¢Z

1—yo)(1+67—063 >
() =yo + L20 5 et S b0 00, 0=0, fa=1, (A2)
n=2
where yj is a free parameter, and the family
IN—1
Z ba( XN 4 Z ba (v, )" (A.3)
n=|N|+1
where y(l Vs a free parameter, N € Z \ {0}, the leading order coefficient is by = N/ (0 — 1),
0~ # 1, and

Oso—1+03=N or 0O—1—-0;=
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with either

g1 {2 N} N <O "
(1,2,....,N—1} i N>0
or (here, Ny is (4.3))
{(01+62), (61 —02)} NNy # 0. (A.5)

For the family (A.2), a direct inspection of the explicit formulae for the w;;’s shows that the
vanishing conditions (4.1) cannot hold.

A.1.1. Solutions (A.3)—Case 0., =603+ N+1. Let us start with the case 6; = 6,. From the
explicit formulae, wi,(0) = w,1(0) = 0 hold if and only if N = —1, that is 3 = 0. With this
condition 2(x) has holomorphic limit at x = 0:

—6, 0 —k0\/03
Q= 0 6> Bvo: |
1 93(1—02) ,) 1 (63(1+92) ’
= +(1—93)y = +(1—03)y —03
K/ ( 2 ') KV 2 0
(A.6)
where
K = ikde™/2 }§ = —k9e!m(02=05) (A7)

Denoting by Gy a diagonalizing matrix of {2, with the gauge ¥ = GoY, system (4.2) for a
column (¥1,%,,y3)" of Y is reduced by elimination to

&5 dy -
—— 4+ (h+603—7)— -6y, =0 A8
iR + (62 + 65 Z)dz hy2 =0, (A.8)

which is a confluent hypergeometric equation with parameters a = 6, and b = 6, + 05.

If 8, — 0, € Z~, then for the requirement lim,_,o 2, (x) = 0 holomorphically to be ful-
filled it is necessary that w,;(0) = 0, which is equivalent to N < —2. Furthermore, from the
explicit formulae, we have

)161_13)923()6) = W23<0) = 7(3\/ ‘N|93, and W32<0) = O7 W31(0) =0.

_b |0
x=0 ]}(2) |N| .

The entries (2, 1) and (3, 1) of the isomonodromic deformation equations (2.10) give

Now 3 = w3, /x, and so

. d
;gl;l) Q32 (x) = au@,z ()C)

d€dy; Qo1 23103 dw; w31w23

(0, —gy) 2 2B dom st
dx (62=61) X + x—1 . dx  x(x—1) (A.9)
dQs1 O dwsy LN wnwn '
dx  x(x—1) dx x  x(x—1)
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From the second equation we compute wj, (0) = lim,_,owj3; (x)/x by taking its limit for x — O:

T e =R
= iﬂ% (wh; (0)x + 0(x2))x(w§2(0)x+ 0(?)) .

so that we have (recall that N < —2)
wy (0)(1=[N) =0 = w3 (0)=0.

From the above and first equation we obtain wj, (0) = 0, because

W31lX)02s X wh (0)x+0(x?)) (w x
40 =ty ) (0400 020)+ 01

= —w},(0) K5+/|N|63 = 0.

By differentiating n times equations (A.9), it follows that

dn+l ~ n dj w31 dn_j w3 ()C)
Lo (@21) = ,:Zo <j>dx/' (7> dxn— ( x—1 >

and

Thus, taking the limit x — 0, we get

(n+1) 3 N\ . " /n i’ wa1(x) a7/ w32 (x)
w31 (0) (1 ;l+ 1) —lgr(l)z(; (]) dxj X dxnfj x_l )

j=

so that we can repeat the computations till 1 — |N|/(n+ 1) = 0, that is up to step n = |[N| — 2
included, and show that all the derivatives of w, (x) and w3, (x) at x = 0 up to the order |N| — 1
vanish. In conclusion,

wa1(x) = xM (wélNl)(O) + O(x)> , ws(x) = xM (M + 0(x)>

(IV])! (V!
and
03 K(0,,05,N,A
ii_r)r(l)Qzl(x):Q E%QSI(X):”U\SH(Z’]}?])”) holomorphically,

where

dam x(x— 1)dy/dx+ 03y(y — x) y(IND
K(6,,03,N,A) = N|A A=20_
(Za 3,1V, ) dx‘N| 2(1_y) :| 7O+‘ | ’ >
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Here A is the free parameter. The matrix 2(x) at the coalescence point x =0 is then
1—|N|—6, 0 0

0 —0,  KS\/|N|6s

Q(): )

b K(62,0;,N.4) 62 [0
N©R 8\ IV :

where 12?7128 are as in (A.7). Following the same procedure as in the previous case, with a
diagonalizing matrix Gy for €y, system (4.2) for ¥ = (Gy) 'Y is reduced to

. CINl— - th+0; dys 0, . L—IN|—6
7) = Cz IV t9z7 cecC, A b LI — 7~ IN=02
e BT RYING & RN
and
d%y dy 3 CKY+/IN|65(1 — |N| + 6
Ziy;+(92+93,z)£,gzyzszlf(\NHGz)’ 1. Gk V/IN|65(1 —|N| 3)7 (A.10)
dz dz th+0;

which is an inhomogeneous confluent hypergeometric equation with parameters a = 6, and
b=20,+06;5.

If §; — 6, < 0, then for the requirement lim,_,¢ 21, (x) = 0 holomorphically to be fulfilled it
is necessary that wy,(0) = 0, which is equivalent to N < —2. Proceeding as before, we obtain

—92—|—|N|—1 0 —]~€(1)\/|N|03

0 —6, 0
QO = ’

B ﬁ@z—w\—&—l _ ﬁH(92793,N,A) _g
N R N R ’

where k9,49 are as in (A.7) and

(IN1)
Yo
—|N|A A==,
‘ | bl 2

H(0,,03,N,A) = 1 {x(x—l)dy/dm 93y(y—x)]

2 dxlM y—1

x=0

After a diagonalizing gauge Gy, system (4.2) reduces by elimination to an inhomogeneous con-
fluent hypergeometric equation with parametersa = 6, — [N|+ land b = 6, + 63 — [N| + 1:

&5 s 3 e Ck\/IN103 (IN| — 1 — 65)
— - 1—z2)—==— (6, — Dy =Lz %", L:=
ZdZz + (6,465 —|N|+ 2) & (62— IN|+1)3 72, -
(A.11)

A.12. Solutions (A.3)—Case 6., = —63+ N+ 1. For this case, the techniques to find the solu-
tions for which condition (4.1) is satisfied are the same as those used in the previous sections,
so we will just report the main results.
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For 6, — 6, =0, the matrix Q(x) holomorphically has limit € as x — 0 with vanishing
212(0) = Q1 (0) =0 if and only if N = —1, that is 6, = —65. We have

K (05(1+6,) )
—0 0 i y hCASLIRC 24 1—65)y,
> m( 7 +( 3)Y0

70 _ 10 ,im6,/2
K = K)eim02/2,

K /65(1—0
Q= 0 -6 = (3( 2)+(1—93>y5) :
63 2 ]}0 — _ikOeiw(sz&)
0 2 2
VB VB _o,
k k9
(A.12)

and system (4.2) is again integrable in terms of confluent hypergeometric functions (A.8)
with parameters a = 6, and b = 0, + 0.

If 6, — 6, > 0, condition (4.1) holds if and only if N < —2, and the matrix £2(x) has holo-
morphic limit

- |0
1—|N—6, 0 —& W%*'N"”
- N| ~
Qo = 0 —0, —kY |9—‘H(92,93,N,A) ;
3
ALILE
Y 0 —03
K
where
~ dM {xx -1 - (1-)y(—1) D
H(927037N7A): dx‘N‘ 2(y—x) 70_(92+93+|N|_1)Aa A= 2 ’

and k9,49 are as in (A.12). System (4.2) is again reduced to a confluent hypergeometric
equation with parameters a =6, + |[N| — 1 and b =60, + 05 + |[N| — 1:

&*5, v o
tg T 02+ 0+ N = 1=2)== = (6 +|N ~ )52 =0. (A.13)

If 6, — 6, < 0, condition (4.1) holds if and only if N < —2 and we have

- N| ~
—6,+|N| -1 0 —k9 %K(02,93,N,A)

. 0
Qo= 0 —0 K20, [ = ;
] TV

0 \/IN|03 o,

K

~d™ Tx((x— 1)dy/dx+ 6, — [N +1)
M 2y

x=0
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and k9, 4) as in (A.12). System (4.2) reduces to a confluent hypergeometric equation with
parameters a = 6, and b = 0, + 05:

dy,
dz

A%y
“az

+ (92 + 05 — Z) — 60y, =0. (A.14)

A.2. Transcendents with Taylor expansion y(x) = y;x + O(x%)

There are three classes of solutions. The generic one is

oo
() = y0(01,02)x+ ) _bu(6)x", 6= (01,62,65.0), 61,6,#0, (A.L5)
n=2
where
91 01
b=, 0, —0,¢7Z; or h=—,
Yo 0,— 0, 1 2 & Yo 0, + 0,
Within this class, if §; = 0 or 6, = 0, all the coefficients b, H) = 0 and this gives respectively
the ‘singular solutions’

0, +6, ¢ Z.

y(x)=0, or ykx) =1
The other two classes are one-parameter families of solutions. One family is

07 — (0 — 1)
2

2 [e%s}
leg > bu(39,03,050)x", 01 =0,=0, (A.16)

n=3

() =yox +yo(y5 — 1)
where y( is a free parameter. The expression (A.16) for yj = 0 or y; = 1 reduces to the singular
solution

y(x)=0 or y(x)=1 respectively.

The other family is

v y(\zvm) oo . 9
y@) = ba(0)x" + WWH' + 37 b M0, by = Nl (A.17)
n=1 n=|N|+2
where y(()lNHl) is a free parameter, N € Z \ {0}, the relation
0—0,=N or 6;+6,=N,
holds, and either
S PP v
or (Ny is the set (4.3))
{(034 0o — 1), (=03 + 0o — 1)} NNy # 0. (A.19)
If y) = 6, =0, (A.17) becomes
o0 y(lNHl)
y) =AM 4N b (A, 05,008, A= m (A.20)

n=|N|+2
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Here, A is the free parameter. If yj = 1 (and 6; = N), it becomes
Y) =x+ AN LN b (4,65, 000" (A21)
n=|N|+2

As seen above, y # 0,1 for (A.15) and (A.16) and the functions k;,k, can be written in a
neighbourhood of x =0 as

ky(x) = k(1 + 0(@)%@_ 1) (14027250106 = D /55=02)/2
ko (x) = K3(1 4+ O(x)) /1 — y) + O(x) (x — 1)%27 020200/ 06=D=00/2 1 8 18 & C\ {0}.
Hence, the structure of the off-diagonal elements of the matrix Q(x) is the following:
Q12 (x) = wip (x)x@o= DO 5002/ 06=1) - Q3 (x) = wy3(x)x @ 06=1/%-02)/2
Qa1 (x) = way (x)x~ @o=DO/50=02/00=1) | Qs (x) = wp (x)x 020/ 05=1)=01)/2
Q31 (x) = wsy (x)x~ @1 00=D/30=02)/2, Q32(x) = wap (x)x~ 0220/ G4 =D =01 /2,

where w;j(x) are holomorphic functions at x = 0.

A.2.1. Generic solution (A.15)—Case y§ = 01/(61 —02). The matrix Q(x) is holomorphic at
x=0 with Q;(0) = Q;(0) =0, and we have

70
kl

—0, 0 8010 — 05— 0)
Q= 0 0, B0 =0+ 05+ 0.) |
—ﬁ(91—92—93+9w)ﬁ —ﬁ(&—%%—%—%&ﬁ —03

where

= [0 i s .0 | 02 ire,—
K =k 791_926 /2 and K9 = ikd 791_926 (62=65)

System (4.2) can be reduced to the generalized hypergeometric equation

3 2

d
ZZTW +z(b2 +azz)?w + (b1 + a1z)fw

+apw =0, (A.22)
dz

where w = z(0110:46:-02<)/25 and the parameters are
1
ap = 1(91 +0:4+03 —00) (01 + 62— 03+ 00) — 0162, a1 =03—0c—1, ar=-—1,

b

2430 —60,—0,—0
b = 2(91+92+9379w), by = LLCICY

2

A.2.2. Generic solution (A.15)—Case y; =01/(01+02). For the solution (A.15) with yj =
61/(6, + 6) the condition (4.1) does not hold. Indeed, £2(x) is holomorphic if and only if
61 = 6, = 0, which is not admissible.
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A.2.3. Solutions (A.16). In this case 2(x) is holomorphic at x = 0 with 1, (0) = ©,;(0) =0,
we have

]}0
0 0 51(93 +0s0) )
K =K/,
= 0 0 g(eg 0.0 |
1 I 2 Ky = —kay/T—=yge™™,
(oo —03)y0  —== (000 — 03)(1 —y0) —63

28 28
(A23)

and system (4.2) reduces to a confluent hypergeometric equation with parameters a = (6, —
63)/2 and b = 0.:

d*w dw O, — 6
ZTZZ-F(QOO—Z)?Z— >

w=0. (A.24)

A.2.4. Solution (A.17)—Case 61 — 02 = N with condition (A.18). Let 6 =k integer, in the
set (A.18), so that #, = k — N. We can divide the problem in three cases.

() If k 0,N, so that y; # 0, 1, then the matrix (x) is holomorphic at x=0, Q>(0) =
Qz] (O) = O, and

)
—k 0 5‘(03 + 6000 —N)
. R = k?\/%emez/a
Qo = 0 N—k 52(93+000+N) ;
Ko o LNk, , 1= K[ AT em(®:m ),
ZIE?N(OO_ 3+N) ZIEST(OO_ B_N) —U3
System (4.2) reduces to the generalized hypergeometric equation
d*w d*w dw
2
— ar+byz)— + (a1 +b17)— +apw =0 A.25
T +2z(ar + 2Z>dz2+(l+ 1Z)dz+o ( )

with parameters

1
ap = §(N2+2k(—2+k—N+ 03— 0s0) + N(2 — 034 0)),
1
a) = 5(—4—N+ 2k+30; —30,), a=-—1,
1 1
br=3(2+000)(2+N=2k—=03+0x), by=5(8+N—2k—03+30).
(ii) If 8; = k=0, that is #; = 0 and 6, = —N, then the transcendent is (A.20) and

i (x) = K (1 + 0NN 2 (e 1yIN2 ) = (14 0(x) (x— 1)V, KB eC.
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We need to distinguish the cases with negative and positive N. First, let N < —1, then Q(x) is
holomorphic at x =0 and

70
0 0 —5 (03 + 0o + V)
1;(2) 20 _ 0 im|N|/2 70 0 in(|N|—63)
Q=10 =[N —5(03+‘9oo—|ND ) ki = ikje ky = kye !
1
0 —(03—0 —|N]| —0
2k3( 3 IN]) 3

(A.26)

after the diagonalizing gauge, system (4.2) is reduced to the confluent hypergeometric
equation with parameters a = (0, — 03+ |N|)/2 and b = 0., (here j; = wz(0=—0:=IND/2)

d*w dw oo — 63+ |N|
a7t =) = ——F——w=0. A27
¢ dz? +( 2) dz 2 w ( )
If N> 1, then
7 70 _ 20 _—im|N|/2
K(03 + 6 + N Ky = ikje :
Q= 0 IN| _w |
70 _ 10,im(IN|+63)
A(03 — 0o —[N]) 03 — 0 +|N]| 0 ky = kze .
—U3

2K 2K9
(A.28)

System (4.2) reduces to the inhomogeneous confluent hypergeometric equation with para-
meters a = (0oo — 63 +|N|)/2 and b = O

d? dw 0. —0;—|N 03+ 0o — [N|) (63 — 0o + |N
ZT;H@W—Z) W 3 — | |w+C(3 IN|) (05 + |N])

dz 2 2

=0, (A29)

with y; = wz(0>~—0%+IM)/2 and C =y, is constant.
(iii) If 6, = k = N(# 0), then the transcendent is (A.21), and

k() =K1+ 00)Wa—1,  ka(x) =K (1+0(x))(x— 1)~ "xM=N72,

We have to distinguish between positive and negative N.
If N > 1, then

_];?(93 + 000 — ‘ND

—IN| 0 5
- ) ) |
Qo = 0 0 —k2(93+62°°+w D1, =i, B=iem (A30)
05— 0o — IN
b =0 =N, —0;

249
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We do gauge transformation Y=PY by the permutation matrix P below

01 0
P=|1 0 0 = P 'UP = Uy,
0 0 1
2
" -
PP = |0 —|N| —kﬂey+%” V)
03 — 0o — |N|
0 - ~~ _9
260 }

This transforms system (4.2) with g in (A.30) into a system with the same structure as that for
the previous case k = 0, N < —1, with the replacements I~<(1) — I;g and l}g — I}? (see (A.26)). We
conclude that also on this case the computation of the fundamental matrix solution is reduced
to the confluent hypergeometric equation (A.27) with parameters a = (6, — 63 +|N|)/2
and b = 0.

If N < —1, then

/}O
IN| 0 — 5 (03 + 0o + IN))
Qo= 0 0 0 7
L0y 0 £ IN) (05— 00— V) 6
27((1) 3 oo 27{(2) 3 oo 3

where l}?,l}g are as in (A.30). Again, if P is the same permutation matrix as before, the gauge
Y= PY leads to a system with the same form (A.28) of the previous case with k=0,N > 1,
exchanging names of I}? and l~<(2) The computation of the fundamental matrix solution is then
reduced to the same inhomogeneous confluent hypergeometric equation (A.29).

A.2.5. Solutions (A.17)—Case 01 — 02 = N with condition (A.19). The parameters 63,0, sat-
isfy condition (A.19): {(63 4 0o — 1),(—03 + 6 — 1)} NNy # 0. We have Q;(x) = w;j(x),
i,j =1,2,3,i # j, thus the matrix Q(x) is holomorphic at x =0, w;»(0) = w1 (0) = 0 and

K
—(N+6,) 0 3(93-&-900—1\1) ];?:k(l) [N+0, im0, /2
~ N ’
_ kO
= 0 —6, —5 O+ 00+ N) |
1 N+6, 1 6, K =ik ) & eim(0:=03)
— Oo — 0 — 2 (0o — 03— -0 2TV N
m N ( 3+ N) B N( 3 —N) 3

System (4.2) is integrable in terms of solutions of the generalized hypergeometric equation

d? d?
22y Z(ar + bzz)—w + (a1 +b12)
dz dz2

dw

+agw =0 (A.31)
dz

(here 3 = wz' !, 1 = 0, + 2=%=HN) with parameters
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1

ao = §(N2+292(—2+92+93 —0o0) +N(=2 420, + 05— 0c0)),
1

a1 = (=44 N+20,+30; — 30o),

1 1
a;=-—1, b]=§(2+9w)(2—N—292—03+9w), bng(S—N—202—03+3000).

A.2.6. Solution (A.17)—Case 01 + 02 = N. Let us start assuming condition (A.19) for 03,6,
holds. For this family of solutions, (4.1) does not hold. Indeed, the entries (1,2) and (2,1) of
Q(x) are

Qp(x) = wlz(x)xz(Nfzez) and  (Qp(x) = wy (x)xfz(waz).

If Re(62) = N/2, N € Z\{0}, then the conditions w;2(0) = w,1(0) =0 imply N=0 and 6, =
0, a contradiction. If Re(#,) < N/2, then condition wy;(0) =0 is equivalent to 6, =N, an
absurd. If Re(6,) > N/2, then w,(0) imply 6, = 0, which is again a contradiction.

If condition (A.18) hold, by the same arguments, {2(x) is not holomorphic at x =0 for k #
0, N, while for k=0 or k= N the problem can be traced back to the previous section.

A.3. A remark on the analytic T-function of PVI
Some of the branches of PVI-transcendents analytic at x =0, behaving as
¥(x) = yox + O(),

may possibly be obtained from the 7-function with hypergeometric kernel appearing in section
5.1 of [20], in cases when 6, = 0 and 6, is integer. The parameters 6’s in [20] are related to
ours by 0, = 29([)20}, 0, = 29,[20], 0; = 29%20], Oso = 29?00] +2 (up to §;+— —0;,j =1,2,3, and
Ooo — 2 — 0, 9&0] ——1— 9&0]). Also, our o, 3,7, are equal to twice the same symbol of
[20]. Keeping this into account, the 7-function of section 5.1 of [20] requires

02:()’ (915937900):(V+V/+77+77/5V_V/an_n/_'_z)v Vayl7777nleca

(the +2 in 5 — ' + 2 in unessential, since 6, appear in expressions like cos m0..).
If0, =v+v'+n+n’ €N, we expect the 7-function (5.6) of [20] to be analytic at x =0 (x is
denoted by ¢ in [20]), and consequently formulae (2.22) and (2.27) of [20] give

(Boo — 2)> + 62 — 02 — kg

o).
Oo—2p+—@@ O

y(x) =

Here g is the integration constant of [20]. For example, if
O =v+v +n+n =0,

we should receive our class of Taylor series (T3). For it, both in our paper and in [20], the
monodromy data are

P1=p2=pi2 =2, P13+ P23 =2(cosmbs + cos o ),
while

[ 2[(1=yf)cosmOs + yjcosmhs],  from our computation in section 5.1;
P23 2cosm(v+1), from [20].
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Our free parameter is y;, while in [20] it can be taken to be k¢ or any of the v,v’,n,n’, for
example v + v’. Identifying the two expressions of p,3, we receive

,  cosTls —cosm(v+1)
Yo = :

coST O — cOsT s

PVI 7-functions analytic at a critical point may be further investigated, possibly providing an
alternative classification of the analytic branches of transcendents.

Appendix B

B.1. Proof of proposition 3.1

In (2.4), consider the gauge and change of variable

o~

Z

Y= (u; — ul)@e”“/)}7 7= (B.1)

us —uy’
Here (u3 —u;)®e™ is analytic if u3 —u; # 0 and u varies in a sufficiently small polydisc
such that u3 — u; does not make a loop around zero (this occurs in both cases of D(u’) and
D(uc)). By the chain rule, (2.4) and its isomonodromy conditions 0, Y = (zEx + Vi)Y, k=
1,2,3, become

&= (vw+22)7, B.2)
oY . .
= (QEZ + Qz(x)) Y, (B.3)

so that (B.2) is strongly isomonodromic. Note that (B.2) is (3.10). The Stokes rays in the z-
plane and zZ-plane are

R(z(uz —u1)) =R7=0, R(z(up —u1)) =R(Z) =0, R(z(uz —u2)) =R((1 —x)2) =0.

The admissible directions in the z-plane and Z-plane respectively are argz = 7* and argZ =
7%= 1* +arg(us — u;) (with 7* = 7(% or 7), and the sectors are in correspondence by

ST+ -2y m—e<argz<7T +(v—1)m—¢,

S, T H-r—e<argI<7T +v—r—e,

veZ. If uvariesin D = ]D)(uo) as small as assumed, then x varies in a ball around a xy # 0,
so small that Stokes rays do not cross the admissible directions argZ = 7(°) mod 7. If u varies
in a polydisc D = D(u), where either u§ = u§ or u§ = u§, with vanishing condition (2.3), the
Stokes rays corresponding to the coalescence play no role, and the results of [9] can be applied
to both (2.4) and (B.2).

We show that the transformation (B.1) preserves the Levelt form at z = 0 and the formal and
canonical solutions at z = co. This will imply that the monodromy data for the system (2.4) rel-
ative to the admissible direction 7(©) or 7 are the same data for (B.2) relative to the direction 7(¥)
or 7. Since u3 — u; # 0 and the Stokes rays R (u3 — 1)z do not cross the admissible directions
in the z-plane, we can equally use 7(9) := 7(0) arg(ugo) - ugo)), or 7 := 7 + arg(u§ — u5) for
the computation of monodromy data.
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The Levelt forms are preserved. Consider a Levelt forms atZ = 0 for (B.2)
YO Ex) =G+ delx)z )2
(=1

From the standard formal computation [55] of the coefficients, we receive

~ C U@)e1(1)y o N — = > _
(¢z(x))g—m7 21, U(x) == G(x) "' U(x)G(x), ¢o =1.

We can always represent a Levelt forms at z=0 for (2.4) as
YO (z,u) = e Gu) I+ ¢e(u)z")2".
=1

The standard formal computation of the ¢, yields

o) = (s — )" - (s — wr) Py (x) (13 — uy ).
For G and G related by (2.9), it is easy to check that

Y© (z,u) = (uz — ul)ee“”f/(o) (z,%).

Canonical solutions at infinity are preserved. Let Y, (z,u), v = 1,2,3, be canonical solu-
tions at z = oo for (2.4) and Y,,(Z, x) at Z = oo for (B.2), having asymptotic behaviours respect-
ively given by the unique formal solutions

YF(Z,M) = ([+ ZI:‘Z(M)Z—Z)Z—Ger(u)7 /)\/F(E’x) = <I+ Zﬁé(x)?é)?Qer(X),
=1 =1

with U(u) = diag(u;,u»,u3) and U(x) = diag(0,x, 1), respectively in the sectors S, or S, in
the cases of D(u(?)) or D(u¢). By the formal computation of the coefficients we see that

Fo(u) = (us —up) = (u3 — ul)gf‘z(x)(m —up)” .
This implies

Ye(z,u) = (u3 — uy)®e™ ?F(Zx),
and, by uniqueness of the Y,, and f/,,

Y, (zu) = (43 — 1)) 2™ Y, (Z,%).

B.2. Confluent hypergeometric functions
The confluent hypergeometric equation is
W'+ (b—z)w' +aw=0, a,beC.

Two linearly independent solutions are

M(z;a,b) := Z_% S!FEZ);S)ZS’

where (a), denotes the Pochhammer symbol, and the function U(z;a,b), which is uniquely
determined by the asymptotic condition

3 3
U(z;a,b) ~7279, z— o0, 5T < arg(z) < T (B.4)
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The function M(z;a,b) is an entire functions of z,a,b, while U(z;a,b) has a branch point at
z=0, all its branches being entire in a,b. The analytic continuation of U(z;a,b) is given by
the cyclic relation

2rie” " P sin(x bn)

2min
U™ ) = ST a—b)sin(xb)

M(z;a,b)+e ™ "U(z;a,b), —m<arg(z)<m, nel.

(B.5)

The function M(z;a,b) admits an asymptotic expansion as z — 0o, —7/2 < earg(z) < 3m/2
given by

. -~ et o~ (L—a)s(b—a), _, ez~ (a)s(a—b+1) L\
M(z;a,b) @) ; | z +F(b—a)§ . (—2)7%, (B.6)

where e = —1,1 and a,b — a are not zero or a negative integer.

Lemma B.1. If b =2a, we can write the general solution of the hypergeometric equation

in terms of the Hankel functions ) )( ), H? (2), with v = (b—1)/2, through the following
relations:

1 j . ,
U (—Ziz; v+ 5,21/ + 1) = geml’@z)_”e_’zH(yl)(z),
<2127 v + 2+ 1) %e"‘”” (22)7Ve“H?) (7).
The Hankel functions have the asymptotics

2 .
H(2) ~ \/ ;Zel(zfm/%”/“, z— 00, —m<arg(z)<?2m,

2 .
HP () ~ \/:Ze"(z_””/z_”/4), z—00, —2m<arg(z)<m

B.3. (2,2)—Generalized hypergeometric functions
The generalized hypergeometric equation of kind (2,2) is
211

7w +z(by + axz)w” + (by + arjz)w + apw = 0.

If by, b, are not negative integers and b; — b, is not an integer, then a fundamental set of solu-

tions is
z) ,

)

a b)
wo(z;a,b) =2F» (bl b2

_ l+a —by,1+a—>b
. _ =D 1 1, 2 1
>’W1(Zya’b)—z 2F2< 2— by, 1+by— b,

_ l+a —by,1+a—b
. I ) 1 2, 2 2
W2<Z,a,b)—Z 2F2< l+b]*b2727b2

where

) ;F b1+k bz-‘rk)k

ar, az
F
g 2<b17b2
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is an entire function of z and of the parameters a;,a,, by, b,. The following asymptotics hold:

ap, az
2F2 <b1,b2

Z) ~ m [KZ,Z(Z) +L2,2(Z€im)] , Z— 00,

— (2%)% <arg(z) < (2%)%,

where e = —1,1,

[ee]
Kip(x) =€) dia ™, do=1, v=Y_ (an—bn)
k=0 h=1,2

(the recursive formulas for dy, k > 1 can be found in [47], formula (6) of section 5.11.3) and

~ 0 (—l)kz_k F(al—am—k)
I _ an At S =T :
2.2(2) m:ZIZZ kzzgcm,k i s Cmk (am+k) Hn:LZF(b” —ay—k)’ l#m
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