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Abstract We propose a scheme for the quantum metrol-
ogy of the Schwinger effect and the dynamics of Gaus-
sian interference power (GIP). The ongoing reliability of the
estimation strategy for the probe state prepared in particle–
particle modes is demonstrated. Although the GIP sensitively
depends on the strength of the external electric field and the
transverse momentum, the advantage of quantum parameter
estimation is still maintained even in the limit of an infi-
nite electric field and zero transverse momentum. It is shown
that the entanglement between the particle–particle modes
provides a guarantee for obtaining higher precision for the
black-box estimation. In contrast, for the probe state pre-
pared in particle–antiparticle modes, the advantage of quan-
tum parameter estimation can also be ensured even though
there is no entanglement in the probe state. Put differently,
some non-entanglement quantum correlations play the role of
quantum resources in the estimation for particle–antiparticle
modes.

1 Introduction

Quantum fluctuations spontaneously produce particle pairs
from the vacuum, which is a fascinating phenomenon in
quantum field theory. Typical quantum fluctuation induced
phenomena include the Unruh effect observed by acceler-
ating detectors [1], the Hawking radiation of black holes
[2], and the quantum thermal effect induced by inflationary
cosmological perturbations [3]. It is also intriguing that the
vacuum may decay into particle–antiparticle pairs under the
influence of a strong electromagnetic field, which is a phe-
nomenon known as the Schwinger effect [4–6]. This effect
is an important non-perturbative prediction from quantum
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electrodynamics about the production of particle pairs by
high-intensity electric fields [7,8]. However, to observe such
an effect, the critical electric field is about 1016 V/cm, cor-
responding to the energy flux density in the focal spot of
the laser setup close to 1029 W/cm2. So far, the achievable
intensity in large-scale scientific projects under construction
and commissioning is about 1023 W/cm2 [9–12]. That is to
say, although scientists are exploring higher intensity lasers,
it is hard to believe that the Schwinger effect can be experi-
mentally observed in the near future. Therefore, in order to
explore the relevant properties of the Schwinger effect, we
will explore its properties from the perspective of quantum
precision measurement. With the development of technol-
ogy, when the experimental conditions can approach or even
exceed this theoretical threshold, our current findings will be
able to guide the experimental design of the Schwinger effect
and improve its observational accuracy.

The utilization of quantum resources [13] for precision
metrology has been one of the most interesting issues in
quantum science and technology [14]. This area explores
how quantum systems can be leveraged to achieve measure-
ments with unprecedented accuracy and sensitivity, surpass-
ing the limits of classical techniques. In particular, quantum
metrology examines the ways in which quantum entangle-
ment, superposition, and other quantum phenomena can be
harnessed to improve measurement precision. The problem
of quantum metrology can be viewed as the search for opti-
mal strategies for encoding parameter estimation within the
parameter-dependent evolution of probe systems. In recent
years, the method of quantum metrology has been employed
to enhance the estimation of the Unruh-Hawking effect [15–
18], cosmological parameters [19,20], and spacetime param-
eters of the Earth [21,22]. Girolami et al. introduced a frame-
work for black-box quantum metrology [23]. For the black-
box estimation, where the generator of the parameter to be
estimated is priori unknown, the interferometric power
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was introduced to quantify the precision of encoded param-
eter estimation in the worst-case scenario [23]. It has been
demonstrated that interferometric power equals a calculable
measure of discord-type quantum correlations for the probe
state. Subsequently, Adesso proposed a closed formula of
GIP for continuous-variable quantum systems [24]. The GIP
specifically characterizes the power of interference effects
when Gaussian states are employed, providing a quantitative
tool tailored for such systems. These concepts illustrate both
the foundational role of interferometric power in parame-
ter estimation under unknown conditions and the specialized
adaptation of GIP for continuous-variable quantum systems,
reflecting their distinct but related roles in quantum informa-
tion theory.

In this paper, we propose a scheme for black-box estima-
tion of the Schwinger effect in a continuous-variable system
by using Gaussian probe states. The present scheme can be
theoretically modeled as a two-arm channel, where one sub-
system of the initial state is observed by Alice while the
other subsystem in the constant electric field is observed
by Bob. Encoded within a black-box device influenced by
the electric field are the parameters associated with the two-
mode squeezing transformation. When the GIP evolves in an
electric field where the Schwinger effect occurs, the evolved
GIP contains information about the Schwinger effect. Using
the information extracted from the GIP, we can obtain opti-
mal conditions that are more suitable for the generation of
particle–antiparticle pairs. We demonstrate the ongoing reli-
ability of the estimation strategy for the probe state prepared
in particle–particle modes.

The paper is organized as follows. In Sect. 2, we give a
brief description for the Schwinger effect in constant electric
field. In Sect. 3 we introduce the scheme of the black-box
optical interferometer and the role of the GIP. In Sect. 4, we
study the black-box estimation of parameters and the behav-
ior of the GIP in the strong electric field. In the final section,
we summarize our results.

2 Schwinger effect for scalar field in constant electric
field

We consider a scalar field φ(t, x) with mass m and charge q,
which is coupled with a constant electric field E0 along the z-
direction, the Klein–Gordon equation in the four dimensional
Minkowski spacetime is given by

[(∂μ − iq Aμ)(∂μ − iq Aμ) + m2]φ(t, x) = 0, (1)

where Aμ = (0, 0, 0,−E0t).
By solving the Klein–Gordon equation, we can obtain two

asymptotic complete sets of mode functions
{
μin, vin

}
and{

μout , vout
}

[25–27], which can be used to expand the scalar

field φ(t, x)

φ(t, x) =
∑

k

[
ain
k μin + bin †

k νin
]

=
∑

k

[
aout
k μout + bout †

k νout
]
, (2)

where k denotes the momentum, ak is the annihilation oper-
ator of the particle, b†

k is the creation operator of the antipar-
ticle, and the superscripts ‘in’ and ‘out’ represent the input
and output of the bosonic field which corresponding to the
absence and presence of the electric field.

The Bogoliubov transformations between the in-modes
and the out-modes are related as [28]

ain
k = α∗

ka
out
k − β∗

kb
out†
k ,

bin
k = α∗

kb
out
k − β∗

ka
out†
k , (3)

where αk and βk are Bogoliubov coefficients

αk =
√

2π
�(−η)

e
−iπ(η+1)

2 , βk = e−iπη, (4)

with η = − 1
2 −i ζ

2 , ζ = m2+k2⊥
qE0

and the transverse momentum

k⊥ is defined by k2⊥ = k2
x + k2

y . Obviously, the Bogoliubov
coefficients satisfy the relations |αk|2 = 1 + e−πζ , |βk|2 =
e−πζ and |αk|2 − |βk|2 = 1.

Therefore, the in-vacuum state of each mode can be trans-
formed into a superposition state of the out-modes [27]

|0k, 0−k〉in = 1

αk

∞∑

n=0

(
β∗
k

α∗
k

)n

|nk, n−k〉out, (5)

where |nk〉 and |n−k〉 represent respectively the particle num-
ber of mode k and −k. From Eq. (5) we can see that the
presence of the strong electromagnetic field destabilizes the
vacuum of the scalar field, which contributes to the creation
of particle pairs [6,25–27].

3 Black-box optical parameter estimation and the GIP

Here we introduce the scheme of black-box estimation for
the Schwinger effect. The total system includes three subsys-
tems: bosonic mode A observed by Alice in the absence of the
electric field, bosonic mode B observed by Bob affected by
the Schwinger effect and anti-bosonic mode B̄ observed by
anti-Bob. As shown in Fig. 1, the setup is modeled as a dual-
arm channel, where the estimated parameter ζ is encoded to
the right arm. We assume Alice and Bob to share a two-mode
squeezed state ρin

AB in Bunch–Davies vacuum, which plays as
the probe state at the “in” side. Then the mode B in the right
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Fig. 1 Two-arm black box quantum parameter estimation scheme.
ρin
AB is a two-mode squeezed initial entangled state shared by Alice

and Bob, where the mode B in the right arm will pass through the black
box device and thus undergo a two-mode squeezing transformation Sζ

B B̄
in response to a constant electric field. The mode A in the left arm is

unaffected and remains unchanged. The output state ρ
ζ,Sζ

B B̄
AB is obtained

by tracing over the anti-particle mode B̄

arm of the channel is influenced by the vacuum fluctuation of
a constant electric field. Due to the Schwinger effect, mode B
undergoes a two-mode squeezing transformation Sζ

B B̄
, which

efficiently encodes the estimated parameter ζ . This encod-
ing process, involving the non-prior parameter ζ , is treated as
a black-box device. Notably, after the two-mode squeezing
transformation, mode B is mapped into two sets of modes: the
particle mode B and the antiparticle mode B̄. This mapping
not only reveals the profound influence of the electric field
on the bosonic field state but also provides a rich source of
information for subsequent quantum parameter estimation.
Meanwhile, the other mode A in the left arm of the channel
is not subjected to the electric field. Finally, by tracing over

the mode B̄, we get the output state ρ
ζ,Sζ

B B̄
AB at the “out” side,

and one can perform measurements on the output state ρ
ζ,Sζ

B B̄
AB

to construct an estimator ζesp for the parameter ζ . The ζesp is
a specific estimator derived from the experimental data and
used to estimate the parameter ζ in the experiment. If N mea-
surements are performed independently on the transformed
state, the uncertainty of the parameter ζ will be constrained
by the Cramér-Rao bound [29,30]

�ζ 2 ≥ 1

NF(σ
ζ,Sζ

B B̄
AB )

, (6)

where �ζ 2 ≡ 〈
(ζest − ζ )2〉 represents the variance of the

parameter ζ , and F at the denominator is quantum Fisher
information [30,31]. After performing specific optimized

measurements on the output state ρ
ζ,Sζ

B B̄
AB , the quantum Fisher

information quantifies the precision achievable using the
input probe state ρin

AB . Therefore, the quantum Fisher infor-

mation is often considered as a quality factor in quantum
metrology.

The GIP of a two-mode Gaussian probe state with covari-
ance matrix σ AB is defined as [24]

P B
G (σ AB) = 1

4
inf
Sζ

B B̄

F(σ
ζ,Sζ

B B̄
AB ), (7)

where 1
4 is a normalization factor and the elements of the

covariance matrix σ AB reflect the degree of correlation and
the uncertainty between two variables in the quantum state
[32]. From Eq. (7) we can know that the GIP P B(σ AB) eval-
uates the minimum quantum Fisher information, which rep-
resents the lowest precision that can be obtained among all
possible local dynamic choices when ρAB is used as a probe
state and measurements are made from mode B [33]. More-
over, the covariance matrix of the bipartite state ρAB can
always be put into a block form [32]

σ AB =
( A C
CT B

)
, (8)

where A = diag(a, a), B = diag(b, b) and C = diag(c, d).
In this case, one can obtain a closed formula for the GIP for
two-mode Gaussian states [24]

P B
G (σ AB) = X + √

X2 + Y Z

2Y
, (9)

where

X = (IA + IC)(1 + IB + IC − I ) − I 2,

Y = (I − 1)(1 + IA + IB + 2IC + I ),

Z = (IA + I )(IA IB − I ) + IC(2IA + IC)(1 + IB),

with IA = det A, IB = det B, IC = det C, and I = det σ AB .
It is well known that quantum entanglement plays an

important role in quantum information theory such as quan-
tum teleportation and quantum communication [34,35]. On
the other hand, the dynamics of entanglement contains the
information of Schwinger effect in the present scheme. To
better understand the role of entanglement in the black-box
metrology, we also calculate quantum entanglement in the
same state. The measurement of quantum entanglement can
be achieved through the logarithmic negativity [13]

ε(σAB) = max

⎧
⎨

⎩
0,− log

√
� − √

�2 − 4 det σAB

2

⎫
⎬

⎭
,

(10)

where � = IA + IB − 2IC . A higher value of logarithmic
negativity indicates stronger entanglement. Therefore, loga-
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rithmic negativity allows for a quantitative assessment of the
entanglement strength in mixed-state quantum systems.

4 Black-box estimation and GIP in the constant electric
field

We assume that Alice and Bob initially share a two-mode
squeezed vacuum state as the input state, which has the
covariance matrix [36,37]

σAB(p,q)in =

⎛

⎜⎜
⎝

cosh(2s) 0 sinh(2s) 0
0 cosh(2s) 0 − sinh(2s)

sinh(2s) 0 cosh(2s) 0
0 − sinh(2s) 0 cosh(2s)

⎞

⎟⎟
⎠ ,

(11)

where p and q stand for the respective momenta of the two
modes observed by Alice and Bob and s is the squeezing
parameter of the initial state. As shown in Fig. 1, only Bob’s
mode is affected by the constant electric field in the present
model. From Eq. (5), we can see that the “in” vacuum state
|0k, 0−k〉in is related with the Fock state |nk, n−k〉out by a
two-mode squeezing transformation. In the phase space, we
use a symplectic operator Sζ

B B̄
(q,−q) to express such trans-

formation, which is [37]

Sζ

B B̄
(q,−q) =

⎛

⎜⎜
⎝

|αq| 0 |βq| 0
0 |αq| 0 −|βq|

|βq| 0 |αq| 0
0 −|βq| 0 |αq|

⎞

⎟⎟
⎠ , (12)

where ζ is the dimensionless parameter and Sζ

B B̄
(q,−q)

represents the squeezing transformation performed to the
bipartite state shared between Bob and anti-Bob(B̄). After
the action of the transformation, the initial two-body system
becomes tripartite. Then we can obtain the covariance matrix
σAB B̄ of the tripartite quantum system [36,37]

σAB B̄(p,q,−q)out = [
IA(p) ⊕ Sζ

B B̄
(q,−q)

[
σAB(p,q)in

⊕IB̄(q)
][
IA(p) ⊕ Sζ

B B̄
(q,−q)] T,

(13)

where the identity matrix corresponds to the covariance
matrix of a vacuum state. The estimation of parameters ζ

can be realized by taking measurements in this state. From
Eq. (13) we can see that for the initial state σAB(p,q)in ⊕

IB̄(q) mode B̄ has no correlation with the bipartite system
σAB(p,q)in.

4.1 Black-box parameter estimation using particle–particle
modes

The system we study is a three-body system in which the sub-
systems Alice and Bob are described by the particle modes
A and B with momentums p and q, respectively, and the sub-
system anti-Bob is described by the antiparticle model B̄ with
momentum −q. In this part, firstly, we study the precision
of the black-box parameter estimation and quantum entan-
glement in particle–particle modes. Taking the trace to the
anti-Bob mode B̄, we obtain the reduced covariance matrix
for Alice and Bob

σAB(p,q)out =

⎛

⎜⎜
⎝

cosh(2s) 0 |αq| sinh(2s) 0
0 cosh(2s) 0 −|αq| sinh(2s)

|αq| sinh(2s) 0 |αq|2 cosh(2s) + |βq|2 0
0 −|αq| sinh(2s) 0 |αq|2 cosh(2s) + |βq|2

⎞

⎟⎟
⎠ . (14)

The GIP and entanglement of σAB(p,q)out can be calculated
via Eq. (9) and Eq. (10).

In Fig. 2a, we demonstrate the dynamics of the GIP and
quantum entanglement for the state σAB(p,q)out as a func-
tion of the external electric field strength E0. Note that probe
states with higher GIP can ensure smaller variance in the
black-box parameter estimation. It is shown that the GIP
and entanglement between Alice and Bob monotonically
decrease as E0 increases. The more entanglement in the probe
state, the higher GIP and precision is obtained in the black-
box estimation. This in fact verifies that quantum entangle-
ment is the main resource in estimation of Schwinger effect
by using particle–particle modes. Additionally, there is a
decrease in the GIP with increasing charge parameter q. This
indicates that the measurement precision can be enhanced by
reducing charge. Interestingly, even in the limit of the elec-
tric field strength E0 approaches infinity, the GIP maintains
non-zero. This highlights the robust nature of the GIP under
the influence of the Schwinger effect, indicating the ongoing
reliability of the parameter estimation strategy.

In Fig. 2b, we plot the GIP and quantum entanglement as a
function of momentum k⊥. We can see that both the GIP and
entanglement of the probe state are monotonically increasing
functions of the transverse momentum k⊥. It is note worthy
that even as k⊥ approaches zero, the GIP maintains non-zero,
verifying the ongoing reliability of the black-box parameter
estimation strategy. Importantly, we find that the smaller the
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Fig. 2 a The GIP (P) and entanglement ε between Alice and Bob as a function of E0 for fixed values s,m, k⊥ = 1. b The evolution of the GIP
(P) and entanglement ε as a function of k⊥ for fixed values s, q = 1 and E0 = 7

bosonic particle mass m is, the more sensitive the GIP and
entanglement are to changes in the transverse momentum k⊥,
and that a larger bosonic particle mass m is advantageous in
enhancing the precision of parameter estimation.

To sum up, the ongoing reliability of the black-box param-
eter estimation strategy by using particle–particle modes has
been demonstrated in Fig. 2a, b. In addition, a higher preci-
sion can be achieved by decreasing the strength of the electric
field E0, reducing the charge q, increasing the boson parti-
cle mass m, and elevating the momentum k⊥. These factors
collectively contribute to obtaining higher precision in the
estimation of parameters between the modes of the particles.

4.2 Black-box parameter estimation using
particle–antiparticle modes

We are also interested in the precision of the black-box
parameter estimation and quantum entanglement by using
particle–antiparticle modes. The reduced covariance matrix
between Alice and anti-Bob is obtained by tracing over the
mode B

σAB̄(p,−q)out =

⎛

⎜⎜
⎝

cosh(2s) 0 |βq| sinh(2s) 0
0 cosh(2s) 0 |βq| sinh(2s)

|βq| sinh(2s) 0 |βq|2 cosh(2s) + |αq|2 0
0 |βq| sinh(2s) 0 |βq|2 cosh(2s) + |αq|2

⎞

⎟⎟
⎠ . (15)

The GIP and entanglement of state σAB̄(p,−q)out can be
obtained by using this covariance matrix and have been plot-
ted in Fig. 3.

As depicted in Fig. 3, there is no entanglement between
Alice and anti-Bob. This is because the Schwinger effect
is a local channel, Alice and anti-Bob are initially uncor-
related systems while the Schwinger effect cannot produce

entanglement. From Fig. 3a, we find that GIP is a mono-
tonically increasing function of the electric field strength E0

and maintains a non-zero value when E0 −→ ∞. It is also
shown that higher accuracy in parameter estimation can be
achieved by employing particles with larger charges. These
results suggest that a higher GIP represents more reliable
quantum resources for the quantum metrology process, even
in scenarios where the entanglement between Alice and anti-
Bob is zero. The Schwinger effect may produce some non-
entanglement quantum resources between Alice and anti-
Bob. In other words, the role of quantum resources for the
black-box estimation is played by non-entanglement quan-
tum correlation, i.e., the discord-type correlation. As illus-
trated in Fig. 3b, the GIP exhibits a monotonically decreasing
with respect to the transverse momentum k⊥. A smaller value
of k⊥ corresponds to a higher accuracy in parameter estima-
tion, with the best estimation precision achieved at k⊥ = 0.
Finally, we find that a smaller massm of the bosonic particles
is beneficial for improving the precision of estimation.

Finally, we discuss the behavior of the GIP between
Bob and anti-Bob. The covariance matrix σB B̄(q,−q)out is
obtained by tracing off the mode A

σB B̄(q,−q) =
(Aq,−q Cq,−q

CTq,−q Bq,−q

)

, (16)

where

Aq,−q = [|αq|2 cosh(2s) + |βq|2]I2,
Bq,−q = [|βq|2 cosh(2s) + |αq|2]Z2,
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Fig. 3 a Plots of the GIP (P) and entanglement ε for the probe state σAB̄(p,−q)out as a function of E0 for fixed values s,m, k⊥ = 1. b Plots of
the GIP (P) and entanglement ε as a function of k⊥ for fixed values s, q = 1 and E0 = 7

Fig. 4 a Plots of the GIP (P) and entanglement ε for the probe state σB B̄(q,−q)out as a function of E0 for fixed values s,m, k⊥ = 1. b Plots of
the GIP (P) and entanglement ε as a function of k⊥ for fixed values s, q = 1 and E0 = 7

Cq,−q = 2|αq||βq| cosh2(s)Z2,

and I2 and Z2 are Pauli operators. Similarly, the GIP and
entanglement between Bob and anti-Bob can be calculated
by employing the measurements introduced above.

In Fig. 4, we plot the behavior of the GIP and entangle-
ment between Bob and anti-Bob. It is shown that the GIP
between Bob and anti-Bob exhibits an increasing trend as the
electric field strength E0 increases, following the same trend
as the entanglement. Notably, with increasing the strength
E0, the bipartite entanglement between Bob and anti-Bob
first increases and then demonstrates an asymptotic value,
while the entanglement between Alice and anti-Bob remains
zero. This observation suggests that quantum entanglement
can be generated between Bob and anti-Bob under the influ-
ence of the Schwinger effect, serving as the crucial resource
for the black-box parameter estimation. Then we can con-

clude that the precisions of parameter estimation between
particle–antiparticle modes are influenced by several param-
eters. Specifically, a higher precision can be achieved by
increasing the strength of the electric field E0, increasing
the charge q, decreasing the boson particle mass m and the
transverse momentum k⊥.

5 Conclusion

In this paper, we propose a black-box quantum parame-
ter estimation scheme for the Schwinger effect. The results
show that quantum entanglement provides a guarantee for
obtaining higher precision for the estimation using particle–
particle modes. It is found that although the GIP and entan-
glement of the probe state sensitively depend on the strength
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of the external electric field and the transverse momen-
tum, the advantage of quantum parameter estimation still
remains even in the limit of the infinite electric field and
zero transverse momentum. Notably, the benefits of quantum
metrology persist when there is no entanglement between
particle–antiparticle modes, with discord-type correlations
fulfilling the role of quantum resources in black-box param-
eter estimation under these circumstances. Furthermore, the
GIP exhibits robust behavior with respect to the strength
of the electric field, which ensures the ongoing reliability
of the black-box parameter estimation strategy. In addition,
for particle–particle modes, a higher accuracy in parame-
ter estimation can be achieved by reducing the strength of
the electric field, increasing the mass, transverse momen-
tum, and decreasing the charge of the bosonic particles. For
particle–antiparticle modes, increasing the strength of the
electric field, decreasing the mass, transverse momentum,
and increasing the charge of the bosonic particles are effec-
tive strategies to improve the estimation accuracy.

Finally, we need to point out that our work is based on
quantum theoretical studies and aims to explore the proper-
ties of the Schwinger effect from the perspective of quan-
tum information. We have reason to believe that in the dis-
tant future, when the experimental conditions are gradually
approaching or even exceeding the theoretical threshold for
realizing the Schwinger effect, the results of our current
research will not only be able to guide the experimental
design and improve the observational precision, but may also
be directly applied to the frontier field of quantum informa-
tion processing, and push forward the significant progress in
quantum science and technologies.
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