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Abstract 

We considered of string models on the Riemmann-Cartan space of string coor­
dinates with constant torsion. 

We used the invariant local chiral currents of principal chiral models for SU(n) 
group to construct new integrable string models on the Riemmann space of in­
variant chiral currents and on the dynamical Casimir operators, considered a.~ the 
Hamiltonians . 

1 Introduction 

String model in light-cone gauge is described by Lagrangian 

(1) 

Target space local coordinates <f>a(x), a= 1, ... , n belong certain given smooth n-dimensional 
manifold Mn with nongenerated metric tensor 

9ab(<f>(x)) = 1Jµve~(<f>(x))e/;(<f>(x)), (2) 

where µ, v = 1, ... , n are indexes of tangent space to manifold M" on some point <f>a(x). 
The veilbein e~(</>) and its inverse e~(</>) satisfy to the conditions: 

Coordinates x", x0 = t, x 1 = x belong world sheet with metric tensor 9afJ in conformal 
gauge. String equations of motion have the form: 

where I'b'c(<f>) = ~e~[~ + ~] is connection. In terms of canonical currents J~(</>) 
e~(¢)8,,</>a, a,,= a~o equations of motion have form: 

where Ct;.(</>)= e~e~[~ - ;t.J is torsion. The Hamiltonian has form: 

2.,,. 

H = ~ jfTJµv loµlov + T}µvlf' JrJdx, 

0 
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(3) 



whc~re .lo1,(r/>) = r,;~(r/J)p0 , J('(r/>) = e~~ and Pn(l, :i:) is canonical rnonH"ntnm. 
Lnt. ns intrnducc~ chiral c1urcuts: 

The cauouical <·ommutation wlations of chiral currents U1,. are followiu!'i: 

Eqnatious of motiou of chirnl cnrn~nt8 U1,(.i:) in light-corn~ coordinates 
:1;± = ~(t ± :i:), -r/fr = ft± ft have: fo1•m: 8_(JI' = c:,\(c/J(x))U"VA 

2 String model of principal chiral model type 

Let torsion C1w>. = f µ,,>. are structure constant of simple Lie algebra. 'vVe will con­
sidc~r string model with constant torsion in light-cone gauge in target space. This model 
is coincide to priucipal chiral model on compact simple Lie group. vVe can not divide 
motion on right and left mover because of chiral currents ()_Uµ = f~>.U"V\ are not 
conserve. Correspondent charges are not Casimirs. Evans, Hai;san, MacKay, Mountain 
( [1] and other references therein) constructed local invariant chiral currents as polyno­
mials of init.ial chiral currents of SU(n) , SO(n) , SP(n) principal chiral models and they 
found commutative combination of them. Correspondent charges are Casimir operators 
of this dynamical systems. This paper was based on the paper of de Azcaraga, Macfar­
lane, iVIacKay, Perez Buena ( [2] and other references therein) about invariant tensors for 
simple Lie algebras. Polynomials of local chiral currents was considered by Goldshmidt 
and Witten [3] (see also [4]). Local conserved chiral charges in principal chiral models 
was considered by Evans, Hassan, MacKay, Mountain [1]. Integrable string models of 
hydrodynamic type was considered by author [5], [6]. 

Let t1, are n © n traceless hermitian matrix representations of generators Lie algebra: 

[t1,, t,,] = 2i/µv>.t>., Tr(tµtv) = 28µv· 

There is additional relation for SU(n) algebra: 

(5) 

(6) 

De Azcarraga et. al. gave some examples of invariant tensors of simple Lie algebras 
and they gave general method to calculate them. Invariant tensors may to construct as 
invariant symmetric polinomials on SU(n): 

(7) 

where STr means of completely symmetri;.1ed product of matrices and d(1,. .. . 1,M) is totally 
symmetric tensor and J\tl = 2, 3, .. ., oo. Another family of invariant symmetric tensors [7], 
[SJ, such named d-family , based on the product of the symmetric structure constant dw>. 

of SU(n) algebra: 
(8) 
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There are n-1 primitive invariant tensors on SU(n). The invariant tensors for M :C:: n are 
functions of primitive tensors. De Azcarraga et. al. gave some examples these functions 
and thc~y gave general method to calculate them. The Casimir operators on SU(n) have 
form: 

CM = d(lt1 ... µM )tµ, ... t,,M. 

Evans et.al. introduced local chiral currents based on the invariant symmetric polinomials 
on simplf' Lie algebra: 

(9) 

where U = tµ Uµ and 11 = 1, .. ., n2 -1 . We obtained following expression for local invariant 
chiral currents JM: 

12 = 2u2, ]3 = 2d3U3, ]4 = 2d4U4 + ±(u2)2, ]5 = 2d5U5 + ~U2(d3U3), 
n n 

J6 = 2d6U6 + ±(d3U3)2 + ~U2(d4U4) + ~(U2)J , (10) 
n n n 2 

h = 2d1U1 + ~(d3U3)(d4U4) + ~U2(dsU5) + 2! (U2)2(d3[P), 
n n w 

ls = 2dsus + ±(d4U4)2 + ~(d3U3)(dsus) + !iuz(Doua) 
n n 11. 

+ 24U2(d3U3)2 + 24 (U2)2(d4U4) + 16 (U2)4. 
n2 n2 n3 

For simplicity, we introduced short notations U2 = UµUµ and 

dMUM _ dk' dk1k2 dkM-J U ij ij 
- µ1µ2 µ3 •·• µM-lµM µ1 µ,. .. µM· (11) 

The commutation relations of invariant chiral currents show, that these currents are not 
densities of Casimir operators. Evans et. al postulated simple form of commutation 
relations for some basis of invariant chiral currents: 

-[MN(N - 1) {)JM+N-z(x) _MN] ( ){)JN-1(x)]'( _ ) (l2) 
M + N - 2 8x n M-l x 8x u x Y · 

Let us note that these PB's are PB's of hydrodynamic type. The ultralocal term with 
antisymmetric structure constant f µv>. in commutation relation of chiral currents Uµ ( 4) 
does not contribution to commutation relations of invariant chiral currents because of 
totally symmetric invariant tensors dµ, ... µM" Therefore chiral currents JM(U(x)) form 
closed algebra under canonical PB. Evans et.al. found the functions of invariant chiral 
currents which will yield commuting charges for the SU(n): 

(13) 
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Corresponding charges of chiral currents K M(U) are Casimir operators. 
Anotlwr family of invariant chiral currents CM forms closed alg(!bra under canonical 

PB and concsponding charges are dynamical Casimir operators . They haV<~ form: 

(14) 

Tltl! commutation relations are following: 

D MN(N - 1) DCA1+N-2(.r) (. 
{C'M(U(.T)),C,y(U(y))} = --f'..fNCM,N-2(:r) 

01
:15(1:-y) M + N _ 2 ch rl .1.--y) . 

(15) 
Both families of invariant chiral cummts JM (U(x)) and CM(U(:i:)) satisfy to conservation 
equations [) __ JM(U(.i:)) = 0,o_CM(U(.r)) = 0. 

Let us apply hydrodynamic approach to integrable string models with constant tornion. 
In this case we must to consider the conserved chiral currents KM(U(x)) or currents 
CM(U(i:)), M = 2, 3, ... , n -- 1 as local fields of Riemmann manifold . Non-primitive local 
charges of invariant chiral currents with lvf 2 n form the hierarchy of new Hamiltonians in 
bi-Hamiltonian approach to integrable systems. The commutation relations of invariant 
chiral currents are local PBs of hydrodynamic type. Metric tensor .9MN(C(U(x))) for the 
SU(n) group has following form: 

.9MN(C(U(1:))) = -MNCM+N-2 (lG) 

The invariant chiral currents CM with Jo.1 2 3 for the SU(3) group can he obtained from 
following relation: 

1 
dktndkmp + dklmdknp + dklpdknm = 3(l51nbmp + l51mbnp + l51pbnm) 

The corresponding currents have form: 

Invariant chiral currents C2 , C3 are local coordiuaks or lliemarm manifold Al~. The lor:al 
charges C2M, M 2 2 form hierarchy of hamiltonians. New non\ineai equations of motion 
for chiral currents are following: 

27r 

oCk~~1(x)) = {Ck(U(x)), J(C2)M(U(y))dy},k = 2,3. 

0 

oC2(U(x)) = _ 2(2M -1) o(C2)M(U(x)) ' (lS) 
otM OX 

oC3 (U(x)) = _ 6MC3(U(x)) 0Ct1-
1
(U(x)) _ 2M(C

2
)M-i(U(x)) 0C3(U(x)). (lg) 

otM ox o.r 
The construction of integrable models with SU(n) n 2 4 symmetries has difficulties 

of reduction non-primitive invariant currents on primitive currents. 
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