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Abstract
We considered of string models on the Riemmann-Cartan space of string coor-
dinates with constant torsion.
We used the invariant local chiral currents of principal chiral models for SU(n)
group to construct new integrable string models on the Riemmann space of in-
variant chiral currents and on the dynamical Casimir operators, considered as the

Hamiltonians .

1 Introduction
String model in light-cone gauge is described by Lagrangian
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Target space local coordinates ¢*(z), a = 1, ..., n belong certain given smooth n-dimensional
manifold M™ with nongenerated metric tensor

9ab(#(2)) = nuveg (¢(z))e; (6(z)), (2)

where p,v = 1,...,n are indexes of tangent space to manifold M™ on some point ¢*(z).
The veilbein e4(¢) and its inverse e, (¢) satisfy to the conditions:
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Coordinates z%,z° = t, ! = z belong world sheet with metric tensor g,s in conformal
gauge. String equations of motion have the form:

1% [0apd® + Ti.(8)0a0°0p4°] = 0,

where T, ¢) = le [ ] is connection. In terms of canonical currents J¥(¢) =
et ($)Oa ¢“ 69:0 equatlons of motion have form:

n“"an[;‘(fﬁ(t, 2)) = 0, a5 (¢) — 0pJa(6) — Cir(9)Ja () J5(0) =0,

where C%, (¢) = eﬁe‘j‘[g—;’% - %‘;] is torsion. The Hamiltonian has form:
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where Jy,(¢) = e;;((/))])a, Ji(p) = e ‘i,;‘”,' and p,(#, 2) is canonical momentum,

Let us introduce chival currents:
(/;L It / i ]ll ‘/p 1 ] . ]}t
& =1 .U,,F4|, =1 Jow 4

The canonical commutation relations of chiral currents U/, are following:
1§ v g 3 A 1 rA g 8 ¢
{U"(x),U"(y)} = C§ [§U () — 5\/ (2)])6(x —y) — 1 EO(I —y), (4)

Equations of motion of chiral currents Uy () in light-cone coordinates
wt = 2t k), 2 = 2+ 2 have form: 0_U" = Cl (¢(2))U* V2.
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2 String model of principal chiral model type

Let torsion Cyya = fuua are structure constant of simple Lie algebra. We will con-
sider string model with constant torsion in light-cone gauge in target space. This model
is coincide to principal chiral model on compact simple Lie group. We can not divide
motion on right and left mover because of chiral currents _U* = fXUV?, are not
conserve. Correspondent charges are not Casimirs. Evans, Hassan, MacKay, Mountain
( [1] and other references therein) constructed local invariant chiral currents as polyno-
mials of initial chiral currents of SU(n), SO(n), SP(n) principal chiral models and they
found commutative combination of them. Correspondent charges are Casimir operators
of this dynamical systems. This paper was based on the paper of de Azcaraga, Macfar-
lane, MacKay, Perez Buena ( [2] and other references therein) about invariant tensors for
simple Lie algebras. Polynomials of local chiral currents was considered by Goldshmidt
and Witten [3] (see also [4]). Local conserved chiral charges in principal chiral models
was considered by Evans, Hassan, MacKay, Mountain [1]. Integrable string models of
hydrodynamic type was considered by author [5], [6].

Let t, are n ® n traceless hermitian matrix representations of generators Lie algebra:

[ﬁ“, t,,] = Qif‘“,)\t)\, TT(tﬂt,,) == 26uy. (5)

There is additional relation for SU(n) algebra:
4 2
{t“, tu} = E‘suv + Qduu,\t)\, i = g™ = (6)

De Azcarraga et. al. gave some examples of invariant tensors of simple Lie algebras
and they gave general method to calculate them. Invariant tensors may to construct as
invariant symmetric polinomials on SU(n):

1
d(ﬂl-uuM) = MSTT(t#n“'tuM)v (7)

where STr means of completely symmetrized product of matrices and d,,, ,,,) is totally
symmetric tensor and M = 2,3, ..., 00. Another family of invariant symmetric tensors [7],
(8], such named d-family , based on the product of the symmetric structure constant d,,
of SU(n) algebra:
k ks Keng -
d(“l--'“'\f) - d(;lmt-zd/l;kl "‘dut:‘suw)' (8)
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There are n—1 primitive invariant tensors on SU(n). The invariant tensors for M > n are
functions of primitive tensors. De Azcarraga et. al. gave some examples these functions
and they gave general method to calculate them. The Casimir operators on SU(n) have
form:

CM = d(,ll,l ---ﬂh!)tp| ...t“M.

Evans et.al. introduced local chiral currents based on the invariant symmetric polinomials
on simple Lic algebra:

I (U) = STr(IL..U) = STrU™ = dy, i, U HIM, (9)
where U = t,U* and i = 1,...,n2—1 . We obtained following expression for local invariant

chiral currents Jys:
4 5
T =202, Jy = 2d°0°, Jy = 24U + —(U?)?, Js = 24°U° + %UQ(de'Ue'),
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Js = 2d°U +E(dU)+;U(dU)+“—2(U"). (10)
PR (P
Jo=2dU" + %(d3U3)(d“U") + %UQ((PU”) + 712(c1~)~(;_t“c;“),
4 8 . "
Jy = 2d°U + ;(d"U")Z + %(d3U3)(d5U5) + ;(,./'"(l)"U“)—i-
24 0 armve , 24 ava gy, 16000
+n2U (d°U7) +n2(U) (d*U )+”3(U )%
For simplicity, we introduced short notations U? = U,U,, and

dMUM — gk ghike  gkm-a UmU#z"'UIAM' (11)
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The commutation relations of invariant chiral currents show, that these currents are not
densities of Casimir operators. Evans et. al postulated simple form of commutation
relations for some basis of invariant chiral currents:

(), I (@)} = ~[MN T -2(5) ~ T Jog (@) Iy (@) b — 4)-

N(N - 1) 0Jpen—2(z N In-1(z

MV D Owivals) MN, | )@al@s, gy
Let us note that these PB’s are PB’s of hydrodynamic type. The ultralocal term with
antisymmetric structure constant f,,, in commutation relation of chiral currents U# (4)
does not contribution to commutation relations of invariant chiral currents because of
totally symmetric invariant tensors d,, ,,. Therefore chiral currents Jy (U(z)) form
closed algebra under canonical PB. Evans et.al. found the functions of invariant chiral
currents which will yield commuting charges for the SU(n):

KalU) = (U), Ks(U) = V), Kal) = (V) ~ 5-F3(0),

Ks(U) = J5(U) - 5 J(U)J5(0), (13)
5

Ks(U) = Jo(U) = == 3(0) ~ S Iu(U)(U) + e (V).
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Corresponding charges of chiral currents K (U) are Casiinir operators.
Another family of invariant chiral currents Cyy forms closed algebra under canonical
I’B and corresponding charges are dynamical Casimir operators. They have form:

pM( ( )) — dkl dk]k’ dkM g UMUN!'“UIL,\/' (14)

2 TS M 1M
The commutation relations are following:
(CuU(@), OulU ) = ~MNCi-o{a) d(z—y)~ o = WO 2@ )
(15)

Both families of invariant chiral currents Jy (U(x)) and Cy (U(2)) satisfy to conservation
cquations _Jy (U{x)) = 0,0_Ci(U(z)) = 0.

Let us apply hydrodynamic approach to integrable string models with constant torsion.
In this case we must to consider the conserved chiral currents Ky (U(z)) or currents
Cu(U(z)), M =2,3,...,n — | as local ficlds of Riemmann manifold. Non-primitive local
charges of invariant chiral currents with M > n form the hierarchy of new Hamiltonians in
bi-Hamiltonian approach to integrable systems. The commutation relations of invariant
chiral currents are local PBs of hydrodynamic type. Metric tensor gan (C(U(z))) for the
SU(n) group has following form:

guid (GO = ~MNChiy s (16)

The invariant chiral currents Cy; with M > 3 for the SU(3) group can he obtained from
following relation:

1
dklndkmp e dklmdknp + dklpdknm = g(alndmp + dlm(snp + 6lp§nm)

The corresponding currents have form:
Con = (U UM = (UHM = (C)™, Comrgr = (U UM duin U, = (C2)M 7' C5 (17)

Invariant chiral currents C,, Cy are local coordinates ol Riemann manifold /2. The local
charges Capr, M > 2 form hierarchy of hamiltonians. New nonlinear equations of motion
for chiral currents are following:

BC%(tM( ) _ (CU(=)), /02 W)y}, k = 2,3.
2(Ulz ANC)M(U(z
ac;tUM( D _ _som - 1% )aaE (=), (18)
8tM Oz 6’1‘

The construction of integrable models with SU(n) n > 4 symmetries has difficulties
of reduction non-primitive invariant currents on primitive currents.
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