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Abstract. Structure of light weakly-bound nuclei like 8B or 9Be is of astrophysical interest.
Microscopic models of their structure face challenges, since these nuclei feature clusters; difficult
to access using a basis of spatially-isotropic single-particle states. The Fermionic Molecular
Dynamics (FMD) model offers a basis general enough to describe both compact (shell model
like) states and clustering. We discuss FMD calculations for the mirror pairs 8B-8Li and 9Be-9B.
These are interesting because one nucleus of each pair is weakly-bound or unbound. It is shown
that the FMD calculations reproduce energy levels and radii fairly, and that subtraction of the
Coulomb energy calculated from the FMD states restores degeneracy of the mirror levels within
at most ∼ 100 keV.

1. Introduction
Weakly-bound nuclei have low-lying states proximal to thresholds for decay by particle emission.
This means that, according to the Ikeda hypothesis [1], the asymptotic part of the wave function
for these states will be well-described by clustering configurations.

Mirror nuclei are systems of nucleons that would be degenerate in energy were it not for isospin-
symmetry breaking in the NN interaction: effectively, without the Coulomb interaction (the
primary breaker of isospin symmetry). The Coulomb interaction and the uniformity of the
charge distribution in the nucleus are connected [2]. Thus, structural differences between mirror
nuclei (such as different clustering) can be considered as mainly driven by the Coulomb interac-
tion, and show up in the location of decay thresholds relative to different states. For example,
in 8B, the 7Be+p threshold is ≈ 0.3 MeV above the ground state, but the corresponding 7Li+n
threshold is ≈ 3 MeV above the 8Li ground state. By the Ikeda hypothesis, this suggests dif-
ferent asymptotic structure of these levels, i.e. different clustering. If we can account for these
structural differences when calculating Coulomb energy, does subtracting it restore degeneracy
of mirror energy levels? In this paper, we try to answer this question for the mirror nuclei 8Li-8B
and 9Be-9B; pairs which are of interest to astrophysics (e.g. [3, 4]).

Clusters are difficult to model when beginning from spatially-isotropic single-particle
distributions [5]. In this study we use the Fermionic Molecular Dynamics (FMD) model [6].
FMD offers a Hilbert space in which clustering may either be introduced explicitly, or arise
naturally in the basis states, allowing one to access both compact and clustering configurations

http://creativecommons.org/licenses/by/3.0
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consistently [5]. Another highlight of FMD is its treatment of the proton-neutron mass difference:
while many models neglect this, it is taken into account in FMD [5], making comparison of
energy-levels in mirror nuclei possible. The model is outlined in Section 2.

2. Fermionic Molecular Dynamics
Starting with protons and neutrons as basic constituents of a nuclear system, we choose intrinsic
many-body configurations |Q〉 that are Slater determinants of single-particle states |q〉, or [7]:

|Q〉 = Â {|q1〉 ⊗ ...⊗ |qA〉} (1)

where Â is the antisymmetrization operator and Q = {q1, ..., qA} denotes the set of single-particle
parameters. The single-particle states corresponding to the protons and neutrons are:

|q〉 =
∑
i

|ai,~bi〉 ⊗ |χ↑i , χ
↓
i 〉 ⊗ |ξ〉ci, (2)

Parameters ~b relate to the mean position and mean momentum and and a to the width of the
wave-packets [8] respectively. The ket |χ↑, χ↓〉 allows all possible orientations of the nucleon
spin. The isospin is defined in |ξ〉. In co-ordinate space one has Gaussian wave-packets:

〈~x|a,~b〉 = exp

{
−(~x−~b)2

2a

}
. (3)

Slater determinants |Q〉 like that in Eq.(1) are in general not eigenstates of the angular
momentum or parity operators, so these need to be projected out via projection operators
[8]:

P̂ π =
1

2
(1 + πΠ̂) (4a)

P̂ JMK =
2J + 1

8π2

∫
dΩDJ

MK(Ω)*R̂(Ω), (4b)

where DJ
MK(α, β, γ) is the Wigner D-matrix, R̂(α, β, γ) = e−iαĴze−iβĴye−iγĴz is the rotation

operator and Π̂ is the parity operator. The Ω = {α, β, γ} symbolizes the three Euler angles.
The projected states are such that the result is a many-body state with quantum numbers
J,K,M . By diagonalizing the Hamiltonian in the set of K-projected states,we obtain the FMD
many-body basis states

|Q; JπMα〉 =
∑
K

|Q; JπMK〉cJπαK . (5)

Additional basis states can be generated by performing minimization subject to constraints.
These constraints could be on e.g. radii, moments or deformation parameters [5]. One may
also create explicit cluster states: States which are antisymmetrized product states of Slater
determinants derived via the above-described minimization scheme, i.e.

|Qc1+c2〉 = Â {|Qc1〉 ⊗ |Qc2〉} . (6)

The Hamiltonian is then diagonalized in this basis set, and one obtains the eigenstates. As
already mentioned, the FMD takes account of the proton-neutron mass difference, setting the
mass of a proton to 938.27231 MeV and the mass of a neutron to 939.56563 MeV.
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2.1. Coulomb energy
In the FMD, matrix elements for a two-body 1

r interaction like the Coulomb interaction are [5]:

〈aκ~bκ, aλ~bλ|
1

r
|aµ~bµ, αν~bν〉 = RκµRλν

1√
ρ2
κλµν

erf


√

ρ2
κλµν

2ακλµν

 . (7)

where all the terms are as defined in [5], and “erf” is the Error Function.

This determination of Coulomb energy allows it to be extracted from the structural information
in our calculations and does not rely on (extreme) approximations to the nucleon distribution,
as does the well-known uniform sphere approximation used in the Semi-Empirical Mass Formula
(SEMF, or Bethe-Weizsäcker formula):

ESEMF = aC
Z(Z − 1)

A1/3
, (8)

where aC is 0.691 MeV [9]. Comparing this value to one obtained in Eq.(7) can be interesting,
as how much the two deviate is a good indicator of how “non uniform” or “non-spherical” a
charge distribution is.

3. Calculations
The basis sets used for these calculations comprised FMD VAP states with constraints on the
matter radius, projected on the angular momenta and parties of the ground state and first two
excited states of the nuclei of interest. The states to be included in each basis were then chosen
by an optimization process [10]. To these states were added explicit cluster configurations cor-
responding to the lowest-lying thresholds (listed in Table 1). In each cluster configuration, the
core consisted of a single VAP state projected onto the angular momentum and parity of the
core’s ground state.

To create equivalent model spaces for the mirror nuclei, it was decided to use the basis states of
the mirror, with protons and neutrons exchanged. This gives a total basis size of up ≈40 VAP
states and 11 explicit cluster configurations in each basis set.

Table 1. Summary of the cluster configurations included in the basis sets for each nucleus.

Nucleus Clustering
8Li 7Li+n
8B 7Be+p

9Be 8Be+n
9B 8Be+p

The Argonne v18 interaction [11] was used, transformed by the Unitary Correlation Operator
Method (UCOM) [12]. The transformation enables the inclusion of short-range central and
tensor correlations. Three-body and higher-order terms are not included.

4. Results
Calculated level-schemes are provided in Fig. 1, where they are compared to the experimental
levels-schemes. In all cases, one sees under-binding in our calculations, which is primarily a



4

1234567890 ‘’“”

XXII International School on Nuclear Physics, Neutron Physics and Applications IOP Publishing

IOP Conf. Series: Journal of Physics: Conf. Series 1023 (2018) 012012  doi :10.1088/1742-6596/1023/1/012012

feature of the interaction used [13]. The important calculated quantity is thus binding relative
to the calculated thresholds, which compares fairly with experiment. Thresholds were calculated
within an FMD model space of comparative size to that of the calculations, and also using the
same interaction.

In Fig. 1, one may also note that the higher-lying levels in all four systems are somewhat
more poorly-reproduced than the lower-lying levels (e.g. note the 0+ states of 8Li and 8B).
This is because the bases described above (Section 3) are not adequately large to accurately
reproduce the high-lying states (≈ 10 MeV) in any of these nuclei, as these states may be broad
resonances or strongly mixed with the continuum [14], and are thus unlikely to be well-described
in a model space that can accurately describe the lower-lying states.

Exp. Calc. Exp. Calc.

Exp. Calc.

Exp. Calc.

Figure 1. Experimental and calculated energy levels (labeled Exp. and Calc. respectively).
Dotted lines indicate the lowest-lying thresholds. Note reproduction of binding energy relative
to threshold. Calculations are labeled for the respective nuclei. For A=9 mirror nuclei (bottom
panels), note that the 5/2− and 1/2+ levels are reversed in order in our calculations. The 1/2+

state is very broad (≈ 0.3 MeV broad in 9Be, and ≈ 3 MeV broad in 9B [14]), explaining the
better reproduction of the 5/2− state in this model-space.

Good indicators of whether structure is being effectively reproduced by the calculations are
the calculated matter- and charge-radii. Table 2 compares the matter- and charge-radii (where
known) with experiment. Note the difference between the calculated matter- and charge radii
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of 8B, indicative of the fact that we reproduce a proton halo in our calculations. This indicates
that the calculations capture the structural features of 8B, at least in the ground state.

Table 2. Calculated matter- and charge-radii, compared to experiment. Note the difference
between the matter- and charge radii of 8B, indicative of a proton halo.

Nucleus Matter radius [fm] Charge radius [fm]
Exp. a Calc. C Exp.b Calc. C

8Li 2.37(2) 2.243 2.29(8) 2.211
8B 2.38(4) 2.282 - 2.537

9Be 2.38(1) 2.338 2.519(12) 2.417
9B - 2.358 - 2.556

aAll experimental matter radii from [14].
bCharge radius of 8Li from [15], and for 9Be from [16].

In Figs. 2, the effect of subtraction of the Coulomb energies is demonstrated graphically. As
described in the caption, plots illustrate the effect of subtracting the Coulomb energy calculated
firstly using the Semi-Empirical Mass Formula, and then that calculated from the FMD states
as described in Sect. 2.1. It can clearly be seen that subtraction of the “FMD Coulomb energy”
comes close to restoring the degeneracy of the analogous energy levels, both in the case of the
A = 8 and A = 9 systems.

To be more precise, the difference between calculated energies of the analog states in the A =
8 system is of the order of 100 keV (see Table 3), while for the A = 9 system, it is of the order
of tens of keV. A tentative explanation of why the method seems more effective for the A = 9
systems is that both 9Be and 9B are probably modeled equally well (or badly!) in model-spaces
of the size used (both have quite complicated three-body structure even in the ground state
[14], meaning that they are both hard to access in a limited model space), while for the A =
8 group, it may be argued that our approximation is worse for 8B than for 8Li (since 8Li has
a “simpler” structure (see e.g. [14]), leading to a greater discrepancy in the results due to a
failure to capture some structural information in 8B.



6

1234567890 ‘’“”

XXII International School on Nuclear Physics, Neutron Physics and Applications IOP Publishing

IOP Conf. Series: Journal of Physics: Conf. Series 1023 (2018) 012012  doi :10.1088/1742-6596/1023/1/012012

Calc. SEMF FMD

8Li 8B

8Li 8B

8Li 8B

Calc. SEMF FMD

9Be 9B

9Be 9B 9Be 9B

Figure 2. Calculated energy levels for the A=8 and A = 9 mirror systems (labeled Calc.), shown
before and after subtraction of the SEMF Coulomb energy and the FMD Coulomb energy (in
panels labeled SEMF and FMD, respectively). Levels are labeled for the nuclei for which they
are calculated. Note how close to degenerate the levels become after subtraction of the FMD
Coulomb energy.

Level Energy less
FMD Coulomb
[MeV]

Energy
less SEMF
Coulomb
[MeV]

Diff. FMD
(Abs.)
[MeV]

Diff.
SEMF
(Abs.)
[MeV]

8Li 2+ -38.050 -38.376
8B 2+ -37.907 -39.700 0.143 1.324
8Li 1+ -36.412 -36.754
8B 1+ -36.249 -38.130 0.163 1.376
9Be 3/2 - -56.661 -57.351
9B 3/2 - -56.603 -58.147 0.058 0.796
9Be 1/2 + -52.265 -53.195
9B 1/2 + -52.219 -54.209 0.046 1.014
9Be 5/2 - -53.382 -54.120
9B 5/2 - -53.322 -54.949 0.060 0.829
9Be 5/2 + -51.403 -52.355
9B 5/2 + -51.351 -53.331 0.052 0.976

Table 3. The differences in calculated energy of analogous energy levels before and after
subtraction of the FMD Coulomb energy (column 2) and the SEMF Coulomb energy (column
3). Note that the degeneracy is restored by ∼ 10 keV for the A = 9 systems and by ∼ 100 keV
for the A = 8 systems.
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5. Summary and Conclusion
The FMD calculations of energy and matter- and charge-radii for the 8Li-8B and 9Be-9B systems
compare, for the most part, favorably with experiment. The subtraction of a Coulomb energy
“based on structure”, or one which takes into account the asymptotic structure of these nuclei,
has been shown to restore degeneracy of the mirror levels with at most ∼ 100 keV.

As the FMD does take into account the proton-neutron mass difference, the results presented
here indicate that the major differences between the energies of the mirror nuclei are brought
about by structural considerations arising through the Coulomb interaction. This conclusion is
probably unsurprising, but is interesting for drip-line physics where it is important to know to
what extent the proton:neutron ratio plays a role, through what mechanism it plays a role, and
how to account for it.

As an extension to this study, it must also be noted that the UCOM-transformed AV18 interac-
tion used is truncated at two-body level. The missing three-body strength is accounted for by
using a coefficient of 2 for the spin-orbit force. Investigations of the effect of three-body terms
would be worth carrying out.
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