
Department of Physics Enrico Fermi
Doctoral course in Physics, XXXV cycle

Doctoral Thesis

Large-scale structure of the Universe
in General Relativity and beyond

Internal Supervisor:

Prof. Giovanni Marozzi

External Supervisors:

Prof. Giovanni Montani
(ENEA and University of Rome Sapienza)

Dr. Giuseppe Fanizza
(Institute of Astrophysics and Space Sciences, Lisbon)

Doctoral candidate:

Tiziano Schiavone

September 2023





Department of Physics Enrico Fermi
Doctoral course in Physics, XXXV cycle

Large-scale structure of the Universe
in General Relativity and beyond

by

Tiziano Schiavone

A thesis submitted in fulfillment of the requirements for the degree of Doctor Philosophiæ.
Doctoral program in Physics. Line of research: Theoretical Cosmology and Gravitation.

This thesis has been developed under the supervision of

Prof. Giovanni Marozzi (Università di Pisa)
Prof. Giovanni Montani (ENEA and University of Rome Sapienza)
Dr. Giuseppe Fanizza (Institute of Astrophysics and Space Sciences, Lisbon)



Large-scale structure of the Universe in General Relativity and Beyond
Tiziano Schiavone
tiziano.schiavone@phd.unipi.it
Doctoral thesis in Physics, XXXV cycle

This thesis was written in LyX, a graphical user interface document processor based on the LATEX digital
typesetting system.



List of publications

This thesis is based on the papers listed below.

Published on peer-reviewed journals

[TS1] T. Schiavone, G. Montani, & F. Bombacigno, f (R) gravity in the Jordan frame as a paradigm for the
Hubble tension, 2023, MNRAS Letters, 522, L72–L77, DOI: 10.1093/mnrasl/slad041, arXiv:2211.16737
[gr-qc]

[TS2] M.G. Dainotti, B. De Simone, T. Schiavone, G. Montani, E. Rinaldi, G. Lambiase, M. Bogdan, &
S. Ugale, On the evolution of the Hubble constant with the SNe Ia Pantheon Sample and Baryon
Acoustic Oscillations: a feasibility study for GRB-cosmology in 2030, 2022, Galaxies, 10(1), 24,
DOI: 10.3390/galaxies10010024, arXiv:2201.09848 [astro-ph.CO]

[TS3] M.G. Dainotti, B. De Simone, T. Schiavone, G. Montani, E. Rinaldi, & G. Lambiase, On the evolu-
tion of the Hubble constant in the SNe Ia Pantheon sample, 2021, ApJ, 912, 150, DOI: 10.3847/1538-
4357/abeb73, arXiv:2103.02117 [astro-ph.CO]

Submitted

[TS4] T. Schiavone, & G. Montani, Signature of f(R) gravity via Lemaître-Tolman-Bondi inhomogeneous
perturbations, submitted to Phys. Rev. D, arXiv:2301.09768 [gr-qc]

[TS5] T. Schiavone, E. Di Dio, & G. Fanizza, Skewness of the distance-redshift relation in ΛCDM, sub-
mitted to JCAP, arXiv:2307.13455 [astro-ph.CO]

In preparation

[TS6] I. S. Albuquerque, S. Anselmi, T. Anton, [and 35 others, including T. Schiavone], White Paper
as the outcome of the workshop A SHOT IN THE DARK: New Challenges in Cosmology 2022,
Leiden, in preparation

Proceedings

[TS7] M.G. Dainotti, B. De Simone, G. Montani, T. Schiavone, & G. Lambiase, The Hubble constant
tension: current status and future perspectives through new cosmological probes, 2023, Proceedings
of Science 2022, Corfu Summer Institute 2022 "School and Workshops on Elementary Particle
Physics and Gravity", arXiv:2301.10572 [astro-ph.CO]

i

https://doi.org/10.1093/mnrasl/slad041
https://arxiv.org/abs/2211.16737
https://arxiv.org/abs/2211.16737
https://www.mdpi.com/2075-4434/10/1/24
https://arxiv.org/abs/2201.09848
https://iopscience.iop.org/article/10.3847/1538-4357/abeb73
https://iopscience.iop.org/article/10.3847/1538-4357/abeb73
https://arxiv.org/abs/2103.02117
https://arxiv.org/abs/2301.09768
https://arxiv.org/abs/2307.13455
https://arxiv.org/abs/2301.10572


[TS8] T. Schiavone, G. Montani, M.G. Dainotti, B. De Simone, E. Rinaldi, & G. Lambiase, Running Hub-
ble constant from the SNe Ia Pantheon sample?, Proceedings of the 17th Italian-Korean Symposium
on Relativistic Astrophysics, arXiv:2205.07033 [astro-ph.CO]

[TS9] T. Schiavone, & G. Montani, On the evolution of inhomogeneous perturbations in the ΛCDM
model and f (R) modified gravity theories, Proceedings of the Sixteenth Marcel Grossmann Meeting
on General Relativity, World Scientific, Singapore, 2023, DOI: 10.1142/9789811269776_0154, pp.
1961-1969, arXiv:2111.03197 [astro-ph.CO]

All these papers are referred to in the thesis by their numbers preceded by “TS”. These papers are
also listed at the beginning of the Bibliography in the back of the thesis.

ii

https://arxiv.org/abs/2205.07033
https://www.worldscientific.com/doi/abs/10.1142/9789811269776_0154
https://arxiv.org/abs/2111.03197


Contents

List of publications i

Contents v

Conventions and notations vii

Acronyms and terminology x

List of Figures xii

List of Tables xiii

Preface xv

Introduction 1
From General Relativity to modified gravity and inhomogeneous cosmology . . . . . . . . . . . 1
Method and outline of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

I General overview 11

1 Cosmological models based on General Relativity and beyond 13
1.1 The cosmological concordance model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.1.1 The Friedmann-Lemaître-Robertson-Walker metric . . . . . . . . . . . . . . . . . . 14
1.1.2 The cosmological redshift and the Hubble law . . . . . . . . . . . . . . . . . . . . . 16
1.1.3 Cosmological dynamics of the homogeneous and isotropic Universe . . . . . . . . . 18
1.1.4 Age of the Universe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
1.1.5 Luminosity distance and angular diameter distance . . . . . . . . . . . . . . . . . . 22

1.1.5.1 Estimating cosmic distances . . . . . . . . . . . . . . . . . . . . . . . . . 24
1.1.6 Statistical properties in the large-scale structure . . . . . . . . . . . . . . . . . . . 27

1.1.6.1 The density contrast and the power spectrum . . . . . . . . . . . . . . . . 27
1.1.6.2 Amplitude of matter fluctuations . . . . . . . . . . . . . . . . . . . . . . 30
1.1.6.3 Growing perturbations in the linear regime . . . . . . . . . . . . . . . . . 31
1.1.6.4 Higher-point correlation functions and the bispectrum . . . . . . . . . . . 32

1.1.7 The Hubble constant and matter fluctuations tensions . . . . . . . . . . . . . . . . 33
1.2 Dark energy models as a minimal extension of the standard paradigm . . . . . . . . . . . 36
1.3 f (R) modified gravity theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

1.3.1 The dynamically equivalent formalism in the Jordan frame . . . . . . . . . . . . . 38
1.3.2 The Hu-Sawicki model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

iii



1.3.3 Modified luminosity distance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2 Inhomogeneous cosmology 45
2.1 The Lemaître-Tolman-Bondi spherically symmetric solution . . . . . . . . . . . . . . . . . 45

2.1.1 Dynamics of the LTB inhomogeneous Universe . . . . . . . . . . . . . . . . . . . . 46
2.2 Averaging formalism in cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.2.1 The backreaction problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
2.2.2 Light-cone averaging prescriptions . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
2.2.3 Generalized formulation to average cosmological observables . . . . . . . . . . . . . 51

II The evolution of the Hubble constant with the redshift 53

3 Redshift binned analysis using standard candles 55
3.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.2 Preliminary analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
3.3 Main analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.4 Final results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4 Redshift binned analysis using standard candles and rulers 65
4.1 Binning approach within General Relativity . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.1.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.1.2 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.2 Binning approach within the f (R) Hu-Sawicki model . . . . . . . . . . . . . . . . . . . . . 68
4.2.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.2.2 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.3 Discussion of the results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.3.1 Possible astrophysical reasons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.3.2 Theoretical interpretations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3.2.1 Local matter underdensity . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.3.2.2 Modified gravity scenario . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5 An effective Hubble constant in the Jordan frame of f (R) gravity 81
5.1 Analytic solution for the scalar field potential . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.2 Numerical analysis of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.3 The low-redshift f(R) profile . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

III Inhomogeneities and non-Gaussianities in the large-scale structure of
the Universe 89

6 The evolution of local inhomogeneities of the Universe in different cosmological mod-
els 91
6.1 The Lemaître-Tolman-Bondi model in the Jordan frame of f (R) gravity . . . . . . . . . . 91
6.2 Perturbation approach for the Lemaître-Tolman-Bondi model in General Relativity . . . . 93

6.2.1 Background solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
6.2.2 Linearly perturbed solutions in an inhomogeneous Universe . . . . . . . . . . . . . 96

iv



6.3 Perturbation approach for the Lemaître-Tolman-Bondi model in the Jordan Frame of f (R)

gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
6.3.1 Background solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
6.3.2 Linearly perturbed solutions in an inhomogeneous Universe . . . . . . . . . . . . . 100

6.3.2.1 Radial profiles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
6.3.2.2 Time evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

7 Skewness of the distance-redshift relation in the concordance model 109
7.1 Leading-order terms review: average and dispersion . . . . . . . . . . . . . . . . . . . . . 109
7.2 Next-to-leading order term: skewness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
7.3 Higher-order moments for the distance-redshift relations . . . . . . . . . . . . . . . . . . 112

7.3.1 Infinitesimal redshift bin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
7.4 Analytic expressions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

7.4.1 µQ3 : quadratic terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
7.4.2 µPB3 : post-Born corrections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
7.4.3 µLSS3 : the role of the bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

7.5 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
7.5.1 The smoothing scale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
7.5.2 Quadratic and Post-Born terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
7.5.3 Bispectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

7.6 Comparison with numerical simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

Conclusions 129

A - Testing the spatial isotropy in the LTB metric in the Jordan frame 133

B - Separation of variables for the linearly perturbed field equations in the Jordan frame
of f(R) gravity 135

C - Fourth-order perturbations for the skewness 139

D - Analytic proofs for the skewness in Fourier space 141

Bibliography 145

v



vi



Conventions and notations

We adopt the metric signature (−,+,+,+) throughout the thesis, and we use natural units in which the
speed of light in vacuum is c = 1.

We keep explicitly the Newton gravitational coupling G and we denote with χ ≡ 8πG the Einstein
constant.

Throughout, Latin indices i, j, k, . . . move along the three spatial coordinate labels 1, 2, 3, while Greek
indices µ, ν, ρ, . . . run over the space-time coordinate labels 0, 1, 2, 3, where x0 = t is the time coordinate
in natural units. Contracted Greek indices are summed according to the Einstein convention. 3-D vectors
are indicated with ~v.

The components of the gravitational field equations are sometimes denoted with a pair of indices µ− ν,
in which the indices µ, ν = 0, 1, 2, 3.

The metric tensor components and the Christoffel symbols are denoted with gµν and Γρµν , respectively.
The Riemann tensor is defined up to an arbitrary sign, and we use

Rρσµν = ∂µΓρνσ − ∂νΓρµσ − Γρνε Γεµσ + Γρµε Γενσ .

We adopt the following convention for the contracted indexes in the Ricci tensor:

Rµν = Rαµαν ,

where the first index is contracted with the third one.

The symbol ∂µ indicates the partial derivative with respect to the coordinate xµ, i.e. ∂µ ≡ ∂
∂xµ .

The symbol ∇µ denotes the covariant derivatives with respect to the index µ. The D’Alembert operator
in curved spaces is represented by � = gµν ∇µ∇ν . The three-dimensional Laplacian is ∇2, while the
angular Laplacian on the two-sphere is denoted with ∆2.

Referring to a function g (t, r) that depend both on the cosmic time t and a radial coordinate r, we adopt
the following notations for the derivatives with respect to these variables: ˙(g) ≡ ∂tg and (g)

′ ≡ ∂rg.

Except for vector or tensor time components, the subscript 0 is usually referred to cosmological quantities
evaluated today at the present cosmic time t0, or equivalently, at the cosmological redshift today z = 0.
The scale factor today is set to unity: a0 = 1.

In perturbation theory, unless otherwise specified, an overline Q̄ is referred to cosmological quantities Q
in the homogeneous and isotropic background Universe, and linear perturbations are indicated with δQ.
In other context, for the sake of clarity and to avoid ambiguity with the ensamble average, we adopt the
notation with the superscripts Q(i) for perturbations, being i the order of each perturbative term.

The ensamble average is also denoted with an overline Q̄, while the average on a portion of space-time
like the past light-cone is indicated with 〈Q〉.
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Throughout, we adopt the following 3-D Fourier transform convention:

f (t, ~x) =

ˆ
d3k

(2π)
3 f

(
t,~k
)
e−i~x·

~k , f
(
t,~k
)

=

ˆ
d3x f (t, ~x) ei~x·

~k .

The Heaviside step function is defined as

Θ (x) =


0 if x < 0

1
2 if x = 0

1 if x > 0 .

We have used a capital letter to distinguish it from the angular coordinate adopted for spherical coordi-
nates (r, θ, φ).
The simbol δ alone is used to define the matter density contrast, while a subscript is added to denote the
Dirac delta distribution δD.
Concerning measurements results, all uncertainties in this thesis are expressed in 1σ (∼ 68 % confidence
level).
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Preface

The large-scale structure of the Universe and the nature of dark energy are
only just beginning to be comprehensively understood, as we have recently en-
tered the era of precision cosmology. The standard ΛCDM cosmological model,
which includes a cosmological constant Λ and a cold dark matter component,
successfully explains the evolution and composition of our Universe. However,
recent measurements with tighter constraints on cosmological parameters have
revealed several serious anomalies and tensions. Such paradoxes and tensions
are frequently indications of a possible theoretical model crisis. Therefore, it is
necessary to reassess the essential and fundamental pillars of the ΛCDM model.

This thesis aims to address the following questions:

1. How can cosmological data enable us to distinguish between the ΛCDM
cosmological model and modified gravity theories?

2. What is the impact of local inhomogeneities on cosmological observables?

The first question pertains to finding alternative theoretical justifications for the
cosmological constant. Increasing attention has been paid in recent years to the
possibility that the present cosmic acceleration could be explained by extending
the present gravitational theory, i.e., General Relativity, within the framework
of modified gravity theories. These alternative proposals forecast deviations
from the ΛCDM model and allow us to investigate unresolved cosmological is-
sues, such as the Hubble constant tension.

The second question concerns the large-scale structure of the Universe and
local deviations from spatial homogeneity. As shown by observations and cos-
mic structures, the real nature of the Universe is inhomogeneous below a specific
scale of ∼ 100Mpc. Consequently, we may expect deviations from a purely ho-
mogeneous toy-model, given that the local behavior of structures in the Universe
could impact our cosmological measurements.
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Introduction

Humanity has always had many fundamental questions regarding the ultimate nature of the Universe
and its structures. According to the ancient Greeks, the Universe was an eternal, imperishable, perfectly
ordered system. The term cosmology derives from the ancient Greek word "kosmos," meaning order.
The concept involved geometrical harmony and aesthetic beauty.

As a physical science, modern cosmology is based on the scientific method, which employs theories,
observations, simulations, and data analysis. It brings together various disciplines, including Physics,
Astronomy, Astrophysics, and Particle Physics. Cosmologists study the evolution of the Universe as a
whole, in terms of space-time and matter.

We give a summary of some key steps from the early days of modern cosmology to the emergence of
cosmological tensions and open debates.

From General Relativity to modified gravity and inhomogeneous
cosmological models

The development of modern cosmology has experienced significant and rapid progress since the formula-
tion of General Relativity (GR), which is the present geometrical theory of gravity introduced by Albert
Einstein in 1915-1916 [10]. Driven by a unified vision of nature, Einstein was motivated to extend the
Special Relativity principle and develop a new formalism that maintains the same form of physical laws
under any coordinate transformation. In this regard, he received support from brilliant mathematicians
of the last century, such as Grossmann, Levi-Civita, and Ricci, who developed the covariant tensor for-
malism to ensure the general covariance of the theory. Furthermore, the starting point of GR was the
impressive synthesis between inertia and gravitation, the Equivalence Principle, which was summed up
in the famous elevator thought experiment [11].

The GR field equations [12, 13] establish a profound connection between the matter and space-time
geometry, and this type of theory is also referred to as geometro-dynamics. De facto, the gravitational
interaction is removed in GR and becomes a geometric interaction. Sir Isaac Newton’s statement regarding
the problem of action at a distance is relevant here:

“It is inconceivable that inanimate brute matter should, without the mediation of something
else which is not material, operate upon and affect other matter without mutual contact”
[Original letter from Isaac Newton to Richard Bentley, source: 189.R.4.47, ff. 7-8, Trinity College Library,

Cambridge, UK].

In GR, through a change of perspective, the presence of matter, i.e., the source of a gravitational field,
curves the space in such a way that the trajectories of particles are deviated. Therefore, everything we
experience as a gravitational interaction is nothing more than a manifestation of the space-time curvature.

The geometrical properties of a curved space-time can be effectively encapsulated in the well-known
quote by the theoretical physicist and cosmologist John Archibald Wheeler:

1
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“Space-time tells matter how to move; matter tells space-time how to curve”
[14].

This vision of the space-time is completely different from that in classical mechanics, where space-time
is regarded as absolute and eternal, independent of the presence of matter.

The first strong confirmation of GR was provided just three years after its publication. Sir Arthur
Stanley Eddington observed the gravitational bending of light during the solar eclipse in 1919 [15], as
predicted by GR calculations [16]. Another crucial classical test of GR was given by the perihelion
precession of Mercury [17], which could not be fully explained using only the Netwonian mechanics.
Actually, the anomalous orbit of Mercury was an old problem in celestial mechanics, and the astronomer
Urban Le Verrier suggested in 1859 that between the Sun and Mercury there was an elusive planet, called
Volcano, which was capable of modifying the orbit of Mercury via gravitational perturbations [18]. Le
Verrier had succesfully applied this method in 1846 to discover the existence of Neptune, before observing
it directly, by noting irregularities in the orbit of the nearby planet Uranus. Nevertheless, his effort to
explain the perihelion precession of Mercury within the Newtonian mechanics was an attempt to save the
dominant theory of that time, i.e., the Newtonian gravity. Later, Einstein quantitatively demonstrated
that this phenomenon could be addressed in GR [17]. These first two confirmations of GR made Einstein
famous worldwide and partially contributed to creating his iconic figure in our culture.

In the present day, GR has been tested with several independent measurements with increasing
precision. Recently, in September 14th, 2015, the detection of gravitational waves (GWs) after a century
of their prediction has provided yet another powerful validation of GR. These waves were originally
predicted by Einstein in 1916 [19–21]. Interestingly, Einstein himself harbored doubts regarding the
existence and detectability of GWs. The detection of GWs has been possible as a result of theoretical
and technological developments up to design the Laser Interferometer Gravitational-Wave Observatory
(LIGO) and the Virgo interferometer [22].

Concerning the building of cosmological models, it was soon realized that Einstein equations were an
ideal tool for investigating the dynamics of the Universe once its components had been determined. This
realization marked a significant turning point in the field of cosmology. The first attempts to describe
the behavior of the Universe on cosmological scales by applying GR were carried out by Einstein himself,
resulting in a static model of the Universe [23]. This model was commonly accepted at that time and
was motivated by a conservative idea from the late 19th century, whose roots can be traced back to
ancient Greek culture. To satisfy the condition of a static Universe within his equations in 1917, Einstein
introduced a constant, called the cosmological constant Λ [23], which is charazterized by a repulsive
behavior against gravitational attraction.

However, the lack of a strong justification for the cosmological constant and the stability issues of
Einstein’s model reported by Lemaître [24] had led cosmologists to doubt the real nature of Λ from the
beginning. The philosophical conjecture of a static model was soon discarded by observational facts.
Although the main evidence for an expanding Universe was provided by Hubble’s observations, as we will
discuss later, an American astronomer, Vesto Slipher, had already measured in 1912-1915 a redshift in
the spiral nebulae in distant galaxies [25]. He concluded that these objects were receding from the Earth,
thus providing the first empirical result against the static Universe model, despite the controversial and
debated results.

A significant breakthrough was accomplished by the American astronomer Edwin Hubble in 1929, who
used cosmological data obtained from Type Ia supernovae (SNe Ia) to demonstrate that the Universe is
expanding [26]. The advantage of using these astrophysical objects given by extremely violent explosions
for evaluating cosmic distances is that their absolute luminosity can be considered constant since they
are generated by the same physical mechanism [27, 28]. Hence, SNe Ia are usually regarded as standard
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candles. During the peak of brightness, the luminosity of a supernova is greater than that of the whole host
galaxy, and it can be observed up to cosmological distances. By measuring the apparent luminosity and
bearing in mind the fixed absolute luminosity, the SN Ia distance can be estimated. Hubble discovered
a linear relationship between the recession velocity of the observed galaxies and their distance with a
proportionality constant H0, which is called the Hubble constant and represents the current expansion
rate of the Universe. Hubble’s observations ultimately discredited Einstein’s static model. During a
cosmological discussion with the Soviet-American physicist George Gamow in 1931, it is believed that
Einstein himself declared the cosmological constant as “the biggest blunder ” of his life [29]. It is probable
that Einstein recognized that he had missed a significant opportunity to predict the expansion of the
Universe.

Due to the aforementioned observations, there was a need to develop more reliable theoretical models
in cosmology. In 1917, Dutch physicist Willem de Sitter developed the first dynamical cosmological
model, known as the de Sitter model [30], which was motivated by Slipher’s results. In such a framework,
the Universe is dominated by the cosmological constant term, leading to an unbalanced repulsion and
net expansion in the Universe. In 1922, Russian physicist Alexander Friedmann focused on GR solutions
with different values of the spatial curvature and cosmological constant, and concluded that the universe
is not static [31, 32]. In 1927, Belgian priest and theoretical physicist Georges Lemaître independently
arrived at the same conclusion [24], showing that the Hubble linear relation is just a consequence of
a non-static Universe (Hubble’s law is also known as the Hubble-Lemaître law). In 1935, American
mathematician Howard Percy Robertson and British mathematician Arthur Geoffrey Walker provided
geometrical properties of the large-scale Universe [33, 34]. The Friedmann-Lemaître-Robertson-Walker
(FLRW) metric is an exact solution of Einstein field equations, describing an expanding, homogeneous,
and isotropic Universe [35]. It should be noted that the Hubble-Lemaître law can be derived in the
low-redshift limit within the framework of an expanding Universe in the FLRW metric [35]. The full
background cosmological dynamics are still essentially based on the field equations in the FLRW metric
presented in these papers, under the conditions of spatial homogeneity and isotropy.

In more recent times, a significant discovery has greatly impacted our understanding of the Universe.
In 1998, two independent research groups, the Supernova Cosmology Project [36] and the High-z Su-
pernova Search Team [37], obtained an unexpected outcome from SNe Ia observations: the expansion
of the universe is accelerating. Luminosity-distance relations have played a pivotal role in determining
the accelerating Universe. The cosmic acceleration could be explained by the cosmological constant Λ

in Einstein field equations. More generally, the so-called dark energy (DE), which is an exotic fluid
characterized by negative pressure, exerts a repulsive force on cosmological scales that counteracts the
attractive role of gravity and drives the cosmic accelerated phase in the late Universe [35, 38, 39]. The
DE component accounts for roughly 70 % of the present Universe [40], but its true nature remains an
open question. In particular, a cosmological constant Λ is a specific type of DE with an equation of state
parameter w = −1.

Moreover, besides the visible baryonic matter, observational facts on galactic and cosmological scales
have suggested the existence of an elusive component known as dark matter. These evidences include
the flat profile of galaxy rotation curves, gravitational lensing, and the requirement for additional matter
to account for structure formation in the late Universe [41]. Although the exact nature of DM is still a
mystery, it is postulated that DM only interacts gravitationally and has a particle origin. Consequently,
several experiments [42–44] are underway to search for evidence of new particles, and the most extensively
researched DM candidates are weakly interacting massive particles (WIMPs) [45] and axions [46, 47].

At present, our theoretical understanding of the Universe relies significantly on two fundamental
pillars:
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1. GR serves as the gravitational theory that governs cosmological dynamics.

2. The cosmological principle asserts that the Universe is homogeneous and isotropic on scales greater
than ∼ 100Mpc.

We have discussed the role of GR, and we now turn our attention to the second pillar. One of the principal
tenets of the concordance model is the cosmological principle, which is an extension of the Copernican
principle, namely there is no preferred location in the Universe. It is reasonable to assume that we live in
a homogeneous and isotropic Universe, which appears to be so over distances greater than a characteristic
homogeneity scale. The FLRW metric appropriately describes this geometry, and the typical homogeneity
scale for the present-day Universe is ∼ 100Mpc, as indicated by observational evidence from large-scale
structures and galaxy surveys [48, 49]. The spatial homogeneity and isotropy of the Universe on large
scales are also supported by temperature maps of the cosmic microwave background radiation (CMB),
which exhibit typical temperature fluctuations1 of approximately δT/T ∼ 10−5 from the mean value of
∼ 2.73K [40].

As a result of the gradual development of ideas and discoveries made in cosmology since the publication
of GR mentioned above, a new cosmological paradigm has been established and is generally accepted as
the concordance model. This model, specifically the well-known ΛCDM cosmological model [35], is based
on two additional assumptions regarding the dark components in the Universe: a positive cosmological
constant Λ > 0 and a cold dark matter (CDM) component. This self-consistent and robust model provides
a good fit to most of the cosmological data and remarkably describes the evolution and structure formation
in our Universe.

Undoubtedly, the ΛCDM paradigm is considered by the community of theoretical physicists and
cosmologists as one of the most successful cosmological models. Additionally, it is the simplest model
from a mathematical point of view and is the concordance model according to Occam’s razor. However,
it is important to note that the ΛCDM model cannot provide an extensive explanation for the nature
of dark components from a fundamental theory. Although several attempts have been made in the last
decades to understand the nature of DM and investigate beyond the standard model of particle physics,
no dark matter particle has been detected so far.

Furthermore, the cosmological constant poses two significant problems. Firstly, interpreting the cos-
mological constant as the vacuum energy in quantum field theory (QFT) results in the worst prediction
of theoretical physics. Indeed, the theoretical value of the vacuum energy in QFT is ∼ 10120 times larger
than the observed value [51, 52], making difficult to accept a specific value for Λ without a theoretical
framework. This is known as the fine-tuning problem. Secondly, we do not fully understand why the
densities of DE and DM are of the same order of magnitude today, compared to the cosmic time close to
the present, with respect to the age of the Universe. In other words, why has the equivalence between
DE and DM densities emerged recently in cosmic time? This is referred to as the coincidence problem.

Due to these issues, it might seem like dark components are ad hoc elements introduced to preserve the
present cosmological model, similar to how the elusive planet Volcano was hypothesized by Le Verrier to
uphold Newtonian mechanics, as we mentioned before. However, several independent pieces of evidence
supporting the existence of dark components due to indirect gravitational effects must be considered. If
present and future experiments do not provide any direct and definitive proof of their existence, we must
reconsider our hypothesis and revise the robustness of the ΛCDM model.

Regarding possible modifications to the ΛCDM model, a number of approaches have been explored,
with the aim of addressing some of the issues discussed earlier. The first minimal approach involves

1Actually, the observation of a slight temperature dipole [50] in CMB maps has been recently emerged across the sky.
CMB anomalies and anisotropies are an open problem, but here we would like to point out that CMBmaps have corroborated
the idea of a homogeneous and isotropic Universe, despite this recent dipole feature.
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altering slightly the composition of the Universe. For example, one might consider a type of DE that
leads to late-time cosmic acceleration, in which the equation of state parameter w differs slightly from
−1 (the value corresponding to a cosmological constant), or varies with redshift z. Such a model, known
as the wCDM model, can be thought of as a time-evolving or "running" cosmological constant. One
commonly studied example of this type of model is the Chevallier-Polarski-Linder (CPL) parametrization
or w0waCDM model [53, 54]. Another interesting proposal to modify the content of the Universe is given
by the popular class of quintessence models [52, 55], which introduces a new cosmic scalar field that
mimics the present accelerated phase of the Universe. A further possibility is to consider models in which
there is an interaction between DE and DM, the so-called interacting dark energy models [56, 57], which
could potentially help to resolve the coincidence problem. However, all of these approaches are essentially
phenomenological in nature, as they are not rooted in a fundamental theory, and a reliable scalar field
candidate is missing in the late Universe.

Additionally to the unresolved questions concerning the nature of dark components and the cosmolog-
ical constant problems, other significant anomalies have recently arisen from independent measurements
within the framework of the ΛCDM model. Since the discovery of the cosmic acceleration, a growing
number of observations and measurements with increasing precision have provided unprecedented cos-
mological data [40, 58, 59], and also more data will be available in the future [60–66]. As a result, we
have gradually had better constraints on cosmological parameters such as the Hubble constant, H0, and
energy densities of Universe components. The era of precision cosmology is upon us.

However, one of the most significant challenges in modern cosmology is the Hubble constant ten-
sion [67–70]. This refers to the incompatibility between independent measurements of H0 from cos-
mological probes at high and low redshifts. Specifically, there is a significant discrepancy of 4.8 σ at
the statistical level between the value of H0 inferred from CMB data in the early Universe (HCMB

0 =

67.36±0.54 km s−1 Mpc−1) [40] and the local value obtained by low-z probes in the late Universe, such as
the Cepheid-SN Ia sample (H loc

0 = 73.04±1.04 km s−1 Mpc−1) [71]. This tension has become increasingly
serious, as new measurements with higher precision have progressively reduced the uncertainty intervals,
revealing differences between high- and low-z observations. Various combinations of local probes (see
[68] and references therein) suggest that the tension with the CMB data is roughly between 4 and 6σ.
Other local probes, such as SNe Ia and baryonic acoustic oscillations (BAOs) [72, 73], typically considered
standard candles and rulers, respectively, are useful for estimating cosmological distances.

The reason for the observed discrepancies in H0 measurements is unclear. Ever since Hubble’s ob-
servation in 1929, it has been well-known that galaxies, on average, move away from each other at a
present-day expansion rate known as the Hubble constant, H0, which is defined as the Hubble parameter
H evaluated today at redshift z = 0 [35]. Thus, H0 is a constant by definition. The H0 tension may
indicate potential inconsistencies in the high- and/or low-z measurements or systematics.

Another tension between early and late Universe probes pertains to matter clustering data and the
growth of cosmic structure. Specifically, measurements based on local probes such as galaxy clustering,
weak gravitational lensing, and redshift-space distortion (RSD) [74, 75] indicate reduced matter clus-
tering compared to what is predicted by the ΛCDM model using parameters inferred from CMB data.
This discrepancy is quantified by the S8 parameter [70, 76], which is related to the growth of matter
density perturbations and involves the amplitude of weak lensing measurements. This incompatibility
between high and low redshift data is called the S8 tension and is at a level of approximately ∼ 2σ.
For comprehensive reviews on these tensions and other anomalies within the ΛCDM model, refer to the
already mentioned reviews [67–70, 76] and cited sources therein.

These tensions, as well as questions about the nature of DE and DM, and the cosmological constant
problem, suggest that the ΛCDM paradigm should be extended. The concordance model is now regarded
as a background scenario or an approximation to a more general model. While the vanilla ΛCDM
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model works adequately for many phenomena concerning the evolution and structure of the Universe,
we are naturally inclined to believe that a possible new general model we are looking for should require
small deviations from the ΛCDM scenario to explain the aforementioned problems. In recent decades,
cosmologists have proposed hundreds of new models close to the ΛCDM paradigm to solve or alleviate
these issues. Many of these models have been tested and discarded by observations, but we still lack
the constraining power to discriminate between a plethora of theoretical models. Furthermore, having
numerous candidates as theoretical models suggests the possible need for an extension of the ΛCDM
model. For all these reasons, cosmologists have been motivated to revise the hypotheses and principles
that underpin the concordance model.

In the light of the above discussion, we recall that the real strong assumptions made by cosmologists in
developing the concordance model (prior to introducing dark components) are the two abovelisted pillars,
i.e., GR and the cosmological principle. It is important to stress that these two pillars are uncorrelated, as
the cosmological principle is not related to a fundamental theory but rather originated from philosophical
reasoning. Because of the critical role played by each pillar, it is necessary to test and verify them in
multiple independent ways, particularly now that we are entering the era of precision cosmology. If either
of these pillars is incorrect, our models may be drastically flawed.

In regards to deviations from the first pillar of the cosmological concordance model, it is challenging
to view GR as the ultimate theory of gravity. Despite the breakthrough discoveries and significant
theoretical predictions that successfully describe phenomena in our Universe, the need for unknown and
exotic components such as DE and DM, as well as the abovementioned cosmic tensions, may be considered
the first signs of a potential breakdown of GR on galactic and cosmological scales.

Among the various possible generalizations of GR and modified gravity theories, the f(R) gravity [77–
85] is one of the simplest and most studied classes of extended theories. In this framework, an additional
scalar degree of freedom (d.o.f) with respect to GR is introduced in the gravitational field equations,
which is represented by a function f(R) in the gravitational Lagrangian density instead of the standard
Ricci scalar R in GR.

The f(R) metric gravity can be reformulated in the scalar-tensor theories in which the extra scalar
d.o.f. is converted into a scalar field. Specifically, the dynamically equivalent formalism of the f(R)

gravity in the so-called Jordan frame [79, 81, 83–86] is similar to the Brans-Dicke theory [87, 88] with
a non-vanishing scalar field potential and a zero Brans-Dicke parameter (see also the O’Hanlon model
[89]). In particular, in the Jordan frame, the scalar field is non-minimally coupled to the metric.

As in scalar-tensor theories, an equivalent formulation of the f(R) gravity can also be obtained under
a conformal transformation in the so-called Einstein frame, which theory in vacuum is equivalent to
GR with a self-interacting minimally coupled scalar field. Although the Jordan and Einstein frames are
mathematically equivalent, it is still unclear which physical frame should be considered. Indeed, there
are ongoing debates about the role of a conformal transformation and energy conditions in modified
gravity theories [84, 90–94]. One of the most controversial results is that an accelerating Universe in one
frame can be mapped in a decelerating one in the other frame [95, 96]. Also, the difference between the
two frames appear more evident when scalar perturbations are considered, since they exhibit different
evolutionary patterns. In this thesis, we choose to work in the Jordan frame, because it is only derived
by the metric f(R) gravity with a simple redefinition of fields.

However, finding exact solutions in modified gravity is much more challenging than in GR since the
presence of additional d.o.f. and the non-linearity of the gravitational field equations lead to a non-trivial
cosmological dynamics. For instance, field equations in the f(R) gravity are more complicated than the
Einstein equations in GR since they include fourth-order derivatives of the metric. On the other hand,
in the equivalent formalism in the Jordan frame, the field equations contain only second derivatives of
the metric, like in GR, but at the cost of a non-minimal coupling between the scalar field and the metric.



INTRODUCTION 7

Despite this, considering the simple case of a homogeneous and isotropic geometry, it is possible to find
some cosmological exact solutions in the f(R) gravity [83, 97–100].

The advantage of the f(R) gravity is that the extra d.o.f. may, in principle, alleviate or solve the
aforementioned open problems in cosmology. For example, there is no need to introduce ad hoc a
cosmological constant or DE in the content of the Universe, but the current cosmic accelerated phase may
be provided by specific f(R) functional forms developed by Hu and Sawicki [101, 102], Starobinski [103],
and Tsujikawa [104]. Indeed, a different geometrodynamics theory leads to a change in the geometrical
side of the Einstein field equations, and this modification can be interpreted as the presence of an
effective matter source or fluid: the non-Einsteinian terms play the same role as the DE component.
Other proposals of f(R) theories have been investigated, such as alleviating the Hubble constant tension
[68, 105, 106]. With the increasing number of new f(R) models and proposals, it is crucial to test gravity
in different regimes to highlight possible intrinsic features of a specific model, to discriminate between the
ΛCDM scenario and alternative cosmological models based on the f (R) gravity. It should be noted that
a viable f (R) model in cosmology should be tested to pass local and cosmological constraints [104, 107].
Moreover, it should mimic a cosmological constant and admit a smooth limit to the ΛCDM model.

Regarding the consequences of the second pillar of the concordance model, it is important to note
that the cosmological principle is not spatially invariant at any scale. As previously mentioned, the
homogeneity scale is approximately 100Mpc [48, 49]. Therefore, deviations from the FLRW metric may
occur as a result of local inhomogeneities on smaller scales [108, 109]. This thesis focuses on two different
approaches to incorporate the impact of local inhomogeneities into cosmological dynamics.

Firstly, a metric approach is employed to describe deviations from a homogeneous Universe. For
instance, the Lemaître-Tolman-Bondi (LTB) metric [24, 110–113] can describe a non-static spherically
symmetric Universe when the central observer is located in a privileged point. It should be emphasized
that the LTB metric only describes an isotropic universe if viewed from a specific preferred point, which is
the center that emerges from spherical symmetry. This fact locally breaks the cosmological principle for
the preferred point when the LTB model is implemented on spatial scales below ∼ 100Mpc. Nevertheless,
the description of a homogeneous Universe and the cosmological principle are recovered asymptotically
far enough from that privileged point. The ΛLTB model, which includes a cosmological constant Λ in
the LTB metric, can be considered a (simplified) generalization of the ΛCDM paradigm for a locally
inhomogeneous Universe.

The LTB solution can be useful for describing the evolution of a cosmological dust when it is regarded
locally as a pressureless spherical underdensity compared to the mean matter density of the Universe,
according to the so-called local void or Hubble-bubble model [114]. These underdense regions are partially
disconnected from the present cosmic accelerating expansion, the Hubble flow, due to local gravitational
effects. In such a description of an inhomogeneous Universe, the cosmic expansion rate changes, and the
Hubble constant depends on the radial coordinate, where the radius is the distance from the center of
the LTB spherical symmetry. Cosmologists have investigated the ΛLTB model not only to study local
deviations from a homogeneous Universe [115–120] but also to determine whether and to what extent
the Hubble constant tension is affected by local inhomogeneities or voids [121–125]. Indeed, a matter
underdensity causes galaxies within it to move away faster from the center of the symmetry than galaxies
outside the local void, which instead follow the Hubble flow. These studies have also been motivated
by recent observations that have pointed to evidence of a local void around our position in the Universe
[126–128].

In terms of the second approach for accounting for deviations from spatial homogeneity in the Uni-
verse, the focus is on assessing the impact of local inhomogeneities on cosmological observables, such as
the luminosity distance or number counts. The large-scale structure (LSS) must be explored through
non-linear physics either via analytical perturbative studies or numerical simulations. Analytical studies
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improve our understanding of the physics underlying non-linear processes within perturbation theory,
while numerical simulations can fully describe non-linearities. The results obtained from these two meth-
ods of investigation can be compared within the viable regime of perturbation theory.

Concerning analytical approaches to evaluate fluctuations in galaxy clustering, galaxy density and
matter perturbations, the pioneering works with linearized perturbations were presented in [129–132].
Then, a significant development has been provided to extend the relativistic description of LSS to higher
orders in perturbation theory [133–138]. On the other hand, concurrently, considerable efforts have
been made in full relativistic simulations [139] and also the choice of proper gauges to use Newtonian
simulations [140, 141]. In particular, the numerical code gevolution [139] is based on N-body numerical
relativistic simulations, which provide a valuable arena for the cosmic structure formation.

Furthermore, it should be kept in mind that most of the observations and information inferred from
cosmological probes is closely related to photons, which are emitted and detected in a local inhomogeneous
Universe. Photons paths are affected by the presence of cosmic structures during their travels on large
scales along null geodesics. To describe the propagation of light in a clumpy Universe and the resulting
observable features, it is crucial to understand the interplay between photons and cosmic structures.

Consequently, the luminosity distance deviates from a homogeneous and isotropic scenario, leading
to the introduction of bias and scatter in the Hubble-Lemaître diagram due to gravitational lensing,
peculiar velocities, and selection effects [142–151]. Additionally, non-linear relativistic effects produce
non-Gaussian features in the matter distribution, which imply further corrections in the Hubble-Lemaître
diagram, also in the form of post-Born effects or bispectrum terms [135, 152–154]. The impact of post-
Born corrections were also studied referring to the CMB power spectra [155–161] and shear weak lensing
[162–165] .

It should be emphasized that a recent study [166] based on the abovementioned numerical code gevo-
lution highlights the presence of non-Gaussian effects in the probability distribution function (PDF) of
the luminosity distance through a non-perturbative approach. In other words, the study revealed dis-
crepancies between the luminosity distance in a homogeneous and isotropic model and the reconstructed
luminosity distance that accounts for the LSS. Specifically, the normalized PDF of the luminosity distance
exhibits non-Gaussian features at low redshifts.

To properly consider the impact of inhomogeneities with a robust theoretical framework and, at the
same time, understand the results from numerical simulations, it is advisable to consider the statistical
properties of cosmological observables. In this regard, the distribution of cosmic structures across the
sky should be considered not only in a geometrical way by performing averages on space-time regions,
but also including intrinsic stochastic fluctuations. The averaging formalism in cosmology enables the
description of the geometry and dynamics of the Universe on large scales, starting from local small scales
through a space-time foliation.

A first study of the averaging formalism on space-like hypersurfaces was introduced by Buchert in
the context of the backreaction problem in cosmology [167–169]: after the averaging process, additional
contributions appear in the dynamics of the Universe on large scales in comparison to a purely homo-
geneous scenario. This fact is due to the non-linearity of Einstein gravitational field equations; indeed,
the average process and time evolution do not commute. In the original formalism by Buchert, the ex-
tra term, i.e., the backreaction parameter, assumes the role of a cosmological constant in the averaged
Friedmann equations. However, these initial attempts to find an alternative explanation for Λ through
the backreaction are now regarded as unreliable, since the occurrence of extreme inhomogeneities, which
are not observed [121, 125], would be necessary.

Nevertheless, the Buchert formalism served as a useful starting point for the development of a more
general average prescription. Recently, the authors of papers [170–175] have devised a covariant and
gauge-invariant mathematical prescription to average scalar quantities on the past-light cone of the ob-
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server. This averaging formalism provides a powerful tool to describe the impact of inhomogeneities on
cosmological observables.

Method and outline of the thesis

This thesis aims to discuss the two pillars of the concordance model, i.e. GR and the cosmological princi-
ple, by adopting different strategies to investigate the robustness of each pillar. We also explore possible
close scenarios with respect to the ΛCDM model, such as modified gravity theories and inhomogeneous
cosmologies, considering slight deviations from the two pillars and their consequences.

In this regard, we focus on an open problem in cosmology, such as the Hubble constant tension,
since anomalies and irregularities might suggest how to reconsider our theoretical understanding of the
Universe. For instance, the discrepancy between high and low redshifts data for measurements of H0

and the S8 parameter could point out a possible redshift dependence not considered so far in the vanilla
ΛCDM model, which may be detected by using cosmological probes in a given redshift range.

Hence, having in mind the Hubble constant tension, we perform a binned analysis in the redshift
space of the Pantheon sample [176], a large compilation of 1048 spectroscopically confirmed SNe Ia, to
see if the H0 tension persists also throughout the Pantheon sample redshift range, 0 < z < 2.26. The
basic idea is to divide the Pantheon sample into redshift bins and check the values of H0 inferred from
statistical analysis for each bin. The idea of a binned analysis of H0 with redshift was first discussed by
[177–179].

Then, we use the Markov Chain Monte Carlo (MCMC) method, assuming a luminosity distance for
a flat cosmology both in the ΛCDM and w0waCDM models. The Hubble constant should be obviously
constant by definition, and we do not know why independent measurements give us different values of
H0. The advantage of our approach is that we can fit the value of H0 in each redshift bin, and we show
that there is a weak dependence of H0 on redshift, which is not consistent with zero within more than
1σ. Our results seem to suggest the existence of an effective Hubble constant that may evolves with z,
hence changing its value according to the cosmic distance of the sample. Specifically, it should be noted
that a slowly decreasing trend of an effective Hubble constant running with the redshift may successfully
match the values of H0 obtained from local probes (low redshifts z ∼ 0−2) and CMB data (high redshift,
z = 1100).

The possible time-evolving Hubble constant could be due to astrophysical selection effects or a possible
hint of modified gravity theories, a signal of breakdown of the standard cosmology. For instance, the
f (R) gravity in the Jordan frame could mimic an effective Hubble constant that evolves with the redshift,
as a consequence of the non-minimally coupled scalar field dynamics. Then, we derive the profile of the
scalar field potential, associated to the f (R) functional form, able to provide both the present cosmic
acceleration, as DE, and also an effective Hubble constant.

Another key point of this thesis is the development of a new method to theoretically discriminate
between the ΛCDM model and f (R) modified gravity theories. More specifically, we discuss the evolution
of inhomogeneous perturbations implementing the LTB metric within the framework of the ΛLTB scenario
and alternative inhomogeneous cosmological models based on the f (R) gravity. We can evaluate the role
of a cosmological constant and a scalar field in the Jordan frame, since the evolution of inhomogeneous
perturbations in the local Universe strictly depends on the cosmological model considered.

The idea to combine inhomogeneous cosmological models with modified gravity theories in the late
Universe to address the Hubble tension is challenging but, perhaps, necessary since local inhomogeneities
can only alleviate the tension, as already mentioned. Then, we should consider the combination of more
non-standard effects, such as modified gravity and inhomogeneous cosmology. In this regard, it is crucial
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to find a method to discriminate between f (R) theories and the standard cosmological paradigm within
inhomogeneous metric.

Finally, an important result of this thesis concerns the changes in the PDF of cosmological observable
due to distribution of matter and local effects in a clumpy Universe. In particular, we will focus on the
presence of non-Gaussianities in the LSS and in the Hubble-Lemaître diagram. It should be stressed again
that so far only numerical relativistic simulations [166] have provided evidence of non-Gaussianities in
the PDF of the luminosity distance, but it is certainly interesting and worthwhile to build concomitantly
a theoretical framework to better understand these effects and, then, obtain analytical expressions for a
comparison with numerical simulations.

In this regard, bearing in mind the general average prescription in cosmology over the past light-
cone [174], we will present a general method to evaluate analytically non-Gaussianities in the Hubble-
Lemaître diagram. The key point of this part is the analytical computation of the moments for a generic
scalar observable, such as the luminosity distance, averaged over a portion of space-time, following a
perturbation approach. In particular, the non-trivial higher-order moments, such as the skewness, related
to non-Gaussianities provide essential information about the LSS and signatures of the interplay between
photons and cosmic structures.

This thesis is structured in three main parts.
In the Part I, we provide a general overview of the basic elements we need in our main analysis.

Specifically, we introduce the standard ΛCDM cosmological model in Chapter 1, focusing on the Universe
components, its metric properties, and cosmological dynamical consequences. Also we present the f (R)

modified gravity theories, especially in the Jordan frame, to highlight deviations with respect to the
ΛCDM model. As a particular application, we present the f (R) Hu-Sawicki (HS) model as an alternative
proposal to describe the late-time cosmic acceleration. In Chapter 2, we investigate local inhomogeneities
of the Universe. Firstly, we adopt the LTB metric and we derive the cosmological dynamics in such a
inhomogeneous scenario. Then, we present the averaging problem in cosmology. We start to present
the original concept of the backreaction and we conclude this chapter providing a general prescription to
average scalar quantities in the space-time in a gauge-invariant and covariant formulation.

Part II is devoted to the first original investigations of our work concerning the Hubble constant
tension. In Chapter 3, we perform a redshift binned analysis of the Pantheon sample of SNe Ia to extract
the H0 values as the only free parameter inside each bin. We show an unexpected slowly decreasing trend
of H0 with the redshift. In Chapter 4, we extend the analysis including BAOs data. In Chapter 5, we
explore the possibility to depict an effective GR picture to interpret our previous results theoretically.
We build an effective Hubble constant that evolves with the redshift within the f (R) metric gravity in
the Jordan frame through the effect of a non-minimally coupled scalar field. Moreover, we infer the shape
of the scalar field potential in such a scenario.

In the Part III, we discussed the role of local inhomogeneities of the Universe and their impact on
cosmological measurements. In Chapter 6, we characterize the geometry of the Universe by adopting
the LTB spherically symmetric solution, and we investigate the evolution of linear perturbations in
inhomogeneous cosmological models based on GR or f(R) modified gravity theories. In Chapter 7, we
develop a method to predict and compute analytically the skewness of the luminosity distance PDF,
which provides useful information about non-Gaussianities in the observable Universe.

Finally, we summarize the main results of this thesis and present the conclusions on page 129.
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Chapter 1

Cosmological models based on General
Relativity and beyond

A gravitational theory is a crucial element in developing a cosmological model since all theoretical pre-
dictions and cosmological dynamics are governed by the underlying gravitational laws. In this chapter,
we present cosmological models based on GR, such as the ΛCDM model and dark energy models, and
those rely on alternative gravitational theories to highlight their differences. We provide an overview of
the essential principles and concepts of physical cosmology that are relevant for the ideas covered in the
following chapters. We introduce the geometry of a homogeneous and isotropic Universe through the
FLRW metric and the main matter and energy constituents to derive in such a scheme all cosmological
consequences in the dynamics and in evaluating cosmic distances. We outline how a cosmic distance is
evaluated and the main statistical properties in the matter distribution, which are relevant elements not
only for formal aspect but also for observational evidence. Indeed, cosmological observables and measure-
ments help to constrain cosmological models. We also address the main open problems associated with
the ΛCDM model, such as the Hubble constant and matter fluctuations tensions. Then, we conclude the
chapter by exploring alternative models involving f (R) modified gravity theories.

1.1 The cosmological concordance model

The cosmological concordance model is based on GR, which is regarded as the gravitational theory able
to describe the dynamics of the Universe. In such a framework, the gravitational action is given by the
well-known Einstein-Hilbert action with the cosmological constant term Λ:

Sg =
1

2χ

ˆ
d4x
√
−g (R− 2Λ) , (1.1)

in which R is the Ricci scalar, χ is the Einstein constant, and g is the determinant of the metric tensor
with components gµν (see the list of conventions adopted in this thesis on page vii). Note that d4x

√
−g

is a covariant volume element in the space-time. We have added explictly a constant term related to Λ

in the gravitational Lagrangian density.
Including also the matter source with matter fields ψ, which is specified by the matter action

SM (gµν , ψ), the total action is given by Stot = Sg + SM . Then, performing variation of the action
δStot = 0 with respect to the metric, we obtain the well-know Einstein-Hilbert gravitational field equa-
tions [12, 35]

Gµν + Λ gµν = χTµν , (1.2)

13
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which includes also the cosmological constant term1. The Einstein tensor is denoted with Gµν .
The stress-energy tensor Tµν of the matter components on large scales is usually represented as a

cosmological perfect fluid, since the dissipative processes are relevant only for short-time transitions in
the early Universe. Then, we use the expression of Tµν for a perfect fluid:

Tµν = (ρ+ p) uµ uν + p gµν , (1.3)

in which uµ is the fourth-velocity, p and ρ are the pressure and the energy density of the cosmological
fluid, respectively. We adopt a comoving reference frame in which the fourth-velocity is referred to an
observer that is moving together with the cosmological fluid.

1.1.1 The Friedmann-Lemaître-Robertson-Walker metric

We recall that the Universe can be considered spatially homogeneous and isotropic on sufficiently large
scales, according to the cosmological principle, which we have named the second pillar of the ΛCDMmodel
in the Introduction. As a consequence, GR would imply that the matter distribution in the Universe
must also be homogeneous and isotropic. See [35, 52, 180] to derive the form of the metric describing
such a geometry. Now we briefly review its main peculiarities.

We consider a set of comoving observers, each of them is moving with the matter flow averaged on
sufficiently large scales such as to neglect local deviations from homogeneity. We can select an arbitrary
fundamental observer O and the set of all observer O′, which are located at a given fixed distance from
O at some given local time measured by O. Because of the spatial isotropy, the velocity field does not
have any preferred direction, and all the observer O′ must remain equidistant from O for any time,
hence they must measure the same local value of any physical quantities. Another consequence of the
isotropy is that, if all the observer O′ use light signals from O, they can in principle synchronize their
clocks. Since the choice of the fundamental observer O is arbitrary due to spatial homogeneity, we can
repeat this construction of observers in any point of the Universe. As a result, physical quantities and
local properties are well-defined on a three-dimensional hypersurface in space-time and evolve over it
according to a universal time, the cosmic time t.

In the light of this, it is useful to consider an evolving three-sphere embedded in a four-dimensional
space-time, the radius which is denoted with R (t) as a function of the cosmic time t. We now introduce
the proper radius R0, whose value is invariant according to the set of comoving observers, and the scale
factor a (t), which tells us how a distance evolves with t over cosmological scales. Then, the radius of the
three-sphere can be written as R (t) = a (t) R0.

Furthermore, the curvature parameter of the three-dimensional surface is defined as

k =
1

R2
0

, (1.4)

which assumes positive, null, or negative values in a spherical, flat, or hyperbolic topology (hypersphere,
hyperplane, or hypersaddle), respectively. Concerning the physical dimension2, we consider a dimension-
less scale-factor a (t), hence we must have [R0] = [L] = [r] and [k] = [L]

−2.
Since the homogeneous and isotropic three-dimensional surfaces can be regarded as space-like hyper-

1We recall that in the original proposal of GR there is no a cosmological constant, and Einstein introduced Λ to describe
a cosmological static model, as we mentioned in the Introduction. Note that the addition of Λ gµν in Einstein field equations
is consistent with the general covariance principle. Indeed, if we calculate the covariant derivatives on both sides of (1.2),
we end up in a trivial null identity, since geometrical properties, such as the contracted Bianchi identities ∇µGµν = 0 and
Ricci’s theorem ∇µgµν = 0, and the energy-momentum conservation ∇µTµν = 0 are taken into account.

2It is also possible to consider a scale factor with the lenght dimension, but in that case the radial coordinate r must be
dimensionless. In this thesis, we decide to work with a dimensionless scale factor.
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surfaces labelled by different cosmic times t, it can be shown that the four-dimensional line element of a
general curved space-time is written as:

ds2 = −dt2 + a2 (t)

[
1

1− k r2
dr2 + r2

(
dθ2 + sin2 θ dφ2

)]
. (1.5)

This is the well-known FLRW metric, which provides the solution of the Einstein field equations that
describes the geometry of a homogeneous and isotropic Universe3. It should be emphasized that the metric
(1.5) should be referred to a geometrical description of the Universe on large scales, above ∼ 100Mpc,
where on average local deviations from homogeneity are negligible.

We also stress again that (r, θ, φ) are comoving coordinates and the three-dimensional surfaces are
comoving, hence these surfaces are expanding following also the evolution of the distribution of matter
on average. Thus, except for small local deviations from spatial homogeneity, there is no net outflow of
matter through the three-dimensional surfaces. We recall that the curvature parameter k depends on the
topology of the Universe: k = 0 for a flat cosmology, k > 0 for a closed Universe, and k < 0 for an open
Universe. Note that for k 6= 0 it is always possible to rescale the metric (1.5) through a (t)→ a (t) /

√
|k|

and r →
√
|k| r such that we can simply narrow down to k = +1,−1 (in units of R2

0) for a closed and
open Universe, respectively.

The FLRW metric can be rewritten in another useful form by adopting the comoving distance instead
of the comoving coordinate r. Without any loss of generality, we consider two observers, one located
at the origin r = 0 and the other one at (r, θ, φ). The proper (spatial) distance d between them in the
FLRW metric (1.5) for any arbitrary cosmic time is

d (t) = a (t)

ˆ r

0

dr′√
1− k r′2

≡ a (t) Dc (r) . (1.6)

In the last equality, we have introduced the comoving distance Dc (r) as the proper distance in units
of a (t). The proper distance evaluated at the cosmic time t0 today is exactly equal to the comoving
distance, since the standard convention for the present scale factor is adopted: a0 = a (t0) = 1. Note the
physical dimension [Dc]=[L]. By solving the integral in (1.6) for different values of k, it is straightforward
to obtain the relation between the comoving coordinate r and the comoving distance Dc:

r (Dc) =


1√
k

sin
(√

kDc

)
k > 0

Dc k = 0

1√
|k|

sinh
(√
|k|Dc

)
k < 0 .

(1.7)

Then, the FLRW metric (1.5) becomes:

ds2 = −dt2 + a2 (t)
[
dD2

c + S2
k (Dc)

(
dθ2 + sin2 θ dφ2

)]
, (1.8)

where the function Sk (Dc) ≡ r (Dc). Considering Eq. (1.7), we get

Sk (Dc) =
1√
k

sin
(√

kDc

)
(1.9)

whatever the value of k (including k < 0 with the sine of a complex number).
3Note that the metric (1.5) is written in the synchronous gauge [35], where g00 = −1, and this fact enables us to define

a universally agreed cosmic time, as we mentioned above. In addition, the requirement for the metric tensor components
g0i = 0 is perfectly consistent with the cosmological principle, otherwise a preferred direction would be introduced. In other
words, the scale factor a (t) evolves in the same way along any spatial directions and is only a function of the cosmic time
t in a homogeneous and isotropic scenario, due to spatial isotropy.
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Understanding the evolution of the scale factor in terms of the Universe components in GR is one of
the main purpose of cosmology, but before moving on cosmological dynamics we focus on some kinematic
properties of the Universe on large scales, which can be derived directly from the form of the FLRWmetric
and are based only on the cosmological principle. In the following section, we discuss these kinematic
properties.

1.1.2 The cosmological redshift and the Hubble law

Mostly astronomical observations rely on detecting light signals, hence it is crucial to investigate how
photons travel in a homogeneous and isotropic Universe. We adopt the FLRW metric (1.5), and we
consider, for simplicity, a photon travelling radially from a source to an observer located in the origin.
We recall that photons travel along null geodesic with ds2 = 0, hence we obtain from Eq. (1.5)

ds2 = −dt2 + a2 (t)
dr2

1− k r2
= 0 . (1.10)

Furthermore, since the photon is approaching the observer, its proper distance decreases with time.
Hence, we must choose a minus sign after taking the square root of Eq. (1.10), i.e.,

dt = −a (t)
dr√

1− k r
. (1.11)

We can rewrite the comoving distance Dc (re), defined implictly in in Eq. (1.6), between an observer in
the origin and a source located in (re, θ, φ) as

Dc (re) =

ˆ re

0

dr√
1− k r

=

ˆ t0

te

dt

a (t)
. (1.12)

We denote with re the radial coordinate of the source that produces light signals at the emission time
te, which are revealed by the observer today at the time t0. Since Dc does not depend on the cosmic
time, we can adopt (1.12) for referring to a successive light signal emitted from the same source at the
time te + δte and revealed by the observer in the origin at the time t0 + δt0, with δte � te and δt0 � t0.
In particular, we can consider two light signals as succesive wave crests. Thus, it is straightforward to
obtain that the observed and emitted frequencies or wavelengths are related to the change of the scale
factor:

ν0

νe
=
λe
λ0

=
a (te)

a (t0)
, (1.13)

where ν0 = 1/δt0 and νe = 1/δte. In particular, note that if a (t) is increasing, i.e., an expanding Universe,
then a (t0) > a (te), and we obtain a redshifted signal: ν0 < νe. It should be also emphasized that a
redshift implies a time dilation between the observed and emitted signals.

The cosmological redshift parameter z is a dimensionless quantity defined as the relative change of
wavelength:

z ≡ λ0 − λe
λe

. (1.14)

Then, we obtain the well-known relation between the cosmological redshift z and the scale factor

a0

a (t)
= 1 + z , (1.15)

where the subscript 0 denotes the cosmic time today t0 at the redshift z = 0, and we have referred to a
generic emitted time t. Note that z > 0 in an expanding Universe for t < t0, by definition. Observable
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quantities, like the redshift, are related to the ratio between different values of a (t) measured at different
times. Moreover, a cosmological observable that depends on t could be equivalently rewritten as a function
of a or z.

For nearby sources characterized by z � 1 and t . t0, we can expand a (t) in a power series as

a (t) ≈ a (t0) + ȧ (t0) (t− t0) + . . . , (1.16)

which also leads to
z ≈ H0 (t0 − t) + . . . ≈ H0 dL + . . . . (1.17)

An over-dot denotes the derivative with respect to the cosmic time t, and we have used Eq. (1.15). The
coefficient H0 is known as the Hubble constant:

H0 ≡
ȧ (t0)

a (t0)
. (1.18)

More generally, the Hubble parameter H (t) is defined as

H (t) ≡ ȧ (t)

a (t)
=

d

dt
[ln a (t)] , (1.19)

and gives us information about the logarithmic evolution of the scale factor with t. The Hubble constant
H0 is nothing more than the Hubble parameter evaluated today at t = t0 or z = 0.

In the last step of Eq. (1.17), we wrote the luminosity distance dL ≈ t0− t for t ≈ t0 (see Sect. 1.1.5).
We interpret the cosmological redshift as the Doppler effect, in which the sources are galaxies moving
with (non-relativistic) velocities vG with respect to the observer in the origin and signals are photons,
thus z is also given by the ratio between the relative velocity and the speed of light, i.e., z = vG. Finally,
we obtain the well-known Hubble-Lemaître law [26] from Eq. (1.17):

vG = H0 dL , (1.20)

which was originally formulated from empirical evidences, but it could be predicted for an expanding
Universe in the FLRW metric. The Hubble constant H0 has the dimensions of a frequency, [H0] = [T ]

−1,
but is is usually expressed in units of km s−1Mpc−1 according to the units of galaxies velocities and
distances used in the Hubble-Lemaître law (1.20). Conventionally, quantities related to H0 are often
indicated in terms of the following dimensionless parameter:

h =
H0

100 km s−1Mpc−1 .

The standard value of H0 is commonly set to ∼ 70 km s−1Mpc−1. However, inferring an unanimous
value of H0 from cosmological probes is a challenging effort since discrepancies have recently emerged
from different measurements, as we discuss in Sect. 1.1.7.

It should be emphasized that a change in the photon wavelength is similar to the Doppler effect,
which naturally implies a redshift or blueshift, if sources are receding from the observer or approaching,
respectively. However, the cosmological redshift is not due to a simple relative motion between the source
and the observer, but it is a geometrical effect as a result of the Universe expansion, the Hubble flow.
Indeed, galaxies coordinates are fixed for a comoving observer (radial coordinates and comoving distances
are fixed in time in the FLRWmetric), but their mutual distances change because the space-time geometry
evolve with time.
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Similarly, expanding Eq. (1.16) up to the second order in z, we obtain

dL (z) ' 1

H0

[
z +

1

2
(1− q0) z2

]
+ . . . , (1.21)

where q0 is called the deceleration parameter:

q0 ≡ −
ä

aH2

∣∣∣∣
t=t0

= − ä a
ȧ2

∣∣∣∣
t=t0

. (1.22)

This quantity was originally defined with a minus sign for historical reasons. Indeed, it was commonly
believed that the Universe was expanding in a decelerated phase today, hence ä < 0 and q0 > 0. Actually,
the breakthrough discovery of the accelerated expansion of the Universe [36, 37] has provided the opposite
result: ä > 0 and q0 < 0.

1.1.3 Cosmological dynamics of the homogeneous and isotropic Universe

The Einstein-Hilbert gravitational field equations (1.2) employed on the FLRW metric (1.5) provide two
independent equations, i.e. the Friedmann equations [35]:

H2 (t) ≡
(
ȧ (t)

a (t)

)2

=
χρtot (t)

3
− k

a2 (t)
(1.23)

ä (t)

a (t)
= −χ

6
(ρtot + 3 ptot) , (1.24)

in which ptot (t) and ρtot (t) are the total pressure and energy density of the cosmic source. In particular,
the first Friedmann equation (1.23) was obtained from the 0−0 component of the Einstein field equations
(1.2), while the second Friedmann equation (1.24), also commonly named the cosmic acceleration equa-
tion, was derived from the 1− 1 component of (1.2) combined with Eq. (1.23). It should be emphasized
that ptot (t) and ρtot (t) depend only on the cosmic time t, due to spatial isotropy. For the sake of brevity,
note that in the Friedmann equations (1.23) and (1.24) we have implicitly redefined the cosmological
constant term as a fluid4 with energy density ρΛ = Λ/χ and pressure pΛ = −ρΛ. Then, the total energy
density ρtot = ρm + ρr + ρΛ is provided by different components: matter (m), radiation (r), and the
cosmological constant Λ.

Moreover, the energy conservation law results from the continuity equation

ρ̇tot + 3H (ρtot + ptot) = 0 , (1.25)

or the divergenceless law of the stress-energy tensor ∇µTµν = 0 for ν = 0 in the FLRW metric. Alter-
natively, Eq. (1.25) could be also derived from the laws of thermodynamics, considering the Universe as
a closed system [181]. The continuity equation (1.25) allows us to describe the evolution of the matter-
energy sources. Actually, this equation is not independent of the two Friedmann equations (1.23) and
(1.24), since it can be obtained by combining them, specifically after taking the time derivative of both
sides of Eq. (1.23).

Furthermore, the equation of state outlines the relation between pi and ρi for various species, which
for a barotropic fluid is simply written as pi (ρ) = w ρi . The equation of state parameter wi takes different
values according to the component considered: wm = 0, wr = 1/3, and wΛ = −1.

4Adopting this choice, the gravitational action in Eq. (1.1) and the Einstein-Hilbert equations (1.2) can be rewritten
without an explicit cosmological constant Λ in the geometrical part, but including an additional cosmological fluid in the
source.
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Once the equation of state is taken into account separately for different components, it is possible to
solve the cosmological dynamics in the FLRW metric with two quantities to be determined: a (t) and
ρtot (t). In particular, the matter component evolves according to the following well-known relation

ρm (a) =
ρm0

a3
, ρm (z) = ρm0 (1 + z)

3
, (1.26)

while the radiation component follows a different power-law dependence

ρr (a) =
ρr0
a4

, ρr (z) = ρr0 (1 + z)
4
, (1.27)

as it can be easily checked by solving the continuity equation (1.25) for each component. Differently, if
wΛ = −1, the energy density ρΛ is a constant:

ρΛ = ρΛ0 . (1.28)

By solving the Friedmann equation (1.23) for a flat cosmology taking into account the different
evolution of components, it is straightforward to obtain the following solution

a (t) ∝ t2/3 (1.29)

for a matter dominated Universe (Einstein-de Sitter model), while we get

a (t) ∝ t1/2 (1.30)

for a radiation dominated Universe. Note that for both these cases ρi ∝ t−2, where we used Eqs. (1.26)
and (1.27). Instead, if the Universe is dominated by the cosmological constant term, the scale factor
evolves exponentially with the cosmic time according to de-Sitter solution [30, 35]:

a (t) = a0 e
√

Λ
3 (t−t0) . (1.31)

Note that the cosmological constant provides a cosmic accelerated expansion from Eq. (1.24). This
fact can also be explictly pointed out from the expression of the deceleration parameter (1.22) in the
cosmological constant dominated Universe

q0 =
χ (ρtot + 3 ptot)

2χρtot − 6 k
a2

∣∣∣∣∣
t=t0

≈ 1

2
(1 + 3wΛ)

∣∣∣∣
t=t0

= −1 , (1.32)

where we used Eqs. (1.23) and (1.24) for a flat cosmology. All these asymptotic functions (1.29), (1.30),
and (1.31) of the scale factor might be regarded as useful approximate solutions in different cosmic epochs
since dominant and subdominant components changed throughout the cosmic history.

We focus now briefly on the impact of the value of the curvature parameter on the cosmological
dynamics in the FLRW metric. It should be noted from Eq. (1.23) that ȧ (t) > 0 and a (t) 6= 0 for any
cosmic time t in the cases of a flat or open Universes. Thus, considering these topologies, the Universe is
expected to expand indefinitely. If instead the Universe is closed, there will be a specific cosmic time tTP
when the scale factor reaches a turning point and the Universe expansion stops. More specifically, this
could happen for a (tTP) =

√
3/χρtot, for which H (tTP) = 0 and ä (tTP) < 0. Hence, in this scenario,

the Universe expansion achieves a maximum for t = tTP, then the cosmic evolution is reversed. To
understand the ultimate fate of the Universe, it is crucial to determine the Universe topology and have
better measurements of the curvature parameter k.
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Now, we show how to rewrite the Friedmann equation (1.23) in an alternative form. We recall the
definition of the dimensionless cosmological density parameters

Ωi (t) ≡ ρi (t)

ρc (t)
(1.33)

for different components i, in which

ρc (t) ≡ 3H2 (t)

χ
(1.34)

is the critical energy density of the Universe.
Therefore, by dividing all terms in both of sides of Eq. (1.23) by H2, we can rewrite the dimensionless

first Friedmann equation:
Ωtot (t) + Ωk (t) = 1 , (1.35)

where Ωtot (t) = Ωm (t) + Ωr (t) + ΩΛ (t) and the curvature density parameter is

Ωk (t) ≡ − k

a2 (t)H2 (t)
. (1.36)

In the light of the above discussion about the topology of the Universe, we can distinguish three different
cases: 

k > 0 if Ωtot > 1 ⇐⇒ ρtot > ρc [overcritical Universe]

k = 0 if Ωtot = 1 ⇐⇒ ρtot = ρc [critical Universe]

k < 0 if Ωtot < 1 ⇐⇒ ρtot < ρc [undercritical Universe] .

Now we can understand the physical meaning of ρc, which is the total energy density for a flat Universe.
Only if the Universe is overcritical, which happens in a closed Universe, the present expansion of the
Universe might stop with a turning point. The value of the critical energy density today is ρc0 ≈
1.05 × 104 h2 eV cm−3 which corresponds to a mass density of ≈ 1.88× 10−29 h2 g cm−3 [182].

Finally, the Friedmann equation (1.23) can be recast to express the Hubble parameter H (z) as a
function of the redshift z. The general formula is usually written as

H (z) = H0E (z) , (1.37)

where E (z), often called the reduced Hubble parameter, strictly depends on the evolution of the Universe
components and incorporates all cosmological parameters within the model considered. For instance, the
functional form of E (z) in the ΛCDM model is given by

E (z) =

√
Ωm0 (1 + z)

3
+ Ωr0 (1 + z)

4
+ ΩΛ0 + Ωk0 (1 + z)

2
. (1.38)

We divided both sides of Eq. (1.23) by H2
0 , we wrote explicitly the evolution with the redshift for each

component from Eqs. (1.26), (1.27), and (1.28), and we used the definition of ρc and Ωi from Eqs. (1.34),
(1.33), and (1.36). Furthermore, the cosmological density parameters evolve with z differently for each
component as

Ωm (z) = Ωm0
(1 + z)

3

E2 (z)
, Ωr (z) = Ωr0

(1 + z)
4

E2 (z)
, ΩΛ (z) =

ΩΛ0

E2 (z)
. (1.39)

As we mentioned above for the Friedmann asymptotic solutions, a specific component might be domi-
nant in the cosmic past since the density parameters associated to matter, radiation, and the cosmological
constant evolve differently with z. Comparing these functional forms from Eq. (1.39), it is straightforward
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to obtain the redshift zeq of the matter-radiation equality

1 + zeq =
Ωm0

Ωr0
, (1.40)

and the redshift z∗ for which the density parameters of matter and the cosmological constant are equal,
i.e.,

(1 + z∗)
3

=
ΩΛ0

Ωm0
. (1.41)

Note that these redshifts are related only to the present cosmological density parameters. The fractions
of matter, radiation, and cosmological constant of the Universe today (z = 0) are inferred from Planck
by using CMB power spectra and CMB lensing reconstruction (see Table 2 from [40]), assuming a flat
ΛCDM cosmological model:

Ωm0 = 0.3153± 0.0073 , ΩΛ0 = 0.6847± 0.0073 , Ωr0 = (9.27± 0.23) · 10−5 . (1.42)

Considering these values, the abovementioned redshifts in Eqs. (1.40) and (1.41) are zeq = 3402± 26 and
z∗ = 0.295±0.011, respectively. Thus, the Universe may be regarded as cosmological constant dominated
for z . z∗, while it is matter dominated for z∗ � z � zeq. Although the current radiation density could
be considered negligible, the effects of this component must be taken into account for z & zeq. It should
be emphasized that the matter-radiation equality occurred in the early Universe in a past cosmic epoch
before the decoupling of CMB photons from baryons at zd = 1089.92± 0.25.

1.1.4 Age of the Universe

Determining the values of cosmological parameters allows to estimate the age of the Universe, which is
strongly related to the evolution of the Hubble parameterH (z) and cosmological dynamics. Note that the
definition (1.19) introduces a time scale tH = H−1,which is called the Hubble time. The spatial distance
covered by a photon in tH is obtained by extrapolating the linear recession law in Eq. (1.20) to the speed
of light, which defines the Hubble length LH = tH . This typical spatial scale is useful to determine
wheter a phenomenon is affected by the cosmic expansion. Note also that t0 ≈ H−1

0 = 9.785h−1 Gyears
is an approximation for the age of the Universe, as we show below.

From the asymptotic solutions (1.29) and (1.30), it is straightfoward to obtain the following relations
between the age of the Universe t0 and the Hubble constant H0:

t0 =
2

3H0
= 6.523h−1 Gyears , t0 =

1

2H0
= 4.892h−1 Gyears , (1.43)

for matter- and radiation-dominated Universe, respectively. However, to have a better estimate of t0, we
should consider all the components of the Universe in the general case.

Starting from the definitions of redshift (1.15) and the Hubble parameter (1.19), the time derivative
of the redshift is written as

dz

dt
= − (1 + z) H (z) . (1.44)

Then, we can compute the cosmic time for a given redshift:

t (z) =

ˆ +∞

z

dz′

(1 + z′) H (z′)
=

1

H0

ˆ +∞

z

dz′

(1 + z′) E (z′)
. (1.45)

We have assumed that when we approach the initial cosmic time (Big Bang), the Universe expansion
began with a → 0 for t → 0, hence z → +∞. Once H (z), or equivalently E (z), is specified within a
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cosmological model, it is possible to determine t (z). For instance, in a ΛCDM model we get

t (z) =
1

H0

ˆ 1
1+z

0

dx

x
√

Ωm0 x−3 + Ωr0 x−4 + ΩΛ0 + Ωk0 x−2
, (1.46)

where we have used Eq. (1.38) and the change of variable, x = (1 + z)
−1. Finally, we obtain the expression

of the age of the Universe t0 for z = 0. As we mentioned above, t0 ≈ H−1
0 is only an approximation.

Note also that the relations (1.43) are recovered for a matter- and radiation-dominated Universe in a flat
cosmology. In the general case, t0 must be computed numerically. Considering the values in Eq. (1.42)
inferred by Planck [40], the present estimate for the age of the Universe is t0 = 13.797± 0.023Gyears.

1.1.5 Luminosity distance and angular diameter distance

In this section, we define distances as we consider the luminous flux emitted by a far source at large
redshifts z & 0.1, for which the impact of the cosmic expansion must be taken into account.

Astrophysical objects such as SNe Ia are characterized by a fixed absolute luminosity, hence measuring
the apparent luminosity it is possible to determine the distance of the source. The absolute luminosity
L is the power emitted by a light source, i.e., the energy emitted per unit of time, while the apparent
luminosity l is the luminous flux seen from Earth, i.e., the energy received per unit of time and receiving
area.

If we consider an isotropic Universe in Euclidean geometry (no cosmic expansion), then the emitted
energy equally redistributes through a spherical source towards the observer located at a distance d from
the source. Thus, the relation between L and l is given by

l =
L

4π d2
. (1.47)

For an expanding Universe, this relation between luminosities mediated by a distance has to be
generalized at large distances by considering three modifications. Firstly, the distance d should be replaced
by the effective radial distance measured today a (t0) r, where r is the radial coordinate of the Earth in
the FLRW metric (1.5) as seen from the source, and t0 is the observing time today. Secondly, the signal
is redshifted and the photon frequencies are described by Eqs. (1.13) and (1.15): ν0 = νe (1 + z)

−1. Also
the energy h ν0 of a single photon received on Earth is smaller than the respective energy h νe emitted
from the source. Finally, a cosmological redshift also leads to a time dilation between the observed and
emitted signals: dt0 = dte (1 + z). As a consequence, from the definition of L as the energy per unit of
time, we see that, for an expanding Universe, Eq. (1.47) is rewritten as

l =
L

4π a2
0 r

2 (1 + z)
2 ≡

L

4π d2
L

, (1.48)

in which, in the last equality, we have defined the luminosity distance

dL (z) ≡ a0 r (1 + z) , (1.49)

Note that dL relates L and l in an expanding Universe and is defined in such a way to rewrite Eq. (1.47)
similarly to the concept presented in Euclidean geometry.

Another useful distance is obtained by comparing angular sizes with spatial distances in an expanding
Universe. It should be recalled that stars within a galaxy are held together by gravity and they do not
follow the Hubble flow. If a galaxy source is characterized by a typical transverse proper distance s,
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which subtends a small angle θ, as seen from the line of sight of the observer, then θ is given by

θ =
s

r a (te)
≡ s

dA
. (1.50)

We have defined the so-called angular diameter distance

dA = r a (te) , (1.51)

which generalizes for an expanding Universe the usual relation between the angle subtended and the
radius valid in Euclidean geometry. Then, combining Eqs. (1.15), (1.49), and (1.51), it is straightforward
to obtain the well-known Etherington distance-duality equation [35]

dL (z) = (1 + z)
2
dA (z) , (1.52)

which establishes a relationship between the luminosity distance and the angular diameter distance.

So far, we have discussed the luminosity distance only from the geometry of an expanding Universe,
but we can write dL from the dynamics in terms of cosmological parameters. It should be emphasized
that Eq. (1.49) is consistent with the power series (1.21) for z � 1 and the definition of redshift (1.15).
However, for larger redshifts, it is not useful this expansion. Concerning the causal path of photons, we
recall the comoving distance Dc (r) in Eq. (1.12) and we rewrite it in terms of z

Dc (r) =

ˆ z

0

dz′

(1 + z′) H (z′) a (z′)
=

1

H0 a0

ˆ z

0

dz′

E (z′)
, (1.53)

in which we have used Eqs. (1.15), (1.44), and (1.37). Then, combining this equation (1.53) with Eqs. (1.7)
and (1.49), we can write dL as

dL (z) = (1 + z) Sk

(
1

H0

ˆ z

0

dz′

E (z′)

)
=

(1 + z)

H0

√
k

sinh

(√
k

ˆ z

0

dz′

E (z′)

)
, (1.54)

where the function Sk was defined in Eq. (1.9) whatever the value of k. This is the most general expression
for the luminosity distance, but in many applications we can confine our attention to a flat geometry
(k = 0), hence Eq. (1.54) reduces to

dL (z) =
(1 + z)

H0

ˆ z

0

dz′

E (z′)
. (1.55)

Furthermore, once the function E (z) is clearly defined for a given cosmological model, the luminosity
distance can be computed. If we replace E (z) within the ΛCDM model from Eq. (1.38), then Eq.(1.54)
becomes

dL (z) =
(1 + z)

H0

√
Ωk0

sinh

√Ωk0

ˆ z

0

dz′√
Ωm0 (1 + z′)

3
+ Ωr0 (1 + z′)

4
+ ΩΛ0 + Ωk0 (1 + z′)

2

 (1.56)

for a generic curvature scalar, which reduces to

dL (z) =
(1 + z)

H0

ˆ z

0

dz′√
Ωm0 (1 + z′)

3
+ Ωr0 (1 + z′)

4
+ ΩΛ0

(1.57)

in a flat geometry.
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1.1.5.1 Estimating cosmic distances

Cosmological probes characterized by fixed and constant properties across the Universe can be very useful
to estimate cosmological distances, since they can be used as reference points with well-known features.
Standard candles exhibit a constant inherent luminosity, whereas standard rulers are other cosmological
probes characterized by a typical spatial scale at a given redshift. This feature enables the estimation
of their distances based on measurement of the apparent luminosity and the apparent angular size for
standard candles and rulers, respectively. In other words, once the Universe evolution is considered, we
can determine distances by measuring the luminous flux on Earth from an object of known absolute
luminosity or observing the angle subtended by an object of known size.

Standard candles SNe Ia are astrophysical objects characterized by a fixed absolute luminosity. This
peculiar property is the result of the same physical mechanism by which all SNe Ia are generated [27, 28].
A SN Ia is originated from the violent explosion of a compact object, a carbon-oxigen white dwarf. In a
binary system, a white dwarf gradually accumulate mass by stealing matter from the nearby star until
it reaches a critical mass, the so-called Chandrasekhar limit of ∼ 1.44M�. This limit is dictated by
the opposition between gravity and the electron degeneracy pressure inside the star. As soon as the
white dwarf mass exceeds this threshold, the star becomes unstable and begins to collapse. This process
leads to a significant increase in temperature causing the reaction that converts 12C and 16O into 56Ni.
Eventually, a thermonuclear explosion occurs with the violent ejection of external layers of the white
dwarf. These violent explosions are what we called SNe, which can be more brilliant than the whole host
galaxy as seen from Earth. Thus, SNe are very useful cosmological probes since they can be observed
from very long distances. However, these extreme events are relatively rare happening only a few times
per century in a galaxy. Since this phenomenon occurs when the mass of the unstable white dwarf is
typically close to the Chandrasekhar limit, the absolute luminosity of a SN Ia can be reliably determined
a priori. These strict conditions allows SNe explosions to be used as reference points and promoted to
a well-defined class of standard candles to estimate cosmic distances, since the apparent luminosity of a
SN Ia is strongly related to its distance from Earth.

Actually, astronomers prefer to adopt apparent and absolute magnitude from a traditional and his-
torical notation rather than apparent and absolute luminosity. In this regard, the theoretical distance
modulus of a SN is defined as

µth = mth −M = 5 log10 dL (z) + 25 , (1.58)

wheremth andM are the apparent and absolute magnitude of a SN, respectively, and dL is the luminosity
distance (1.54) expressed in Mpc. All detailed information about a specific cosmological model are
incapsulated in dL (z), more specifically in the expression of the function E (z) contained within. It
should be emphasized thatM is degenerate with H0, as it can be proved by combining Eqs. (1.58), (1.54)
and (1.38).

The theoretical definition of the distance modulus (1.58) must be compared against the observed
distance modulus µobs, which can be written as

µobs = mB −M + αx1 − β c+ ∆M + ∆B . (1.59)

This quantity depends on SNe astrophysical parameters, such as the color c and the stretch x1 via the
coefficients α and β, respectively [27, 176]. In Eq. (1.59), mB is the B band (blue) apparent magnitude,
and M is the B band absolute magnitude for a reference SN with c = 0 = x1. Furthermore, ∆M denotes
a distance correction related to the host-galaxy mass, and ∆B is a bias correction [176]. Identifying
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the value of M poses a challenge when determining cosmological parameters, as various factors such
as selection biases, Milky Way extinction, and microlensing effects introduce sources of systematics and
statistical errors into the process, as detailed in [176]. We remark that SNe explosions are observed in
different wavelenght bands, but they are brighter in the B band. Furthermore, to be properly standard-
ized, SNe must be observed during their peak in luminosity. Before the peak, the SNe intensity increases
with time in a period of ∼ 20 days, whereas it slowly decreases in ∼ 2 months after the peak in which
56Ni decays into 56Co and then 56Fe. The time evolution of the intensity of a SN is the so-called light
curve, which are crucial to calibrate SNe and use them as standard candles (see e.g. Spectral Adaptive
Lightcurve Template or SALT [183] as a method to standardize SNe Ia).

The original Hubble diagram plotted galaxy velocities against distance according to Eq. (1.20), but
nowadays when we say Hubble diagram we refer to a plot of the luminosity distance (or the distance
modulus or the apparent luminous flux) versus redshift.

To test a cosmological model with SNe data, it is helpful the comparison between µth in Eq. (1.58)
and the µobs in Eq. (1.59). The distance residual

∆µ = µobs − µth (1.60)

is defined as the difference between the distance moduli. To perform statistical analysis, the χ2
SNe for

SNe data can be built as
χ2
SNe = ∆µT C−1 ∆µ . (1.61)

The full covariance matrix
C = Csys +Dstat (1.62)

includes both systematic errors in the matrix Csys and also statistical errors for each SN in the diagonal
matrix Dstat. The latter matrix takes into account the effects due to photometry, peculiar velocities,
biases, stochastic gravitational lensing, mass step correction, and intrinsic scatter [176].

Standard rulers Baryon acoustic oscillations (BAOs) are a mixture of bubbles and wrinkles in the
density distribution of matter imprinted today in galaxy clusters, as a result of a phenomenon occured
in the early Universe. Now we briefly explain why BAOs are the most studied standard rulers and we
describe their formation in early times, which requires only cosmological perturbations and linear physics
with a good approximation.

Before decoupling, the Universe consisted of a highly ionized hot and dense plasma of photons, baryons,
electrons, and DM particles. Energetic photons were trapped in the primordial plasma, because of
recurring interactions with matter. Indeed, due to high temperatures in the early Universe, photons
could scatter baryons preventing the formation of neutral atoms. In other words, radiation was in
thermal equilibrium with hot matter. Considering these significant interactions, baryons and photons
were tightly coupled and moved together in the primordial plasma as a single fluid.

BAOs were originated just in the photon-baryon fluid as a consequence of a competition between
gravity and pressure forces in the plasma. We further explain about these processes. Small perturbations
in the primordial plasma could create an overdense region containing photons, baryons, and dark matter.
While gravity tends to attract and gather more matter in this overdensity, the fluid pressure due to photon-
baryon interactions provides the opposite effect. Thus, these competing effects resulted in oscillations of
the photon-matter fluid, analogous to spherical sound waves. During this process, DM remained at the
center of the overdensity since it interacts only gravitationally, while photons and baryons were pushed
together outwards along acoustic waves creating bubbles in the primordial plasma. The distance reached
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by the propagation of acoustic wave in the plasma is known as the sound horizon, which is defined as

rs (z) =
1

H0

ˆ ∞
z

cs dz
′

E (z′)
, (1.63)

where cs = c
[
3
(
1 + 3

4 η
)]−1/2 is the speed of sound in the baryon-photon fluid, being η the baryon-photon

ratio.

The processes in the plasma could not last forever. Indeed, as the Universe expanded, the plasma
cooled and reached the temperature of ∼ 3000K approximately 288000 years after the Big Bang at the
beginning of the recombination epoch for zr ∼ 1300. Then, photons were no longer energetic enough
to interact with baryons, hence electrons and protons could begin to combine to form neutral hydrogen
atoms. Actually, a significant fraction of photons continued to interact with baryons also after the be-
ginning of the recombination until the last scattering surface. After that, photons diffused away and the
Universe became transparent at the decoupling epoch for zd ∼ 1100, approximately when the Universe
was 380000 old. As a consequence, there were no longer pressure forces and the system interacted only
gravitationally. The propagation of the acoustic waves stopped definitively at decoupling. The relic pho-
tons emitted after decoupling led to a snapshot of the early Universe at the last scattering surface, the
CMB radiation, which is observed today as an almost completely uniform background radiation. Con-
cerning matter overdensities, instead, baryons formed structures as spherical shells, where DM remained
located in the center.

We remark that the baryonic matter perturbations reached a maximum sound horizon given by
the redshift of decoupling, then they are frozen in the CMB. The radius of the baryonic shells at the
decoupling is a typical length scale, which can be well determined. In other words, the maximum distance
covered by an acoustic wave in the plasma before the epoch of decoupling established the length of a
cosmological standard ruler: the size of the sound horizon at decoupling, i.e., rd ≡ rs (zd). Then, these
shells imprinted on LSS have evolved by following the Universe expansion. BAOs provide information
about the cosmic history independently of SNe data. Since the Universe evolution is characterized by
spatial isotropy on large scales, it is expected that galaxies were formed within primordial overdensities
and that a large number of galaxies are separated today by a typical scale, as a result of the evolution
of the standard ruler, which was fixed equally at the last scattering. For these reasons, BAO matter
clustering is considered as a standard ruler in cosmology, since galaxies might cluster on a specific scale.

However, it is challenging to find a regular pattern in the matter distribution today due to the
superposition of several matter shells. Therefore, statistical methods should be considered to extract a
spatial scale from galaxy clusters. In this regard, the two-point correlation function (see Sect. 1.1.6) gives
the probability to find a galaxy located at a given distance from another one. BAO signal is related to
a net peak in the correlation function and oscillations in its power spectrum. Analyzing clustering of
galaxies, surveys such as the Sloan Digital Sky Survey (SDSS) [184] showed that the radius of spherical
shells is ∼ 150Mpc. Moreover, the size of the sound horizon at decoupling is well constrained by CMB
maps [40].

Measurements of the BAO spatial scale along the radial direction or the line of sight are related to
the Hubble parameter H (z), while we can obtain information about the angular diameter distance dA (z)

from the standard ruler in the trasverse direction. A distance often used for BAOs measurements is a
combination of the latter two quantities, and is defined as [73, 185, 186]

DV (z) =

[
z (1 + z) 2 d

2
A (z)

H (z)

]1/3

, (1.64)

which is called the volume averaged distance or dilation scale. The BAO estimator dz gives the comoving
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size of the sound horizon at decoupling (1.65) in unit of DV , i.e.,

dz (z) =
rd

DV (z)
.

When BAO signal is detected, we are determining how rd has evolved since the decoupling, namely we
are measuring today the combination H0 rd (or h rd). Thus, H0 and rd are fully degenerate. Assuming a
fiducial flat ΛCDM model, the best fit for this combination is (rd · h)fid = (104.57± 1.44) Mpc [187]. A
method to estimate rd is given by a simple fitting formula [187]

rd =
(rd · h) fid

h
. (1.65)

Alternatively, to quantify rd, the linear perturbation code CAMB [188] provides a numerical calibrated
approximation with the following formula [189]:

rd ≈
55.154 · e−72.3(ων+0.0006)2

ω0.25351
m ω0.12807

b

Mpc, (1.66)

where ωi = Ωi · h2 are the reduced density parameters and i = m, ν, b represent (total) matter, neutrino
and baryons.

For BAOs data analysis, the comparison between the observed dobsz (z) and theoretical dthz (z) are useful
to define the following statistical parameter:

χ2
BAO = ∆dT · M−1 ·∆d , (1.67)

where ∆d = dobsz (z)− dthz (z) andM is the covariance matrix given in [186]. Note that if ων and ωb are
fixed, then using Eqs. (1.64), (1.66), and (1.67), it is possible, for instance, to constrain H0 and Ωm0. In
the analysis performed in Chapter 4, we assume ων = 0.00064 [190] and ωb = 0.02237 [40].

1.1.6 Statistical properties in the large-scale structure

1.1.6.1 The density contrast and the power spectrum

The structures we observe today, such as galaxies and the clusters of galaxies, are related to local devia-
tions from spatial homogeneity and were generated from small perturbations in the early Universe. The
small temperature fluctuations in the CMB maps can be considered the seeds for the structure forma-
tion or initial conditions for the physical cosmology. Hence, these perturbations grew in an expanding
Universe due to gravity.

To describe deviations from a homogeneous background Universe in the matter distribution today, it
is useful to define the matter density contrast (or density perturbation field, or density fluctuation)5

δ (t, ~x) ≡ δρm (t, ~x)

ρ̄m (t)
≡ ρm (t, ~x)− ρ̄m (t)

ρ̄m (t)
, (1.68)

where ρm (t, ~x) is the mass density field and ρ̄m (t) denotes the respective background quantity.
In principle, the cosmic field δ (t, ~x) should be specified at every point in space at a given time to

accurately consider matter fluctuactions in the Universe. However, this procedure is impractical and a
statistical approach has to be employed6. In this regard, imagine to divide the Universe into N cells

5See [72, 180, 182] for details about the topics covered in the present section.
6Similarly, in statistical mechanics, it is unconceivable to associate positions and velocities to each single particle, but

macroscopic and global properties of a gas are described statistically.
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located at ~x1, ~x2, . . . ~xN . Each cell is associated with the density contrast δi ≡ δ (~xi) with i = 1, 2, . . . N .
The latter quantity δi is treated as a random perturbation field with a PDF Fx (δ1, δ2, . . . , δN ). The
general expression for the moments of such a distribution can be written as

δA1
1 δA2

2 . . . δANN =

ˆ
δA1
1 δA2

2 . . . δANN Fx (δ1, δ2, . . . , δN ) dδ1dδ2 . . . dδN , (1.69)

in which the exponents Ai ∈ Z+
0 and the overline denotes the stochastic or ensamble average7. The

first moment δ (~x) is vanishing trivially from the definition of a random perturbation field. The second
moments, instead, are the variance of the perturbation field

σ2 ≡ δ2
1δ

0
2 . . . δ

0
N , (1.70)

and the two-point correlation function

ξ (x) ≡ δ1δ2 ≡ δ1
1δ

1
2δ

0
3 . . . δ

0
N . (1.71)

It should be emphasized that a cosmic field must be statistically homogeneous and isotropic due to the
cosmological principle, hence its moments must be invariant under spatial translation and rotation. As a
consequence, ξ (x) depends only on the mutual distance x = |~x2 − ~x1| between two cells (we referred to
the two first cells, but it can be generalized for any cells pair). The two-point correlation function gives
the probability to have a peak in the density contrast at a given distance from another one. Furthermore,
note that ξ (0) ≡ σ2 and ξ (x) is also called autocorrelation function.

The equivalent representation in the Fourier space is convenient especially for the linear regime. A
cell in the real space is now replaced by a volume with periodic boundary conditions. The random field
δ (~x) and its Fourier transform are related according to the following convention

δ (~x) =

ˆ
d3k

(2π)
3 δ~k e

−i~k·~x , (1.72)

where δ~k are the spectral functions, which are generally characterized by an amplitude and a phase.
Similarly to the real space, it is possible to figure out a distribution function to describe the statistical
properties of δ~k in the Fourier space, which provides the probability to find a mode δ~k with given amplitude

and phase. The second moment in Fourier is related to the well-known power spectrum P
(
~k
)

of the
perturbation field:

δ~kδ
∗
~k′

= (2π)
3
δD

(
~k − ~k′

)
P
(
~k
)
, (1.73)

in which δD denotes the three-dimensional Dirac delta. Considering Eqs. (1.71) and (1.73), it is straight-
forward to see that the power spectrum is nothing more than the two-point correlation function in the
Fourier representation:

P
(
~k
)

=

ˆ
d3x ξ (~x) ei

~k·~x , (1.74)

which can be rewritten for a isotropic random perturbation field

P (k) = 4π

ˆ ∞
0

dr r2 ξ (r)
sin (k r)

k r
= 4π

ˆ ∞
0

dr r2 ξ (r) j0 (k r) (1.75)

by adopting spherical coordinates. j0 is the spherical Bessel function of order 0. Note that the inverse

7In many papers and textbooks, the stochastic average is commonly denoted with 〈. . .〉. In this thesis, we use this
notation for averages on a region of space-time, while we adopt an overline for the stochastic average, not to be confused
with an overline denoting background quantities for a homogeneous and isotropic Universe.
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relation of Eq. (1.75), i.e.,

ξ (r) =
1

2π2

ˆ ∞
0

dk k2 P (k)
sin (k r)

k r
=

1

2π2

ˆ ∞
0

dk k2 P (k) j0 (k r) (1.76)

is consistent for r → 0 with the definition of variance (1.70), according to Eq. (1.69). Furthermore, now
it can be appreciated from Eq. (1.75) that a bump in the correlation function corresponds to oscillations
in the power spectrum, as previously mentioned in the BAO physics (see Sect. 1.1.5).

If the moments of the distribution are known at any order, then the PDF is fully determined. However,
if the random field δ (~x) is Gaussian, namely if the field values (δ1, . . . , δN ) follow a Gaussian distribution,
only first two moments are enough to characterize statistical properties. The advantage of a Gaussian
random field is that different Fourier modes evolve independently in the linear regime. Moreover, a
Gaussian random field remains so during linear evolution. The initial conditions at the end of the
inflation era seem to suggest that the cosmic density field is well described by a Gaussian random field,
which is also homogeneous and isotropic. There are mainly three reasons to consider a Gaussian random
field. The first one is of theoretical nature: quantum fluctuations in the early Universe generated during
inflation are considered Gaussian and led to the cosmic perturbation field, which remain Gaussian at least
up to late times, whereas non linear processes must be taken into account. The second reason arises from
statistics. According to the central limit theorem, the distribution of a sufficiently large random sample
is approximately normally distributed. Moreover, a linear combination of Gaussian variates also follows
a Gaussian distribution. This is our case, since the cosmic density field involves different Fourier modes.
Actually, this is true up to when non linearities become significant at low redshifts. Finally, the third one
is an observational reason: so far, there is no clear evidence to prefer non-Gaussian distribution. Thus,
the two-point correlation function, as well as the power spectrum, play a crucial role for a homogeneous
and isotropic Gaussian random field, since they are the only quantities that have to be specified.

So far, we have introduced the two-point correlation function and the related power spectrum referring
to matter fluctuations as a variate. We can also consider the gravitational potential as a random variable in
space and define consequently statistical estimators. We recall that the gravitational (Bardeen) potential
[35] is governed by the Poisson equation8

∇2ψ (t, ~x) = 4πGρ (t, ~x) a2 = 4πGρm (t) δ (~x) a2, (1.77)

where in the last equality we have used the definition (1.68) and neglected radiation perturbations.
Considering the Fourier transform, we can also write the single spectral function ψ~k associated to the
Bardeen potential

ψ~k = −3

2

Ωm0H2
0

a k2
δ~k (1.78)

in terms of the spectral function δ~k, where H0 is the conformal Hubble constant9. Therefore, we can also
define moments of the PDF such as the two-point correlation function in real space ψ (t, ~x1) ψ (t, ~x2),
or in momentum space ψ~k1

ψ~k2
, and their respective power spectra, which provides amplitudes of the

gravitational potential fluctuations.

8For the sake of clarity, here we write explicitly the Einstein constant χ in terms of the Newtonian coupling G.
9We recall the definition of the conformal Hubble parameter: H ≡ a (η)′ /a (η) H = aH, being η the conformal time

such that dη = dt / a (t)
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1.1.6.2 Amplitude of matter fluctuations

The initial power spectrum Pi (k) predicted by inflation models is usually written as a power law [35, 180]

Pi (k) = Akn , (1.79)

where n is called the spectral index and A is the amplitude. In particular, the Harrison–Zel’dovich’s
power spectrum is obtained for n = 1. The spectral index was measured by Planck and its value is
n = 0.965 ± 0.004. Observations and galaxy surveys provide constraints on the amplitude of the power
spectrum. For historical reasons, the variance of the galaxy distribution is used to normalize a theoretical
power spectrum by evaluating the variance over different spherical regions with radius R (the value of R
is set by the experimental resolution). It can be shown [180] that the predicted variance is written as

σ2
R =

1

2π2

ˆ
dk k2 P (k) Ŵ 2

R (k) , (1.80)

in which the window function

ŴR (k) =
3

(k R)
3 [sin (k R)− k R cos (k R)] =

3 j1 (k R)

k R
(1.81)

acts like a filter for the power spectrum and j1 in Eq. (1.81) is the spherical Bessel function of order 1.
The window function ŴR (k) is obtained as the Fourier transform of the most commonly used spherical
top-hat window function in real space:

WR (r) =

 3
4πR3 if r ≤ R

0 otherwise .
(1.82)

Eq. (1.80) provides the variance of mass fluctuations smoothed over spatial scale R. The motivation to
use a window function is to introduce a characteristic smoothing scale, since the real density perturbation
field is grainy.

The value of the standard deviation σR can be obtained empirically from galaxy surveys and is ∼ 1

for R = 8h−1 Mpc. Hence, the idea was to set σR from the distribution of galaxies for this value of R
to normalize the power spectrum. However, a complete description should require the non linear regime,
in which the Fourier modes are coupled. Furthermore, the assumption that the galaxy distribution is an
accurate probe of the total mass distribution is only an approximation, and a bias parameter b should be
considered:

δgal = b δ . (1.83)

Indeed, when we observe galaxies to probe the galaxy distribution, we receive photons from our past
lightcone (no cold dark matter particles). The link bewteen the mass and galaxy distribution is not fully
understood. Although these important clarifications, traditionally, a power spectrum is normalized by
the following cosmological parameter:

σ8 ≡ σR
(
R = 8h−1 Mpc

)
. (1.84)

It should be emphasized that σR is evaluated today at z = 0 by observing the LSS, hence it depends on
the present-day linear power spectrum evolved from the primordial one. It is often used the S8 parameter,
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a weighted amplitude of matter fluctuations, which is related to σ8 through the simple relation

S8 ≡ σ8

√
Ωm0

0.3
.

The value of S8 is object of studies and we will discuss it later in Sect. 1.1.7.

1.1.6.3 Growing perturbations in the linear regime

So far, we discuss statistical properties of the matter density contrast in space. To examine the time
evolution of fluctuations in an expanding Universe, the theory of cosmological perturbations [35, 72, 191–
193] is required. Considering a fluid description with linear perturbations, it can be obtained that δ (t, ~x)

evolves according to the following second-order differential equation [180]:

δ̈ + 2H δ̇ = 4πGρm δ +
c2s
a2
∇2δ , (1.85)

where cs is the adiabatic speed of sound for isentropic initial perturbations. This equation is similar
to the one that describes a damped oscillator. Note that the second term on the left-hand side acts as
a friction term for the growth of perturbations, since the cosmic expansion tends to remove them. On
the other hand, the first term on the right-hand side is a source term due to gravity, which tends to
amplify perturbations. The last term is due to spatial changes of δ and can be regarded as a pressure
contribution. Eq. (1.85) can be rewritten equivalently in Fourier as

δ̈~k + 2H δ̇~k =

(
4πGρm −

k2 c2s
a2

)
δ~k , (1.86)

and it is valid for any single Fourier mode in linear regime. This evolution equation can be employed to
analyze the growth of perturbations up to gravitational instability [180, 194].

In particular, referring to an expandind background Universe within the Einstein-de Sitter model for
isentropic perturbations in a pressureless fluid, it can be shown that Eq. (1.86) admits two solutions

δ
(+)
~k
∝ t2/3 , δ

(−)
~k
∝ t−1 , (1.87)

where we have used Eq. (1.29). We are interested in growing modes like δ(+)
~k

since they led to structure
formation and gravitational collapse up to non-linear regime. Indeed, the amplitudes of decaying solutions
become negligible after some times compared to those of growing modes. If we focus, instead, on non-
interacting matter fluctuations in Eq. (1.86), it is straightforward to obtain that δ(+)

~k
∝ ln t ,which shows

that dark matter perturbations in the linear regime grow slowly and are almost frozen. This phenomenon
is called “stagspansion” or stagnated expansion (Mészàros effect [195]). On the other hand, in the non-
linear regime, dark matter perturbations become dominant (see [180, 182] for the non linear collapse of
dark matter halos).

We define the linear growth function as

D1 (a) ≡ δ (a)

δ (1)
, (1.88)

which is associated to growing solutions. Moreover, another important quantity is the so-called linear
growth rate of clustering f (a), which is defined via a logarithmic derivative as

f (a) ≡ d lnD1

d ln a
≡ a

D1

dD1

da
. (1.89)
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When cosmological perturbations are considered in the Fourier representation, during the linear evo-
lution, different Fourier modes can be amplified or damped. In other words, the power spectrum is
modified with respect to the primordial one in the early Universe, because the evolutionary process acts
as a filter of the initial fluctuations. In this regard, we recall that the amplitude of a sub-horizon Fourier
mode for different redshifts in the post-recombination era is related to the transfer function T (k) in the
linear regime. It is oftern convenient to rewrite any linear power spectrum in terms of the primordial
power spectrum as

P (k) = Pi (k) T 2 (k) . (1.90)

The linear transfer function T (k) quantifies the evolution of the perturbation amplitude and allows us
to compute the linear power spectrum for any k and later times. This concept underlying Eq. (1.90) can
be referred to both matter and gravitational potential fluctuations. More specifically, the linear transfer
function in the post-recombination Universe related to matter perturbations in the distribution of galaxies
is written as [72, 154]

Tδ = bD1 , (1.91)

while the relation for the gravitational potential is

Tψ = −3

2

Ωm0H2
0

a k2
D1 , (1.92)

in which we have used Eqs. (1.83) and (1.78), respectively.

1.1.6.4 Higher-point correlation functions and the bispectrum

We focused so far on the two-point correlation function and the power spectrum, which are the fundamen-
tal ingredients to characterize a homogeneous and isotropic Gaussian random field. More in general, for a
purely Gaussian distribution, all correlation functions of odd order vanish, while higher order correlators
of even order can be decomposed into a sum of products of two-point correlation functions according
to Wick’s theorem. We emphasize that even if the primordial fluctuations followed a pure normal dis-
tribution, non-linear effects of gravity and gravitational instabilities might play a role in the evolution
into non-Gaussian perturbations. Alternatively, the presence of non-Gaussianities also in the primordial
power spectrum has been investigated [193].

For non-Gaussian distributions, the first non-trivial higher-order correlator is the three-point function
ζ (~x1, ~x2, ~x3), which now we write in term of the variate δ (~x) in real space as

ζ (~x1, ~x2, ~x3) ≡ δ1 δ2 δ3 ≡ δ1
1δ

1
2δ

1
3 . . . δ

0
N , (1.93)

according to Eq. (1.69). The respective quantity in Fourier space is the so-called bispectrumB
(
~k1,~k2,~k3

)
,

which is related to ζ (~x1, ~x2, ~x3) through the following relation:

δ~k1
δ~k2

δ~k3
= (2π)

3
δ

(3)
D

(
~k1 − ~k2 − ~k3

)
B
(
~k1,~k2,~k3

)
. (1.94)

This equation is a generalization of Eq. (1.73). Note that the bispectrum depends on three wavenumbers
and in this case the Dirac delta selects only non-vanishing triangular configurations, namely those that
form a specific shape of a closed triangle in Fourier space.

Similarly, all these concepts can be also referred to the gravitational Bardeen potentials. We will see
an application of the bispectrum contribution in the cosmological perturbation theory in Chapter 7.
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1.1.7 The Hubble constant and matter fluctuations tensions

Despite the outstanding results and predictions, the ΛCDM model must deal with open problems of a
theoretical and observational nature. One of the biggest challenges in modern cosmology is the Hubble
constant tension: there is a persistent and serious discrepancy between the measurement of H0 obtained
from the CMB radiation and other independent measurements inferred from local probes in the late
Universe. More precisely, the Planck data of the CMB radiation (TTTEEE+lowE+lensing) provides
HCMB

0 = (67.36± 0.54) km s−1 Mpc−1 [40], while the local values ofH0 obtained by the Supernova H0 for
the Equation of State (SH0ES) team are inconsistent withHCMB

0 . Measurements of Cepheids in the Large
Magellanic Cloud (LMC) from Hubble Space Telescope (HST) gives H0 = (74.03± 1.42) km s−1 Mpc−1

[196], pointing out a discrepancy10 of 4.4 σ with HCMB
0 . Furthermore, parallax measurements based on

Milky Way Cepheids with HST photometry and the ESA Gaia mission Early Data Release 3 (EDR3)
[197] provides H0 = (73.2± 1.3) km s−1 Mpc−1 with an incompatibility of 4.2σ with CMB data. More
recently, the SH0ES team from a Cepheid-SN sample [71] obtained H loc

0 = (73.04± 1.04) km s−1 Mpc−1

, which is in tension at 4.8 σ with the Planck value.
Actually, the discrepancy ranges from 4.4 σ to more than 6σ depending on the combination of local

data used. The collaboration H0 Lenses in COSMOGRAIL Wellspring (H0LiCOW) report a value of
H0 =

(
73.3+1.7

−1.8

)
km s−1 Mpc−1 [198] by using gravitational lensed quasars. Independent measurements

of cosmic chronometers (based on models of evolving galaxy star luminosity) report the best-fit value
of H0 = (67.06± 1.68) km s−1 Mpc−1 [199]. Estimates of H0 based on a combination of cosmological
data, including calibration of the tip of the red giant branch on SNe Ia [200], quasars [201], time-delay
measurements, cosmic chronometers, and gamma-ray bursts (GRBs) [202–204], report a value of H0 that
is between the CMB, BAO, and local measurements. Furthermore, the use of type 1 Active Galactic
Nuclei (AGN) represents another promising cosmological probe given the peculiarity of their spectral
emission [205]. Recent results on the measurements of the Hubble parameter and constant through the
Third LIGO-Virgo-KAGRA Gravitational-Wave Transient Catalog (GWTC-3) can be found in [206], and
the employement of cosmological measurements from gravitational waves turns out to be really promising
in the next decades. The status of some of these discrepancies is summarized in Fig. 1.1, where the values
of H0 among different probes are shown. Another similar but more detailed plot is reported in Fig 1.2.
See [67, 68] and references therein for an exhaustive summary of recent Hubble constant measurements
and theoretical proposals to deal with the H0 tension.

To date, the H0 tension is really puzzling and the reason for this discrepancy requires absolutely
further investigation. This open problem might be explained by internal inconsistencies in Planck data
and/or SNe Ia systematics in the local determination of H0, or considering a different content of matter
in our Universe, or also with a new physics that lies beyond the standard cosmological model.

In addition to the abovementioned problem, another cosmological tension afflict the ΛCDM model,
despite it is less worrisome than the first one. Indeed, there is another discrepancy between CMB data
and local cosmological probes concerning the S8 parameter. Considering the data Planck 2018 [40], the
value of this parameter is SCMB

8 = 0.832 ± 0.013, whereas other research teams report different values
from the weak gravitational lensing of galaxies, such as the Kilo Degree Survey (KiDS-450) [207] with
S8 = 0.745 ± 0.039 , and the Subaru Hyper Suprime-Cam (HSC) survey [208] with S8 = 0.780+0.030

−0.033.
Moreover, the Dark Energy Survey (DES) [209] provides the value of S8 = 0.777+0.036

−0.038 from analysis of
the cosmic shear. These latter three values are in tension with SCMB

8 at a level of 2.1, 1.5, and 1.4σ. As it

10To quantify the incompatibility between two measurements of the same quantity, the following procedure is usually
implicitly considered. We consider two measurements, namely A± σA and B ± σB in which A and B are the mean values
with their respective standard errors. The new variable A − B is usually built and its error is provided by the usual
propagation of errors: σA−B =

√
σ2
A + σ2

B . Then, the deviation of A from B in terms of deviation standards is simply:

|A−B| σ−1
A−B .
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EARLY UNIVERSE

COSMIC CHRONOMETERS AND SNe Ia 2018: H0=67.06±1.68

DES+BAO+BB: H0=67.4(+1.1,-1.2)

PLANCK CMB 2018: H0=67.4±0.5

LATE UNIVERSE (SH0ES+H0LICOW): H0=73.8±1.1

H0LiCOW 2019: H0=73.3(+1.7,-1.8)

SBF:H0=76.5±4.0

LENSED QUASARS AND SNe 2019: H0=72±2

MCP :H0 = 74.8± 3.1

MIRAS: H0=73.6±3.9

  LMC Cepheids 2019: H0=74.03±1.42

MM + LMC (2020): H0=73.3±4.0
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Figure 1.1: Value of H0 from different probes starting from the early universe: Planck 2018 measure-
ments of CMB from the last scattering surface in the Planck Collaboration [40] are shown in bright red;
Dark Energy Survey (DES) + BAO + Big Bang (BB) Nucleosynthesis is shown in light green; cosmic
chronometers and SNe Ia in are shown in bright green; a late universe combination of Supernovae-H0 for
the Equation of State of Dark energy (SH0ES) and H0 Lenses in COSmological MOnitoring of GRAvI-
tational Lenses (COSMOGRAIL) Wellspring is shown in dark blue; H0LiCOW alone is shown in black;
the Cepheids surface brightness fluctuations method is shown in purple; Megamaser (MM) + LMC is
shown in gray; lensed quasars together with SNe Ia in are shown in pink; the Maser Cosmology Project
is shown in dark red; Mira variables are shown in orange; Cepheids in the LMC are shown in bright blue.
Figure extracted from [TS 3]. See references therein for details.
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Figure 1.2: Direct and indirect recent measurements of the Hubble constant H0 obtained by different
teams. The light pink vertical band matches the value HCMB

0 = (67.36± 0.54) km s−1 Mpc−1 inferred
by CMB data [40], while the light blue band denotes the value H0 = (73.2± 1.3) km s−1 Mpc−1 from
SH0ES Team [197]. To realize this figure, only direct and indirect measurements of H0 with error bars
less than 3.0 and 1.5 km s−1 Mpc−1 are considered, respectively. It is quite immediate to see the H0

tension between CMB data and local probes. In addition, the dotted line for 69.3 km s−1 Mpc−1 draws a
distinction between direct and indirect measurements since this value is given by the central value from
SH0ES Team reduced by three respective σs. The original figure is plotted in [68], and see references
therein for details.
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can be seen, the S8 tension does not reach the critical level like the Hubble tension, but it is nevertheless
an open problem, which cannot be explained within the ΛCDM model.

Although in our analysis we focus specifically on the Hubble tension, it should be also kept in mind
that it is not the only open problem in the standard cosmological model. See references [67–70, 76] for
details about tensions and anomalies within the ΛCDM model.

1.2 Dark energy models as a minimal extension of the standard
paradigm

In this section, we generalize the results obtained in the ΛCDM model (Sect. 1.1) since we consider a
dark energy component in the content of the Universe with an equation of state parameter wDE < −1/3.
Note that the dark energy component ensures the present cosmic acceleration, as it can be checked from
Eq. (1.24). We recall that a cosmological constant Λ is nothing more than a particular form of dark
energy with wΛ = −1. Then, the wCDM model can be regarded as a minimal extension from the ΛCDM
paradigm, but with interesting consequences concerning the cosmological dynamics.

In the wCDM model, the total energy density is given by ρtot = ρm+ρr +ρDE, where we have simply
replaced ρΛ with the energy density of the DE component ρDE with respect to the ΛCDM scenario. Hence,
the dimensionless first Friedmann equation (1.35) is now referred to Ωtot (t) = Ωm (t) + Ωr (t) + ΩDE (t).
Considering the continuity equation (1.25) associated with a dark energy component in which w evolves
with the redshift z, i.e. wDE = wDE (z), we generalize the expression of the reduced Hubble parameter
(1.38) as [35]

E (z) =

√
Ωm0 (1 + z)

3
+ Ωr0 (1 + z)

4
+ ΩDE 0 exp

[
3

ˆ z

0

[1 + wDE (z′)]
dz′

1 + z′

]
+ Ωk0 (1 + z)

2
. (1.95)

It is straightforward to check that, if wDE = −1 for the dark energy component, a cosmological constant
Λ is reproduced and the standard Hubble function (1.38) for the ΛCDM model is recovered. Therefore,
we can substitute E (z) given by Eq. (1.95) in the general expression (1.54) of the luminosity distance
to obtain the corrected version for the wCDM model.

Finally, notice that for a simple linear model w (z) = w0 + w1 (1 + z), with constant parameters w0

and w1, the exponential term in Eq. (1.95) would grow increasingly unsuitable at redshift z � 1, leading
to large deviations from the ΛCDM model, which is not expected from CMB data. Thus, this kind of
w (z) model must be discarded. For high z, instead, although many models have been proposed, we will
focus on the CPL parameterization [53, 54] or w0waCDM model:

w (z) = w0 + wa [1− a (z)] = w0 + wa
z

(1 + z)
. (1.96)

The advantage of this model is that it works well also for early times. As a consequence, the reduced
Hubble function in Eq. (1.95) becomes specifically:

E (z) =

√
Ωm0 (1 + z)

3
+ Ωr0 (1 + z)

4
+ ΩDE 0 (1 + z)

3(1+w0+wa)
e−3 wa z

1+z + Ωk0 (1 + z)
2
. (1.97)

The CPL parametrization leads us to a slowly evolving dark energy scenario slightly different from a
cosmological constant. To have a slight deviation from the cosmological constant and a slow evolution
with redshift, the values for the parameters are usually w0 ∼ −1 and wa ∼ 0. These modifications in
the cosmological dynamics affect not only the propagation of photons or the luminosity distance, but all



CHAPTER 1. COSMOLOGICAL MODELS BASED ON GR AND BEYOND 37

phenomena occurred in the past cosmic history and the estimation of the age of the Universe11. It can be
seen that modifying cosmological dynamics is challenging since we would have only slight modifications
with respect to the ΛCDM model to avoid disrupting all predictions and successes derived from the
standard paradigm.

1.3 f (R) modified gravity theories

There is no a priori motivation to consider a linear gravitational Lagrangian density with respect to the
Ricci scalar R, apart from obtaining a second-order partial differential system for the field equations. We
recall that the gravitational Lagrangian density contained in the Einstein-Hilbert action (1.1) in GR has
a basic form and is given by the simplest curvature invariant (except for a constant). In the context of
f (R) theories, the gravitational Lagrangian density is generalized as a function f of R, i.e. an extra d.o.f.
In addition, considering a matter term SM , the total action of f (R) gravity is given by [79, 81, 83, 84]

Stot =
1

2χ

ˆ
d4x
√
−g f (R) + SM (gµν , ψ) , (1.98)

where we have generalized the action (1.1).
Then, varying the total action with respect to the metric, we can write the generalized gravitational

field equations in the f (R) gravity:

fR (R) Rµν −
1

2
gµν f (R) + gµν � fR (R)−∇µ∇νfR (R) = χTµν , (1.99)

where fR (R) = df/dR, while ∇µ is the covariant derivative associated with the Levi-Civita connection of
the metric, and � = gρσ∇ρ∇σ. Note that Eqs. (1.99) represent a system of ten independent fourth-order
partial differential equations in the metric. If f (R) = R, specifically, the fourth-order terms vanish, and
field equations reproduce exactly the Einstein field equations in GR (1.2).

If we calculate the trace of Eqs. (1.99), we end up in

fR (R) R− 2 f (R) + 3 � fR (R) = χT , (1.100)

in which T is the trace of Tµν . Note that R are related to T via a differential equation, while in GR a
simple algebraic relation R = −χT emerges from the trace of the Einstein field equations (1.2). Therefore,
once a specific matter is given, we could expect a large number of possible solutions for the metric in the
f (R) gravity rather than in GR.

It is sometimes useful to refer to the deviation F (R) from the gravitational Lagrangian density in
GR, i.e.

f (R) = R+ F (R) . (1.101)

In this way, it is straightforward to show that the extended field equations (1.99) can be rewritten in an
effective GR-picture as

Gµν = χ
(
Tµν + T [F ]

µν

)
, (1.102)

where we have introduced an effective stress-energy tensor related to F (R) and its derivatives, i.e.

T [F ]
µν = − 1

χ

[
FR (R) Rµν −

1

2
gµν F (R) + gµν � FR (R)−∇µ∇νFR (R)

]
. (1.103)

11Other interesting alternative dark energy models involve the presence of an external scalar field (e.g. the quintessence
models [52, 55]), but we do not consider them in this thesis.
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Also in this form, it is easy to verify that Eqs. (1.102) coincide with the Einstein field equations in GR
(1.2) if f (R) = R. The idea that the non-Einsteinian term may play a role as a new exotic cosmological
fluid emerges from this effective GR-picture given by Eqs (1.102).

Now, we rewrite the extended field equations in the f (R) gravity in another way to emphasize the
Newtonian coupling in these theories. Indeed, Eqs. (1.99) can be reformulated as

Gµν =
χ

fR (R)

(
Tµν + T [eff]

µν

)
, (1.104)

in which T [eff]
µν is another effective stress-energy tensor associated to f (R) and its derivatives:

T [eff]
µν =

1

χ

{
1

2
gµν [f (R)− fR (R) R] +∇µ∇νfR (R)− gµν � fR (R)

}
. (1.105)

In addition to simulate the presence of an extra cosmological fluid, this formulation of the generalized
field equations in the f (R) gravity allows us to see that Geff = G/fR (R) may be regarded as an effec-
tive gravitational coupling, related to geometrical modification of the theory, where we recall that the
Newtonian coupling constant G is included in the definition of the Einstein constant χ.

Finally, we finish this subsection by showing the generalized Friedmann equations within the f (R)

gravity in a flat FLRW metric:

H2 =
χρ

3 fR
+

1

fR

[
RfR − f

6
− fRRH Ṙ

]
(1.106)

ä

ā
= − χ

6 fR
(ρ+ 3 p)− 1

2 fR

[
Ṙ2 fRRR +

(
H Ṙ+ R̈

)
fRR +

1

6
(f −RfR)

]
. (1.107)

The former is obtained by the component 0−0 of the field equations (1.99), while the latter is the modified
acceleration equation given by a combination of the 1−1 component of Eqs. (1.99) and Eq. (1.106). These
modified equations can be recast in terms of an effective cosmological fluid [81]. It should be noted the
presence of extra terms in the right-hand side of Eq. (1.107) with respect to the usual acceleration
equation (1.24), as well as an effective Einstein constant χf−1

R . These additional contributions in the
modified acceleration equation might mimic a cosmological constant and predict deviations from the
ΛCDM model. In this regard, three interesting f (R) models are mostly studied to account for the late
time cosmic acceleration without a true cosmological constant [101, 103, 104]. In Sect. 1.3.2 we present
one of these models proposed by Hu and Sawicki [101, 102].

1.3.1 The dynamically equivalent formalism in the Jordan frame

We investigate the equivalence between f (R) theories of gravity and the scalar-tensor representation in
the Jordan frame [79, 81, 83]. It should be noted that it is usually difficult to manage field equations
(1.99) in the metric f (R) gravity, since we have seen specifically they constitute a system of fourth-order
partial differential equations in the metric.

To bring field equations to a form that is easier to handle, the f (R) gravity can be restated in the
scalar-tensor formalism. It can be checked that the following action

S =
1

2χ

ˆ
Ω

d4x
√
−g [B (A−R) + f (A)] + SM (gµν , ψ) , (1.108)

containing two auxiliary fields A and B, is dynamically equivalent to the f (R) action. Indeed, variation
with respect to B leads to the equation A = R, and then Eq. (1.108) gives the action (1.98) for f (R)

gravity.
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Furthermore, by performing a variation of the action (1.108) with respect to A, we can solve the d.o.f.
for the auxiliary field, i.e. B = −fA (A), where fA (A) = df/dA. Then, Eq. (1.108) becomes

S =
1

2χ

ˆ
Ω

d4x
√
−g [fA (A) (R−A) + f (A)] + SM (gµν , ψ) . (1.109)

This action is again dynamically equivalent to that given in Eq. (1.98), since we obtain from variation
with respect to A

fAA (A) (R−A) = 0 ,

and eventually A = R, if fAA (A) 6= 0.
Reformulating the f (R) modified gravity in the scalar-tensor representation, the field A is usually

restated in terms of a scalar field
φ = fA (A) . (1.110)

On the other hand, if fA (A) is invertible, this relation implies also A = A (φ). Moreover, the scalar field
potential is defined as

V (φ) = φA (φ)− f [A (φ)] , (1.111)

and the action (1.109) becomes

SJ =
1

2χ

ˆ
Ω

d4x
√
−g [φR− V (φ)] + SM (gµν , ψ) . (1.112)

This dynamically equivalent action for the f (R) modified gravity is written in the so-called Jordan frame.
It is quite similar to the prototype of extended gravitational theories, the Brans-Dicke formulation [87, 88]
with a non-zero potential and a null Brans-Dicke parameter or the O’Hanlon proposal [89]. It should be
noted that the extra d.o.f. given by the f (R) function turns into a scalar field φ, which is non-minimally
coupled to the metric. Conversely, there is only a minimal coupling for the matter.

Actually, as shown in [80], the relation fRR (R) 6= 0 is actually a redundant requirement for the
dynamic equivalence between an f (R) theory and a scalar-tensor formulation in the Jordan frame. Indeed,
it is sufficient to require that fR (R) be invertible (continuous and one-to-one in a given interval), i.e. the
existence of R = R (fR). In this way, it is possible to build a scalar field potential V (φ).

Variations of the action (1.112) with respect to the metric and scalar field lead to field equations in
the Jordan frame

Gµν =
χ

φ
Tµν −

1

2φ
gµν V (φ) +

1

φ
(∇µ∇νφ− gµν � φ) (1.113a)

R =
dV

dφ
, (1.113b)

respectively.
Furthermore, by taking the trace of Eq. (1.113a) and using Eq. (1.113b), a dynamical equation for

the scalar field is obtained
3 � φ+ 2V (φ)− φ dV

dφ
= χT (1.114)

for a given matter source, where T is the trace of the matter stress-energy tensor.
Although the presence of a non-minimally coupled scalar field implies non-trivial dynamics in the

Jordan frame, it is often convenient to adopt the Jordan frame of the f (R) gravity, since the field
equations (1.113a), (1.113b), and (1.114) are now second-order differential equations.

Finally, one can see that the gravitational coupling constant is redefined also in the Jordan frame,
similarly to the f (R) metric formalism. More specifically, looking at Eq. (1.113a), Geff = G/φ may be
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considered as an effective gravitational coupling.

Looking at the action given in Eq. (1.112), the extra d.o.f. provided by f (R) does not affect the
matter action even in the Jordan frame. Therefore, the stress-energy tensor of ordinary matter must be
divergence-free as in GR: ∇νTµν = 0. Since Bianchi identities are kept in modified gravity, the Einstein
tensor is also covariant divergence-free: ∇νGµν = 0. Here, we define an effective stress-energy tensor
related to the scalar field

T [φ]
µν = − 1

2φ
gµν V (φ) +

1

φ
(∇µ∇νφ− gµν � φ) (1.115)

to rewrite the field equations (1.113a) in the Jordan frame as

Gµν =
χ

φ
Tµν + T [φ]

µν .

Then, considering the divergence-free relations above, it is trivial to show that

∇νT [φ]µν =
χ

φ2
Tµν ∇νφ . (1.116)

The effective stress-energy tensor T [φ]
µν does not satisfy the usual law of the ordinary matter [210–213],

unless in vacuum (Tµν = 0). The extra scalar d.o.f. in the Jordan frame is quite different from a
matter field; actually, φ is an effective scalar field originating from a scalar mode intrinsically due to a
modification in the gravitational action. Note that the laws (1.116) describing the dynamics of T [φ]

µν , as
well as the continuity equation related to Tµν , are not independent of the field Eqs. (1.113a) and (1.114).
However, Eqs. (1.116) can be employed as auxiliary equations to rewrite field equations in a different
equivalent form.

Finally, we present the non-vanishing field equations in the Jordan frame of f (R) gravity in a flat
FLRW geometry:

H2 =
χρ

3φ
−H φ̇

φ
+
V (φ)

6φ
, (1.117a)

ä

ā
= −χρ

6φ
− H

2

φ̇

φ
− 1

2

φ̈

φ
+
V (φ)

6φ
, (1.117b)

3φ̈− 2V (φ) + φ
dV

dφ
+ 9H φ̇ = χρ . (1.117c)

The modified Friedmann equations (1.117a) and (1.117b), which was obtained from field equations
(1.113a), correspond to Eqs. (1.106) and (1.107) in the f (R) metric formalism. Note the presence of
extra terms in the right-hand side with respect to the usual acceleration equation (1.24) in GR, as well
as the presence of the non-minimally coupling. Lastly, Eq. (1.117c) has been derived from Eq. (1.114)
and concerns the scalar field evolution in the Jordan frame.

1.3.2 The Hu-Sawicki model

Among several proposals for the functional form of the f (R), one of the most studied dark energy models
is provided by Hu and Sawicki [101, 102].

The deviation F (R), related to f (R) through Eq. (1.101), for the HS model is

F (R) = −m2 c1 (R/m2)
n

c2 (R/m2)
n

+ 1
, (1.118)
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where n is a positive integer, c1 and c2 are the HS dimensionless parameters, and m2 ≡ χρm0/3 with
ρm0 matter density today.

Note that for R � m2 the limiting case with an effective cosmological constant Λeff = c1m
2/2 c2 is

recovered [101]. Approximating the cosmic accelerated phase of a flat ΛCDM model with an effective
cosmological constant, we obtain the first constraint on the parameters c1 and c2:

c1
c2
≈ 6

ΩΛ0

Ωm0
, (1.119)

in which we have used the definitions of cosmological density parameters Ωm0 and ΩΛ0. Furthermore,
Hu and Sawicki [101] have shown that today R0 � m2, and also the approximation R� m2 is viable for
the entire past cosmic expansion.

Hereinafter, we set n = 1 for simplicity, focusing on the most extensively studied scenario in the HS
gravity. In that case, the derivative FR ≡ dF/dR for R� m2 is approximately

FR ≈ −
c1
c22

(
m2

R

)2

. (1.120)

In particular, for a flat ΛCDM model

R

m2
= 3

(
1

ā3
+ 4

ΩΛ0

Ωm0

)
, (1.121)

where we have used Eqs. (1.23) and (1.24) and the definition of the Ricci scalar R in a flat FLRW metric
(1.5).

We can rewrite Eq. (1.120) evaluated today in the limiting case for R� m2:

FR0 ≈ −
c1
c22

[
3

(
1 + 4

ΩΛ0

Ωm0

)]−2

, (1.122)

in which we have implicitly assumed that the value of Λeff to be the same as Λ in the ΛCDM limit.
Hence, by setting a reference value for FR0, we can obtain the second constraint on c1 and c2. Note that,
according to Eqs. (1.110) and (1.101), we have in the Jordan frame:

φ = 1− FR . (1.123)

It should be noted that FR quantifies the deviation from the GR scenario, where φ = 1.

The scalar field potential V (φ) in the Jordan frame for the HS model assumes the following form:

V (φ) =
m2

c2

[
c1 + 1− φ− 2

√
c1 (1− φ)

]
, (1.124)

where we used the definitions given in Eqs. (1.110) and (1.111) referred to the F (R) function in Eq. (1.118).
Moreover, we have selected the branch for the potential related to a minus sign just before the square
root in Eq. (1.124) to converge to an asymptotically stable De Sitter Universe [214, 215].

Finally, we show two reasonable values for the HS dimensionless parameters c1 and c2. More precisely,
we fix Ωm0 = 0.3111, and ΩΛ0 = 0.6889 from the Planck measurements [40]; we set the value of the
derivative of the field at the present cosmic time |FR0| = 1.0 · 10−7, considering the strongest bound
between solar system [101] and cosmological constraints [107, 216], including strong gravitational lensing
[217], galaxy clusters [218, 219], CMB data [220–223], redshift-space distortion [224], and binary pulsars
[225]. Then, using the conditions (1.119) and (1.122) for the ΛCDM limit, we obtain c1 = 2.0 · 106 and
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c2 = 1.5 ·105. Considering these values for c1 and c2, in Fig. 1.3 we show the profile of the HS scalar field
potential in the Jordan frame, noting a slow evolution of V (φ).
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Figure 1.3: Behavior of the HS scalar field potential in the Jordan frame, according to Eq. (1.124),
with dimensionless parameters c1 = 2.0 · 106 and c2 = 1.5 · 105. It should be noted that V (φ) /m2 is
dimensionless. Plot reported from [TS 4].

1.3.3 Modified luminosity distance

In this section, we derive the correction for the distance luminosity in the late Universe within the
framework of the f (R) metric formalism. Let us start with the Ricci scalar R in a flat FLRW metric
(1.5) (k = 0), which can be recast in the form

R = 12H2 + 6H
dH

dγ
, (1.125)

where in this section the Hubble parameter H is expressed as a function of γ ≡ ln (a).
Now, following the HS formalism [101], we introduce two auxiliary variables, yH and yR, that are useful
to write the luminosity distance in the f(R) gravity. We write the Hubble parameter and Ricci scalar as

H2 = m2
[
(1 + z)

3
+ yH

]
, R = m2

[
3 (1 + z)

3
+ yR

]
, (1.126)

where the two dimensionless variables yH and yR encompass extra contributions with respect to the
matter component in the ΛCDM model. We remind the definition: m2 = χρm0/3 = H2

0/Ωm0. Note that
if yH is simply a constant, the first relation is nothing more the Friedmann equation (1.23) in a spatially
flat ΛCDM model. In the context of f(R) gravity, instead, yH and yR evolve and their dynamics strongly
depend on the form of the f(R) function or, equivalently, the scalar field potential V (φ).
We rewrite the modified Friedmann equation (1.106) and the Ricci scalar relation (1.125) in terms of yH
and yR. Then, we have a set of coupled ordinary differential equations:

dyH
dγ

=
1

3
yR − 4yH (1.127)

dyR
dγ

=
9

a3
− 1

yH + a−3

1

m2FRR

[
yH − FR

(
1

6
yR − yH −

a−3

2

)
+

1

6

F

m2

]
. (1.128)

We have used the definition of the deviation F (R) given by Eq. (1.101). The solution of this coupled
first-order differential equations system above can not be obtained analytically, but can be numerically
calculated. We need initial conditions such that this scenario mimics the ΛCDM model in the matter
dominated universe at initial redshift zi � 1. Hence, we impose the following conditions for yH and yR
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at the redshift zi:

yH(zi) =
ΩΛ0

Ωm0
(1.129)

yR(zi) = 12
ΩΛ0

Ωm0
. (1.130)

The standard ΛCDM model is reached for z = zi or asymptotically, and we consider a flat geometry,
neglecting the radiation contribution, such that ΩΛ0 = 1− Ωm0 from Eq. (1.35). Finally, the luminosity
distance (1.55) can be written as

dL(z) =
(1 + z)

H0

ˆ z

0

dz′√
Ωm0

(
yH(z′) + (1 + z′)3

) , (1.131)

including the solution yH(z) from Eq. (1.126).
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Chapter 2

Inhomogeneous cosmology

The cosmological principle was a fundamental element in developing the ΛCDM model. The assumption
of spatial homogeneity and isotropy, such that space-time is exactly described by the FLRW metric,
facilitates our mathematical description of the Universe and seems to be a successful approach. However,
the real Universe appears far from homogeneity and isotropy on local scales and deviations become
significant at late times: galaxy clustering, cosmic structures, and the existence of huge voids point out
that the cosmological principle is only valid on large scales. Thus, although the ΛCDM model is based
on a exact homogeneous and isotropic scenario and is supported by successful cosmological evidence, our
picture might be an approximate or simplified description of the Universe. The basic assumption is that,
in practice, the average of local inhomogeneities over large scales are ruled out such that the properties
of homogeneity and isotropy are recovered, at least statistically, on scales large enough. Note that an
exact homogeneous and isotropic scenario is conceptually different from a description that turns out to
be so only statistically. In the latter case, a typical scale for spatial homogeneity (∼ 100Mpc) and an
averaging procedure on such a scale are implicitly defined.

In this Chapter, we introduce the LTB metric to describe an inhomogeneous Universe and discuss
its impact on the dynamics and cosmological consequences. We derive the gravitational field equations,
highlighting differences with respect to the ΛCDM model. In particular, we do so within the framework
of GR (for a more general discussion of inhomogeneous models within f (R) modified gravity theories, see
the Chapter 6). Instead of considering a metric that is tailored for inhomogeneous models and contains
intrinsically deviations from a smooth scenario, another useful approach is to investigate the impact
of clumpy matter distribution on the global cosmological dynamics. In this regard, we introduce the
averaging procedure in cosmology to predict the effects of local structures on cosmological observable.
Firstly, we briefly show the basic ideas of averaging à la Buchert, and then we report a generalized
mathematical prescription, which is covariant and gauge-invariant and can be applied, for instance, to
average a scalar quantity on the past-light cone of the observer.

2.1 The Lemaître-Tolman-Bondi spherically symmetric solution

The LTB spherical solution [24, 52, 110, 111, 113] describes the geometry of an inhomogeneous but
isotropic Universe, generalizing the FLRW line element (1.5). The LTB model is an exact solution
of Einstein-Hilbert equations to describe a spherical symmetric void. In the LTB model, the space is
isotropic only observing the Universe from a specific preferred point, i.e. the center that is singled out
by adopting a spherical symmetry, where an observer is supposed to be located. A useful choice is to
adopt spherical spatial coordinates in such a scheme. Differently, observers placed in other positions with

45
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respect to the central observer incur anisotropies, specifically along the direction connecting the center
of the coordinates and the observer considered. Thus, the LTB model violates the Copernican principle
by considering a special position in the Universe. As a possible application, the evolution of a dust
cosmological model resulting in a spherical mass overdensity (or underdensity) with vanishing pressure
can be formulated in the LTB formalism.

The LTB spherically symmetric line element in the synchronous gauge is written as

ds2 = −dt2 + e2αdr2 + e2β
(
dθ2 + sin2 θ dφ2

)
, (2.1)

in which r is the radial coordinate indicating the spatial distance from the preferred point. There are
two metric functions, α = α (t, r) and β = β (t, r), which do not depend on angular directions.

The ΛLTB model is a cosmological scenario based on GR with the assumption of a cosmological
constant Λ, considering the LTB metric (2.1). In this section, we separate explicitly the cosmological
constant and matter term. Moreover, we are interested in the late Universe, hence we recall that we
neglect relativistic species, since they are subdominant today. As a consequence, the total energy density
of the Universe ρtot has only contributions from the matter component and the cosmological constant.
Here, we neglect the subscript m in ρ for the energy density of the matter component for brevity.

2.1.1 Dynamics of the LTB inhomogeneous Universe

The three independent Einstein field equations (1.2) in the ΛLTB model with a pressure-less dust (p = 0)
are provided by the 0− 1, 0− 0 and 1− 1 components, which rewrite as

β̇′

β′
− α̇+ β̇ = 0 , (2.2a)

β̇2 + 2 α̇ β̇ + e−2β − e−2α
[
2β′′ + 3β′2 − 2α′ β′

]
= χρ+ Λ , (2.2b)

2 β̈ + 3 β̇2 + e−2β − β′2 e−2α = Λ , (2.2c)

respectively, where (̇) = d/dt and () ′ = d/dr. The other non-null field equations in the LTB metric are re-
lated to the previous equations system due to the spherical symmetry. More precisely, it is straightforward
to show the following relations between the Einstein tensor components in the LTB metric:

G2
2 = G1

1 +

(
G1

1

)′
2β′

, (2.3)

and also G3
3 = G2

2.
It should be noted that the two metric functions α and β can be related in GR, by exploiting the

0− 1 component (2.2a) of the Einstein field equations, in order to rewrite the LTB line element (2.1) in
a simpler form [112]. Indeed, Eq. (2.2a) rewrites as

β̇′

β′
= ∂t [ln (β′)] = α̇− β̇ , (2.4)

which admits the solution
β′ = g (r) eα−β , (2.5)

where g (r) is an arbitrary function of the radial coordinate r. In particular, note that

eα =
β′ eβ

g (r)
=

(
eβ
)′

g (r)
. (2.6)
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Then, the LTB line element (2.1) can be rewritten as

ds2 = −dt2 +
[(a r) ′] 2

1− r2K2
dr2 + (a r) 2

(
dθ2 + sin2θ dφ2

)
, (2.7)

in which the following parametrization has been adopted

g (r) ≡
(
1− r2K2

)
1/2 (2.8)

with K = K (r), and a (t, r) ≡ eβ r−1 has been defined as the generalization of the scale factor in an
inhomogeneous Universe.

By using the LTB metric, the remaining Einstein field equations (2.2b) and (2.2c) become

3
[
ȧ2 a r3 + a r3K2

] ′ = (χρ+ Λ)
[
(a r) 3

] ′ , (2.9a)

2 ä

a
+
ȧ2

a2
+
K2

a2
= Λ , (2.9b)

respectively.
It may be observed that the form of the LTB metric given by Eq. (2.7) reminds the FLRW line

element (1.5). More specifically, if a (t, r) and K (r) do not depend on the radial coordinate r, the FLRW
geometry is exactly recovered to describe a homogeneous and isotropic Universe. Furthermore, it is
straightforward to show in that limit that Eq. (2.9a) turns into the Friedmann equation (1.23), which
combined with Eq. (2.9b), also provides the cosmic acceleration equation (1.24) in the FLRW metric.
Differently from the homogeneous and isotropic scenario, in the ΛLTB model the generalized scale factor
depends also on both time and the radial comoving coordinate. This implies, for instance, that also the
Hubble expansion rate is spatially inhomogeneous [226], and the presence of local inhomogeneities affects
the redshift-luminosity distance relation.

Finally, the continuity equation (the energy-momentum conservation law ∇µTµν = 0 with ν = 0) for
a pressure-less perfect fluid in the LTB metric (2.1) can be written as

ρ̇+
(
α̇+ 2 β̇

)
ρ = 0 , (2.10)

or equivalently

ρ̇+

(
ȧ+ r ȧ′

a+ r a′
+ 2

ȧ

a

)
ρ = 0 , (2.11)

if the LTB metric in the form given by Eq. (2.7) is considered.
Note that if we had considered a more general barotropic fluid with non-vanishing pressure p (the

equation of state parameter is w 6= 0), the component of ∇µTµν = 0 with ν = 1 would provide p′ (t, r) = 0

and also implies ρ′ (t, r) = 0. As a consequence, in that case, the pressure and the energy density
associated to this fluid must be homogeneous, they cannot depend on r. Therefore, we can admit the
existence of radial inhomogeneities in the LTB metric only for a pressureless matter. This is the reason
why a dust is usually considered in the ΛLTB model.

2.2 Averaging formalism in cosmology

The implicit assumption in the standard ΛCDM model is that matter fluctuations are randomly dis-
tributed on large scales, hence deviations from homogeneity are discarded after an averaging procedure.
The averaging problem in cosmology consists in describing the large-scale geometry and dynamics, aver-
aging cosmological quantities on small scales [167–169]. This procedure might be employed to test the



48 CHAPTER 2. INHOMOGENEOUS COSMOLOGY

assumption of a homogeneous and isotropic Universe. Finding the appropriate and well-defined averaging
prescription is a significant challenge not only for theoretical cosmology but also for observational reasons.
For instance, what is the effect of (local) inhomogeneities of the Universe on (global) cosmological mea-
surements? Many observational facts and phenomena in our Universe are based on information supplied
by photons, which can be regarded as probes of local inhomogeneities. Indeed, along their journey in the
Universe, photons interact with several structures and might be influenced by the matter distribution.
Hence, we could expect deviations in the redshift-distance relation with respect to a pure homogeneous
scenario due to effects on local scales, which are usually neglected in the standard paradigm. A natural
choice for the region of the averaging procedure is to perform such a process on the past-light cone of
the observer. Several proposals have been recently investigated to average cosmological observables on
space-like and null hypersurfaces. To generalize the averaging procedure for any observer and any choice
of region in which averages are performed, the mathematical prescription should be covariant and gauge-
invariant [170–174]. If it had not been, we would have had misinterpreted effects that occurred only in
a specific gauge and not in other ones, or we would have lose some physical effects because of the choice
of the gauge. Furthermore, the advantage of a gauge-invariant formalism is to allows us to simplify the
description, choosing a proper gauge1 .

2.2.1 The backreaction problem

When we move from a local description of the Universe with coarse-grained structures to a picture on
large scales through an averaging procedure, we might have modifications in the global geometry and
consequences in the cosmological dynamics.

Let us consider physical phenomena that occur on two different cosmological scales (we refer to a
local and a large scale). Suppose we know exactly the metric g[loc]

µν and the stress-energy tensor T [loc]
µν at a

given local scale, where the Universe does not appear homogeneous. We assume the validity of Einstein
equations at such scale:

G[loc]
µν = χT [loc]

µν . (2.12)

On the other hand, if we focus on large scales, we should perform averages on several regions. In the
standard cosmology, the geometry of the Universe appears to be homogeneous on large scales, as well as
the cosmological fluid. In such a framework after the averaging process, inhomogeneities are negligible.
In particular, averages are implicitly performed on the metric and cosmological fluid (naively, the scale
factor, pressure and density of the cosmological fluid in the ΛCDM model do not depend on space).
Therefore, we can write

Gµν (〈gµν〉) = χ 〈Tµν〉 , (2.13)

where 〈. . .〉 denotes an average defined on a spatial domain. We recall that the Einstein tensor Gµν
depends on second derivatives of the metric tensor components gµν (it contains also time derivatives).
However, a meticolous average of the Einstein field equations should be

〈Gµν (gµν)〉 = χ 〈Tµν〉 . (2.14)

It should be emphasized that time evolution and averaging processes do not commute, i.e.,

〈Gµν (gµν)〉 6= Gµν (〈gµν〉) , (2.15)

1The Geodesic Light-Cone (GLC) coordinates [227] are particularly suitable for the light-cone averaging. GLC are
observational coordinates that simplify the geometrical description of a four-dimensional space-time in terms of a light-cone
foliation to conveniently write the expressions of redshift, luminosity distance and their averages on the past light-cone
[172].
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because of the non-linearity of Einstein field equations. As a consequence, the correct field equations
(2.14) should contain an extra contribution Eµν on large scales as compared with Eq. (2.13), and they
rewrite as

Gµν (〈gµν〉) = χ 〈Tµν〉+ Eµν . (2.16)

Note that this field equations are different from Eqs. (2.12) used at local scales, since an extra term
emerges from the non-commutation between the averaging procedure and time evolution. If we apply
an average procedure on a lumpy distribution and then compute the time progression of the smoothed
values using the Einstein equation, the outcome would differ from what we would get by evolving the
original inhomogeneous distribution and averaging it only at the very end. Hence, starting from a local
point of view, we end up in a large-scale description: the Universe might appear homogeneous after the
averaging process, but the extra term Eµν could affect the cosmological dynamics. This fact is the so-
called backreaction problem in cosmology, namely the backreaction of local inhomogeneities on the global
cosmological dynamics of an averaged background. The extra contribution is regarded as a correction
(backreaction) term.

The backreaction mechanism was investigated by T. Buchert [167–169] to try to explain, or partially
explain, the accelerated expansion of the present-day Universe through an additional source in the Einstein
field equations provided by the backreaction term. Buchert used the synchronous gauge and chose a
foliation of space-time with space-like hypersurfaces; he applied the averaging procedure specifically
for a set of comoving observers, starting from field equations in the Arnowitt-Deser-Misner (ADM)
formalism [113, 228, 229]. Following Buchert’s approach, the averaged Friedmann equations include an
extra contribution, which may play the role of a cosmological constant.

In this thesis, we are not interested in this approach to provide an explanation for the dark energy
component, but we remark that Buchert’s formalism was the starting point and a powerful tool to
develop a more general average prescription with the idea of analyzing the effect of inhomogeneities on
cosmological observables, as we discuss in Chapter 7. In particular, Buchert defined the average of a
scalar quantity S (t, ~x) on a three-dimensional compact and simply connected domain D as

〈S (t, ~x)〉D (t) ≡ 1

VD

ˆ
d3x

√
g(3) S (t, ~x) , (2.17)

where VD ≡
´
d3x

√
g(3) is the volume of D, and the integration measure is weighted with the determinant

g(3) of the three-metric induced on space-like hypersurfaces.
Finally, we stress the fact that we will focus on average only scalar quantities on a portion of space-

time in GR. We have to mention that there is no currently well-defined procedures to average vectors
and tensors2.

2.2.2 Light-cone averaging prescriptions

Since astronomical and astrophysical observations are based on receiving light signals from a space-time
region associated with null hypersurfaces, the past light-cone of the observer, it is crucial to perform the
light-cone averaging for a given scalar quantity S (x), for instance the luminosity distance. The Buchert’s
averaging prescription in Eq. (2.17) depends on the choice of space-like hypersurfaces used to foliate
the space-time, and consequently on the integration domain D. The average in Eq. (2.17) is not gauge
invariant, since if we change gauge the averaging procedure is performed on a different hypersurface.
Therefore, it can be shown that this problem of gauge invariance can be overcome by introducing a
proper window function, which is intendended to select a specific region of the space-time for averaging,

2An interesting general formalism is the so-called Macroscopic Gravity [230], which was developed by R. Zalaletdinov to
try to average tensors on general manifolds. The final purpose is to average the Einstein-Hilbert field equations.
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and most importantly, it regulates domain deformations due to gauge transformations such that the new
average prescription is gauge-invariant [172, 174]. To this end, the window function should contain only
scalar quantities. Let us see more in detail how to define a proper averaging prescription on the past-light
cone.

We consider a foliation of the space-timeM4 given by space-like hypersurfaces Σ (A), each of which
is labelled with a constant value of a scalar function A (x) with x = (t, ~x). We recall that for space-like
hypersurfaces the function A (x) has time-like gradient: ∂µA∂µA < 0. The normal vectors of Σ (A) are
written as

nµ = − ∂µA√
−∂νA∂νA

, (2.18)

which satisfies also nµ nµ = −1 and can be identified in the four-velocity of a comoving observer along
the flow lines of nµ. Moreover, V (x) is a scalar field associated with null hypersurfaces, such that
∂µV ∂

µV = 0. In this region, the photons momenta are kµ = ∂µV . For a given observer, the past light-
cone is the four-dimensional region Ω bounded by two hypersurfaces, one space-like, A (x) = A0 = const.,
and the other one null, V (x) = V0 = const.

The average of a scalar quantity S (x) in the past light-cone [172] is defined as

〈S (x)〉 ≡ I (S;WΩ)

I (1;WΩ)
, (2.19)

where the integral is given by

I (S;WΩ) =

ˆ
M4

d4x
√
−g (x)WΩ (x) S (x) (2.20)

in terms of a window function WΩ (x). Note that I (1;WΩ) provides the volume of Ω.

Now, we can build several averaging prescriptions using different window functions, which select
only a specific region of the past light-cone, depending on cosmological observables or different physical
applications. For instance, the intersection of Σ (A0) with the light-cone V (x) = V0 represents a compact,
two-dimensional region Ω embedded in the past light-cone. This is the region from which a source could
emit light signals, and the averaging procedure can be applied to scalar observables, such as the luminosity
distance or redshift. In this case, the window function is can be written as

WΩ (x) = −nµ∇µΘ [(A (x)−A0)] nν ∇νΘ [V0 − V (x)]

= |∂µV (x) ∂µA (x)| δD [A (x)−A0] δD [V0 − V (x)] , (2.21)

where Θ denotes the Heaviside step function, and we have used Eq. (2.18) and the property that the
distributional derivative of Θ gives the Dirac delta function δD.

We can have different prescriptions of average, according to the choice of the window function. If
we are receiving signals though massive messengers from internal region Ω of the past light-cone of the
observer, it is convenient to consider space-time regions that are causally connected with us. Then, we
perform averages with the following window function are

WΩ (x) = nµ∇µΘ (A−A0) Θ [V0 − V ]

=
√
−∂µA∂µAδD (A−A0) Θ (V0 − V ) , (2.22)

which is useful to select the causally connected sections of the fixed hypersurface Σ (A0), spanned by the
variation of the null hypersurfaces V (x).

Finally, another interesting possibility is to average a scalar quantity on different regions of a fixed
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light-cone V0, spanned by the variation of Σ (A), if photons are arriving from sources located a different
redshifts. Then, the window function becomes

WΩ (x) = −Θ (A−A0) nµ∇µΘ (V0 − V )

=
|∂µV ∂µA|√
−∂νA∂νA

Θ (A−A0) δD (V0 − V ) . (2.23)

The resulting integration region Ω is a truncated light-cone. The different light-cone averaging prescrip-
tions from Eq. (2.19) with integration regions selected by the window functions (2.21), (2.22), and (2.23)
are summarized in Fig. 2.1.
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Figure 2.1: The light-cone averaging can be performed on different regions related to the past-light cone
of the observer. The covariant and gauge-invariant average prescritpion from Eq. (2.19) is adapted by
using three different window functions (2.21), (2.22), and (2.23) (see the panels (c), (b), (a), respectively).
This plot is reported in [172].

2.2.3 Generalized formulation to average cosmological observables

Before generalizing the previous averaging prescriptions, we remark here that it is crucial to know what
the basic elements which shoud be considered to define a well-posed prescription, such as the physical
observables we are interested in, the location of the source, the types of signals emitted from the source
to us, and the nature of the observer. Furthermore, we could be interested in introducing an extra weight
factor in the integral for averaging, such as the matter density or galaxy number counts.

Bearing in mind these various aspects, we present an extension of the averaging procedure reported
in the previous section, following the approach developed in [174]. In this regard, in addition to specify
obviously the cosmological observable S (x) to be averaged (i.e., the luminosity distance), we have to
define a set of other five different scalar fields Γ ≡ (A,B,C, V, ρ):

• A (x) is related to a free-falling observer with its four-velocity nµ in the form of Eq. (2.18), and has
time-like gradient, i.e., ∂µA∂µA < 0;
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• B (x) labels the space-like hypersurfaces, where the sources are placed, such that ∂µB ∂µB < 0 ;

• C (x) allows to define the four-vector

mµ = − ∂µC√
|∂νC ∂νC|

, (2.24)

whose flow lines are considered to evaluate the span of the volume integral over a fixed hypersurface
B;

• V (x) identifies the past-light cone of the observer, as shown in the averaging prescriptions in the
previous section;

• ρ (x) is the eventual extra weight we mentioned above.

First of all, note that if A = B = C and ρ = 1, we recover the averaging procedure in Sect. 2.2.2. On the
contrary, we remark here that while the scalar field A relies on the state of motion of the observer, the two
fields B and C depends on the geometry and the conditions under which observations are obtained. For
instance, if we aim to investigate light signals emitted from sources at a given redshift, it is convenient to
select C = A, which implies mµ ≡ nµ, and also set B = kµ nµ, which identifies the redshift z of photons
emitted from the source with respect to the observer. Furthermore, we stress that if the signal messengers
are massive, then the scalar field V must have time-like gradient.

As a specific application, now we focus on averaging S (x) on the compact, two-dimensional region
Ω embedded in the past light-cone, given by the intersection of the hypersurface Σ (Bs), where Bs
identifies the source, with a fixed past light-cone of the observer V = V0. Hence, we can set Γ =

[A (x) , Bs, C (x) , V0, ρ (x)] and this light-cone average is defined as

〈S〉Σ(Bs) ≡
I (S,Γ)

I (1,Γ)
, (2.25)

where the integral I (S,Γ) is written as in Eq. (2.20), but it contains a window function WΩ (x) more
general and different from those given in Eqs. (2.21), (2.22), and (2.23). In this case, we write

WΩ (x) = ρnµ∇µΘ (Vo − V ) mµ∇µΘ (Bs −B)

= ρ δD (Vo − V ) δD (Bs −B)
∂µA∂µV√
|∂αA∂αA|

∂νC ∂νB√
|∂βC ∂βC|

, (2.26)

where we have used again the distributional derivative of Θ and the definitions of the four-vectors nµ and
mµ. It is straightforward to check that the window function (2.21) is recovered if A = B = C and ρ = 1,
as we mentioned above.

We would like to stress that, actually, we will not adopt a specific averaging prescription in this
thesis, since the method presented in Chapter 7 is completely general and valid for any prescription. Our
intention in this chapter was to present the averaging problem and some useful prescriptions to average
scalar observables on the past-ligh cone, in order to have a clear picture of how a well-posed averaging
prescription should be defined, when we will discuss it in Chapter 7.



Part II

The evolution of the Hubble constant
with the redshift
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Chapter 3

Redshift binned analysis using standard
candles

The Hubble constant tension is one of the biggest open problems of modern cosmology, as we discussed
in Sect. 1.1.7. Having in mind that this discrepancy is given by independent measurements of the Hubble
constant H0 referred to different redshifts (local measurements versus CMB data), in this chapter we
investigate the possibility of a hidden evolutionary effect that could imply a running Hubble constant
with the redshift [177–179, 231–234]. We focus on the data analysis of the Pantheon sample [176], a
compilation of 1048 spectroscopically confirmed SNe Ia that gathers different surveys with a redshift
range 0 < z < 2.26. SNe Ia are observed up to a low redshift range: the farthest so far discovered is
at z = 2.26 [235]. The basic idea of the analysis developed in this chapter is to divide the sample into
redshift bins to check whether H0 assumes constant values inside each bin or evolves along the redshift
range of the Pantheon sample. In this regard, we follow a binned analysis of the Pantheon sample in
three, four, twenty, and fourthy redshift bins to extract the values of H0 in each bin. Then, if data points
suggest a possible evolution, we want to fit them with a function of the redshift. Note that, in principle,
a possible evolution of an effective Hubble constant with the redshift might address the H0 tension, since
the fitting function arising from the phenomenology of SNe Ia could match incompatible measurements
of the Hubble constant obtained from probes at different redshifts. The Part II of this thesis is devoted
to investigate a possible and unexpected evolution of the Hubble constant. In this and the next chapter
we perform analysis on local sample, while in Chapter 5 we will provide a theoretical interpretation of
an effective Hubble constant. The content of this chapter is mainly based on the original works from [TS
3, 6, 8].

3.1 Methodology

We compare the theoretical distance modulus µth of each SN given by Eq. (1.58) with the observed
distance modulus µobs in Eq. (1.59). We remind that µth depends on the luminosity distance dL, hence
is referred to a specific cosmological model. In this chapter, the analysis is perfomed by considering
spatially flat ΛCDM and w0waCDM cosmological models in the late Universe, for which the Hubble
function, contained in the luminosity distance through the general expression (1.55), is provided by
Eqs. (1.38) and (1.97), respectively, with Ωk0 = 0, and Ωr0 = 0. Also note that ΩΛ0 = 1 − Ωm0 and
ΩDE 0 = 1− Ωm0 for the flat ΛCDM and w0waCDM models, respectively.

It should be emphasized that the Hubble constant H0 is degenerate with the absolute magnitude M
of a SN, as we mentioned in Sect. 1.1.5, and as it can be checked by combining Eqs. (1.58), (1.55) and
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(1.38). Specifically,M is calibrated to −19.35 in the Pantheon sample such that H0 = 70.0 km s−1 Mpc−1

[176].
We now introduce a slight modification for the computation of luminosity distance (1.55), which in

the case of SNe Ia is more precise according to [121]:

dL (zhel, zHD) = (1 + zhel)

ˆ zHD

0

dz′

H (z′)
, (3.1)

where zhel is the heliocentric redshift, and zHD is the corrected CMB redshift, or “Hubble-diagram”
redshift, which takes into account the peculiar velocity corrections.

To perform a statistical analysis, we consider the difference ∆µ = µobs − µth and the χ2
SNe defined in

Eq. (1.61), which we rewrite here for the sake of convenience:

χ2
SNe = ∆µT C−1 ∆µ , (3.2)

where
C = Csys +Dstat (3.3)

is the full covariance matrix. The Csys matrix involves systematic errors, while Dstat is a diagonal ma-
trix that contains statistical errors for each SN, due to peculiar velocities, photometry, bias, stochastic
gravitational lensing, mass step correction, and intrinsic scatter [176]. Referring to the Pantheon sam-
ple, ∆µ represents a vector with 1048 components, while C, Csys and Dstat are 1048 × 1048 square
matrices. The Pantheon sample data is available in the repository by Scolnic et al. (2018) [176]
(https://github.com/dscolnic/Pantheon).

Since we are interested in checking the values of H0 along the redshift range of the Pantheon sample,
we follow a binning approach. Therefore, we split the Pantheon sample in different redshift bins each
having the same number N of SNe Ia. More precisely, we have considered 1048 SNe Ia, ordered them
by redshift, and then divided into different redshift bins (three, four, twenty, and fourthy) with equally
populated subsamples of SNe Ia. The choice of three bins is motivated by a relatively high number of
SNe to still provide statistical representative subsamples. For instance, if we have three bins, N ≈ 349

SNe for each bin, and the redshift ranges are 0.01 < z < 0.18, 0.18 < z < 0.34, and 0.34 < z < 2.26.
In the case of four bins, instead, N = 262 in each bin and the redshift ranges are: 0.01 < z < 0.13,
0.13 < z < 0.25, 0.25 < z < 0.42, and 0.42 < z < 2.26. Moreover, if we consider twenty and fourthy bins,
the redshift ranges for their first bins are 0.010 < z < 0.021, and 0.010 < z < 0.016, respectively.

Then, we build the subvectors ∆µ containing data from N SNe, according to the binning division and
redshift order. We also divide the full covariance matrix C into N ×N submatrices for each redshift bin.
In this regard, concerning simply the statistical contribution Dstat in C, each diagonal element of the
Dstat matrix is related to a single SN, hence we can quickly build the submatrices starting from Dstat.
However, if we include the systematic errors, we need to consider also Csys, which is not a diagonal
matrix. Thus, we used a customized code to select Csys elements involved only with the SNe within the
redshift bin taken into account. Hence, we build properly the submatrices, considering both statistical
and systematic errors related to the SNe for each bin.

3.2 Preliminary analysis

To focus only on H0 as a nuisance parameter in a one-dimensional analysis and constrain it in each bin,
we need to fix the values of the other cosmological parameters. Thus, in each bin we assume the fiducial
value Ωm0 = 0.298 for a flat ΛCDM model, and Ωm0 = 0.308 with w0 = −1.009 and wa = −0.129 for a

https://github.com/dscolnic/Pantheon
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flat w0waCDM model in all the redshift ranges. These fiducial values are chosen according to the results
in [176] combining the SNe and CMB analysis. Moreover, we need to fix the absolute magnitude M of
SNe Ia in each bin. Bearing in mind the degeneracy betweenM and H0, we calibrateM to obtain a value
of H0 = 73.5 km s−1 Mpc−1 in the first redshift bins, according to a nominal value from measurements
of the local probes at low redshifts.

Thus, we perform a preliminary analysis for both ΛCDM and w0waCDM models to obtain the respec-
tive value ofM for each binning division in the first redshift bin, which is characterized by a mean redshift
z � 1. To do this, we minimize the χ2

SNe in Eq. (1.61) with the Cobaya package available in Python [236].
Then, we use the MCMC methods to sample a posterior distribution and obtain the confidence intervals
of the parameter at the 68 % level. Finally, M is obtained for each binning division (see Table 3.1). The
results for M are summarized in Fig. 3.1 and Table 3.1. Note that the values of M are all compatible
with each other in 1 σ. After this preliminary analysis, we fix M in all the other bins. One might expect
that also H0 assumes the same values in all the redshift bins, due to its degeneracy with M .

However, one might argue that this approach does not always guarantee that the value of Ωm0, which
we fix as a fiducial, remains consistent within 1 σ or 2 σ with the values obtained by applying the same
analysis to the total Pantheon sample (no bins). To this end, we perform the binned analysis with three
and four bins by varying Ωm0 and H0 contemporaneously for a flat ΛCDM model. The results obtained
for Ωm0 are consistent in 1 σ for three bins and in 2 σ for four bins with the values obtained when we
employ the total Pantheon sample. Our derived value of Ωm0 = 0.298 ± 0.016 from the total Pantheon
sample is consistent within 1 σ with the value obtained in [176] from the Pantheon sample itself, thus
validating our approach. Then, this method guarantees us that the precompiled covariance matrix C,
given by [176], can be reliably used.

We here clarify the selection criteria for the choice of the binning division: the contours for the
parameters H0 and Ωm0 should constrain these parameters, so that Ωm0 for every single bin in the
groups of three and four bins must be compatible at least within 2 σ with the value of Ωm0 relative to
the full Pantheon sample. The results are summarized in Fig. 3.2. Looking at three bins (see the left
panel of Fig. 3.2), we have the most favored framework: all three bins show closed contours in these
intervals: 0 < Ωm0 < 1, 60 km s−1 Mpc−1 < H0 < 80 km s−1 Mpc−1. Furthermore, in this case the
value of Ωm0 is consistent within 1 σ with the value of Ωm0 related to the full sample, shown in red.
The four-bin scenario (see the right panel of Figure 3.2) has been introduced to mimic the bin division of
[178], and the results are quite satisfactory, but not all bins are compatible within 1 σ with the reference
value of the total Pantheon, rather reaching compatibility only in 2 σ, as shown in the red contours. We
performed an additional analysis that has demonstrated that the division of the Pantheon sample into
more than four bins leads to incompatible values of Ωm0 with the fiducial value of the total Pantheon
sample in 2 σ. Thus, this analysis leads us to conclude that with the cosmological parameters here
adopted (Ωm0 = 0.298, H0 = 73.5 km s−1 Mpc−1), the optimal number of bins in which we can divide
the Pantheon sample is at most four, thus strongly disfavoring the possibility of subsequent divisions in
bins. Nevertheless, we show what the results of our analysis would look like in the cases of twenty and
fourthy bins, here considered very extreme cases of binning.

3.3 Main analysis

Now, we can approach the main part to check the values of H0 after a binned analysis of the Pantheon
Sample for both the ΛCDM and w0waCDM models, i.e. adopting the expression of the luminosity
distance within these theoretical frameworks. We use again the minimization of χ2

SNe, and in the MCMC
we set the priors: 60 km s−1 Mpc−1 < H0 < 80 km s−1 Mpc−1. Finally, we extract and obtain the value
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Figure 3.1: Posterior distributions for M after minimizing χ2
SNe and performing the MCMC for the first

bin in each binning division: bin 1 of 3 (upper left panel), bin 1 of 4 (upper right panel), bin 1 of
20 (lower left panel), and bin 1 of 40 (lower right panel). In this analysis, H0 is set to the value of
73.5 km s−1 Mpc−1. This figure is extracted from [TS 3].

of H0 in each redshift bin. To investigate an evolution of H0 with the redshift z, we apply a non-linear
fit [TS 3] written as

Hfit
0 (z) =

H̃0

(1 + z) α
, (3.4)

with two fitting parameters, H̃0 and α. Note that H̃0 = Hfit
0 (z = 0). Moreover, the α coefficient indicates

the evolutionary trend: if α 6= 0, we have a redshift evolution, otherwise Hfit
0 is simply a constant. We

here remark that the choice of the functional form of Hfit
0 (z) as a power law is standard for characterizing

the evolution of many astrophysical sources or cosmological quantities.

In Figs. 3.3 and 3.4, we can observe a slowly and unexpected decreasing trend [TS 3] for Hfit
0 (z) in

the ΛCDM model and also in the w0waCDM model. The fitting parameters and their respective errors
in 1 σ are listed in Table 3.1. Note that, for instance, the α parameter is consistent with zero, namely
no evolution, in 2.0 σ in the ΛCDM model using three bins, while for four bins α is consistent with zero
only at 1.5 σ. Similarly, for the case of w0waCDM model, α is consistent with zero only at the level of
1.9 σ for three bins and only in 1.2 σ for four bins, thus showing an evolution of Hfit

0 (z) with redshift.

Note that the α parameters are steeper in the case of twenty and fourty bins, because we have a smaller
number of SNe inside each bin. Hence, deviations of data from the fitting function Hfit

0 (z) become more
evident. On the contrary, if we consider bins with hundreds of SNe, these small deviations are averaged,
thus resulting in a flatter trend. Nevertheless, the α coefficients in the four cases are mutually compatible
in 1 σ, thus highlighting a persistent decreasing trend in the data. These results seem to suggest that
the Hubble constant may evolve with z, hence changing its value according to the cosmic distance of the
sample.
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Figure 3.2: Contours for the cosmological parameters Ωm0 and H0 within the framework of a flat ΛCDM
model. Left panel: The contours are shown considering three bins, where the color code is used for
contours related to the first (light blue), second (orange), and third (green) redshift bin. Right panel:
The same analysis is performed using four bins, adopting the same color code with the addition of the
fourth bin in dark blue. In both of these figures, shown with the same axis scale for better comparison, the
red contour denotes the analysis computed considering the total Pantheon sample. To plot the contours,
we assume the local values of M as presented in Table 3.1 (upper part) considering three and four bins
within the ΛCDM framework. This figure is extracted from [TS 3].

Flat ΛCDM model, fixed Ωm0 = 0.298

Bins H̃0 α α
σα

M Hfit
0 (z = 11.09) Hfit

0 (z = 1100)(
km s−1 Mpc−1

) (
km s−1 Mpc−1

) (
km s−1 Mpc−1

)
3 73.577± 0.106 0.009± 0.004 2.0 −19.245± 0.006 72.000± 0.805 69.219± 2.159
4 73.493± 0.144 0.008± 0.006 1.5 −19.246± 0.008 71.962± 1.049 69.271± 2.815
20 73.222± 0.262 0.014± 0.010 1.3 −19.262± 0.014 70.712± 1.851 66.386± 4.843
40 73.669± 0.223 0.016± 0.009 1.8 −19.250± 0.021 70.778± 1.609 65.830± 4.170

Flat w0waCDM Model, fixed Ωm0 = 0.308, w0 = −1.009, and wa = −0.129

Bins H̃0 α α
σα

M Hfit
0 (z = 11.09) Hfit

0 (z = 1100)(
km s−1 Mpc−1

) (
km s−1 Mpc−1

) (
km s−1 Mpc−1

)
3 73.576± 0.105 0.008± 0.004 1.9 −19.244± 0.005 72.104± 0.766 69.516± 2.060
4 73.513± 0.142 0.008± 0.006 1.2 −19.246± 0.004 71.975± 1.020 69.272± 2.737
20 73.192± 0.265 0.013± 0.011 1.9 −19.262± 0.018 70.852± 1.937 66.804± 5.093
40 73.678± 0.223 0.015± 0.009 1.7 −19.250± 0.022 70.887± 1.595 66.103± 4.148

Table 3.1: Fitting parameters (H̃0 and α) of Hfit
0 (z) (Eq. (3.4) and extrapolated values at high redshifts,

after a binned analysis of the Pantheon sample, focusing on a flat ΛCDM model (upper part) and a
flat w0waCDM model (lower part). The first column indicates the number of bins, the second and the
third columns denote the fitting parameters, H̃0 and α, contained in the Hfit

0 (z) function, according to
Eq. (3.4). The compatibility of α with zero (no evolution) is expressed in terms of 1 σ in the fourth
column. The new absolute magnitude M , which provides H0 = 73.5 km s−1 Mpc−1 in the first bins,
is listed in the fifth column. In the last two columns, we show the extrapolated values of Hfit

0 (z) and
the corresponding errors at the redshift of the most distant galaxies, z = 11.09, and the last scattering
surface, z = 1100. All the uncertainties are given in 1σ.
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Figure 3.3: Evolution of H0(z) with redshift according to Eq. (3.4) as a result of a binned analysis of the
Pantheon sample in three and four redshift bins for a flat ΛCDM model (left panels) with fixed density
parameter Ωm0 = 0.298, and a flat w0waCDM model (right panels) with fixed parameters w0 = −1.009,
wa = −0.129, and Ωm0 = 0.308. These panels are extracted from [TS 3].
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Figure 3.4: The left panels show an evolving trend of Hfit
0 (z), by starting from H0 = 73.5 km s−1 Mpc−1

and with the corresponding associated fiducial value for M , indicated inside each plot, for the ΛCDM
model. The upper and the middle left panels show twenty and fourthy bins, respectively, similarly to
Fig. 3.3. The lower left panel shows the α parameter as a function of the different bins (3, 4, 20, 40),
as a results of the fitting procedure summarized in Table 3.1. The right panels show the same pattern
referred the w0waCDM model. This figure is reported from [TS 3].
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3.4 Final results

It should be emphasized that we have investigated this evolutionary trend of Hfit
0 (z) also within the

framework of the w0waCDM model to verify the hypothesis of whether this trend disappears when
considering a modified equation-of-state parameter for the dark energy. Our results point out that
Hfit

0 (z) exhibits a redshift evolution also in the w0waCDM model, thus wDE (z) for the dark energy is not
enough to explain the observed trend. In other words, we should have had a flat profile of Hfit

0 (z), after
a binned analysis of the Pantheon sample, using the luminosity distance and the Hubble function (1.97)
within the framework of the w0waCDM model, to claim that the evolution of Hfit

0 (z) observed in the
ΛCDM model could be explained by a dark energy parameter wDE (z), but this is not the case. Hence,
the observed evolution of Hfit

0 (z) is not due to the wDE(z).
A possible evolutionary trend of the Hubble constant implies interesting consequences. If the observed

trend of Hfit
0 (z) is intrinsic and does not depend on a specific sample, one may ask what happens with

other local probes or in the early Universe at very high redshifts. Hence, we extrapolate the fitting
function of Hfit

0 (z) to the redshift of the most distant galaxies, z = 11.09 [237], assuming that this trend
could be observed in principle also in other high-redshift probes. Furthermore, we extrapolate Hfit

0 (z) also
to the redshift of the last scattering surface, z = 1100, to compare the latter values of Hfit

0 (z) with the
one inferred from Planck measurements for the CMB. We find that the extrapolated values to z = 1100

in Table 3.1 are consistent within 1 σ with the value of HCMB
0 , obtained from the Planck measurements

for both the ΛCDM and w0waCDM models regardless the number of bins. We here stress that the error
bars on the extrapolated values are large essentially because we propagate the errors on both H̃0 and α.

It should be emphasized that the decreasing trend Hfit
0 (z) not only reduces the tension but provides

a new way to approach the problem. Indeed, there could be no more a tension between independent
measurements of H0, but an intrinsic evolution of Hfit

0 (z) may match the observations obtained from
different probes located at different redshifts.

Besides, we would need to account for this new definition of Hfit
0 (z) in the luminosity distance for an

effective flat ΛCDM picture in the following way:

dL(z) =
1 + z

H̃0

ˆ z

0

(1 + z′) α dz′√
Ωm0 (1 + z′)

3
+ ΩΛ0

. (3.5)

In Fig. 3.5 we show how the corrected luminosity distance (blue line for three bins, green line for
four bins), which takes into account the dependence of Hfit

0 (z), deviates from the standard luminosity
distance (red line) defined in Eq. (1.55) in the flat ΛCDM model. It is visible that at high z (z = 11.09),
there is an overestimation of 2.2% and 2% of the corrected luminosity distance computed in the ΛCDM
model from Eq. (3.5) compared to the standard luminosity distance in Eq. (1.55) for three and four bins,
respectively.

We conclude this chapter by postponing the theoretical discussions of our results, which will be
properly addressed in Chapter 5. Before doing that, we show an extension of the current analysis in the
next chapter.
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Figure 3.5: Luminosity distance in linear scale (cm) for the flat model Equation (3.5) vs. the luminosity
distance corrected by using Eq. (3.4) for both three (left panel) and four bins (right panel). This figure
is extracted from [TS 3].
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Chapter 4

Redshift binned analysis using standard
candles and rulers

The analysis in the previous chapter has shown a slow evolution of the Hubble constant throughout the
redshift range of the SNe Ia Pantheon sample. Once we have established if the Hubble constant undergoes
redshift evolution, the Pantheon sample can safely be combined with other probes. In this chapter, we
investigate if this evolution still holds by using other local probes. In addition to standard candles, namely
the SNe Ia gathered in the Pantheon sample, we also consider standard rulers, i.e. BAOs (see Sect. 1.1.5).
Here, we start with the local value of H0 = 70.0 km s−1 Mpc−1 and divide the Pantheon sample into three
bins ordered in increasing values of redshift. We extend our previous analysis performed in Chapter 3, by
varying not only one single cosmological parameter but two contemporaneously (H0, Ωm0 in the ΛCDM
model and H0, wa in the w0waCDM model). Then, we implement a MCMC analysis obtaining the value
of H0 for each bin. In order to discuss the possibility that an effective redshift evolution of the Hubble
constant could be due to a modified gravity scenario, we perform a similar binning analysis within the
f (R) HS model, which was introduced in Sect. 1.3.2. Our approach has a two-fold advantage: on the one
hand, it is relatively simple, and on the other hand, it may be able to highlight a residual dependence
on the SNe Ia parameters with redshift. We here point out that this analysis is focused to study the
reliability of the trend of an effective Hubble constant as a function of the redshift. Finally, we will
conclude this chapter by discussing some reasons to explain our results, but a more fulfilling theoretical
interpretation will be provided in Chapter 5. The analysis performed in this chapter is presented in [TS
2, 6, 8].

4.1 Binning approach within General Relativity

4.1.1 Methodology

We follow a redshift binning approach similar to the one adopted in Chapter 3 to investigate the Hubble
constant tension through low-redshift probes, specifically the SNe Ia and BAOs data. We combine
Eqs. (3.2) and (1.67) to obtain the total χ2

χ2 =
1

2
χ2
SNe +

1

2
χ2
BAO. (4.1)

In this chapter, we combine each SNe bin with only one BAO data point, which has a redshift value
within the SNe bin: this approach of using one BAO comes from [238]. More specifically, we consider

65
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a subset of the BAO dataset available in [186]. Through Eq. (4.1), we investigate if a redshift evolution
of Hfit

0 (z) is present, firstly from the binning of SNe Ia+BAOs with simple dark energy models, namely
the ΛCDM and w0waCDM models (see Sects. 1.1 and 1.2).

In our binned analysis, we focus on the optimal values of H0 to minimize the χ2 in Eq. (4.1). We
recall that the Hubble constant is contained in the expression of the luminosity distance in Eq. (1.55)
and H0 is regarded as a nuisance parameter, which is free to vary, to better analyze a possible redshift
evolution. Here, we adopt a starting value for H0 = 70.0 km s−1 Mpc−1, which is different from the
one adopted in the in Chapter 3, that was H0 = 73.5 km s−1 Mpc−1. If a trend with redshift exists, it
should be independent on the initial value of H0. Then, we follow the assumptions on the fiducial value
of M = −19.35 and we consider the conventional value of the Pantheon sample release. The systematic
contributions for the Pantheon sample are calibrated through a reference ΛCDM cosmological model,
where H0 is 70.0 km s−1 Mpc−1.

Concerning the number of bins in our analysis, we decide to divide our sample in three redshift bins.
This choice is is justified by the high number of SNe Ia (around hundreds of SNe per bin) that can still
constitute statistically illustrative subsamples of the Pantheon sample and that can properly consider
the contribution of systematic uncertainties. Indeed, a feasibility study done in Chapter 3 performed
with different bins selections has highlighted how the maximum number of bins in which the Pantheon
sample should be divided is three (see Fig 3.2), otherwise the statistical fluctuations would dominate
on a multi-dimensional analysis, leading to relatively large uncertainties which would mask any evolving
trend, if present.

Furthermore, for the same reason, it is not advisable to leave free to vary more than two parameters
at the same time, thus in the current chapter, we will analyze the behavior of H0 in three bins, when it is
varied together with a second cosmological parameter. This fact makes necessary the choice of more tight
priors since we are basing the current analysis on the prior knowledge, avoiding the degeneracies among
the parameter space, and letting the priors have more weight in the process of posteriors estimation. We
let the parameters H0 and Ωm0 vary simultaneously for the ΛCDM model, while in the w0waCDM model
the varying parameters are H0 and wa. We decid to leave wa free to vary since, according to the CPL
parametrization in Eq. (1.96), wa gives direct information about the evolution of the w(z) while w0 is
considered a constant in the same model.

Concerning the fiducial values for the ΛCDM model and the priors assignment for the MCMC com-
putations, we apply Gaussian priors with mean equal to the central values of Ωm0 = 0.298± 0.022 and
H0 = 70.393± 1.079 from [176], and with 1 σ = 2× 0.022 and 1 σ = 2× 1.079 for Ωm0 and H0, respec-
tively. In summary, to draw the Gaussian priors, we consider the mean value of the parameters as the
expected one of the Gaussian distribution and we double the σ value which is then considered the new
standard deviation for the distribution. Concerning the w0waCDM model, we fix w0 = −0.905 and we
consider the priors on wa with the mean = −0.129 taken from Table 13 of [176], while 1 σ = is the 20%

of its central value. Such an assumption with small priors is needed since we are avoiding phantom dark
energy models with w (z) < −1.

4.1.2 Analysis

After the minimization of χ2 in Eq. (4.1), we extract the H0 value and its uncertainty in each redshift
bin, via the Cobaya code [236]. To this end, we execute an MCMC using the D’Agostini method to obtain
the confidence intervals for H0 at the 68% and 95% levels, in three redshift bins.

Once H0 is obtained for each bin, we perform a fit of H0 using the same fitting function in Eq. (3.4),
adopted in the previous analysis in Chapter 3. Our Results are presented in the panels of Table 4.1. We
here stress that the fiducial absolute magnitude value is assumed to be M = −19.35 for each SNe bin,
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thus it will not be mentioned in the same Table. All the uncertainties in the tables are in 1 σ. As reported
in the upper half of Table 4.1, namely with the ΛCDM model, if we do not include the BAOs then the
α coefficient is compatible with 0 (no evolution) in 2.0 σ for the three bins case. When we introduce
the BAOs within the ΛCDM model, we observe again a reduction of the α/σα ratio for three bins down
to 1.2. Concerning the lower half of Table 4.1 with the w0waCDM model, when BAOs are not included
we have α non compatible with 0 in 5.7 σ and, including the BAOs, the compatibility with 0 is given
in 5.8 σ. The increasing of the ratio α/σα is observed when BAOs are added in the case of w0waCDM
model in three bins. The results can be visualized in Fig. 4.1. Comparing the α/σα ratios reported in
Table (3.1) with Table 4.1, we have that for the ΛCDM model the current α values are compatible in
1 σ with the αs reported in Table (3.1), while the α estimated in the w0waCDM model are compatible
in 3 σ with the α values in the same reference paper.

Table 4.1: Upper half: fitting parameters of Hfit
0 (z) for three bins (flat ΛCDM model, varying H0 and

Ωm0) in the cases with SNe only and with the SNe + BAOs contribution. In the columns the fitting
parameters H̃0 and α are reported, and the last column denotes how many σs the evolutionary parameter
α is compatible with zero (namely, α/σα). Lower half: similarly, fit parameters of Hfit

0 (z) (flat w0waCDM
model, varying H0 and wa) without and with the BAOs.

Flat ΛCDM model, varying H0 and Ωm0

Probes H̃0 α α
σα(

km s−1 Mpc−1
)

SNe 70.093± 0.102 0.009± 0.004 2.0
SNe+BAOs 70.084± 0.148 0.008± 0.006 1.2

Flat w0waCDM model, varying H0 and wa
Probes H̃0 α α

σα(
km s−1 Mpc−1

)
SNe 69.847± 0.119 0.034± 0.006 5.7

SNe+BAOs 69.821± 0.126 0.033± 0.005 5.8
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Figure 4.1: Left panel: the H0(z) vs. z by varying also Ωm0. The red color indicates the case with only
SNe Ia as probes, while the blue refers to the case of SNe + 1 BAO per bin. This color-coded will be
applied also in the right panel. Right panel: the same plot for the w0waCDM model, considering the
local fiducial value H0 = 70.0 km s−1 Mpc−1, where both H0 and wa are left free to vary. These panels
are extracted from [TS 2].
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4.2 Binning approach within the f (R) Hu-Sawicki model

In order to investigate possible theoretical explanations for a decreasing trend of Hfit
0 (z), we now focus

on modified gravity models, testing the f (R) HS model.

4.2.1 Methodology

We repeat a similar binning approach as in the previous section, but here we adopt the luminosity distance
given in Eq. (1.131) in the f (R) gravity, specifically the HS model (see Sects. 1.3.2 and 1.3.3). We recall
that dL (z) can be computed in this formalism only after solving the set of coupled ordinary differential
equations (1.127), (1.128), where yH denote the deviation of H2 with respect to the matter contribution
in the ΛCDM model.

We have introduced the HS model in Sect. 1.3.2, but we rewrite here the functional form of its f (R)

for convenience:

f (R) = R+ F (R) = R−m2 c1
(
R/m2

)n
c2 (R/m2)

n
+ 1

, (4.2)

In particular, in this section we focus on the HS model with n = 1 in a flat geometry for simplicity,
and because this is the most studied case. We also recall that the parameters c1 and c2 are fixed by the
following conditions (see Eqs. (1.119) and (1.122)):

c1
c2
≈ 6

ΩΛ0

Ωm0
(4.3)

FR0 ≈ −
c1
c22

(
12

Ωm0
− 9

)−2

, (4.4)

where FR0 is the value of the field FR ≡ dF/dR at the present time, and F (R) is the deviation from the
Einstein–Hilbert Lagrangian density. Cosmological constraints provide |FR0| ≤ 10−7 from gravitational
lensing and |FR0| ≤ 10−3 from Solar system [107, 216, 225]. We explore several choices of FR0.

To simplify the numerical integration of the modified luminosity distance (1.131), we approximate
the numerical solution yH , obtained from the system (1.127), (1.128), by a polynomial of order 8. This
function is an accurate representation of yH when we restrict the solution to the range of Pantheon sample
(see Fig. 4.2). As a consequence, we obtain constraints on c1 and c2, according to Equations (4.3) and
(4.4).

Numerical solution

Polynomial fitting

0.0 0.5 1.0 1.5 2.0

2.35570

2.35570

2.35571

Redshift (z)

y
H
(z
)

Figure 4.2: The numerical solution for Eqs. (1.127) and (1.128) (blue dashed curve) plotted together with
its polynomial fitting (green continuous curve) in the case of FR0 = −10−7. The assumption of a function
of redshift in the form of a order-8 polynomial allows an accurate fit for the numerical values. The same
fitting procedure has been used in the FR0 = −10−4 case. This figure is included in [TS 2].
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4.2.2 Analysis

We here run the analysis in three redshift bins both for the case of Ωm0 fixed to a fiducial value of 0.298

and for several values of FR0 = −10−7,−10−6,−10−5,−10−4 (see Table 4.2 and Fig. 4.3) or we let Ωm0

vary with the two values of FR0 = −10−7,−10−4 (see Table 4.4 and Fig. 4.4) for the SNe alone and with
SNe + BAOs.

Note also that the α parameters are all consistent for the several values of FR0 in 1 σ, as you can
see in Table 4.2, for both SNe Ia and SNe Ia + BAOs. Moreover, the values of α are consistent in 1 σ
with the ones obtained from the analysis of the ΛCDM model (see also Table 4.1). We consider the cases
FR0 = −10−7, FR0 = −10−4 and, to study how these results may vary according to the different values
of Ωm0 chosen, we tested the model with four values of Ωm0 = (0.301, 0.303, 0.305) taken from the 1 σ
from a Gaussian distribution centred around the most probable value of 0.298 (see [176]).

We show in Fig. 4.4 the comparison between the different applications of the Hu–Sawicki model: in
the left panels (upper and lower), we consider SNe Ia only, while in the right panels (upper and lower)
we combine SNe Ia + BAOs.

Table 4.2: Fitting parameters of Hfit
0 (z) for three bins within the Hu–Sawicki model, with SNe

only and SNe + BAOs with a fixed value of Ωm0 = 0.298 and with several values of FR0 :
−10−4,−10−5,−10−6,−10−7. The columns contains: (1) the sample used, (2) FR0 values, (3) H̃0, (4) α,
according to Eq. (3.4); (5) how many σs α is compatible with zero (namely, the ratio α/σα). .

f (R) Hu-Sawicki model, results of the redshift binned analysis
Sample FR0 H̃0 α α

σα(
km s−1 Mpc−1

)
SNe −10−4 70.089± 0.144 0.008± 0.006 1.2

SNe+BAOs −10−4 70.127± 0.128 0.008± 0.006 1.4
SNe −10−5 70.045± 0.052 0.007± 0.002 3.0

SNe+BAOs −10−5 70.062± 0.132 0.007± 0.005 1.3
SNe −10−6 70.125± 0.046 0.010± 0.002 5.4

SNe+BAOs −10−6 70.115± 0.153 0.008± 0.007 12.1
SNe −10−7 70.118± 0.131 0.011± 0.006 1.9

SNe+BAOs −10−7 70.053± 0.150 0.007± 0.007 1.1

Thus, the existence of this trend is, once again, confirmed, and it remains unexplained also in the
modified gravity scenario. Indeed, a suitable modified gravity model which would be able to predict the
observed trend of H0, would allow observing a flat profile of Hfit

0 (z) after a binned analysis.
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Table 4.4: Fitting parameters of Hfit
0 (z) for three bins within the Hu–Sawicki model, with SNe and SNe

+ BAOs by fixing several values of Ωm0 = 0.298, 0.303, 0.301, 0.305 and values of FR0 = −10−4 and
FR0 = −10−7. The columns are as follows: (1) the sample used; (2) the Ωm0 value; (3) FR0; the fitting
paramenters (4) H̃0, (5) α, according to Eq. (3.4); (6) how many σs the evolutionary parameter α is
compatible with zero (namely, α/σα).

f (R) Hu-Sawicki model, results of the redshift binned analysis
Sample Ωm0 FR0 H̃0 α α

σα(
km s−1 Mpc−1

)
SNe 0.298 −10−7 70.140± 0.045 0.011± 0.002 5.1

SNe+BAOs 0.298 −10−7 70.050± 0.126 0.007± 0.006 1.2
SNe 0.303 −10−7 70.088± 0.075 0.012± 0.004 3.0

SNe+BAOs 0.303 −10−7 70.004± 0.139 0.009± 0.007 1.3
SNe 0.301 −10−7 70.054± 0.056 0.009± 0.003 3.0

SNe+BAOs 0.301 −10−7 70.072± 0.170 0.010± 0.008 1.2
SNe 0.305 −10−7 70.048± 0.034 0.012± 0.002 6.0

SNe+BAOs 0.305 −10−7 70.004± 0.140 0.010± 0.007 1.4
SNe 0.298 −10−4 70.135± 0.080 0.009± 0.004 2.2

SNe+BAOs 0.298 −10−4 70.087± 0.155 0.009± 0.007 1.2
SNe 0.303 −10−4 70.096± 0.146 0.012± 0.007 1.7

SNe+BAOs 0.303 −10−4 70.044± 0.129 0.009± 0.006 1.5
SNe 0.301 −10−4 70.111± 0.158 0.012± 0.008 1.5

SNe+BAOs 0.301 −10−4 70.038± 0.170 0.009± 0.008 1.1
SNe 0.305 −10−4 70.074± 0.026 0.016± 0.001 16.0

SNe+BAOs 0.305 −10−4 70.028± 0.090 0.011± 0.004 2.4
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Figure 4.3: The first four panels deal with H0 vs. z for SNe, the four bottom panels include
BAO measurements for the HS model. The upper 4 panels show from the left to the right FR0 =
−10−7,−10−6,−10−5,−10−4, respectively. The standard ΛCDM cosmology is shown in red and the HS
model in blue. Analogously, the bottom panels have the same notation about the values of FR0. These
panels are extracted from [TS 2].
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Figure 4.4: The Hubble constant versus redshift plots for the three bins of SNe Ia only, considering the
Hu–Sawicki model. Upper left panel. The condition of FR0 = −10−7 is applied to the case of SNe
only, with the different values of Ωm0 = 0.301, 0.303, 0.305. Upper right panel. The same of the upper
left, but with the contribution of BAOs. Lower left panel. The SNe only case with the FR0 = −10−4

condition, considering the different values of Ωm0 = 0.301, 0.303, 0.305. Lower right panel. The same
as the lower left, but with the contribution of BAOs. These figures are plotted in [TS 2].

4.3 Discussion of the results

In the following subsections, we discuss the role of selection biases in the Pantheon sample and possible
theoretical interpretations related to our results.

4.3.1 Possible astrophysical reasons

We here consider several effects that can play a role to have a running Hubble constant with the redshift.
One of them is the presence of metallicity in SNe Ia. The average stellar ages and metallicities evolve
with redshift, so it may happen that the average corrected SN Ia brightness at higher redshift will be
fainter than the one at lower redshift, if the observed bias is caused by the progenitor age or metallicity
[239]. This bias could affect in a non-negligible way the estimation of cosmological parameters. Many
authors have suggested different methods to encompass this problem. The authors of [240] have suggested
using host-galaxy mass as a third SN Ia brightness-correction parameter (after stretch and color), and
this is done in [176]: many of the associated systematic uncertainties of these effects are on the 1% level.
This tactic might improve any effects of luminosity caused by the SNe progenitor, while the possible
intrinsic color discrepancy between SNe Ia in hosts of different metallicities may explain the observed
bias of corrected SN Ia luminosity with host mass (and metallicity). Even if a strong correction for
color–luminosity factor is applied (β ∼ 3), a considerable Hubble residual step, ∆M , is still observed
(see Eq. (1.59)) between high- and low-metallicity hosted SNe. This could mean that other effects are
contributing to biases [239].

According to the stretch and the color evolution in [239], it was concluded that the stretch-corrected
and color-corrected SN Ia Hubble residuals of SNe Ia in high-mass and low-mass host galaxies differ
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by 0.077 ± 0.014 mag, a result compatible with the one determined by [176]. The physical reason for
that behavior may be linked to the interstellar dust, age, and metallicity of SNe: while the first cannot
contribute alone to the observed bias, the last two can produce the Hubble residual trends compatible
with the ones observed in [239]. The most important concept that must be considered regarding the
evolution of color and stretch factor concerns the changes of SNe Ia in the Pantheon sample. In [176], to
account for the stretch and color parameter evolution, both α and β are parameterized as a function of
redshift in the following ways: α(z) = α0 + α1 × z and β(z) = β0 + β1 × z. This parameterization is not
included in the µobs from Eq. (1.59) because there is no explicit evolutionary trend for α(z) and β(z),
so α1 = 0 and β1 = 0. The only exception is that β(z) shows different trends for high and low-z SNe
subsamples, and this is due to selection effects on SNe. Hence, in [176], this uncertainty was included in
the value of β1 as an additional statistical uncertainty.

Regarding the properties of the host galaxies and the selection effects associated with these, several
tests include probing the relations between luminosity and the properties of the host galaxies of the
SNe [240–242] and analysis of the light-curve fit parameters of SNe and how these parameters relate
to luminosity [243]. Thus, in our analysis following the treatment in [176], we can state that the color
evolution is included, while the stretch evolution is not included because it turns out to be negligible.
In previous studies [244], the effect of considering or neglecting the evolution of SN parameters has been
investigated, showing that the impact on cosmological parameters and models is not negligible. Recent
studies on the SALT2.4 light-curve stretch in [245] show that the basic SN stretch distribution evolves
with redshift.

Differently from [176], another functional form for the stretch population was suggested in [245]:

x1(z) = δ(z)N (µ1, σ
2
1) + (1− δ(z))[aN (µ1, σ

2
1) + (1− a)N (µ2, σ

2
2)] (4.5)

where a = 0.51, µ1 = 0.37, µ2 = −1.22, σ1 = 0.61, σ2 = 0.56 and δ(z) = (K−1(1 + z)−2.8 + 1)−1 with
K = 0.87. Nevertheless, the authors of [245] state that for cosmological purposes a great number of
d.o.f. for a given model can still be accepted in a sample that contains a large number of SNe Ia, like
the Pantheon, but this choice does not allow us to successfully extract the SNe property distribution
from a Malmquist-biased sample [246]. The Malmquist bias effect is indeed an astrophysical effect that
deals with all sources that are at a cosmological redshift. According to this effect, we cannot detect faint
sources at high redshift, so there is a larger population of brighter sources at lower redshift. We point
out that this effect could enter our results especially when we consider the highest redshift bin because
the distances derived from SN are affected by selection effects, and at higher redshift, this selection
weighs more. The simulations performed by [176] for investigating the redshift evolution are limited up
to z = 0.7. This redshift corresponds to the 18th bin out of 20 and the 36th bin out of 40, respectively.
Thus, the remaining effect from 0.7 ≤ z ≤ 2.26 still needs to be investigated.

In conclusion, many factors may cause the observed evolutionary trend for Hfit
0 (z) in our binning

analysis: the drift of the stretch parameter with redshift is an excellent candidate given that the power
law function of Hfit

0 (z) that we use here for the evolution is a general function that can be used for
any astrophysical source. The analysis we have performed is a way indeed to switch the evolution from
the stretch to H0, although surely the function δ(z) is different from Hfit

0 (z). With the current binned
analysis, we have investigated the impact of the redshift evolution of the SN Ia population’s intrinsic
properties on cosmology. In particular, we have focused on H0, thus adding more information and
insights to the open discussion initiated by [245]. This scenario seems to be the most favorable, but it is
not the only possible one. Our results might suggest to check systematic uncertainties for the Pantheon
sample and a careful analysis of the astrophysical parameters of local probes, but we would like to allow
additional theoretical explanations that will be discussed in the next chapter.
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4.3.2 Theoretical interpretations

The evolution of the Hubble constant with the redshift needs a physical interpretation. The Hubble
constant must be a constant by definition, and its observed evolution could be a signal of a wrong
framework, for instance, a possible hidden function of the redshift, which has not been taken into account
so far. In this subsection, we mainly explore the modified gravity scenario with some preliminary attempts,
but a more complete theoretical interpretation will be presented in Chapter 5. Before that, we just
mention the effects of local inhomogeneities of the Universe.

4.3.2.1 Local matter underdensity

From a theoretical point of view, the existing tension between the Planck observations and the SNe Ia
data could suggest an effect associated with local inhomogeneities of the Universe. Since the observer
measurements of cosmological observables are potentially sensitive to the local spacetime around the
observer, the presence of inhomogeneities in the local Universe could affect the cosmological parameters.
For instance, the so-called void models place the observer inside a local underdensity of radius about
z < 0.15, and this fact implies a locally measured Hubble constant that is larger than the global expansion
rate: a perturbation in density causes a perturbation in the expansion rate, as shown in [181]. We could
infer that the local universe may be underdense on spatial scales of several hundreds of megaparsec if we
consider that the matter underdensity is defined as underdense compared to the universe average density.
In [126–128] there are shreds of evidence for a local matter underdensity on scales of roughly ∼ 300Mpc
with a density contrast δρ0/ρ0 ∼ −0.2.

A similar approach consists of adopting the spherically symmetric LTB inhomogeneous model [24, 110–
113] to outline a possible dependence of the Hubble function also on the radial coordinate, in principle able
to theoretically account for the presented behavior of H0(z). See, for instance, the analysis in [118], where
inhomogeneities are inferred to explain the whole universe acceleration phenomenon. Such a scenario,
when applied to the H0 measurement tension, is expected to be associated with a typical spatial scale on
which the weak underdensity must manifest itself. Moreover, we have to recover the ΛCDM model and
the homogeneous value of H0 at greater spatial scales, according to the Planck observations.

However, the local underdensity requires the assumption of our unlikely special reference system inside
the underdense region. Besides, using low-redshift distance estimators such as SNe Ia, the existence of a
local matter underdensity would certainly reduce the H0 tension, but it would not remove it [121, 125].
Then, we are observing a phenomenon whose origin does not seem to be associated with an intrinsic weak
universe inhomogeneity, but it could be due to a different physical reason. If the H0 tension will still
persist, a new cosmology beyond the ΛCDM model may be necessary, since not even the void models can
reconcile such a difference.

4.3.2.2 Modified gravity scenario

Since a proportionality in the Friedmann equation (1.23) exists between the Hubble function H(z) and
the ΛCDM model density sources, mediated by the Einstein constant χ, a possible dependence of H0

on the redshift can be naturally restated in terms of a dependence of χ on this same variable, that
is, H0(z) ∝

√
χ(z). Namely, we see that the value of the constant H0 is decaying when measured by

astrophysical sources at increasing z values, because the Einstein constant might decay with increasing
redshift, and this effect is not accounted for in the ΛCDM model. The possible evolution of H0 could
point out an evolution of the Einstein constant χ. A similar scenario has also been inferred in [178], but
by analyzing SN Ia data with the scope of obtaining the evolution onM rather than H0.

Given this possible theoretical explanation, we investigate which modified gravity theory can mimic
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such a behavior of the Einstein constant with redshift. According to the performed fitting, we note that
we are predicting a very slow decay, as shown in Table 3.1, since we would have χ ∝ (1 + z)

−2α with
α ∼ 10−2.

A theoretical framework able to justify an effective dependence of the Einstein constant on time and,
hence, on the redshift, is provided by the f(R) model in the Jordan frame (see Sect. 1.3). The formulation
of the f(R) theories in an equivalent scalar-tensor paradigm turns out to be particularly intriguing for
our purposes: we recall that the function f(R) is restated as a real scalar field φ, which is non-minimally
coupled to the metric in the Jordan frame. Note that in the Jordan frame the quantity χ affects only
the gravitational part of the action in Eq. (1.112). It should be emphasized that the standard gravity
interaction with a matter source is mediated via the scalar field φ(x), which implies an Einstein constant
as a function of the coordinates, that is, χ → χeff = χ/φ. Indeed, a varying Einstein constant χeff
may in principle lead to an evolution of H0 (z). If we look at the function of Hfit

0 (z) in Eq. (3.4), we
require an effective Einstein constant χ ∼ (1 + z)

−2α to preserve constant the present critical density
ρc0 = 3H2

0/χ. However, in addition to the rescaling of the Einstein constant, the non-minimally coupled
scalar field in this scheme has its intrinsic evolution characterized by second-order derivatives entering
the field equations (1.113a) and (1.113b).

We suggest that this scenario can interpret our results, because the possibility of dealing with a
significant universe acceleration requires a slow dynamics of the field, allowing that its potential term
mimics a cosmological constant. This situation is naturally reached when the potential term is sufficiently
slow-varying in a given time interval. We see that the hypothesis of a near-frozen scalar field evolution is
a possible assumption, as far as the potential term should provide a dynamical impact, sufficiently close
to a cosmological constant term.

Motivated by the discussion so far, we have already investigated in Sect. 4.2 if one of the most reliable
models for reproducing the dark energy effect with modified gravity, i.e., the Hu–Sawicki proposal, was
able to induce the requested luminosity distance to somehow remove the observed effect, thus accounting
for its physical nature. However, the Hu–Sawicki model seems to be inadequate to account for the
observed phenomenon of the decaying Hfit

0 (z) since also within this framework the unexpected effect of
a running Hubble constant was not removed. The non-positive result of this investigation leads us to
explore theoretically the question of reproducing simultaneously the dark energy contribution and the
observed Hfit

0 (z) effect, by a single f(R) model of gravity in the Jordan frame. Then, we need to look
for a new f (R) model. Indeed, the HS model predicts deviations from GR and the ΛCDM model only
in the late Universe, but it is crucial to build a new f(R) model to study the H0 tension able to describe
properly the cosmological dynamics along different cosmic epochs from today to the recombination at
z = 1100, by linking also the CMB observations.

Scalar field potential in the Jordan frame inferred from our results Then, in order to infer the
functional form of a new f (R) model from the results of our binned analysis, we study the cosmological
dynamics in the Jordan frame, considering a scalar-field near-frozen dynamics. More specifically, we
require the following ansatz

φ (z) = (1 + z)
2α (4.6)

to account for Hfit
0 (z) in Eq. (3.4). These concepts suggest that an extra d.o.f. with respect to GR might

imply the unexpected trend of Hfit
0 (z).

We do not mention so far which scalar field potential we should have in the Jordan frame, mimicking
a cosmological constant in a slow-roll and at the same time providing an effective Hubble constant. As a
preliminary approach, we try to understand which profile we could expect for the scalar field potential,
inferred from the behavior of Hfit

0 (z). This is quite different from a standard analysis of f(R) models.
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Figure 4.5: Scalar field potential V (φ) in the Jordan frame given by Eq. (4.10) and inferred from the
evolution of Hfit

0 (z) with the redshift (3.4). The quantity V (φ)/m2 is dimensionless. Note the presence
of a flat region of the potential for 0 < z . 0.3 or φ . 1.005. This figure is extracted from [TS 2, 8].

Generally, a specific f(R) function is defined a priori, and then the dynamical equations are studied to
obtain constraints on the free parameters. Here, instead, starting from the observed decreasing trend
of Hfit

0 (z) and assuming φ (z) from Eq. (4.6), we wonder what the scalar field potential would be in a
scalar-tensor dynamics. Therefore, we can infer V (φ) [TS 2, 8] by starting from the modified Friedmann
equation ((1.117a)), which allows us to write V (φ) as

V (φ) = 6 (1− 2α)

(
dz

dt

)2

φ1−1/α − 6m2 φ3/2α , (4.7)

where we have used the standard definition of redshift (1.15), and ρ ∼ (1 + z)3 for a matter component
(1.26). Now, we need to specify the term dz/dt, which is given by

dz

dt
= −(1 + z)H(z). (4.8)

Here, we can not simply use the extended Friedmann equation to replace H(z). In principle, we would
need to compute the Hubble parameter H(z) from the field equations, and then replace H(z) in the term
dz
dt . However, this procedure is not viable, since we need to fix a well-defined V (φ) to solve the field
equations. Then, we decide to impose the Hubble parameter

H (z) =
H̃0

(1 + z)α

√
Ωm0 (1 + z)

3
+ 1− Ωm0 , (4.9)

as suggested from our binned analysis, although its analytical form is different from the Hubble parameter
obtained using the modified Friedmann equation. In other words, to obtain V (φ), we impose in the Jordan
frame dynamics the same physical effect observed from the redshift binned analysis of the Pantheon
sample and BAOs. We have simply replace H0 with Hfit

0 (z) given by Eq. (3.4) in the standard Friedmann
equation (1.38) in the ΛCDM model.
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Hence, combining Eqs. (4.7), (4.8) and (4.9), we obtain the final expression of the potential [TS 2, 8]:

V (φ)

m2
= 6 (1− 2α)

1− Ωm0

Ωm0
− 12αφ

3
2α , (4.10)

where we have considered the relation Ωm0 = m2/H̃2
0 . As it has been built, the potential (4.10) might

provide an effective Hubble constant that evolves with redshift. You can see the form of the scalar field
potential in Fig. 4.5, where we fixed α = 0.009 (see Table 3.1) and Ωm0 = 0.298 for plotting V (φ) /m2.
We stress that the flatness of the potential does not emerge throughout the Pantheon sample redshift
range, 0 < z < 2.3, but it appears only in a narrow region for 0 < z . z∗, where z∗ = 0.3 is the redshift
at the dark energy and matter components equivalence of the universe. Thus, the potential mimics a
cosmological constant in the era dominated by dark energy, thus validating our approach.

Furthermore, we can obtain the f(R) function related to V (φ) in Eq. (4.10). Using the field equa-
tion (1.113b) R = dV/dφ in the Jordan frame, and also the relation f(R) = Rφ(R) − V (φ(R)) from
Eq. (1.111), we write:

f (R) = −6m2

[
(3− 2α)

(
− R

18m2

) 3
3−2α

+ (1− 2α)
1− Ω0m

Ω0m

]
. (4.11)

Expanding this expression for α ∼ 0, according to the values of α from the binned analysis (see Table 3.1),
we obtain [TS 2, 8]:

f (R) ≈
(
R− 6m2 1− Ωm0

Ωm0

)
+

2

3
α

[
R ln

(
− R

m2

)
− (1 + ln 18) R+ 18m2 1− Ωm0

Ωm0

]
+O

(
α2
)
. (4.12)

It should be emphasized that the first term above is precisely the gravitational Lagrangian density in GR
with a cosmological constant Λ = 3m2 (1− Ωm0) /Ωm0, where we used m2 = H̃2

0 Ωm0. Moreover, it is
clear that the first-order term in α in Eq. (4.12) gives the deviation from GR. Hence, the α coefficient
stresses corrections to GR.

It is worthwhile to remark that the expression above may not be the final form of the underlying
modified theory of gravity, associated with the global universe dynamics, but only its asymptotic form in
the late Universe, i.e., as the scalar of curvature approaches the value corresponding to the cosmological
constant in the ΛCDM model. In all these computations we do not consider relativistic or radiation
components at very high redshifts, but it may be interesting to test this model with other local probes
in the late Universe.

The proposed discussions above show a possible interpretation of our results coming from the binned
analysis, and we suggest a candidate for V (φ), assuming the evolution of Hfit

0 (z). Further investigations
about a reliable f (R) model able to explain both the the cosmic accelerated phase in the late Universe
and an effective Hubble constant that evolves with the redshift are presented in the next chapter.

Requirements for a suitable f(R) model Now we follow an alternative approach to provide some
general properties that an f(R) model in the Jordan frame must possess to induce the necessary scenario
of a slowly varying Einstein constant. We consider again the dynamical impact of the scalar field φ,
related to the f(R) function. Let us observe that the following relation holds

dφ

dz
= − 1

1 + z

φ̇

H
(4.13)
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from the definitions of the redshift (1.15) and the Hubble parameter (1.19). In order to get the desired
behavior φ ∝ (1 + z)2α, we must deal with a dynamical regime where the following request is satisfied:

φ̇

H
= −2αφ . (4.14)

We consider a slow-rolling evolution of the scalar field φ in the late universe, near enough to φ ' 1. Then,
focusing on the dark energy dominated phase, we neglect the contribution of the matter density in the
modified Friedmann equation. (1.117a). For the sake of simplicity, we regard the potential term V (φ ' 1)

as the dominant contribution, and we neglect the other terms H0 φ̇ and φ̈. Under these conditions,
Eqs. (1.117a) and (1.117c) become

H2 =
V

6φ
(4.15)

and
φ̇

H
=

1

9H2

(
2V − φdV

dφ

)
, (4.16)

respectively.
Referring to Eq. (4.15) at z ∼ 0, we make the identification H2

0 ≡ V (φ ' 1)/6. Hence, in order to
reproduce Eq. (4.14), we must require that for φ→ 1, the following relation holds:

α =
1

3V

(
φ
dV

dφ
− 2V

)
. (4.17)

Note that α must be positive to obtain a decreasing trend of the Hubble constant. The analysis above
states the general features that a f(R) model in the Jordan frame has to exhibit to provide a viable
candidate to reproduce the observed decay behavior of Hfit

0 (z).

An Example for low redshifts As an extra viable example for the dark energy dominated Universe
(slightly different from the traced above), we consider a potential term similar to the one adopted in the
so-called chaotic inflation [192, 247], i.e.,:

V (φ) = Q+ 6H2
0φ

2 , (4.18)

where Q is a positive constant, such that Q� 6H2
0 . From Eq. (4.15), we immediately get

H2 ' H2
0φ ∼ H2

0 , (4.19)

where we recall that we are considering φ ≈ 1. Analogously, from Eq. (4.17), we obtain:

α ∼ − Q

9H2
0

. (4.20)

The negative value of α is coherent with the behavior H2 ∝ φ. Hence, we can reproduce the requested
behavior of φ(z) by properly fixing the value of Q to get α as it comes out from the data analysis of
Sect. 4.1. Specifically, we get Q ∼ 10−3H2

0 to have α ∼ 10−2.
Furthermore, it is easy to check that, for φ→ 1, Eq. (4.14) and Eq. (4.19), we find the relation

φ̈ ∼| α | H0φ̇� 3H0φ̇ , (4.21)

which ensures that we are dealing with a slow-rolling phase.
Finally, we compute the f(R) function corresponding to the potential in Eq. (4.18), recalling the relation
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(1.111):

f(R) =
R2

24H2
0

−Q . (4.22)

It should be emphasized that this specific model is reliable only as far the universe matter component is
negligible, z � 0.3.

We summarize our theoretical discussions in modified gravity. Our preliminary attempts of modified
gravity models showed that the f(R) gravity in the Jordan frame is a possible candidate to account for
the observed effect of Hfit

0 (z). Firstly, we inferred the scalar field potential and the functional form of
f (R) from our results by imposing an ansatz on the scalar field dynamics. Secondly, we focused on an
alternative example in the late Universe, considering another specific scalar field potential to check the
requirement of a slow-rolling phase. Furthermore, in the former case, we imposed a phenomenological
behavior of the Hubble parameter H (z) in Eq. (4.9), as if the Hubble constant evolves with the redshift
according to our data analysis, but we did not fully explain how it is possible to define an effective Hubble
constant within the f (R) metric formalism. The next chapter aims to clarify this point. We conclude this
chapter by noting that the accomplishment of a satisfactory model requires a significant effort in further
investigation, especially accounting for the constraints that observations in the local universe provided
for modified gravity.
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Chapter 5

An effective Hubble constant in the
Jordan frame of f (R) gravity

The analysis pursued by the SNe Ia community, mainly represented by the data of the Pantheon [176]
and Pantheon+ [71] samples, seem to exclude the existence of a redshift evolution of these objects and
show a reliable control of all the main sources of errors. However, some recent studies report a possible
redshift dependence of the marginalized absolute magnitude of SNe Ia, or the Hubble constant itself
[177–179, 231–234], as we have also seen in Chapters 3 and 4. In particular, we have discussed about
the possibility that the observed dependence of an effective Hubble constant Heff

0 (z), predicted by the
binning analysis of the Pantheon sample, can be interpreted as a variation of the Einstein constant,
naturally achieved for example by f(R) gravity in the Jordan frame. However, in the previous chapter,
it was shown how one of the most reliable f(R) models, the HS proposal, is inappropriate to reproduce
the desired effect. This negative result suggested the necessity to consider an alternative dark energy
f(R) model, able to account both for the Universe acceleration and a variable Heff

0 (z) parameter. In
the previous chapter, we discussed some preliminary proposals of f (R) models. The present chapter
is dedicated to the formulation of a model satisfying such requirements, following the prescriptions of
a decreasing trend for Heff

0 (z). We are interested in providing a theoretical framework able to mimic
a running Hubble constant with the redshift. Then, we derive the profile of the potential term for the
scalar field, which in turn allows us to reconstruct the underlying f(R) model.

The analysis is divided into two parts: the first one is characterized by an analytical approach, while
the second one relies on a pure numerical study. The analytical formulation starts with the hypothesis
that the potential can be satisfactorily described by a dynamical deviation from a flat region. Unlike the
analysis performed in previous chapters, we do not fix a priori the form of φ(z), but we obtain it from the
dynamics in the Jordan frame. In the numerical analysis, we assume again the evolution of Heff

0 (z), but
we relax the request of a constant potential term in a given region. The theoretical framework developed
in this chapter is based on [TS 1, 7].

5.1 Analytic solution for the scalar field potential

In order to build the profile of the scalar field potential V (φ), we assume the presence of an effective
Hubble constant Heff

0 (z) evolving with the redshift. We recall that the results of the analysis per-
formed in Chapters 3 and 4 suggested the parametrization for Hfit

0 (z) given in Eq. (3.4). Note that
a decreasing trend with the redshift may address the Hubble tension, since the extrapolation of the
fitting function Hfit

0 (z) from z = 0 to the recombination redshift z = 1100 might succesfully match
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H loc
0 = (73.04± 1.04) km s−1 Mpc−1 and HCMB

0 = (67.36± 0.54) km s−1 Mpc−1. Then, we build the
Hubble function H(z) as:

H (z) = Heff
0 (z)

√
Ωm0 (1 + z)

3
+ 1− Ωm0 , (5.1)

where Ωm0 is the cosmological density parameter for the matter component. Moreover, we focus on a
cosmological dust in the late Universe, for which we recall that ρ = ρ0 (1 + z)

3 according to Eq. (1.26).

To reconstruct the evolution of Heff
0 (z), we compare the phenomenological Hubble function H(z)

given by Eq. (5.1) and the generalized Friedmann equation (1.117a). Considering that in a homogeneous
Universe we have φ = φ (z), Eq. (1.117a) rewrites

H2 =
1

φ− (1 + z) φ′
χ

3

(
ρ+

V (φ)

2χ

)
, (5.2)

where in this chapter φ′ ≡ dφ/dz. We used the definition of redshift (1.15) and also the fact that
dz/dt = − (1 + z) H (z).

We define the potential as
V (φ) ≡ 2χρΛ + g (φ) , (5.3)

where we recall that ρΛ is the present value of the Universe dark energy density, and g (φ) is the deviation
from a cosmological constant scenario. To rewrite Eq. (5.2) in a form similar to Eq. (5.1) and discuss the
ΛCDM limit, we assume the existence of a region in which g (φ)� 2χρΛ for 0 < z . z∗, where we recall
that z∗ ∼ 0.3 is the redshift of matter-dark energy equality, defined in Eq. (1.41). Hence, considering
only the constant term in V (φ), we rewrite Eq. (5.2) as

H2 =
H2

0

φ− (1 + z) φ′

[
Ωm0 (1 + z)

3
+ 1− Ωm0

]
, (5.4)

where we used the definitions of the critical energy density of the Universe (1.34) and also the cosmological
density parameters (1.33) for z = 0. Moreover, we recall that ΩΛ0 = 1 − Ωm0 in a flat Universe. From
Eq. (5.4), one can recognize the usual terms in the Friedmann equation (1.23) in the ΛCDM scenario,
up to a factor related to the scalar field φ. Indeed, comparing Eqs. (5.1) and (5.4), we can define the
effective Hubble constant

Heff
0 (z) =

H0√
φ− (1 + z) φ′

, (5.5)

which is related to the scalar field dynamics φ(z).

Let us now take into account the scalar field equation (1.114). Using the relation φ = φ (z) and the
approximation for the scalar field potential V [φ (z)] ≈ 2χρΛ, we obtain:

3H2 (1 + z) [(1 + z) φ′′ − φ′]− 3 (1 + z)
ä

a
φ′ + φ

dV

dφ
= χ (ρ+ 4ρΛ) . (5.6)

It should be emphasized that we do not neglect the term dV/dφ = dg/dφ, since we want to check a
posteriori the viability of the approximation for the scalar field potential at low redshifts.

Furthermore, by substituting the term φ̈ from Eq. (1.114) in Eq. (1.117b), we have

ä

a
= − χ

3φ
(ρ+ ρΛ) +

1

6

dV

dφ
−H2 (1 + z)

φ′

φ
. (5.7)
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Then, we combine Eqs. (5.1), (5.6), and (5.7), and we obtain

dṼ

dz
=

1
φ
φ′ −

1+z
2

{
3

[
(1 + z)

3
+

1− Ωm0

Ωm0

] [
1− (1 + z)

φ′

φ
+

− (1 + z)
Heff 2

0 (z)

H2
0

(
(1 + z)

(
φ′′ +

φ′2

φ

)
− φ′

)]
+ 9

1− Ωm0

Ωm0

}
, (5.8)

where we rescaled the potential as a dimensionless quantity Ṽ ≡ V/m2 with the constant m2 ≡ χρ0/3 =

H2
0 Ωm0. To reproduce a decreasing trend for Heff

0 (z) similar to Hfit
0 (z) in Eq. (3.4), we require the

following condition
φ(z)− (1 + z) φ′(z) = (1− 2α) φ(z) , (5.9)

which admits the solution:
φ (z) = K (1 + z)

2α
. (5.10)

We fixed the initial condition φ (0) = K at z = 0, where K = 1− 10−7 [101] denotes the deviation from
a pure GR scenario (φ = 1).

As a consequence of Eq. (5.5), the effective Hubble constant becomes

Heff
0 (z) =

H0√
K (1− 2α) (1 + z)

α , (5.11)

which is a decreasing function, as requested to match the values of H loc
0 and HCMB

0 for z = 0 and 1100,
respectively. In this regard, we set α = 1.1 · 10−2 and H0 = 72.2 km s−1 Mpc−1. Note, in particular, that
the value of α is consistent in 1 σ with the fitting parameters α = 0.009 ± 0.004 used in the analysis of
three redshift bins in Table 3.1.

Finally, by substituting φ(z) from Eq. (5.10) and Heff
0 (z) from Eq. (5.11) into Eq. (5.8), we can

easily integrate to obtain g(z) and reconstruct analytically the scalar field potential. After long but
straightforward calculations, we obtain:

Ṽ (z) =Ṽ (0) +
6α

1− α

{
2 (2 + α)

1− Ωm0

Ωm0
ln (1 + z) +

1 + 2α

3

[
(1 + z)

3 − 1
]}

, (5.12)

where we set the integration constant Ṽ (0) = 6 (1− Ωm0) /Ωm0, coming from V [φ (z = 0)] = 2χρΛ. After
solving relation (5.10) for z = z (φ), we rewrite the potential as

Ṽ (φ) =Ṽ (φ = K) +
6α

1− α

{
2 + α

α

1− Ωm0

Ωm0
ln

(
φ

K

)
+

1 + 2α

3

[(
φ

K

) 3
2α

− 1

]}
. (5.13)

Such a procedure it can be demonstrated to be consistent with the method outlined in [248], which
adapted to our scalar-tensor reformulation amounts to directly integrate in φ the equation dV

dφ = R, once
the equality R = 6Ḣ + 12H2 and the expressions for φ(z) and H(z) in (5.10) - (5.11) are taken into
account. An explicit calculation shows that the two results coincide up to the numerical factor 1−2α

1−α ∼ 1,
since α ∼ 10−2, guaranteeing the consistency of the two approaches. This very small discrepancy is due to
the approximation we considered in constructing the analytical model (we disregarded the small term g(z)

in the modified Friedmann equation (5.2)). The numerical treatment, which follows in the next section,
is clearly consistent to the method in [248] up to the desired order of approximation. In particular, a
numerical approach is clearly needed to get the function N(R), being N the e-folding variable introduced
in [248], which is not analytically solvable.

The profile of Ṽ can be appreciated in Fig. 5.2 (we fixed the value Ωm0 = 0.298 [176]), and it can be



84
CHAPTER 5. AN EFFECTIVE HUBBLE CONSTANT IN THE JORDAN FRAME OF F (R)

GRAVITY

considered nearly flat for 0 < z . z∗, where the percentage variation of Ṽ is about 1.6%, which validates
our hypothesis on a dark-energy-dominated era. We conclude this section by noting that in general for
f(R) theories the stability of scalar perturbations, i.e. the absence of tachyonic modes in the Jordan
frame ([249]), implies on a Minkowski background that d2V

dφ2 > 0 when evaluated in φmin, with φmin

defined by dV
dφ = Rmin = 0. In our case, however, since (5.13) is reliable only for a cosmological setting,

we can simply look at the behavior with the redshift of the ratio between the square root of the second
potential derivative and the Hubble function, as suggested by [250]. As illustrated in Fig. 5.3, this ratio is
indeed greater than unity for z = 0, and increases with increasing values of z, implying, in agreement with
the conclusions of [250], that our model is coherent with the requirements of the chameleon mechanism
[107].

5.2 Numerical analysis of the model

We now relax the assumption on the existence of a flat region of the scalar field potential for 0 < z . z∗,
but we continue to consider the presence of an effective Hubble constant H0,eff(z). Let us proceed with a
complete numerical analysis of the system (1.117a)-(1.114), which we want to solve in terms of φ(z) and
V [φ(z)].

Firstly, we rewrite the generalized Friedmann equation (1.117a) in the variable z, isolating the dimen-
sionless scalar field potential

Ṽ (z) = 6

{
Heff 2

0 (z)

H2
0

[
(1 + z)

3
+

1− Ωm0

Ωm0

]
[φ(z)− (1 + z)φ′(z)]− (1 + z)

3

}
, (5.14)

where we used Eq. (5.1) and the fact that ρ ∼ (1 + z)
3.

Secondly, we rewrite the scalar field equation (1.114) as:[
(1 + z)

3
+

1− Ωm0

Ωm0

]{
Heff 2

0 (z)

H2
0

[
(1 + z)

2
φ′′(z)− 2 (1 + z)φ′(z)

]
+
Heff

0 (z)

H2
0

dHeff
0 (z)

dz
(1 + z)

2
φ′(z)

}
+

3

2

Heff 2
0 (z)

H2
0

φ′(z) (1 + z)
4 − 2

3
Ṽ [φ(z)] +

φ(z)

3φ′(z)

dṼ

dz
= (1 + z)

3
.

(5.15)

Then, by substituting Ṽ (z) from Eq. (5.14) into Eq. (5.15) and imposing an effective Hubble constant like
in Eq. (5.11), we obtain a second-order differential equation in φ(z). We solve numerically this equation
with the following initial conditions for z = 0: φ(0) = K, and dφ/dz (0) = 2αK. We fixed the same
values for α, Ωm0, and K adopted in Sect. 5.1.

In Fig. 5.1 we show the evolution of φ with z using a red line, while in Fig. 5.2 we plot the profile
of Ṽ in terms of z and φ. In all these figures, we also compare our numerical results with the respective
profiles obtained from the analytical solution based on the assumption of a flat potential at low redshifts
in Sect. 5.1, noting that corresponding solutions mostly overlap for z � 1. It should be stressed that the
potential Ṽ exhibits a nearly flat profile for 0 < z . z∗ also for the numerical solution with a percentage
variation of about 1.3%.

5.3 The low-redshift f(R) profile

We are interested in obtaining an analytical expression for the f(R) function, reproducing both the late-
time cosmic acceleration and a running Hubble constant with the redshift, according to Eq. (3.4). To
this end, we expand the solution for φ(z) and Ṽ [φ(z)] in the limit of low redshifts for z � 1.
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Figure 5.1: Behavior of the scalar field φ VS redshift z in the Jordan frame, assuming an effective Hubble
constant Heff

0 (z) in Eq. (5.11). The blue line is referred to the approximated solution developed in
Sect. 5.1, while the red line is obtained from the numerical analysis discussed in Sect. 5.2, after solving
Eqs. (5.14) and (5.15). The gray vertical line denote z = z∗. This figure is reported in [TS 1].
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Figure 5.2: Profile of the scalar field potential in terms of the redshift z (top panel) and the scalar field φ
(bottom panel) in the Jordan frame, inferred from the assumption of a running Hubble constant Heff

0 (z),
according to Eq. (5.11). Note that Ṽ = V (φ)/m2 is a dimensionless potential. The blue and red lines
are referred to the approximated solution (Sect. 5.1) and numerical results (Sect. 5.2), respectively. The
gray vertical lines denote z = z∗ in the top panel and φ = φ(z∗) in the bottom one. These panels are
extracted from [TS 1].
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Figure 5.3: Ratio between the square root of the second derivative of the potential V = m2Ṽ and the
Hubble function in terms of the redshift. We have used Eqs. (5.1), (5.10), (5.11), and (5.13). This figure
is obtained in [TS 1].

More specifically, starting from Eq. (5.10) for z � 1, we get up to the second order:

φ(z) ≈ K
[
1 + 2αz − α (1− 2α) z2

]
+O

(
z3
)
. (5.16)

Note that the low-redshift limit z � 1 is equivalent to an expansion for φ around K. Then, we expand
Ṽ [φ(z)] given by Eq. (5.13) for φ ≈ K:

Ṽ (φ) ≈ Ṽ (K) +A1 (φ−K) +A2 (φ−K)
2

+O
[
(φ−K)

3
]
, (5.17)

where the dimensionless constants A1 and A2 are defined as

A1 =
6

K (1− α)

[
1 + 2α

2
+ (α+ 2)

1− Ωm0

Ωm0

]
, (5.18)

A2 =
3

K2 (1− α)

[
1 + 2α

2

(
3

2α
− 1

)
− (α+ 2)

1− Ωm0

Ωm0

]
. (5.19)

Once we have the expression for Ṽ (φ), we use Eq. (1.113b), i.e., R = dV/dφ, for solving in φ = φ (R).
Then, inverting the relation (1.111), i.e., f (R) = Rφ (R)− V [φ (R)], we obtain

f (R) ≈ m2B0 +B1R+B2
R2

m2
, (5.20)

where we have defined the constants

B0 =
A2

1

4A2
− Ṽ (K) , B1 = K − A1

2A2
, B2 =

1

4A2
. (5.21)

It should be stressed that Eq. (5.20) provides an approximated solution of the f (R) function for z � 1,
which contains constant, linear, and quadratic terms in R, with the ΛCDM model recovered for K → 1

and α→ 0. Clearly, the function f(R) has been constructed on a cosmological setting and its parameters
are not directly suitable for a comparison in the Solar system framework. Nonetheless, the absence of a
tachyonic mode, as ensured by the positive coefficient in front of the R2 term, is a reliable consistency
check for the theory.
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5.4 Summary

We started our analysis from the results obtained in Chapters 3 and 4, which outlined a dependence
of the value of H0 with the redshift via a binned data analysis of the SNe Ia Pantheon sample within
2 σ. The specific form of the decaying Hfit

0 (z) given in Eq. (3.4) was the phenomenological input of our
theoretical study.

The idea proposed above consists in setting up a dark energy model that is able to account for a
variation with z of the H0 value. More specifically, we adopted the theoretical paradigm of f(R) gravity,
as viewed in the Jordan frame, where we used the non-minimally coupled scalar field for describing the
variation of the effective Einstein constant.

Starting from the equations of motion for an isotropic Universe, we assumed the scalar field as a
function of the redshift, and we determined the behavior of Eq. (5.10) by imposing the desired decaying
of Heff

0 (z). Then, by means of the scalar field dynamics, we were able to recover the corresponding
potential term, which fixed in turn the f(R) model.

The investigation was performed both analytically and numerically: in the former case, in Sect. 5.1
we assumed the existence of a flat region of the scalar field potential, approximated by a constant value,
and then we explicitly determined the potential derivative in Eq. (5.8); in the latter case, the scheme was
implemented directly on the two basic equations (1.117a) and (1.114), without any assumption on the
potential form. It was rather remarkable that, in both analyses, the potential term singled out a nearly
flat region for z . 0.3 (Fig. 5.2), which is exactly when the dark energy contribution of the Universe
dominates on the matter content.

The low-redshift limit of our model in Sect. 5.3 allowed an analytical determination of the poten-
tial term, and hence of the underlying f(R) model. The resulting expression (5.20) for the modified
Lagrangian contains a cosmological constant, as well as linear and quadratic contributions in the Ricci
scalar. In particular, this result is consistent with other f (R) gravity models proposed to describe de-
viations from GR in the ΛCDM cosmological scenario, without introducing dark energy [81, 251–253].
It is very remarkable for the robustness of our model that this modified scheme approaches the ΛCDM
scenario only when α → 0 and df/dR → 1. In other words, even if we reduce the function Heff

0 (z) to a
fixed constant value, our model can still contain a small deviation from the ΛCDM Universe.

Thus, we can claim that our study is able to simultaneously address two key points: on one hand,
we get a modified gravity model as a suitable dark energy candidate; on the other hand, we provided a
natural interpretation for the profile of Hfit

0 (z) obtained in Chapters 3 and 4. The study presented in this
chapter calls attention to further investigations as the redshift increases towards the CMB observations,
in order to understand if it can satisfactorily solve the Hubble tension.
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Chapter 6

The evolution of local inhomogeneities
of the Universe in different
cosmological models

While the Part II of this thesis was devoted to discuss possible deviations from the first pillar of the
ΛCDM model, i.e. GR as the underlying gravitational theory in cosmology, in the Part III we are
interested in the second pillar, i.e., the cosmological principle. In particular, in the present chapter, we
analyze inhomogeneous cosmological models in the local Universe, based on the LTB metric and developed
using linear perturbation theory on a homogeneous and isotropic Universe background. Focusing on the
different evolution of spherical symmetric inhomogeneities, we want to compare the ΛLTB model, in
which we recall that the cosmological constant Λ is included in the LTB formalism, with inhomogeneous
cosmological models based on f (R) modified gravity theories viewed in the Jordan frame. In particular,
we adopt the HS f (R) model in the Jordan frame to describe the cosmic accelerated phase for the
background Universe. We will note that the key difference between the ΛLTB model and the f (R) gravity
in an inhomogeneous cosmology is outlined by the 0-1 component of the gravitational field equations since
it intrinsically links the metric tensor components to the non-minimally coupled scalar field, present in the
Jordan frame. Investigations about local inhomogeneities in the late Universe not only are interesting to
test the spatial scale of homogeneity, but our method presented in [TS 4, 9] may allow us to discriminate
if the present cosmic acceleration is caused by a cosmological constant term or a modified gravity effect.
The idea to combine the modified metric f (R) gravity with local inhomogeneities of the late Universe
could be also particularly intriguing to solve the Hubble constant tension. Indeed, the combination of
more than one non-standard physical effect may be needed since the ΛLTB model separately can only
alleviate the tension, as already mentioned in the Introduction. Here, we focus on a prodromic question to
distinguish a standard paradigm from an alternative cosmology in the LTB metric. Local inhomogeneities
incorporated in a modified gravitational scenario might become a predictive tool to search for some specific
markers of the matter distribution.

6.1 The Lemaître-Tolman-Bondi model in the Jordan frame of
f (R) gravity

We extend the content of Sect. 2.1.1, which was referred to the LTB model in GR, and in this section we
study the cosmological dynamics in the LTB metric (2.1) within the framework of the f (R) gravity in

91



92
CHAPTER 6. THE EVOLUTION OF LOCAL INHOMOGENEITIES OF THE UNIVERSE IN

DIFFERENT COSMOLOGICAL MODELS

the Jordan frame. The 0-1, 0-0, 1-1 components of the gravitational field equations (1.113a) are written
as

β̇′

β′
− α̇+ β̇ = − 1

2φβ′

(
φ̇′ − α̇ φ′

)
, (6.1a)

β̇2 + 2 α̇ β̇ + e−2 β − e−2α
[
2β′′ + 3 (β′)

2 − 2α′ β′
]

=

− 1

φ

{(
α̇+ 2 β̇

)
φ̇− e−2α [φ′′ − φ′ (α′ − 2β′)]

}
+
χρ

φ
+
V (φ)

2φ
, (6.1b)

2 β̈ + 3 β̇2 + e−2 β − e−2α (β′)
2

=
V (φ)

2φ
− 1

φ

[
φ̈+ 2 β̇ φ̇− 2 e−2α β′ φ′

]
, (6.1c)

respectively, where we have put a cosmological pressure-less dust as a source. In the Appendix on page 133,
it is shown that the other non-vanishing gravitational field equations, i.e. 2-2 and 3-3 components, depend
on the previous set of equations, as it must be, basically due to the spherical symmetry in the LTB
geometry.

Moreover, the scalar field equation (1.114) rewrites as

φ̈+
(
α̇+ 2 β̇

)
φ̇− e−2α [φ′′ − φ′ (α′ − 2β′)]− 2

3
V (φ) +

φ

3

dV

dφ
=
χρ

3
. (6.2)

Note that in an inhomogeneous cosmology all the quantities φ, ρ, α, and β depend on both t and r.
It should be emphasized the occurrence of extra contributions in field equations (6.1) and (6.2) with

respect to the ΛLTB model, due to the coupling between the scalar field φ and the metric functions α,
β, as well as the presence of the scalar field potential. For instance, it is quite clear to recognize an
extra coupling term by comparing the 0-1 field Eq. (6.1a) with the respective Eq. (2.2a) in GR. As a
consequence, this coupling in the Jordan frame does not allow us to find a relation between α and β, and
then rewrite the LTB metric in a simpler form, unlike the ΛLTB model in GR (see Sect. 2.1.1). For all
these reasons, the cosmological dynamics in the Jordan frame is really different from the GR scenario.

On the opposite, the continuity equation related to the ordinary stress-energy tensor Tµν for a dust in
the LTB metric exactly exhibits the same form provided in Eq. (2.10) both in GR and f (R) gravity. In
the latter theory, other additional equations are those related to the effective stress-energy tensor T [φ]

µν ,
defined in Eq. (1.115), for the scalar field in the Jordan frame. More specifically, Eqs. (1.116) in the LTB
metric become

1

2

dV

dφ
− V (φ)

2φ
− α̈− 2 β̈ − α̇2 − 2 β̇2 +

1

φ

{(
α̇+ 2 β̇

)
φ̇− e−2α [φ′′ − φ′ (α′ − 2β′)]

}
=
χ

φ
ρ , (6.3a)

α̈+ α̇
(
α̇+ 2 β̇

)
+ 2 e−2α [β′ (α′ − β′)− β′′]− 1

φ

[
φ̈ + 2 β̇ φ̇− 2 e−2α β′ φ′

]
+
V (φ)

2φ
− 1

2

dV

dφ
= 0

(6.3b)

for µ = 0, 1, respectively.
It should be recalled that these laws for T [φ]

µν are not independent of the field equations (6.1) and (6.2),
because these laws basically come from field equations using Bianchi identities. Nevertheless, these addi-
tional equations (6.3) can be useful to rewrite field equations in a different form. For instance, Eq. (6.3b)
has been employed to find the dependence between the 1-1 and 2-2 components of the gravitational field
equations (6.1c) and (A.2), which implies spatial isotropy in the LTB geometry, as it has been shown in
the Appendix on page 133.

To sum up, within the Jordan frame of f (R) gravity in the LTB metric, we have obtained a system
of four partial differential equations (6.1) and (6.2) with four unknown functions: α (t, r), β (t, r), ρ (t, r),
and φ (t, r). Note that the scalar field potential V (φ) provides a d.o.f. in the theory. Furthermore, other
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supplementary equations are provided by Eqs. (2.10) and (6.3).

6.2 Perturbation approach for the Lemaître-Tolman-Bondi model
in General Relativity

In this section, we consider local inhomogeneities of the Universe as small spherically symmetric per-
turbations over a flat background FLRW geometry. We follow a linear perturbation approach, so that
we have the FLRW geometry at the zeroth-order perturbation theory, while we build a lumpy Universe
described by the LTB metric at the first-order perturbation [254]. Thus, we can write the LTB metric
tensor components as

gLTBµν = ḡFLRWµν + δgµν , (6.4)

in which an overbar denotes the background FLRW metric and the symbol δ is related to linear per-
turbation terms. We emphasize that, choosing this decomposition, we require spherically symmetric
perturbations.

Moreover, we adopt the synchronous gauge for the LTB metric, which intrinsically includes two degrees
of freedom in the perturbed metric. Indeed, two independent metric functions, i.e., α (t, r) and β (t, r),
are contained in the original LTB line element (2.1) or, equivalently, a (t, r) and K2 (r) in GR, according
to Eq. (2.7). Actually, K2 (r) is not exactly a dynamical d.o.f. but an arbitrary parametric function,
as a result of the LTB cosmological dynamics. To be more specific, we recall that, in Sect. 2.1.1, the
0-1 component (2.2a) of the Einstein field equations has allowed us to find a relation between the metric
functions α (t, r) and β (t, r) in GR, hence to reduce one d.o.f., and the LTB metric in GR assumes the
form given in Eq. (2.7) in terms of a (t, r) and K2 (r).

Since the background FLRW and the perturbed LTB metrics are both locally rotationally symmetric
and are given in the same normal geodesic frame, we only need to focus on scalar functions, as shown
in [255, 256]. Hence, the scale factor a (t, r) and the energy density of the matter component ρ (t, r),
contained in the field equations (2.9a) and (2.9b), are defined as:

a (t, r) = ā (t) + δa (t, r) (6.5a)

ρ (t, r) = ρ̄ (t) + δρ (t, r) . (6.5b)

Note that the curvature function K2 (r) in the LTB metric (2.7) involves radial inhomogeneities, so
it can be regarded as a perturbative contribution. In other words, even if the background metric is flat
(k̄ = 0), it is possible to define a linear curvature pertubation, which is exactly given by the curvature
function K2 (r) in the LTB metric, according to the metric decomposition in Eq. (6.4). Thus, in addition
to the metric perturbation δa, we have another perturbed quantity with respect to the background FLRW
metric, which is K2 (r).

We also require that background terms dominate over the linear perturbations

δa (t, r)� ā (t) δρ (t, r)� ρ̄ (t) (6.6)

at any time t, or redshift z, in the late Universe. This condition is dictated by the cosmological principle.
Once the decomposition has been defined in Eqs. (6.5a) and (6.5b), the evolution in time and space

of the physical quantities can be obtained by studying the gravitational field equations (2.9a) and (2.9b)
at background and linear levels. We recall that in GR the 0-1 component (2.2a) of the Einstein field
equations allows us to find a relation between the metric functions α (t, r) and β (t, r), hence the LTB
metric assumes the form given in Eq. (2.7) in GR.
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6.2.1 Background solution

If we consider only background terms, it is straightforward to show that Eq. (2.9a) turns into the standard
Friedmann equation (1.23), which for a flat FLRW geometry (1.5) becomes

H2 (t) ≡
[
ȧ (t)

a (t)

]2

=
χρ (t)

3
+

Λ

3
. (6.7)

We have used the fact that a and ρ̄ do not depend on the radial coordinate r.

Furthermore, the other Eq. (2.9b) can be rewritten at the background level as

2
ä (t)

a (t)
+

[
ȧ (t)

a (t)

]2

= Λ , (6.8)

which combined with Eq. (6.7), provides the second Friedmann equation (1.24) in a flat FLRW geometry:

ä (t)

a (t)
= −χρ

6
+

Λ

3
. (6.9)

We define a dimensionless time variable
τ =

t

t0
, (6.10)

in which t0 is the present cosmic time in the synchronous gauge (today τ = 1). Note that τ is the cosmic
time in units of the present Hubble time since t0 can be approximately written in terms of the Hubble
constant as t0 ≈ 1/H0.

Then, we rewrite the Friedmann equation (6.7) as[
1

ā (τ)

dā (τ)

dτ

]2

=
Ωm0

ā3 (τ)
+ ΩΛ0 , (6.11)

and the second Friedmann equation (6.9) in terms of τ

1

ā (τ)

d2ā (τ)

dτ2
= − Ωm0

2 ā3 (τ)
+ ΩΛ0 . (6.12)

We have used Eq. (1.26), the chain rule d
dt = 1

t0
d
dτ ≈ H0

d
dτ , and the usual relations for the cosmological

density parameters Ωm0 and ΩΛ0.

The Friedmann equation (6.11) admits an analytical solution in the late Universe, that is the back-
ground scale factor in terms of τ :

ā (τ) =

(
Ωm0

ΩΛ0

)1/3
{

sinh

[
3

2

√
ΩΛ0 (τ − 1) + arcsinh

(√
ΩΛ0

Ωm0

)]}2/3

. (6.13)

Note also from Eq. (6.13) that the deceleration parameter q̄ (τ) ≡ −¨̄a ā−1H−2 → −1 for τ → +∞, as it
should be in a dark energy fully dominated Universe. We here stress that the solution (6.13) applies only
in the late Universe, otherwise we need to solve numerically the field equations, if we also consider the
radiation contribution. Nevertheless, we are interested in the evolution of local inhomogeneities at late
times.

It should be noted that in the limit

lim
ΩΛ→0

ā (τ) ∼ (τ − 1)
2/3

, (6.14)
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we recover the well-known relation (1.29) for the background scale factor ā satisfied in the matter-
dominated Universe.

Concerning the evolution of the background energy density ρ̄, we start from the continuity equa-
tion (2.11) in the LTB metric. We verify that this equation at the zeroth order becomes simply

˙̄ρ+ 3H ρ̄ = 0 , (6.15)

which admits the well-known background solution (1.26) for the matter component.

Finally, we focus on the relation between the redshift z and the dimensionless parameter τ , defined
in Eq. (6.10), to understand to what extent of τ values the background solution (6.13) can be applied in
the late Universe. To be more accurate in this computation, we also include the radiation contribution
to write τ as

τ (z) = 1 +

ˆ 1/1+z

1

dx

x
√

Ωm0 x−3 + Ωr0 x−4 + ΩΛ0

, (6.16)

where we have adopted the same approach of Sect. 1.1.4 and we have used the definition of τ (6.10).
The quantity τ (z) can be computed numerically for a given redshift z, after specifying the cosmological
parameters: Ωm0 = 0.3111, ΩΛ0 = 0.6889, and Ωr0 = 9.138 · 10−5 from Table 2 (last column) in [40]. For
instance, we can compute: τ (zeq) = 0.046 at the redshift of the matter-radiation equality zeq = 3403.5;
τ (zDE) = 0.75 at the matter-dark energy equality zDE = 0.303; τ (z100eq) = 0.052 when the energy density
of the matter component was one hundred times more than the radiation contribution at z100eq = 33.045.
In particular, considering this latter value of τ , you can see in Fig. 6.1 the behavior of the background
scale factor ā (τ) and the deceleration parameter q̄ (τ) in the range τ100eq < τ < 5, when relativistic
species are negligible.

Figure 6.1: Evolution of the background scale factor ā (τ) (top panel) and the respective deceleration
parameter q̄ (τ) (bottom panel) in terms of the time dimensionless parameter τ , defined in Eq. (6.10),
for a flat ΛCDM model in the range τ100eq < τ < 5, according to the solution given in Eq. (6.13). These
panels are plotted in [TS 4].
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6.2.2 Linearly perturbed solutions in an inhomogeneous Universe

We analyze the impact of local inhomogeneities in the cosmological dynamics. The linearized field equa-
tions allow us to investigate the evolution of spherically symmetric perturbations.

If we include local inhomogeneities in the first-order perturbation theory, the Eqs. (2.9a) and (2.9b)
become [

ā2 (χ ρ̄+ Λ)− ˙̄a2
]

(3 δa+ r δa′) + χ δρ ā3 =

2 ā ˙̄a (3 δȧ+ r δȧ′) + 3 āK2 + 2 ā r K K ′ , (6.17a)

δä+
˙̄a

ā
δȧ−

(
¨̄a

ā
+

˙̄a2

ā2

)
δa+

K2

2 ā
= 0 , (6.17b)

respectively.

Furthermore, we rewrite the continuity equation (2.11) at linear order:

δρ̇+ 3
˙̄a

ā
δρ+

ρ̄

ā2
[ā (3 δȧ+ r δȧ′)− ˙̄a (3 δa+ r δa′)] = 0 . (6.18)

To study separately the evolution of local inhomogeneities in time and space, we adopt the separation
of variables method to solve analytically the first-order perturbation equations. Hence, we define time
and radial functions for all linear perturbations:

δa (t, r) ≡ аp (t) ap (r) δρ (t, r) ≡ Rp (t) %p (r) . (6.19)

The quantities аp (t) and ap (r) are both dimensionless. We assume, without loss of generality, that Rp (t)

has the physical dimensions of an energy density as ρ̄ and δρ, while we treat %p (r) like a dimensionless
quantity. We also recall that the curvature perturbation K2 (r) in the LTB metric depends only on the
radial coordinate.

We stress that if we would also include non-linear terms, then the separation of variables could not
lead to a general solution. However, the linearization procedure adopted for the dynamics allows us to
use a separation of variables characterized by the factorization (6.19) of the time and space dependences
in the linear perturbation theory.

Using the factorization (6.19), Eq. (6.17b) can be split into two parts. By setting the radial dependence
as

K2 (r) = ap (r) , (6.20)

we obtain an ordinary differential equation for the time evolution:

ӓp +
˙̄a

ā
а̇p −

[
¨̄a

ā
+

(
˙̄a

ā

)2
]

аp = 0 , (6.21)

in which we have also considered that ā � аp. We would emphasize that the assumption given in
Eq. (6.20) is suggested by the form of Eq. (6.17b), once we used the separation of variables from Eq. (6.19).
Nevertheless, we have still two metric perturbations given by the quantities аp (t) and ap (r).

Then, we proceed similarly for the first-order perturbation continuity equation (6.18). After straight-
forward calculations, by using again the factorization (6.19) in Eq. (6.18), we separate terms that depend
only on t from those related to r. In particular, the time evolution is provided by

Ṙp + 3
˙̄a

ā
Rp = X

ρ̄

ā

(
˙̄a

ā
аp − а̇p

)
, (6.22)
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while we obtain the following radial dependence

%p =
1

X

(
3 ap + r a′p

)
. (6.23)

The constant X is introduced by the separation of variables method. We recall that the background
solutions for ā and ρ̄ are provided by Eqs. (6.13) and (1.26), respectively.

We rewrite the first-order perturbation Eq. (6.17a), by employing Eq. (6.19) and dividing both sides
of the equation by ā2 аp ap, as[

χ ρ̄+ Λ−
(

˙̄a

ā

)2

− 2
˙̄a

ā

а̇p
аp

] (
3 + r

a′p
ap

)
=

3

ā аp
K2

ap
+

2

ā аp
rK K ′

ap
− χ ā Rp

аp
%p
ap
. (6.24)

We observe the presence of several mixed terms depending both on t and r. However, we can reduce the
number of these mixed terms, by using Eqs. (6.20), (6.23), and (6.7), to rewrite Eq. (6.24) as[

2
˙̄a

ā

(
˙̄a

ā
аp − а̇p

)
+
χ

X
āRp

]
%p
ap

= 0 . (6.25)

Since we want to avoid trivial solutions, we should have %p 6= 0 and ap 6= 0. Then, we obtain a single
ordinary differential equation in the time domain:

2
˙̄a

ā

(
˙̄a

ā
аp − а̇p

)
+
χ

X
āRp = 0 . (6.26)

It is straightforward to check the compatibility between Eqs. (6.21), (6.22), and (6.26). Indeed, by
combining the time derivative of Eq. (6.26) with Eq. (6.22), the background field equations (6.7), and
(6.9), it is easy to build exactly Eq. (6.21).

Then, we rewrite the term in the brackets on the right-hand side of Eq. (6.22) by using Eq. (6.26),
and we get an ordinary differential equation with a single variable Rp (t), that is

Ṙp +

(
3

˙̄a

ā
+
χ ρ̄

2

ā
˙̄a

)
Rp = 0 . (6.27)

Therefore, focusing on the time domain, we can obtain numerical solutions for the unknown quantities
аp and Rp from the linearized equations (6.21) and (6.27). In particular, Eq. (6.21) shows exactly the
same behavior in terms of t and τ , as it can be checked by using the definition of τ (6.10) and replacing
d
dt ≈ H0

d
dτ . Recalling the expression (6.13) of the background scale factor in GR, Eq. (6.21) can be

solved numerically. We set the initial conditions at τ = 1 today: аp (1) = 10−5 and а̇p (1) = 0. Moreover,
we fixed the same values for Ωm0 and ΩΛ0 adopted in Sect. 6.2.1. In the upper panel of Fig. 6.2, you can
see the numerical results for 1 ≤ τ ≤ 5. Note that the perturbed scale factor аp increases as τ grows, and
this fact may be a problem if perturbations become unstable. However, the evolution of аp is dominated
by the background term ā at any time τ . Indeed, the ratio1 between the perturbation and background
terms with η (τ) ≡ |аp/ā| � 1 for any τ , as it is shown in the middle panel of Fig. 6.2. In other words,
perturbations of the scale factor due to local inhomogeneities will remain small over time.

Concerning the time evolution of the perturbed energy density of the matter component Rp, we rewrite

1In this chapter, η (τ) is defined as the ratio between the linear perturbation and bckground scale factor, it is not the
conformal time.
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Eq. (6.27) in terms of τ as

dOp
dτ

+ 3

[
1

ā

dā

dτ
+

Ωm0

2 ā2

(
dā

dτ

)−1
]
Op = 0 , (6.28)

in which we have defined the dimensionless quantity Op ≡ Rp/ρ̄c0, and we have used Eq. (1.26). We
solve numerically Eq. (6.28) with the initial condition Op (1) = 10−5 for τ = 1. The results are shown in
the bottom panel of Fig. 6.2. Note that Op (τ)� 1 for 1 ≤ τ ≤ 5.

Finally, after obtaining numerical solutions for the time domain, we focus on the radial part of
perturbations. We recall that K2 (r) = ap (r) from Eq. (6.20). Moreover, we assume for simplicity a
proportionality between radial perturbations, i.e. %p = C ap with a constant C. Then, we solve the
ordinary differential equation (6.23) in r, and we obtain a power-law behavior for the radial correction of
the perturbed scale factor in GR:

ap (r) ∝ r−y , (6.29)

for which y ≡ 3 − C X. More in detail, we need to impose the condition y > 0 to ensure that inhomo-
geneities decay on large scales, according to the cosmological principle.

6.3 Perturbation approach for the Lemaître-Tolman-Bondi model
in the Jordan Frame of f (R) gravity

In this section, we compare and discuss the evolution of inhomogeneous perturbations in GR and in the
Jordan frame of f (R) gravity, considering again a cosmological dust (p = 0) in the LTB geometry. A
complete general solution in linear perturbation theory within the metric f (R) gravity was developed
in [101, 102, 257]. Instead of proceeding with a fourth-order cosmological dynamics, here we work in
the equivalent Jordan frame f (R) gravity. Furthermore, as a particular case, we focus on spherically
symmetric perturbations, following the same perturbation approach developed in Sect. 6.2 by using the
metric decomposition in Eq. (6.4). Hence, we split the metric functions α and β, the energy density ρ,
and the scalar field φ into background terms plus linear corrections as

α (t, r) = ᾱ (t) + δα (t, r) , β (t, r) = β̄ (t, r) + δβ (t, r)

ρ (t, r) = ρ̄ (t) + δρ (t, r) , φ (t, r) = φ̄ (t) + δφ (t, r) . (6.30)

We also require again that inhomogeneities are much smaller than respective background terms.
It should be stressed that, in the Jordan frame, we can not use the LTB metric in the simpler form

(2.7), but we refer to the original LTB line element (2.1). Thus, the two degrees of freedom of the
perturbed metric are given by α (t, r) and β (t, r); we no longer refer to a (t, r) and K2 (r), as in the GR
scenario.

Note that the background quantities ᾱ and β̄ are related to the scale factor ā, since we want to
reproduce a flat FLRW geometry at the zeroth-order perturbation. Then, comparing a flat FLRW metric
with the LTB line element in the form given by Eq. (2.1), it is straightforward to show that

ᾱ (t) = ln (ā (t)) , (6.31a)

β̄ (t, r) = ln (ā (t) r) . (6.31b)

In particular, note that ˙̄α = H = ˙̄β, and also β̄′ = 1/r.
As a consequence, the metric tensor component grr in the LTB metric can be approximated for
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δα� 1/2 as
grr = e2α = e2(ᾱ+δα) ≈ ā2 (t) (1 + 2 δα) , (6.32)

in which it is possible to recognize the respective metric tensor component grr in a flat FLRW metric as
background term. We can follow the same reasoning for the other metric tensor components involving β
with the assumption δβ � 1/2.

Also, we need to expand the scalar field potential V (φ), defined in Eq. (1.111), which appears in
the field equations (6.1b), (6.1c), (6.2) in the Jordan frame of f (R) gravity. Therefore, including local
inhomogeneities, we obtain

V [φ (t, r)] = V
[
φ̄ (t) + δφ (t, r)

]
≈ V

[
φ̄ (t)

]
+
dV

dφ

∣∣∣∣
φ=φ̄

δφ (t, r) +O
(
δφ2
)

(6.33)

for the first-order perturbation theory. Similarly, we rewrite the derivative of V (φ) as

dV

dφ
[φ (t, r)] =

dV

dφ

[
φ̄ (t) + δφ (t, r)

]
≈

≈ dV

dφ

∣∣∣∣
φ=φ̄

+
d2V

dφ2

∣∣∣∣
φ=φ̄

δφ (t, r) +O
(
δφ2
)
. (6.34)

As we have proceeded to study the gravitational field equations in GR in Sect. 6.2 to find background
and linear solutions, now we analyze the dynamics of f (R) gravity in the Jordan frame, provided by the
field equations (6.1), and (6.2) in the LTB metric. It should be stressed that, in the Jordan frame, we
can not use the LTB metric in the simpler form (2.7), but we refer to the original LTB line element (2.1).

6.3.1 Background solution

If we consider all background quantities, we do not include spherically symmetric perturbations and
Eqs. (6.1b), (6.1c), and (6.2) provide field equations in the Jordan frame of f (R) gravity in a flat FLRW
geometry: Eqs. (1.117a), (1.117b), and (1.117c). Note that Eq. (6.1a) vanishes at the background level
in the synchronous gauge, and it becomes a trivial identity.

Then, we focus on the f (R) HSmodel in the Jordan frame, which has been introduced in Sect. Sect. 1.3.2.
Recalling the form of the scalar field potential V

(
φ̄
)
in Eq. (1.124), we observe that the field equations

(1.117) do not admit any analytical solutions, and we have to solve it numerically. In this regard, we
rewrite the full set of equations (1.117) in terms of the dimensionless parameter τ , defined in Eq. (6.10),
and we obtain, respectively:[

1

ā (τ)

dā (τ)

dτ

]2

=
Ωm0

φ̄ (τ) ā3 (τ)
+

Ωm0

6 φ̄ (τ)

V
(
φ̄
)

m2
− 1

ā (τ) φ̄ (τ)

dā (τ)

dτ

dφ̄ (τ)

dτ
, (6.35a)

1

ā (τ)

d2ā (τ)

dτ2
= − Ωm0

φ̄ (τ) ā3 (τ)
− Ωm0

6 φ̄ (τ)

V
(
φ̄
)

m2
+

1

6

Ωm0

m2

dV
(
φ̄
)

dφ̄
+

+
1

ā (τ) φ̄ (τ)

dā (τ)

dτ

dφ̄ (τ)

dτ
, (6.35b)

3

φ̄ (τ)

d2φ̄ (τ)

dτ2
− 2

Ωm0

φ̄ (τ)

V
(
φ̄
)

m2
+

Ωm0

m2

dV
(
φ̄
)

dφ̄
+

9

ā (τ) φ̄ (τ)

dā (τ)

dτ

dφ̄ (τ)

dτ
=

3 Ωm0

φ̄ (τ) ā3 (τ)
. (6.35c)

We used the usual relation for the cosmological density parameter Ωm0, and we recall that m2 = χ ρ̄m0/3.
In particular, Eqs. (6.35a) and (6.35c) allow us to obtain numerical solutions for ā (τ) and φ̄ (τ), while
Eq. (6.35b) is useful to estimate numerically the deceleration parameter q̄ (τ).

We choose the parameters of the model in such a way that the background modified gravity scenario
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is almost equivalent to the ΛCDM cosmological model with the aim of focusing later on the differences
between the linear perturbation solutions in the two models. More precisely, we fix Ωm0 = 0.3111,

the same value adopted in Sect. 6.2.1, and we set the value |FR0| = 1.0 · 10−7 at the present cosmic
time (redshift z = 0 or τ = 1), which provides information about the deviation from the GR scenario,
according to Eq. (1.123). As a consequence, we constrain the HS dimensionless parameters: c1 = 2.0 ·106

and c2 = 1.5 · 105, as developed in Sect. 1.3.2. We recall that the profile of the background quantity
V
(
φ̄
)
/m2 is plotted in Fig. 1.3.

To guarantee a nearly frozen evolution of the scalar field φ̄ for increasing τ , we impose the following
condition: dφ̄

dτ (τ = 1) = 0. Finally, we solve numerically Eqs. (6.35a) and (6.35c) for 0.2 < τ < 5, when
the relativistic components remain negligible as compared with the matter, to obtain the evolution of
ā (τ) and φ̄ (τ). The numerical results are shown in Fig. 6.3. By comparing it with Fig. 6.3, it should be
emphasized that ā (τ) and q̄ (τ) exhibit almost the same behavior in GR and in Jordan frame of f (R)

gravity, as desired according to the choice of model parameters abovementioned. In particular, in the
bottom panel of Fig. 6.3, we plot the quantity

∣∣1− φ̄ (τ)
∣∣ to evaluate the deviation from GR (φ̄ = 1): we

observe more relevant deviations in the late Universe for τ > 1, but nevertheless the background modified
gravity dynamics still remains almost undistinguishable from the ΛCDM scenario. Hence, we can shift
the attention towards the first-order perturbation solutions in the Jordan frame of f (R) gravity.

6.3.2 Linearly perturbed solutions in an inhomogeneous Universe

We focus on the first-order perturbed equations to study the evolution of spherically symmetric perturba-
tions. Considering the split between background terms and linear perturbations according to Eq. (6.30),
the set of field equations (6.1) becomes

δβ̇′ =
1

r

(
δα̇− δβ̇

)
− 1

2 φ̄

(
δφ̇′ −

˙̄a

ā
δφ′
)
, (6.36a)

2

ā2

[
1

r2
(δα− δβ)− δβ′′ − 3

r
δβ′ +

1

r
δα′
]

+

+

(
2

˙̄a

ā
+

˙̄φ

φ̄

) (
δα̇+ 2 δβ̇

)
=
χ

φ̄
δρ− 3

˙̄a

ā

δφ̇

φ̄
+

+

(
1

2

dV

dφ

∣∣∣∣
φ=φ̄

− 1

2

V
(
φ̄
)

φ̄
− χ ρ̄

φ̄
+ 3

˙̄a

ā

˙̄φ

φ̄

)
δφ

φ̄
+

1

ā2 φ̄

(
δφ′′ +

2

r
δφ′
)
, (6.36b)

δβ̈ + 3
˙̄a

ā
δβ̇ +

1

ā2 r2
(δα− δβ − r δβ′) =(

1

2

dV

dφ

∣∣∣∣
φ=φ̄

− 1

2

V
(
φ̄
)

φ̄
+

¨̄φ

φ̄
+ 2

˙̄a

ā

˙̄φ

φ̄

)
δφ

2 φ̄
+

− 1

2 φ̄

(
δφ̈+ 2

˙̄a

ā
δφ̇+ 2 ˙̄φ δβ̇ − 2

ā2 r
δφ′
)
. (6.36c)

Similarly, starting from Eq. (6.2), the linearized scalar field equation is given by

δφ̈+ 3
˙̄a

ā
δφ̇+

(
δα̇+ 2 δβ̇

)
˙̄φ− 1

ā2

(
δφ′′ +

2

r
δφ′
)

+

+
1

3

(
φ̄
d2V

dφ2

∣∣∣∣
φ=φ̄

− dV

dφ

∣∣∣∣
φ=φ̄

)
δφ =

1

3
χ δρ . (6.37)
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Moreover, the continuity equation (2.10) rewrites as

δρ̇+ 3
˙̄a

ā
δρ+

(
δα̇+ 2 δβ̇

)
ρ̄ = 0 (6.38)

at the linear perturbation order. We have used Eq. (6.31) to rewrite ᾱ and β̄ in terms of ā.

Following the same approach we adopted in GR in Sect. 6.2, we use a separation of variables method
to study separately the evolution of inhomogeneities in time and space. Hence, we factorize the linear
perturbations as:

δα (t, r) ≡ Ap (t) Ap (r) , δβ (t, r) ≡ Bp (t) Bp (r) ,

δρ (t, r) ≡ Pp (t) %p (r) , δφ (t, r) ≡ Φp (t) ϕp (r) . (6.39)

Assuming this factorization, we can rewrite Eqs. (6.36), (6.37), and (6.38). However, we notice
the presence of several mixed terms depending both on t and r, which do not allow us to solve the
equations using the separation of variables in a standard way, unless we rely on reasonable and simplifying
assumptions (further details on explicit calculations are in the Appendix on page 133). For instance, we
are able to use the separation of variables method for all field equations, if we require the two following
conditions:

Ap = λ1Bp , (6.40a)

%p = λ2 ϕp , (6.40b)

where λ1 and λ2 are two proportionality constants. These conditions allow us to simplify the equation sys-
tem and easily separate time and radial dependences: we obtain a set of differential equations describing
the radial profiles of perturbations and another equation system concerning only the time evolution.

Hence, starting from Eqs. (6.36), (6.37), and (6.38), after long but straightforward calculations (see
the Appendix on page 133), we obtain a set of equations for the radial part:

Ap =
1

λ1

[
Bp + r

(
B′p + µ1 ϕ

′
p

)]
, (6.41a)

Bp =
2

µ4 r
ϕ′p − µ1 ϕp , (6.41b)

ϕ′′p +
2

r
ϕ′p − µ2

3 ϕp = 0 , (6.41c)

%p =
1

µ2
(λ1Ap + 2Bp) , (6.41d)

where µ1, µ2, µ3, and µ4 are constants arising from the separation of variables. We have four unknown
quantities (Ap, Bp, %p, and ϕp), which are related through the condition given by Eq. (6.40b), the
perturbed 0-1 component of field equations (6.41a), the perturbed 1-1 component (6.41b), the linearized
scalar field equation (6.41c), and in addition the perturbed continuity equation (6.41d). In particular,
note that µ3 has dimensions of reciprocal length, i.e. [µ3] = L−1, as you can see from Eq. (6.41c).

Similarly, in the Appendix on page 133, we write an equation system for the time evolution of per-
turbations:

Ḃp =
1

2 φ̄ µ1

(
Φ̇p −

˙̄a

ā
Φp

)
, (6.42a)

µ2 λ2

2µ1

(
2

˙̄a

ā
+

˙̄φ

φ̄

)(
Φ̇p
Φp
−

˙̄a

ā

)
+
χ ρ̄

φ̄
− 1

2

dV

dφ

∣∣∣∣
φ=φ̄

+
V
(
φ̄
)

2 φ̄
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+ 3
˙̄a

ā

(
Φ̇p
Φp
−

˙̄φ

φ̄

)
− χλ2

Pp
Φp

+ 2µ1µ
2
3

φ̄ Bp
ā2 Φp

=
µ2

3

ā2
, (6.42b)

B̈p + Ḃp

(
3

˙̄a

ā
+

˙̄φ

φ̄

)
=

µ4

2 ā2

(
Φp
φ̄
− µ1Bp

)
, (6.42c)

Φ̈p
Φp

+ 3
˙̄a

ā

Φ̇p
Φp
− 1

3

dV

dφ

∣∣∣∣
φ=φ̄

+
1

3
φ̄
d2V

dφ2

∣∣∣∣
φ=φ̄

+

+ µ2 λ2
˙̄φ
Ḃp
Φp
− χλ2

3

Pp
Φp

=
µ2

3

ā2
, (6.42d)

Ṗp + 3
˙̄a

ā
Pp + µ2 ρ̄ Ḃp = 0 . (6.42e)

We have four unknown quantities (Ap, Bp, Pp, and Φp) for the time evolution of inhomogeneities,
which are fully described by the assumption (6.40a), the perturbed 0-1, 0-0, 1-1 components of field
equations given by Eqs. (6.42a), (6.42b), (6.42c), respectively, the linearized scalar field equation (6.42d),
and the perturbed continuity equation (6.42e). Note that two equations of the latter list are redundant
since the scalar field and continuity equations are not independent of the other field equations.

It should be stressed that the potential V (φ) affects only the time evolution. As a consequence, since
the scalar field potential is related to a specific modified f (R) model, the time evolution strongly depends
on the particular modified gravity model considered, while the radial part of the linearized equations is
completely model free. This is a crucial point to identify a peculiar feature of the inhomogeneities
evolution in the Jordan frame of f (R) gravity through analysis of the radial profiles of perturbations.

Once we have split all field equations in time and radial contributions, we seek linear order solutions
separately.

6.3.2.1 Radial profiles

If we focus on the radial evolution of perturbations, we can solve the respective equation system analyt-
ically. More specifically, in solving the differential equation (6.41c), we obtain the Yukawa behavior for
the radial solution of the linearly perturbed scalar field:

ϕp (r) =
γ

r
e−µ3 r . (6.43)

We have set perturbations to vanish at infinity according to the cosmological principle, hence we have
only one integration constant γ. We recall that [µ3] = L−1, as it can be checked also from Eq. (6.43).
Note that %p (r) has the same radial dependence, i.e.

%p (r) =
λ2 γ

r
e−µ3 r , (6.44)

in which we considered the assumption given by Eq. (6.40b).
Consequently, from Eq. (6.41b), we also get

Bp (r) = − γ

µ4
exp (−µ3 r)

(
µ4 µ1

r
+

2µ2
3

r2
+

2

r3

)
, (6.45)

where we used the solution (6.43). Finally, we combine Eqs. (6.41a), (6.43), and (6.45) to obtain the
scalar perturbation

Ap (r) =
γ

λ1
exp (−µ3 r)

(
2µ1 + µ2 λ2

r
+

4µ2
3

µ4 r2
+

4

µ4r3

)
. (6.46)
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It should be noted that, in order to satisfy the compatibility between Eqs. (6.41a), (6.40b), (6.41c),
(6.41b), and (6.41d), we require the following relation

µ4 =
2µ2

3

3µ1 + µ2 λ2
(6.47)

between the constants involved in the set of equations. More specifically, to write this compatibility
condition, we have started from Eqs. (6.41a), (6.41d), and then we have replaced %p and Bp with ϕp

and ϕ′p by using Eqs. (6.40b) and (6.41b), respectively; finally, the resulting equation is compared with
Eq. (6.41c) to set the above relation (6.47) between the constants. In particular, note that [µ4] = L−2,
since µ3 has the dimension of inverse length, and the other constants are dimensionless.

It should be pointed out that the f (R) gravity establishes a typical radial scale, rc ≡ µ−1
3 , such that

local inhomogeneities vanish for r � rc more rapidly than the respective perturbations in the ΛLTB
model. For instance, this fact can be shown by comparing the behavior of the perturbed scale factor
given in Eq. (6.29) with the radial profiles of the LTB metric functions in Eqs. (6.45) and (6.46). It is
important to stress that our result is completely independent of the choice of scalar field potential V

(
φ̄
)
.

Hence these radial solutions apply to any f(R) extended model, providing a remarkable feature of the
radial evolution within the Jordan frame of the f (R) gravity if compared to GR.

6.3.2.2 Time evolution

Now we focus on the time evolution of perturbations in the Jordan frame. Clearly, the choice of the
background f (R) modified gravity model affects the time dependence of inhomogeneities since V

(
φ̄
)

appears in almost all equations regarding the time part. Our main result concerns the peculiarity of the
radial profiles of perturbations in the Jordan frame, which does not depend on a specific modified gravity
model. Here, we merely want to prove the existence of at least one stable time solution.

To solve numerically the equation system given by Eqs. (6.40a), (6.42a), (6.42e), (6.42d), (6.42b),
(6.42c), we rewrite it in terms of the dimensionless parameter τ , defined in Eq. (6.10). We also recall
that d/dt ≈ H0 d/dτ .

In particular, Eqs. (6.40a) and (6.42a) maintain the same form if we write them in terms of τ as

Ap (τ) = λ1Bp (τ) (6.48)

dBp
dτ

=
1

2 φ̄ (τ) µ1

(
dΦp
dτ
− 1

ā

dā

dτ
Φp (τ)

)
, (6.49)

respectively.

Furthermore, the linearized scalar field equation (6.42d) becomes

1

Φp (τ)

d2Φp
dτ2

+ 3
1

ā (τ)

dā

dτ

1

Φp (τ)

dΦp
dτ
− 1

3

Ωm0

m2

dV

dφ

∣∣∣∣
φ=φ̄(τ)

+
1

3
φ̄ (τ)

Ωm0

m2

d2V

dφ2

∣∣∣∣
φ=φ̄(τ)

+

+ µ2 λ2
dφ̄

dτ

1

Φp (τ)

dBp
dτ
− λ2 Ωm0 Ξ (τ)

ā3 (τ) Φp (τ)
=

µ̃2
3

ā2 (τ)
. (6.50)

We have defined the density contrast Ξ (τ) ≡ Pp (τ) /ρ̄ (τ) for linear perturbations. Note also that the
quantity µ̃3 ≡ µ3/H0 is dimensionless in natural units.

Similarly, Eq. (6.42b) in terms of τ rewrites as

µ2 λ2

2µ1

(
2

ā (τ)

dā

dτ
+

1

φ̄ (τ)

dφ̄

dτ

)(
1

Φp (τ)

dΦp
dτ
− 1

ā (τ)

dā

dτ

)
+



104
CHAPTER 6. THE EVOLUTION OF LOCAL INHOMOGENEITIES OF THE UNIVERSE IN

DIFFERENT COSMOLOGICAL MODELS

+
3 Ωm0

φ̄ (τ) ā3 (τ)
− Ωm0

2m2

dV

dφ

∣∣∣∣
φ=φ̄(τ)

+
Ωm0 V

(
φ̄
)

2m2 φ̄ (τ)
+

+
3

ā (τ)

dā

dτ

(
1

Φp (τ)

dΦp
dτ
− 1

φ̄ (τ)

dφ̄
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)
− 3λ2 Ωm0 Ξ (τ)

Φp (τ) ā3 (τ)
+ 2µ1µ̃

2
3

Bp (τ)

Φp (τ)

φ̄ (τ)

ā2 (τ)
=

µ̃2
3

ā2 (τ)
, (6.51)

and Eq. (6.42c) turns into:

d2Bp
dτ2

+
dBp
dτ

(
3

ā (τ)

dā

dτ
+

1

φ̄ (τ)

dφ̄

dτ

)
=

µ̃4

2 ā2 (τ)

(
Φp (τ)

φ̄ (τ)
− µ1Bp (τ)

)
. (6.52)

In the latter equation, we have introduced the dimensionless quantity µ̃4 ≡ µ4/H
2
0 in natural units.

Finally, considering the definition of the density contrast Ξ (τ) and the background equation (6.15),
it is straightforward to show that the linearly perturbed continuity equation (6.42e) simply rewrites in
terms of τ as

dΞ

dτ
+ µ2

dBp
dτ

= 0 . (6.53)

Note that we can replace dBp/dτ with dΞ/dτ , or vice versa, in the other field equations (6.50) to reduce
the number of unknown quantities.

Now we want to solve numerically Eqs. (6.49) and (6.50) to obtain Ξ (τ) and Φp (τ). In this regard,
we fix the values of constants for simplicity µ1 = 1, µ2 = 102, λ2 = 5, µ̃3 = 1 and set initial conditions
at τ = 1 for inhomogeneities: Ξ (1) = 10−5, Φp (1) = 10−12, and dΦp/dτ (1) = 0. These values have been
chosen to have weak and slowly varying perturbations and guarantee the existence of a stable numerical
solution. Moreover, we use the background numerical solutions for ā (τ) and φ̄ (τ), and the scalar field
potential V

(
φ̄
)
for the HS model discussed in Sect. 6.3.1.

Then, we obtain numerical solutions for Ξ (τ) and Φp (τ), which are plotted in Fig. 6.4. It should
be noted that these solutions are stable in time, since inhomogeneous perturbations are dominated by
background terms for any τ .

Once we have obtained Ξ and Φp numerically, the remaining perturbed quantities Ap and Bp can be
easily found by using Eqs. (6.48) and (6.53).

We conclude this chapter by summarizing briefly our results. Adopting the LTB metric (2.1), we
solved perturbatively the system of field equations both in the ΛLTB model and in inhomogeneous
cosmological model based on the f (R) gravity. In particular, we used the method of separation of
variables for the linear order. We integrated analytically the radial profiles of local perturbations, while
their time evolution required a numerical approach. The main result of the analysis concerns the different
radial profiles of local inhomogeneities in the two cosmological scenarios: the radial perturbations follow
a power-law in the ΛLTB model (Sect. 6.2), while Yukawa-like contributions appear in the f (R) theory
(Sect. 6.3). Interestingly, this latter peculiar behavior of radial profiles is not affected by the choice of the
f (R) functional form. The numerical solution of time-dependent perturbations exhibits a non-diverging
profile. Our method outlined a possible way to investigate the differences between GR and modified
gravity theories by studying the evolution of radial perturbations in inhomogeneous cosmologies. The
most relevant signature we fixed about the possibility to adopt the f (R) modified gravity scenario is
to describe the accelerating late Universe via spherically symmetric perturbations over a homogeneous
background.
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Figure 6.2: Top panel: time evolution of the linear perturbation of the scale factor аp (τ) in units of
10−4 and in terms of the time dimensionless parameter τ , defined in Eq. (6.10), as a numerical solution
of Eq. (6.21). Middle panel: the ratio between the first-order perturbation term and background scale
factor, η (τ) ≡ |аp/ā|, versus τ in units of 10−5. Bottom panel: evolution of the dimensionless linear
perturbation of the energy density Op (τ) ≡ Rp/ρ̄c0 for the matter component in units of 10−6. Note that
all perturbed contributions are smaller than respective background terms for 1 ≤ τ ≤ 5. These panels
are extracted from [TS 4].
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Figure 6.3: Numerical background solutions, considering a flat FLRW geometry, for the f (R) HS model
in the Jordan frame. Top panel: evolution of the scale factor ā in terms of the dimensionless time
parameter τ . Middle panel: behavior of the deceleration parameter q̄ (τ). Bottom panel: the deviation
from the GR scenario (φ̄ = 1) with units of 10−7 for the vertical axis. These panels are reported from
[TS 4].
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Figure 6.4: Numerical solutions for the evolution of linear perturbations in the Jordan frame of f (R)
gravity in terms of the time dimensionless parameter τ = t/t0. Top panel: the difference between the
density contrast Ξ evaluated at a generic τ and τ = 1 represented in units of 10−11 and logarithmic scale.
Bottom panel: evolution of the ratio between the linearly perturbed scalar field Φp (τ) and the respective
background scalar field φ̄ (τ) in units of 10−13. This figure is extracted from [TS 4].
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Chapter 7

Skewness of the distance-redshift
relation in the concordance model

Luminosity-distance relations have been crucial in establishing the accelerating Universe and the stan-
dard ΛCDM cosmological model, but it should be considered that light propagation occurs in a clumpy
Universe. Therefore, a robust theoretical framework is essential to describe local effects and statistical
properties of observed cosmic structures, including their stochastic origin. To investigate the impact of
local inhomogeneities of the Universe on cosmological observables, we adopt the averaging formalism in
cosmology (see the covariant and gauge-invariant prescription on the past-light cone in Sect. 2.2). While
in Chapter 6 we admit a deviation from spatial homogeneity directly in the metric, in the present chapter
we build the theoretical framework to evaluate the higher-order moments for the PDF of a given cosmolog-
ical observable, such as the luminosity distance, within the framework of the concordance model ΛCDM.
It should be emphasized that non-Gaussianities in the matter distribution may imply non-Gaussian fea-
tures in the distance-redshift relation, which are related to non-vanishing higher moments. In this regard,
we are interested in computing analytically the skewness of the PDF of the luminosity distance at the
leading order in the cosmological perturbative expansion of the gravitational potential, focusing on per-
turbations of the luminosity distance due to gravitational lensing. Our studies are motivated by the
results presented in [166] and based on numerical relativistic simulations of cosmic structure formation
by using the code gevolution [139], which provide evidence of non-Gaussianities in the Hubble-Lemaître
diagram. We show how the late-time matter bispectrum plays a crucial role in determining the skewness
in the Hubble-Lemaître diagram. Finally, we discuss our analytical results compared with the numerical
simulations mentioned above. The method developed in this chapter is presented in the original work
[TS 5].

7.1 Leading-order terms review: average and dispersion

In this section, we present a method to estimate the moments associated with the PDF of a generic
observable S. The particular choice of the integration measure used for their evaluation will be addressed
later. Specifically, we adopt the covariant averaging prescriptions over the past light-cone of an observer
presented in Sect. 2.2.

The average of S over a specific region of space-time can be written in general as

〈S〉 =

´
dµS´
dµ

, (7.1)

109
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in which µ denotes the measure that determines the weight in the averaging procedure. The measure
contains a window function to select a specific region of space-time and to ensure the gauge invariance (see,
for instance, averages on the past-light cone in Sect. 2.2). Our method is general, we do not adopt a specific
averaging prescritpion, but we only require that S transforms as a scalar field under a generic coordinate
transformation. We recall that the average denoted by 〈. . .〉 represents a geometric procedure that
accounts for the smoothing of an arbitrary inhomogeneous manifold, whereas the stochastic properties of
the inhomogeneities are determined by a further ensamble average, as mentioned in Sect. 2.2.

The definition of average given in Eq. (7.1) is an exact expression, but we work in a perturbed FLRW
metric. For scalar perturbations at the second order, we have

ds2 = a2(η)
[
− (1 + 2Φ) dη2 + (1− 2Ψ)

(
dr2 + r2(dθ2 + sin2 θdϕ2

)]
(7.2)

where the perturbations of the gravitational potentials are given by Φ ≡
∑
i φ

(i) and Ψ ≡
∑
i ψ

(i) and i
refers to the order of the perturbative expansion1.

We expand Eq. (7.1) up to second order such that

S ' S(0)
(
1 + σ(1) + σ(2)

)
,

dµ ' dµ(0)
(
1 + µ(1) + µ(2)

)
, (7.3)

Following the same procedure, we can also compute the average of the observable S with respect to its
background value2 S(0) by applying Eq. (7.1) to S/S(0) instead of S. This choice is motivated by three
main reasons. Firstly, the result obtained from numerical simulation (see Fig. 7.1) exhibit the distribution
of the ratio between the observed luminosity distance and its value in the background Universe. Secondly,
previous estimations in literature [142–144] are consistent with the choice of a rescaled scalar observable
to its background value. Thirdly, this choice simplifies our calculations significantly. Actually, we are
interested in evaluating the average of the α-th power of S/S(0), which will be useful in order to compute
the α-th moment of the distribution. Thus, for a generic scalar field S, we can write:

〈(
S
S(0)

)α〉
'

´
dµ(0)

[
1 + µ(1) + ασ(1) + µ(2) + αµ(1)σ(1) + α

2

(
2σ(2) + (α− 1)σ(1)2

)]
´
dµ(0) (1 + µ(1) + µ(2))

' 1 + α I[σ(1)]

+α I[µ(1) σ(1)] + α I[σ(2)] +
α (α− 1)

2
I
[
σ(1)2

]
− α I[µ(1)] I[σ(1)] , (7.4)

in which we have defined the average with the background measure

I [f ] ≡
´
dµ(0)f´
dµ(0)

. (7.5)

Considering that our perturbations will be sourced by the fluctuations of the gravitational potentials Φ

and Ψ, we assume that the ensemble average of the linear gravitational potentials is zero, i.e., φ = ψ = 0,

1We work with the conformal time η and we use capital Greek letters for the full non-linear gravitational potentials,
while each perturbative term is indicated by lowercase Greek letters. For the sake of simplicity, we will omit the index
(1) for linear perturbations of the gravitational potentials, and the superscript (2) is used only for the purely second-order
perturbations. Moreover, we will assume that there is no anisotropic stress at linear order, i.e. φ = ψ.

2In this chapter, to avoid ambiguity with the ensamble average . . ., we refer to background quantities by using the
superscript (0), differently from the previous chapter.



CHAPTER 7. SKEWNESS OF THE DISTANCE-REDSHIFT RELATION IN THE
CONCORDANCE MODEL 111

0.94 0.96 0.98 1.00 1.02 1.04 1.06
DL/D̄L(z)

z=0.0-0.5
z=0.5-1.0
z=1.0-1.5
z=1.5-2.0

Figure 7.1: PDF of the ratio between the observed luminosity distance and the respective quantity
in a pure homogeneous scenario. This figure, reported from [166], is obtained from N-body numerical
relativistic simulations by using the code gevolution [139] in different redshift bins of size ∆z = 0.5. Note
the presence of deviations from Gaussianity at high redshifts.

and allow higher-order powers of Φ and Ψ to have a non-vanishining ensemble average. We then get〈(
S
S(0)

)α〉
= 1 + α I[µ(1) σ(1)] + α I[σ(2)] +

α (α− 1)

2
I
[
σ(1)2

]
− α I[µ(1)] I[σ(1)] , (7.6)

where we used the abovementioned properties that the ensemble average of linear perturbations vanishes.

In particular, if α = 1, it is immediate to evaluate the average of S/S(0) by using Eq. (7.6). Indeed,
we have:

m ≡
〈
S
S(0)

〉
= 1 + I[µ(1) σ(1)] + I[σ(2)]− I[µ(1)] I[σ(1)] . (7.7)

This result allow us to evaluate the generic α-th moment µα of the distribution of S, which is written as

µα ≡
〈(

S
S(0)

−m
)α〉

=

α∑
k=0

(−1)α−k
(
α

k

)
mα−k

〈(
S
S(0)

)k〉

=

α∑
k=0

(−1)α−k
(
α

k

){
1 + α I[µ(1) σ(1)]

+α I[σ(2)]− α I[µ(1)] I[σ(1)] +
k (k − 1)

2
I[σ(1)2

]

}
. (7.8)

The variance of the distribution of S can be easily evaluated from Eq. (7.8) with σ2 ≡ µ2. Then, we have

σ2 = I[σ(1)2
] . (7.9)

However, since in this section we have limited our non-linearities to be at most second-order pertur-
bations, all the higher moments µα with α > 2 vanish. In the next section, we will evaluate the effects of
the next-to-leading order terms on the analytic estimation of higher-order multipoles.
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7.2 Next-to-leading order term: skewness

In this section, we present the analytical evaluation for the skewness of a generic observable S. We recall
that we have eliminated the background contribution to the observable by studying the ratio S/S(0)

instead of just S. The standardized moments κα of the distribution are defined as

κα ≡
µα

(σ2)
α/2

=
1

(σ2)
α/2

〈(
S
S(0)

−m
)α〉

. (7.10)

However, as mentioned in the previous section, second-order corrections are insufficient to estimate higher-
order moments. It might be expected that, naively, each µα requires α-th order perturbations to obtain
the leading term. This estimation is accurate for even moments. However, for odd moments, the leading
terms are of order α+ 1 in perturbation theory (for instance, this applies to the average and dispersion).
This peculiar hierarchy arises because the leading term for each moment µα is I[σ(1)α]. Consequently,
since σ(1) ∼ ψ(1), we have that the α-th order term of µα is related to the α-point correlation function of
ψ(1), which is non-zero only for even α, as a consequence of Wick’s theorem by assuming Gaussian initial
conditions.

Based on the discussion so far, evaluating higher-order moments requires perturbations for both the
measure µ and the observable S beyond the second order, at least for the leading terms. However, these
quantities are not available in the literature, and determining them poses a non-trivial task, which in
itself would be an interesting result. Fortunately, it can be demonstrated that the expansion presented in
Eqs. (7.3) captures all terms for the third and fourth moments at leading order, even when perturbations
of S and µ up to the fourth order are consistently taken into account. The derivation of this result is
lengthy but straightforward, and interested readers can refer to Appendix on page 139 for a detailed
proof. Thus, we obtain

µ3 = I[σ(1) 3] + I[σ(1) 3µ(1)]− I[σ(1) 3]I[µ(1)] + 3I[σ(1) 2σ(2)]

+3 I[σ(1) 2] I[µ(1)] I[σ(1)]− 3I[σ(1) 2] I[µ(1) σ(1)]− 3I[σ(1) 2] I[σ(2)]

= I[σ(1) 3µ(1)] + 3I[σ(1) 2σ(2)]− I[σ(1) 3]I[µ(1)]− 3σ2 (m− 1) . (7.11)

where m and σ2 are given by Eqs. (7.7) and (7.9), respectively. Note that the third-order contribution
I[σ(1) 3] vanishes as a consequence of Wick theorem, as mentioned above.

The results obtained so far are completely general in regard of the kind of observable S and the chosen
prescription of the spatial average µ. In the next section, we will apply them to the specific cases of the
distance-redshift relations.

7.3 Higher-order moments for the distance-redshift relations

We consider the luminosity distance-redshift relation dL (z) as the scalar field S, and we apply the for-
malism developed in previous sections. The interest in the rescaled luminosity distance distribution arises
from recent results by using numerical simulations [166], which show the occurence of non-Gaussianities
for the PDF of dL(z). Our objective is to investigate the extent to which this behavior can be captured
within perturbation theory.

Linear and non-linear perturbations for the distance-redshift relations have been discussed in [143,
145, 258–260]. For the purposes of this chapter, we refer to the leading lensing terms as given in Eqs. (B.1)
and (B.2) of [148].
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Then, we can express the luminosity distance to second order in perturbation theory as follows3

dL (z) ' d(0)
L (z)

(
1 + σ(1) + σ(2)

)
, (7.12)

in which the linear and second-order perturbations for the luminosity distance-redshift relation are given
by

σ(1) =

ˆ rs

0

dr
r − rs
rrs

∆2ψ (r) ,

σ(2) =
1

2
σ(1) 2 + Σ(2) + σ

(2)
LSS , (7.13)

where d(0)
L (z) is the luminosity distance in a FLRW background, rs is the comoving distance to the

source, ∆2 is the dimensionless angular Laplacian on the 2-sphere, and ψ(r) = ψ(ηo− r, r). We have also
introduced4

σ
(2)
LSS ≡ 1

2

ˆ rs

0

dr
r − rs
rrs

∆2

[
ψ(2) + φ(2)

]
(r) ,

Σ(2) ≡ 2

ˆ rs

0

dr
r − rs
rrs

∂b [∆2ψ(r)]

ˆ rs

0

dr
r − rs
rrs

γ̄ab0 ∂aψ(r)

+2

ˆ rs

0

dr

{
γab0 ∂b

[ˆ r

0

dr′ ψ(r′)

] ˆ r

0

dr′
r′ − r
rr′

∂a∆2ψ(r′)

}
+

ˆ rs

0

dr
r − rs
rrs

∆2

[
γab0 ∂a

(ˆ r

0

dr′ ψ(r′)

)
∂b

(ˆ r

0

dr′ ψ(r′)

)]
, (7.14)

where γ̄ab0 = diag(1, sin−2 θ) and γab0 = r−2γ̄ab0 .

According to Eq. (7.11), we also need to specify which kind of measure we are adopting for the
evaluation of the average and the skewness. Several possibilities have been discussed in [174] for measures
which are general covariant and gauge invariant. We decide to adopt the galaxy number count weighted
measure for the averages. This kind of weight have been discussed for the backreaction of stochastic
inhomogeneities to the mean value of the Hubble diagram in the limit case of small width of the redshift
bin [149, 173, 174]. However, it can be applied directly also for the case of finite redshift bin, preserving
the property of general covariance [174].

Concerning the comparison with numerical simulations, the adoption of the average weighted with
galaxy number count appears to be the most appropriate choice since it naturally weights more the
regions where the density contrast is higher. The background term in the measure is then given by

dµ(0) = −
[
ρ(z) d2

A(z)

(1 + z)H(z)

](0)

dz dΩ =W(z)dzdΩ , (7.15)

where dΩ is the infinitesimal solid angle, d(0)
A is the background angular distance (see Sect. 22), ρ(0) is the

background density, the denominator comes from the background expansion of the number count and we
have defined

W(z) ≡ −
[
ρ(z) d2

A(z)

(1 + z) H(z)

](0)

.

We are then left with reporting the linear order galaxy number counts [129–131, 261]. The leading terms

3From now on, unless otherwise specified, σ(1) and σ(2) refer to the perturbations of the luminosity distance-redshift
relation.

4As a remark, here we have followed the same convention for the second order gravitational potential as [152], differently
from [148], where Φ ≡ φ+ 1

2
φ(2) and Ψ ≡ ψ + 1

2
ψ(2). This will lead to a difference in the prefactor of σ(2)

LSS later on.
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in the weak field expansion are given by [135]

µ(1) = δ +H−1∂rv‖ + 2

ˆ rs

0

dr
r − rs
rrs

∆2ψ(r) = δ +H−1∂rv‖ + 2σ(1) , (7.16)

where we recall that δ is the linear fluctuation in the matter fluid (with the galaxy bias set to b1 = 1),
and H−1∂rv‖ accounts for the redshift-space distortion.

Eqs. (7.15) and (7.16) provide all the conditions that we need to compute µ3. Indeed, from Eq. (7.11),
we explicitly get

µ3 =
7

2
I[σ(1) 4] + 3I

[
σ(1) 2σ

(2)
LSS

]
+ 3I[σ(1) 2Σ(2)]

+I[σ(1) 3δ] + I

[
σ(1) 3∂rv‖

H

]
− 3σ2 (m− 1) , (7.17)

where leading order term for σ2 is given by Eq. (7.9), and the average is written as

m− 1 = I[σ(1)δ] + I

[
σ(1)∂rv‖

H

]
+

5

2
I[σ(1) 2] + I[Σ(2)] . (7.18)

In the derivation of Eq. (7.17) we made use of I
[
σ(1)

]
= 0. This is because we have considered only lensing

terms in Eqs. (7.13) and terms sourced by a Laplacian vanish when averaged over spatial directions. The
same result holds also in the derivation of Eq. (7.18) in regard of the term I

[
σ

(2)
LSS

]
. In a similar manner,

also terms as I
[
σ(1) 3

]
I[δ] and I

[
σ(1) 3

]
I
[
∂rv‖
H

]
do not contribute to Eq. (7.17). This is because the

ensemble average for these terms always correlates the monopole of δ or H−1∂rv‖ with the Laplacian
of σ(1), selecting then its null eigenvalue. Sub-leading relativistic corrections to the distance-redshift
relation, such as Doppler effect, can contribute with a non-vanishing monopole, especially if sources at
small redshifts are taken into account. However, for the purposes of this pioneering work presented in
this chapter, we have not considered them, even thought they can be of interest for the analysis of close
sources.

7.3.1 Infinitesimal redshift bin

Before concluding this section, some comments about the integration domain are in order. The integration
over the solid angle dΩ in Eq. (7.15) covers the entire solid angle. For the integration over the redshift,
we adopt a redshift bin of width ∆z such that all the needed averages are evaluated within a certain
redshift range [zs, zs + ∆z]. In case of large value of the redshift bin width, all the redshift dependent
terms in Eq. (7.15) needs to be integrated. However, in the limit when ∆z becomes small enough to be
considered infinitesimal5, i.e. ∆z → δz, the measure in Eq. (7.15) simplifies to

dµ(0) ' −
[
ρ(zs) d

2
A(zs)

](0) δz dΩ

(1 + zs)H(zs)
, (7.19)

and then the integrals in the definition of I[f ] in Eq. (7.5) reduce to simple angular integrals. Morevoer,
within this limit, all the redshift dependent quantities and δz itself factorize out of the integrals and
cancel out in the ratio with the unconnected diagram in Eq. (7.5), returning then6

lim
∆z→δz

I[f ] =
1

4π

ˆ
dΩf(zs, ~n) . (7.20)

5This limit has been originally proposed in [149] and its covariance has been then proved in [174].
6In this chapter, three-dimensional vectors are written in bold.
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In this limit, the non purely second order terms in first equality of Eq. (7.11) cancel. To this end, we
anticipate in the limit of Eq. (7.20) that

I[σ(1) 3µ(1)] = 3 I
[
σ(1) 2 µ(1)σ(1)

]
= 3σ(1) 2 µ(1)σ(1)

= 3 I[σ(1)2] I[µ(1)σ(1)] = 3σ2I[µ(1)σ(1)] , (7.21)

where we have used Eq. (7.9) and the fact that the ensemble average can not have any preferred direction
due to statistical isotropy. This terms exactly cancels the counterpart coming from Eq. (7.7) in Eq. (7.17).
Here, we make the first interesting remark that the weight for the measure is irrelevant in the infinitesimal
bin limit for the leading order terms of the skewness for the luminosity distance-redshift case study.
Moreover, in this limit, the skewness reduces to the simpler expression

µ3 = µQ3 + µPB3 + µLSS3 , (7.22)

where we have defined

µQ3 ≡ 7

2
I[σ(1) 4]− 15

2

(
σ2
)2
,

µPB3 ≡ 3
{
I[σ(1) 2Σ(2)]− σ2I[Σ(2)]

}
,

µLSS3 ≡ 3 I
[
σ(1) 2σ

(2)
LSS

]
. (7.23)

We have combined Eqs. (7.17) and (7.18), adapted for an infinitesimal redshift bin by using Eq. (7.21),

to cancel out terms like I[σ(1) 3δ] and I
[
σ(1) 3∂rv‖
H

]
, as previously mentioned.

Eq. (7.22) is entirely sourced by pure non-linear terms in the expression of the distance-redshift
relation. Indeed, when considering Gaussian initial conditions, linearly evolved perturbations preserve
their PDF. Consequently, they do not generate any non-Gaussianity in the limit of infinitesimally narrow
bins, where the hypersurfaces for the averages are evaluated at constant redshift.

Hence, the terms in Eq. (7.22) are sourced by pure non-Gaussian effects and their labels follow
accordingly: in Eqs. (7.23) Q, PB ans LSS respectively stand for Quadratic, Post-Born and Large-Scale-
Structure since

• µQ3 takes into account the non-Gaussianity coming from the quadratic term σ(1) 2/2 in Eq. (7.13),

• µPB3 contains all the relevant terms due to the Post-Born corrections to the dL(z), such as multi-lens
effects,

• µLSS3 catches the non-Gaussianities arising from the bispectrum of δ(2)δ(1)δ(1).

Understanding how much the finite bin effect may mimic non-Gaussian behavior beyond the funda-
mental non-linearities is of interest per se. For the rest of this chapter, we will explicitly compute and
numerically evaluate the amplitude of the expected skewness in the infinitesimal redshift bin case, where
the only relevant effect is the one due to intrinsic non-Gaussianities in the inhomogeneities.

7.4 Analytic expressions

We provide the explicit expression for the leading order terms of the skewness in the infinitesimal redshift
bin. First let us remark that our derivation so far is completely geometrical without any assumption on
the underlying theory of gravity, with the only assumption that light propagates along null geodesics.
At this point, we need to use GR to relate metric and matter perturbations. We first provide some
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general preliminaries needed to follow our derivations. Technical details are reported in the Appendix on
page 141. In order to compute the different contribution to the third moment defined in Eqs. (7.23), it
is convenient to introduce the generalized Hankel transform of the matter power spectrum at two given
conformal times η1 and η2, namely P (k, η1, η2) ≡ P (k)D1(η1)D1(η2), as

Jn` (η1, η2) =

ˆ
dk

2π2
k2P (k, η1, η2)

j` (k|r1 − r2|)
(k|r1 − r2|)n

, (7.24)

where ri ≡ r(ηi) = η0 − ηi and j`(x) is the `-th order spherical Bessel function. We also recall that D1 is
the growth function normalized to unity today. The reason why we decide to adopt the definition (7.24)
for the Hankel transform is that it can be easily generalized to the science case of non-linear matter power
spectrum, as we will discuss in Sect. 7.5.

In evaluating Eqs. (7.23), we encounter the following terms

∆2ψ (r1, ~n) ∆2ψ (r2, ~n) =
9 r1r2H4

0 Ω2
m0

a(r1)a(r2)

[
2r1r2J

2
2 (η1, η2)

+J3
1 (η1, η2) (r1 − r2)2

]
≡ L (r1, r2) ,

γ̄ab0 ∂b∆2ψ (r1, ~n) ∂aψ (r2, ~n) = −L (r1, r2) ,

∆2

(
γ̄ab0 ∂aψ (r1, ~n) ∂bψ (r2, ~n)

)
= 0 ,

∆2ψ (r1, ~n) ∂aψ (r2, ~n) = ψ (r1, ~n) ∂a∆2ψ (r2, ~n) = 0 . (7.25)

We remark that
∆2ψ (r1, ~n) ∆2ψ (r2, ~n) + γ̄ab0 ∂b∆2ψ (r1, ~n) ∂aψ (r2, ~n) = 0 , (7.26)

whereas second last of Eqs. (7.25) vanishes since

∆2

(
γ̄ab0 ∂aψ (r1, ~n) ∂bψ (r2, ~n)

)
= ∆2

(
γ̄ab0 ∂aψ (r1, ~n) ∂bψ (r2, ~n)

)
(7.27)

and
(
γ̄ab0 ∂aψ (r1, ~n) ∂bψ (r2, ~n)

)
can not depend on the direction ~n due to statistical isotropy. For the

same reason
∆2ψ(2) ∝ ∆2ψ2 = ∆2ψ2 = 0 . (7.28)

Last equality in Eq. (7.25) can be understood in the following way: they always involve an odd number
of angular derivatives and hence they vanish due to statistical isotropy, since they naturally introduce a
preferred direction, which returns to 0 when the ensemble average acts.

The 2-point correlation functions in Eqs. (7.25) are enough also to evaluate the 4-point correlation
functions of interest for us. With the aim of Wick theorem, indeed, we can write

∆2ψ(r1,n)∆2ψ(r2,n)∆2ψ (r3, ~n) ∆2ψ (r4, ~n)

= L (r1, r2)L (r3, r4) + L (r1, r3)L (r2, r4) + L (r1, r4)L (r3, r2) . (7.29)

For the sake of completeness, we report in Appendix on page 141 the derivation of Eq. (7.29). In a similar
manner, we obtain also that

∆2ψ(r1,n)∆2ψ(r2,n)∆2

(
γ̄ab0 ∂aψ (r3, ~n) ∂bψ (r4, ~n)

)
= L (r1, r3)L (r2, r4) + L (r1, r4)L (r2, r3) . (7.30)

It is interesting to notice that only two permutations survive in Eq. (7.30) as a consequence of the last
two equalities in Eqs. (7.25). Looking at the structure of Eq. (7.30), we notice that only the permutations
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mixing ∆2ψ with one of the term of ∆2(∂ψ)2 survive. Finally, last 4-point correlation function of our
interest is

∆2ψ(r1,n)∆2ψ(r2,n)γ̄ab0 ∂b∆2ψ (r3, ~n) ∂aψ (r4, ~n)

= ∆2ψ(r1,n)∆2ψ(r2,n) γ̄ab0 ∂b∆2ψ (r3, ~n) ∂aψ (r4, ~n) = −L (r1, r2)L (r3, r4) . (7.31)

The interesting thing about Eq. (7.31) is that only one permutation survives in the final result and
this is again a consequence of last of Eqs. (7.25). The structure of Eq. (7.31) also exhibits a complete
factorization of the 2-point correlation function in the form (∆2ψ)

2. This situation is opposite to what
we have shown for Eq. (7.30), where only mixed terms survive in the final permutations. The impact
of these differences in the ultimate evaluation of µ3 will be to significantly reduce the final number of
non-null terms for the skewness, as we will show in Sect. 7.4.2.

These analytic preliminaries are enough to provide the explicit expressions for µQ3 , µ
PB
3 in the in-

finitesimal bin case. The evaluation of µLSS3 is more delicate and will be treated in a specific way.

7.4.1 µQ3 : quadratic terms

The starting point for the computation of µQ3 is its expression in Eqs. (7.23). To our hand, we first
evaluate the variance in the small bin limit. By making use of Eqs. (7.9), (7.13), and (7.25), we get that

σ2 =

ˆ rs

0

dr1
r1 − rs
r1rs

ˆ rs

0

dr2
r2 − rs
r2rs

L(r1, r2) . (7.32)

In the same way, thanks to Eq. (7.29), we have that

I[σ(1) 4] =

ˆ rs

0

dr1
r1 − rs
r1rs

ˆ rs

0

dr2
r2 − rs
r2rs

ˆ rs

0

dr3
r3 − rs
r3rs

ˆ rs

0

dr4
r4 − rs
r4rs

× [L (r1, r2)L (r3, r4) + L (r1, r3)L (r2, r4) + L (r1, r4)L (r3, r2)]

= 3
(
σ2
)2
. (7.33)

Hence, the combination of Eqs. (7.13), (7.32), and (7.33) leads to the quite simple result

µQ3 = 3
(
σ2
)2
. (7.34)

It is worth noticing what happens for the leading term of the standardized third moment. For the
quadratic terms coming from Eq. (7.34), we get that

κQ3 ≡
µQ3

(σ2)
3/2

= 3σ , (7.35)

namely the skewness of the distance-redshift relation due to the quadratic corrections is proportional
to the dispersion of dL(z). This result already allows us to estimate the amplitude of κQ3 . Indeed, in
[144] the dispersion for the distance-redshift relation has been estimated for the lensing contribution at
higher redshift to be ∼ 1%. This evaluation takes into account the non-linear power spectrum for the
gravitational potential as provided by the HaloFit model [262].
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7.4.2 µPB3 : post-Born corrections

For the evaluation of the post-Born terms µPB3 in Eq. (7.23), we first look at the expression of Σ(2) in
Eq. (7.14) and treat its terms separately. We divide

Σ(2) = Σ(2)
sep + Σ

(2)
mix , (7.36)

where we defined

Σ(2)
sep ≡ 2

ˆ rs

0

dr
r − rs
rrs

∂b [∆2ψ(r)]

ˆ rs

0

dr
r − rs
rrs

γ̄ab0 ∂aψ(r)

+2

ˆ rs

0

dr

{
γab0 ∂b

[ˆ r

0

dr′ ψ(r′)

] ˆ r

0

dr′
r′ − r
rr′

∂a∆2ψ(r′)

}
,

Σ
(2)
mix ≡

ˆ rs

0

dr
r − rs
rrs

∆2

[
γab0 ∂a

(ˆ r

0

dr′ ψ(r′)

)
∂b

(ˆ r

0

dr′ ψ(r′)

)]
, (7.37)

such the total contribution to µPB3 is given by

µPB3 sep = 3
{
I[σ(1) 2Σ

(2)
sep]− σ2I[Σ

(2)
sep]
}
, (7.38)

and
µPB3mix = 3

{
I[σ(1) 2Σ

(2)
mix]− σ2I[Σ

(2)
mix]

}
. (7.39)

Thanks to Eqs. (7.30) and (7.31), µPB3 sep and µPB3mix can be readily evaluated. In fact, since the
factorization in Eq. (7.31) does not mix any term of Σ

(2)
sep with σ(1), we can immediately factorize

I
[
σ(1) 2Σ

(2)
sep

]
= I

[
σ(1) 2

]
I
[
Σ

(2)
sep

]
(7.40)

as well. Then, using Eq. (7.9), this automatically returns

µPB3 sep = 0 . (7.41)

For what concerns µPB3mix, we first notice that I
[
Σ

(2)
mix

]
= 0 as a consequence of Eqs. (7.25). Moreover,

from the structure of the 4-point correlation function already discussed after Eq. (7.30), we obtain

µPB3mix = 6

ˆ rs

0

dr1
r1 − rs
r1rs

ˆ rs

0

dr2
r2 − rs
r2rs

ˆ rs

0

dr

r2

r − rs
rrs

ˆ r

0

dr3

ˆ r

0

dr4 L (r1, r3)L (r2, r4) .

(7.42)

Hence the total contribution of the post-Born corrections to the third moment is

µPB3 = µPB3mix , (7.43)

and the skewness is

κPB3 ≡ µPB3

(σ2)
3/2

=
µPB3mix

(σ2)
3/2

. (7.44)

The structure of µPB3 reveals a sequence of five nested line-of-sight integrals, consistent with our
expectations from post-Born corrections. These corrections effectively incorporate the non-linearities
arising from multi-lens effects. To address numerical challenges and minimize the number of integrals, we
propose an approximation based on the observation that L(r1, r2) exhibits a strong peak near r1 ≈ r2.
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Thus, we can approximate L(r1, r3) as ∼ δD(r1 − r3), simplifying the calculations. We then have

ˆ r

0

dr3L(r1, r3) ≈ Q(r1)Θ(r − r1) , (7.45)

where Q(r1) is a function to be determined in a numerical way and we recall that Θ(x) is the Heaviside
step function. This means that

µPB3mix ≈ 6

ˆ rs

0

dr1
r1 − rs
r1rs

ˆ rs

0

dr2
r2 − rs
r2rs

ˆ rs

0

dr

r2

r − rs
rrs

Q(r1)Θ(r − r1)Q(r2)Θ(r − r2) . (7.46)

For what concerns Q(r1), since the latter is not a function of r and the integrand L contributes to the
integral in Eq. (7.45) only around r3 ≈ r1, we have that integral (7.45) is independent of the value of r
as long as r > r1. To this end, then, we can evaluate the function Q once for all by choosing an r equal
or larger than a given comoving distance r∗ well-beyond the highest redshift that we investigate. For our
purposes, we have chosen r∗ = r(z = 4) but the final results are clearly independent of this choice. In
this way, we have that

Q(r1) =

ˆ r∗

0

dr3L(r1, r3) . (7.47)

Numerical results within this approximation will be discussed in Sect. 7.5.

7.4.3 µLSS3 : the role of the bispectrum

The evaluation of µLSS3 is the more interesting and demanding, since involves the 3-point function

∆2ψ (r1, ~n) ∆2ψ (r2, ~n) ∆2Ψ(2) (r3, ~n) , (7.48)

where we have defined
Ψ(2) ≡ 1

2

(
ψ(2) + φ(2)

)
. (7.49)

Indeed, the expression of µLSS3 in Eq. (7.23) can be easily rewritten as

µLSS3 = 3

ˆ rs

0

dr1
r1 − rs
r1 rs

ˆ rs

0

dr2
r2 − rs
r2 rs

ˆ rs

0

dr3
r3 − rs
r3 rs

∆2ψ (r1, ~n) ∆2ψ (r2, ~n) ∆2Ψ(2) (r3, ~n) , (7.50)

in which we used Eqs. (7.13), (7.14), and (7.49).
Now we focus on the computation of the 3-point function (7.48). To this end, first of all we use again

the Poisson equation to relate Ψ(2) to the second order matter fluctuations, which can be express in
perturbation theory [263, 264] as

δ(2)(η,~k) =

ˆ
d3k1d

3k2

(2π)3
δD

(
~k − ~k1 − ~k2

)
F2

(
~k1,~k2

)
δ
(
η,~k1

)
δ
(
η,~k2

)
, (7.51)

with

F2

(
~k1,~k2

)
=

5

7
+

1

2

~k1 · ~k2

k1k2

(
k1

k2
+
k2

k1

)
+

2

7

(
~k1 · ~k2

k1k2

)2

. (7.52)

From Eq. (7.51) we see directly that the stochastic average of δ(2) vanishes. Indeed, we have that

δ(2) ∝ δ
(
η,~k1

)
δ
(
η,~k2

)
∼ δD

(
~k1 + ~k2

)
. (7.53)

Hence, because of the Dirac-delta, this automatically selects only the monopole at ~k = 0, with ~k1 = −~k2.
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However, F2

(
~k1,−~k1

)
= 0. Given these features, we then have that

∆2ψ (r1, ~n) ∆2ψ (r2, ~n) ∆2Ψ(2) (r3, ~n) = −2C

ˆ
d3k1 d

3k2 d
3k3

(2π)
6 F2 (k1, k2, k3)

×δD
(
~k1 + ~k2 + ~k3

) P (k1, η1, η3)P (k2, η2, η3)

k2
1k

2
2k

2
3

∆2e
i~k1·~nr1∆2e

i~k2·~nr2∆2e
i~k3·~nr3 , (7.54)

where we have defined7

C ≡ 27

8

H6
0 Ω3

m0

a(r1)a(r2)a(r3)
, (7.55)

and following [135], the kernel F2 has been rewritten in terms of a third vector ~k3 rather than the angle
~k1 · ~k2 as

F2 (k1, k2, k3) = −
5
(
k2

1 − k2
2

)2
28 k2

1k
2
2

+
3

28

(
1

k2
1

+
1

k2
2

)
k2

3 +
k4

3

14 k2
1k

2
2

. (7.56)

At this point, a comment about the factor 2 in Eq. (7.54) is in order. In fact, due to Wick theorem, the
stochastic average on the r.h.s. of Eq. (7.54) accounts for all the permuted 2-point functions of the linear
matter field and this should contain three different terms. However, since δ(2) = 0, as discussed after
Eq. (7.52), only two permutations survive. Moreover, these two terms are equal due to the symmetry
under the exchange r1 ↔ r2. This, then, leads to the factor 2 mentioned above.

From Eq. (7.54), we can write the 3-point function as

∆2ψ (r1, ~n) ∆2ψ (r2, ~n) ∆2Ψ(2) (r3, ~n) =
C(r1, r2, r3)

π5

∑
`1`2`3

`1 (`1 + 1) `2 (`2 + 1) `3 (`3 + 1)

×

(
`1 `2 `3

0 0 0

)2

(2`1 + 1) (2`2 + 1) (2`3 + 1)

ˆ
dk1 dk2 dk3 dxx

2P (k1, η1, η3)P (k2, η2, η3)

×F2 (k1, k2, k3) j`1 (k1r1) j`1 (k1x) j`2 (k2r2) j`2 (k2x) j`3 (k3r3) j`3 (k3x) , (7.57)

where (
`1 `2 `3

m1 m2 m3

)
, (7.58)

denotes the so-called 3-j Wigner symbol, which is non-null only when m1 +m2 +m3 = 0 and (`1, `2, `3)

satisfy the triangular inequality. The presence of these symbols selects only specific shapes for the sums in
`-space. The detailed derivation of Eq. (7.57) can be found in Appendix on page 141. Here, we directly
report the results that are useful for us to discuss the underlying physics. Despite its compact form,
Eq. (7.57) is still quite demanding for our scopes. Indeed, we still need to evaluate the contribution to
the third moment as given in Eq. (7.23). This implies that three line-of-sight integrals must be performed
over Eq. (7.57). In total, then, we have to numerically compute seven integrals for each non-null set of
(`1, `2, `3), and this is quite unpractical from the numerical viewpoint.

In order to face the dramatic need for reducing the number of integrals, we invoke the Limber ap-
proximation for each integral in k-space in Eq. (7.57). Thanks to it, in fact, we can make the following
approximation [265–267]

2

π

ˆ
dkk2g(k)j`(kr)j`(ks) ≈

δD (r − s)
r2

g

(
`+ 1/2

r

)
, (7.59)

7This factor follows from the fact that the transfer function for δ(2) is linked to the transfer function of Ψ(2) by the
Poisson equation, which preserves the form as the linear one reported in (1.78) or Eq. (D.10).
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whenever the function g does not vary too much rapidly. In this way, the approximation (7.59) can be
used three times to get rid of the k-space integrals. This reduces the number of remaining integrations
to four. Hence, Eq. (7.57) becomes

∆2ψ (r1, ~n) ∆2ψ (r2, ~n) ∆2Ψ(2) (r3, ~n) ≈ C

8π2

∑
`1`2`3

`1 (`1 + 1) `2 (`2 + 1) `3 (`3 + 1)

×

(
`1 `2 `3

0 0 0

)2

(2`1 + 1) (2`2 + 1) (2`3 + 1)

ˆ
dxx2

r2
1r

2
2r

2
3

δD (x− r1) δD (x− r2) δD (x− r3)

×
P
(
k̃1, η1, η3

)
P
(
k̃2, η2, η3

)
k̃1

2
k̃2

2
k̃3

2 F2

(
k̃1, k̃2, k̃3

)
, (7.60)

where k̃i ≡ `i+1/2
ri

. The three delta Dirac distributions in Eq. (7.60) simplify the three line-of-sight
integrals in Eq. (7.50), leading to the final expression for the LSS contribution to the third moment

µLSS3 = 6
∑
`1`2`3

`1 (`1 + 1) `2 (`2 + 1) `3 (`3 + 1)

(
`1 `2 `3

0 0 0

)2
(2`1 + 1) (2`2 + 1) (2`3 + 1)

(4π)
2

×
ˆ rs

0

dx
C(x, x, x)

x4

(
x− rs
x rs

)3 P
(
k̃1, ηx, ηx

)
P
(
k̃2, ηx, ηx

)
k̃1

2
k̃2

2
k̃3

2 F2

(
k̃1, k̃2, k̃3

)
, (7.61)

where we defined now k̃i = `i+1/2
x and ηx ≡ η0 − x.

Finally, we can write the skewness

κLSS3 =
µLSS3

(σ2)
3/2

, (7.62)

which is related to the bispectrum and non-linear structures.

7.5 Numerical results

In this section, we discuss the numerical integrations of the analytical results for the skewness given by
Eqs. (7.35), (7.44), and (7.62). We work with the fiducial cosmology given by the ΛCDM parameters: cold
dark matter density Ωc = 0.2638, baryon density Ωb = 0.04827, reduced Hubble constant h = 0.67556,
primordial power-spectrum amplitude As = 2.215 × 10−9 and spectral index ns = 0.9619 in accordance
with [166].

All figures reported in this chapter are extracted from [TS 5].

7.5.1 The smoothing scale

The evaluation of the skewness, or any other 1-point function, is strongly sensitive to the non-linear nature
of structure formation. However, by working in perturbation theory, we know that our prediction will fail
beyond the mildly non-linear scale. Therefore, our prediction can be compared to real observations only
when the non-linear effects are filtered out, by introducing a smearing scale in real space of size ρ. In
this regard, we use a spherical top-hat window function in real space, see Eq. (1.82) in Chapter 1. This
procedure introduces a window function W (k, ρ) in Fourier space given by Eq. (1.81), which we recall to
be

W (k, ρ) = 3
j1 (kρ)

kρ
. (7.63)
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As a consequence, the window function affects the power spectrum as

P (k, η1, η2)→ Pρ(k, η1, η2) ≡ P (k, η1, η2)W 2(k, ρ) . (7.64)

In the following, we will investigate how suitable choices for ρ can be made: we will consider the cases of
ρ equal to 5, 10 and 20 Mpc/h.

With such smoothing scale, all the integrals over the momentum k converge quickly, and the choice
of kmax become numerically irrelevant. Since the time required to evaluate µLSS3 scales with k3

max, we set
kmax to achieve the percent level precision.

7.5.2 Quadratic and Post-Born terms

We start our numerical investigation by looking at the contributions to the skewness arising from the
linear gravitational potential, derived in Sect. 7.4.1 and 7.4.2. For this discussion, we will use the cutoff
in real space on small scales as prescribed by Eq. (7.64). Results are shown in Fig. 7.2 for the choices of
ρ = 5, 10, 20 Mpc/h, respectively. For each case, we consider linear matter power spectrum (left panels)
and HaloFit model for the matter power spectrum (right panels).

With these results, we can spot common features among the different cases. First of all, we notice that
quadratic terms in κQ3 (blue solid lines in Fig. 7.2) are always positive and lead to an increasing skewness
with redshift. The order of magnitude of this term reaches about 10−2. In this regard, the positive sign
was already expected just by looking at the structure of κQ3 in Eq. (7.35), since it is just proportional to
the dispersion of the dL(z) distribution. We have also checked that our framework is in a good agreement
with [144] when we push the coarse-graining scale up to 0.3 Mpc/h, roughly corresponding to the UV
cutoff kUV = 10 h/Mpc used in [144].

For what concerns the post-Born contribution to the skewness, namely κPB3 in Eq. (7.44), blue dashed
lines in Fig. 7.2 show two important features. First of all, the post-Born contribution to the skewness is
always negative. This is important to be addressed since κPB3 in Eq. (7.44) does not show any manifest
sign, contrary to κQ3 . As a second matter of fact, post-Born corrections contribute to the skewness with
the same order of magnitude of κQ3 . This is somehow in line with the structure of κQ3 and κPB3 , since they
just involve different the line-of-sight integrals of the same kernels L(r, r′). Hence, these two features lead
to a competitive effect between κQ3 and κPB3 . Indeed, we have a neat effect for the linear gravitational
potential skewness, which is still positive but attenuated (solid red lines in Fig. 7.2). We remark that all
the features are shared regardless the value of ρ and whether linear or non-linear matter power spectrum
is considered.

The actual contribution of the non-linear scales to the sum κQ3 + κPB3 is quantified in Fig. 7.3.
Indeed, here we show the relative difference

∆κ3 ≡ 1−

(
κQ3 + κPB3

)
linear(

κQ3 + κPB3

)
Halo

, (7.65)

as for different smoothing scales ρ. For a value of ρ = 20 Mpc/h, the non-linearities in Pρ(k) marginally
contribute to the total effect with a relative correction of ∼ 0.1%. The non-linear scales happen to be more
relevant when ρ decreases, namely with a few percent and almost 10% relative correction respectively
with a coarse-graining radius of 10 Mpc/h and ρ = 5 Mpc/h. The impact of non-linearities in the matter
power spectrum also decreases by going to higher redshifts. Let us remark that, in principle, replacing
the linear power spectrum in the perturbative expansion with HaloFit is not self-consistent. However this
can give us a rough estimation of the expected accuracy of our prediction based on perturbation theory
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Figure 7.2: Quadratic (blue), post-Born (blue dashed) terms and their sum (red) for the skewness,
evaluated at with a coarse-graining scale ρ = 5 Mpc/h (top), ρ = 10 Mpc/h (center) and ρ = 20 Mpc/h
(bottom). Left panels are obtained with linear power spectrum, whereas right panels consider HaloFit
model for the matter power spectrum.

for different smoothing scales.

7.5.3 Bispectrum

The numerical evaluation of the κLSS3 from Eq. (7.62) requires some subtleties to be accounted for. In
fact, from Eq. (7.61), we have to specify the value of `max to effectively compute the contribution of the
bispectrum to the skewness. Since the physical cutoff is determined by the smoothing scale ρ, we only
need to ensure that `max & rs/ρ, where the specific value is chosen to guarantee a percent precision.

Once again, we perform numerical investigations by using linear matter power spectrum and HaloFit
model. For different values of the coarse-graining scale ρ, the numerical results are reported in Fig. 7.4,
where we have adopted linear power spectrum in the left panel and HaloFit model in the right one.

At first sight, a general feature is that the absolute value of κLSS3 is decreasing with the redshift. In
particular, whereas the values at z ∼ 1 are of order 0.1, the skewness at lower redshifts varies more and
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Figure 7.3: Relative difference between the linear and non-linear matter power spectrum for the sum
κQ3 +κPB3 . We consider different coarse-graining scales: ρ = 5 Mpc/h (orange), ρ = 10 Mpc/h (blue) and
ρ = 20 Mpc/h (red). Dashed curve refers to negative values.

Figure 7.4: Contribution to the skewness given by the the bispectrum for the linear (left panel) and
HaloFit (right panel) power spectrum for a coarse-graining scale of ρ = 20 Mpc/h (red), ρ = 10 Mpc/h
(blue) and ρ = 5 Mpc/h (orange).

becomes O(1) when ρ becomes smaller. Moreover, the value is quite insensitive of the kind of spectrum
adopted for ρ = 20 Mpc/h. This last feature is in line with the fact that the involved scales still evolve
almost linearly for this case.

A similar behavior occurs also for the case ρ = 10 Mpc/h. Even in this case, the value of ρ is still
such that non-linear features in the power spectrum are marginally relevant, and then the HaloFit model
returns results that are almost alongside the ones obtained by the linear power spectrum. However, we
notice that the overall amplitude increases quite a lot when we lower the coarse-graining scale from 20
to 10 Mpc/h. As a quantitative instance, the comparison between red and blue curves in Fig. 7.4 at
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z = 0.1 exhibits an increasing in the absolute value of the skewness that is of ∼ 40%. This confirms
that a significant amount of information is encoded in the skewness within the scales of 10 to 20 Mpc/h.
However, as the prediction from linear theory does not deviate significantly from the estimation using
HaloFit, we are still within a regime where perturbation theory has not yet failed.

Finally, with orange curves in Fig. 7.4 we report the numerical results for ρ = 5 Mpc/h. For this case
study, we have new emerging features. First of all, we start to appreciate a more prominent difference
between the linear power spectrum and the non-linear one, and this difference is more evident at smaller
redshifts. In fact, here we have an enhancement when the HaloFit model is considered of ∼ 10%, as
can be appreciated also in Fig. 7.5, where we show the analogous of Fig. 7.3 but only for κLSS3 . This

Figure 7.5: Relative difference between the linear and non-linear matter power spectrum for the sum
κLSS3 . We consider different coarse-graining scales: ρ = 5 Mpc/h (orange), ρ = 10 Mpc/h (blue) and
ρ = 20 Mpc/h (red). Dashed curve refers to negative values.

increasing of κLSS3 , as given by Eq. (7.62), follows the separate increasing of the two quantities in its ratio,
namely µLSS3 in Eq. (7.61) and σ3 as derived from Eq. (7.32). Given that, we have that the numerator
and the denominator of this ratio separately increase when we decrease ρ from 20 to 5 Mpc/h. Hence,
by considering the discrepancy between the linear power spectrum and HaloFit as an indicator of the
validity range of perturbation theory, we observe that for ρ = 5 Mpc/h, the accuracy of perturbation
theory cannot be trusted beyond approximately 10%. We also remark that at those redshifts our results
are only indicative of the order of magnitude, since other relativistic effects here neglected, such as the
Doppler correction might significantly alter the result. This is indeed the case for the dispersion, as shown
in Fig. 8 of [144]. We plan to investigate more in details the contribution of other relativistic effects on
small redshift in a forthcoming paper. On the other hand, we also point out that the result is quite stable
for z > 0.4 when we decrease the value of ρ.

Two final comments are in order before concluding the discussion devoted to κLSS3 . First of all, we
recall that our derivation is based on the Limber approximation for the lensing terms. This gave us an
appreciable speed-up of the numerical evaluation, since it reduces the number of numerical integrations
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to one line-of-sight integral, as given in Eq. (7.61). On the other hand, for smaller redshift, the accuracy
of this result might be somehow limited, especially because the discrete sum is limited to larger angular
scales, when the Limber approximation shows some issues. The second comment is about the use of
the HaloFit model to account for the non-linearities in the matter power spectrum. This is clearly a
limitation, again on smaller redshifts, when the role of non-linearities in the LSS is more prominent.
Both these shortcomings are less serious at higher scales since i) we weight more the smaller angular
scales, where the Limber approximation is more accurate, and ii) we move the peak of the lensing kernel
to higher redshifts, where the impact of non-linearities is still relevant but attenuated.

Besides all the numerical limitations due to the usage of approximations, a take-home message that
emerges from this chapter is that κLSS3 is always dominant with respect to κQ3 and κPB3 , regardless of the
choice of the smoothing scale ρ and the use of linear or non-linear matter power spectrum, as one can see
from a direct comparison of Figs. 7.2 and 7.4. Hence, the overall sign of the skewness in the investigated
range of redshift due to the lensing is always negative, in accordance with the indication of the numerical
simulation of [166]. However, a deeper discussion about how to compare our results with [166] is in order.
This is the topic of the next section.

7.6 Comparison with numerical simulations

In this section, we will address the challenges that arise when attempting to compare our results with
those obtained from ray-tracing across the numerical simulation presented in [166]. We will also outline
the recommended approach to ensure a valid and meaningful comparison. To begin, we provide a brief
overview of the key elements employed in [166]. The ray-tracing of light-like geodesic in [166] has been
performed through a relativistic Universe simulated with gevolution [139], with the following cosmological
parameters: h = 0.67556, Ωc = 0.2638, and Ωb = 0.048275. Furthermore, the radiation density that
includes massless neutrinos with Neff = 3.046 and linear initial conditions are computed with the Cosmic
Linear Anisotropy Solving System (CLASS) [268–271] at redshift zini = 127, assuming a primordial
power spectrum with amplitude As = 2.215 × 10−9 (at the pivot scale 0.05 Mpc−1) and spectral index
ns = 0.9619. In this regards, the skewness has been obtained with the following remarks:

1. all the ray-traced light-like geodesics start from a point where a local overdensity has created an
Halo;

2. structures evolve in a box with size 2.4 Gpc/h whose grid space is 312.5 kpc/h. Hence, we expect
that structures can be investigated roughly up to a scale in Fourier space of 3 h/Mpc;

3. the distribution of the obtained distance-redshift relation is binned in four bins of width 0.5, ranging
from z = 0 until z = 2.

For the sake of completeness, we also report that the ray-tracing in [166] is performed through a light-cone
with a partial covering of the observed sky of 450 deg2. Moreover, the simulations in [166] link the density
contrast to the gravitational potential beyond the Newtonian approximation through the second-order
Hamiltonian constraint (see Eq. (2.19) of [272]).

With this in mind, we have then extrapolated from Fig. 2 in [166] the values for the skewness in the
four bins shown in Table 7.1. The results of Table 7.1 seem quite in disagreement with what we have
obtained in Sect. 7.5 for the first two bins, whereas they match better at higher redshifts. However, we
have to keep in mind the previous bullet points to understand how our results should (or better, could)
be interpreted against [166].

First of all, bullet point 1 states that only regions in the simulated Universe where the overdensity
is high enough to have created Halos are spanned by the ray-traced distance-redshift distribution. This



CHAPTER 7. SKEWNESS OF THE DISTANCE-REDSHIFT RELATION IN THE
CONCORDANCE MODEL 127

Bin Redshift Range Skewness κ3 from [166]

1 0 - 0.5 -2.27
2 0.5 - 1 -1.44
3 1 - 1.5 -0.72
4 1.5 - 2 -0.44

Table 7.1: Values of the skewness for the distance-redshift relation distribution obtained in [166] from the
ray-tracing of photons across a ΛCDM Universe simulated with gevolution. Results have been obtained
by binning the dataset in four redshift bins from 0 to 2 with bin width of 0.5.

motivates well the adoption of a number-count weighted prescriptions for the averages in Eq. (7.16) since
this naturally weights more regions where structures are more likely to have been created.

Moving forward with the discussion, bullet point 2 tells that no smoothing-scale procedure has been
introduced in [166], beyond the grid space of the numerical simulation. Moreover, this implies that the
expected results can probe scales up to the deeply non-linear regime, and this is somehow problematic
for the analytic investigations, since the validity of our perturbative scheme is at least questionable on
those scales. However, this point could be easily overcame, since a smoothing scale procedure could be
applied as well to the simulated Universe.

Finally, for what concerns bullet point 3, the bin width adopted in [166] is quite large when compared
to our infinitesimal bin formalism and this can introduce spurious contamination to the extrapolated
skewness in two regards: first, by introducing background effects that are not at all related to the LSS
and, secondly, by introducing a plethora of other relativistic effects, such as the contamination due to cross
correlations with density fluctuations and redshift-space-distortion in Eq. (7.16), which could complicate
the actual analysis. This point can be treated either by slicing the redshift space with more narrow bins
or by developing our analytic formalism to the finite bin case. We plan to achieve the latter task in a
forthcoming work.

Given all the assumptions and the intrinsic differences that are present between our analytical findings
and the numerical ones of [166], we believe that it is quite remarkable that the two results share the same
signature and differ only by an order unity factor. In our opinion, our results open an interesting window
to resolve the previous bullet points and provide an ultimate comparison.
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Conclusions

In this thesis we discussed the robustness of the two pillars of the ΛCDMmodel, namely General Relativity
and the cosmological principle. We explored different scenarios in modified gravity and inhomogeneous
cosmologies.

In Chapter 3, we performed a redshift binned analysis of the Pantheon dataset of SNe Ia [176],
dividing the sample into equally populated redshift bins. We pointed out a slow evolution of the Hubble
constant H0 with the redshift z, described by the function Hfit

0 (z) in Eq. (3.4) with a parameter α that
is consistent with zero (no evolution) between 1.2 σ and 2.0 σ (see Table 3.1). The evolutionary behavior
of Hfit

0 (z) occurs regardless of the binning division both in the ΛCDM and w0waCDM models. It seems
that the Hubble constant tension also emerges locally within the narrow redshift range 0 < z < 2.26 of
the Pantheon sample of SNe Ia.

Then, extrapolating the fit function of Hfit
0 (z) (3.4) at higher redshifts, we obtain values of H0 that

are remarkably consistent within 1 σ with the CMB measurements by Planck [40]. Our results could
point out an intrinsic trend of the Hubble constant with the redshift, which might imply the mismatch
between independent measurements of the Hubble constant referred to probes at different redshifts in
the early and late Universe.

We remark that we performed a one-dimensional analysis to obtain constraints only on H0. Actually,
in Chapter 4, we extended the analysis and obtain similar results, including BAOs and considering more
than one variable in the MCMC methods, for instance H0 and Ωm0.

Our analysis could suggest the presence of a hidden astrophysical effect, which is the reason for the
evolution of Hfit

0 (z) and has not been taken into account so far. Alternatively, the observed effect may
point out that we need a cosmology beyond the ΛCDM paradigm. We discussed the f(R) modified gravity
theories in Chapter 4 and proposed a possible form for the scalar field potential (4.10) in the Jordan frame
and the respective f(R) function (4.12), inferred from the results of previous abovementioned analysis.
Furthermore, we suggested that a new binned analysis of the Pantheon sample, adopting the modified
version of the luminosity distance within the framework of f (R) gravity, could be worthwhile to test new
physics.

In Chapter 5, we presented a method to interpret an effective Hubble constant Heff
0 (z) that runs with

the redshift within the f (R) gravity in the Jordan frame. Indeed, we pointed out that the extra d.o.f.,
i.e., the scalar field dynamics, in such a theoretical scheme might lead to a redefinition of the Hubble
constant, as indicated in Eq. (5.5). Motivated from the previous results shown in Chapters 3 and 4, we
built a new f (R) model. Our study is able to simultaneously address two key points: on one hand, we
obtained a modified gravity model as a suitable candidate alternative to the dark energy component; on
the other hand, we provided a natural interpretation for the profile of Hfit

0 (z) obtained in Chapters 3 and
4. In particular, our results gave us a new perspective to address the Hubble constant tension through
a binning approach, thus we foster investigations on the astrophysical parameters of SNe Ia and further
theoretical discussions.

To explore the possible evolution of cosmological parameters, it could be very useful in the future
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to include in our analysis also probes at higher redshifts, such as quasars and GRBs, which in principle
could allow to enlarge the redshift range of the actual Hubble diagram [7, 202, 203, 273–277] . We based
our analysis on the Pantheon sample of SNe Ia, which datasets was public during the development of
this thesis. At the present, the Pantheon+ data [71] are also available, and we might repeat this kind
of analysis in the future to check a possible trend of H0. Moreover, as a future perspective, it could be
interesting to investigate together both the H0 and S8 tensions (Sect. 1.1.7). Indeed, we should bear in
mind that these tensions may be correlated, hence if we try to alleviate one of them, we have to check
that the other one does not become worse.

Concerning the inhomogeneous cosmology, we followed firstly a metric approach, considering the LTB
line element. In Chapter 6, we analyzed the LTB spherically symmetric solution, linearized over a flat
FLRW background, comparing its morphology in GR and f (R) modified gravity theories, as viewed in
the Jordan frame. In the former case, we referred to the ΛLTB model, including a matter fluid and a
cosmological constant; in the latter model, we considered the f (R) HS formulation (Sect. 1.3.2).

We studied the dynamics in both cosmological scenarios to highlight the peculiarities of these mod-
els. To describe spherically symmetric deviations from homogeneity in the late Universe, we used the
separation of variables method to address the partial differential equations system for the first-order
perturbation. Then, the radial components of such a reduction procedure were analytically integrated,
while the-time dependent part required a numerical treatment.

The key difference between the two cosmological models studied in Chapter 6 is the different form of
the 0-1 component of the gravitational field equations. Indeed, in the ΛLTB model, Eq. (2.2a) can be
easily solved by removing one of the two free metric functions of the problem, hence the LTB metric takes
the well-known simplified form in Eq. (2.7). On the other hand, within the framework of the f (R) gravity
in the Jordan frame, the presence of a non-minimally coupled scalar field prevents the simplification above
in the 0-1 component (6.1a), and we had to deal with two distinct metric functions α (t, r) and β (t, r) in
the LTB metric given by Eq. (2.1).

As a consequence, our results might be considered as specific markers of the evolution of matter
distribution in different theoretical models. Indeed, GR provides only a natural decay of the radial
perturbations for large r values, following a power law, as it emerged from Eq. (6.29). Differently, in the
f (R) modified gravity formulation, we obtained the Yukawa-like decaying for the radial perturbations of
the scalar functions given by Eqs. (6.43), (6.44), (6.45), and (6.46). Furthermore, we employed the f (R)

HS model to describe the background Universe for comparison with the ΛCDM model, but we could have
considered other viable f (R) modified gravity models. Indeed, we stress that our main result regarding
the Yukawa-like radial perturbations does not depend on the f (R) functional form.

It should be noted that Yukawa-like radial profiles are recurring in f (R) theories, as evidenced, for
instance, in other studies [278–281] by the presence of Yukawa-like corrections in the Newton potential
with consequent implications for the dark matter problem and the flat rotation curves of galaxies. Fur-
thermore, the different morphology of the radial solutions between the ΛLTB model and inhomogeneous
f (R) cosmology obtained in Chapter 6 may be possible hints of a theory beyond GR.

For what concerned the time evolution of inhomogeneous perturbations both in the ΛLTB model and
in the LTB solution as emerging from the f (R) gravity in the Jordan frame, the numerical analysis
outlined that it is always possible to obtain a non-divergent amplitude of the perturbations as time goes
by, according to the reliable idea of a stable homogeneous and isotropic Universe in the near future.

Nevertheless, we are aware that our result has one limitation: the obtained radial solutions clearly
diverge in the center of the LTB symmetry, where the observer (i.e. human location) is intended to be
set. This feature simply suggests that our solution has a non-perturbative extension from a given large
enough radial coordinate up to r = 0, which is an important task for future investigations in the late
Universe. The present analysis fosters further studies about inhomogeneous cosmology when regarded as
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a local (non-linear) deformation of the FLRW geometry, as it may be also possibly pointed out by local
measurements of the Hubble constant. The method presented in Chapter 6 through the investigation of
spatial inhomogeneities may become a powerful tool to test the robustness of the cosmological concordance
model.

To explore the impact of local inhomogeneities on cosmological observables like the luminosity distance-
redshift relation, we presented in Chapter 7 a general method by applying the covariant and gauge-
invariant formalism for the light-cone averages detailed in [174]. We discussed the role of non-linearities
in the corrections of the Hubble-Lemaître diagram and provided for the first time an analytic evaluation
of the skewness for the distance-redshift distribution in the ΛCDM model. We developed the theoretical
framework to compare and understand the analogous results of non-Gaussian features [166] obtained from
N-body numerical fully relativistic simulations of cosmic structure formation based on gevolution [139].

Within our perturbative approach, we included lensing contribution and noted that the second-order
corrections of the luminosity distance are enough to determine the leading-order terms of the skewness.
In particular, we recall that we made the assumption of an infinitesimal bin width to perform averages for
the redshift distribution. We obtained three different terms in the final formula (7.23) of the skewness,
due to quadratic, Post-Born corrections and higher-order correlators. The latter are related to the
matter bispectrum, integrated along the line of sight. From our numerical investigation, it has emerged
that the bispectrum contribution play a dominant role, while quadratic and Post-Born terms exhibit a
competitive effect. Despite the number of approximations in the method presented in Chapter 7, our
analytical estimation provided remarkably an amplitude of the skewness, which is negative and of the
same order of magnitude as the one resulted from to the numerical simulations in [166] (see Sect. 7.6 for
a detailed discussion).

We also recall that, in order to have a result indendent of the UV behavior, we introduced a smoothing
or coarse-graining scale in real space and determined its impact on the final amplitude of the skewness.
To this end, our results pointed out that varying the smoothing scale from 20 to 10 Mpc/h leads to a 40%

increasing of the skewness at small redshift (z ∼ 0.1), although the dependence on the coarse-grainining
scale is less severe for distant sources (z ∼ 1). This is quite remarkable, since it seems to suggest that
there is room for better agreement with the numerical simulations [166], in which smaller scales than ours
had been probed (see again Sect. 7.6).

Our method is also interesting to understand better if a perturbative approach is still valid and at
which level to take into account local inhomogeneities. In this regard, it could be worthwhile in the
future to generalize the method developed in Chapter 7 also for the case of a small finite redshift bin of
size ∆z ∼ 0.5, since this was adopted in the abovementioned simulations. Furthermore, including other
general relativistic effects, such as the Doppler effect, in the fluctuations of the luminosity distance and
the choice of the smoothing scale as in the analysis of the simulated data might be important elements
at smaller redshifts.

To conclude this thesis, we would like to stress again that if cosmological tensions still persist in the
next few decades, we should be aware that we might be less conservative in developing the theoretical
framework to describe our Universe. In this regard, we have to investigate wheter GR and the cosmological
principle are the real solid pillars of our concordance cosmological model through several independent
methods. In addition to theoretical attempts, the analysis developed in this thesis may have a relevant
impact on the observations of the LSS of the Universe, when forthcoming missions [60–66]detect the
clumpy galaxy distribution with greater accuracy.
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A – Testing the spatial isotropy in the
LTB metric in the Jordan frame

We want to check that the spatial isotropy in the LTB geometry is also preserved by the field equations in
the Jordan frame of f (R) modified gravity. In particular, we prove that the 2-2 component of gravitational
field equations depends on the other ones. Moreover, it can be easily checked that the 2-2 and 3-3
components are exactly the same.

It should be noted that the isotropy in GR can be shown in field equations by employing Eq. (2.3).
However, within the framework of the Jordan frame of f (R) gravity, this simple relation no longer applies,
because of the presence of the non-minimal coupling between the scalar field φ and the metric. Then,
we need a careful analysis of field equations to verify the isotropy in the LTB metric. In this regard, we
rewrite the gravitational field equations (1.113a) in the Jordan frame as Gµν = Sµν , where

Sµν =
χ

φ
Tµν −

1

2φ
gµν V (φ) +

1

φ
(∇µ∇νφ− gµν � φ) (A.1)

denotes all the source elements in a compact way.

Considering a pressure-less dust, the 2-2 component of Eqs. (1.113a) in the Jordan frame in the LTB
metric (2.1), i.e. G2

2 = S2
2, is written as

α̈+ β̈ + α̇2 + β̇
(
α̇+ β̇

)
+

− e−2α [β′′ − β′ (α′ − β′)] =
V (φ)

2φ
+

− 1

φ

{
φ̈+

(
α̇+ β̇

)
φ̇− e−2α [φ′′ − φ′ (α′ − β′)]

}
. (A.2)

For the sake of convenience, we also rewrite here the 1-1 component G1
1 = S1

1, that is Eq. (6.1c):

2 β̈ + 3 β̇2 + e−2 β − e−2α (β′)
2

=
V (φ)

2φ
+

− 1

φ

[
φ̈+ 2 β̇ φ̇− 2 e−2α β′ φ′

]
. (A.3)

To verify the isotropy, we start from Eq. (A.3) and search for a proper relation to obtain Eq. (A.2).
Trying to generalize the relation (2.3) valid in GR, we can write

G1
1 +

1

2β′
(
G1

1

)′
= S1

1 +
1

2β′
(
S1

1

)′
, (A.4)
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which is equivalent to

α̈+ β̈ + α̇2 + β̇
(
α̇+ β̇

)
− e−2α [β′′ − β′ (α′ − β′)]

− φ′

2φβ′
Gextra =

V (φ)

2φ
− φ′

2φβ′
Sextra+

− 1

φ

{
φ̈+

(
α̇+ β̇

)
φ̇− e−2α [φ′′ − φ′ (α′ − β′)]

}
. (A.5)

We have considered geometric G1
1 and source S1

1 contributions in Eq. (A.3) and their derivatives with
respect to r, and we have defined

Gextra =
φ̈′

φ′
− α̈− α̇2 +

(
φ̇

φ
− 2 β̇

) (
α̇− φ̇′

φ′

)
(A.6)

Sextra =
φ̈′

φ′
− φ̈

φ
+
φ̇

φ

(
α̇− 2 β̇ − φ̇′

φ′

)
+ 2 β̇

φ̇′

φ′
+
V (φ)

2φ

− 1

2

dV

dφ
+ 2 e−2α

(
α′ β′ − β′2 − β′′ + β′

φ′

φ

)
. (A.7)

Then, comparing Eqs. (A.2) and (A.5), it is quite immediate to recognize that the latter equation
becomes

G2
2 = S2

2 +
φ′

2φβ′
(Gextra − Sextra) . (A.8)

Note that, as we previously said, the relation (2.3) is no longer valid in the Jordan frame since now we
have

G2
2 = G1

1 +
1

2β′
(
G1

1

)′
+

φ′

2φβ′
Gextra , (A.9)

which is due to an extra term containing the non-minimal coupled scalar field φ.
As a last point, we show that the bracket in Eq. (A.8) vanishes. Indeed, it is straightforward to

identify the difference (Gextra − Sextra) = 0, since it exactly coincides with the supplementary Eq. (6.3b)
given by the effective stress-energy tensor T [φ]

µν for µ = 1, which is just originated from the gravitational
field equations.

Hence, we have proved that the 2-2 component (A.2) of the field equations in the Jordan frame depends
on the 1-1 component (A.3) and the additional Eq. (6.3b). As a consequence, despite the presence of
extra coupling terms between the scalar field and the metric, the field equations in the Jordan frame of
f (R) gravity implemented at the LTB metric preserve the spatial isotropy, as it must be for a spherically
symmetric solution.



B - Separation of variables for the
linearly perturbed field equations in the
Jordan frame of f (R) gravity

In this appendix, we want to rewrite the equation system given by the linearly perturbed field equa-
tions (6.36), (6.37), and (6.38) to study separately time and space evolutions of perturbations through
the separation of variables method. The final aim is to show explicit calculations to obtain the two sets
of equations (6.41) and (6.42), which have been reported in Sect. 6.3.2.

We adopt the factorization (6.39) for all linear perturbations, which we rewrite here for convenience:

δα (t, r) ≡ Ap (t) Ap (r) , δβ (t, r) ≡ Bp (t) Bp (r) ,

δρ (t, r) ≡ Pp (t) %p (r) , δφ (t, r) ≡ Φp (t) ϕp (r) . (B.1)

We have split time and radial dependences for each scalar function.
Then, considering the factorization (B.1), the equation system (6.36) becomes:

B′p
ϕ′p

+
1

r

Bp
ϕ′p

=
1

r

Ap
ϕ′p

Ȧp

Ḃp
− 1

2 φ̄ Ḃp

(
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˙̄a

ā
Φp

)
, (B.2a)

2

ā2

[
Ap
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(
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+A′p
)
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B′′p +

3
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B′p +
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+
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∣∣∣∣
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Φp ϕ

′′
p +

2

r
Φp ϕ
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)
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¨̄φ
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˙̄a
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Φp ϕp

2 φ̄
+
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(
1

2
Φ̈p ϕp +

˙̄a

ā
Φ̇p ϕp + ˙̄φ Ḃp Bp −

Φp ϕ
′
p

ā2 r

)
. (B.2c)

We have tried to separate time-dependent and radial terms. However, this equations system exhibits
a complicated structure, since it should be noted the occurrence of several mixed terms depending both
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on t and r. For instance, focusing on Eq. (B.2a), terms on the left-hand side depend only on r, a mixed
term is the first contribution on the right side, while the second contribution is only time-dependent.

Using again Eq. (B.1), the linearized scalar field equation (6.37) rewrites as

ā2

[
Φ̈p
Φp

+ 3
˙̄a

ā

Φ̇p
Φp

+

(
Ȧp
Φp

Ap
ϕp

+ 2
Ḃp
Φp

Bp
ϕp

)
˙̄φ+

−1

3

dV

dφ

∣∣∣∣
φ=φ̄

+
1

3
φ̄
d2V

dφ2

∣∣∣∣
φ=φ̄

− χ

3

Pp
Φp

%p
ϕp

]
=

ϕ′′p
ϕp

+
2

r

ϕ′p
ϕp

, (B.3)

while the linearized continuity equation (6.38) becomes

1

ρ̄ Ḃp

(
Ṗp + 3

˙̄a

ā
Pp

)
+
Ȧp

Ḃp

Ap
%p

+ 2
Bp
%p

= 0 . (B.4)

We noticed again the presence of mixed terms depending on t and r, which do not allow us to solve the
equations using the separation of variables unless we rely on some simplifying assumptions. For instance,
focusing on Eqs. (B.2a) and (B.4), if we require that the perturbations Ap and Bp follow a similar time
evolution, i.e.

Ȧp = λ1 Ḃp , (B.5)

where λ1 is a constant, then we are able to solve these two equations through the separation of variables
method. Actually, we also write equivalently

Ap = λ1Bp , (B.6)

which is just Eq. (6.40a), since we can adjust constant term in the first-order perturbation theory.

Then, if we impose the assumption (B.6) in Eq. (B.2a), we obtain two equations, one in the variable
t and the other one in r:

Ḃp =
1

2 φ̄ µ1

(
Φ̇p −

˙̄a

ā
Φp

)
, (B.7a)

Ap =
1

λ1

[
Bp + r

(
B′p + µ1 ϕ

′
p

)]
, (B.7b)

which are just Eqs. (6.42a) and (6.41a), respectively.

In the same way, we can split Eq. (B.4) into Eqs. (6.42e) and (6.41d)

Ṗp + 3
˙̄a

ā
Pp + µ2 ρ̄ Ḃp = 0 , (B.8a)

%p =
1

µ2
(λ1Ap + 2Bp) , (B.8b)

respectively, where µ1 and µ2 are constants originating from the separation of variables.

Concerning the linearized scalar field equation (B.3), using Eqs. (B.6) and (B.8b), we end up in

ā2
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ā

Φ̇p
Φp
− 1

3
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+
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+

(
µ2

˙̄φ
Ḃp
Φp
− χ

3

Pp
Φp

)
%p
ϕp

]
=
ϕ′′p
ϕp

+
2

r

ϕ′p
ϕp

. (B.9)

At this point, noting a mixed term in the last contribution of the left-hand side, to proceed ana-
lytically with the separation of variables, we require an additional simplifying assumption, that is the
proportionality between the radial evolution of the matter and scalar field perturbations:

%p = λ2 ϕp , (B.10)

i.e. Eq. (6.40b), where λ2 is the proportionality constant.
Hence, we can easily separate time and radial evolutions in Eq. (B.9) to write the two differential

equations (6.42d) and (6.41c), respectively:
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ā2
, (B.11a)

ϕ′′p +
2

r
ϕ′p − µ2

3 ϕp = 0 , (B.11b)

where µ3 is a constant.
If we focus on Eq. (B.2b), by simplifying mixed terms with Eqs. (B.6), (B.7a), (B.7b), (B.10), and

(B.8b), it is straightforward to show that, after long calculations, we encompass the radial part through
Eq. (B.11b), and we obtain a single equation in t:
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+ 2µ1µ
2
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ā2
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µ2

3

ā2
, (B.12)

which is just Eq. (6.42b).
Finally, regarding the last equation of the system (B.2) to be rewritten with the separation of variables,

that is Eq. (B.2c), if we combine it with Eqs. (B.6), (B.7a), (B.7b), we obtain

B̈p + Ḃp

(
3

˙̄a

ā
+

˙̄φ

φ̄

)
=

µ4

2 ā2

(
Φp
φ̄
− µ1Bp

)
, (B.13a)

Bp =
2

µ4 r
ϕ′p − µ1 ϕp , (B.13b)

which are exactly Eqs. (6.42c) and (6.41b), respectively, where µ4 is a constant.
In conclusion, in this appendix, we have shown how the two simplifying assumptions (B.6) and (B.10)

are suggested from the analysis of the equation system given by Eqs. (6.36), (6.37), and (6.38) to use the
separation of variables. Finally, we have obtained separately two sets of equations (6.41) and (6.42) for
the radial and time evolution of linear perturbations, which have been reported in Sect. 6.3.2. Once we
have split all field equations into time and space components, we can solve them to obtain linear order
perturbations separately in Sect. 6.3.2.1 and Sect. 6.3.2.2.
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C - Fourth-order perturbations for the
skewness

In this appendix, we prove that Eqs. (7.11) can be equivalently computed holds also when third and
fourth order perturbations in the observable and the measure are considered. Hence, it is consistent to
consider only second-order perturbations to evaluate the leading order skewness.

We then follow the same approach as the one adopted in Sect. 7.1 and expand

S
S(0)

= 1 + σ(1) + σ(2) + σ(3) + σ(4) ,

dµ = dµ(0)
(

1 + µ(1) + µ(2) + µ(3) + µ(4)
)
. (C.1)

Hence, we obtain for the average m

m ≡
〈
S
S(0)

〉
= 1 +

{
I[σ(2)] + I[σ(1) µ(1)]− I[σ(1)] I[µ(1)]

}
+
{
I[σ(4)] + I[σ(3) µ(1)] + I[σ(2) µ(2)] + I[σ(1) µ(3)]− I[σ(3)] I[µ(1)]

−I[σ(2) µ(1)] I[µ(1)]− I[σ(1) µ(2)] I[µ(1)]− I[σ(2)] I[µ(2)] + I[σ(2)] I[µ(1)]2

−I[σ(1) µ(1)] I[µ(2)] + I[σ(1) µ(1)] I[µ(1)]2 − I[σ(1)] I[µ(3)]

+2I[σ(1)] I[µ(1)] I[µ(2)]− I[σ(1)] I[µ(1)]3 − I[µ(4)]
}
. (C.2)

First line manifestly reproduces Eq. (7.7), whereas the other lines take into account the next-to-leading
order corrections. With Eq. (C.2), we evaluate the α-th order moment of the distribution of S/S(0) up
to the fourth order as 〈(

S
S(0)

−m
)α〉

=

α∑
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) (
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where we have defined
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2
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and
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−I[σ(2) µ(1)] I[µ(1)]− I[σ(1) µ(2)] I[µ(1)]− I[σ(2)] I[µ(2)] + I[σ(2)] I[µ(1)]2

−I[σ(1) µ(1)] I[µ(2)]− I[σ(1) µ(1)] I[µ(1)]2 − I[σ(1)] I[µ(3)]

+2I[σ(1)] I[µ(1)] I[µ(2)]− I[σ(1)] I[µ(1)]3
}
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+k (k − 1) I[σ(1) σ(3)] +
k

2
(k − 1) I[σ(2)2] +

k

2
(k − 1) (k − 2) I[σ(1)2 σ(2)]

+
k

4!
(k − 1) (k − 2) (k − 3) I[σ(1)4] +

k

6
(k − 1) (k − 2) I[σ(1)3 µ(1)]

−k
2

(k − 1) I[σ(1)2 µ(1)] I[µ(1)] + k (k − 1) I[σ(1) σ(2) µ(1)] +
k

2
(k − 1) I[σ(1)2 µ(2)]

−k (k − 1) I[σ(1) σ(2)] I[µ(1)]− k

6
(k − 1) (k − 2) I[σ(1)3] I[µ(1)]

−k
2

(k − 1) I[σ(1)2] I[µ(2)] +
k

2
(k − 1) I[σ(1)2] I[µ(1)]2 + (k − 1− α) I[µ(4)]

+
[α

2
(α− k − 1) + k (α− k)

] {
I[σ(2)] + I[σ(1) µ(1)]− I[σ(1)] I[µ(1)]

}2

+
k

2
(α− k) (k − 1) I[σ(1)2]

{
I[σ(2)] + I[σ(1) µ(1)]− I[σ(1)] I[µ(1)]

}
. (C.5)

Again, the second-order correction A(2)
k is consistent with Eq. (7.8), whereas B(4)

k are the potential next-
to-leading order corrections.

Now, we make use of the following relations for the sum of the Newton binomial

α∑
k=0

(−1)α−k
(
α

k

)
= 0 ,

α∑
k=0

(−1)α−k
(
α

k

)
k = δα1 ,

α∑
k=0

(−1)α−k
(
α

k

)
k2 = δα1 + 2 δα2 ,

α∑
k=0

(−1)α−k
(
α

k

)
k3 = δα1 + 6 δα2 + 6 δα3 ,

α∑
k=0

(−1)α−k
(
α

k

)
k4 = δα1 + 14 δα2 + 36 δα3 + 24 δα4 , (C.6)

which tell us that for the skewness (α = 3), only the third and fourth power of the index k in the sum
in Eq. (C.3) survive. It is already evident from Eq. (C.5) that terms with k3 and k4 only contain linear
and second order perturbations. An explicit evaluations with the use of Eqs. (C.6) for α = 3 returns
Eqs. (7.11).

To conclude, this proves that we need only corrections up to second-order for the observable and linear
in the measure perturbation to compute the high-order moments. We remark that this is not ensured for
the moments of S, since the quantity S(0)−m(0) does not vanish on the background, and then the generic
moment of the distribution of S includes high-order corrections for the observable and the measure.



D - Analytic proofs for the skewness in
Fourier space

In this appendix, we provide the detailed derivations of L(r1, r2) in Eq. (7.25) and µLSS3 in Eq. (7.57).

L(r1, r2)

We start from the Fourier modes of the linear gravitational potential ψ(η,~k) and assume that ψ(η,~k) is
a stochastic field such that

ψ(η,~k) = 0 and ψ(η1,~k1)ψ(η2,~k2) = (2π)3δD (k1 + k2)Pψ(k1, η1, η2) . (D.1)

In this way, the 2-point function of a 2-D Laplacian in real space ∆2 is given by

∆2ψ(r1, ~n)∆2ψ(r2, ~n) =

ˆ
d3k1

(2π)3
Pψ(k1, η1, η2)∆2e

−i~k1·~n r1∆2e
i~k1·~n r2 , (D.2)

At this point, we expand the exponentials in the Fourier transforms in terms of the spherical harmonics
as

e−i
~k·~nr = 4π

∑
`m

(−i)`j`(kr)Y`m(~̂k)Y ∗`m(~n) , (D.3)

and keep in mind, for later uses, the following orthogonal relations

∑
m

Y`m(~n)Y ∗`m(~n) =
2`+ 1

4π
,

ˆ
d3~nY`1m1

(~n)Y ∗`2m2
(~n) = δ`1`2δm1m2

. (D.4)

In this way, Eq. (D.2) becomes

∆2ψ(r1, ~n)∆2ψ(r2, ~n) = (4π)2

ˆ
d3k1

(2π)3
Pψ(k1, η1, η2)

∑
i`1+`2(−1)`1`1(`1 + 1)`2(`2 + 1)

×j`1(k1r1)Y`1m1(~̂k1)Y ∗`1m1
(~n)j`2(k1r2)Y ∗`2m2

(~̂k1)Y`2m2(~n)

= (4π)2

ˆ
k2

1dk1

(2π)3
Pψ(k1, η1, η2)

∑
`21(`1 + 1)2

×j`1(k1r1)j`1(k1r2)Y ∗`1m1
(~n)Y`1m1

(~n)

= 4π

ˆ
k2

1dk1

(2π)3
Pψ(k1, η1, η2)

∑
`1

`21(`1 + 1)2(2`1 + 1)

×j`1(k1r1)j`1(k1r2) . (D.5)

141



Appendix D - Analytic proofs for the skewness in Fourier space 142

It is now worth to focus on the sum over `1 appearing into Eq. (D.5). To this end, we recall that the
Legendre polynomials P`(cos θ) are eigenfunctions of the 2-D Laplacian with eigenvalues −`(` + 1) and
that P`(1) = 1. Hence, we have∑

`1

(2`1 + 1)`21(`1 + 1)2j`1(k1r1)j`1(k1r2)

=

[
∆2

2

∑
`1

(2`1 + 1)j`1(k1r1)j`1(k1r2)P`1(cos θ)

]
θ=0

=

[
∆2

2j0

(
k1

√
r2
1 + r2

2 − 2r1r2 cos θ

)]
θ=0

, (D.6)

where last equality holds since the 0-th order spherical Bessel functions can be written as

j0

(
k1

√
r2
1 + r2

2 − 2r1r2 cos θ

)
=
∑
`1

(2`1 + 1)j`1(k1r1)j`1(k1r2)P`1(cos θ) . (D.7)

Then, the explicit act of the 2-D Laplacians over j0 returns[
∆2

2j0

(
k1

√
r2
1 + r2

2 − 2r1r2 cos θ

)]
θ=0

= 4 r1r2

[
r2
1 + r2

2 + 4 r1r2 − 2 k2
1 r1r2 (r1 − r2)

2
] sin [k1 (r1 − r2)]

k1 (r1 − r2)
5

−4 r1r2

(
r2
1 + r2

2 + 4 r1r2

) cos [k1 (r1 − r2)]

(r1 − r2)
4

= 4k4
1r1r2

{
2r1r2 j2 [k1(r1 − r2)]

k2
1(r1 − r2)2

+
(r1 − r2)2 j1 [k1(r1 − r2)]

k3
1(r1 − r2)3

}
. (D.8)

Now, thanks to the definition of the generalized Hankel transforms (7.24), we can insert Eq. (D.8) into
(D.5) and prove then first of Eqs. (7.25). To this end, we relate the power spectrum of the gravitational
potential Pψ(k, η1, η2) to the matter one P (k, η1, η2) as

Pψ(k, η1, η2) =
9

4k4

H4
0

a(η1)a(η2)
Ω2
m0P (k, η1, η2) , (D.9)

where we have used the Poisson equation to link the growth factor of the gravitational potential Dψ to
the growth factor D1 of the matter perturbations

Dψ = − 3

2k2

H2
0

a
Ωm0D1 , (D.10)

as prescribed by the general dictionary provided in [154] for the relations among the different cosmological
transfer functions.

µLSS3

In this appendix, we want to provide the detailed evaluation of Eq. (7.57). To this end, we start by
writing the Dirac delta over the triangular shapes in Fourier space as

δD

(
~k1 + ~k2 + ~k3

)
= 8

∑
(−i)`1+`2+`3 Gm1m2m3

`1`2`3
Y ∗`1m1

(
~̂k1

)
Y ∗`2m2

(
~̂k2

)
Y ∗`3m3

(
~̂k3

)
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×
ˆ
dxx2j`1 (k1x) j`2 (k2x) j`3 (k3x) , (D.11)

where the integral over the auxiliary variable x runs from 0 to ∞, and the sums are over the indexes `i
and mi with i = 1, 2, 3. We recall the definition of the Gaunt integral

Gm1m2m3

`1`2`3
≡
ˆ
dΩY`1m1 (~n)Y`2m2 (~n)Y`3m3 (~n)

=

(
`1 `2 `3

0 0 0

)(
`1 `2 `3

m1 m2 m3

)√
(2l1 + 1) (2l2 + 1) (2l3 + 1)

4π
. (D.12)

We remark that the integral over x automatically satisfies the triangle inequality over k1, k2, and k3.
Then, there is no need to explicitly write any triangular condition. We compute the integrals over the
angular directions ~ki in Eq. (7.54). By making use of Eq. (D.11), we then have

ˆ
dΩ̂~k1

dΩ̂~k2
dΩ̂~k3

δD

(
~k1 + ~k2 + ~k3

)
∆2e

i~k1·~nr1∆2e
i~k2·~nr2∆2e

i~k3·~nr3

= −8 (4π)
3
∑

`1 (`1 + 1) `2 (`2 + 1) `3 (`3 + 1) j`1 (k1r1) j`2 (k2r2) j`3 (k3r3)

×Y ∗`1m1
(~n)Y ∗`2m2

(~n)Y ∗`3m3
(~n)Gm1m2m3

`1`2`3

ˆ
dxx2j`1 (k1x) j`2 (k2x) j`3 (k3x) , (D.13)

where we made use of the orthonormality of spherical harmonics in Eqs. (D.4). In order to move on with
the evaluation, we notice that the we can get rid of the sum over mi’s, since the following relation for the
Gaunt integral holds

∑
m1m2m3

Gm1m2m3

`1`2`3
Y ∗`1m1

(~n)Y ∗`2m2
(~n)Y ∗`3m3

(~n) =

(
`1 `2 `3

0 0 0

)2
(2`1 + 1) (2`2 + 1) (2`3 + 1)

(4π)
2 ,

(D.14)

thanks to the following properties

∑
m1m2

Gm1m2m3

`1`2`3
GMm1m2

L`1`2
=

(
`1 `2 `3

0 0 0

)2
(2`1 + 1) (2`2 + 1)

4π
δ`3Lδm3M ,

Y`1m1 (~n)Y`2m2 (~n) =
∑
LM

Gm1m2M
`1`2L

Y ∗LM (~n) . (D.15)

Hence, by inserting Eq. (D.14) into Eq. (D.13), we have
ˆ
dΩ̂~k1

dΩ̂~k2
dΩ̂~k3

δD

(
~k1 + ~k2 + ~k3

)
∆2e

i~k1·~nr1∆2e
i~k2·~nr2∆2e

i~k3·~nr3

= −8 (4π)
3
∑

`1 (`1 + 1) `2 (`2 + 1) `3 (`3 + 1) j`1 (k1r1) j`2 (k2r2) j`3 (k3r3)(
`1 `2 `3

0 0 0

)2
(2`1 + 1) (2`2 + 1) (2`3 + 1)

(4π)
2

ˆ
dxx2j`1 (k1x) j`2 (k2x) j`3 (k3x) . (D.16)

Then, by using this last equation into Eq. (7.54), we finally obtain the desired result of Eq. (7.57).
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