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Abstract

The scale of frontier particle physics experiments is expected to go on increas-

ing, precipitated by a physics case that demands ever higher energy collisions

of more particles, more frequently. All working colliders in particle physics

today operate on the basis of radiofrequency (RF) acceleration in metallic

cavities. However, fundamental limits on the achievable accelerating gradient

per cavity mean that to obtain higher energy gain requires longer accelerators,

and larger and more costly beam facilities.

Electrostatic density waves driven in plasma can accommodate accelerating

electric fields that are orders of magnitude greater than those found in metallic

cavities, offering a route to lower-cost beam facilities. Experimentally, plasma

wakefield accelerators have been demonstrated as a compact source of high en-

ergy electrons with features that could be well suited to specific applications.

One such scheme is the proton-driven plasma wakefield accelerator, where a

highly relativistic proton beam sustains an accelerating field over many me-

tres of plasma, owing to the substantial energy it carries. Because of this

property, an accelerated witness beam may reach the energy frontier in a sin-

gle plasma stage, decreasing the complexity of a plasma-based collider. The

reproducibility and quality of the accelerated witness beam are key for the

successful operation of any collider, and for the most part these considerations

still remain to be addressed for plasma-based accelerators. This thesis makes

use of extensive particle-in-cell simulations to investigate those aspects of the

15



proton-driven scheme on which achievable beam quality depends and gives

guidance for future proton-driven plasma wakefield acceleration experiments,

which could prove significant for the development of plasma-based electron-

positron colliders.

The first simulation study presented in this thesis demonstrates that an

LWFA can provide short duration, narrow, and low emittance electron beams

at injection, which also have a sufficient energy and charge, to facilitate beam

quality preservation during proton-driven plasma wakefield acceleration. Sig-

nificantly, the required duration and transverse beam size are not readily

achievable with conventional RF photoinjectors. The second study charac-

terises the betatron emission from an electron beam accelerated in a proton-

driven plasma wakefield under a range of experimental conditions. It demon-

strates that a significant quantity of detectable photons are emitted by the ac-

celerated electron beam into high angles away from the proton driver, therefore

enabling a non-intercepting emittance measurement. Such a measurement will

allow the characterisation of electron beam quality inside the plasma wakefield

itself, a unique tool to diagnose the evolution of electron beam emittance within

a single accelerating stage. Finally, long-range simulations show the impact

of radiation reaction on proton-driven plasma wakefield acceleration, demon-

strating the point at which radiative damping of the electron beam emittance

becomes significant. Radiative damping of electron beams ultimately defines

the long term dynamics of plasma wakefield-accelerated beams, and may be

exploited to reach novel luminosity regimes at the interaction point of a plasma-

based collider. The emittance preservation of a radiating positron beam, ac-

celerated in a nonlinear electron-driven plasma wakefield, is also shown, which

could simplify the design of a plasma-based electron-positron collider.
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List of Symbols

Mathematical constants such as π and Euler’s number e take their usual values.

Values for the fundamental physical constants are taken from the U.S. National

Institute of Standards and Technology (NIST).

Table 1: List of Constants

Symbol Quantity Value Unit

e Elementary charge 1.60× 10−19 C

me Electron mass 9.11× 10−31 kg

mec
2 Electron mass energy eq. 0.511 MeV

mp Proton mass 1.67× 10−27 kg

mpc
2 Proton mass energy eq. 938 MeV

α Fine–structure constant 7.30× 10−3 –

ε0 Free space permittivity 8.85× 10−12 Fm−1

µ0 Free space permeability 4π × 10−7 Hm−1

~ Reduced Planck constant 1.05× 10−34 J s

c Vacuum speed of light 299 792 458 ms−1

kB Boltzmann constant 1.38× 10−23 JK−1
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Table 2: List of Variables

Symbol Quantity Unit

q Electric charge C

Q Total charge C

ρ Charge density Cm−3

I Electric current A

~J Current density Am−2

σ Conductivity Sm−1

~E Electric field Am−2

~D Electric displacement Cm−2

φ Electric scalar potential V

~B Magnetic field T

~H Magnetic intensity Am−1

~A Magnetic vector potential Tm

β Relativistic normalised velocity –

γ Relativisitic Lorentz factor –

λD Debye Length m

ne Electron number density cm−3

ωp Plasma frequency rads−1

kp Plasma wavenumber m−1

λp Plasma wavelength m

ωβ Betatron frequency rads−1

kβ Betatron wavenumber m−1

λβ Betatron wavelength m

K Ion focusing constant m−3

αβ Betatron strength parameter –

Te Plasma electron temperature K

Z Atomic number –
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Chapter 1

Introduction

1.1 Changing Accelerating Media

Particle accelerators are widespread scientific tools that drive experimental

progress in a broad range of disciplines. They operate at the forefront of

high energy physics, for example at the Large Hadron Collider [1] (LHC), and

as high brilliance x-ray sources for the radiography of archaeological materi-

als [2]. Functionally, accelerators play an increasingly present role in society

with application in industrial processes and scanning. They are invaluable

to diagnostic medicine, and provide new possibilities in therapeutic oncology:

selective targeting of cancerous tissue with the unique Bragg-peak energy de-

position of a proton beam can spare more of the surrounding healthy tissue [3]

– a less invasive treatment that provides better outcomes for the people who

receive it.

Conventional accelerators use electric fields in conducting metallic cavities

to accelerate charged particles. The electric field oscillates at radio frequencies

timed such that a passing particle only sees an accelerating field within each

cavity and continually gains energy. Radiofrequency (RF) acceleration is a ma-
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ture and successful technology that forms the basis of all working accelerators

today, including those delivering beams for high energy physics experiments at

the European Organisation for Nuclear Research (CERN). These experiments

place certain requirements on the accelerator systems that drive them, such

as a high beam luminosity to increase the number of particle collisions and

the chance of observing rare processes, and accelerators are carefully designed

to meet them. Electron-positron (e−e+) colliders are attractive experimental

machines as leptons are fundamental; most of the collision energy goes into pro-

ducing new particles, and interactions of interest are more straightforward to

analyse. Circular e−e+ accelerators, such as the Large Electron-Positron Col-

lider [4] (LEP), suffer from significant synchrotron radiation losses as the beam

is carried around the machine. The circumference of LEP meant it became

synchrotron radiation dominated and less practical to run above per-beam en-

ergies of ∼100GeV [5]. To reach higher energies would require increasing the

radius, as the energy loss per turn scales as ∆E ∝ E4/R where E is the beam

energy and R the machine radius. Consequently linear e−e+ colliders such as

the Compact Linear Collider [6] (CLIC), which do not suffer from synchrotron

radiation loss, are a promising option for the next generation of experiments

in particle physics.

The maximum electric field gradient in metallic structure accelerators is,

however, limited. Ultimately this is due to RF breakdown [7], a rapid discharge

of the stored energy in the accelerating electric fields onto the cavity walls that

liberates material, and destroys the ultra-high vacuum environment necessary

in an accelerator. The gradient at which breakdown occurs is proportional

to the RF frequency, and may be raised with shorter wavelength accelerating

fields. Ever smaller metallic structures are therefore required, which soon reach

the limits of manufacturing tolerance, and as a result only limited gains in

accelerating gradient are possible. The threshold for RF breakdown may also

be increased by operating with a lower beam current, the quantity of charge
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Figure 1.1: The potential locations of CLIC and FCC, with respect to the LHC. The

CLIC 3TeV configuration would be 50 kilometres long. Map produced with Tilemill

(https://tilemill-project.github.io/tilemill/)

per unit length of beam, but this must be weighed against the luminosity

requirements of the machine. RF breakdown, and in practice other effects

such as dark current trapping of electrons, ultimately lead to a maximum

accelerating gradient of ∼100MVm−1 for the highest frequency RF cavities,

operated in the X-band or up to 12GHz range, which have been developed for

CLIC. Consequently linear colliders using RF systems and operating with the

GeV-TeV beam energies for frontier energy particle physics experiments must

be tens of kilometres in extent.

Figure 1.1 gives an indication of the scale of CLIC, with respect to existing

beam facilities at CERN. Hadron machines such as the Future Circular Col-

lider [8] (FCC), also foreseen to be built at CERN, suffer significantly less from

synchrotron power loss, but are instead limited by the magnetic field strengths

necessary to maintain the design orbit. The machine radius R can be increased

to relax the requirement on bending dipole field strength, down towards the
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technical limits of contemporary magnet design, and thereby raising the max-

imum attainable beam energy with respect to the LHC. Such a trade-off does

however result in a similarly challenging 100 km circumference for the FCC.

While capable of producing high quality particle beams that are desirable and

well suited to many physics objectives, RF-based metallic cavity accelerators

may place prohibitive requirements on the size and cost of high energy particle

physics experiments of the future.

A plasma is a state of matter in which enough electrons have been ionised

from their parent atoms to result in a gas with quasi-neutral electric charge

that consists of electrons, ions and neutral atoms. Under the influence of high

intensity electric fields, a charged-separated plasma can sustain extremely high

field gradients in electrostatic density waves that propagate close to the speed

of light. As such they can be used to accelerate particles to relativistic energies

over very short distances. Plasma-based accelerators have the potential to suc-

ceed conventional RF-based accelerators in applications where high gradients

are advantageous, such as linear colliders.

The principle of accelerating particles in the electromagnetic field of a plasma

wave was first described in 1956 [9], but was not realised experimentally until

the 1980s. Accelerating structures within plasma are classified by the method

used to drive an electrostatic density wave and produce the resulting electro-

magnetic field or wakefield. A plasma wakefield is driven either by a high

intensity laser pulse [10], or high energy particle beam [11], commonly ini-

tialised as LWFA and PWFA respectively. However it is formed, a plasma

wakefield may trap and accelerate a bunch of witness particles if they lie in

the appropriate wakefield phase. Peak accelerating fields of 52GVm−1 have

been demonstrated in a metre-scale plasma [12] and could reach as high as

82GVm−1 [13] in the beam-driven case. Laser-driven experiments have seen

fields in excess of 200GVm−1 [14], albeit over a limited distance. Experimental

29



LWFAs have benefited from advances in compact laser technology over the last

four decades, which improved significantly with the development of chirped-

pulse amplification of laser beams [15]. This has made the study of intense

laser-plasma interaction available to many research groups around the world.

Conversely, PWFAs often rely on large-scale conventional accelerator facilities

to provide high energy particle beam drivers, such as the Stanford Linear Accel-

erator Center (SLAC). Different particle species have been utilised for PWFA

drivers, each with their own set of benefits and challenges in the context of

demonstrating a successful plasma wakefield accelerator.

This thesis is concerned with the physics of electron beams accelerated in

a proton beam-driven plasma wakefield, introduced in the following section,

however the broader landscape of laser and beam-driven concepts is discussed

in sections 2.3 and 2.4 to give context to the proton-driven scheme. Because

plasma is a medium capable of hosting accelerating gradients that are orders of

magnitude greater than those in metallic cavities, it could provide a significant

reduction in the size and cost of colliders used for particle physics. Plasma-

based e−e+ colliders driven by lasers or particle beams have been investigated,

but they raise issues of wall-plug-to-beam energy efficiency, of susceptibility to

transverse instabilities that can spoil beam quality, and the lack of an equiva-

lent source of high energy positrons [16, 17]. A figure of merit that summarises

the importance of beam quality and reproducibility is the achievable luminosity

L of two particle beams colliding head-on, shown in equation (1.1) [18]:

L =
N1N2νnb
4πσxσy

, (1.1)

where N1 and N2 are the populations of two bi-Gaussian bunches of equal

transverse root mean square (r.m.s.) beam size σx and σy; ν is the circulating

frequency and nb the number of bunches in one beam. The event rate for a

particular process is dR/dt = L·σp, where σp is the production cross-section for
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that process. Luminosity therefore characterises the total number of collisions

per unit area per unit time, with units of cm−2s−1. Plasma-accelerated beams

typically have µm-scale transverse size, inherited from the scale of plasma

wakefield structures, and carry ∼10-500 pC of charge. Dense beams acceler-

ated in a plasma wakefield make for high instantaneous luminosity but are

often associated with lower beam quality and reproducibility when compared

to RF-accelerated beams – qualities that are vital for beam transport and

overall collider performance. For example, a modern RF accelerator may pro-

duce beams with relative energy spread on the order of 0.1%, while an LWFA

electron beam can typically have 10%, or 1% at best [19]. Such differences

aside, it is the revolution frequency ν or equivalently the repetition rate of

a linear plasma-based accelerator that is in stark contrast with conventional

technology. At peak intensity, the LHC delivers a beam to the interaction

point every 25 ns, i.e. with a peak circulating frequency ν = 40MHz; plasma

accelerators have a maximum demonstrated beam repetition rate of 10Hz [20],

or 1 kHz [21] with an electron energy ∼ 1MeV, for the beam and laser-driven

cases respectively.

Infrequent, highly energetic and high intensity collisions may be sufficient

to probe new physics in specific cases [22], but would remain inadequate for

general-purpose discovery colliders. Practically, wall-plug efficiency of plasma

accelerators is limited both by laser technology and the restricted transfer of

energy from driver to witness in the laser and beam-driven cases respectively

[16, 23], and these must be addressed in order to reach parity of efficiency

with respect to RF-based accelerators. Despite the above challenges, plasma

is an accelerating medium that offers a long-term solution for many accelera-

tor applications, and consequently plasma-based acceleration is an active and

rapidly developing field of research.
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1.2 Proton-driven Plasma Wakefield

Acceleration

1.2.1 The AWAKE Experiment Run 1

The advanced proton–driven plasma wakefield acceleration experiment

(AWAKE) [24, 25, 26] is a beam-driven plasma wakefield accelerator at CERN

(see figure 1.2). It is the world’s first to use protons to drive a wakefield

in plasma, and has demonstrated the acceleration of an injected bunch of

electrons [27].

Figure 1.2: The CERN accelerator complex showing the location of the AWAKE

experiment, previously occupied by the CNGS experiment, which concluded in 2012.

A proton driver offers significant practical advantages for a plasma-based

accelerator used in particle physics experiments. Due to their relatively high

mass, protons can propagate for long distances without losing much of their

energy to interaction with the plasma and can therefore carry electrons to the

energy frontier in a single stage of acceleration [28]. In contrast, an electron-

driven PWFA would require staging of multiple plasma cells as the driver

energy is depleted more readily. Using the proton-driven scheme the AWAKE
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experiment ultimately aims to demonstrate GVm−1 acceleration gradients, pre-

serve the beam quality of electron bunches as they are accelerated to higher

energies, and inform the design of future plasma-based accelerators [24].

In the experiment, a 400GeV proton bunch from the CERN Super Pro-

ton Synchrotron (SPS), containing ∼ 3× 1011 protons, propagates in a laser–

ionised rubidium (Rb) plasma of electron number density ne = 7× 1014 cm−3.

The vapour source is comprised of a 10m-long cell with heated flasks at either

end to supply Rb vapour up to a maximum density of ne = 1× 1015 cm−3, from

which the plasma is generated. A vapour density gradient may be introduced

with differential heating in the flasks to produce a linear slope. The gradient

was measured to high precision using white light interferometry [29], confirm-

ing the high temperature and vapour density uniformity (< 0.2%), achieved

throughout the cell with a fluid heat exchanger that surrounds it [30].

To resonantly generate a wakefield and maximise the efficiency of energy

transfer to the witness bunch, the drive bunch must at least be on the order

of a plasma wavelength [28]. This corresponds to around 1.3mm for ne =

7× 1014 cm−3, whereas proton bunches provided by the SPS have an r.m.s.

bunch length of σz ∼ 7 cm. In order to reduce σz using currently available

longitudinal bunch compression methods would require a greater distance than

is available in the transfer line between the SPS and the AWAKE experimental

cavern. A method is therefore required to modulate the proton bunch to

provide efficient acceleration of witness electrons.

The self-modulation instability [31, 32, 33] (SMI) was proposed to achieve

this, and demonstration of this mechanism was one goal of the first phase of

the experiment, AWAKE Run 1. A layout is shown in figure 1.3. The 4TW

ionising laser pulse (central wavelength 780 nm) [34] is transported from an

adjacent laser room and co-propagates with the longitudinal centre of the pro-

ton bunch, which corresponds to the maximum intensity of the proton beam.
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Figure 1.3: AWAKE Run 1. The vapour-ionising laser pulse co-propagates with

the proton beam to generate the plasma and seed the SMI. Electrons are externally

injected and accelerated in the proton-driven wakefield, and subsequently recorded at

the electron energy spectrometer.

As the plasma is created from the Rb vapour at this point newly born plasma

electrons observe a sharp rise from zero to the maximum proton beam current,

which seeds the SMI. Seeded self-modulation [25] (SSM) of the proton driver

and the resulting wakefield growth was successfully observed and characterised

[35, 36, 37]. An optical transition radiation (OTR) streak camera is used to

measure the structure of the modulated proton beam in space and time [38],

and scintillator screens measure the transverse distribution of the proton beam

at two locations downstream from the vapour source. The time structure that

the proton beam was observed to have on exiting the plasma was shown to

be due to axisymmetric periodic defocusing, the strength of which increased

with distance from the proton beam centroid, where the plasma is generated;

the transverse defocusing wakefield amplitude reached over 300MVm−1 [36].

Seeding ensures that the proton beam modulates with a stable and repro-

ducible phase [39] and suppresses the Hosing instability [40], which is non-

axisymmetric and can compete with the SMI. Seeding may also be achieved
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with a short-duration electron beam [41]. Following studies of the SSM mech-

anism, the remainder of AWAKE Run 1 focused on the acceleration of an

externally injected electron beam. To generate and inject the witness electron

beam used in Run 1 experiments a separate accelerator system adjacent to the

main AWAKE beamline is used, which can be seen in figure 1.4.

Figure 1.4: AWAKE Run 1 Electron Source, consisting of an S-band RF photoinjector

and booster, beam diagnostics and transfer line to the main AWAKE beamline. Only

the vertical section of the transfer line is shown.

The electron source [42, 43] consists of an RF photoinjector, beam diagnostics

and an RF travelling-wave linear accelerator structure [44]. The photoinjector

is comprised of a Cs2Te cathode (QE ' 1%) illuminated by a 262 nm laser (a

frequency-tripled derivative of the main ionisation laser), with an optical de-

lay line to produce the desired time structure of the resulting electron beams,

and an RF gun which captures and accelerates electrons to 5.5MeV. The

travelling-wave structure serves as an energy booster to achieve a maximum

electron beam energy of 20MeV with an energy spread of 0.5%. Both RF ac-

celerators are operated at 3GHz S-band frequency. The diagnosis and control

of the electron beam was provided by a number of additional components. A

pepper-pot [45] was used to measure the space-charge dominated emittance

of the electron beam, and a downstream quadrupole triplet, primarily used to

match the electron beam to the transfer line between the electron source and
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the rest of the experiment, facilitated quadrupole scans for a second emittance

measurement at an imaging screen (BTV) after the booster structure. A de-

scription of the pepper-pot emittance measurement technique and the data

acquisition software developed for AWAKE is given in the next section. A

Faraday cup enabled a measurement of the beam charge, which was used to

calibrate the charge for a given photocathode laser aperture size, and a spec-

trometer measured the energy of the electron beam after acceleration in the

booster structure. Typical beam parameters are shown in table 1.1.

Table 1.1: AWAKE Electron Source Beam Parameters in Run 1 [43]

Beam Property Symbol Value in Run 1

Beam Energy E 16-20MeV

Rel. Energy Spread, r.m.s. ∆E/E 0.5%

Bunch Duration, r.m.s. σz 1-4 ps

Bunch Transverse Size, r.m.s. σr 0.25mm

Normalised Emittance, r.m.s. εn 2mmmrad

Charge per Bunch Q 0.14-0.65 nC

A series of vertical and horizontal dipoles transported the electron beam

from the electron source to the main proton beamline. Control over the time

synchronisation between the ionisation laser, proton driver and witness elec-

tron beams enabled some electrons to sample the accelerating phase of the

proton-driven wakefield, which were subsequently detected by the electron en-

ergy spectrometer [46]. A beam charge of ∼650 pC was injected, a fraction of

which was captured and accelerated up to a maximum peak energy of 2GeV

in a plasma of density ne = 6.6× 1014 cm−3 [27].

The peak energy gain could be increased by implementing a plasma density

gradient, the slope of which was chosen to maximise the energy gain for a given

plasma density. Stable and reliable acceleration to approximately 600MeV
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over nearly 200 events was also demonstrated in a plasma density of ne =

1.8× 1014 cm−3 with no density gradient [27]. This successful demonstration

of electron acceleration in a proton-driven wakefield concluded experiments in

Run 1.

1.2.2 The AWAKE Experiment Run 2

The goal of Run 2, which is foreseen to start after LHC long shutdown 2,

is to preserve the beam quality throughout the acceleration process. Two

important figures of merit for beam quality, absolute energy spread ∆E and

normalised emittance εn, are minimised and preserved respectively through

different mechanisms: the product of bunch charge Q and duration σz, the

beam current I, must be sufficient to result in a uniform accelerating field

along the bunch and a roughly equal energy gain for every constituent electron,

thereby keeping ∆E ∼ constant; to preserve εn, the beam size must be matched

to the plasma density for a given beam energy.

A set of electron beam parameters to meet these criteria and facilitate the

optimisation of beam quality over a 10m acceleration distance have been de-

termined [47], and are summarised in table 1.2. This represents a significant

change from Run 1 parameters and beam quality optimisation therefore re-

quires an upgraded electron source, particularly with respect to E, σz and

σr. Meeting these requirements within the space available to the electron in-

jector beamline is challenging [48]. A number of possible solutions are being

investigated [49], from X-band RF-accelerators [50] to the use of an LWFA

[51].

Modern LWFAs can readily satisfy the bunch length and energy require-

ments of the Run 2 electron injector system, in a compact design. The plasma

source will be modified in Run 2 to consist of separate vapour cells, one for

pre-modulating the proton bunch, the other to accelerate an injected elec-
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tron bunch, with the possibility for injecting the electron beam between them.

Furthermore, new diagnostics after the acceleration stage will be necessary to

measure and optimise beam emittance in order to correlate it with the method

of injection into the proton-driven wakefield. Betatron radiation spectroscopy

is a non-intercepting method to reconstruct the transverse trace space of elec-

tron beams in ion channels [52] that could meet the needs for Run 2. The

AWAKE experiment aims to inform a future plasma-based linear accelerator

for a high energy physics collider. Demonstrating beam quality preservation

and understanding beam dynamics in the proton-driven wakefield over long-

term acceleration are vital steps in realising this goal [26].

Table 1.2: Possible AWAKE Electron Source Beam Parameters in Run 2 [47]

Beam Property Symbol Value in Run 1

Beam Energy E 217MeV

Rel. Energy Spread, r.m.s. ∆E/E 1%

Bunch Duration, r.m.s. σz 0.2 ps

Bunch Transverse Size, r.m.s. σr 0.005mm

Normalised Emittance, r.m.s. εn 2mmmrad

Charge per Bunch Q 0.1 nC

1.2.3 Pepper-pot Emittance Measurement

The pepper-pot was designed [45] prior Run 1 to measure the beam emit-

tance after the electron source RF photoinjector. The pepper-pot camera and

screen were used frequently to measure the beam size of the electrons after

acceleration in the RF photoinjector, and during general set-up for injection

experiments. In this section the motivation and methodology for an emittance

measurement using a pepper-pot are explained. The technical components,

data acquisition, and data analysis implemented for the pepper-pot system on

the AWAKE electron source are described.
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A photoinjector generates high charge electron beams at low energy, which

are therefore space-charge dominated. Focusing solenoid magnets typically

provide space-charge compensation. The transverse r.m.s. beam size σr evolves

in the paraxial limit (σ′ << 1) according to the envelope equation [53]

σ′′r + σ′r

(
γ′

β2γ

)
+Krσr −

κs
σrβ3γ3

− ε2
n

σ3
rβ

2γ2
= 0, (1.2)

where γ is the mean beam relativistic Lorentz factor, β is the mean beam

velocity normalised to c, Kr is the focusing strength due to an external force,

e.g. the solenoid field, κs is the beam perveance, proportional to beam cur-

rent, and superscript prime (′) indicates derivatives with respect to time. The

divergence of an electron beam emerging from a photoinjector is therefore de-

scribed by a combination of the space-charge and emittance defocusing terms.

In order to suppress the space-charge contribution, and isolate the emittance

contribution to be measured, a mask of slits, made of a material with high

atomic number Z, can be used to divide an incoming beam into collimated

beamlets.

The measured divergence of the beamlets emerging from the mask will then

principally be associated with the emittance of the incoming beam, however

some space-charge contribution will always remain. Since the total number of

particles N = n1 + n2 + ... nj emerging from the mask in j beamlets are a

sub-set of the total number of particles in the incoming beam M , i.e. N < M ,

the emittance of the particles that comprise the beamlets is an estimate for

the total beam emittance. The one-dimensional geometric emittance of the

sub-set N can be calculated from the weighted spot intensity nj, r.m.s. spot

size σj, and mean spot position 〈Xj〉 of each beamlet as measured on a screen,

given a drift of length L from a mask slit with position xj, as shown in figure

1.5.
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Figure 1.5: A high-Z mask collimates an incoming beam of particles into beamlets.

The drift length L must be large enough to provide a good spatial resolution, but

remain small enough to avoid re-introducing space-charge defocusing.

The geometric emittance is calculated as εx =
√
〈x2〉〈x′2〉 − 〈xx′〉2 with [54]

〈x2〉 =
1

N

∑
j=1

nj(xj − 〈x〉)2, (1.3)

〈x′2〉 =
1

N

∑
j=1

[
njσ

2
x′j

+ nj(〈x′j〉 − 〈x′〉)2
]
, (1.4)

〈xx′〉 =
1

N

(∑
j=1

njxj〈x′j〉 −N〈x〉〈x′〉

)
, (1.5)

where 〈x〉 = 1/N
∑

j=1 njxj is the mean position of all the beamlets, 〈x′〉 =

1/N
∑

j=1 nj〈x′j〉 is the mean divergence of all the beamlets, 〈x′j〉 = (〈Xj〉 −

xj)/L is the mean divergence of the jth beamlet, and σx′j = σj/L is the r.m.s.

divergence of the jth beamlet. A pepper-pot is simply a two-dimensional ver-

sion of the mask of slits, where a mask with a matrix of holes results in a

two-dimensional distribution of beamlets; projecting this distribution onto one

axis then facilitates a calculation in either of the transverse dimensions via the
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above analysis. An independently measured mean beam energy is used to

calculate the normalised emittance εn ∼ 〈γ〉εx.

Figure 1.6: The layout of the pepper-pot assembly within the AWAKE electron source

beamline, looking down from the topside.

The pepper-pot system is comprised of a Tungsten mask and an array of

screens, held on separate actuator arms L = 160mm apart from each other

and brought into the beam path downstream from the photoinjector for mea-

surement. A pair of different masks with two hole sizes were available on the

masking actuator, while the screen actuator held a yttrium-aluminum-garnet

(YAG) scintillator screen, an aluminium foil optical transition radiation (OTR)

screen, and a ceramic calibration target to provide a length scale for the re-

sulting images. A layout of the pepper-pot is shown in figure 1.6. The screen

actuator is positioned at 45◦ with respect to the beam axis, to allow perpen-

dicular imaging by a networked charge coupled device (CCD) camera and f =

100mm focal length lens positioned directly above the screen. The camera

was suspended from a specially designed gantry in a black-out enclosure to

minimise unwanted light signal from the surrounding environment. Despite

this, the OTR emission was not discernible above the background noise signal

41



when imaged with the CCD camera, given the electron beam intensity. For all

subsequent measurements the YAG scintillator screen was used. An electron

multiplying CCD camera capable of detecting single photons was available

but integration into the pepper-pot system was not possible given the time

constraints of the experiment. The less sensitive CCD cameras had the advan-

tage that their data were published to an established local network, and were

thereby more straightforward to interface with.

Figure 1.7: Two–dimensional image data from the AWAKE pepper–pot, with corre-

sponding fitted beamlet projections.

An example image with its projections in the x and y axes is shown in fig-

ure 1.7. In order to automate image capture and analysis a graphical user

interface (GUI) was developed to be run from the experimental control room,

using the camera data published on the local network. This was written with

the PyQt5 library for Python, and a screenshot is shown in figure 1.8. The

GUI subscribes to live camera data from the experiment, which the user se-

lects and crops to highlight the region of interest around the two-dimensional

beamlet distribution, as well as entering the beam energy and mask size in use.

The GUI displays the beamlet projections in each dimension and the user is

prompted to hand pick the beamlet boundaries. Using these boundaries and

the image data, the GUI fits Gaussian distributions to each beamlet in both

projected dimensions. The GUI instances a separate class which is written

to perform the emittance reconstruction with the system of equations (1.3–
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1.5), using the fitted distributions and user-entered information to calculate

the two-dimensional normalised beam emittance ε∗n and corresponding Twiss

parameters.

Figure 1.8: A screenshot of the pepper-pot GUI.

Finally, all data are saved to the experimental logbook. In the example

shown in figures 1.7 and 1.8, the normalised emittance was calculated in each

transverse dimension as εx,n = 9.25mmmrad and εy,n = 8.08mmmrad. Af-

ter a series of extensive measurement campaigns an inconsistency was found

between the pepper-pot and quadrupole scan emittance measurements, with

the pepper-pot typically overestimating normalised beam emittance. It was

found to be the case that the pepper-pot algorithm summarised in equations

(1.3–1.5) could only provide an accurate estimate when the beam was focused

at the plane of the pepper-pot mask, and when the incoming beam was Gaus-

sian. When projected, non-Gaussian beamlets have high intensity tails which

erroneously skew the calculated terms of the pepper-pot algorithm and overes-

timate the final value of emittance [55]. The measured emittance was found to

be consistent with the quadrupole scan method for Gaussian electron beams

that were well matched to the electron injector beamline and were focused

to a waist at the mask, indicating that by design the mask was optimised to
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one particular beam envelope. Emittance measurements outside of this ideal

scenario were required, and because the pepper-pot system was sensitive to in-

coming beam parameters within their operational range, the measurement was

somewhat flawed. Therefore, because different mask geometries are optimised

for a particular beam envelope, to improve the operation of the pepper-pot

system different mask geometries are required to increase the range of beam

parameters the system can accept [55]. However, the pepper-pot still provided

a useful alternative to the quadrupole scan measurement and the pepper-pot

YAG screen was used frequently to characterise the electron beam size and

distribution under a range of focusing conditions [43].

1.3 Thesis Outline

This thesis will use numerical simulations to investigate the generation of an

electron beam to be injected into a proton-driven plasma wakefield, determine

how its emittance may be measured, and examine how its properties evolve as

it is accelerated, in order to address some of the challenges for AWAKE Run

2, outlined in section 1.2.2. The evolution of the electron beam properties

over hundreds of metres are also studied. Chapter 2 introduces fundamental

accelerator concepts, properties of plasmas, and principles of plasma wakefield

acceleration to give theoretical context to the presented simulation studies.

Chapter 3 describes the motion of single electrons and electron beams in ion

channels, as well as the synchrotron radiation that electrons produce during

such motion. Chapter 4 gives an overview of particle-in-cell simulation and the

simulation codes used in this thesis. In Chapter 5 an LWFA scheme for the

AWAKE Run 2 electron injector system that meets the beam parameter re-

quirements for emittance preservation is identified, a compact focusing triplet

is designed, and considerations for the transport of such a beam are defined.

Chapter 6 presents a feasibility study for an emittance diagnostic based on be-
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tatron radiation spectroscopy, which fully characterises the betatron radiation

emission from electron beams in AWAKE Run 2. Chapter 7 investigates the

long-term evolution of accelerated electron beam properties in a proton-driven

wakefield under the influence of radiation reaction. The conclusions of this

thesis and their implications for proton-driven plasma wakefield acceleration

are discussed in Chapter 8.
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Chapter 2

Plasma Wakefield Acceleration

2.1 Fundamental Accelerator Concepts

The motions of charged particles in an accelerator are controlled with external

electromagnetic fields, which are provided by the components of the accelerator

beamline. Plasma wakefield acceleration may address the fundamental limita-

tion of RF-based accelerators, namely their maximum achievable accelerating

gradient, but it also raises new challenges and new regimes of beam properties:

on exiting a plasma wakefield an electron beam is highly divergent, typically

on the mrad scale, while it also has the potential to reach unprecedented beam

energies. Such electron beams are both more difficult to control, and harder

to dump safely without significant radioactivation of the peripheral materials

surrounding an accelerator.

Novel accelerator technologies are also being investigated to address these

challenges, and may in turn be required to replace each component of the

conventional accelerator beamline. High-gradient plasma lenses could replace

transverse focusing optics to provide emittance preservation for electron beams

exiting plasma wakefields [56], and compact plasma-based beam dumps could
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reduce beam energy in a shorter distance, activating less material, while poten-

tially facilitating beam energy recovery [57, 58, 59]. Active feedback systems

employing genetic algorithms have been shown to optimise LWFA electron

beam parameters by automatically varying the driving laser pulse temporal

distribution [60], a brute-force approach well suited to the nonlinear response

of laser-plasma interaction. Despite ongoing developments, many fundamental

accelerator concepts remain true no matter the accelerating medium used. It

is therefore helpful to revise them in order to give sufficient context to the

study of electron beam dynamics in a proton-driven plasma wakefield.

2.1.1 Particle beams in phase space

Particle beams used in accelerators typically contain 108-1011 particles per

bunch, and characterising their motion through an accelerator beamline indi-

vidually is impractical. Therefore, dynamical variables that when taken to-

gether describe the properties of the bunch as a whole, such its size, are used.

The behaviour of a single particle acted on by a magnetic field ~B = ∇ × ~A

may be described using Hamilton’s equations [61]:

dx

dt
=
dH

dpx
, (2.1)

dpx
dt

= −dH
dx

, (2.2)

where its transverse horizontal position coordinate x and its relativistic con-

jugate momentum px = (γmvx + qAx)/P0 are dynamical variables that may

evolve in time t. An individual particle has a rest mass m, Lorentz factor γ,

charge q and a transverse velocity vx; Ax is the horizontal component of the

magnetic vector potential ~A. The reference momentum P0 is the nominal or

‘design’ value of momentum. It is chosen so that most particles within a bunch

have a momentum close to P0 throughout the accelerator beamline.
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At a given moment in time, the positions and momenta of an ensemble

of particles occupy an area in phase space (x, px). The Hamiltonian H is a

function of x and px that defines the dynamics of such a system of particles. As

a single particle travels through an accelerator with coordinates of x and px it

traces out an ellipse in phase space as its motion is altered by the components in

the beamline. The area of an ellipse occupied by the entire ensemble of particles

in phase space is proportional to a quantity known as the geometric beam

emittance εx. For a relativistic beam where all particles have a normalised

longitudinal velocity β = vz/c ∼ 1 the geometric emittance in the transverse

horizontal direction is

εx =
√
〈x2〉〈p2

x〉 − 〈xpx〉2, (2.3)

where angle brackets denote an average over the particle ensemble. Equiva-

lent quantities exist in the transverse vertical y and longitudinal z directions,

assuming there is no coupling between them. According to Liouville’s theorem

the area S = πεx enclosed by the phase space ellipse, shown in figure 2.1, will

be invariant under a symplectic transformation, which is typically a feature

of a system in motion that may be described by a Hamiltonian. It should be

noted that the phase space of a real beam would not have a sharp boundary

as particles always have some distribution in phase space. When Gaussian,

the geometric emittance of particle beams in phase space is often quoted as an

r.m.s. value, and all values of emittance in this thesis are quoted as such. The

shape of the ellipse and its orientation in phase space (x, px) are given by the

Courant-Snyder or Twiss parameters [61]

αx = −〈xpx〉
εx

, βx =
〈x2〉
εx

, γx =
〈p2
x〉
εx

. (2.4)

A component in an accelerator beamline producing a magnetic field, such
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Figure 2.1: The transverse phase space (x, px) portrait of a particle beam with area

S = πεx, whose boundary encloses the orbits in phase space of all the constituent

particles. The Twiss parameters αx, βx and γx determine the shape and orientation

of the ellipse.

as a quadrupole magnet, acts on an ensemble of particles, mapping each from

one position before the quadrupole to another after the particle has transited

through its magnetic field. The Twiss parameters make up the elements of a

symplectic transfer matrix that defines such a map. As a particle ensemble or

bunch propagates through a series of components, each with their own transfer

matrix, the bunch size will vary within the boundaries of a fixed envelope.

The Twiss parameters therefore give the local variation in the bunch size,

while the geometric emittance εx represents an invariant size. Figure 2.2 shows

a beam in phase space (x, px) at three different points z1, z2, and z3. Having

passed through a quadrupole that focuses in the horizontal direction x, the
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beam converges up until z2, where αx = 0 and the beam reaches its minimum

transverse size, known as the beam waist. After this point the beam begins to

diverge. The Twiss parameter βx expresses the rate at which the the beam size

changes with z. For the bunch size to be preserved during transport through

a beamline of accelerator components, the Twiss parameters of the beamline

must be matched to the Twiss parameters of the distribution of particles within

the bunch.

Figure 2.2: The evolving transverse phase space (x, px) portrait of a particle beam in

a field-free drift, after being focused in the x direction. At three different longitudinal

positions z1, z2 and z3 the beam is converging, at a waist and diverging respectively.

At the beam waist αx, and therefore the gradient given by both mγ and mβ of the

ellipse with respect to the momentum axis, is zero.

The complete set of dynamical variables for a particle in an accelerator may

be extended to the vertical and longitudinal directions y and z, and also in-

cludes the deviation δ in energy

δ =
E

P0c
− 1

β0

(2.5)

from a reference momentum P0, where E = γmc2 is the particle energy

and β0 is the velocity of a particle moving with momentum P0 normalised to
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the speed of light in vacuum c. To meet the conditions of symplecticity and

therefore preserve the geometric emittance of a particle bunch under transport

it is assumed that P0 is constant, and that energy deviations δ are small. In the

case of a particle gaining energy through acceleration the former condition is

not true. Therefore a new quantity that remains invariant under acceleration

is required. From the expression for px and equation (2.3) it is apparent that

following acceleration, a new reference momentum P ′0 will result in a new

geometric emittance [61]:

ε′x =
P0

P ′0
εx; (2.6)

P ′0ε
′
x = P0εx, (2.7)

and by expanding P0

β′0γ
′
0ε
′
x = β0γ0εx; (2.8)

εx,n = β0γ0εx. (2.9)

The normalised emittance εx,n is invariant under a change of reference mo-

mentum. The normalised emittance of an electron beam accelerated in a

plasma wakefield has a further dependence on the divergence and energy de-

viation of the particle bunch [62], which may be orders of magnitude greater

than beams accelerated in metallic structures. This will be discussed in sec-

tion 2.3. Because the geometric emittance εx scales inversely with the reference

momentum, the size of a particle bunch will decrease as it is accelerated for a

fixed beta function βx. This mechanism is known as adiabatic damping, and

is discussed in the context of proton-driven plasma wakefield acceleration in

Chapter 3.
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2.1.2 Metallic structure wakefields

Charged particles are themselves sources of electromagnetic fields and when

bunched will interact with one another, affecting the dynamics of the bunch

as a whole, known as collective effects. The mutual repulsion of a bunch of

like charges modelled as a uniform distribution of charge and current density

is known as the space-charge effect. The force ~F seen by an individual particle

in the resultant electromagnetic field is given by the Lorentz force equation:

~F = q( ~E + ~v × ~B), (2.10)

where q is the particle charge and ~v its velocity. Space-charge effects alter

the distribution of charge within a bunch, leading to a growth in beam size

and spread of relative particle momenta. As discussed, these parameters form

the emittance of a particle beam. Space-charge effects can therefore result

in emittance growth of the beam irrespective of its surroundings and during

propagation in free space. With the presence of a metallic cavity that encloses

the trajectory of a particle bunch, the fields it generates interact with the

cavity to produce a distinct electromagnetic field that acts back on the beam

and perturbs its motion. This is known as a wakefield [63] and its existence

relies on some boundary to the self-fields of the particle bunch.

At high energies, where the velocities of particles become relativistic, wake-

fields dominate the collective dynamics of charged particles in accelerators over

other mechanisms such as the space-charge effect [61]. Wakefields can have

detrimental consequences for a particle beam such as emittance growth and

distortion of bunch distribution, or even lead to unstable motion and beam loss.

Wakefields are induced by the electric field around a particle bunch, which can

be modelled as a point charge. Consider a point charge q moving in a direction

z with a constant velocity v with respect to a stationary frame of reference
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S, and zero velocity with respect to a co-moving frame S ′, both of which are

non-accelerating. The Lorentz transformation between the coordinate systems

of the two frames is given by

x′ = x, (2.11)

y′ = y, (2.12)

z′ = γ(z − vt), (2.13)

γ =
1√

1− v2/c2
. (2.14)

The electric field ~E ′ generated by q in its rest frame, S ′, is isotropic (see

figure 2.3):

~E ′ =
q~r′

4πε0r′3
, (2.15)

~r′ =
√
x′2 + y′2 + z′2. (2.16)

Therefore the components of ~E ′ are

E ′x =
qx′

4πε0(x′2 + y′2 + z′2)3/2
, (2.17)

E ′y =
qy′

4πε0(x′2 + y′2 + z′2)3/2
, (2.18)

E ′z =
qz′

4πε0(x′2 + y′2 + z′2)3/2
. (2.19)

With the coordinate transforms in equations (2.11-2.14) and electric field

transforms Ex = γE ′x, Ey = γE ′y, and Ez = E ′z [64] the electric field around

the point charge with respect to a stationary observer in frame S may be found:

Ex =
qγx

4πε0[x2 + y2 + γ2(z − vt)2]3/2
, (2.20)

53



Ey =
qγy

4πε0[x2 + y2 + γ2(z − vt)2]3/2
, (2.21)

Ez =
qγ(z − vt)

4πε0[x2 + y2 + γ2(z − vt)2]3/2
. (2.22)

The dependence of z on γ in these equations show that with increasing

velocity in the direction of motion z the electric field is compressed. This

contributes to a flattening of the electric field around a relativistic point charge

into a plane perpendicular to its motion, as shown in figure 2.3. In the limit

v → c the electric field is entirely perpendicular to the charge. It is for this

reason that space-charge effects are negligible for highly relativistic particle

beams.

Figure 2.3: The electric field around a point charge, isotropic in its comoving rest

frame S′, and flattened into a plane perpendicular to the direction of motion z in the

case of a relativistic velocity with respect to an observer in a stationary frame S

Examples of wakefield excitation in an accelerator beamline can be observed

both inside a resonant cavity, and within the metallic surfaces enclosing the

beam. In the first an electric field with a form given by equations (2.20-

2.22) is generated by a particle entering the cavity and spreads out as it is

diffracted at the entrance aperture. The field is reflected by the opposing cavity

wall, resulting in wakefields that undergo resonant oscillations depending on
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boundary conditions set by the cavity geometry, and therefore have specific

frequencies. Generally, wakefields excited due to the varying size and shape of

beamline components are known as geometric wakefields. They are observed

by and influence particles passing through the cavity at later times. The rate

at which a particular resonant frequency or mode of oscillation of the wakefield

decays is given by the quality factor Qm:

Qm = 2π
Em
U
, (2.23)

where Em is the energy stored in the cavity for the particular mode and U

is the energy lost per oscillation [65]. For Qm >> 1:

Em(t) = Em(0) e−
ωt
Qm , (2.24)

where ω is the frequency of oscillation in time t. Wakefield modes induced in

RF accelerating cavities can have large Qm factors and therefore by equation

(2.24) take many oscillations to dissipate. Higher-order modes (HOMs) can

lead to beam instabilities and are selectively damped by actively lowering their

Qm factor. A second example of wakefield excitation is seen when a particle

bunch passes through a straight vacuum chamber. For a perfectly conducting

material with conductivity σ ∼ ∞ an image charge is induced in the vacuum

chamber wall that follows the particle bunch, remaining parallel to it. As

v → c the image charge is completely perpendicular to the bunch and the two

do not interact. In the case that the chamber walls have a finite conductivity σ,

losses through ohmic heating mean that the particle bunch and image charge

are no longer parallel, giving rise to a wakefield that will perturb the motion

of witness particles arriving later – known as a resistive wall wakefield.

Typically geometric wakefields described in the first example have a greater

effect on beam dynamics than those generated by the finite conductivity of the
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vacuum chamber walls. The wakefields generated by a particle bunch with a

distribution of charges will act on a point charge q, arriving at a later time

than the leading bunch, via the Lorentz force, i.e. equation (2.10). It is possi-

ble to model this force with a set of equations that depend on the distance z

between charge distribution and witness particle, therefore making use of the

relative positions of particles, which is more convenient in the study of beam

dynamics. Such equations are known as wake functions and they describe the

forces on particles resulting from wakefields in the time domain; the Fourier

transform of a wake function yields an impedance, which describes the forces

due to wakefields in the frequency domain. Each component of the accelerator

beamline contributes towards its total impedance. The wake function Wm(z)

and multipole moment of the particle bunch Im, which characterises its charge

distribution and therefore the wakefields it excites (where m is the mode num-

ber; m = 0 for monopole, m = 1 for dipole etc.), both contribute to a wake

potential ~V = [~f ]z. This is an integral of a quantity f , such as an electro-

magnetic field component, over the path taken by the witness particle through

the wakefield, with fixed distance z from the charge distribution. The wake

potential is seen by the witness particle and for a given direction the resulting

force on the particle may be derived from it.

Components of the wake potential in the transverse (r, θ) and longitudinal

(s) directions are given by [61]

Vr = −qImWm(z)mrm−1cos(mθ), (2.25)

Vθ = qImWm(z)mrmsin(mθ), (2.26)

Vs = −qImW ′
m(z)rmcos(mθ), (2.27)

where W ′
m(z) = dWm(z)/dz. Collecting the transverse wake potentials into

a quantity ~V⊥:
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~V⊥ = Vrr̂ + Vθθ̂, (2.28)

and taking the gradient of longitudinal component Vs with operator ∇⊥ =

(∂/∂r, ∂/∂θ)

∇⊥Vs =

(
∂Vs
∂r

,
∂Vs
∂θ

)
, (2.29)

= −qImW ′
m(z)mrm−1cos(mθ)r̂ + qImW

′
m(z)mrmsin(mθ)θ̂, (2.30)

=
∂

∂z
[−qImWm(z)mrm−1cos(mθ)r̂ + qImWm(z)mrmsin(mθ)θ̂], (2.31)

=
∂

∂z
(Vrr̂ + Vθθ̂), (2.32)

it can be seen that

∇⊥Vs =
∂

∂z
~V⊥. (2.33)

Therefore the longitudinal and transverse wakefield excited in a vacuum

chamber by a passing particle bunch are related, given by equation (2.33),

which is known as the Panofsky-Wenzel theorem [66]. The causality imposed

by the speed of light in vacuum c means that a relativistic particle cannot

interact with a wakefield behind it. Consequently, for a bunch of particles,

those at the head see nothing of the wakefield generated by the other charges,

whereas those at the rear see the wakefield generated by the entire population

of charges in the bunch. Therefore on average the charges of a bunch with

velocity v ' c see a wakefield of half its actual size, which is known as the

fundamental theorem of beam loading [67].

An example of the detrimental effects of wakefields on accelerator operation is

the beam breakup instability (BBU) that was first observed at the SLAC linear

accelerator in the 1960s [68]. For a beam centred in a vacuum chamber pipe

the transverse wakefield excited is symmetrical and is therefore self-cancelling.

With some transverse offset, potentially arising from the betatron motion of
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particles in the beam, the isotropy of the transverse fields is broken. A dipole

wakefield generated by the head of a particle bunch will deflect those at the

rear. The betatron motion of particles in the rear is resonantly driven by the

oscillating wake and their amplitude grows linearly with propagation distance.

Eventually this leads to beam losses and break-up. Mitigating BBU requires

tight focusing of the beam to suppress betatron oscillation, injection close to

the vacuum chamber axis, and rapid acceleration to relativistic energies where

the beam is less susceptible to wake forces [63]. A more specific technique

employed to address BBU is Balakin-Novokhatsky-Smirnov (BNS) damping

[69]. It relies on the head of a particle bunch having a different betatron

frequency than the tail, which receives slightly stronger focusing, facilitated

by a variable strength quadrupole magnet. This takes the head-generated

wake and bunch tail out of resonance and compensates for the deflection of

the transverse dipole wakefield.

Conventional wakefield concepts such as the Panofsky-Wenzel theorem re-

main true in a plasma wakefield, and while wakefields are often seen as detri-

mental to the intended operation of metallic structure-based accelerators, they

are fundamental to the operation of plasma-based accelerators. Nevertheless,

parallels do exist between unwanted instabilities, such as the BBU and Hosing

instabilities [40], the latter of which is discussed in the study of betatron radi-

ation spectroscopy presented in Chapter 6. Conceptually, combined drive and

witness beam accelerators using RF fields already exist, e.g. CLIC [6], which

convert the energy of a drive beam, through a metallic transformer, and on

to a witness beam. Plasma can be thought of as a new transformer material

that hosts a wakefield, which due to its nature can sustain accelerating electric

fields that are many times stronger, and from which charged particle beams

may gain energy.
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2.2 Properties of Plasmas

2.2.1 Debye length

A plasma may be defined as a quasi-neutral gas of electrons, ions and neutral

atoms, which exhibit collective behaviour. A test charge q inserted into a

plasma generates an electrostatic potential φ(r), with an associated electric

field ~E, that acts on the plasma particles [70]:

φ(r) =
q

4πε0r
e
− r
λD , (2.34)

where ε0 is the permittivity of free space and r is the distance from the

charge q. In the limit for which the electrostatic potential φ(r) goes to zero,

the test charge is screened out and the quasi-neutral equilibrium condition

of the plasma is recovered. For a plasma with electron number density ne

and temperature Te, charge screening occurs over a range known as the Debye

length λD,

λD =

√
ε0kBTe
e2ne

, (2.35)

and therefore the test particle acts only on those particles within a sphere

of radius r ≤ λD, known as the Debye sphere. Here, kB is the Boltzmann con-

stant and e is the electron charge. Collective effects dominate the behaviour of

a plasma if there are many particles within the Debye sphere. One collective

effect is a plasma oscillation. A driving force that displaces plasma electrons

from their equilibrium position will leave the heavier plasma ions unaffected,

generating a charge imbalance. The stationary ions exert a strong electro-

static force that works to re-establish charge neutrality against the electron

momentum, initiating oscillations of the plasma electrons about an equilib-

rium position at a characteristic frequency, ωp.
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2.2.2 Plasma frequency

Consider a thin slab of electrons of mass me with surface area S and number

density ne given an displacement ∆x against a background of stationary ions

(see figure 2.4). The resulting electric field arising from the charge imbalance

provides a restoring force that opposes the displacement:

Fx = m∆
d2∆x

dt2
= −Q∆Ex, (2.36)

where m∆ = meneS∆x is the mass of the slab, Ex is the restoring electric

field, and Q∆ = −eneS∆x the total displaced charge. From Gauss’ law and

the net charge density ρ = e(ni − ne), where ni is the ion number density

∇ · ~E =
ρ

ε0

=
e(ni − ne)

ε0

, (2.37)

and with the integral form of Gauss’ law

∫
V

∇ · ~Ed~V =

∮
S

~E · d~S, (2.38)∮
S

~E · d~S =

∫
V

ρ

ε0

d~V , (2.39)

where d~S is a surface element of S, the electric field generated by a volume

V = S∆x of displaced electrons (where ni = 0) is

Ex = −ene∆x
ε0

. (2.40)

By substituting equation (2.40) into (2.36), an equation of motion for the

electron oscillation is obtained:

d2∆x

dt2
= − nee

2

meε0

∆x, (2.41)
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Figure 2.4: The separation ∆x of a thin slab of plasma electrons with area S from

an ion background leaves two regions, one with an excess of positive charge, the other

with an excess of negative charge. The electrostatic potential generated between them

results in an electric field Ex that opposes the charge separation.

d2∆x

dt2
+ ω2

p∆x = 0, (2.42)

where the displacement has a characteristic frequency of oscillation, known

as the plasma frequency ωp:

ωp =

(
nee

2

meε0

) 1
2

. (2.43)

2.2.3 Driven electrostatic waves in plasmas

The electric field of a high-intensity laser or charged particle beam drives

plasma oscillations at ωp, generating an electric field of alternating accelerating

and decelerating phases with a wavelength of λp = 2πc/ωp in the longitudinal

direction. Focusing and defocusing fields normal to the propagation axis are

also excited, and this wave structure follows the driving laser or particle beam

at a phase velocity equal to the laser pulse group velocity vg,las or particle
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beam velocity vz respectively. Electrons injected into the accelerating phase of

the field may gain energy. An electric field may be expressed as the gradient

of an electrostatic potential:

~E = −∇φ. (2.44)

From Gauss’ law,

∇ · ~E =
ρ

ε0

=
e(ni − ne)

ε0

, (2.45)

where ni and ne are the plasma ion and electron densities respectively. By

substituting ~E for the electrostatic potential, the Poisson equation is obtained:

−∇2φ =
e(ni − ne)

ε0

. (2.46)

In other words, a density change δn = ni − ne gives rise to an electrostatic

potential via the Poisson equation, which has an associated electric field. As-

suming a stationary ion background the density change for a period oscillation

of plasma electron density in a direction z is given by:

δn = δnesin(kpz − ωpt), (2.47)

where ωp is the angular frequency of the plasma wave, kp = 2π/λp is the

associated wavenumber and it is assumed that the maximum possible pertur-

bation corresponds to 100% of the plasma electron density. This gives rise to

a changing electric field, via the Poisson equation:

∇ · δ ~E = −eδn
ε0

, (2.48)

∇ · δ ~E = −eδne
ε0

sin(kpz − ωpt). (2.49)

Solving for ~E(z, t)
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∇ ·
(
eδne
kpε0

cos(kpz − ωpt)
)

= 0~ex − 0~ey −
eδne
ε0

sin(kpz − ωpt)~ez, (2.50)

δ ~E(z, t) =
eδne
kpε0

cos(kpz − ωpt)~ez. (2.51)

Using the derived expression for the plasma frequency, ωp = (nee
2/meε0)1/2,

ε0 can be eliminated from equation (2.51):

δ ~E(z, t) =
eδnemeω

2
p

kpnee2
cos(kpz − ωpt)~ez. (2.52)

Finally, by substituting for the phase velocity vφ = ωp/kp, an expression

for the time varying, longitudinal, and therefore accelerating, electric field

associated with an electrostatic plasma density wave (see figure 2.5) is obtained

[71]:

δ ~E(z, t) =
meωpvφ

e

δne
ne

cos(kpz − ωpt)~ez, (2.53)

= E0
δne
ne

cos(kpz − ωpt)~ez, (2.54)

where

E0 =
meωpvφ

e
(2.55)

is the electric field amplitude. This amplitude is known as the cold plasma

non-relativistic wavebreaking limit. It represents the largest electric field that

can be sustained in a plasma, before the wave ‘breaks’ and electron motion

overlaps adjacent wave periods. Assuming a relativistic wave with vφ ∼ c

this field is 96GVm−1 for a plasma with density 1× 1018 cm−3, three orders of

magnitude greater than the maximum electric field that can be operated in a

metallic-structure based accelerator of around 100MVm−1.
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Figure 2.5: The simulated longitudinal electric field δ ~E(z, t) of a linear sinusoidal

plasma wave driven by a charged particle beam, produced with the particle-in-cell code

QV3D [72]. The wakefield phase velocity is orientated in the positive ξ direction, a

coordinate co-moving with the driving beam. Ez is normalised to 1.

To excite and maintain a plasma wakefield at or near to the wavebreaking

limit the driving laser pulse or particle beam must meet specific criteria, which

are discussed in the following sections. The wavebreaking limit is in fact mod-

ified under different conditions. The limit is raised in the case of a relativistic

phase velocity vφ of the plasma wave [73],

E0 =
mecωp
e

√
2(γφ − 1)

1
2 , (2.56)

where γφ = (1 − v2
φ/c

2)−1/2. Conversely, the limit is reduced by electron

thermal motion in the warm plasma non-relativistic case, as this may make a

sufficient contribution towards the energy required for an electron to escape

and subsequently become trapped in an adjacent period [73]:
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E0 =

(
1− 8

3
β

1
4
T + 2β

1
2
T −

βT
3

) 1
2

, (2.57)

where βT = 3kpTe/mev
2
φ.

The one-dimensional electron quiver velocity vE is the motion of plasma elec-

trons under the influence of an electric field, and is distinct from the thermal

velocity vT , which itself arises from the kinetic motion of plasma electrons with

temperature Te:

vE =
eE0

meωp
, (2.58)

vT =

√
kBTe
me

. (2.59)

Figure 2.6: The simulated longitudinal electric field δ ~E(z, t) (top) and transverse

electric field δ ~E(r, t) (bottom) of a linear sinusoidal plasma wave driven by a charged

particle beam, produced with the particle-in-cell code QV3D [72].
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By solving equation the Poisson equation (2.46) for the transverse component

of an electrostatic density wave, the transverse field δ ~E(r, t), shown in figure

2.6, is found. It has alternating focusing and defocusing phases and a π/2

phase shift with respect to the longitudinal field δ ~E(z, t). The electric field

phase velocity is orientated in the positive ξ direction, a coordinate co-moving

with the driving beam. Both Ez and Er are normalised to 1.

2.3 Principles of Laser-driven Plasma

Wakefield Acceleration

2.3.1 High-intensity laser pulses in plasma

For an electromagnetic wave propagating in a cold, collisionless plasma its

angular frequency ω is modified as ω2 = ω2
p + c2k2. The phase and group

velocity of the wave are vφ = ω/k and vg = dω/dk respectively. An overdense

plasma is one that has a frequency ωp > ω. In this case the wave function has a

complex component that results in a decaying amplitude within the plasma; it

therefore cannot propagate and is reflected from the surface of the plasma. In

an underdense plasma the opposite is true (ωp < ω) and the electromagnetic

wave propagates freely. The electromagnetic field of a laser pulse may be

written [74]

~E = −∇φ− δ ~A

δct
, (2.60)

~B = ∇× ~A, (2.61)

where ~A = A0 cos(kz − ωt)~e⊥ is the magnetic vector potential, φ is the

electric scalar potential and ω is the angular frequency of the laser. The

normalised vector potential of the laser ~a and its peak value a0, the laser
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strength parameter, is a convenient quantity that characterises the nonlinear

response of the plasma, given the laser intensity:

~a =

(
e ~A

mec2

)
, (2.62)

a0 ' 0.85× 10−9λ[µm](I[Wcm−2])
1
2 , (2.63)

where λ is the laser pulse wavelength in units of micrometers and I is the

intensity, in units of Wcm−2 [74]. Laser pulses with an intensity on the order of

1018 Wcm−2, with a0 > 1, are needed to reach and exceed the cold plasma non-

relativistic wake breaking limit, in order to excite a large amplitude plasma

wakefield. It is the ponderomotive force of the laser pulse Fp that drives

electron density waves in plasma, which is time averaged and proportional to

the laser intensity gradient i.e. the rise time of the pulse. In the case of a

one-dimensional nonlinear plasma wave, where a0 >> 1, the ponderomotive

force of the laser pulse is [74]

Fp,z = −mec
2

2γ

∂a2
⊥

∂z
. (2.64)

Such a regime of laser-plasma interaction represents a departure from the

linear theory presented in section 2.2.3; the features of a nonlinear wakefield

are discussed in section 2.3.3. Figure 2.7 shows the longitudinal electric field

E(t) and intensity I(t) of a Gaussian laser pulse in arbitrary units. The two

are related as I(t) ∝ |E(t)|2. In this thesis the laser pulse duration τ is defined

as the full-width at half-maximum (FWHM) of the intensity envelope, shown

in figure 2.7 to be τ = 22 fs. Transversely, a Gaussian laser pulse has a spot

size w, which in this thesis is taken to be the half width of the pulse’s electric

field envelope at 1/e of its maximum height.
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Figure 2.7: The varying electric field and intensity envelope of a Gaussian laser pulse

with respect to time

A plasma wakefield driven by a laser pulse propagates with a phase velocity

equal to the group velocity of the laser, vφ = vg,las < c. The high intensities

delivered by laser pulses with a2
0 >> 1 mean that relativistic effects must be

considered, and results in the electron quiver velocity vE, i.e. equation (2.58),

approaching c and an increase in electron mass by the relativistic Lorentz factor

γ. The laser pulse has a Gaussian transverse profile such that the intensity, and

therefore the relativistic electron mass, will be maximum at the propagation

axis and minimum at the wings. Via the modified refractive index in equation

(2.65) the plasma wave phase velocity vφ = c/η will be at a minimum on axis

and maximised at the wings [75]:

ηγ =

(
1−

ω2
p

γω2

) 1
2

(2.65)

As wavefronts at the edge of the pulse are able to catch those at the centre, it

is effectively focused. This is known as relativistic self-focusing, first described
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theoretically in 1987 by Sprangle et al. [75], which opposes the natural growth

in laser spot size due to diffraction in the plasma. The two mechanisms balance

at a critical laser power:

Pc[GW] = 17.4
ω2

ω2
p

. (2.66)

The stable self-guiding, i.e. minimal envelope oscillations over the interaction

distance, of an intense laser pulse with a2
0 >> 1 requires that the intensity a0

and spot size w0 be matched to the plasma via the relation

kpw0 = 2
√
a0 [76]. (2.67)

2.3.2 Energy gain

The energy gain of an electron in the accelerating phase of a wakefield is

given simply by W = eEz · z where Ez is the accelerating electric field of the

wakefield, and z is the distance over which acceleration is maintained. In a

laser-driven wakefield three main mechanisms provide a limit to this distance:

defocusing of the laser pulse, dephasing of injected electron with respect to the

accelerating phase and energy depletion of the laser driver. As a laser pulse

with a Gaussian envelope of wavelength λ propagates along a direction z in

the plasma it will diffract, leading to a growth in the spot size w beyond the

focal point:

w(z) = w0

(
1 +

z2

Z2
R

) 1
2

, (2.68)

where w0 is the minimum spot size at the focal point z = 0. ZR = πw2
0/λ

is the Rayleigh range, the distance taken for the spot size to double with re-

spect to its value at the focal point. As the spot size evolves, growing as the

pulse is diffracted, the intensity will be reduced as it is inversely proportional
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to the pulse cross section. Defocusing will reduce the intensity below that re-

quired to maintain the accelerating structure after only a few Rayleigh ranges.

Laser systems used in LWFA experiments commonly have λ = 800 nm and

a spot size of 10s of micrometres, so a Rayleigh range may only be between

a few hundred micrometres and a millimetre. However, in reality relativistic

self-focusing extends the length over which a sufficiently powerful laser pulse

remains focused.

Many LWFA experiments use de Laval nozzle gas jets as a plasma source

[77], which are ionised by the incident laser pulse. Gas jets are a robust target,

but offer no additional control over a single laser pulse. Maintaining laser

focus can be achieved by propagating the pulse in a pre-formed plasma that

guides over multiple Rayleigh ranges [78]. This can be facilitated by an initial

laser pulse that ionises the gas target, creating a radial plasma density profile.

Since the refractive index of a plasma depends on its density, there will be a

corresponding refractive index profile that effectively focuses the main pulse,

in a similar manner to an optical fibre. A pre-plasma may also be formed

with high voltage discharges: capillary discharge waveguides [79, 80], which

make use of temperature gradients to produce a radial plasma density and

refractive index profile, are a successful and widely used method to obtain the

very highest LWFA beam energies.

Optical guiding is also possible with hydrodynamic optical-field-ionised

(HOFI) channels [81], which, because of their isolation from any physical struc-

ture, are resistant to damage from the incident laser pulse – a limiting factor

for the operational repetition rate of capillary discharge waveguides. There-

fore, HOFI channel-guided LWFAs provide reproducible electron beams at

high repetition rates, useful for many applications. Dephasing of injected elec-

trons occurs since as they are accelerated vz → c, and as a result electrons

outrun the accelerating phase of the plasma wakefield, which propagates at
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vφ = vg,las < c. For an electron with vz ∼ c the condition for it to slip by

half a plasma wave period is (1 − vφ/c)Ld = λp/2 where Ld is the dephasing

length. The distance over which the energy of the laser driver with duration τ

is depleted, known as the pump depletion length Lpd, is found by comparing

the laser pulse energy EL with that expended in exciting the accelerating field

Ez: E2
zLpd ' E2

Lτ . In the case a0 >> 1 [74]:

Ld '
λ3
p

√
2a0

2λ2πNp

, (2.69)

Lpd '
λ3
p

√
2a0

λ2π
, (2.70)

where Np is the number of plasma periods behind the driving pulse. As

Ld and Lpd are proportional to the plasma wavelength, LWFAs can achieve

higher final beam energies by operating at lower plasma density. This must be

weighed against the accelerating gradient, since E0 ∝
√
ne.

2.3.3 Regimes of laser-plasma interaction

A laser pulse will resonantly drive a plasma wave, producing a maximum wave

amplitude when τ ' λp/2. For a plasma with an electron number density

ne = 1018 cm−3 this requires a laser pulse with a duration of 55 fs. With

the available laser technology of the 1980s, when high intensity laser-plasma

interaction experiments began, it was challenging to produce a single pulse

with this duration [82]. A solution was to use two co-propagating laser pulses

of a longer duration that would interfere to produce a new profile consisting of

multiple pulses, each with a duration short enough to allow resonant excitation

of a plasma wave. This optical beatwave mechanism was originally studied as a

method for plasma heating in laboratory fusion devices [83], but in the context

of particle accelerators became known as the plasma beat-wave accelerator
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(PBWA) [84]. It requires that the frequencies ω1 and ω2 of the two interacting

laser pulses satisfy the resonance condition ω2 − ω1 = ∆ω = ωp. In PBWA

experiments a maximum longitudinal electric field of 1GVm−1 was measured

in a plasma with a density of around ∼1017 cm−3. Using a PBWA externally

injected electrons from a conventional accelerator were accelerated to at least

9.1MeV, having been subjected to an average gradient of 0.7GVm−1 [85].

However, the bunch length of such an injected electron beam extends over

multiple wakefield phases and consequently electron beams produced with the

beat-wave scheme were found to have a thermal distribution of energies [84, 85].

Furthermore, the achievable electric field amplitude is limited: with increasing

plasma wave amplitude the electron quiver motion becomes relativistic and

their mass increases by a factor γ; a falling plasma frequency results in the

beat-wave pulse profile being taken out of the resonance condition.

With advances in the available intensity of laser pulses, a new scheme could

be considered where the envelope of a laser pulse would become automatically

modulated into a train of shorter pulses, each with a length on the order of

λp. This occurs due to the pulse’s interaction with underdense plasma, and

is known as the self-modulated LWFA (SM–LWFA) [86]. The advantage of

this scheme was that greater electric field amplitudes could be reached and

the wavebreaking limit E0 exceeded, enabling a new mechanism that self-

injected electrons from the background plasma into the accelerating wakefield.

Conditions for SM–LWFA are a pulse length L only a few times longer than λp,

or L ≥ c/ωp, and for it to deliver a power to the plasma greater than the critical

value for self-focusing in equation (2.66). Envelope modulation of a laser pulse

(ω) is both the result of alternate focusing and defocusing forces in the plasma

wave it excites (ωp), and the beating between the laser pulse and two Raman

forward scattered waves; they are comprised of a Stokes (ω − ωp) and anti-

Stokes (ω + ωp) wave, into which the laser pulse partly decays. A feedback

mechanism then increases the laser envelope modulation and amplitude of the
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excited plasma wave.

Experiments using 25TW, 0.8 ps duration laser pulses, focused to an in-

tensity of 6× 1018 Wcm−2, reached the SM-LWFA regime [87] and electrons

injected into the accelerating electric fields via wavebreaking were left with

a spectrum of energies that ranged up to 44MeV. This maximum electron

energy corresponds to a peak electric field of over 100GVm−1. Further ex-

periments throughout the 1990s demonstrated electron acceleration with SM-

LWFA [88, 89, 90], and ultimately accelerating gradients over 200GVm−1 and

beam energies of 94MeV and were achieved [14], although with a very broad

distribution of energies – in contrast to conventionally accelerated electron

bunches that typically had per cent level energy spread [91].

LWFA using a single pulse with an unmodulated Gaussian envelope was

made possible with the adoption of chirped-pulse-amplification (CPA) [15] in

laser systems. With a laser intensity of a0 > 1 the quiver motion of electrons

becomes relativistic. As the laser has a Gaussian transverse profile the inten-

sity and therefore relativistic electron mass varies across the pulse profile; the

plasma wavelength is longest on-axis and shortest towards the wings of the

laser pulse. Nonlinear plasma waves with curved and steepened wavefronts are

therefore formed, resulting in an ion cavity behind the laser pulse with very

low or zero electron density. This form of laser-plasma interaction is called

the nonlinear bubble or blow-out regime [92] and results in a wakefield that is

ostensibly ideal for electron acceleration. In the high intensity limit a2
0 >> 1,

the blow-out regime requires an laser spot size w0 ≤ (2/kp)
√
a0. Assuming

a fully blown-out ion cavity with a relativistic phase velocity and maximum

radius R follows a driving laser pulse, the longitudinal Ez (accelerating) and

transverse Er (focusing) electric fields are given by [74]

Ez '
kpξ

2
E0, (2.71)
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Er '
kpr

4
E0, (2.72)

where kp is the wave vector associated with the plasma wavelength λp,

ξ = z − ct is the co-moving coordinate with respect to the laser pulse, and r

is the radial coordinate. E0 is the wavebreaking field. The maximum value of

Ez is reached for ξ = R. Because the focusing field Er is linear as a function

of radius r, and does not vary longitudinally within the ion cavity, it enables

the preservation of the emittance of an electron beam trapped within it. The

accelerating field increases as a function of distance behind the laser driver,

which introduces an energy chirp for an electron bunch of finite length. The

energy spread may be compensated by modifying the longitudinal electron

bunch distribution, thereby beam loading the accelerating field [93]. Bunches

with a triangular longitudinal shape may exactly cancel the longitudinal vari-

ation in accelerating field Ez, resulting in a completely uniform accelerating

field that would impart no additional absolute energy spread. Short-duration

particle bunches can result in poor beam loading and large energy spreads,

while Gaussian beams can approximately load an accelerating field without

excessive increase energy spread, although not as well as a triangular bunch.

Figure 2.8 shows a particle-in-cell simulation of an LWFA in the blow-out

regime, with a trapped electron beam of sufficiently high beam current to

drive a local plasma wave and therefore alter the accelerating wakefield driven

by the laser pulse. Because this bunch has a short duration and therefore a

high beam current it overloads the accelerating field, which would result in a

large energy spread. In 2004 three groups demonstrated the first experimen-

tal demonstration of the nonlinear bubble regime simultaneously [95, 96, 97],

which all produced electron beams with a significantly smaller energy spread

than prior LWFA experiments. These results were an important milestone in

demonstrating the potential of plasma accelerators, however they also high-
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Figure 2.8: A particle-in-cell simulation, produced with the code EPOCH [94], show-

ing a laser pulse (a0 ∼ 2) driving a high-amplitude, nonlinear plasma wave. The

coordinate ξ = z − ct is co-moving with the peak intensity of the laser pulse. The

plasma electron number density is normalised to 1, and the colourmap has been trun-

cated at 0.1 in order to highlight lower density features.

lighted the progress that was still to be made towards beam properties com-

parable with conventional accelerators. Mangles et al. (2004) [95] observed a

70MeV, 22 pC electron bunch with ±3% relative energy spread, an electron

beam of unprecedented high quality for LWFA, but one that was challenging to

produce reliably. Most LWFAs are now operated with a single short duration

and high intensity laser pulse, however the method of charge injection into the

accelerating wakefield varies widely and this has a definitive impact on final

beam properties.
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2.3.4 Injection methods

When a nonlinear plasma wave exceeds the wavebreaking limit E0 large quan-

tities of electrons can enter the wakefield and gain energy. However, the wake-

field will not persist if the limit is greatly exceeded and the wakefield structure

is destroyed during the process of wavebreaking. If the wavebreaking limit is

approached with carefully selected laser parameters charge may be injected

without the break up of the plasma wave [98]. The controlled used of wave-

breaking for charge injection is known as self-injection, which can produce

quasimonoenergetic electron beams, such as those seen by Mangles et al. [95].

Because it relies on a nonlinear regime of laser-plasma interaction, the thresh-

old at which self-injection is observed becomes difficult to quantify or control

and is vulnerable to fluctuations in the laser driver. This can result in widely

varying beam parameters, particularly the amount of charge in the acceler-

ated electron beam and its peak energy. Despite this self-injection remains

an attractive method since experiments have produced prominently peaked

GeV-scale electron spectra with up to hundreds of pC in charge [99] or sub-

mrad divergence [100], using technically straightforward plasma sources. This

is in relative contrast to other LWFA injection methods, which may require

synchronisation of multiple laser pulses, or the use of specifically tailored gas

jets.

Plasma sources for laser wakefield accelerators use a neutral gas with a low

atomic number Z, such that the ionisation potential is low, allowing a laser

pulse to fully ionise the gas. For example, the ionisation potential of Hydrogen

is 15.43 eV [101] and would be fully ionised well before the peak intensity of a

high intensity laser pulse. Electrons occupying core states in atoms of a higher

Z gas have ionisation potentials much greater than that of Hydrogen, and if

one is chosen that corresponds to the laser peak intensity, plasma electrons can

be generated near to the accelerating phase and will become directly trapped,
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known as ionisation injection. In this way a region of 99% Hydrogen doped

with 1% of a high Z gas, such as Nitrogen, that sits within an otherwise

pure Hydrogen gas will trigger a localised ionisation injection. Originally this

method was conceived [102] with two separate laser pulses: a pump pulse to

pre-ionise the low Z background and drive plasma waves, and an injection

pulse to ionise the high Z dopant and inject the liberated electrons into the

accelerating phase of the wakefield. The concentration of the high Z dopant

and the length of the doped region determines the amount of trapped charge,

as injection begins and ends at its boundaries. This prescriptive condition for

injection leads to highly reproducible beam charge. Since electrons injected at

the start of the region will be accelerated for a longer distance than those at the

end, the region must be short to limit energy spread [103]. Ionisation induced

injection was shown to significantly increase the charge trapped and accelerated

compared with a pure gas plasma source [104], although the energy spectra

were relatively continuous due to the length of the doped region. More recently

ionisation injection has successfully been demonstrated with a reduced energy

spread, when used in combination with an additional injection technique [105],

a tailored plasma source [106] or with initially unmatched laser pulses, known

as self-truncated ionisation injection [107, 108].

Separating the roles of plasma wave excitation and electron injection be-

tween multiple lasers pulses enables more control over the injection process.

One method [109], relies on two orthogonally propagating laser pulses. A pump

pulse drives a wakefield in the plasma that is intersected at a right angle and a

later time by a second injection pulse, with a spot size and duration less than

the plasma wavelength. The ponderomotive force of the injection pulse will

pre-accelerate a number of bulk plasma electrons so they can become trapped

in the plasma wakefield. Because of the relatively small dimensions of the in-

jection pulse, trapping is localised in the accelerating phase, minimising energy

spread as the trapped electrons continue to propagate and are accelerated by
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the pump pulse. Another optical injection scheme using a pump pulse and

the beatwave of two pulses colliding in the wakefield accelerating phase was

investigated but never experimentally demonstrated [110, 111]. Optical injec-

tion with the collision of two counter-propagating laser pulses with the same

frequency was suggested as an alternative [112] and using this method, ac-

celeration of a high quality electron beam was seen in experiment [113]. The

relative timing between the pump and injection pulse provided control over

the final beam energy, whereas the amount of charge injected was determined

by the relative polarisation of the laser pulses. A promising optical technique

is the plasma photocathode injection scheme [114, 115], which theoretically

features ultra-low transverse emittance due to the fact that injected electrons

are tunnel-ionised directly within a pre-existing wakefield with very low trans-

verse momenta, before rapid acceleration to relativistic energies. In the future

such a technique could surpass the six-dimensional brightness of conventional

light sources. As with all optical injection schemes precise timing of multiple

laser pulses is fundamental to the success of a plasma photocathode injector.

Introducing a density gradient in the plasma source also provides a method

of controlled injection [116]. The plasma wavelength λp is increased as the

plasma density is reduced. This means the phase velocity of the wakefield

falls, and consequently the velocity required for electrons to become trapped

is lowered, triggering injection. Control of this injection threshold is there-

fore achieved with the density profile of the plasma source. Experimentally,

bunches with parameter stability over hundreds of shots are generated [117].

Significantly the normalised emittance was found to be 0.63-1.3mmmrad, an

order of magnitude improvement over LWFA electron beam emittances seen

up to that point. A rapid downward density transition has also been success-

fully implemented as a source of stable LWFA electron beams with tuneable

energy [118, 119], which is studied in Chapter 5 as a novel electron injector for

AWAKE Run 2.
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2.3.5 Current state-of-the-art

Table 2.1: Best reported LWFA beam parameters. Adapted from Downer et al. [120]

(superscript ∗ indicates bi-dimensional transverse emittance that assumes radial sym-

metry)

Bunch Property Best Reported Citation

Q (nC) 0.5 Couperus et al. 2017 [121]

E (GeV) 7.8 Gonsalves et al. 2019 [122]

∆E/〈E〉 (FWHM) 0.01 Rechatin et al. 2009 [19]

ε∗n (mmmrad) 0.1 Plateau et al. 2012 [123]

σz (µm) 0.48 Lundh et al. 2011 [124]

Rep. Rate (kHz) 1 Salehi et al. 2017 [21]

State-of-the-art LWFA beam properties achieved to date are shown in table

2.1. Each value was from an independent experiment. Achieving all simulta-

neously is an extant challenge, although progress is rapid and LWFAs are now

transitioning from proof-of-principle experiments that demonstrate electron

acceleration to those aimed at producing a high quality, and usable, electron

beam.

2.4 Principles of Beam-driven Plasma

Wakefield Acceleration

2.4.1 Regimes of beam-plasma interaction

A beam of charged particles can also be used to excite plasma waves for particle

acceleration, however the mechanism that drives charge separation between

plasma species originates in the space-charge force of the particle beam, rather

than the ponderomotive force of a laser pulse. This is known as the plasma

wakefield accelerator (PWFA), proposed by a group at UCLA and SLAC [11],
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and experimentally demonstrated [125] with the Advanced Accelerator Test

Facility at Argonne National Laboratory (ANL) in the late 1980s. A bunch of

electrons propagating in plasma drive plasma oscillations at a frequency ωp,

producing a wakefield structure consisting of accelerating (decelerating) and

focusing (defocusing) electric fields that are π/2 out of phase with each other,

as discussed in section 2.2.3.

An important figure of merit for PWFA is the transformer ratio: this quan-

tity is the ratio of peak accelerating gradient in the wakefield to the peak

decelerating gradient felt by the driver, i.e. the efficiency of energy transfer

between the driver and the plasma wave. It is ideally large to maximise energy

gain of the witness bunch for a given driver energy. Originally this was investi-

gated in the context of an electron driven linear accelerator [126], a progenitor

to the CLIC scheme using wakefields in metallic cavities to accelerate witness

particle bunches. The transformer ratio was found not exceed a value of two

for Gaussian driver and witness bunches. Beyond this value the peak particle

energy stops increasing since the particle distribution is altered as maximally

decelerated particles begin to be lost from the beam. For an accelerating struc-

ture with multiple electric field modes the maximum transformer ratio may be

increased beyond two if the accelerating potentials of each mode are superim-

posed coherently behind the driving bunch. The transformer ratio can also be

increased in a single mode structure, such as a plasma, by modifying the profile

of the drive bunch: a triangular longitudinal profile with a larger population

at the peak decelerating field that falls to a constant value will allow beam

loading of the wakefield, flattening it and making the decelerating potential

uniform across the bunch [127].

Because of the high momentum of a relativistic driving bunch the princi-

ple energy limit in PWFA is driver depletion, where no more energy can be

extracted by the witness bunch. Consequently the transformer ratio is an im-
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portant consideration for PWFA energy gain. From the linear two-dimensional

theory of PWFA the longitudinal accelerating electric field generated by a drive

bunch of Nb electrons with an r.m.s. length and width of σz and σr respectively

is approximately [128]:

Ez[MVm−1] = 244
Nb

2× 1010

(
600

σz[µm]

)2

(2.73)

Such an electric field is generated assuming σr/λp << 1/2π and when

σz/λp ' 1/
√

2π. The ratio of bunch to plasma density is analogous to the

peak normalised vector potential a0 in LWFA, i.e. it characterises the plasma’s

threshold of nonlinear response. The linear equation above is only valid when

nb/ne << 1. To increase Ez further requires a reduction of σz or an increased

Nb, which implies a higher bunch density. In this case nb/ne >> 1 and plasma

electrons are completely expelled from the propagation axis, leaving an ion

cavity behind the drive bunch. This is the PWFA nonlinear blowout regime

[129], in which multi GVm−1 accelerating gradients are possible. The nonlinear

blow-out regime in PWFA requires that nb/ne >> 1, kpσz < 1, and kpσr < 1,

and produces the same transverse and longitudinal electric fields as discussed

in section 2.3.3 that permit emittance preservation and uniform acceleration

with beam loading.

2.4.2 PWFA experiments

Owing to the parameter constraints on the drive beam, needed to excite non-

linear plasma waves and obtain the highest accelerating gradients in PWFA,

namely high energy and charge, small beam size, and short duration, beam-

driven plasma acceleration experiments have been focused at national labo-

ratories with a large and well established accelerator infrastructure. Early

demonstrations of PWFA conducted at ANL used an electron driver in both

the linear [125] and nonlinear regimes [130], fielding longitudinal wakefield am-
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plitudes up to 5.3MVm−1. Throughout the 1990s work focused on optimising

the nonlinear regime of operation [131], as well as the stable propagation of

the driver [132, 133]. These developments were important to the operation

of PWFAs over longer distances, enabling higher peak energies and preserva-

tion of witness beam quality. A series of PWFA experiments at the Stanford

Linear Accelerator Centre (SLAC) began with E-157 [134], with the goal to

generate a GVm−1 accelerating gradient in a metre scale plasma cell. A single

30GeV electron bunch was used to drive a wakefield in a 1.4m long plasma

cell with density 2× 1014 cm−3 [135]. In this scheme the head of the bunch

excites the plasma wave and loses energy, while the tail witnesses the wake-

fields and is accelerated. This, along with E-162, a similar experiment using a

single positron bunch, observed accelerating fields of 150MVm−1. Due to their

opposite charge, positrons excite a plasma wave in a fundamentally different

way with respect to an electron beam, with plasma electrons instead stream-

ing toward the driving positron bunch before oscillating about an equilibrium

position.

A third generation PWFA experiment at SLAC, E-164, was conducted in

2003 [136]. With a smaller spot size at the plasma cell a higher density driver

was able to increase the energy of witness electrons by 2.7GeV in a 10 cm

plasma cell [137], however the absolute energy spread ∆E of the accelerated

electron beam was increased from ∼ 1GeV to ∼ 7.5GeV. Later experiments

showed energy doubling of some 42GeV electrons [12], implying a large gra-

dient of 52GVm−1. However, as the witness electrons originate from within

the driving beam, the quantity of accelerated charge is relatively low and has

a broad distribution of energies. Following single bunch PWFA, a new group

of experiments at the Facility for Advanced aCcelerator Experimental Tests

(FACET) at SLAC made use of independent witness and driver bunches, pro-

duced by physically cleaving one bunch into two. If the witness bunch is left

at the correct phase of the wakefield, and with enough charge to load it, an
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efficient and large energy gain results. At FACET a 74 pC bunch accelerated

by 1.6GeV was found to have an average energy spread of 4%, having gained

this energy from the plasma wake with an efficiency of 30% [23]. This quasi-

monoenergetic acceleration was an important step towards the application of

PWFA for a linear e−e+ collider – firstly because efficiency is an important

consideration for the operational cost and repetition rate of such a machine,

and secondly because large energy gains in a single stage imply fewer are

needed, reducing the complexity of the design. Another consideration for a

PWFA-based e−e+ collider is an equally viable source of positrons.

High-gradient positron acceleration has been demonstrated [138] using a sin-

gle bunch that loads its own wakefield with a self-generated and distinct wit-

ness bunch originating in the tail. This bunch had a charge of 210 pC and

gained 5GeV in 1.3m, with an efficiency of 34%, and had percent level energy

spread. The energy gain varied between shots however, from 3-10GeV. Due to

the asymmetric response of plasma electrons to electron and positron drivers,

strong nonlinear transverse fields can lead to unwanted deterioration of the

positron beam emittance. Positron-driven PWFA in a hollow plasma chan-

nel, also demonstrated at FACET [139], could well be a solution: the annular

plasma results in zero transverse fields within the channel, thereby removing

their adverse effect on positron beam emittance.

2.4.3 Current state-of-the-art

State-of-the-art electron and positron-driven PWFA beam properties that have

been achieved to date are shown in table 2.2. Significant outstanding issues

towards the application of PWFA in a plasma-based collider are optimising the

transformer ratio to enable larger per-stage energy gains and improve overall ef-

ficiency, demonstrate preservation of beam emittance throughout acceleration

over multiple plasma stages, and, crucially for an e−e+ collider, demonstrate
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Table 2.2: Best reported e− and e+-driven PWFA beam parameters from the FACET

experiments. Adapted from a talk given by Mark Hogan, ANAR2017 Workshop

Bunch Property Electrons Positrons

Q (nC) 0.074 0.21

Energy gain (GeV) 9 4.4

∆E/〈E〉 (r.m.s.) 0.04 0.02

Peak gradient (GVm−1) 6.9 3.4

Efficiency of energy gain % 30 34

εx,n (mmmrad) 32 n/a

εy,n (mmmrad) n/a n/a

Rep. Rate (Hz) 10 10

an equivalent source of high quality and high energy positrons. The beam

emittance marked n/a in table 2.2 are not included as they were either not

preserved or increased during the acceleration process.

2.5 Summary

In this chapter, a review of conventional and novel accelerator concepts has

been used to lay out the context in which the rest of this thesis is presented.

The capabilities of different LWFA systems, i.e. different driving laser and

plasma source configurations, have been summarised via recent experimental

results, and are used to select an appropriate LWFA system that can satisfy

the requirements of the AWAKE Run 2 electron injector in Chapter 5. In the

next chapter, a framework for the motion of electron beams in ion channels

is established, which will be used in Chapter 6 and Chapter 7 to provide an

analytical description of synchrotron radiation emission and the electron beam

dynamics during acceleration in a plasma wakefield.
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Chapter 3

Electron Orbits in Ion Channels

3.1 Single-electron Motion

If a particle or laser beam driver fully evacuates the electrons from the plasma

cavity that it creates, the electric field in the cavity may be modelled with

a pure ion channel surrounded by a bulk plasma. Electrons in ion channels

are accelerated by a longitudinal electric field Ez, and oscillate in a direction

perpendicular to the axis of acceleration as a focusing force Er works against

their finite transverse momenta. The sign of Ez is such that a negatively

charged electron gains energy. The longitudinal equation of motion for a single

electron is then

dpz
dt

=
dγmevz
dt

= eEz, (3.1)

dγ

dt
=

eEz
mevz

. (3.2)

For an ultra-relativistic electron (vz ∼ c) the energy evolution may be ex-

pressed as
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dγ

dt
= ωp

Ez
E0

, (3.3)

where E0 = meωpc/e, i.e. equation (2.55), in the ultra-relativistic case. The

radial focusing electric field Er in the case of a fully blown-out ion channel

may be found by considering the channel as an arbitrarily long, infinitesimally

thin cylinder of charge that encloses only plasma ions, and outside of which

lays both plasma electrons and ions. With the integral form of Gauss’ law

∮
S

~E · d~S =

∫
V

ρ

ε0

d~V , (3.4)

where ~E is the electric field within the cylinder, d~S is a surface element of

its total area S, d~V is a volume element of its total volume V , and ρ = ene is

the charge density on the surface for a plasma with electron number density

ne. Since ~E and d~S point in the same direction, and ~E is isotropic, the radial

electric field is

Er2πrL =
ρ

ε0

πr2L, (3.5)

Er =
ene
2ε0

r, (3.6)

for a cylinder of surface area S = 2πrL and volume V = πr2L, as shown

in figure 3.1. By symmetry the horizontal transverse field in an ion channel

is Ex = (ene/2ε0)x, and the equation of motion in the horizontal plane for an

electron within the ion channel is

dpx
dt

= −eEx. (3.7)

Expanding in terms of the horizontal coordinate x:
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Figure 3.1: An ion channel in a plasma represented as a cylinder of charge.

dγvx
dt

= − e2ne
2meε0

x, (3.8)

d2x

dt2
+

1

γ

dγ

dt

dx

dt
+
ω2
p

2γ
x = 0, (3.9)

with vx = dx/dt and ωp =
√
nee2/meε0 from equation (2.43). In the case

of zero acceleration (dγ/dt = 0), the solution is sinusoidal oscillatory motion

x(t) = xβ0cos(ωβt) with an amplitude xβ0 and frequency ωβ = ωp/
√

2γ known

as the betatron frequency. Conversely, if the energy is increasing, as in the

case of acceleration, the betatron frequency will evolve as it is a function of

γ(t). Furthermore during acceleration the ratio px/pz becomes smaller leading

to adiabatic damping of the betatron amplitude, as we have seen for the case

of a beam in section 2.1.1. Because the time t′ of a betatron oscillation is

fast compared to the time t during which the frequency and amplitude of the

oscillation changes, a solution to equation (3.9) may be found with the WKB

approximation [140]

x(t) = xβ0

√
ωβ(t) cos

(∫ t

0

ωβ(t′)dt
′
)
. (3.10)

The amplitude xβ(t) = xβ0
√
ωβ(t) and frequency ωβ of betatron motion
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therefore scale as γ−1/4 and γ−1/2 respectively. Figure 3.2 shows the transverse

motion of an electron both in an accelerating field Ez = 0 and Ez/E0 = 0.46,

within a plasma of density ne = 1× 1018 cm−3. It has an initial position

xβ0 =1.325 µm, γ0 = 100, and propagates for 10 betatron periods λβ0 =

2πc/ωβ0 with respect to the initial energy.

Figure 3.2: The transverse motion of an electron in an ion channel, shown both in

the case Ez = 0 (a) and Ez > 0 (b).

The strength of transverse oscillation of an electron is characterised by the

dimensionless parameter [141]

αβ = γkβxβ, (3.11)

where γ is the Lorentz factor of the electron, kβ = kp/
√

2γ is the betatron

wavenumber, and xβ is the betatron amplitude. The parameter αβ is analogous

to the wiggler strength parameter α of insertion devices. For an insertion
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device α is determined solely by the external magnetic field and has the same

value for all electrons, whereas in an ion channel each electron has a different

αβ that depends on its energy through γ and initial transverse position x0.

Furthermore, in a plasma wakefield electrons may gain or lose energy. This

results in a range of αβ values for a beam with finite energy spread and a

distribution of betatron amplitudes.

3.2 Beam Motion

For an electron beam with a Gaussian transverse profile the ensemble aver-

age betatron amplitude 〈xβ〉 is proportional to the r.m.s. beam size in the

transverse horizontal direction σx, within which most electron trajectories are

contained. Single electron orbits are then confined within boundary of a beam

size σx that evolves through a wakefield, known as the beam envelope. Assum-

ing no external forces other than the focusing field Er, an electron beam size

σx in a fully blown-out ion channel evolves according to the envelope equation

[142]

d2σx
dz2

+
k2
p

2γ
σx −

ε2
n

γ2σ3
x

= 0. (3.12)

The second and third terms account for focusing due to the ion column and

outward pressure of the beam emittance respectively. The two balance when

the condition (dσx/dz)z=0 = 0 is met, which is satisfied for a beam size

σ2
x,m =

(
2ε2

n

γk2
p

) 1
2

, (3.13)

known as the matched size. Electron beams injected into a plasma ion chan-

nel undergo envelope oscillations between the initial and matched beam radii.

If injected with the matched value a beam will continue to propagate at this
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size in the absence of additional extra or intra-beam forces, e.g. acceleration

or radiation reaction. In the case of acceleration the beam size will be adiabat-

ically damped, but if the beam is initially matched the normalised emittance

εn will be preserved throughout acceleration; the effects of radiation reaction

on the evolution of beam parameters are discussed in Chapter 7.

3.3 Synchrotron Radiation from Ion Channels

Electron beams in ion focusing channels emit synchrotron radiation whose

spectral characteristics are determined by the distribution of single-electron

orbits within the beam envelope [143, 141], known experimentally as betatron

radiation. A general expression for the radiation emitted by an electron oscil-

lating in an ion channel is found by substituting its trajectory, such as those

described in section 3.1, into the Liénard-Wiechert fields [144]. The energy

emitted into a direction ~n by an electron, as a function of its position, velocity,

and acceleration along its trajectory, is then given by [145]

d2I

dωdΩ
=

e2

16π3ε0c
×

∣∣∣∣∣
∫ +∞

−∞
eiω[t−~n·~r(t)/c]~n× [(~n− ~β)× ~̇β]

(1− ~β · ~n)2
dt

∣∣∣∣∣
2

, (3.14)

where the energy is emitted within a spectral bandwidth dω about a fre-

quency ω, into a solid angle dΩ about the direction ~n. The electron position

at time t, and velocity normalised to the speed of light in vacuum c, are ~r(t)

and ~β respectively. Equation (3.14) assumes observation in the far field, such

that the direction of observation ~n may be considered constant for the entirety

of the electron’s trajectory.
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3.3.1 Spectral Characteristics

The fundamental frequency ω = 2πc/λ of the radiation described by equa-

tion (3.14) is derived from the betatron wavelength λβ, which is both Lorentz

contracted in the laboratory frame due to the emitting electron’s energy by a

factor γ2, and Doppler shifted with respect to a polar observation angle θ from

the axis of acceleration [145]:

λ ' λβ
2γ2

(
1 +

α2
β

2
+ γ2θ2

)
(3.15)

For αβ << 1, the emission is comprised of a few low-order harmonics of λ1.

In this case particle motion is in the undulator regime: the electron radiates

in the same direction at all times during its orbit. Spatially, the emission is

collimated along the propagation axis, falling within an angle θ ∼ 1/γ. As

αβ increases above unity the electron begins to emit in the wiggler regime,

i.e. in different directions at different times in its orbit, which contributes an

increasing number of finite-width harmonics of λ that fall in a broader angle

θ ∼ αβ/γ. For αβ >> 1, the presence of many high-order harmonics result in

a total spectrum that becomes synchrotron-like, such as the emission from a

particle beam that has passed through a dipole magnet, with a shape that can

be approximated by the universal function [141]

S(x) = x

∫ ∞
x

K5/3(ξ)dξ, (3.16)

whereK5/3 is a modified Bessel function of the second kind. Such a spectrum

falls exponentially after a critical frequency ωc, which divides the spectrum into

two equal components and, for a relativistic electron in a pure ion channel, may

be expressed as [141]

ωc =
3

2
γ3cxβk

2
β. (3.17)
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Electron motion in plasma wakefield accelerators generally results in strong

transverse motion where the assumption that αβ >> 1 is valid. Some accel-

eration schemes, such as the AWAKE experiment, result in quasi-undulator

motion (αβ ∼ 1), which is discussed in Chapter 6.

3.3.2 Radiated Power

The total power radiated by a relativistic electron is found from the Larmor

formula [144]

Pγ =
2e2

3c
γ2

[(
d~u

dt

)2

−
(
dγ

dt

)2
]
, (3.18)

where ~u = ~p/mec is the normalised momentum. For the sinusoidal motion

described by equations (3.7–3.9) with constant energy (dγ/dt = 0) the average

power radiated over a betatron period is [143]

〈Pγ〉 '
remec

3γ2k2
βα

2
β

3
=
remec

3γ4k4
βx

2
β

3
, (3.19)

where re = e2/mec
2 is the classical electron radius in c.g.s. units. The energy

loss rate per unit distance s for a radiating electron is therefore

dWloss

ds
=
〈Pγ〉
c

=
remec

2γ2k2
βα

2
β

3
, (3.20)

and the total energy lost over a number Nβ of betatron periods λβ = 2π/kβ

is

Wloss =
〈Pγ〉
c
λβNβ =

2π

3
remec

2γ2kβα
2
βNβ. (3.21)

Subsequently dividing equation (3.21) by the average photon energy in a syn-

chrotron spectrum ~〈ω〉 = (8/15
√

3)~ωc, and substituting for equation (3.17),
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the number of photons emitted per electron, per betatron period Nβ, and

integrated over all angles is [145]:

〈Nγ〉 =
5
√

3π

6

remecα
2
β

~γxβkβ
=

5
√

3π

6
ααβ, (3.22)

where α = e2/~c is the fine structure constant in c.g.s. units.

3.3.3 Quantum Radiation Regime

The classical treatment for synchrotron radiation, presented so far, does not

remain valid in all regimes of electron acceleration. If interacting with a suffi-

ciently intense electromagnetic field, quantum effects must be considered. In

the classical picture an electron oscillating in an electromagnetic field ( ~E, ~B)

absorbs energy and momentum from it, which can be emitted as synchrotron

radiation, known as multiphoton Thompson scattering; in a field of sufficient

strength, where quantum effects such as photon recoil influence the radiation

mechanism, the process is known as multiphoton Compton scattering. The

transition between the two regimes of emission is characterised by the quan-

tum electrodynamics (QED) parameter χ [146]:

χ =
γ

√(
~E + ~u× ~B

)2

−
(
~u · ~E

)2

Es
' γF⊥

eEs
=
γEr
Es

(3.23)

where ~u = ~p/mc is the normalised momentum of the electron, γ is its

relativistic Lorentz factor, and Es = 1.32× 1018 Vm−1 is the Schwinger or

QED critical field. The classical treatment of radiation reaction is valid when

χ << 1, while a quantum radiation model is required for χ ≥ 1. Evidence of

radiation reaction that conforms to aspects of a quantum model of emission

has been shown in all-optical inverse Compton scattering experiments, where

an LWFA-generated electron beam collides with a secondary laser pulse [147].
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3.4 Summary

All radiating systems presented in this thesis are within the classical radiation

regime; the closest to the Quantum regime being the case of a 51GeV (γ =

1× 105) electron beam accelerated in a plasma of density ne = 1× 1018 cm−3

where the wavebreaking field E0 = 96GVm−1, shown in section 7.2.1. In this

case Er ∼ 0.1E0 = 9.6× 109 Vm−1 and χ ' 1× 10−3. This chapter has estab-

lished the framework for transverse electron motion in a plasma wakefield used

throughout this thesis. The next chapter describes numerical methods that are

used simulate the interaction of high intensity laser and particle beams with

plasma. Numerical simulation is now a fundamental tool in the novel accel-

erator research community, which complements and extends the experimental

and theoretical study of plasma wakefield acceleration.
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Chapter 4

Simulation of Plasma Wakefield

Acceleration

4.1 The Particle-in-cell Method

Numerical methods may be used when analytical solutions for the equations

describing a physical system cannot be obtained, such as in the nonlinear

interaction of a high intensity laser pulse with plasma. A plasma contains

many particles that have a large and continuous distribution of velocities at

different locations. The function f = f(~r, ~p, t) describes this distribution for a

given particle species of the plasma by defining the region in six-dimensional

phase space (x̂, ŷ, ẑ, p̂x, p̂y, p̂z) that it occupies. It can be thought of as a

probability density, where integrating f(~r, ~p, t) over a volume of phase space

gives the probability of finding a particle within the volume around location

~r with momenta close to ~p at a particular time t. The distribution function

evolves according to the Boltzmann equation, taking into account particle

collisions or interaction with fields [148]:
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∂f

∂t
+

~p

γm
· ∇rf + ~F · ∇pf = C(f) + S(f). (4.1)

~F = q( ~E + ~v × ~B) is the Lorentz force acting particles due to fields, C(f)

is the contribution to f(~r, ~p, t) from particle collisions, and S(f) is a source

term to account for ionisation and recombination processes within the plasma

that could alter the species population. In the case of a laser-ionised plasma

C(f) may be neglected because the time between electron-ion collisions in a

plasma is typically longer than the time scale of laser-plasma interaction. The

source term S(f) can also be ignored as most lasers have an intensity orders

of magnitude greater than the ionisation potential of the neutral gas, and a

fully ionised plasma can be assumed. Therefore with C(f) = 0 and S(f) = 0

the Boltzmann equation reduces to

∂f

∂t
+

~p

γm
· ∇rf + ~F · ∇pf = 0, (4.2)

which is known as the Vlasov equation. Using the relevant Maxwell equations:

∇× ~E = −∂
~B

∂t
, (4.3)

∇× ~H = ~J +
∂ ~D

∂t
, (4.4)

where ~J is the current density, ~H = ~B/µrµ0 is the magnetic intensity, and
~D = εrε0

~E is the electric displacement with the relative magnetic permeability

and electric permittivity µr and ε0 respectively. Equation (4.2) and the Lorentz

force therefore provide a closed system of equations that govern the behaviour

of a given particle species in a collisionless, fully ionised plasma. Differential

equations may be solved approximately by exchanging a derivative for a finite

difference. By representing the distribution function f with a fixed Eulerian
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mesh of points and finite differencing equation (4.2) with respect to time, the

evolution of a plasma species over a series of timesteps may be simulated. Such

Vlasov simulation codes [149] provide a comprehensive description of a plasma

system but in most cases their computational memory requirements are signifi-

cant. A mesh of just N = 100 points along each of the six dimensions in phase

space would result in 1012 variables, each of which are commonly allocated

a 32-bit double precision floating point number, and therefore a significant

amount of memory is required to store all the variables. Furthermore, given

that the plasma particles of interest occupy a limited region in phase space,

and that all the remaining ‘empty’ points in the numerical arrays making up

the distribution function f must still be processed, multi-dimensional Vlasov

codes can be highly inefficient with computing resources.

The memory requirements of such a simulation may be reduced by grouping

real plasma particles into local clusters of ‘macroparticles’, each representing

many real particles that occupy a finite volume and move together with the

same velocity. In this case equation (4.2) may be approximated by a set of finite

phase-fluid elements, whose centres follow the familiar equations of motion for

a relativistic particle [72]. This is known as the particle-in-cell (PIC) method.

It has the advantage that only the region of interest in phase space, i.e. only

those fluid elements representing the plasma particles of interest, are tracked

in the simulation. A static mesh is still required to solve equations (4.3) and

(4.4) but this has only three dimensions in contrast to the full six-dimensional

mesh inherent to Vlasov codes. Therefore a PIC code stores the position

and momenta of the macroparticles as continuous coordinates, whereas the

resultant electromagnetic fields they generate are confined to discrete positions

on a fixed Eulerian mesh. Macroparticles are ‘pushed’ by the electromagnetic

fields to new locations with modified momenta, who in turn generate new fields.

The particle coordinates and field values are advanced in timesteps from initial

conditions using an algorithm, summarised in the flowchart in figure 4.1.
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Figure 4.1: A single timestep of the PIC cycle.

4.2 Numerical Stability

Numerical stability is an important consideration for PIC simulations. An

unstable simulation can see errors propagate and grow over many timesteps,

leading to unphysical results. A fundamental requirement for stability is that

the timestep ∆t used in the finite-difference solver is shorter than the travel

time of light across the width of a mesh cell, such that information is only

communicated between adjoining cells. For a mesh cell with three-dimensional

size ∆x×∆y ×∆z the timestep must satisfy

∆t <
√

∆x2 + ∆y2 + ∆z2/c, (4.5)

which is known as the Courant condition [150]. Electromagnetic waves prop-

agate in vacuum at the speed of light c, where there is no dispersion. However
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when the finite-difference method is used to solve the Maxwell equations (4.3)

and (4.4) with a discrete cell size numerical dispersion can be introduced. This

leads to the numerical Cherenkov instability [151] where particles travel faster

than the speed of light in the simulation mesh, placing further constraints on

the simulation timestep in order to maintain stability. This effect can be mit-

igated by smoothing the particle current density that gives rise to the fields,

in either time or space [151].

4.3 The Quasi-static Approximation

The operation of plasma accelerators concerns a wide variety of length scales,

from the laser wavelength of hundreds of nanometres to metre-scale plasma

over which acceleration takes place in PWFA. Future plasma-based colliders

could maintain acceleration over multiple kilometres. These disparate scales

provide a significant challenge for simulation, but approximations are employed

to decrease the computational time without loss of physical accuracy. Par-

ticularly relevant for this thesis is the quasi-static approximation. Such an

approach decouples the relatively fast timescale of driver evolution from the

relatively slow duration of acceleration: it assumes that a driving laser pulse or

particle beam does not evolve significantly in a time corresponding to its own

length and so the simulation can be advanced in larger timesteps [72]. Since a

new wakefield configuration must be calculated for every timestep during which

the driver may have evolved, reducing timestep frequency offers a significant

increase in simulation speed. Radiation is not included self-consistently in the

quasi-static approximation and as such a driving laser pulse envelope must be

included analytically via the ponderomotive force, shown in equation (2.64).

The quasi-static approximation is used for the simulation studies presented in

Chapter 6 and Chapter 7 of this thesis to greatly reduce computational time

for long-term acceleration over many metres.
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4.4 Simulation Codes

4.4.1 EPOCH

EPOCH is an MPI parallelised, explicit, second-order, relativistic PIC code

developed at the University of Warwick for laser-plasma interaction [94]. The

code is fully three-dimensional and capable of modelling ionisation processes.

It is also possible to implement bespoke density profiles for the plasma electron

species. This enabled the introduction of a hydrodynamic shock model used

in the simulation study presented in Chapter 5. Version 4.9.0 of EPOCH was

used in all presented studies.

4.4.2 QV3D

The 3-dimensional quasi-static PIC code QV3D [72] is built on the frame-

work of Virtual Laser Plasma Laboratory (VLPL) [152], a longstanding code

used widely for the simulation of plasma wakefield acceleration. Most PIC

simulations do not explicitly model synchrotron-like emission, as the short-

wavelength emission cannot be resolved by the simulation mesh. In QV3D

the photon energies are calculated from the macroparticle trajectories directly

and this is done self-consistently during the particle push, i.e. from the new

particle positions. Each macroparticle emits a synchrotron spectrum with a

shape given by equation (3.16) along its trajectory, from which the transverse

momentum change of the electron is calculated. This change in momentum

determines how many photons of that spectrum are emitted in one timestep.

Macroparticle momenta are subsequently updated for the following timestep

according to the radiated photon energy. The raw spectrum from the code is

saved as a critical photon spectrum N(ωc); the total betatron spectrum N(ω)

is reconstructed by convolving equation (3.16) with N(ωc):
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N(ω) =

∫ ∞
0

S

(
ω

ωc

)
N(ωc)dωc. (4.6)

Effectively, each energy ωc,i in the critical spectrum generates its own syn-

chrotron spectrum. By distributing the photons at each ωc,i across a syn-

chrotron spectrum whose shape is given by equation (3.16), repeating the pro-

cess for all ωc,i and summing the resulting spectra together, the convolution

is complete and the total betatron spectrum is recovered. The distribution

of the emitted critical photons are also saved in polar angle θ and azimuthal

angle φ with respect to the beam axis, therefore allowing reconstruction of the

emission’s spatial photon distribution. Version 1.3.0 of QV3D was used for all

presented studies.

4.5 Computing Architectures

The simulation studies presented in the following chapters used high perfor-

mance computing (HPC) clusters, owing to the computational demands of PIC

simulations. The study presented in Chapter 5 used EPOCH running on the

science and technologies facilities council (STFC) SCARF cluster, based at

RAL. EPOCH typically required simulations on 200 to 500 central processing

units (CPUs) running for 8 hours. For the studies in Chapters 6 and 7 the

CERN computing service HTCondor cluster was used to run QV3D simula-

tions. Due to the quasi-static approximation fewer CPUs are required, even

when running over many betatron periods, and a maximum of 24 were used in

this case, typically running for up to 12 hours. However, the single comput-

ing node of which the CPUs were a part had access to up to 1TB of random

access memory (RAM) making high resolution three-dimensional simulations

possible.
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4.6 Summary

Particle-in-cell simulations are used in this thesis to study a variety of plasma

wakefield accelerator concepts. This chapter has outlined the theoretical un-

derpinning for their operation, and explained some of the potential drawbacks

in their use. In the following three chapters PIC simulations are deployed in

different configurations and on different computing architectures in order to

best suit the physical systems that they approximate. Nevertheless, limitations

will always remain and numerical simulations should ideally be accompanied

with comparison to experimental or analytical results. The simulations pre-

sented in this thesis are reproducible in that when initialised under the same

conditions, and propagated for the same amount of time, they will produce

the same results. Therefore error calculations have not been included when

stating values derived from the simulations. It is possible to introduce random

noise in the initial conditions of a PIC simulation, but this was not done in

this case.
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Chapter 5

LWFA Injector for AWAKE Run 2

This chapter is an adapted and extended version of the published paper entitled

‘Simulation study of an LWFA-based electron injector for AWAKE Run 2’,

Williamson et al., NIMA, 909, 126-129 (2018) [153].

5.1 Electron Source Requirements

AWAKE Run 2 aims to limit the relative energy spread and preserve the nor-

malised beam emittance of injected electron beams. This requires that the

proton-driven wakefield is correctly loaded to produce a quasi-uniform energy

gain for all witness electrons, and that the injected electron beam is correctly

matched to the plasma, balancing the focusing and defocusing forces it expe-

riences. It has previously been shown that an electron bunch carrying 100-

200 pC of charge within σz = 40-60 µm would have a sufficient beam current

(∼ 0.5 kA) to load the proton-drive wakefield; for an electron beam energy

∼ 200MeV and the baseline plasma density for Run 2, ne = 7× 1014 cm−3,

matching requires a transverse beam size σr =5.25 µm [47]. Given that 5m

is available to the electron injector beamline [42], such bunch dimensions and

final beam energies are challenging to meet with the current injector, neces-
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sitating a new electron injector. One proposed solution is to use an LWFA

[51], since they readily produce dense, high-energy, and low emittance electron

beams in a compact arrangement. In this Chapter we investigate an LWFA

scheme that can meet the requirements for the AWAKE Run 2 electron source,

and discuss the transport considerations for such a beam to be injected into

the accelerating plasma stage with optimal properties.

5.2 Shock-front Injected LWFAs

The injection mechanism used in an LWFA significantly impacts on the fi-

nal energy distribution, total charge, and emittance of the accelerated electron

bunch. Self-injection is the result of a close approach to the wavebreaking limit;

a laser pulse intensity and plasma density are selected such that while some

charge is injected the accelerating structure is not destroyed. As discussed in

Chapter 2, this can lead to strongly peaked GeV-scale electron spectra using

a relatively straightforward plasma source [100], however once wavebreaking

is initiated control over the injection is lost. The threshold at which wave-

breaking begins is sensitive to small nonuniformities in the laser driver that

vary between shots, leading to significant fluctuations in the quantity and final

energy distribution of injected electrons.

Beams of higher quality are produced when the injection mechanism is sep-

arated from the acceleration process. Shock-front injection [118] occurs at the

transition between two consecutive regions of different plasma electron density

where ne1 > ne2 . The laser intensity and plasma density in both regions are

chosen such that nonlinear plasma waves are excited but no wavebreaking oc-

curs, i.e. self-injection is inhibited for the given laser intensity. At the density

transition, charge build up at the rear of the bubble during laser propagation in

the region ne1 is rephased as λp is longer in the lower density region, effectively

injecting a quantity of charge into the accelerating field of the wakefield driven
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in the region ne2 . This means that injection only occurs at the density tran-

sition, and since the injection is initiated in a specific location electron beam

properties are significantly more reproducible with respect to self-injection.

Typically, shock-front injected electron beams have a stable absolute energy

spread ∆E and small normalised emittance εn [119]. The density transition

must be rapid, occurring over a length on the order of λp, and is created

by the insertion of a razor blade into the flow of a supersonic gas jet which

is locally distorted, creating a hydrodynamic shock. By altering the blade

position and therefore the injection location in the plasma, different accelera-

tion lengths will be available and the final peak beam energy may be varied.

Quasi-monoenergetic electron beams with peak energies between 10-100MeV

and 1-100 pC of charge have been produced in experiment [119]. The quan-

tity of injected charge can be varied with the peak value of the laser pulse’s

normalised vector potential a0, given by equation (2.63), because a larger per-

turbation in plasma electron number density follows a stronger laser pulse, so

that more electrons are available to be injected at the density transition.

More recent investigations have shown that the tilt of the shock is an impor-

tant factor in control of beam quality [154] and a highly tunable peak energy

is possible [155]. When used in combination with ionisation injection [105] the

shot-to-shot stability of shock-front injection can be further enhanced. This is

because electrons contributing to the charge build up before injection are only

‘born’ from their parent high-Z atoms after the laser pulse has passed and so

are not influenced by nonuniformities in the laser pulse, which are a signifi-

cant cause of shot-to-shot fluctuations. These characteristics make shock-front

injection a scalable source of good quality and reproducible electron beams.

105



5.3 Beam Generation

5.3.1 Baseline Case

Shock-front injection was chosen to generate the electron beam in this study

[153], and the idealised longitudinal plasma electron density profile that was

used in the simulation is shown in figure 5.1. It was performed in the PIC

code EPOCH [94] using two-dimensional slab geometry, with a window co-

moving at the group velocity of the laser pulse. The simulation cell sizes

were ∆y = 0.1 µm and ∆z = 0.02 µm or 600 and 3000 cells in the vertical

and longitudinal directions respectively, with 5 macroparticles per cell. In the

longitudinal direction there are therefore 40 cells per 0.8 µm laser wavelength.

The complete simulation parameters for each study may be found in Appendix

A, along with a description of convergence testing.

Figure 5.1: Plasma electron density profile used in the baseline simulation study.

The density regions ne1 and ne2 correspond to ne,peak and ne,plateau in table

5.1. The laser pulse propagates from left to right and its parameters are chosen

to satisfy a strong blow-out regime as described in Chapter 2, without trig-

gering self-injection. This density profile emulates a supersonic gas jet with a

steep initial rise up to a density ne,peak = 9× 1018 cm−3 at the hydrodynamic

shock created by the razor blade, where an electron beam is injected. This

is followed by a steep drop to a constant density ne,plateau = 5.4× 1018 cm−3
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Figure 5.2: Simulated plasma density in the plateau region, downstream from the

hydrodynamic shock.

that is maintained for some distance before the plasma density decreases to-

wards vacuum. In this plateau region c/ωp = 2.29 µm. A snapshot of the

plasma electron density at the end of the plateau region is shown in figure

5.2, showing a strong nonlinear plasma wave and that the driving laser pulse

is undergoing relativistic self-focusing. The colour scale is truncated at half

its maximum value to clearly show all but the highest density features. At

the end of the 1.5mm gas jet the electron beam is found to have a charge of

(a) 0.75mm propagation (b) 1.5mm propagation

Figure 5.3: Energy spectrum of the simulated electron beam.
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Table 5.1: Laser beam and plasma parameters for the LWFA electron injector.

Laser Pulse at Focus

λ 800 nm

a0 2.3

w 11 µm

τ 22 fs

P 43TW

Plasma

ne,peak 9× 1018 cm−3

ne,plateau 5.4× 1018 cm−3

Total length 1.5mm

115 pC, a mean energy 〈E〉 = 112.7MeV with relative energy spread δE/〈E〉 =

20.4%, and a vertical normalised emittance εy,n = 0.35mmmrad. The abso-

lute energy spread is quoted as a width δE not as an r.m.s. value, since

the electron bunch energy spectrum is non-Gaussian, as shown in figure 5.3

(b). The electron beam is Gaussian in the transverse vertical direction and

has an r.m.s. size σy = 0.56 µm. Longitudinally the beam has a somewhat

Maxwellian distribution since the injection is not terminated as abruptly as

it begins. This results in a short duration of continual injection but a bunch

length of no more than 2.0 µm. This configuration of laser and plasma param-

eters can therefore meet the fundamental charge requirements of the AWAKE

Run 2 electron injector [153], providing a potential source of electrons that

could be immediately adjacent to the main proton beamline with the laser

driver transported from elsewhere. The transverse size is well within the re-

quired matched radius, the normalised emittance is small, and while relatively

large the energy spread in the beam is strongly peaked. However, the bunch

length results in a beam current of at least 17 kA that greatly exceeds the
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(a) 0.75mm propagation (b) 1.5mm propagation

Figure 5.4: Longitudinal phase space of the simulated electron beam, with colourbar

in units of macroelectrons.

(a) 0.75mm propagation (b) 1.5mm propagation

Figure 5.5: Vertical transverse phase space of the simulated electron beam, with

colourbar in units of macroelectrons..

optimal value. Consequently such an electron beam will overload the proton-

driven wakefield, and would require extension during transport. The majority

of acceleration occurs in the highest density regions, while the downramp re-

gion provides a tapering focusing force until the plasma-vacuum interface. To

demonstrate the electron beam dynamics in the downramp region the energy

spectrum, longitudinal phase space, and transverse phase space are shown at

both 0.75mm and 1.5mm propagation in figures 5.3, 5.4, and 5.5 respectively.

The longitudinal phase space shows that the beam has a strong energy chirp,

set initially by the injection mechanism, which has a small contribution from
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the variation of the accelerating field Ez along the beam. This results in a

small increase in energy spread as the beam gains some energy in the down-

ramp region. The effect of beam loading will be discussed in the next section.

Transversely, the beam has reached a waist at 0.75mm where its vertical size

is at a minimum. The average betatron wavelength in the downramp region is

〈λβ〉 = 0.57mm, and therefore the plasma density falls to zero slowly over mul-

tiple betatron periods and as such the focusing strength also changes slowly.

This tapered extraction of an electron beam from an LWFA has been shown

to re-orientate the phase space ellipse and preserve its normalised emittance

[156]. As can be seen in figure 5.5 (b), at 1.5mm propagation the beam is

diverging and has a larger transverse size and smaller spread of momenta; the

normalised beam emittance has been approximately conserved, where εy,n =

0.25mmmrad at 0.75mm and εy,n = 0.35mmmrad at 1.5mm. We define the

laser and gas jet density profile presented in this section, summarised in table

5.1, as the ‘baseline’ simulation. The simulation studies presented in following

sections are parameter scans that vary from this baseline.

5.3.2 Laser vector potential

The laser strength parameter a0 was varied in order to assess the effect of beam-

loading in the LWFA before extraction and injection into the proton-driven

wakefield. The baseline simulation was repeated for laser strength values of

a0 = 2.2 and a0 = 2.5. A larger quantity of charge is injected into the acceler-

ating phase of the wakefield as a0 increases, thereby lowering the accelerating

field in the region of the bunch, as can be seen from the plasma density plots

in figures 5.6 (a, c, e) with the corresponding accelerating field Ez overlaid in

each case. The degree of continuity seen in the injection mechanism also varies

with a0, and as it decreases the injection is terminated more abruptly. This

manifests as a shorter low-energy tail, seen in the beam longitudinal phase

space of figure 5.6 (b) when compared with figure 5.6 (f). All plots in figure
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(a) a0 = 2.2
(b) a0 = 2.2

(c) a0 = 2.3
(d) a0 = 2.3

(e) a0 = 2.5
(f) a0 = 2.5

Figure 5.6: Simulated plasma density, with colourbar in units of 1019 cm−3, and

longitudinal beam phase space, with colourbar in units of macroelectrons, at 0.75mm.

5.6 are shown at 0.75mm because at the full 1.5mm propagation the plasma

electron density has fallen by orders of magnitude and the wakefield structure
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Figure 5.7: Electron energy spectra at the end of the gas jet (1.5mm propagation)

for different laser strengths.

is no longer visible. By the end of the gas jet, at the full 1.5mm propaga-

tion distance, the electron beams injected for each laser strength a0 = 2.2,

a0 = 2.3, and a0 = 2.5 have a decreasing mean energy of 〈E〉 = 127.7MeV,

〈E〉 = 112.7MeV, and 〈E〉 = 83.7MeV respectively. Each contains an increas-

ing quantity of charge, which is shown in the electron energy spectra of figure

5.7. The respective total beam charges are 63.8 pC, 115 pC, and 244 pC; the

relative energy spread δE/〈E〉 increases as 9.48%, 20.4%, and 46.6%.

Therefore the beam energy spread may be significantly improved by lowering

the laser strength parameter and in turn optimising the beam loading, however

the total quantity of injected charge, e.g. for a0 = 2.2, does not meet the

minimum requirement for the electron injector. As a result there is an offset

between energy spread and charge, and the baseline case with a0 = 2.3 provides

such a balance. The extent to which beam loading impacts on the energy

distribution is not entirely clear: a higher laser intensity may also be sufficient
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to initiate wavebreaking and self-injection, a source of additional charge, and

interaction between the shock-front and self-injection mechanisms could itself

impact on the final energy spectrum when a0 is increased. Nonetheless beam

loading may be optimised to reduce δE [153].

5.3.3 Plateau length

The final beam energy may be increased by extending the accelerating region,

for example up to the value of ∼ 200MeV used by Olsen et al. (2018) [47].

The baseline simulation with a0 = 2.3 was repeated over a range of gas jet

density profiles, summarised in table 5.2, configured such that the upramp

and downramp regions had the same length while the plateau region was made

longer.

Table 5.2: Simulated final electron beam energies for an increasing gas jet length.

Gas Jet Width [mm] Plateau Length [mm] 〈E〉 [MeV]

1.50 0.280 112.7

1.60 0.380 131.7

1.70 0.480 149.8

1.80 0.580 166.9

1.90 0.680 182.9

2.00 0.780 197.6

The energy gain has an approximate linear scaling with plateau length, al-

though its slope is less than would be expected if all the acceleration took place

in the plateau region. This indicates that electrons gain the majority of their

longitudinal momentum soon after injection. The absolute energy spread δE

across the simulated range of 6 plateau lengths had a mean value of 〈δE〉 =

23.77 MeV, where all δE had a value within ± 8.3% of the mean. Because δE

is stable for all simulations it is likely to originate with the injection mecha-
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Figure 5.8: Simulated electron beam relative energy spread δE/〈E〉 (dashed line) and

normalised vertical emittance εy,n (solid line) for a range of final mean beam energies.

nism, which is unchanged, and not the acceleration. A fixed δE results in a

decreasing relative energy spread δE/〈E〉 for larger final mean beam energies

〈E〉, a trend consistent with experimental observation of shock-front injected

electron beams [119]. The normalised vertical emittance εy,n remains low,

below 0.6mmmrad in the simulated range of plateau lengths, owing to the

unchanged gradient in the downramp region. Both are shown in figure 5.8.

5.3.4 Limitations of two-dimensional geometry

Two-dimensional PIC simulations can reduce computational time by orders

of magnitude, while providing a good approximation to the physics of laser-

plasma interaction for systems that exhibit symmetry in at least one spatial

dimension. However such a geometry does have limitations, and two in par-

ticular are relevant for the simulations presented in this chapter [153]. Firstly,

the automatic weighting given to each macroparticle is not representative of

the total number of electrons present in the laser-plasma interaction: because
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the electron density is a three-dimensional variable an assumption must be

made on the extent of the laser-plasma interaction in the non-simulated third

dimension, when estimating the total number of electrons. In the presented

simulations this is taken to be the FWHM diameter of the laser pulse when

estimating the presented bunch charges. One consequence of this is that the

charge density of a simulated electron beam will not be entirely representa-

tive of the real value, making it challenging to evaluate beam loading effects

quantitatively. Secondly, relativistic self-focusing of the laser pulse is pro-

portional to w0 in two-dimensions and w2
0 in three. Therefore self-focusing

develops at a slower rate in a two-dimensional simulation, and the laser in-

tensity required to produce a given regime of laser-plasma interaction may be

overestimated. Three-dimensional PIC simulations are necessary to confirm

the injected charge for a given laser intensity.

5.4 Beam Transport and Matching

Once extracted from the LWFA, the electron beam properties will evolve sig-

nificantly if they are not controlled, and they require optimisation as the beam

is transported to the point of injection into the proton-driven wakefield. The

laser-driven wakefield provides strong focusing of the electron beam; on exiting

the plasma this is lost and the beam diverges due to its finite emittance. An

electron beam distribution from the baseline simulation, assumed to be radi-

ally symmetric such that σx = σy, is implemented in the space-charge tracking

code ASTRA [157]. In ASTRA, the beam is distributed on a grid of longitu-

dinal slices and radial concentric rings. Therefore, the number of particles per

cell can vary strongly between cells at radial positions close to the beam axis

and weakly far from it; consequently it can be the case that very few particles

are present close to the axis, leading to abrupt statistical fluctuations and er-

roneous calculation of space-charge forces within the beam. To mitigate this
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issue the width of concentric rings can be chosen to increase towards the beam

axis, however it is still necessary to choose either a small number of grid cells

or a very large number of particles to ensure that a reasonable sample of par-

ticles are present in every cell. In the presented simulations the former case is

chosen, and the beam is represented by 500 particles and ten cells in both the

longitudinal and radial directions. Figure 5.9 shows the field free propagation

Figure 5.9: LWFA-accelerated electron beam dimensions and divergence as it propa-

gates in vacuum.

of the beam in vacuum, tracked over 1 metre. Transverse beam sizes σx,y grow

significantly, and while the bunch length σz increases slightly it remains close

to its value at generation. Tracking was performed both with and without

space-charge forces, demonstrating εy,n growth in both cases. Although some

space-charge contribution exists, the intrinsic growth of εn during vacuum

propagation is seen in electron beams with large energy spread and divergence

[62]. As σz remains small the need for longitudinal phase space manipula-

tion of the electron beam before injection into the proton-driven wakefield is

apparent. Focusing optics are also needed to match the electron beam to the

accelerating stage of the main beamline at AWAKE which as discussed requires
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a transverse size of 5.25 µm if the initial normalised emittance is 2mmmrad

and γ = 426 [47]. In Run 2 the AWAKE plasma source may be replaced with

two separate laser-ionised vapour vessels, one for pre-modulating the proton

beam and one for acceleration. This presents an opportunity to inject the

electron beam in the space between. Such a space is limited, to 1m or less

in order to avoid proton beam divergence between consecutive vapour vessels

that would result in a sub-optimal accelerating wakefield. From the electron

beam properties determined in the simulations, the requirements of the LWFA

injector beamline must be to transport the electron beam to the proton-driven

PWFA stage, lengthening the bunch size to reduce its intrinsic beam current,

and to match its transverse size for normalised emittance preservation. If the

LWFA electron beam is initially generated parallel to the proton beamline a

magnetic dipole chicane can transport the electron beam horizontally towards

it.

Given the dispersion of such a magnetic lattice, the resulting energy-path

correlation may be exploited to decompress the electron beam longitudinally

as it is transported. As seen in figure 5.4(b) the electron beam has a strong

energy chirp and the magnetic decompression of such electron beams has been

investigated previously [158] to simultaneously reduce their slice energy spread

(the energy spread within a given longitudinal slice of the beam) and beam

current in order for them to be used as free-electron laser (FEL) drivers, which

was found to be possible with small magnetic chicanes with longitudinal dis-

persion R56 = 10-500 µm [158].

Owing to the high initial beam current, coherent synchrotron radiation

(CSR) effects must also be taken into account [159]. To facilitate matching,

a quadrupole triplet can be placed within the chicane and in this section we

outline a triplet configuration to achieve this. The thin lens approximation is

valid if the length l of a quadrupole is small compared to its focal length f ,
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and in this case the strength of a quadrupole is given by k = 1/(fl) = (eg)/p

where g is the magnetic gradient and e and p are the charge and momentum

respectively of a particle within the magnetic field. Alternatively [65]:

k[m−2] = 0.2998
g[Tm−1]

p[GeVc−1]
. (5.1)

For an electromagnetic quadrupole with g = 15Tm−1 and l = 20 cm the focal

length for a 113MeV electron beam, from the baseline simulation, is 12.6 cm,

and over a metre in a triplet configuration. The components of the beamline

must therefore be compact for the injection to take place within 1m. Focal

lengths could be decreased with larger magnets but again this would exceed

the spatial restraints of an on-axis LWFA injector.

One possibility to achieve compact focusing is with permanent magnetic

quadrupoles (PMQs), since they have magnetic gradients up to 560Tm−1 [160]

and cm-scale focal lengths. A simple magnetic lattice was added to the sim-

ulation in ASTRA consisting of three PMQ lenses of 236Tm−1, 539Tm−1,

and 471Tm−1, each 30mm in length, placed at 0.03m, 0.07m, and 0.11m.

Focused beam sizes and normalised emittance throughout such a PMQ triplet

were tracked for a range of electron bunch energy spreads and are shown with

δE/〈E〉 = 5% in figure 5.10, δE/〈E〉 = 10% in figure 5.11, and δE/〈E〉 =

20.4% in figure 5.12.

The energy dependence of quadrupole focusing can be seen in equation (5.1),

and this chromatic behaviour results in a broad distribution of foci for large

energy spreads. For δE/〈E〉 = 5% beam sizes are focused to σx,y = 10.8 µm in

20 cm whereas for δE/〈E〉 = 20.4%, found in the baseline simulation, focusing

is no longer symmetric and beam waists are larger. Optimisation of individual

magnet strength and positioning to reach the stipulated transverse beam size

σx,y = 5.25 µm may result in a longer footprint for the triplet, but ultimately
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reducing the beam energy spread at generation is the best method to aid beam

transport. One-dimensional emittance growth could be problematic, however

the aim of AWAKE Run 2 is simply to preserve the normalised emittance

throughout acceleration in the proton-driven wakefield at its injected value,

which will vary given the initial beam size and energy.

(a) Beam size

(b) Normalised emittance

Figure 5.10: LWFA beam dynamics in a PMQ triplet with δE/〈E〉 = 5%.
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(a) Beam size

(b) Normalised emittance

Figure 5.11: LWFA beam dynamics in a PMQ triplet with δE/〈E〉 = 10%.
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(a) Beam size

(b) Normalised emittance

Figure 5.12: LWFA beam dynamics in a PMQ triplet with δE/〈E〉 = 20.4%.
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5.5 Summary

A set of laser and plasma parameters have been investigated for an LWFA-

based electron injector, which could be implemented in Run 2 of the AWAKE

experiment. PIC simulations show charge requirements can be met with a

laser of a0 = 2.3, corresponding to a power of 43TW for τ = 22 fs and w0 =

11 µm. A shock-front injected LWFA is scalable in energy, via gas jet length,

and charge, via laser strength. The beam quality is set largely by the injection

mechanism and the LWFA performs with small variations in δE and εn so long

as the accelerating field is not overloaded with excess beam charge, resulting

in good quality electron beams with decreasing δE/E for higher energies. The

simulations also demonstrate emittance preservation within the LWFA owing

to a tapered plasma density profile. Full three-dimensional PIC simulations

are required to confirm the laser parameters.

After generation the electron bunch diverges strongly but retains its short

duration. Beam loading is required to limit the growth of δE/E during ac-

celeration in the proton-driven wakefield, and the high-current LWFA beam

must be extended longitudinally. Longitudinal bunch decompression is possi-

ble with a magnetic dipole chicane, which would also reduce the pre-injection

slice energy spread of the bunch. Further detailed study of the transport line

should take account of CSR effects with an appropriate beam dynamics code,

e.g. Elegant [161]. A basic PMQ triplet has been investigated as a method of

compact focusing prior to injection into the proton-driven wakefield. Match-

ing the LWFA generated beam is possible with such a configuration, but an

optimal working point must be set between beam energy, transverse size, and

the target normalised emittance to be preserved during acceleration in the

proton-driven wakefield.
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Chapter 6

Betatron Radiation Diagnostics

for AWAKE Run 2

This chapter is an adapted and extended version of the published paper entitled

‘Betatron radiation diagnostics for AWAKE Run 2’, Williamson et al., NIMA,

971, 164076 (2020) [162].

6.1 Betatron Radiation Diagnostics in Plasma

Accelerators

In Run 2 the AWAKE experiment aims to preserve the normalised emittance

of an injected electron beam, a necessary step for the future application of

proton-driven PWFA. As such, the beam emittance must be measured prior

to injection and acceleration in the proton-driven wakefield, and following it.

The pepper-pot method, the use of which is discussed for the electron injec-

tor in Chapter 1, is less suitable for measuring emittance after acceleration as

it is intercepting and destructive. It therefore prevents a simultaneous mea-

surement of the beam charge that has been captured and accelerated in the
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wakefield. Captured charge is a key figure of merit for the study of injection

dynamics into the proton-driven wakefield, and a single-shot measurement en-

compassing electron beam emittance, charge, and energy, even if it were from

different diagnostic methods, would be preferred. However, if an indepen-

dent measurement of emittance was acceptable a pepper-pot diagnostic could

still be feasible; emittance measurements with a pepper-pot have been demon-

strated for electron beam energies of 3 GeV [163], outside of the space-charge

dominated regime for which they were originally conceived. Measurements of

the electron beam emittance after the accelerating stage are also possible by

scanning the existing electron spectrometer quadrupole magnet strengths.

Ultimately, a pepper-pot and quadrupole scans both measure beam emit-

tance outside of the plasma wakefield. Such a measurement makes it more

difficult to discern distinct influences on the beam phase space, which for ex-

ample can be affected as it transits the plasma-vacuum interface [156]. Mea-

surement and analysis of betatron radiation from accelerated electron beams

has made for a useful diagnostic tool in LWFA experiments, partly because it

may be used to reconstruct beam emittance inside the accelerating wakefield,

by virtue of the radiation emitted during acceleration.

The critical frequency of the measured spectrum ωc is either used to calcu-

late an average betatron amplitude 〈xβ〉 via equation (3.17) and directly infer

an equivalent r.m.s. beam size, i.e. 〈xβ〉 = σr [123], or is used in conjunc-

tion with x-ray source size measurements to determine σr [164, 165]. When

paired with an independently measured divergence σ′r outside of the plasma,

the uncorrelated normalised emittance may then be calculated as εn ' γσrσ
′
r.

Again this measurement suffers from emittance dilution at the plasma exit.

The correlated emittance within the plasma may be reconstructed with beta-

tron and electron energy spectra alone, by analysing a betatron spectrum as

the result of a convolution of single-particle orbits [52]. This method could be
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employed at AWAKE as a non-intercepting, intra-wakefield emittance diag-

nostic, and the following simulation study quantifies the expected number and

spatial distribution of betatron photons in order to determine its feasibility.

6.2 Betatron Emission in AWAKE Run 2

6.2.1 Baseline case

In AWAKE Run 2, the two-dimensional normalised emittance ε∗n will be pre-

served at its injected value by matching the electron beam to the plasma, while

the final relative energy spread σγf/〈γf〉 will be kept to the %-level by beam-

loading the proton-driven wakefield. To meet these conditions beam properties

were previously determined by Olsen et al. (2018) [47]. As discussed in Chap-

ter 3 matching requires an initial equilibrium transverse beam size that, for a

fixed beam energy, will result in a non-evolving beam size as it propagates in

the plasma [166]. With acceleration, adiabatic damping reduces the beam size

and geometric emittance, while the normalised emittance is invariant.

The study in this Chapter reproduces the model of Olsen et al. [47] in the

quasi-static PIC code QV3D, which has the added consideration of synchrotron

emission, allowing the estimation of the expected betatron radiation proper-

ties for AWAKE Run 2 under a range of experimental conditions. To avoid

simulation of the full proton beam a single short bunch, with transverse size

σx,y = 200 µm, σz = 40 µm that contains 1.46× 1010 protons (npb = 0.83 ne),

is used to produce the accelerating field Ez. The proton beam energy was set

with γpb = 426, the typical value on extraction from the CERN SPS. In the

simulation the proton mass is increased by a factor of 106 in order to suppress

the transverse evolution of the proton beam, and therefore eliminate any be-

tatron radiation it might produce. The witness electron beam has γeb = 426,

σx,y = 5.25 µm, σz = 60 µm and contains 100 pC (6.25× 108 electrons). With
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Figure 6.1: Combined witness electron, proton driver and bulk plasma densities,

where ξ = z− tc is the co-moving coordinate. The accelerating field Ez is shown both

in the case it is loaded with an electron beam (solid line), and where it is unloaded

(dashed line). The driver and witness beams propagate to the right.

neb = 34.3 ne the electron beam is well within the blow-out regime. The ini-

tial normalised emittance in both transverse directions ε∗n and energy spread

σγi/〈γi〉 are 2mmmrad and 0.1% respectively. These set of simulated beam

and plasma parameters represent the baseline case, which is expanded on in

the following sections (6.2.2, 6.2.3) by varying beam and plasma properties.

Simulations in QV3D were performed with cell sizes of ∆x = ∆y = 0.01 c/ωp

(2 µm) and ∆z = 0.1 c/ωp (20 µm) in the transverse and longitudinal directions

respectively. Four particles per cell were used for the bulk plasma, which had

an electron number density ne = 7× 1014 cm−3. The simulation domain had

dimensions of 5 × 5 × 10 c/ωp. The complete simulation parameters for each

study may be found in Appendix A, along with a description of convergence

testing. Figure 6.1 shows the loaded accelerating field Ez, approximately con-

stant along the length of the electron beam. The density scale is in units of ne;
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Figure 6.2: The angle-integrated betatron spectrum N(~ω) (a) and electron beam γ,

σγ/〈γ〉, and ε∗n over 10 metres (b-d) for the baseline case with σx,y = 5.25 µm.

the density of the proton beam npb is artificially increased by a factor of 10 so

that it is visible. The electron beam drives its own local ion focusing channel

to facilitate matching. The transverse dynamics of the electron beam are then

somewhat independent from the quasi-linear wakefield driven by the proton

beam, whose principle role is to provide longitudinal acceleration, although

the proton-driven wakefield does contribute some transverse focusing.

In Figure 6.2 (a) the simulated emission integrated over all angles is shown

with ~ωc = 357 eV, containing a total of Ne = 9.83× 108 photons. The spec-

trum gives the number of photons in 0.1% bandwidth (∆~ω = 10−3~ω) per

photon energy ~ω. Given the plasma and beam properties in AWAKE Run 2,

the strength of transverse electron motion at any given time along the accel-

erator is αβ ∼ 1, however since the energy is continuously changing over many

betatron periods the final emission will be broadband. As such, assuming a
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(a) Horizontal direction (b) Vertical direction

Figure 6.3: The transverse phase space portraits of the simulated electron beam at

0m, 1m, 5m, and 10m propagation. Colourbar indicates macroelectron number.

spectral shape given by equation (3.16) is a reasonable approximation. Figures

6.2 (b-d) show the evolving beam parameters: energy spread saturates at less

than 6%, while the normalised emittance remains close to the matched value;

some emittance growth is seen, due largely to the erosion of the bunch head

by interaction with the plasma.

Figure 6.3 shows that the two-dimensional phase space portrait of the beam

rotates as it propagates along the 10m-long plasma column, while the area

it occupies in phase space does not change significantly. The direction into

which photons are emitted is saved in the simulation, allowing for the spa-

tial distribution of the betatron emission to be reconstructed. The orbits of

electrons in ion cavities directly map to the observed spatial distribution of

betatron radiation [167]; in LWFA, the direction of transverse oscillation of

electrons in the wake of the driving laser pulse is often shown in experiment

to be anisotropic, with a preference to follow the polarisation direction of the

laser [167, 168]. In PWFA, with a relativistic particle beam driver, no such

direct driver-witness interaction occurs and only the plasma-mediated wake-

field influences the witness beam dynamics. Therefore, so long as the emitting
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witness beam is matched, militating its own envelope oscillations, and is in the

centre of the ion channel where focusing forces are symmetric, the distribution

of radiation is likely be isotropic. The betatron radiation previously measured

from a PWFA was seen to have a round spot [169].

Figure 6.4: The simulated spatial distribution of radiation in the baseline case, dis-

tributed in θ and φ with respect to the acceleration axis.

The simulated spatial distribution of radiation for the baseline case is seen

in figure 6.4, distributed in polar angle θ and azimuthal angle φ with respect

to the acceleration axis, each within 200 bins. The distribution is isotropic in

φ, indicating a well matched beam, with a local minima on axis where θ = 0.

This is because the highest photon flux from an individual electron is emitted

into a cone with θ ∼ αβ/γ about the maximum excursion of its orbit, and

since in the baseline AWAKE Run 2 case αβ ∼ 1 the cones of emission from

opposing sides of the electron orbit do not overlap. The Hosing Instability [40]

results from a coupling of the transverse wakefield to the transverse position

of the driving beam that excites it, which can cause initially small transverse

offsets to become exponentially amplified during the acceleration process. Such
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motion would have a clearly discernible impact on the spatial distribution of

betatron radiation. Beam hosing may be mitigated by varying the wakefield

along the beam [170] or suppressed with plasma ion motion [171] in a manner

analogous to BNS damping, discussed in section 2.1.2. Betatron radiation may

be used to infer the transverse dynamics of an electron beam accelerated in

a plasma wakefield, and therefore diagnose the onset of the hosing instability

[172].

Figure 6.5: The angular spectrum N(~ω, θ) for the baseline Run 2 case with σx,y =

5.25 µm.

The angular betatron spectrum N(~ω, θ) with respect to the acceleration

axis z is shown in figure 6.5. This angular spectrum gives the number of pho-

tons in 0.1% bandwidth (∆~ω = 10−3~ω) per photon energy ~ω per polar

observation angle θ, which is distributed in 200 bins. In this baseline AWAKE

Run 2 case, with σx,y = 5.25 µm, most emitted photons (96.9 %) are confined

to small angles less than 1mrad and have energies in the range 1-1000 eV. As

shown in figure 6.6, a number of photons (3.1 %) remain above 1mrad which,

although a small fraction of the total, still provide a reasonable number of

photons per 0.1% BW in absolute terms. These photons have lower energies
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in the range 1-100 eV. The energy binning is the same as in figure 6.5. We

define the beam and plasma parameters presented in this section as the ‘base-

line’ simulation for Chapter 6. The simulation studies presented in following

sections are parameter scans that vary from this baseline.

Figure 6.6: The angular spectrum N(~ω, θ) (θ > 1 mrad) for the baseline Run 2 case

with σx,y = 5.25 µm.

6.2.2 Radiating beam size

To determine the effect of larger beam radii on the emitted betatron spectrum,

the baseline simulation was repeated for a set of larger beam sizes σx,y = 10 µm,

σx,y = 20 µm, and σx,y = 40 µm, while keeping all other simulation parameters

constant with respect to the baseline case. The resulting angle-integrated

spectra are shown in figure 6.7. According to equation (3.17), ωc should scale

linearly with rβ and equivalently with σx,y. However, the simulated spectra

show only small changes in the critical energy ~ωc over the simulated range of

beam size. Two mechanisms are responsible for this weaker than expected

scaling and both limit the energy of emitted photons to produce the simulated

spectra: firstly, due to adiabatic damping of σx,y discussed in Chapter 3, the
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Figure 6.7: The angle-integrated spectra N(~ω) for the AWAKE Run 2 baseline case

scanned over beam size, from σx,y = 5.25 µm to σx,y = 40 µm. Each spectrum gives

the number of photons in 0.1% bandwidth (∆~ω = 10−3~ω) per photon energy ~ω.

Figure 6.8: The number of photons emitted for θ > 1mrad (solid line) and the

radiation divergence θ95% as a function of beam size σx,y (dashed line).

beam sizes fall to less than 5 µm in all cases. Secondly, an increasing electron

beam size results in a falling beam density neb and ratio neb/ne which, since the
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electron beam blows out its own ion channel, results in an increasingly linear

wakefield with weaker transverse forces to drive the betatron motion. With

σx,y = 40 µm the ratio falls to neb/ne = 0.59, and ~ωc is lower than the emission

from the smaller σx,y = 20 µm beam. Figure 6.8 shows that neither the number

nor divergence of photons emitted into angles θ > 1mrad have a strong scaling

with transverse beam size, although they do increase. The divergence θ95% is

defined as the angle that contains 95% of the photons remaining above 1mrad.

Figure 6.9: The simulated spatial distribution of radiation for the σx,y = 40 µm beam

The simulated betatron radiation distributed in θ and φ is shown in figure

6.9 in the case of the σx,y = 40 µm beam. Now mismatched, strong envelope

oscillations result in the emission of betatron photons in preferential azimuthal

directions, in contrast to the matched case seen in figure 6.4.
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6.2.3 Plasma density

In Run 1 the AWAKE experiment was operated at plasma densities below

the baseline to study the resulting accelerated beam properties, and ne =

2× 1014 cm−3 was a common working point [27]. The baseline simulation

was repeated for plasma densities between ne = 2× 1014 cm−3 and ne =

7× 1014 cm−3 in order to estimate the consequent scaling of betatron radi-

ation properties. In order for the beam to remain matched and preserve the

beam density the beam dimensions must scale accordingly, with transverse size

σr ∝ 4
√
ne via equation (3.13) and length σz ∝

√
ne via λp.

Table 6.1: Matched beam dimensions for the simulated set of plasma densities, and

the final electron beam size and mean Lorentz factor after 10m propagation.

ne [1014 cm−3] σri [µm] σz [µm] σrf [µm] 〈γf〉

2 7.18 112 4.5 4176

3 6.49 91.1 3.67 4951

4 6.04 79.4 3.28 5576

5 5.71 71.0 3.11 6117

6 5.46 64.8 2.90 6594

7 5.25 60.0 2.85 6988

Table 6.1 lists the new beam dimensions for each density. Also shown are

the final beam size σrf , having undergone adiabatic damping, and the final

mean beam Lorentz factor 〈γf〉, where Ez ∝ n
1/2
e . The simulations have the

same parameters as the baseline case except the plasma density and beam

dimensions shown in table 6.1. Figure 6.10 shows that the total number and

critical energy of photons decreases with plasma density, as would be expected.

The relative scaling of ~ωc with ne from the baseline value of ~ωc = 357 eV is

shown in figure 6.11, calculated in simulation.

The simulated critical energies show reasonable agreement with the expected
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Figure 6.10: Betatron spectra N(~ω) for a range of plasma densities ne.

analytical scaling due to the fact that the changing beam dimensions keep the

beam density constant with respect to the bulk plasma density (neb ∼ 34 ne),

thereby maintaining a strong blow-out regime. Figure 6.12 shows the angular

spectra N(~ω, θ) distributed in small angles close to the acceleration axis (θ

< 1mrad) for every plasma density. All plots indicate the baseline critical

energy and a retreating critical energy that corresponds to each plasma density.

Again the total number of photons can be seen to decrease, whereas their

divergence (θ ∼ αβ/γ) only decreases moderately with plasma density; while

the strength of transverse motion αβ is weaker, it is offset by the fact that

the final beam energy and therefore γ is also smaller for a less dense plasma.

The angular photon number integrated over all energies and distributed in θ

is shown in figure 6.13, which indicates that the difference in angular photon

number between different densities is more obvious at higher angles. On-

axis there are 50% fewer photons generated by a ne = 2× 1014 cm−3 plasma

compared to the baseline; at 2mrad there are 90% fewer.
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Figure 6.11: Critical energies calculated in simulation.

Figure 6.12: Simulated angular spectra N(~ω, θ) (θ < 1mrad) for a range of plasma

densities showing the baseline ~ωc (solid line) and ~ωc corresponding to each plasma

density (dash-dotted line).
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Figure 6.13: Angular photon number N(θ) for a range of plasma densities.
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6.3 Detectable Photons

Betatron emission from LWFAs has been measured with a number of tech-

niques; often directly after the emitting beam has been removed from the ac-

celerating axis by a dipole magnet [123], although it can also be extracted and

measured indirectly via a highly oriented pyrolytic graphite (HOPG) crystal

[173]. The spectrum can be reconstructed with an x-ray charge-coupled device

(CCD) in single-photon counting mode, or with a set of Ross filters. Betatron

radiation from a PWFA has also been measured previously [169], although it

is significantly less well characterised than the emission from LWFAs.

The AWAKE experiment is a challenging environment for measuring beta-

tron radiation as a substantial x-ray background exists from upstream inter-

action of SPS protons with the beamline, and because the relativistic proton

beam itself is rigid and cannot be transversely kicked to isolate the betatron

radiation. Core and defocused protons have a maximum divergence of 1mrad

on exiting the plasma [35] and their presence inhibits a direct, on-axis measure-

ment. However, as shown in figure 6.6, a significant remnant of the emission

falls outside 1mrad. A measurement station 5m downstream from the accel-

erating plasma stage with a hole radius corresponding to such an angle, e.g.

5mm radius at 5m, would allow the proton beam to pass and enable a par-

tial measurement of the emission, i.e. those photons having energies between

1-100 eV and falling in angles above 1mrad. A conceptual layout is show in

figure 6.14. A combination of conventional Al and multilayered mirrors are

readily available to measure the emitted photons with energies in the 1-100 eV

range. Multilayered optics could be used to select certain photon energies or,

if rotated according to Bragg’s law, be used to build a spectrum. Ultraviolet

(UV) photons with energies ≥ 3.1 eV cannot propagate in air and require vac-

uum, further complicating the measurement. The measurement would profit

from being split into two phases. First a UV measurement between 200-400 nm
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Figure 6.14: Layout for a potential betatron radiation diagnostic for AWAKE Run

2. Electrons e− are kicked by the energy spectrometer dipole, leaving protons p+ and

betatron radiation γβ to propagate. An array of on-axis UV-coated Al or multilayered

mirrors may be used to pick off betatron photons in the 1-100 eV range, to be detected

by a UV-VUV CCD camera.

wavelengths (< 3.1 eV) can be used to extrapolate a spectrum and estimate the

beam size σr, and would confirm the observation of a significant quantity of

betatron radiation. Second, a vacuum UV (VUV) measurement (3.1-100 eV)

that provides spectroscopy in a larger range, improving the precision of the

fitted spectrum and enabling correlated emittance reconstruction.

A local background of transition radiation from strongly defocused protons

(> 1mrad) striking the UV/VUV optics would reduce the signal to noise ratio

on each shot. However this could be addressed by characterising the signal

in the absence of accelerated electrons. Finally, due to the x-ray background

in the beamline, sensitive cameras should be positioned at some minimum

distance from it, which could further reduce the number of detectable photons.

Using the photon emission from the baseline simulation (σx,y = 5.25 µm, ne

= 7× 1014 cm−3) in section 6.2.1, it is possible to estimate the number of
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detectable photons per unit area of sensor Nd from the total emitted, Ne:

Nd = gRmδθNe, (6.1)

where δθ = 0.031 is the fraction of photons falling above 1mrad, determined

in section 6.2.1, and Rm is the fraction reflected by the mirror, assumed to be

0.6. The geometrical factor g = δΩ/4π accounts for the loss of photons over a

distance r between the mirror surface and the CCD sensor plane. The sensor

with area A occupies a solid angle δΩ = A/r2. A VUV CCD camera such as

an Andor Newton SO has a sensor area of 178.89mm2, and a 26 µm× 26 µm

pixel size. From the baseline simulation Ne = 9.83× 108 photons, this camera

positioned 200mm from the reflecting mirror should be subject to 6.62× 103

photons mm−2. With the native pixel area of 6.76× 10−4 mm2 this may be too

few photons to register above the noise floor of the CCD sensor. However, with

8×8 pixel binning, the pixel area may be increased to 4.33× 10−2 mm2 and the

photons per pixel increased from ∼5 to ∼286. Finally, assuming the CCD QE

∼ 0.6 one could expect ∼172 detected photons per binned pixel in the range

1-100 eV. Pixel binning would result in a poorer sensor resolution of ∼200 µm,

although at 5m downstream from the accelerator, the radiation divergence of

θ =2mrad for the baseline case, shown in figure 6.8, would produce a relatively

large 10mm spot radius. Only 28% of the total detectable photons have an

energy < 3.1 eV in the baseline case, so a larger sensor may be required for the

intial lower energy measurement.

Repeating the calculation for the number of detectable photons for each

simulated plasma density reveals how they compare to the noise threshold

of the CCD. Figure 6.15 shows the total number of photons emitted Ne, the

number of photons emitted above 1mrad Nθ, the number of detectable photons

per square millimeter at the CCD plane given by equation (6.1)Nd, the number

of photons per binned pixel (8× 8 binning) Nbp, and the number of counts per
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Figure 6.15: Accounting of detectable photons, simulated with respect to plasma den-

sity. The dotted line shows the noise floor of the CCD sensor.

binned pixel Cbp, given the quantum efficiency of the sensor. For the lowest

plasma densities Cbp may fall below the noise threshold of the CCD sensor,

and higher-order pixel binning would be required.

6.4 Emittance Reconstruction

Using equations (3.16), (3.17), and (3.22) a simple radiation model can be

created, with which the proposed emittance reconstruction technique may be

demonstrated. We start with a plasma of density ne = 1× 1018 cm−3, within

which a radially symmetric Gaussian electron beam of σr = 1.325 µm propa-

gates for one betatron oscillation in a fully blown-out ion channel. The radi-

ating beam has γ = 2000 and contains 1 pC of charge (6.25× 106 electrons).

We assume zero energy spread σγ = 0, that σr ' rβ,rms, the r.m.s. betatron

amplitude, and αβ >> 1 for most rβ,i. The ion channel is generated by a
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separate drive beam, itself with a density nd such that nd/ne >> 1. With

equation (3.16) a series of synchrotron spectra S(ωj/ωc,i) are generated, cov-

ering a range of frequencies ωj and betatron amplitudes rβ,i, which each have

a corresponding critical frequency ωc,i given by equation (3.17).

Figure 6.16: (a) The spectral distribution S(ωj/ωc,i); (b) the spectral distribution

emitted per electron Wi,j, where ∆~ω = 10−3~ω and ∆rβ = 10−3rβ; (c) the original

and recovered Gaussian beam distribution R(rβ,i); and (d) the total spectrum Wj,

the result of populating Wi,j and summing over all betatron amplitudes, which has a

critical energy ~ωc = 3.78 keV (dash-dotted line).

The resulting spectral distribution is shown in figure 6.16(a). Each spec-

trum S(ω/ωc,i) is then assigned a number photons, according to its critical

energy ωc,i, using equation (3.17), as shown in figure 6.16(b). This spectral

distribution Wi,j represents the number of photons emitted per electron, in

one betatron oscillation, over a range of i betatron amplitudes, and j photon

energies (~ωj). A Gaussian distribution of betatron amplitudes R(rβ,i) with

rβ,rms = 1.325 µm is used to populate Wi,j and is shown in figure 6.16(c). Fi-
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nally, when summed over all betatron amplitudes rβ,i, a total spectrum Wj is

found according to equation (6.2), as seen in figure 6.16(d):

Wj =
∑
i

R(rβ,i)Wi,j. (6.2)

The critical energy of Wj is ~ωc = ~〈ω〉/(8/15
√

3) = 3.78 keV, and the

spectrum gives the number of photons in 0.1% bandwidth (∆~ω = 10−3~ω)

per photon energy ~ω. The recovery of a beam profile R from an independently

measured betatron spectrum Σj and electron energy spectrum Γ (not required

for this model with σγ = 0) was demonstrated by Curcio et al. (2017) [52],

by imposing that the total theoretical spectrum Wj is equal to Σj. Inverting

equation (6.2) as

R(rβ,i) =
∑
j

ΣjW
−1
i,j , (6.3)

enables the reconstruction of a beam profile R from a measured spectrum Σj,

given an inverse matrixW−1
i,j , whereW

−1
i,j is the Moore-Penrose pseudoinversion

of the radiation modelWi,j. By considering the modified Lorentz factor due to

the relativistic transverse motion, it is possible to approximate the divergence

θ due to the betatron motion itself [52]:

θ =

√√√√√1 + 1
2
γ2r2

βk
2
β

4γ
rβkp. (6.4)

With a series of weighted positions xi = R(rβ,i), and corresponding angles

x′i = θ(rβ,i), the correlated geometric r.m.s. emittance may be calculated via

equation (2.3). Testing this procedure by setting Σj = Wj recovers a beam

with a transverse profile (also shown in figure 6.16(c)) which, if it had emit-

ted the spectrum shown in 6.16(d), would have a geometric emittance εr.m.s. =
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2.37× 10−3 mmmrad and normalised emittance εn ' γεr.m.s. = 4.74mmmrad.

Such a model could be used to reconstruct the transverse normalised emittance

of any independently measured betatron spectrum Σj so long as the assump-

tions of the model are fulfilled, i.e. electrons emit in wiggler motion over one

betatron period. For the AWAKE case where the emission is integrated over

many betatron periods at many different energies an iterated model is required.

Furthermore, many electrons in the 1σ beam core have αβ < 1 and so a model

that takes into account single electron motion for the full range of αβ values

would provide a greater accuracy.

6.5 Summary

In the next phase of the AWAKE experiment, the accelerated witness beam

will emit a significant quantity betatron radiation in the VUV to soft x-ray

region, with a critical energy of ~ωc = 357 eV. The radiation will be highly

collimated, with the majority of emitted photons falling within 1mrad from

the acceleration axis, a region that cannot be probed as it is occupied by the

highly energetic core and defocused protons of the wakefield driver. Beta-

tron radiation from the driver was eliminated to isolate the betatron radiation

spectrum from the electron beam. Auxiliary simulations of a lone proton beam

that do not artificially increase the proton rest mass, as in the baseline case,

show that the betatron radiation it produces is in any case negligible, which is

due largely to its much greater mass and similar γ with respect to the electron

beam, i.e. with mp = 938MeVc−2 and γ = 426. However, this simple model is

not fully representative of the real microbunched proton beam that undergoes

self-modulation and further study under these conditions would be required

to be confident in the exclusion of any betatron radiation originating from the

proton beam. The small divergence of radiation from the accelerated electron

beam is due to the fact that constituent electrons will have weak transverse
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motion, i.e. αβ ∼ 1.

Despite this, the presented simulation study shows that 3% of the total num-

ber of emitted photons remain above 1mrad, providing a detectable quantity

of VUV photons with energies between 1-100 eV. Because larger witness beam

sizes are offset by the increasingly linear wakefield they drive, the properties

of the radiation do not change appreciably with r.m.s. electron beam size up

until σx,y = 40 µm, at which point the number and energy of emitted photons

begin to decline.

In the range of operational plasma densities and corresponding matched

beam sizes explored in this simulation study, the critical energy and photon

number of the resulting betatron emission scale with well-known analytical

expressions. For each density the number of photons remain generally sufficient

to be detected although lower densities may require specific considerations. A

one-dimensional normalised emittance may be reconstructed from a measured

betatron and electron energy spectrum alone, and simulations show that it is

possible to measure the former in AWAKE Run 2.
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Chapter 7

Radiation Reaction and Long-term

Acceleration

7.1 Radiative damping in Ion Channels

As discussed in Chapter 3, electrons in ion channels emit synchrotron radiation

as a result of their transverse motion, and the force of friction that the emission

exerts can affect the energy gain and transverse dynamics of the electron. The

radiation reaction force ~FR felt by an electron as it emits a photon modifies

the equations of motion (3.1) and (3.7):

dpz
dt

= eEz + FR,z, (7.1)

dpx
dt

= −eEx + FR,x, (7.2)

where the components of ~FR

FR,z ' −mec
3τRγ

2K4x2, (7.3)

FR,x ' −c2τRK
2px(1 +K2γx2), (7.4)
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are found by treating the classical radiation reaction force as a perturbation

[174], which is delivered in a duration τR = 2re/3c corresponding to the clas-

sical electron radius re. The force constant K = kp/
√

2 for a pure ion column.

The equations of motion (3.3) and (3.9) are then modified as [175]

dγ

dt
= ωp

Ez
E0

− c2τRγ
2K4x2, (7.5)

d2x

dt2
+

(
ωp
γ

Ez
E0

+ c2τRK
2

)
dx

dt
+
ω2
p

2γ
x = 0, (7.6)

for an ultra-relativistic electron with vz ∼ c. The radiation reaction force

can therefore significantly modify the evolving properties of a radiating beam

of electrons: equation (7.5) shows that the energy loss is a strong function

of transverse position x and electrons distributed throughout a bunch will

consequently develop an energy spread, while the additional damping term

c2τRK
2 in equation (7.6) means that the beam size will damp faster than in

the pure adiabatic case. By considering only the radiation loss term from

equation (7.5), the electron Lorentz factor will decrease from an initial value

γ0 as [174]

γ(t) =
γ0

1 + νγt
(7.7)

where νγ = c2τRK
4x2

β0
γ0/2 is the radiative loss rate, with the transverse

position x averaged over a betatron period as 〈x〉 = xβ0/
√

2. The effects of

radiative damping on electron motion may be neglected so long as the interac-

tion time, i.e. the time spent by an electron in an ion channel τ << ν−1
γ . This

is an equivalent figure of merit to the average energy loss per unit distance,

shown in equation (3.20).
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7.2 Radiative beam cooling

Because the radiation reaction force enhances damping of the transverse elec-

tron motion it leads to the ratio of transverse and longitudinal electron mo-

mentum to fall, thereby reducing the two-dimensional transverse normalised

emittance ε∗n, and ‘cooling’ the beam. It has been shown that the synchrotron

radiation loss rate will saturate at a fraction of 2/3 of the accelerating gradient,

irrespective of initial conditions or plasma wakefield properties [175, 176].

Due to this synchrotron emission, the transverse normalised emittance of a

particle beam accelerated in a plasma wakefield will decrease as ε∗n ∝ γ−3/2,

once the electron beam has achieved the very highest beam energies between

1TeV to 1PeV, and ε∗n will continue to decrease until the Coulomb scattering

limit [175]. This means that if a sufficient beam energy is reached, sub-micron

transverse normalised emittance ε∗n could be achievable at the end of accelera-

tion, greatly enhancing the luminosity L at the interaction point of a plasma-

based collider which, from equation (1.1), scales as L ∝ (σxσy)
−1 ∝ (β∗ε∗n)−1.

Because of the single-stage energy gains possible with proton-driven PWFA,

the radiative cooling regime may be accessible for an AWAKE-like accelerator.

In this chapter a simulation study is used to characterise the threshold energy

at which beam cooling is initiated, both for an electron-driven PWFA and a

proton-drive PWFA; the radiative cooling of positron beams is also studied.

7.2.1 Electron-driven PWFA

A three-dimensional simulation in the PIC code QV3D was used to study the

effects of radiative damping in a fully nonlinear electron-driven PWFA. A drive

beam of density ndb propagates in a plasma with electron number density ne =

1× 1018 cm−3, where ndb/ne = 30. The driver is a spherical Gaussian beam

with dimensions of σx = σy = σz = 1 µm, and initially γi = 2 × 104. A

witness beam, initialised with a much lower density nwb = 0.21ne so as to only
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Figure 7.1: Simulated electron density plots at 0 (a) and 10 λβ0 = 4.73mm (b), with

both analytical and simulated electron oscillation amplitude xβ = σx (c). ξ = z − ct

is the co-moving coordinate. Witness beam density has been increased by a factor of

100 so that it is visible.

sample the wakefield and not load it, has dimensions σz = 1 µm and σx = σy =

1.325 µm. Initially it has σγ/〈γ〉 = 0, matched emittance ε∗n = 2.33mmmrad

and an energy set with γi = 100. Simulations in QV3D were performed with

cell sizes of ∆x = ∆y = 0.04 c/ωp and ∆z = 0.04 c/ωp in the transverse

and longitudinal directions respectively. Four particles per cell were used for

the bulk plasma, which had an electron number density ne = 1× 1018 cm−3.

A high density is chosen in order to produce radiation in a strong wiggler

regime with αβ >> 1. This does however necessitate an electron beam with

smaller dimensions than would typically be available for electron-driven PWFA

experiments. The simulation domain had dimensions of 7 × 7 × 8 c/ωp. The
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complete simulation parameters for each study may be found in Appendix A,

along with a description of convergence testing.

Figure 7.2: Mean beam Lorentz factor (a), relative energy spread (b) and normalised

emittance (c) of the γi = 100 (51MeV) electron beam.

As discussed in Chapter 4, synchrotron radiation calculations are performed

analytically in QV3D, and may be turned on or off to study the effects of ra-

diation reaction. Initially simulated with synchrotron radiation turned off, the

beam size undergoes normal adiabatic damping over a length corresponding to

10 betatron periods at the starting energy, λβ0 = 0.473mm, and closely follows

the σx ∝ γ−1/4 scaling from analytics as shown in figure 7.1 (c). The electron

density plots in figures 7.1(b,c) show the change in witness beam density due

to adiabatic damping, and are normalised to 1. The beam dynamics, sum-

marised in figure 7.2, show that the witness electron beam is well matched but

does not load the electron-driven wakefield, resulting in a large energy spread
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that begins to saturate as energy gain sets in.

Figure 7.3: Average energy loss rate W ′loss, with respect to the propagation distance

and compared to accelerating gradient Ez for both the 51MeV and 51GeV electron

beams. The distance simulated is shown with a solid line, and the distance analytically

projected is shown with a dotted line.

The simulation was repeated in QV3D with the synchrotron radiation mod-

ule turned on, to include radiation reaction, and showed no difference in the

evolving beam properties. This is because the beam energy is initially only

51MeV, and the average energy lost to synchrotron radiation over the accel-

eration distance Wloss, given by equation (3.21), is many orders of magnitude

less than the accelerating gradient Ez. Figure 7.3 shows the normalised ac-

celerating gradient Ez/E0 with the normalised radiated energy loss per unit

distance W ′
loss/E0 in this case. The solid line indicates the distance simulated,

and the dotted line is the analytically projected energy loss over the remaining

distance. Analytical calculations forW ′
loss used the adiabatically damped radi-

ating beam size only. This will transition to the radiatively damped case above

a certain energy, determined by Deng et al. (2012) [175], further limiting the

energy loss such that W ′
loss does not continue to grow beyond Ez. At the end
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of the simulated acceleration to ∼ 250MeV, W ′
loss/E0 is still insignificant, and

this remains the case for a full metre. Consequently the beam dynamics are

unchanged between simulations both with radiation reaction and without it,

for a 51MeV beam. Also shown in figure 7.3 is W ′
loss/E0 for an electron beam

with an initial Lorentz factor γi = 1×105 (51GeV), which results in a radiated

energy loss that is a significant fraction of the accelerating gradient. A second

simulation was conducted where the witness beam energy was increased to

this higher energy, and the beam dynamics in this case are shown in figure

7.4, both where radiation reaction was included in the simulation (RR1) and

where it was not (RR0).

(a) Mean Lorentz factor (b) Relative energy spread

(c) Transverse normalised emittance

Figure 7.4: Simulated dynamics of a 51GeV electron beam with (RR1) and without

(RR0) radiation reaction.

At this higher beam energy the betatron period λβ = 2π
√

2γc/ωp is longer

and now λβ0 = 1.5 cm. The simulation was propagated over a longer distance
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so that again we see the beam dynamics over 10 λβ0 . Immediately the effects of

the strong emission, where W ′
loss → Ez, are clear: 〈γ〉 is lower, corresponding

to the lost energy, and the relative energy spread σγ/〈γ〉 has increased faster

over the same distance. This, as can be seen in equation (3.19), is because

electrons at higher transverse positions will lose more energy than those in the

beam core. The additional energy spread is equivalent to Wloss, the average

total energy lost to radiation during the acceleration. Figure 7.4 (c) shows

that the normalised emittance has fallen due to radiative damping, effectively

cooling the beam. In this case χ ' 1× 10−3, and is still within the limit of

classical radiation.

7.2.2 Proton-driven PWFA

To study the equivalent situation for the dynamics of an electron beam in a

proton-driven plasma wakefield, a simulation reproducing the original model

for proton-driven plasma wakefield acceleration used by Caldwell et al. (2009)

[28] was conducted. The plasma density is set to the AWAKE baseline value

of ne = 7× 1014 cm−3 and in this scenario a 10GeV electron beam is injected

into a wakefield driven by a Gaussian proton beam with dimensions σz =

40 µm and σx = σy = 200 µm, with a density npb = 5ne. Proton-driven PWFA

necessitates low-density plasma because the scale of the driving beam must be

similar to that of plasma wavelength in order to drive high-amplitude plasma

waves, and short proton beams for high density plasma are challenging to

generate with current longitudinal bunch compression methods. As discussed

in section 1.2, it is for this reason that the SSM mechanism is used to modulate

the proton driver at the AWAKE experiment. A short proton beam is chosen

regardless in order to study the dynamics of the electron beam in this particular

case. The witness electron beam dimensions are σz = 60 µm and σx = σy =

52.5 µm. A large transverse beam size was chosen to enhance the radiated

energy loss rate. Initially it has σγ/〈γ〉 = 0.1%, matched emittance ε∗n =
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Figure 7.5: Simulated electron density plots at 0 (a) and 400 λβ0 = 100m (b), with

both analytical and simulated electron oscillation amplitude xβ = σx (c). ξ = z − ct

is the co-moving coordinate.

1000mmmrad and an energy set with γi = 2× 104. Simulations in QV3D

were performed with cell sizes of ∆x = ∆y = 0.05 c/ωp and ∆z = 0.05 c/ωp

in the transverse and longitudinal directions respectively. Four particles per

cell were used for the bulk plasma and the simulation domain had dimensions

of 10× 10× 10 c/ωp. The simulation was tracked over 400 λβ0 , corresponding

to 100m. Figure 7.5 shows that the simulated transverse beam size generally

agrees with the expected analytical scaling over the propagation distance but

begins to diverge, with a 7% difference in the final beam size. The difference

is likely due to the fact that the accelerator is not in the full blow-out regime,

with npb/ne = 5. Despite the high witness beam energy and large beam size,

the relatively low plasma density means that radiation reaction effects have no

discernible impact on the electron beam dynamics, which are summarised in
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(a) Mean Lorentz factor (b) Relative energy spread

(c) Transverse normalised emittance

Figure 7.6: Simulated dynamics of a 10GeV electron beam with (RR1) and without

(RR0) radiation reaction.

figure 7.6; in the RR1 case the beam retains 99.7% of the energy it has in the

case without radiation reaction, RR0. For the parameters of this simulation,

the transition from adiabatic damping to radiative damping occurs at a beam

energy ∼ 0.848TeV (γ = 1.66× 106) according to the scaling derived by Deng

et al. (2012) [175], which for the above case would require an acceleration

length of 696m. Therefore, radiative beam cooling could certainly impact

the evolving beam dynamics of a future proton-driven PWFA accelerator that

delivers frontier energy TeV beams, although the distance for radiative cooling

to become significant would be greater for electron beams that had a lower

initial normalised emittance.
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7.2.3 Radiative Positron Beam Cooling

Any future electron–positron e−e+ collider using plasma wakefield accelerator

technology must also be able to provide a source of high energy and high qual-

ity positrons. This presents a challenge because there are limitations for the

acceleration of positron beams in both linear and nonlinear plasma wakefields.

In the linear case the accelerating and focusing region of the wakefield for a

positron is simply a phase change of π with respect to the accelerating and

focusing region for an electron, due to its opposite charge.

However, matching a beam to such a wakefield with a sufficiently small

emittance acceptable for colliders requires a small beam size, and therefore

a high density beam. This would overload the linear wakefield, reducing the

efficiency of the acceleration. In the second nonlinear case the plasma wake-

field has a totally asymmetric response to positrons as plasma electrons are

drawn in strongly towards positively charged positrons. This means that for an

electron-driven PWFA in the nonlinear blow-out regime there is only a small

region of simultaneous focusing and acceleration for a witness positron beam.

Furthermore, within this region the focusing is nonlinear and varies with trans-

verse position – in contrast to the ideal emittance preserving characteristic of

the nonlinear blow-out regime for electrons.

As discussed in Chapter 2, efficient energy gain of positrons was demon-

strated for a positron-driven PWFA where some parts of the driving beam tail

were accelerated [138], and hollow plasma channels have been shown to remove

the deleterious transverse forces altogether [139]. In this section we study the

compensating effect of radiative emittance cooling on the nonlinear focusing

force experienced by a positron witness beam in a nonlinear electron-driven

PWFA. The simulation used in section 7.2.1 was repeated with the witness

electron beam replaced by an identical positron beam, and propagated over

twice the distance (30 cm). As can be seen in figure 7.7(a) the witness beam
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Figure 7.7: Simulated density plot of an electron-driven nonlinear PWFA with a

positron witness beam (a), showing the positron (solid line) and electron (dash-dotted

line) accelerating locations. The longitudinal accelerating field Ez and beam density

are shown in (b). ξ = z − ct is the co-moving coordinate.

was initialised in a new longitudinal position ξ0 = −36µm behind the drive

beam that corresponds to acceleration for positrons, also shown is the position

used for electron acceleration in section 7.2.1, which lies at ξ0 = −26.5 µm.

Figure 7.7(b) shows the beam position with respect to the accelerating field

Ez. The radial focusing field at these two locations is significantly different:

figure 7.8 plots Er at both locations in the transverse vertical direction y, indi-

cating that electrons experience a linear uniform transverse field within the ion

channel while positrons are subject to a nonlinear field which varies in radial

direction outside of the channel, which dilutes the positron beam emittance.

Additionally, the linear uniform field extends over a range of transverse po-

sitions within the ion channel, such that all electrons within a witness beam

experience the same focusing force.

The positron beam is strongly modulated in the transverse direction as it is

accelerated over 30 cm, producing a focused beam core and a defocused halo

shown in figure 7.9. The simulated positron beam dynamics are summarised in

figure 7.10 both where radiation reaction was included in the simulation (RR1)

and where it was not (RR0). The radiating beam loses a significant amount of
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Figure 7.8: Vertical focusing field Ey at the positron (solid line) and electron (dash-

dotted line) accelerating position.

energy and gains a larger energy spread with respect to the non-radiating beam.

Both show a large initial growth in two-dimensional transverse emittance ε∗n
due to nonlinear focusing but, as the emittance increases for the RR0 beam,

its growth is suppressed for the RR1 case. Beam loading may be improved

to further suppress the growth relative energy spread σγ/〈γ〉, although as the

beam is accelerated to higher energies the relative energy spread will decrease

naturally; figure 7.10(b) shows that the growth rate is slowing, even in the

RR1 case.

Figure 7.9: Simulated positron beam phase space initially (a) and after 30 cm propa-

gation (b). Beam transverse projections in the vertical y direction are overlaid.
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(a) Mean Lorentz factor (b) Relative energy spread

(c) Transverse normalised emittance

Figure 7.10: Simulated dynamics of a 51GeV positron beam with (RR1) and without

(RR0) radiation reaction.

7.3 Summary

Radiation reaction enhances the inherent adiabatic transverse damping of par-

ticle beams as they are accelerated in a plasma wakefield, and is a source of

energy loss. Because the radiated power is a strong function of transverse posi-

tion, radiation reaction can induce a large energy spread for a beam with finite

transverse size. As the beam energy increases during acceleration, a transition

point is reached where radiation damping becomes dominant over adiabatic

damping, which results in a reducing beam emittance that is limited only by

Coulomb scattering with plasma species; the maximum radiated energy loss

is less than the energy gained in acceleration [176, 175]. Such a radiation

damping regime is accessible to a proton-driven PWFA, however, due to the

low plasma density necessitated by the proton-driven scheme, it requires TeV

159



beam energies and a multi–km–long acceleration length for the effects of radi-

ation damping to become apparent. Potentially, an electron-positron collider

could profit from radiative emittance cooling to the sub–mmmrad level at the

interaction point.

In this chapter radiative emittance cooling of positrons in a nonlinear PWFA

has been shown to suppress the emittance growth due to nonlinear defocusing

forces, in simulation. This scheme could provide a way to obtain high quality

positron beams using a PWFA design without special considerations for elec-

trons or positrons other than a change in driver and witness spacing, albeit

with reduced energy gain for accelerated positrons. Emittance reduction was

not necessarily shown in the presented simulations, but it could be possible

given a sufficiently long acceleration length. Radiative positron beam cooling

was shown for an electron-driven PWFA, but it could also be possible for a

proton-driven accelerator, given sufficient energy gain. Although radiation re-

action negatively effects the energy spread and gain of a positron beam, such

challenges could to an extent be mitigated over long-term acceleration and

with a correctly beam loaded wakefield.
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Chapter 8

Conclusions and Discussion

Plasma wakefield accelerators offer valuable new capabilities for high energy

particle accelerators, which could either reduce the footprint of existing facil-

ities when replacing conventional accelerator technology, or produce particle

beams with entirely novel properties [115].

High gradient acceleration will reduce the cost of reaching the energy frontier

in high energy particle colliders, enabling the study of new physics and aid in

the search for new particles such as dark matter candidates. Particle energy is

however far from the only important consideration and a number of limitations

must be overcome before plasma wakefield accelerators are able to supplant

metallic cavity accelerators.

Beam emittance and energy spread must be kept to a low level to aid trans-

port throughout the accelerator and to maximise the luminosity at the interac-

tion point. While initial costs of a plasma wakefield accelerator may be lower

by virtue of its smaller size, without an improvement of wall-plug-to-beam en-

ergy efficiency their operating costs could exceed that for a conventional RF

accelerator. The adoption of fibre lasers [177] in high average power systems

could improve the efficiency of plasma-based accelerators, as could novel LWFA
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schemes using multiple laser pulses to excite wakefields [178]. The beam rep-

etition rate must also reach parity with conventional accelerators to increase

the integrated luminosity, increasing the chance to observe rare processes.

A collider relying on laser or electron-driven plasma wakefield acceleration

would require multiple stages in order to address the energy gain limit set

by driver depletion [16]. In contrast, a proton driver could avoid these chal-

lenges since it carries significantly more energy and can drive wakefields over

much greater distances, potentially accelerating electron beams to the tera-

electronvolt-scale in a single stage [28]. This greatly reduces the complexity

of a plasma-based collider. The acceleration of electrons in a proton-driven

plasma wakefield has been achieved [27], marking the first step in demonstrat-

ing this technology. The next stage is to demonstrate that the beam quality of

injected electrons can be preserved throughout the acceleration process. This

thesis has evaluated methods to generate and diagnose electron beams with

properties that enable beam quality preserving acceleration in a proton-driven

plasma wakefield, and has shown the impact of radiation reaction on the long

term evolution of electron beam dynamics in such a wakefield.

A shock–front injected laser–driven plasma wakefield accelerator produces

stable and tunable electron beams in a compact arrangement [118]. Two-

dimensional simulations in the PIC code EPOCH presented in this thesis show

that with a 43TW laser system the required electron beam energy and charge

at injection can be met and provided reproducibly by an LWFA electron source.

The high charge and short duration will however result in a beam current that

overloads the proton-driven wakefield. The beam does not undergo significant

longitudinal decompression as it propagates in vacuum and will require lon-

gitudinal stretching. A compact permanent magnetic quadrupole triplet was

designed to match the electron beam to the proton-driven plasma wakefield,

which, given the relatively large LWFA-generated energy spread, is unable
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to focus the beam size to less than 10 µm. However, electron beam param-

eters from an LWFA injector would be flexible enough to meet the goals of

the AWAKE experiment in Run 2. Longitudinal stretching may be accom-

plished simultaneously as the beam is transported horizontally to the main

proton beamline with a magnetic dipole chicane, however CSR effects must be

addressed for such a short duration electron beam.

Betatron radiation spectroscopy may be used to measure the emittance of

electron beams accelerated in a plasma wakefield, using only the measured

betatron spectrum and electron energy spectrum [52]. In this thesis the feasi-

bility of such a measurement for a proton-driven PWFA was explored. Three-

dimensional quasi-static simulations in the PIC code QV3D show that the

expected betatron radiation emission from an electron accelerated in a proton-

driven PWFA is found to be comprised of a significant and measureable quan-

tity of VUV to soft x-ray photons, which would enable a non-intercepting

emittance measurement. The properties of the emission are relatively insensi-

tive to electron beam size as a less dense beam excites a weaker local wakefield,

which offsets the expected gain in the quantity and energy of photons emitted

by a wider beam that contains electrons with larger betatron amplitudes. The

betatron radiation properties vary as expected with plasma density. Across all

likely operational plasma densities for a 10-metre-long proton-driven PWFA,

the majority of photons have energies within the range 1-100 eV, and spec-

troscopy using multilayered VUV mirrors in this range could therefore facili-

tate the reconstruction of transverse beam emittance. Camera positioning to

optimise signal to noise ratio is a central technical challenge to be addressed.

Radiative damping can lead to emittance cooling of electron beams accel-

erated in plasma wakefield accelerators [174, 176, 175]. In this thesis three-

dimensional quasi-static simulations with the PIC code QV3D have been used

to show that there are no significant advantages or disadvantages from radia-
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tive damping for a proton-driven PWFA up to at least beam energies on the

100GeV-scale. The radiative damping regime required for beam cooling will

only occur for the low plasma densities used for a proton-driven PWFA after a

witness beam energy of 848GeV, corresponding to ∼700m. This distance may

be reduced by using a higher plasma density, although this requires a proton

beam of smaller dimension, which is technically challenging to realise. Addi-

tionally, radiative damping of positrons in a nonlinear electron-driven PWFA

has been demonstrated in simulation. Plasma-based electron-positron colliders

must be able to generate high energy and high quality positron beams but, due

to the asymmetric response of a positron beam to a nonlinear plasma wake-

field, there is no simultaneously emittance preserving and accelerating phase

within it. In this thesis radiative damping has been shown to modify the emit-

tance of a positron beam accelerated in a nonlinear electron-driven plasma

wakefield, specifically by suppressing emittance growth. For a sufficiently long

acceleration length the emittance growth may be reversed, but this was not

shown in the presented simulations. A plasma-based collider that relies on a

radiatively cooled positron beam could potentially use the same acceleration

scheme for both electrons and positrons by repositioning the witness positron

beam with respect to the accelerating wakefield, greatly simplifying the design

of a plasma based electron–positron collider. Such a positron beam would

however gain less energy and develop a greater energy spread than its electron

beam counterpart.
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Appendix A

Simulation Parameters

In the following set of tables the simulation parameters, used in each of the

studies presented in Chapters 5–7, are summarised. They are not exhaustive,

but demonstrate the resolution of the simulations and quantity of macropar-

ticles they involve. Parameters of interest, i.e. those parameters specifically

varied to study the relationship between them and the resulting accelerated

beam or synchrotron radiation properties, are also included.

Table A.1 summarises the simulations for Chapter 5 and lists the driving

laser central wavelength λl, plasma density in the plateau region ne, size and

number of cells in the transverse and longitudinal directions ∆y, ∆z, Y , Z,

and number of macroparticles in the bulk plasma N . Also shown are the

normalised laser vector potential and plateau length used in the parameter

scans. The longitudinal resolution yielded 40 cells per laser wavelength, the

smallest feature to resolve in a laser-plasma accelerator. Convergence test-

ing in the EPOCH simulation was carried out by increasing the number of

cells in the transverse y direction up to a factor of 2.5 with respect to the

number used in the baseline simulation, i.e. from 600 to 1500 cells. The elec-

tron beam in this highest resolution simulation had an average energy 〈E〉 =
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110.1MeV, and contained 111.6 pC of charge, while as previously stated the

electron beam from the baseline simulation had 〈E〉 = 112.7MeV and con-

tained 115 pC. Therefore the resolution used for the baseline simulation, also

used for the parameter scans that followed in sections 5.3.2 and 5.3.3, is consid-

ered high enough to capture sufficient physical detail as there is little difference

in the resulting electron beam parameters. At the same time, a simulation ex-

ecuted with the baseline resolution does not have an excessive computational

demand and completes within a reasonable time. Particle–in–cell simulations

generally must strike a balance between physical accuracy and the volume of

computational work they require.

Table A.2 summarises the simulations for Chapter 6 and lists the transverse

beam size of the radiating witness beam σr, plasma density ne, size and num-

ber of cells in the transverse and longitudinal directions ∆x, ∆y, ∆z, X, Y ,

Z, and number of macroparticles in the bulk plasma N . Also shown are the

radiating witness beam sizes and plasma densities used in the parameter scans.

In simulation of a beam–plasma accelerator the smallest features to resolve are

the plasma wavelength and the size of the beams themselves. The presented

simulations in Chapter 6 had a transverse cell size of 2 µm, which provided

2.625 cells per beam sigma for the smallest beam considered with r.m.s. size

σx = 5.25 µm. Convergence testing was carried out with up to ten times more

cells in the simulation, which were distributed in the longitudinal direction,

i.e. the longitudinal cell size was decreased to ∆z = 0.01 c/ωp with respect to

the Chapter 6 baseline simulation. This high–resolution variant produced an

accelerating field with a peak value of 362MVm−1, compared to 355MVm−1

generated by the baseline simulation. The baseline simulation retained 98.5%

of the witness electron beam charge found in the high–resolution variant. Con-

sequently, the baseline simulation parameters are considered to provide suffi-

cient accuracy. Convergence testing in the temporal dimension was also carried

out in order to find the maximum permissible timestep, thereby allowing the
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simulation to progress more quickly while still resolving the betatron motion

of beam electrons oscillating the plasma wakefield.

Tables A.3–A.5 show the parameters for the simulations presented in Chapter

7 and include the longitudinal positions of the witness electron and positron

beams in the simulated electron-driven wakefield. Convergence testing in this

case was carried out in a similar manner to Chapter 6.
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