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Synopsis

Introduction

Quantum field theory is one of the basic foundations of modern theoretical physics which
naturally unifies the principles of quantum mechanics and Poincare invariance. The ob-
ject of significant physical interest in any quantum field theory is the “S-matrix” and its
elements are known as scattering amplitudes. The conventional approach to obtain the
amplitudes is to write down a Lagrangian for the theory underlying the scattering pro-
cess, derive all the Feynman rules therein and then implement the Lehmann-Symanzik-
Zimmermann (LSZ) theorem on external states. But this field theoretic description for
massless particles with spin very quickly leads to huge off-shell redundancies from gauge
symmetries and various field redefinitions, appearing in intermediate processes but that
are absent in observables. This complexity in the computation of amplitudes grows
rapidly with increasing number of particles involved. A famous example of this is the
6 page computation of the 2 — 4 gluon amplitude in [1]. Surprisingly, this huge result
can be expressed into a single line and can be modified suitably to obtain the n—particle
maximally helicity violating (MHV) gluon amplitude [2]. This enticing simplicity of scat-
tering amplitudes fosters the development of a multitude of techniques, broadly alluded

to as “On-shell methods”.

The modern S-matrix program, powered by the on-shell methods, deals directly with the

particles involved in scattering, without any allusion to quantum fields and their accom-
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panying redundancies. In this approach, the scattering amplitudes are considered to be a
function of external kinematic data and subjected to constraints imposed by physical prin-
ciples like unitarity, locality, causality and various spacetime and internal symmetries like
the additional Yang-Mills structures that appear in the case of self interacting massless

spin 1 particles.

In last few decades, the S-matrix program of quantum field theory has witnessed a number
of remarkable developments: a) the study of analytic structure of S-matrix has revealed
strikingly new insights in our understanding of quantum field theory [3—6], b) on-shell
techniques like Britto-Cachazo-Feng-Witten (BCFW) [7, 8] recursion relations and gen-
eralised unitarity [9] have enormously reduced the complexity of seemingly impossible
computations which guided the next to leading order (NLO) revolution in Quantum Chro-
modynamics (QCD) and have even been used to calculate classical observables such as
potential that models the merger of binary black-holes up to high order in post Newtonian
and post Minkowskian expansion [10]. This thesis is devoted to the derivation of a new
on-shell recursion scheme for computing scattering amplitudes in gauge theories in four
spacetime dimensions, involving massive particles. The recursion relations are then used
to calculate particular classes of amplitudes involving massive vector bosons in Higgsed

Yang-Mills theories.

Background

This section includes a short review of necessary tools and techniques relevant to our the-
sis: the spinor helicity formalism for massive and massless particles in (3 + 1) dimensions,
classification of three particle amplitudes with specific configuration of external momenta

and their high energy limit.



Spinor helicity formalism

Scattering amplitudes are Lorentz invariant objects and transform covariantly under little
group which is the ISO(2) group for massless particles and SU(2) group for massive
particles in four dimensions. Therefore, the massless and massive external states are
labelled by the helicity (4) and SU(2) indices respectively. It is useful to label massive
spin S state as a symmetric SU(2) tensor of rank 2§ since the standard representation
of SU(2) requires a preferred spin axis which breaks the rotational invariance of the S-
matrix. Then the little group transformation of scattering amplitude involving massive as

well as massless particles takes the following form [11]

hj ~2h; J J Ds oh

ﬂlljlz...lzg (pi’ Pj>- ) —1 IJWi,Il lVVi,Iz P Wist 25‘?[]112..‘125 (pi’ Pj»- ) ’ (D
Here one massless j—th particle with helicity 4; and one massive particle i—th particle
are transformed under there respective little groups. The factor 2% is the ISO(2)~U(1)
scaling and W;’s are SU(2) matrices in the fundamental representation. Since the scatter-
ing amplitudes are little group covariant, it is convenient to express them in terms of the

so-called “spinor-helicity variables” that hardwires these little group transformation laws.

Particle with zero mass

To introduce these variables, we consider the SL(2,C) representation of momentum 4-
vector given by the 2 X 2 hermitian matrix p,0”,, = p,s. In this representation, the norm
of the 4-vector p* is given by the determinant of the matrix p,4- which is zero in the case
of massless particles. Therefore p,; is a rank-1 matrix for massless particles and can be

expressed as

Pas = /lw;l('y s (2)



where 1, and 1, are two-component Weyl spinors, known as massless spinor-helicity

variables. Since we can always rescale the spinor-helicity variables
/1(1 — t/la/ > ;la B— t_l/ld > (3)

it is impossible to assign unique spinor-helicity variables to express p,,. But this scaling
is exactly the little group scaling for massless particle. Thus we identify A, and A, as
objects having little group weight +1 respectively. Using spinor-helicity variables, we

define Lorentz invariant but little group covariant angle and square brackets as
i) =4 a [ij] := Al , 2p - q = {pglgp]. “)

These brackets are the basic building blocks of scattering amplitudes in spinor-helicity

formalism. Massless spinor-helicity variables satisfy the Weyl equation

piliy = pilil = 0. )

Particle with non-zero mass

The rank of the hermitian matrix p,, is 2 for massive particles since the determinant is non

vanishing. Therefore, p,, 1s expressed as a linear combination of two rank-1 objects [11]

2

oz = ) AL, (©6)
1,J=1

where (1, J) are SU(2) little group indices for massive particle. The variables A/, /Nlé are

called massive spinor-helicity variables . Similar to the massless case, there is no unique

way to fix these spinors, satisfying the above relation due to the following transformation

AL — wial AL — wh/ak. (7



But for real momenta, it can be shown that W’s are indeed SU(2) matrices with det(A!) =
det (;lé) = m, identifying (7) as correct little group transformation for massive spinor

helicity variables.

Unlike the massless spinor-helicity variables A,, A,, the dotted and undotted massive

spinor-helicity variables are related to each other via Dirac equation
Paad] = —mdq ; paai? =mdyq - 8)

Therefore the scattering amplitude involving massive particles can be expressed in terms
of only either A} or Ay, as opposed to amplitude with only massless particles. This feature
of the amplitude proves extremely useful to classify all possible three-particle amplitudes

[11] involving both massive and massless particles.

Three particle amplitudes

The basic goal of on-shell recursion relation (like BCFW) is to construct higher point am-
plitudes from three particle amplitudes. We briefly review all the required three-particle
amplitudes which will be used as basic building blocks to construct four- and higher-point

amplitudes in this section.

Massless amplitude

The three particle kinematics of massless particles strongly constrains the structure of
the amplitude: it can be a function of either A, or A,. Apart from an overall coupling,
the rest of the structure of an amplitude involving particles with helicities (hy, h,, h3) gets

constrained by the little group scaling

AGI[1,2,3] = g[12]" s3]t 3 )Ry 4y 4y > 0

5



= g (12y/sle@gynhehs 3yl sy + iy < 0. (9)

The conditions on sum of helicities ensure that the amplitude has a smooth vanishing limit

in Minkowski signature as individual brackets vanish in this signature for real momenta.

Massive amplitude

There are two classes of three-point amplitudes involving both massive and massless parti-
cles: two massless-one massive and two massive-one massless. The latter further involves
two sub classes: i)with different mass and ii) with same mass particles. In this thesis, we
mostly consider the “minimally coupled”? three-particle amplitudes involving a massless

particle of helicity |h| and a pair of massive particles of mass m and spin S [11]:

2>2S —h [12]2S

(1
(1,2,3") = gxf, 5 (1,2,37) = gy "o (10)

3m1n 25 1 5 3m1n

where the x;, factor arises due to the degeneracy of masses and is defined as follows

_ dpil3] L _ GIpl]

m@ N e "

X12

with ¢ being a reference spinor. We have omitted the SU(2) little group indices of massive
spinor helicity variables for convenience. Instead, we will be using products of bold face
spinor helicity variables which is defined as symmetric product of normal spinor helicity

brackets. For example,

(12)* = (1"271)(1727) + (17271 (1127, (12)

(32)% = (3271(32%2) . (13)

2In this thesis, we follow the definition of [11] for “minimal coupling”. Here, the“minimal coupled”
amplitude involving massive particles are defined to be the three-particle amplitudes whose leading con-
tribution to the high energy limit is dominated by opposite helicity massless particles. This is not the
conventional terminology for “minimal coupling” exists in the literature. In this approach, the interactions
are introduced by covariantizing the kinetic term. I thank the referee of this thesis for pointing out this issue.
See section 2.4 for more details.



Generalized Recursion

The BCFW recursion relations are a huge step in the direction of formulating a strikingly
simple on-shell method to compute massless scattering amplitudes. In this section, we
will generalize these well known recursion relations by combining complexification of
massless as well as massive external states. Let us consider the massive p; and massless

momenta p; are analytically continued to complex plane while staying on-shell

Pl =pl -t P =7 =p+ . (14)

Here z is the deformation parameter and r* is lightlike shift vector orthogonal to both
of the momenta. The scattering amplitudeA,(z = 0) with undeformed momenta can be

obtained from the deformed one using Cauchy’s theorem

A, = A,0) = erlsgﬂ(Z) ZR (ﬂ(Z)) +R,. (15)

The contour Iy encloses the pole at origin and R, is the boundary term at infinity. All

other simple pole locations of the amplitude are denoted by z;.

The tree-level amplitude, ﬁn(z) has extremly simple analytic structure- it can have only

simple poles in the form of propagator = imz. When the propagator goes onshell the

residue of ﬁn(z) factorizes into two lower point on-shell subamplitudes. Hence we can

write
1
An(2) = Z Ay A1 + Z ﬂm(zf)A A ). (16)
P} —m? P;
where 1, J corresponds to all possible internal states. In the complex plane, we re-write

7



the deformed propagator as follows

1 Zr 1
Pl =m?= (Pi+zp) =m* — — =— . 17
1|z1 ( 1 ij) P;—mz Z—ZIPIZ—mZ ( )

Assuming that the boundary term R vanishes, the physical amplitude can be constructed

recursively by using [12, 13].

A 1 - = |~
A, = Z ﬂlH(ZI)P% - msz’(r+1(Z1) + ZJ: ﬂl+1(zj)P—3ﬂr+](Zj) ) (18)

It is important to emphasize that the recursion technique works only for the amplitudes
that can be constructed using a set of three particle amplitudes. This excludes theories

with contact terms like A¢* theory.

Little group covariant massive-massless shift

These on-shell recursions have been proved to be most efficient when the scattering ampli-
tudes are expressed in spinor helicity basis. Therefore, the momentum shifts (14) should
be realized in terms of spinor helicity variables. Moreover, it is paramount that the com-
plex shift of spinor helicity variables obey little group covariance as the amplitude is
covariant under little group. By choosing the shift vector to be r,, = I%?lﬁ;l‘,d in (14), we

propose [14] the combined complex deformation of spinor helicity variables as follows

—_

- <

/lja = /lja + Epza/ﬂ;l/j > /1j<'1 = ;lj('la (19)
37 I =1 31 T
i = Aig 5 Aig = Aig — E/ljr'z[l Jl. (20)

We characterize these complex shifts as [ij")-shift where we have bold faced the massive
spinor helicity variable (|i] = ;lf ) instead of keeping the SU(2) index and #4 is the helicity of
the j—th particle. It is crucial to note that these complex shifts are manifestly little group

covariant and therefore can be implemented directly into the spinor helicity representation

8



Figure 1: Individual Feynman diagrams contributing to Z(z) diverge at large z for gauge
and Einstein gravity. The vertices grows as z, z*> for gauge theory and Einstein gravity and
overcompensate for the % dependence of the propagators

of scattering amplitudes.

Large z behaviour of scattering amplitudes

On-shell recursion techniques are one of the most preferred tools in modern approaches to
compute scattering amplitudes since it requires only on-shell three particle amplitude as
input data. However, the contour arguments in earlier section reveals that the amplitude
(as a function of complex momenta) must decay in the limit z — oo for the on-shell
recursion to work. This behaviour of deformed amplitude narrows down the space the

allowed class of theories in which on-shell techniques can be implemented.

Remarkably, at least for some helicity combination of external particles, the amplitude
does vanish at large z. For Yang-Mills theories, Britto-Cachazo-Feng-Witten (BCFW)
showed that the deformed amplitude scales as follows at large-z [7, 8]

ﬂ[_+>,ﬂ[++>,ﬂ[__> oc l ﬂ[+—> o Z3 )
Z

Here the superscripts indicate the kind of spinor helicity variables to be analytically con-
tinued along with helicity assignment. Their analysis showed that [-+), [++), [-—) are

valid shifts to construct gluon amplitudes.

In our work [14], we classify all possible massive-massless shifts required for the gen-

eralized recursion method to execute in massive scalar QCD and Higgsed Yang-Mills

9



10 4~
5() l()

Figure 2: Colour ordered diagram for four particle amplitude with [23") shift

theories.

Scalar QCD

We start with Yang-Mills theory coupled with massive scalars. We consider an n-particles
amplitude A, (z) including analytically continued one scalar and one gluon momenta. The
scalar QCD Lagrangian is

1
-

L= T (Ful) + Lor (9,44) - 5

2_1 2 2_% 242
D¢l o [ 8(|¢|)- (21)

Let us consider the most simple amplitude that can be constructed from generalized
recursion: the 2 — 2 scattering amplitude of a pair of massive scalars and gluons. Also,
we need to consider only colour ordered amplitude since the full colour dressed amplitude
can be constructed by using well-known colour decomposition rules [ 15—18]. There exists

only a single diagram due to the adjacent [23*) shift with massless exchange.

This amplitude can be constructed by gluing the three point scalar-gluon and pure gluon

vertices. The relevant terms in the Lagrangian contributing to these vertices are
1
L3 =ig|0,0A " — A, 90" p" — ETr(@“AV)[A,l,AV] . (22)

In [14], we have shown that the vertex factors are independent of z when a single scalar

and gluon line are analytically continued to complex plane. However, the (complex)

10



propagator scales as O(1/z), leading to an overall scaling of the amplitude as O(1/z).

All higher point amplitudes with adjacent scalar-gluon shift will be suppressed by more %
factors due to more number of propagators. So we conclude that the scalar-gluon shift is

a valid shift for generalized recursion®.

Higgssed Yang-Mills theory

Since the classifcation of the generalized on-shell recursion is technical and lengthy, in

this section, we briefly summarize the main concepts.

Our analysis is inspired by an analogous proof of the BCFW shifts for gluon amplitudes
by Arkani-Hamed and Kaplan [19]. However conceptually there is a key difference that
we highlight below. The proof regarding the validity of the BCFW shift for massless par-
ticles considered a set up where a highly boosted gluon was scattered off a background
of low energy massless fields. For real momenta, this corresponds to the familiar Eikonal
scattering. The background was referred to as a soft background. In the Eikonal approx-
imation, the helicity of the highly boosted particle was conserved. This conservation law
was shown to be a consequence the so-called spin-Lorentz symmetry which was then used

to constrain the amplitude at large z.

In our case [14], the soft background is replaced by a static background which is a col-
lection of massive and soft massless particles. Our set up is hence closer to the scattering
of a boosted gluon off a heavy scattering center surrounded by a cloud of soft gluons. It
was shown that, the resulting outgoing states are a highly boosted massive spin-1 boson
and a highly boosted gluon. At infinite boost, the dominant contribution to the amplitude
is again coming from helicity preserving terms in the Lagrangian. Thus, as in the case of
massless theories, this contribution is constrained by the spin-Lorentz symmetry. We then

use the Ward identity for massless gluons to constrain the sub-leading behaviour of the

31t is worthwhile to note that this conclusion continues to hold for massless scalars.
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amplitude and show that for a particular class of shifts, which we refer to as valid shifts,

the amplitude vanishes as % for large z.

Unlike massless amplitudes, scattering amplitudes with massive particles contains an ad-
ditional longitudinal mode at large z. However, this mode of amplitude is related to the
amplitude involving massless scalars and gluons via the Ward identity for the sponta-
neously broken gauge theory [20]. We have determined that the scalar-gluon amplitudes

decay as O (%) in the limit z — oo in previous section (see footnote 1).

To summarize, on one hand we have classified in [14] that the little group covariant shifts
[m+) and [-m) are legitimate for generalized recursion to construct higher point am-
plitudes. On the other hand, we established that [+m) and [m—) are invalid shifts for
the generalized recursion to work since the amplitude does not decay at large z. In the

following table, we collect the large z behaviour of generalized recursion due to various

types of shifts.
Massive-massless shift | Large z behaviour
[m+) 1/z
[m-) z
[+m) z
[-m) 1/z

Vector boson amplitude with arbitrary number of gluons

The purpose of this section is to explore the potential of being able to derive new classes
of n—particle amplitudes by using generalized recursion relations within the Yang-Mills
theory in Higgssed phase. We take the first step in this direction by considering scattering
amplitudes involving two massive vector bosons and an arbitrary number of gluons in
[21]. In particular, we study the following colour ordered massless configurations: a)
identical helicity gluons and b) one flipped helicity gluon that is colour adjacent to massive

bosons. These two classes of amplitudes reduce to maximally helicity violating (MHV)

12



Figure 3: Massive analogues of MHV (left) and NMHYV (right) amplitude.

and the next-to-maximally helicity violating (NMHV) gluon amplitudes respectively in
the high energy limit. We are considering the “massive” analogue of MHV and NMHV
amplitudes since they are the stepping stones for constructing more complicated gauge

theory amplitudes.

Scattering of massive vector bosons with identical gluons

We obtain the vector boson amplitude with all positive helicity gluons in two different
ways: firstly we relate this amplitude to one involving a pair of massive scalars and (n—2)
positive helicity gluons via:

(1n)*

A, (1,27, ..., (n—1)*, n] AJ1%,2%, ..., (n— D, n°. (23)

This proposal is a covariant expression of a result that has appeared previously in the
literature [22]. Secondly, we shall prove this relation inductively by making use of the

generalized recursion. The n-point massive-scalar gluon amplitude is already known [23]:

m?2| 1323 ((Slmk_mz)_pkﬁl,k—l Jn=1]

0 A+ + 07 _ .n-2
A27, -, (n= D) 7] =g (s12=m2)(s123=1m2)-(512.(n-2)~mM2)23)(34)-{((n=2)(n=1)) * (24)
where the Mandelstam variables and p,; are defined as follows
s1.1:= (p1 +"‘+P1)2 s Py =prt+---+p. (25)
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We denote the spinor brackets appearing inside the product in the numerator as follows

Lalp,p 1] = Aus P Pjuply - (26)
Substituting the scalar amplitude in (4.1), we find the following simple expression for the
n-point amplitude with a pair massive vector bosons and (n — 2) positive helicity gluons

(for n > 3):

(Y120 TS5 (51 k=mP)=pypy 4y YIn=11
(s12=m2)(5123=m2)~(812..(0-2)~m2)(23)(34)-((n=2)(n—1)) *

A[1,2%,-- ,(n—1)*,n] = g" (27)

Since this expression is already in agreement with the four and five particle amplitudes
derived in [14], we derive the (n + 1)- particle amplitude using the generalized recursion
with [127) shift. With this particular shift, all possible channels that contribute to the A,

amplitude are shown in Figure 4.

-

n+1

n+1

Figure 4: Generalized recursion with [12*) shift

The first three diagrams do not contribute to the amplitude due to following reasons: a) the
first diagram vanishes due to the vanishing of the right subamplitude involving a single
massive vector boson, b) the second diagram vanishes since the pure gluon amplitude
with either all positive helicity gluons or a single negative helicity gluon is zero and c)
the third diagram vanishes because a massive vector boson cannot decay into two positive

helicity gluons. Thus we only have to consider a single diagram. This demonstrates the
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simplicity in calculation in using the new recursion relations.

Scattering of massive vector bosons with flipped helicity gluon

In this section we discuss, the massive analog of the NMHV amplitude in which the
external particle configuration consists of a pair of massive vector bosons, one minus
helicity gluon adjacent to one of the massive bosons and arbitrary number of plus helicity
gluons. At the onset of our discussion, it is important to note that this particular amplitude

can be easily computed by using a single covariant recursion formula.

If one had used the usual BCFW shift to compute this amplitude, one would end up
with subamplitudes involving the same configuration as the one we set out to compute
(i.e. involving two massive vector bosons and helicity flipped gluons). See the second
diagram in Figure 5. In the absence of an ansatz one would need to use the recursion
relation iteratively to compute those subamplitudes that appear in a given recursion. This

would make the computation technically involved

2- n /2\_ II §+

3+
- TN -1t ~ ~
/2\_ \(n 1) I 3+
L% . _
— +
/ \ '
/
/ 3 4+
1 n 1 n

~ —

-t T T st

Figure 5: BCFW recursion with [273") shift

Instead, we derive the n-point amplitude by complexifying massive momentum p; and

massless momentum p, and taking the [271) shift in spinor helicity basis:

21=121+ =pi2y, =11y - 2@1hp). (28)
m m

Due to this particular shift, all possible different scattering channels that contribute to
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Figure 6: Generalized recursion with [12*) shift

the amplitude in the generalized recursion are shown in Figure 4.3. All the lower point
amplitudes, either vector boson amplitude with all positive helicity gluons or pure gluon
amplitudes has already been computed. Therefore this example set forth one of the many

utilities of generalized recursion relation.

The computation of the n-particle amplitude is technical and involved, but nonetheless we

find a compact expression for this in [21]

2
1.2-.3%. .. nl=o"2 (21p1n]21)+2|p,[11(20)+2m(12)(2))
Al 27,3 - 512(23)(34)-((n=2)(n=D)((2Ip1-paln—1)+m?*(2(n=1)))

Z <2|P3 r Hk r+l {(Sl-»~k_m2)_PkP1’k,1 }|n—1](<2|P1P3,r|2><1n>+l7§,,<12><2n>)2<r(7+1)>

523, (812 r=m2)...(S12..0-2) =m)23)(34).. {(n=2)(n=DX2Ip, p, ,_ IN2p, py Jr+1)
r=3

(29)

This is a completely new gauge theory amplitude result and as a simple check, a few
lower-point amplitudes are obtained by independent methods and shown to match the
expected result [21]. Additionally, we have considered the high energy limit of this am-
plitude and can reproduce the NMHYV amplitude [24] for the specific ordering of external

particles considered here.
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Plan of the thesis

The subject of our investigations in this thesis is to study a new class of on-shell recursion
relations for gauge theory amplitudes involving massive as well as massless particles in

(3 + 1) dimensions. It will consist of the following chapters:

1. Chapter 1 provides a general introduction to the modern on-shell approach to scat-

tering amplitudes.

2. Chapter 2 reviews all the background materials needed for this thesis. This includes
spinor helicity formalism for both massive and massless particles in (3 + 1) dimen-

sions and classification of the three particle amplitudes.

3. In chapter 3, we introduce the generalized recursion relation and provide practical

examples for computing a few types of amplitudes in gauge theory.

4. Chapter 3.3 is devoted to the classification of all possible little group covariant

massive-massless shifts for massive scalar QCD and Higgssed Yang-Mills theory.

5. We conclude in chapter 4 with one of the many advantages of the new recursion
relation by deriving new gauge theory amplitudes along with a short outlook and

future directions in chapter 5.
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Chapter 1

Introduction

The S-matrix program of quantum field theory has witnessed a number of remarkable
developments over past few decades. On the one hand, the study of the analytic structure
of S-matrix reveals significantly new insights with the potential to revolutionise the entire
edifice of quantum field theory [3-6]. On the other hand, on-shell techniques like Britto-
Cachazo-Feng-Witten (BCFW) [7,8] recursion relations and generalised unitarity [9] have
made seemingly impossible computations possible within a few pages. The latter devel-
opments are directly responsible for the NLO revolution in QCD. More recently, these
on-shell methods have even been used in computing classical observables such as the po-
tential in the binary black-hole problems up to high order in the Post Newtonian and the

Post Minkowskian expansion [10].

The subject of our exploration in this thesis is a new class of on-shell recursion techniques,
which we use to compute tree level scattering amplitudes in gauge theories in four space-
time dimensions, involving massless as well as massive particles. The utility of recursion
technique is the construction of higher-point amplitudes by gluing pairs of lower point
amplitudes in a specific manner. Within a large class of recursion relations that already
exists for computing amplitudes, a subset of them are called “On-shell” recursions, in

which the three particle vertices serve as the only input to these recursion relations. Since
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the three-point amplitude vanishes for real momenta in Lorentzian signature, the on-shell
recursion schemes are based on a analytic continuation of amplitudes into the complex
domain by complexifying the external momenta. Simple contour arguments show that
the desired amplitude is a residue of a meromorphic function with a simple pole at in-
finity. For the class of quantum field theories in which the amplitude decays at infinite
momentum, the on-shell recursion relations completely determine the tree level scattering
matrix from the three point amplitudes. By far the most widely used and efficient on-shell
recursion is the BCFW recursion scheme in which precisely two of the external massless
momenta are complexified while both the conservation of momentum and on mass shell

conditions are maintained. For a succinct discussion of these ideas see [25].

In general, scattering amplitudes are functions of the kinematic space of (generalised)
Mandelstam invariants built out of the external momenta. Since the amplitude is subject
to several non-linear constraints like the Gram determinant conditions, this space is rather
complicated. Therefore, the choice of appropriate variables to span the kinematic space
becomes crucial in efficient computations of the scattering amplitudes. In four dimen-
sions, it turns out that the most optimal variables, in which the constraints can be made
trivial are the so-called spinor helicity variables. These variables are manifestly on-shell
and therefore can directly describe the “on-shell physics”, without any reference to the
quantum fields and their huge gauge redundancies and field redefinitions. In fact, the
motivation to pursue an alternative approach to the S-matrix program owes a lot to the
aspiration of getting rid of off-shell redundancies. Implementing the BCFW recursion
relations in deriving massless scattering amplitudes in spinor helicity formalism renders
the computation of tree level amplitudes in gauge theories and gravity strikingly simple as
opposed to the usual approach to obtain scattering amplitudes by summing over Feynman

diagrams.

The traditional field-theoretic method for describing the massless particles involves intro-

duction of gauge redundancies- leaving enough room for improvement. On-shell methods
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make no reference to the quantum fields and their accompanying redundancies. At first
glance, the advantages of using spinor helicity variables seem to be absent for massive par-
ticles since they do not involve the off-shell redundancies that exist for massless particles.
This is indeed true but, as was shown in [11], apart from a rather straightforward resolu-
tion of the technical issues !, the spinor helicity formalism for massive particles allows
us to understand the low energy behaviour of massless amplitudes via Higgs mechanism
from an on-shell perspective. Although the spinor helicity formalism for massive parti-
cles has been known for decades, these variables were not the most suitable candidates
for computation of the S-matrix as they were not little group covariant [26—-30]. However,
the spinor helicity formalism developed by Arkani-Hamed et al. [11] introduced on-shell
variables that transform covariantly under the little group SU(2). In terms of these vari-
ables, the scattering amplitudes remain Lorentz invariant but transform covariantly under
the little group also in the massive case. This formalism also allows one to take appro-
priate massless limits of an amplitude involving massive particles in a systematic manner.

We use this formalism throughout this paper in computing massive scattering amplitudes.

However, even in the absence of a suitable on-shell formulation like spinor-helicity vari-
ables for massive particles, tree amplitudes involving a set of massive and at least two
massless particles have been analysed using the BCFW recursion [12,29,31]. For exam-
ple, in [12] several lower point tree level amplitudes with massive scalars and gluons were
computed using the conventional BCFW relations. In [29] this method was extended to
computations of scattering amplitude involving massive vector bosons, fermions and glu-
ons. In a notable work [32], the authors derived recursion relations for all possible Born
amplitudes in QCD and gave a closed form expression for amplitude involving two mas-
sive quarks scattering with an arbitrary number of gluons. Recently in a beautiful paper,
Ochirov [31] generalised this computation by using the newly developed massive spinor

helicity formalism of [11] and in particular proposed formulae > for two specific n— par-

!'Since the little group for massive particles is SU(2) instead of ISO(2) for massless particles, the massive
spinor helicity variables carry an extra SU(2) index as opposed to their massless counterpart.
2which was proved by using the principle of induction and the BCFW recursion by the same author.
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ticle amplitudes consistent with results previously derived [23,32]. Finally, in [13,27,33]
scattering amplitudes involving massive particles have been first computed using multi-
line complex shifts. However in these works, the external momenta of massive particles
are decomposed in terms of certain massless vectors in terms of which the computa-
tions are brought closer to that of amplitude involving only massless particles. Recently,
in [34,35] recursion relation for massive supersymmetric amplitudes have been developed

using a massive super-BCFW shift.

Since the work of [11] has unified the kinematic space of both massive and massless ex-
ternal momenta into the little group covariant spinor helicity formalism, several questions
arise naturally as a consequence of this discovery. For instance, (i) is it possible to derive
“BCFW type" recursion relations by complexifying massive instead of massless external
states.? (ii) Can these new recursion relations be used to derive new scattering amplitudes

that are difficult to construct using the BCFW recursion?

In this thesis, we answer these questions by proposing a generalization of the BCFW
recursion to the case where one massive and one massless external momentum get com-
plexified [14]. There has been earlier work in this direction in [36] in which a particular
massive-massless shift was proposed and it was used to compute four particle amplitude
involving two massive vector bosons and two photons. We extend this by giving a clas-
sification of all possible massive-massless shifts and show that not all possible shifts lead
to a valid recursion relation. The little group covariant realization of complex momentum
shift in terms the spinor helicity formalism allows us to work with the formalism of [11]
seamlessly. We then derive several lower point amplitudes in massive scalar QCD and
Higgsed Yang-Mills theory using the new recursion relations and find perfect agreement
with the results in [13,29]. In the process, we obtain the five point amplitude involving a
pair of massive vector bosons and arbitrary helicity gluons. This serves as the first new

scattering amplitude result involving gluons.

As mentioned previously, we provide a proof for the validity of the massive-massless
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shift to recursively construct amplitudes in massive scalar QCD and Higgsed Yang-Mills
theory. A comprehensive study of the validity of BCFW shifts for different theories has
previously appeared in the seminal work by Arkani-Hamed et. al. [19]. Our proof for
massive-massless shift follows similar line of work but is more involved due to presence of
an additional longitudinal mode corresponding to the massive particle. For completeness,
we also extend the proof of [19] to the case of massive scattering amplitudes and prove

the validity of the massless-massless shift for these theories.

We then explore the usefulness of the covariant recursion relations by computing two dis-
tinct classes of amplitudes involving two massive vector bosons and an arbitrary number
of gluons with specific helicity [21]. The two classes are such that in the high energy
limit, these amplitudes reduce to “maximally helicity violating” (MHV) and the “next-to-
maximally helicity violating” (NMHV) gluon amplitudes respectively. We use the new
recursion relations to derive the scattering amplitudes for both these classes. We provide
an inductive proof for the first class of amplitudes and we show that for the second class of
amplitudes, the massive-massless shift can be used to recursively construct the amplitude.

This shows the practical utility of the new recursion relations derived in [14] .

This thesis is organised as follows. We begin with a short introduction on the spinor he-
licity formalism in four spacetime dimensions in chapter 2 along with a description of
the three particle amplitudes that serve as the basic building blocks of the on-shell re-
cursion technique. In the next chapter 3, we introduce the covariant recursion relations
and use it to derive several four and five particle amplitudes in massive scalar QCD and
Higgssed Yang-Mills theory. Then we move onto the central theme of this thesis in sec-
tion 3.3: classification of all the valid massive-massless shifts in these theories. We also
give an alternative derivation of the new five particle amplitude involving two massive
vector bosons and gluons with arbitrary helicity using BCFW shift (see section 3.5.1).
We discuss the massive analogues of the “maximally helicity violating” (MHV) and the

“next-to-maximally helicity violating” (NMHV) gluon amplitudes in chapter 4. We con-
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clude in chapter 5 with a short summary of the thesis and outline some immediate open

questions.
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Chapter 2

Background

In this chapter, we discuss the spinor helicity formalism in four spacetime dimensions.
Spinor helicity formalism is an especially powerful notational tool to represent scattering
amplitudes in (3 + 1) dimensional gauge and gravity theories by providing suitable vari-
ables, describing the external kinematics, that hardwire the correct little group transfor-
mations and are concurrently associated with appropriate representation of the on-shell
momentum. We begin by reviewing the concept of the little group and the associated
transformation of scattering amplitudes. This will pave our way to introduce the spinor
helicity variables for on-shell momenta of massive and massless particles in four dimen-

sions.

2.1 Little group

The main purpose of spinor helicity formalism is to trivialise a part of the intricate physics
of scattering that traces back to the basic but fundamental question— “what is a particle?”
and the accompanying ideas of Wigner’s “Little group” , which govern the kinematics

involved in the scattering of particles.

To elucidate this point, let us review the standard text book theory on Wigner’s classi-
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fication of one-particle states [37, 38] in accordance with their transformation under the
Poincare group. We follow the discussion in Weinberg [39]. In order to define one-
particle states, it should be noted that the momentum generators (P*) of the inhomoge-
neous Lorentz group (or Poincare group) commute with each other. Therefore, it is natural

to express the one-particle states in terms of the eigenvectors of the momentum operator:

Plipo) = P'Wpo) s 2.1)

where o denotes all other possible degrees of freedom (that commute with P*) such as
helicity for massless particles. Since, these one-particle states transform with a phase
factor (¢’7™) due to translation group element, we now consider their transformation prop-
erties under homogeneous Lorentz transformations. If we denote the quantum operator

responsible for these transformation as U(A) then by definition,
U (APUA) = (A‘l)V”PV =AM P (2.2)
We can then find the action of the Lorentz group on an one-particle momentum state as
PAUMNW o) = A p" UMW o) - (2.3)

Therefore the one-particle state, after acted on by U(A) remains an eigenstate of momen-
tum operator, as expected, but with eigenvalue (Ap)*. This suggests that we can represent

the state U(A)|y, ) as a linear combination of |4, ) states
UMWpo) = ) Coo (A PWinpor) (2.4)

Here the matrices C, (A, p) furnish a representation of the quantum Lorentz transfor-
mations. Without any loss of generality, one can always choose linear combination of

ly,) for some o in such a way that the matrices C, (A, p) are block diagonal. In this
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case, these matrices furnish irreducible unitary representation of the Poincare group that
can naturally be identified with a specific type of “particles”. This is the precise sense in
which we define particles in quantum field theory. In order to find the structure of such
an irreducible representation C,, .- (A, p), we now introduce the notion of the Little group.

Note that we can write any momentum 4-vector as

P =LK, (2.5)

where k” is a standard reference momentum which we take to be k* = (E;0,0, E) for
massless particles and k* = (m; 0, 0, 0) for massive particles. Now the one-particle states
with arbitrary momentum p* are related to the one-particle states with standard momen-

tum k* as

Wpo) = N(OULP)Wko) » (2.6)

where U(L(p)) is the unitary quantum operator associated to Lorentz transformation L*,(p)
and the normalization N(p) is fixed by demanding orthogonality of one-particle states.

With this definition, the action of U(A) on |¢, ) (from equation (2.6)) is

UMWy = N(p)ULAp)HU[L™ (AP)AL(D) Wi ) 2.7

Here we have used

UADU(Ay) = U(AAL). (2.8)

Let us consider the action of the combined Lorentz transformations in the quantum oper-

ator that directly acts on the state and find that it gives back k*

(L' (Ap)Y' (Ap) = k. (2.9)

Thus we have found a subset of Lorentz transformations that leaves the standard momen-
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tum 4-vector k* invariant. This subset is called -*“Little group” and denoted as W
W= LY (Ap)AL(p), = WH K =k". (2.10)

In general, this group is not trivial. For example, it is the ISO(2) group for massless parti-
cles and SU(2) group for massive particles. Therefore, the problem of finding the matrices

C, (A, p) has been reduced to finding the little group representation D, .- [W(A, p)]

N
UMW) = N((Ap)) ZD (WA, I, @.11)

Representations of a larger group (for instance the Poincare group) derived from the rep-
resentations of its subgroup are known as induced representations. Finally, by using the

orthogonality condition of one-particle states

W o W) = 2083k = K6, 2.12)

we determine the normalization that turns out to be unity. Including the additional U(1)
factor due to translation, we find the desired transformation property for one-particle state

as

UMW) = 0P ZD (WA, DI (2.13)

As a consequence, we conclude that the one-particle states are labelled by the momentum
of the particles and transform under some representation of the little group. Since the S-
matrix is defined to be the inner product of asymptotically free “in” and “out” states con-
stituted with product of one-particle momentum states, the scattering amplitude, which is
related to the S-matrix as § = 1 + iA, is naturally labelled by momentum and little group

indices of external on-shell particles. The Poincare invariance of the amplitude then tells
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us that

Agroe o (P P2 D) =8P (D1 + P2t + DDAy, (D1 P2+ 5 P0) » (2.14)

AL o0 (P D2 P0) = l_[Dgi,U;[W(A, PIA . o (Apr,Apa,---  Apy) . (2.15)
i=1

For completeness, it is worthwhile to mention that the so called scattering amplitudes
that we compute using the Feynman diagrams in usual quantum field theory are typically
Lorentz covariant tensors and do not have the desired transformation properties (2.15).
Therefore, polarization tensors (for particles with spin) are introduced in order to convert
the “Feynman amplitude” into “Natural amplitude” which is manifestly Little group co-
variant. The polarization tensors are bi-fundamentals under both Lorentz group and the

Little group and transforms in the following way

Cuos(AP) = A Dy or(W)Dyy (We,, v (B) (2.16)

where D, is in the spin—% representation of the Little group. The natural amplitude is

then related to the Feynman amplitude as

28

‘ﬂo'lmo'zs (ﬁ) = (1—[ e#imo—; (ﬁ)) ﬂ#l ,,,,, Has * (2.17)

i=1

The amplitude, carrying only little group indices, is called Natural amplitude (in LHS)
and manifestly transforms as (2.15). Here we have shown the Little group indices for a
single particle with spin S. In general, we have to introduce polarization tensors for all

spinning particles that are involved in the scattering.
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2.2 Massless particles

The Pauli Lubanski vector, which is defined in terms of inhomogeneous Lorentz symme-

try generators (J*; P7) as

1
Wi = 5 Gor P (2.18)

is related to the momentum 4-vector for massless particles via the following relation
WH = hP, (2.19)

where the operator/l;is called the helicity of massless particle. Since p® = |p] for massless
particle, the helicity can be expressed in terms of the spin (of massless particle) projection
onto the direction of momentum 3-vector

~ S-p

h=——. 2.20
B (220

This can be considered as the defining relation for helicity. Moreover, for particles travel-
ling at the speed of light, there exists no Lorentz boost which can change the direction of
its momentum and this is why’I;is a Lorentz invariant object. Therefore, all the massless
1-particle momentum states in the scattering matrix can be labelled by the helicity of the

particle.

Traditionally, scattering amplitudes are expressed in terms of the Lorentz invariant prod-
ucts of external momentum 4-vector (p*), known as: the Mandelstam variables, defined
as s;j ;= (pi+p j)z. However, all the fundamental massless particles in the Standard
model have non zero helicity, which in turn can be utilized to label the momentum states
and therefore the scattering amplitude. Thus, it is useful to find kinematic variables that

transform under a smaller representation of the Lorentz group. The lowest possible rep-
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resentations of Lorentz group are the spinor representations denoted by (O, %) and (%, O).
They are the spin—% representations of two different SU(2) groups needed to describe the
Lorentz group SO(3,1) . In terms of the spinor representation, a momentum 4-vector p*

can be expressed as a 2x 2 hermitian matrix p,s = p,o

aq’

O . . . .
where o, is the identity matrix
and &, are the Pauli matrices. Here («, &) are labelling the two different SU(2) spinor
indices describing the Lorentz group. In this representation, the matrix p,, is related to

the 4-vector p* as

Pai = : 2.21)

The determinant of the matrix p,q gives the square of the norm of the 4-vector: p,p* = p*.

For massless particle, the determinant of the matrix p,; is vanishing. Therefore, the
momentum vector of a massless particle in spinor representation can be written in terms

of a pair of 2-component Weyl spinors (44, 44) as
Pjaa = /ljoz;ljd = |]>[]| . (222)

Here (4;q, A ja) are the “spinor helicity variables” and j is the particle index. Since one

can always rescale the spinor-helicity variables as
o — ty, Ao — 1A, (2.23)

it is impossible to assign unique spinor-helicity variables to a given on-shell momentum
p", which remains invariant under this scaling. Now we show that this scaling is actually

associated with the little group transformations for massless particles. First, we note that,

The topology of inhomogeneous Lorentz group is SL(2,C)/ Z, <xR*.
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in SU(2) basis, an arbitrary momentum is related to the standard momentum as
Pai = SPRPhgy (2.24)

where recall that the standard momentum for massless particle is & = (E, 0,0, E). If we

express k, in the spinor helicity formalism as
koo = ALY (2.25)
then the spinor helicity variables for &, and p, are related as
A =80 Ao = RSP, (2.26)

where S ,# and R, are the standard left and right handed generators of the Lorentz group
written in SU(2) basis. Since the little group does not change k.4, the spinor helicity

variables can transform under the little group as
Y A \ ) J (2.27)

where ¢ is an arbitrary complex number. Now using (2.26), we can find the transforma-
tions of the spinor helicity variables A4,, A, and it turns out to be exactly (2.23). Therefore,

we can identify (2.23) as the little group scaling for massless particles.

Requiring the 4-momentum to be real in Minkowski signature, the spinor helicity vari-

ables are related to each other as
(A)* = 24, (2.28)

where the choice of the sign is associated to the sign convention of the energy of the

particle. We always consider the energy to be positive and therefore consider only the +

34



sign in the above reality condition. For real Lorentzian momentum, the complex number

t becomes an U(1) phase factor °.

Since the spinor indices can be raised and lowered with the anti symmetric Levi-Civita

tensor as
Ao =epl,  Jo=epl, (2.29)

it can be easily seen that the spinor helicity variables are on-shell variables in the following

Sensec
PacA” =0 = pozd;ld s (2.30)

making them a suitable candidate for expressing the scattering amplitudes. In spinor-
helicity formalism, we now introduce the Lorentz invariant and little group covariant an-

gle and square brackets which will repeatedly appear in the rest of the thesis as
(i) = A, [ij]:= DigAS . (2.31)

The Mandelstam variables, in spinor helicity formalism, can be expressed in terms of

these brackets as
sij = (pi+pj)* =2p;- p; = (Gplijl. (2.32)

The 2-component spinor helicity variables satisfy Schouten identities. In terms of the

angle or square brackets, these identities takes the following form

(12)(34) + (23)(11) + (31)(21) =0, (2.33)

For massless particles, the standard momentum remains invariant under rotations- confined in the x —y
plane and 2-d translations. But finite dimensional representations require all the one-particle massless
momentum states to have zero eigenvalues under these translations. Therefore, only the U(1) subgroup of
the ISO(2) group can be considered to be the little group for massless particles in four dimensions.
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[12][34] + [23][14] + [31][21] = O, (2.34)

with A being an arbitrary spinor. The momentum conservation, due to the translational

invariance of amplitude is expressed in terms of spinor helicity variables as follows

ip,- =0 iﬂmim =0 Z INUEXD (2.35)
i=1 i=1 i=1

In terms of the massless spinor helicity variables, the polarization vectors can be expressed

as

o <{|0-/1|;11] —nN </11|0_,u|§]
e 1 _— e =

= , — R (2.36)
YT e T Ve

where { is an arbitrary reference spinor. Finally, let us give an explicit realization of these

spinor helicity variables in terms of on-shell momentum

1 pl+p’ - 1 pl+p?
L — L — . (2.37)

\/I’W133pl+ip2 ’ \/I’Wlﬁpl—ip2
2.2.1 Three particle amplitudes

In this section, we collect all the required massless three particle amplitudes which will
be used to build four and higher point amplitudes recursively. Due to the three particle

massless kinematics
Pﬁ‘+p’§—>p’§ >pi-p2=p1-p3=p3-p>2=0, (2.38)
either all the angle or square brackets are vanishing

(12)[12] = (13)[13] =(23)[23] = 0.
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Therefore, the three-particle amplitude involving massless particles with helicity 4, ;3 can
be expressed either in terms of angle or square brackets and the little group scaling then

fixes the structure of amplitude upto an overall multiplicative constant

ANRI[L,2,3] = g[12]" 23 ) et 3 e wyith By + hy + By > 0

= g (123 p3ym-hahs (3 yh=h=hs . with py + hy + by < 0. (2.39)

Here the constraints on the sum of helicities ensure that the amplitude has a smooth van-
ishing limit for real momenta in Minkowski signature. We end the discussion on massless
spinor helicity formalism here and proceed to introduce spinor helicity formalism for

massive particles.

2.3 Massive particles

There are several attempts to develop a spinor helicity formalism for massive particles
over the past few decades [26-30]. These approaches begin by expressing the SU(2)

representation of massive momentum 4-vector as

m2

e = /10/11/ - =
b ALl

Nalla » (2.40)

for some reference spinors 17,, 7j;. The spin of the particle is projected along the lightlike
direction of 1,1j4, which was then used to label the external states. This way of introducing
the massive spinor helicity variables does not manifest the Lorentz symmetry due to the
choice of a lightlike direction and obscures the little group covariance of on-shell scatter-
ing amplitude from the very beginning. Therefore, this approach severely limits the scope
of the program for systematically classifying and constructing on-shell amplitudes. How-
ever, recently Arkani-Hamed et al. [11] have introduced a little group covariant spinor

helicity formalism for massive particles that does not involve any preferred direction for
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spin to label the massive external states. This formalism also allows one to take a suitable
massless limit of the massive amplitude in a systematic manner. We use this formalism
throughout this thesis in computing massive scattering amplitude. We now review this

formalism below.

For a massive particle, the spinor representation of momentum 4-vector can be simply

taken to be a linear combination of rank 1 objects [11]

2
Pai = ) AL, (2.41)

1,J=1

where (/,J) stands for SU(2) little group indices which can be lowered and raised by
the Levi-Civita tensor €;;. The variables A%, 7 are called the massive spinor-helicity
variables. Note that for a particular value of /, J, the bilinear A is identical to the massless
representation, but due to an additional sum, the determinant of the 2 X 2 matrix is non
vanishing. Similar to the massless case, there is no unique way to fix these spinors, as the

momentum p,, is left invariant by the following transformations
AL —wha! AL — (W Ak, (2.42)

Unlike the massless case, these W matrices can generally be GL(2, C) matrix which is not
the little group for massive particles. But if we impose the reality condition on momentum
vector and demand that det (/lé) = m and det (/Nlé) = m, it can be shown that W is indeed
a SU(2) matrix. To illustrate this, let us defineM := det (/lfl) and M := det (;lé ) which are
identical to each other as m. Now we consider a GL(2, C) transformation for the spinors,

that induces the following transformation
M =detW)M, M =deqW M. (2.43)

Since the mass of a particle is a physical quantity, we therefore conclude that det(W)? =

1. We consider the case when det(W) = +1 since the other choice does not form a
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group and find that W is an SL(2, C) element. The reality condition p* = p then further
restricts W to be in the SU(2) subgroup of SL(2,C). Since, the massive spinor helicity
variables transform correctly under little group, we conclude that the on-shell amplitudes
are Lorentz invariant functions of 1;, A;. Let us now point out one of important difference
between the massless and massive spinor helicity variables. Since both of them are on-
shell variables, the massless variables satisfy the Weyl equation and therefore A can not
be traded in terms of A or vice-verse. This is not the situation in the case of massive
particles as they satisfy the Dirac equation which takes the following form in terms of

spinor variables
Paad] = —mdq ; P(m;l(; =mdy, - (2.44)

This clearly suggests that we can trade the spinor helicity variables in terms of each other
and therefore we can express an amplitude solely in terms of any one of the spinor helicity

variables.

To label the external massive states, it is useful to use the symmetric spin—% representation
of SU(2) because in the conventional spin representation for SU(2), we need to pick a
preferred direction to define the S, operator- therefore breaking the rotational invariance
of the scattering amplitude. So in general, the scattering amplitude involving massive
particles with spin {S;} and massless particles with helicity {h j} is represented by

A (e {ps) (2.45)

{1|[2...125,.}

where {/;} are the little group indices for the i—th massive particle with spin S; and {h.,-} la-

bels the j—th massless particle with helicity ;. Then the scattering amplitude transforms
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as

\_7(8:1}2.“125[} ({pi} , {pj}) N 1_[ t—2hj 1_[ Wi,ll Ji Wi,Izjz - Wi,lzs,-JZSi ﬂ}i{izmhﬁ} ({pi} s {pj}) s

J

(2.46)

where 124

is the U(1) scaling and W;’s are SU(2) matrices in the fundamental represen-
tation. To conclude this section, we give the expression of the polarization tensor of a

massive spin-1 particle

1 . ~
e“U = —ﬁ [/l[BGQY(O'a)ﬁy/ljd + (I d J)] . (247)

Next, we review the construction of the three particle amplitudes with atleast one massive

particle. These will serve as building blocks to set up the on-shell recursion.

2.3.1 Three particle amplitudes

Let us now review the classification of three particle amplitudes involving massive and
massless particles following [11]. As mentioned earlier, all the massive external states
(with spin §) are labelled by the symmetric 2§ representation of SU(2). Since the spinor
helicity variables of massive particles are related to each other by the Dirac equation
(2.44), any generic amplitude can be expressed in terms of only A variables. For in-
stance, the three particle amplitude involving a pair of massive particles of spin S, and
a massless particle of helicity / can be expressed as

Y s, 4 Bas h
=4 A XA

O hsbas, Ji{10s, } Y bs, T35, ")t as, Ji{Bro s, } (2.48)

. h
where the object on the RHS A s, J{Brofos, )

tation) tensor and called “stripped amplitude”. The advantage of introducing the above

is a Lorentz ( in SL(2,C) represen-

relation is that the classification problem of three particle amplitudes reduces to finding
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the general structure of these stripped amplitudes. Notice that, as we are using spin %
representation to label the massive spin states, algebraically, the stripped amplitude is
a polynomial of two linearly independent spinors (u, ; vg) in order to span the SL(2,C)
space. So we now need to find these independent spinors which depend on how many
massive legs are attached to the three particle amplitude and we will analyse each case

separately below. It is also useful to note that the degree of this polynomial would be

2(51 + Sz)

One massive, two massless legs

We start with the three particle amplitude involving a pair of massless legs of helicity A,

and one massive leg with spin S. Since the stripped amplitude A,,, 4., 1s @ polynomial of

Figure 2.1: Three particle amplitude with two massless legs with helicity /;, and one
massive leg with spin S.

degree 25, we need S number of each of the linearly independent spinors (u, , v,). Since
we have two massless legs, we can use the massless spinor helicity variables, as they are
independent of each other, as the candidates for (u,,v,). Additionally, to account for
the little group scaling of the massless legs, we need to introduce either angle or square

bracket involving only massless spinor helicity variables. Tensorially, we can express the
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amplitude as

Ane =k Ag){ [12]°. (2.49)

{ay,..azs} - ay..a5}

.....

in the spinor indices such that i € [1,a] and j € [1, b]. Here « is a coupling constant and
a, b, c are some exponents that can be fixed by little group scaling, giving the following

relations
a-c=-2hy, b—-c=-2h, a+b=2S, (2.50)

where the last relation is due to the fact that the degree of the polynomial is 25 . Taking
into the account the fact that the three-point amplitude has mass dimension one, we obtain
the structure of this three-point amplitude to be

ﬂhlhz — 8 (ﬂf_hl+h2/l§_h2+hl) [12]S+h1+h2 , (251)

Bllanaast 328 +hi+ha—1 (a1..2s)

where g 1s a dimensionless coupling. To elucidate our notation, we give the expression
of three particle amplitude with massive particle with spin § = 1 and identical photons
below

A = 5 (M Ao + Do) 121 2.52)

Notice that, we could have used (12) but it is related to [12] as (12) = [’;l—lz] The unique
structure of the three particle amplitude for this specific configuration of external particle
implies no-go theorems for certain types of interactions. For instance, if we consider
hy = h, = +h then the square bracket [12]**?" will attain an additional (—1)***" factor

under the exchange of massless legs. If we consider the massless legs as bosons, then

the amplitude must be invariant under this exchange and we conclude that the spin of the
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., ((11...0281)

(By++Pys)

Figure 2.2: Three point amplitude with massive legs of spin S;, and massless leg of
helicity h.

massive particle must be S = 2(n + h) for some integer n. Therefore, a massive particle
with odd spin can not decay into two massless identical bosons. In this case, the amplitude

in equation (2.52) vanishes identically.

In the case of opposite helicity massless particles, if we restrict ourselves to S —h;+h, > 0
and S + h; — h, > 0 (otherwise we end up with spurious poles), the 3-particle amplitude
vanishes for § < 2|h|. Therefore, a massive particle with spin-1 can not decay into a pair

of photons and a massive spin-3 particle can not decay into a pair of gravitons.

Three particle amplitude with a pair of massive particles and one massless particle

Next, we consider the three point amplitude with a pair of massive particles of spin S,
and a massless particle of helicity 4. The structure of this amplitude will heavily depend
on whether the masses are equal or not, since the equal mass configuration appears pre-
cisely in the case of the minimal configuration that corresponds to the unique massless

amplitude in the high energy limit’.

3We discuss the concepts of minimal coupling in section 2.4 and the procedure of taking the high energy
limit of an amplitude involving massive particles in Appendix A.
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Let us first consider the configuration of external massive particles with different masses.

In this case, we can choose the linearly independent spinors to be

Uy = Az, ve= 222N (2.53)
m

But unlike the previous case with one massive leg, here the structure of the amplitude is
not unique since we only have two constraints: a) the little group scaling for the massless
leg and b) the degree of the polynomial being 2(S; + §S,). Therefore, there is an inherent
ambiguity of choosing the tensor structure in order to distribute all the SL(2, C) indices
symmetrically and it can determined that there exists a total number of N = §; + S, —
IS1 — S,| + 1 number * of structures possible. The three particle amplitude thus takes the

following form

h _ (S1+S2+h), (S1+S2—h)
= Nu V , 2.54
ﬂ{ﬂ’l ----- s, J{BirBas, } Z 8i [ ]{dl,nﬂzsl HB1.--Bas, } ( )

where g; are the coupling constants associated to different tensor structures of (u,v). To
illustrate the choice of different possible tensor structures, let us consider the example
withS; = 1and S, = 2 and & = —1. In this case, there are three different tensor structures

possible

(vv)(lla/z (vvuu)ﬂl ..... B4 > (uu)a/]a/z (VVVV)ﬁl ..... B4 > (uv)alafz(uvvv)ﬂl ..... B4+ (255)

For identical spin (§; = S,), there are as many as N = S, + S, number of structures

possible
1
S1=82= 3t @0, (2.56)
Sl = SZ = 1 : (Mu)u/](lz(vv)ﬁ]ﬁz ’ (uv)(n(lz(uv)ﬁ]ﬁz ) (257)

“This follows from the spin angular momentum addition rules in quantum mechanics.
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3
S1=82= 5 : (uuu)mazm(vvv)ﬁlﬁzﬁ} > (uuv)al(lzws(uvv)ﬁlﬁzﬁ3 4 (MVV)QWZM(MMV)/;LBZ& .

(2.58)

Three particle amplitude with a pair of identical mass

Note that, if the masses of the two particles are degenerate, our choice for the two linearly

independent spinors in equation (2.53) does not work, since
P2+ p3=—p1r = 2pr-p3=mu’v, =0. (2.59)

Instead they are now parallel to each other and picks up a single direction in SL(2,C)

space

_ (€]p2lAs]

, 2.60
m{¢As) (2:60

XUy =Vy = X

where the x—factor is the proportionality constant between u, and v, and has mass dimen-

sion 0 and little group weight -2. Sometimes, it is helpful to use the inverse expression

1 Aslpalé]
! = MBlPale]

= . 2.61
m[A3¢] zob

The x—factor plays a special role in three particle amplitude with the same mass particles.
It was shown in [11] that this factor encodes an apparent non-locality, associated with

amplitudes arising from minimal coupling configuration.

Since there is at least one massless leg available, we use the massless spinor variable
A3, to associate the SL(2, C) indices. But with these, we can only distribute half of the
2(S1 + S5) number of SL(2, C) indices. Therefore we have to use the Levi-Civita tensors

€qp to carry the rest of the indices. The algebraic structure for the three particle amplitude
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therefore takes the form:

S1+S2

A _ Z gixh+i(/l§i6S1+S2—i)

{(Yl,nﬂzsl }{ﬁ1,..,,3252} (262)
i=|S1-S2|

{1,005, HB1oBas, }

We conclude this section with the following remark: we could have used €, in the case of
unequal mass, but this procedure is equivalent to the one followed here, as one can trade

either u, or v, with the Levi-Civita tensor using

(UoVg — UgVy) = (UV)€Eyp . (2.63)

But this relation does not exist in the equal mass case as xu, = v,. Therefore €, can
be treated as an independent tensor in the equal mass case and can be used to span the

SL(2,C) space.

In this thesis, we will need the three particle amplitudes involving a pair of massive par-
ticles with same mass given in equation (2.62). This expression can be thought of as an
expansion in 4, and the term with i = 0, in which all the SL(2, C) indices are carried by
the anti-symmetric Levi-Civita tensor and represents to a special type of interaction that is
known as the minimal coupling in usual quantum field theory. Throughout this thesis, we
have considered particles interacting with each other only via minimal coupling. In the
following section, we discuss this concept of minimal coupling in the context of on-shell

scattering amplitudes.

2.4 Minimal coupling

The notion of “minimal coupling” for massless particles simply means that the leading
low energy interaction for the exchange particles such as photons, gluons and gravitons
with dimensionless couplings: e, g or the gravitational coupling 1/M,, (where M, de-

notes the Planck’s mass) should include only massless particles with opposite helicity
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configurations. This can be elucidated by considering the three particle amplitude in the

following equation

AG[L,2,3] = g[12]" s 23 ) 3R with by + iy + hy > 0

= g (12ys7 -l (3ynhesis3yn=ohs o with by + hy + by <0, (2.64)
in which the mass dimension of the coupling constant ([g],,) is given by
[81n = [8 1w = 1 = lhy + ha + sl (2.65)

which is zero for photons and gluons, and -1 for graviton °, when the massless particles
have opposite helicity. This notion of minimal coupling is familiar in textbook quantum
field theory in which the minimal interactions appear with dimensionless couplings. For

example,

scalar QED :  e(¢d, 9" — ¢"0,9)A", (2.66)
QED: eyy, yA*, (2.67)
QCD: gf**“ALALd, A4, (2.68)
linearised gravity :  khhOh. (2.69)

In the previous section, the most general algebraic structure for a three particle amplitude
involving a pair of particles with degenerate mass and a massless particle has been derived
in equation (2.62) as a series expansion in the massless spinor helicity variable A. For
identical spin (S = §, = §) of massive particles, this series contains a total of (25 + 1)
number of terms. Now in the high energy limit, one of these terms reproduces the unique
massless amplitude given in equation (2.39). As we explain below, this special term

corresponds to i = 0 in the expansion where the Levi-Civita tensor carries all the SL(2, C)

SFor linearised gravity, the kinetic term is Ly, ~ hOh, where A, has mass dimension 1. Therefore, the
leading interaction term is khhOh with k ~ 1/Mpy.
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indices. All the other terms in the expansion (2.39) correspond to the couplings to higher-
dimensional operators. Since in this thesis, we have considered only minimally coupled
amplitudes, we will not discuss the higher dimensional terms and contain ourselves with

the following three particle stripped amplitudes associated minimal coupling:

28
min,h _ h
ﬂB]{al,..azs}{ﬁ],..ﬁzs} = mgx [l_[ € T symm.) , (2.70)

i=1
where we have added all the symmetric combinations of the product of €’s in the SL(2, C)
indices. The on-shell amplitude can be found by contracting the massive spinor helicity
variables with this stripped amplitude following (2.48)

N <12>2S

12 m2s-1"°

1217

A,2,3") = gx 2 35T

A"1,2,37") = gx (2.71)

where x, arises due to the presence of massive particles with identical masses as dis-

cussed earlier and defined as

_@pBl o Glpld]
~ m{{3) T m[3]

X12 (272)

Here {* is a an arbitrary spinor which can be chosen appropriately. Here we have intro-
duced bold faced notation for spinor brackets associated to massive particles. These bold
faced spinor products are defined as a symmetric combination of usual spinor products

carrying SU(2) indices. For example,

12y = (11271)(122%) + (12271)(112%2),, (2.73)

(32)? := (3271)(3272) (2.74)

In appendix A, we outline the procedure for taking the high energy limit of scattering
amplitudes in the massive spinor helicity formalism following [11] and show that the

above three particle amplitudes for S = 1 indeed reduce to the unique massless three
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particle amplitude in this high energy limit.

Note that for S > 1, the three-particle amplitudes in (2.71) do not correspond to any min-
imal interaction term in a Lagrangian theory. It was shown in [40] that the term x(12)%S
contains (2§ — 1) powers of momenta and therefore the amplitudes must correspond to
higher derivative interactions for S > 1. This concept of “minimal coupling” introduced
in [11] is different from earlier work on higher-spin theories [41,42]. Conventionally,

minimal coupling represents lowest derivative interaction compatible with symmetries of

the theory.

Before we conclude, let us make a few comments on the equivalence between the ampli-
tude computed using Feynman rules and the method we described in this section in the
spinor helicity formalism. To make contact with the amplitude computed using Feynman
diagrams, we consider an example of a three particle amplitude involving two massive
scalars with mass m and a positive helicity photon. According to the momentum space

Feynman rule, the amplitude is

3 CeTR Ty T

ﬂmin,s:l,h:+1 _ + _ <§|P2|3] — (275)

where in the last step, we have used the definition of massless polarization vector in the

spinor helicity formalism in equation (2.36).

2.4.1 Three massive legs

For three particle amplitudes with all massive particles, we do not have any independent
spinors available. Hence, the SL(2,C) space must be spanned by higher rank tensors
O, in the spinor representation. The primary candidates for the higher rank tensors O,z
can be €, or p]aﬁ Papp- Therefore any of the two candidate can accommodate half of the

2(S1 + 82 +83) SL(2,C) indices. Now as the product can be traded for a pair of €., for
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Figure 2.3: Three particle amplitude with all massive legs.

instance
005075 - O}/ﬁOa& = €Eay€pss » (2.76)

for O, ~ €, (due to “Schouten’s identity”’) and plf Dagp ® we can use a pair of €’s to

distribute the SL(2, C) indices. Therefore, tensorially, the amplitude can be expressed as
1
_ . S1+82+853—0 1
ﬂ{m,..,azsl HB1B2s, Hrtoovass ) — ; ; 80 (0 € ){m,--,azsl VB1tion, Mt} (2.79)

where i = 0, 1 denotes the number of €’s and o; labels all the different ways the SL(2, C)

indices can be distributed on O’s.

OThis can be simple seen by considering

E = Oa/ﬁO‘y5 - 07[30(1(5 (277)
= (/167],3 - 776/1,3)(/101777 - naﬂy) ~ €ay€ps - (2.78)
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Chapter 3

Covariant recursion

Recursion techniques are one of the most notable and effective developments in the mod-
ern approach to derive the scattering amplitudes in gauge and gravity theory. The core
idea of on-shell recursion scheme is to construct the n—particle scattering amplitude in
terms of known lower point amplitudes. These techniques are more efficient than the tra-
ditional Feynman diagramatic methods to obtain amplitudes since the latter are obviously
not recursive and require a substantial amount of knowledge of the underlying theory

(such as: vertex rules, symmetry factors, etc.) at each order in the perturbation theory.

Beyond the three particle amplitudes, the principles of locality and unitarity are the cen-
tral constraints for four and higher point tree level scattering amplitudes, which simply
dictate that the amplitude must factorize into a product of lower point tree amplitudes
when any of the internal massless or massive particle goes on-shell. For instance, the
four particle amplitude can be constructed by gluing the three-point amplitudes with the

internal propagator

1
massless : ﬂ(4) i ﬂ(3)}72ﬂ(3) s (31)

. 1
massive . ﬂ(4) - ﬂ@)mﬂ@) . (32)
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But the on-shell three particle massless amplitude vanishes in Minkowski spacetime for
real momenta. Therefore the recursion method based on unitary factorization requires the

off-shell three particle massless amplitude.

However, sometimes it is extremely useful to analytically continue the on-shell external
momenta to the complex domain. In this case, recursion relations exploit the pole struc-
ture in the complex momentum space to recursively build higher point amplitudes from
lower point amplitudes. The first step in this direction of developing a remarkably sim-
ple on-shell recursion relation to compute massless scattering amplitudes was taken by
Britto-Cachazo-Feng-Witten (BCFW) [7, 8] for tree-level gluon amplitudes. Later, re-
cursion relations were derived for general relativity [43,44] and eventually found to be
a quite general property of tree level scattering amplitudes in quantum field theories in

arbitrary dimensions [19,45].

3.1 The covariant recursion

In this section, we generalize the well-known BCFW recursion relations for scattering
amplitudes involving massive particles by combining complex deformation of massive as
well as massless external states. We consider n—particle tree amplitudes with particle con-
figurations such that there is atleast one massless particle. In order to derive the on-shell
recursion relation, a pair of external massive and massless momenta are complexified with
a massless momenta (), while maintaining momentum conservation and same on-shell
condition for shifted and unshifted momenta. We consider the massive p; and massless

momenta p; are analytically continued to complex plane in the following way

Pl =p -t p‘}'.—)?j‘.:p‘;.+zr“. (3.3)
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Here z is called deformation parameter. The on-shell property can be maintained by

imposing the following constraints

pi-r=pj-r=0. (3.4)

The n—point amplitude A, (z = 0) with real undeformed momenta can be obtained from

the deformed one by using the Cauchy’s theorem

_ 1 A A
A =a0=—d¢ 2Dy - _ ZRes(ﬂ"(Z)) +R,(z — o). (3.5)
2ni ro < 2 z 7=z

The contour Iy encloses the pole at origin. R, is the boundary term which is the contri-
bution of the contour integral at infinity. All other simple pole locations of the amplitude

are denoted by z;.

Tree-level scattering amplitudes have well-behaved analytic structure, they can only have
simple pole in kinematic space, in the form of propagator ﬁ. Simple Feynman diagram
analysis indicates that when the internal propagator goes on-shell, the scattering amplitude
factorizes into a pair of lower point on-shell subamplitudes. Therefore we express the

amplitude with complex momenta as

_ _ 1 - _ _
An(2) = Z A Zﬂm + Z ﬂmﬁﬂm , (3.6)
7 m 7

= _
P[ I

where the sum includes different scattering channels as well as all possible polarization
(helicity) states of the exchange particle and n = [ + r. It is important to note that the con-
stituent subamplitudes are function of complex momenta. We express the shifted prop-
agator in terms of the physical propagator with real momenta and obtain the following

simple pole in the complex z—plane
2 1 Zr 1

P, =m*= P+ p)=m — — = - . 3.7
[|zl (1 ij) P?—mz Z—ZIPIZ—mZ ( )
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Figure 3.1: On-shell recursion scheme

The boundary term R, at 7 — oo can not be computed from a single recursion relation
[7,8]. Therefore we assume that the boundary term vanishes for a valid massive-massless
shift, that involves complexification of both massive and massless momenta, such as the
one in (3.3). A stronger but practical condition to achieve this would be to restrict the

allowed class of amplitude as
ﬁn(z) —-0; as z — oo, (3.8)

With this assumption, we derive the covariant recursion scheme to compute the amplitude

as !

A, = Z‘ A @) gy 5 A (e + Z‘ = (3.9)

where the constituent subamplitudes have to be evaluated at z = z; - exactly where the
shifted propagator goes on-shell. Therefore, the covariant recursion requires only on-shell

three particle amplitudes unlike the unitary method.

It is important to note that the only those diagrams in which the two deformed momenta
are on opposite sides of on-shell propagator contribute to the residue at z = 0. This
simple consequence of complex deformation of external momenta enormously simplify

computations as compared to the other methods such as, Feynman diagramatics, unitary

'In the case of massless amplitudes, only the second term contributes to the recursion known as the
BCFW recursion scheme.
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factorization, etc. Another point to remember while using the recursion scheme is that this
procedure works only for amplitudes that can be constructed using only the three-particle
amplitudes. This excludes theories like g¢* + A¢*, in which the four particle amplitude

has a contact term without any simple pole 2.

3.1.1 The covariant massive-massless shift

On-shell recursion scheme is implemented most efficiently when the scattering amplitudes
are expressed in the spinor helicity basis. Hence, the momentum shifts (14) should be
appropriately realized in terms of the on-shell spinor helicity variables. As the amplitude
is covariant under little group, it is paramount that the complex shift of spinor helicity
variables obey little group covariance. Keeping this fact in mind and choosing the shift
vector to be 7,y = %;lé;l o in (14), we propose [14] the following complex deformation

of massless and massive spinor helicity variables

1 B
Ajo = Ajo + n_ipmﬁ/l-i 5 Ajo = Ajas
— z (3.10)
To= s Ty = - S1ul ).
m

These complex shifts are characterize as [ij")-shift where we have bold faced the massive
spinor helicity variable (Ii] = ;l{d) instead of keeping the SU(2) index and #4 is the helicity
of the j—th particle. The main feature of these complex shifts is that they are manifestly
little group covariant and therefore can be implemented directly into the spinor helic-
ity representation of scattering amplitudes. We refer these kind of shifts as “covariant

massive-massless shift””>.

There exist several extensions of the BCFW recursion relations to compute amplitudes for theories that
do not rely on three-particle amplitudes. The most prominent example of these is the A¢* theory. Starting
with the four-particle amplitude A, = A, it is possible to compute higher point amplitudes. In this case,
the non-vanishing boundary term at co is recursively constructed. Some of the other examples include-
the non linear sigma model [46], or 3D Chern-Simons-matter theories [47], and multi-scalar amplitudes in
supersymmetry Yang-Mills theory [48] .

3We have initially referred to this shift as the generalized shift and the recursion technique as generalized
recursion in this thesis. However, to avoid clash with existing nomenclature in the literature we use the
nomenclature “covariant massive massless shift"for the shift and “covariant recursion” for the recursion
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In order to illustrate how to implement the covariant recursion, we now compute several
known four and five particle amplitudes using the proposed covariant massive-massless
shift. In particular, we consider the amplitudes in massive scalar QCD and spontaneously
broken non-abelian gauge theory whose spectrum consists of gluons and massive vector
bosons. The recursion relation can be used to calculate the n-point amplitude via the

recursion relation

—_

A I = = 1=
A, = ZﬂHl(ZI)PZ — mzﬂrﬂ(ZI) + ZJ: ﬂl+1(zj)ﬁﬂ,+l(zj)_ (3.11)

We will be considering scattering amplitudes with a specific colour ordering for external
particles, since the full colour dressed amplitude can be derived from the colour ordered

amplitudes using well known colour decomposition rules [15-18,49,50].

3.2 Examples

We use the covariant recursion relation to compute several four and five point amplitudes
in two models: a) scalar QCD with massive scalars scattering off gluons and b) sponta-
neously broken non-abelian gauge theory whose spectrum consists of gluons and massive
vector bosons. The examples presented here clearly suggest that the proposed covariant
massive-massless shift in equations (3.10) is a valid shift for computing amplitudes in

these theories. We present an elaborate proof for this assertion in the next chapter.

3.2.1 Compton amplitude in scalar QCD

We start by considering the 2 — 2 scattering involving a pair of massive scalars with

momentum (p1, p4) and positive helicity gluons with momentum (p,, p3). The momentum

technique, as in reference [21], in the rest of the thesis.
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Figure 3.2: Compton amplitude in scalar QCD

shift is carried out on the momenta p; and p, as

Pi=pi-a" Dh=ph+at. (3.12)

In order to realize this momentum shift in spinor helicity formalism, we consider [12)
shift introduced in (3.10). Since the scalar-gluon quartic contact term can be expressed
in terms of the 3-vertices (similar to the case for only gluon), the four particle amplitude
is constructible from three particle amplitudes by implementing the covariant recursion

(3.11) (see Figure 3.2)

L3P L, (237

A1, 24,35 4 = mg Ry ——=——= =M =————, (3.13)
$23 [21][31] (I1pal31[12] 523
where g is a dimensionless coupling and the non-local x-factor given by
PR L) (3.14)
(Ip4l3]

and we the Mandelstam variables are defined s,,, = (p,, + pn)?, as usual. We consider
that the massive scalars are minimally coupled to the gluons, in which case the exchange
particle can be either a massive scalar or a gluon. Since a single massive scalar can not

decay into a pair of gluons, only a single scattering diagram is possible.
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Terms involving spinor helicity variable of the exchange particle (I) can be simplified as

{pal31[12] = ~[2Ip; - pal3] + m?[23], (3.15)

using the fact that [2/17 1 = [217]. Furthermore, the four particle kinematics allows us to

simplify the following term as

[2Ip1 - pal3] = (s12 — m*)[23] + m*[23] = [23]s1, (3.16)

Collecting all these simplifications, we obtain the four particle amplitude

[23]

10,2+,3+’40 — —_m2 2—.
Ful L= 8y sm — )

(3.17)
This matches with the result given in [12]. This particular amplitude was derived in this
reference using the standard BCFW method by complexifying a pair of massless external
momenta. Nonetheless, we use this amplitude in order to check that the covariant massive-
massless shift can also be used to evaluate this amplitude. A more general proof of the
validity of these classes of shifts for the massive scalar QCD theory is given in the latter

section.

The amplitude with opposite helicity gluons (2*,37), using covariant massive-massless
shift (3.10) can be computed by following almost similar methods laid in the previous

example and therefore we only quote the result below

(3lpil21?

A1°,2,37 4 = g ————.
$23(S12 — m?)

(3.18)

This answer matches with the Compton amplitude derived in [11], using recursion re-
lations based on unitarity principle. This method requires evaluation of an additional

diagram in which p;, p, momenta are attached to the same vertex.

58



A~ _L— A
3 & 5* A
,j“ 3+ 2() §+
() = >M~+ 4 ) w‘{i
0 5
50 10 I 5" 10 s

Figure 3.3: Five particle amplitude in scalar QCD

3.2.2 Scalar QCD : five particle amplitude

In order to put our proposal for the covariant recursion on a solid ground, we now con-
sider color ordered five particle scattering amplitude comprising a pair of massive scalars
and gluons with arbitrary helicity. We use the [23") massive-massless shift for this com-
putation. The amplitude can be constructed from three and four point amplitudes via the

following recursion relation

A1°,2°,3", 4, 5] = Z%(z,) —A(ar) + Z%(z» Az, (3.19)

Due to the choice of the massive-massless shift, there can only be two possible diagrams
with gluon as exchange particle. The massive scalar exchange in this case is ruled out for
the same reason that we mentioned in previous section. We now specialize to the case in

which the gluons have the helicity configuration as specified in Figure 3.3.

First diagram :
The contribution to five particle amplitude due to the first diagram can be obtained by
using the recursion relation in equation (3.19)
— ~0 11 —~ ~ —~
AP (1°,2°,37,47, 57| = A, [10, 2 ,1+] — A 17.37.47,57]. (3.20)
S12
Note that, only the above helicity configuration of the massless internal state is contribut-

ing since for the opposite helicity configuration, the gluon amplitude vanishes. The

three-particle amplitude for minimally coupled particles follows from equation (2.71)
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157
{Ip115]

with X, = m , while the massless four-particle pure gluon amplitude is given by

the well-known Parke-Taylor formula [2]:

[51]
Tip1l51°

[35]
[13][34][451(51]

— —~0 — — [~ —
A, [10,2 ,1+] = ons? AT, 3%,47,5% = 3.21)
Substituting these lower point amplitude in the recursion relations (3.20), we obtain the

contribution of first diagram

351"
512341145 (131p, - p,I51 + m2(351)

AP [1°,2°,37,47, 57| = m?g’ (3.22)

Interestingly, the terms within parenthesis in the denominator do not correspond to any
physical pole. At a first glance, one can think that these terms lead to a spurious pole. But
this assertion is not true since the terms within parenthesis can not vanish. To show this,

let us expand the following spinor bracket

[31p, - p,151 = Daaplspl AL . (3.23)

Now this equals to —m?*[35] only when we can set

P, = —m*6% (3.24)

i.e, the combination of terms within parenthesis in the denominator vanishes only when
the massive momenta p; and p, become collinear, which is of course impossible for

massive particles.

Second diagram :
This diagram includes a four particle amplitude with pair of massive scalars interacting

with opposite helicity gluons and a three gluon amplitude, both of which are already
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known. Therefore, the contribution for this diagram is

AL [10,20, 3+,4—,5+] = Ay [10,20,7‘,5+] siﬁs [T*,?*A‘] . (3.25)
34

Using the four-particle amplitude in (3.18) and removing the Tdependent terms, the sec-

ond diagram evaluates to

(54)4lp1I51?

AP|1°,20,3%, 47,5 | = g ——— ~. (3.26)
(53)(34)512(515 — m?)
The simple pole z = Z; is found by simply setting the shifted propagator on-shell
— m(34)
(Ps+p)=0=7 = . (3.27)
B ' pap]

The deformed spinor products are evaluated at z = Z; in terms of undeformed spinor

helicity variables

S .o T o (3H3IpI3]
S12 = 812 <4|p2|3][3|p1 p213]; <53>_—(4|p2|3] . (3.28)

Assembling all these expressions, we obtain the contribution of the second diagram in

Figure 3.3 to the five-point amplitude as

4 24 2
ﬂgll) [10,20’ 3+,4_,5+] _ g3 (4|p11517(4|p2I3] . (3.29)

BIpaI3K34)(s15 — m2) (@lpal3lsia + s, p,131)

Following similar argument we made in the case of first diagram, it can be shown that the
term within parenthesis in the denominator does not vanish. Summing the contributions

due to the all the diagrams, we obtain the colour-ordered five-particle amplitude as

351
51213410451 (131p,p, 151 + m2[35])
; Alp1 5P IpI3 1
(s23 = m2)(34)(s1s — m?) (Apal3lsia + Alpyp, pol31)

ﬂtSOtal [10’ 20’ 3+’ 4—’ 5+] — g3m2

i (3.30)
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Scattering amplitude with identical external particle configuration that we have consid-
ered here, has been derived in [12] using different methods. In order to make contact with

their result we note the following identities

[51p; + p)p,I31 = —m*[35] = [3Ip,p, 151, (3.3D
(45) ([3|p2pll5] + m2[35]) = =(41psp,p, 3] + 512{41p2[3D) . (3.32)

Using these two identities the five-particle amplitude can be recast as (upto an overall

sign)
_ [35]*
ﬂtotal 10’ 20’ 3+’ 4 , 5+ — 0312
> [ ] & s12[341[451[51(p5 + p,)p,13]
. @piISIpaI31

- . (333
& G5z — m)34)(@5)(s1s - m?)[5(p5 + pp,13] -39

This expression exactly matches with the result given in [12].

One can follow similar steps to derive the amplitude with all positive helicity gluons by

using covariant recursion. We give the expression below for completeness

[51Cp5 + pa)p,13]
(34)(45)(s23 = m*)(s15 = m?)’

As[1°,2°,3%,4%,5%] = m?g? (3.34)

which agrees with the result in [12]. Reproducing the four and five particle amplitudes us-
ing our proposed covariant massive-massless shifts strongly suggests that the amplitudes
in massive scalar QCD can be obtained by using the covariant recursion relations. Indeed,

this is the case and we will prove this in later section.

3.2.3 Compton amplitude in Higgsed Yang-Mills theory

Next, we focus on the scattering of massive vector bosons with gluons of arbitrary helic-

ity. The basic ingredients that we need in this section are the three particle amplitudes
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Figure 3.4: Amplitude with a pair of massive vector bosons and a pair of opposite helicity
gluons.

comprising either only gluons or a pair of massive vectors bosons (of mass m) minimally

coupled with a single gluon (with helicity £), given by the following expressions

12)? 12
At 2',3%) :gx12< m> , AN, 24,30) :gx;;%. (3.35)

We begin by considering the four particle vector boson amplitude involving opposite he-
licity gluons. Here, particles with momenta (p;, p4) are massive spin-1 particles and the
particles with momenta (p,, p3) are gluons. We use the [12") massive-massless shift, for
which we only need to compute a single scattering diagram. For convenience, let us write

down the relevant complex shift in spinor helicity basis

— z ~ = ~

Aze = Aoo + n—1pmﬁ/l§ , Ao = Ao

57 I = 51 <~ I

A= . A, =0 - 1. (3.36)
m

By virtue of the recursion relation (3.11), the four-particle amplitude can be obtained by
gluing the on-shell (complex) three particle amplitudes along with physical propagator

for this channel

A [1,27,37,4] = A3 [1.T . 4| Ry [77.2%.37] . (3.37)

§23
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The simple pole z; for this diagram is given by

m(23)
= . (3.38)
" GIpil2]
After removing the T—dependent terms we rewrite the Compton amplitude as
2 Blpal21P (147
A [1,2%,3, 4] = & Slpal2114] (3.39)

m? $23(524 — m?) .

To finish the computation we need to evaluate the “shifted" spinor products at the simple
pole z = z;. Let us consider the term (534 — m?) = (54’ >[4,2]. The shifted spinor product

at this simple pole is

(32)4Ip112]
lp1l2]

(<247%317) + (32)¢4°11)

47y = 24"y +
__[12]
lpi2]

which can be further simplified by using the Schouten identity
4Gy + 231147y + (1,2)(347) = 0, (3.40)

and we obtain

(512 — m2)<34j>

247y =
24 3lp1l2]

= (54 —m?) = —(s12 — m?). (3.41)

Similarly the other shifted spinor product can be determined and we found

1471 = =" ((311[247] + [211(347)) . 342
(4= o (3112471 + [211(34)) (3.42)
In terms of bold faced notation
[14]2 = _m ((31)[24] + [21](34))? (3.43)
IRCTAPE ' '
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Substituting the expressions of shifted spinor products in equation (3.39), we reproduce

the Compton amplitude as

g2(<31>[24] + [211(34))

A[1,27,37,4] =
g | $23(812 — m?)

(3.44)

This result precisely matches with the expression for four particle amplitude, obtained
by recursion relations based on unitarity in [11]. Similarly we derive the amplitude for

different helicity gluons and found that

, [23]1%(14)?
g—"

A1,27,3%,4 ,
[ I= s32(812 — m?)

(3.45)

which is in agreement with the result in [12].

3.2.4 Five-particle amplitude in Higgsed Yang-Mills theory

So far we have computed results that have been previously computed in the literature
but using the new recursion relations and this indicates that the new class of recursion
relations is also valid for Yang-Mills theory in Higgsed phase. To put our assertion on
a stronger ground, we now consider the colour-ordered five particle amplitude involving
a pair of massive spin-1 particles and gluons with specific helicity configurations, using
the [23") massive-massless shift. This computation leads to the first new result using
the new recursion relations. Although the final expression (even for such a lower point
amplitude) is rather complicated, we will verify that our result matches with the known

massless result, in the high energy limit.

The recursion relation, needed for this computation is

1
AL, 213 450 = 3 o) s At + Z%(z»—fu(z» (3.46)

giving us two possible scattering diagrams in Figure 3.5, similar to the case of massive
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Figure 3.5: Five-particle amplitude in Higgsed Yang-Mills

scalar QCD. The diagrams with a massive propagator will again vanish due to the fact

that a massive spin-1 particle can not decay into a pair of helicity-1 massless particles.

Contribution from the first diagram using the recursion relation in equation (3.46) can be
obtained as
P RPN
AL [1,2,37,47,5"] = A |[L2.T7 | —A|T.37.47,5%] . (3.47)
S12
The three and four particle subamplitudes have to be evaluated at z = z;, which is given
by

m’ +mp, - p

: 3.48
(Up2131[31,] (349

] =

for this diagram. The lower point amplitudes are the standard three particle amplitude

of [11] and the Parke-Taylor four point amplitude

A [127] = $500122 = g2 (12,
m {|p1l3]
. 4
A, [T—, 3*.47, 5+] - — 351 . (3.49)
[131[34][45][5T]

Removing the intermediate spinor helicity variable T and evaluating the shifted spinor

products at z = z;, we obtain the contribution to five particle amplitude due to first diagram
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as

(12)°(53]
[31p, 1151 + m2[35])[45][34]s12 -

AP (1,2,3%,47,5%] = g3( (3.50)

In the case of the second diagram of Figure 3.5, the recursion relation with covariant

massive-massless shift is given by

— _ ] — — —
AP (1,2,3%,47,57 = A, |L2.T,57 | —A [T7.3%,47] . (3.51)
§34

The simple pole in complex z—plane is located at

. _ m(34)
= Apail (3.52)

This computation, although conceptually straightforward, is algebraically involved. There-
fore, we will not give all the details and present the contribution due to the second diagram

as

2
AD[1,2.35, 47,5 = — 3 [(41p2I31[511K42) + (14) {(4]p,I31[52] + (4|p3|5][32]}]
s | I=-¢ (43)(45) (53, — m2)(s15 — m?)([3Ip,p,I5] + m2[35])

(3.53)

The full colour-ordered five-particle scattering amplitude is obtained by summing over

the contributions from two diagrams in equations (3.50) and (3.53)

_ 3 (12)2[53]*
= & Gipp, Bl+m235)E51B4Ts12

3 [lpaBIIS T2+ (A paBIIS21+AIpsI511321} ] (3.54)
@3)45)(s32-m2)(s15-m2)(Blp, 151 +021351) '

As[1,2,3%,47,5]
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3.2.5 High energy limit

A rudimentary but non trivial check of our result for five particle vector boson amplitude is
that, we should be able to reproduce the well-known Parke-Taylor amplitudes for gluons,

by taking the high energy limit of the scattering amplitudes we derived in previous section.

The amplitude in (3.54) includes all possible helicity configurations of the massive spin-
1 particle. This can be seen by expanding any spinor product involving massive spinor
helicity variable using (A.6) and (A.7). For instance, consider the expansion of angle

bracket (31)? in terms of massless spinor helicity variables (1;,1;)

B1Y = GUYENEL + BmYENET + BBy (£E +£ER) L (359)

In this case, the (—, +, 0) components of the vector boson are separately given as

BA) : (-) helicity (3.56)
@Bn)* : (+) helicity (3.57)
(341)(3n;) : longitudinal . (3.58)

Since n; scales with mass m and A, is the massless spinor helicity variable corresponding
to pi, the angle bracket (31)> can have only (-) helicity component in high energy (or
massless) limit. Following similar argument, it is easy to see that the square bracket [31]?

has only (+) helicity component in high energy limit.

Let us now get back to the five point vector boson amplitude in equation (3.54) and take
the high energy limit. Consider the helicity configuration (17,27) for massive particles.
Using the procedure we just laid out, we immediately conclude that only the first diagram

will contribute

[35]°

HE)[1- 7= 3+ 4= §+] = o3
A 203040 5 = e B ass

(3.59)
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It is clear from the structure of the amplitude in equation (3.54) that the (1*,2") helicity
configuration has vanishing massless limit- as should be the case. So we consider (1*,27)

configuration, in which case only the second diagram is non vanishing

AMO[14,27,34,47,5"] = & Sk .60)
5 SRR (12)(23)(34)(45)(51) '

Similarly the amplitude in equation (3.54) reproduces correctly the massless amplitude
with (17,2%) helicity configuration. We thus find expected behaviour of the finite energy

amplitude in massless limit.

In a similar spirit, we consider the amplitude with all the gluons having plus helicity.

Implementing the same massive-massless shift [23%) we obtain the following expression

, 122(@pal3lsio + GHIBIp, p,I3D)

Tl 2 S S By 15 — ) — ) (ob

The objective of this section was two fold: first, we introduce a new class of on-shell
recursion relations (called “Covariant recursion’) in which a combination of massive and
massless complex momentum shift was used and then translated into the spinor helicity

basis while maintaining the little group covariance of these spinor helicity variables.

Second, we used the covariant recursion to reproduce several four and five particle scat-
tering amplitudes in massive scalar QCD and Higgsed Yang-Mills theory involving a pair
of massive particles. The non trivial checks in turn support our claim about the validity of

the new recursion for these two theories.

3.3 Large z behaviour of scattering amplitudes

On-shell recursion techniques that involve complexification of external momenta are one

of the most powerful tools in the modern approach to scattering amplitudes since they
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Figure 3.6: Individually all the Feynman diagrams grow as z — oo for gauge theory and
Einstein gravity where the vertices grow as z and z* respectively and overcompensate for
the % scaling behaviour of the propagators.

require only on-shell three particle amplitude as input data. However, recall that the

contour derivation of recursion relations involves a residue at large z

L L A . -
(z2=0)= — dz = —A () - R, , 3.62
Az ) i SQ) Z z le A(zr) P% — mzﬂ (z7) (z > ) ( )

which can be set to zero by demanding that the deformed amplitude (involving complex
momenta) vanish at large z. This is a critical ingredient for the on-shell recursion tech-
nique to work and enormously narrows down the space of allowed class of theories in
which on-shell techniques can be used to compute scattering amplitudes *. Naively, the

condition
limA,(z) =0, (3.63)
7—00

is far from obvious in the case of gauge and gravity theories as illustrated in Figure 3.6.
Surprisingly, at least for some helicity combination of deformed momenta of external

particle, the amplitude does vanish at large z. For gauge theories BCFW showed that [7,8]

AP AP A o L g P (3.64)
Z

“In some cases, one can extend the scope of recursion techniques to include theories in which the residue
R, does not decay at large z. An example of this is the A¢* theory, where it is possible to recursively obtain
six and higher point amplitudes since the boundary term R, can be computed using recursion [51]. The four
particle amplitude can not be obtained in the same way as it involves a single contact diagram but it is easy
to see that Ay = —id.
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where the helicities of deformed massless particles and the kind of spinor helicity vari-
ables that need to get complexified are indicated in the superscript. Their analysis suggests

that [-+), [++), [——) are valid shifts that can be used to construct the gluon amplitudes.

In this chapter, we present a detailed proof of the validity of covariant recursion relations
by studying the behaviour of deformed amplitudes at large deformation parameter z in two
classes of theories 1) the Higgsed Yang-Mills theory and i1) massive scalar QCD. Since
the proof is technical, we begin with a brief summary of the main concepts involved in

the proof.

3.4 Higgsed Yang-Mills theory

The proof we present here, is inspired by the analogous proof in [19] for the case of mass-
less amplitudes. However, conceptually there is a key difference that we point out next.
The proof regarding the validity of the BCFW shifts for massless particles considered a
set up where a highly boosted gluon was scattered off a background consisting low en-
ergy gluons. This corresponds to the familiar Eikonal scattering for real momenta. The
background was referred to as a soft gluon background. In the Eikonal approximation, the
conservation of helicity of the highly boosted particle was shown to be a consequence of
the so-called “spin-Lorentz” symmetry, which was then used to constrain the behaviour

of the amplitude at large z.

In our case, the soft background is replaced by a static background, including a collec-
tion of massive vector bosons and soft massless particles. Our set up is therefore closer
to the scattering of a highly energetic gluon off a heavy scattering center surrounded by
a cloud of soft gluons. As we show, the resulting outgoing states are a highly boosted
massive spin-1 boson and a highly boosted gluon. At infinite boost (or large z), the dom-
inant contribution to the amplitude is achieved when the helicity of the boosted gluon is

unchanged. Thus, as in the case of massless theories, this dominant contribution is again
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controlled by the spin-Lorentz symmetry. We then use the Ward identity for massless glu-
ons to constrain the sub-leading behaviour of the amplitude and show that for a particular
class of covariant massive-massless shifts, the amplitude decays as % for large z. We refer
these classes of covariant massive-massless shifts as “valid shifts” for Yang-Mills theory

in Higgsed phase.

3.4.1 Classification of covariant massive-massless shift

Since we care only about the functional dependence of the amplitude in z, all the soft
physics can be included into a background, and only a single hard line (with boosted mo-
mentum) can be studied by considering the quadratic fluctuations about this background.
Therefore, In order to check the validity of the covariant massive-massless shift of class
[m+) used in the covariant recursion (3.11), we consider two point amplitude .ﬁ; ', involv-
ing a highly boosted gluon with helicity 4 and a massive vector boson particle with little
group indices (1, J). This process can be interpreted as a highly boosted gluon scattered
through a static background, producing a boosted massive vector boson in the out state or

vice-versa. In this case, the validity of covariant recursion requires
ﬁlz’J:O, forz — oo. (3.65)

Three particle amplitudes, which is the basic building block in recursion method, can be
constructed from this two point amplitude by attaching an unshifted (also soft) external
momentum. Since this will also vanish at large z, any n—point amplitude also vanishes

once the condition (3.65) is satisfied.

As mentioned in chapter 2 regarding the review of background materials, the two point
natural amplitude ﬁﬁ’ , 1s obtained from the amplitude A, derived from the Lagrangian

of the underlying theory ( [11]), by contracting the latter with the polarization tensors of
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gluon and massive vector boson
Ay = A i) (3.66)

where we have put” on the polarization tensors as they are now functions of complex
momenta. At large z the two point natural amplitude in equation (3.66) splits into three
components, depending on three modes of polarization of massive vector boson. We shall

call these modes as transverse(+) and longitudinal modes.

Structure of A"

We find the tensor structure of field theoretic amplitude ﬁw by considering a theory
with scalar fields coupled to Yang-Mills as well as an abelian gauge field. This theory
produces the three-point interaction in (2.71) between photon and massive vector bosons

after Higgsing [52]. The Lagrangian of this theory is given by
1 - 1 - 1 f D
L=-5Tr (FuwF™) - 7 (BwB") + 3 (D,@) D', (3.67)

where the field strengths F,, and By, are associated with SU(2) gauge field A} and abelian
gauge field B, respectively. Next, we expand each of the gauge fields into background +
fluctuation fields and then do spontaneous symmetry breaking, since the background field
methods usually involves manifestly gauge invariant Lagrangian. Later, we will see that
this procedure indeed gives the correct interaction term that is suitable for a constructible

covariant recursion. By expanding the gauge fields as mentioned earlier
A, =Ay +a; B, = By, + b, (3.68)
we can rewrite the field strength for the non-abelian gauge field as

F,Zv = F;V(AO) + DA[,ua\C/] - igGCdeadpaev . (369)
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Here we have introduced the background field Aj-covariant derivative as
Dy,a;, = 0,4, — igeCdeAOdﬂaev . (3.70)

Similarly the field strength for the abelian gauge field splits into background and fluctua-

tion field strengths
B,, = B,,(By) + B,,(D) . (3.71)
The gauge covariant derivative appearing in the scalar kinetic term can be expanded as
D, = (@,@ — ig(Aq, + @)t ® — %(Boﬂ +b,)P| . (3.72)

We are interested in terms which are quadratic in a,, as it turns out that only those terms
generate field bilinear comprised of massive and massless fields after spontaneous sym-
metry breaking. These kind of terms are included in the kinetic term of the SU(2) gauge

field

() = 5 (Pacipia)

i

2gecdeadﬂaevFﬁfV(Ao) : (3.73)

using the gauge fixing condition D4,a* = 0. Note that, we do not consider the kinetic term
for the abelian gauge field (b,), because they do not lead to terms involving the massive

gauge fields after Higgsing.

In order to get massive particles in the spectrum, we use the Higgs mechanism as this is
the only way to generate mass for non abelian gauge fields. Since gauge invariance of
the Lagrangian remains intact after Higgsing, although not manifest, we can use the Ward
identities, which turns out to be crucial in determining the large z behaviour of the two

point amplitude.

As aresult of Higgsing, we find a pair of massive fields (w;, w,) and a massless field (u,),
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related to the massless fluctuation fields a;, and b, as

1 . 2 + /2
a,=—Wi+w,), a, = L(w; -w,), a = g - g [uﬂ - g bﬂ) .
V2 V2 8 g +g?

(3.74)

We can treat these equations as defining relations for the Higgssed fields.

Recall that, we are looking at a process in which a highly boosted gluon is scattered off
a static background of massive spin-1 particles, surrounded by soft gluons. Therefore,
to obtain the field theoretic amplitude ﬁ“", first we look for terms with (w;uv) in the
Lagrangian which accounts for the interaction of the massive vector boson with photon.
From the kinetic term in equation (3.73) and using the definitions of massive and massless
Higgsed fields in equation (3.74), we write down the relevant terms below

i

Lw’;u —
223

(Fy (Ao) — F"(Ao)w,uy (3.75)

where the subscripts on background field strengths FfE(AO) refer to colour degrees of

freedom and the new coupling g is defined as

’

g=— 8 (3.76)

e
Now we have two massive fields wi; after spontaneous symmetry breaking, corresponding
to two different massive particles. For our current purposes, we need any one of them
and of course, the final conclusion does not depend on this choice. Also note that, the
Higgssed fields so far we have discussed are abelian gauge fields. But as far as the three
point interaction involving gluon and massive vector bosons (with internal structure) is

concerned, we can simply assign internal indices to the Higgsed fields. In this case, we
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can write down the interaction Lagrangian by trace out the internal degrees of freedom

L= \’@é Tr [(F4"(Ag) = FY"(A)wyu, | - (3.77)

So far we have considered only relevant terms in the Lagrangian that are needed for prov-
ing the validity of the massive-massless shift. However, we can also easily include the
terms that are required to prove the validity of massless-massless shift in Higgsed Yang-
Mills theory, by keeping track of the terms quadratic in the massless Higgsed field u,,.
There are potentially three sources for these terms: 1) the kinetic term for the SU(2) gauge
field: DA#CI:,'VDZG;, ii) the kinetic term for the »* field °: B,,(b)B"(b) and iii) the kinetic
term for the scalar field @. Taking into account all these terms, the gauge fixed Lagrangian

relevant for both kinds of shifts is given by

i

L= Tr |(F5"(Ao) — F"(Ao))w,u,
2\/§g [ 2 1 M ]
2 ) 2 2 2
g8 +8 y 8 t+8 v, 8 g
+Tr | =S5 5= Daan Dy’ = == 0,0+ 15(8” + 8 0wt (3.78)

where we fix the gauge degrees of freedom for u* by setting 4, = 0 and ¢, is the vacuum

expectation value of the scalar field @.

In a similar spirit, one could also consider terms that are quadratic in the massive Higgsed
fields (w;) in order to check the validity of both massive shifts. Since such shifts are

outside the scope of this work, we have omitted such terms in (3.78).

Due to the introduction of background fields, the spacetime Lorentz symmetry of this La-
grangian is broken. However, following the discussion in [19] we note that the terms in
the second parenthesis are such that the vector indices of the fluctuation fields are con-
tracted with each other and therefore, exhibit an enhanced symmetry, the so called “spin

Lorentz” symmetry- that acts on the spin indices of the fluctuation fields u,. Remember

Note that after symmetry breaking, we should treat this term as non-abelian field strength of field u,,.
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that, only in the infinite momentum limit (or at large z), this symmetry emerges due to
which the helicity of a highly boosted gluon with real momenta scattered through soft
background, remains unchanged [19]. But in our, the gluon momenta is complex and

therefore its helicity is no longer conserved, similar to the case the BCFW shifts [19].

We use this symmetry to constrain the z—behaviour of the two point amplitude A at large
z. In order to make this symmetry explicit, we simply re-label the the usual spacetime
indices (u, v, ...) of the fluctuation fields to spin-Lorentz indices(a, b, . ..) and rewrite the

Lagrangian as

i

L= Tr | (F5/(Ao) = F{*(Ao)w; ug
22z [ ] ]
2 2 2 2 2
§ *+8 c & +8 c, 8 ' ¢
+ Tr —TgZDAﬂMCDf;u - ngaybtca”u + rgz(gz +g 2)(]5%146-1/{ . (379)

The contribution to the amplitude due to the spin-Lorentz symmetric terms in the second
parenthesis of the Lagrangian is dominant at large z and proportional to 7.,. The repeated
use of these vertices will contribute to higher powers in z. The two terms in the first
parenthesis that have the background fields, explicitly break spin-Lorentz symmetry and
so the contribution due to a single insertion of these vertices is proportional either to the
field strengths F fflz(Ao) or a linear combination of these, so that the contribution is anti
symmetric in spin-Lorentz indices. Further insertions of these vertices gives additional
powers in % multiplying general matrices. Thus by utilizing the spin Lorentz symmetry
that dominates the large z behaviour, we infer the following tensor structure for the two

point amplitude as

— | (med e 1
Aran =@+ bzt )+ M+ — (B + B) + 0(?) : (3.80)

where M/ is an anti-symmetric matrix and B’ and B/ are general matrices.

Now we discuss the validity of the massive-massless and both massless shifts separately.

The structure of two point amplitude with highly boosted massive and massless particles
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can be extracted from the above amplitude as

— 1
A =My —B4+ ... (3.81)
Z

massive-massless

and the two point amplitude with boosted massless particles in the external state is given
by

_ L
A = ncd(a +bz+..)+ B4 ... (3.82)
Z

‘massless-massless

We postpone the discussion of both massless shift to section 3.5. In the following sub-
sections, we focus on the validity of massive-massless shift and work with the two point
amplitude in (3.81). To check the validity of the shift of type [m+), we consider gluon
with positive helicity. Expressing the deformed polarization vector for the positive gluon

as ©

\/imr”

?_:( 1 = —_— =
D= i -

r, (3.83)
we rewrite the natural amplitude in equation (3.66) as

_ ﬁl = Kﬁ“bra’e\bi(i) for transverse modes,
A = (3.84)

ﬁg = kA%r.ep0(i) for longitudinal modes.

Since, the large z limit of the two point amplitude combined with the action of the Ward
identity acts differently on longitudinal and transverse modes. On one hand, for the lon-
gitudinal mode, we use a result of [20] in order to relate the this mode with massless
scalar-gluon amplitude via the Ward identity for spontaneously broken gauge theory in
the large z limit. On the other hand, the transverse modes can be treated as an amplitude

involving only gluons in the large z limit.

®For more details, see appendix B.2
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Validity for transverse modes

We consider the transverse modes of the amplitude at large z. As discussed earlier, the
deformed particles are highly boosted and can be thought of as being massless at large
z. In this case, the on-shell deformed amplitude A% satisfies the Ward identity for Yang-

Mills theory
PiaAYE (i) = 0. (3.85)

Here we denote A% as A to avoid clutter. By using the Ward identity and the

Massive-massless

shift equation for p; (3.3) we can write
1
roAYEE (i) = —=pjaAYeL (i) . (3.86)
Z

Substituting (3.81) into the expression for transverse mode in equation (3.84) using the
above identity that follows from the Ward identity, we find the transverse modes of the

on-shell amplitude has the following z—expansion in the limit z — oo

:_f Mab_i_lBab_'_
7—00 Z Z

AL

Pjae, (i) (3.87)

Next, we analyse the large z behaviour of the deformed polarization vectors e} (i). By

choosing the reference spinor {* = A7, we can express the positive helicity polarization

vector as
. Z
€0 = Zijp = —ppp Qi (3.88)
where
_ </lj|0-b|;li] _ [;li;lj]

2 Aol P L 3.89
” ﬁ(ﬂjﬂ» " ! ‘/§</1j/1i> 389
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See appendix B.1 for more details. Similarly the negative helicity component of massive
polarization tensor can be expressed in the following way where we choose the reference

spinor ¢, to be A4

*
ijb

_ T e 3.90
v (390

/é-l;(i)lz—wo =

Substituting (3.88) and (3.90) into (3.87), we find that on-shell amplitudes have the fol-

lowing large z behaviour
7+ 7+ k ab
AT :0, .7(+ = n_’lQ”M pjapjb:()’ (391)

where we have used M* = —M".

We thus established that both of the transverse components of natural amplitude ﬁ; van-
ish in the large z limit, thereby proving the validity of the massive-massless shift for

transverse modes.

Validity for longitudinal mode

We now analyse the large z behaviour of ﬁg involving the longitudinal mode of the po-
larization tensor of massive vector boson. This mode of the two point natural amplitude
ﬁg is related to the amplitude involving massless scalars and gluons via the Ward identity
for the spontaneously broken gauge theory [20]. Therefore, to find the large z behaviour
of ﬁg it is sufficient to analyse the large z behaviour of the amplitude involving massless

scalars and gluons.

Let us consider the four-particle colour ordered amplitude involving a pair of massless

scalars and gluons

80



Since, we considered adjacent momentum shift in vector boson amplitude, we have to
shift the adjacent scalar-gluon legs in this case. The relevant three-point interactions are

given in the following Lagrangian
L3 =ig|(0,0)A " — Apd'd" — %Tr (0"AM[A,L AV - (3.92)
Expanding both scalar and vector fields in terms of background and fluctuation fields as
p=¢o+&;  A=Ag+a; ¢ =¢p+E, (3.93)

we show that all the O(z) terms in the above Lagrangian can be made O(1) by using the

gauge condition d,a" = 0. The O(z) terms in the Lagrangian (3.92) are
L3 2 ig((0,8) a' ¢y — a,$0d'§" — Tr (8"a”)lay, Aoy]) - (3.94)

The first two terms can be made O(1) by integrating by parts and then using gauge fixing

conditions d,a" = 0

0. fd" py ~ =¢d"'0,¢y . a,po0'E ~ —a,E0 Py . (3.95)

Similarly the third term can be made O(1)’. So after gauge fixing, there are no O(z) ver-

tices when a single scalar and gluon line are complexified. However, the deformed prop-

"Note that, when two scalar legs are shifted, the internal propagator is always a scalar and hence the
O(2) vertices contain terms like (9,£A*€* — A,£04¢™). These terms cannot made O(1) using gauge fixing
condition. Therefore, the shifts involving only scalar external particles in Yang-Mills theory do not lead to
BCFW type recursion relations.
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agator scales as O(1/z). Therefore, the amplitude decays as O(1/z) for z — oco. All higher
point amplitudes with adjacent scalar-gluon shift will be suppressed by additional % fac-
tors due to more number of propagators. Hence, we conclude that massless scalar-gluon
shift is a valid shift for the recursion to work. Note that, although we have considered
only colour ordered amplitudes, this is not necessary for this proof. Incorporating this
conclusion with the result of [20], we infer that the longitudinal component of natural

amplitude ﬁg vanishes at large z.

In summary, we have shown that the proposed [m+) shift is a valid shift as all three
components of the natural amplitude (3.84) vanishes at large z. Following the similar line
of argument,one can repeat the whole computation to show that the [-m) shift is also a

valid massive-massless shift.

In appendix C, we compare our conclusion regarding the validity of massive-massless

shift with results available in reference [13].

3.4.2 Masive scalar QCD

In order to prove the validity of the massive-massless shift in massive scalar QCD, we
consider the following Lagrangian that describes the theory of gluon interacting with

massive scalar particles of [52] as
1 T u 1 2 1 20 112
-[,scalar QCD — _ZTr (F,qu ) + LGF (auA ) - 5|Dﬂ¢| - Em |¢| . (396)

Focussing on the four particle scattering amplitude with a pair of massive scalar particles
and gluons, we find this amplitude can be constructed by using the three-point scalar
gluon vertex and three gluon vertex. The relevant terms in the action which account for

these three point interactions are

1
L5 =ig|(0,0)A " — A9 " — ETr ("AN[AL A . (3.97)
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The interaction terms are identical to those we have encountered in section 3.4.1 for which
we have already proven the validity of the shift. Therefore, we conclude that the massive-

massless shift is valid for massive scalar QCD theory.

3.5 BCFW shift in Higgsed Yang-Mills theory

The validity of BCFW shifts was proven for various massless theories in arbitrary dimen-
sion in [19] and was utilized in deriving scattering amplitudes involving massive parti-
cles [12,31,52]. In this section, we prove the validity of the massless-massless (BCFW
type) shift in Higgsed Yang-Mills theory. We follow similar line of arguments as we did
in previous sections. Recall that, the interaction term accountable for both massless shift

is given by the second line in equation (3.79):

g +g?
2g2

g+g’

LoTr |- 12

"
Daju.Dhu’ — 0, u0"u’ + f—z(g2 + glz)(/)éucuc ) (3.98)
8

The structure of the two point amplitude with massless particles as external states is given

in equation (3.82)
7ab ab 1 pab
AV =n"(a+bz+..)+-BY+ ..., (3.99)
Z

where we have denoted A% as ﬁ“b) to avoid clutter. The massless-massless

massless-massless

shift [ij) is defined in terms of massless spinor helicity variables in the following way
=11 =2ljl5 ) =1j)+2i. (3.100)

The deformed massless polarization vectors, in terms of external momenta can be ex-

pressed as
—. Gq — 2Pja — qb —. q, —_ . (]Z—Zl?ib
e,()=—F7——, ()= ,oe,()=——, ¢()=———, (3.101)
V2iiy T V) V2Ll VaLjil
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where o6 = Aind ja» 18 the lightlike momenta with which the external massless momenta

get complexified. Using the Ward identity, we get
b b | ey
PiaAYeL (i) = 0 = g, AVe (i) = —-PicAt v (i) . (3.102)

Therefore, the natural amplitude ﬁj:, at large z vanishes

1 2
A =5t =0 (3.103)

We arrive similar conclusion for [-—) and [—+) massless shifts. But for [+—) shift, the

two-particle amplitude grows as O(z°) at large z

Ao = () AYE; (i)

1 1.
=— (g, — 2Pja) (n“b(a +bz+.)+-B% + ) (q, — zpin) = 2.
2pi - p; Z

(3.104)

The results in this section proves that massless-massless shifts of type [—+), [++),[——)

are valid, while the [+—) shift is invalid in Higgsed Yang-Mills theory.

3.5.1 Example : five-particle amplitude
As a rudimentary but useful check of our recursion relations involving either massive-

massless or both massless shifts, we reproduce the five-particle amplitude in Higgsed

Yang-Mills theory using both massless shift of the type [—+).
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We complexify the massless momenta (p3, p;) of opposite gluons and deform the spinor

helicity variables as

—

4] =141 - 23], &) =14), (3.105)

3y = 13) +214), [3]=13]. (3.106)

Due to the adjacent shift, there are again only two possible scattering diagrams. The

recursion in equation (3.11) leads to the following contributions from the each diagram

— — 1 —_ -
As[1,2,37,47,57] = A[1,2,3%, " |—A3[1,47,57]
S45

+ AJL4A,5%,1] A[2,35.1]. (3.107)

§23 — m2

The simple poles associated to the two diagrams are located at

_paps 18] Glpal3)

= = =— . 3.108
T s T B RRCIPAEY G109

Following the steps, which are now already familiar to us, we obtain the colour-ordered

five point amplitude as

(12)*[53]*
([31p2 - pi1l5] + m?[35D)[45]1[34]s12
5 [4Ipa3II511¢42) + (14) {(4pI31152] + (4lpsIS1321)]°
(43)(45)(s32 = m¥)(s15 = m>)([3Ip2 - pilS] + m?[35])
(3.109)

As[1,2,3%,47,5"1 = ¢°
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This expression matches with the amplitude in equation (3.54), computed using the massive-

massless shift.
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Chapter 4

Vector boson amplitudes with arbitrary

number of gluons

In [14,36], a new set of recursion relations were derived in the massive spinor-helicity
formalism for on-shell amplitudes by analytically continuing a pair of massive and mass-
less external momenta to the complex plane. The complex shift generating the recursion
involved deforming one massive and one massless momenta and was called covariant
massive-massless shift (or sometimes called just massive-massless shift! ) and we refer
to this new recursion as covariant recursion relations. In section 3, we used these re-
cursions to study tree-level scattering amplitudes in massive scalar QCD and amplitudes
involving a pair of massive vector bosons in the Higgsed phase of Yang-Mills theory.
One thus has two possible recursion relations for amplitudes involving external massive

particles, namely: all massless shift or a massless-massive shift.

In this chapter, we ask the following question: how powerful and efficient is the newly
introduced massive-massless shift over the massless two-line shift, which may not be

available in a scattering process involving fewer than two massless particles'. That is, is

'One could ask if these recursion relations can be generalised to study elastic scattering of massive
particles. However, if we do not want to introduce auxiliary null vectors, defining such recursion relations
would require introducing a massive-massive shift which to the best of our knowledge has not been studied
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it possible to compute certain classes of amplitudes in a more optimal way using the co-
variant recursion relation? These questions are closely related to the earliest applications
of the BCFW recursion techniques, which were: (1) the proof of Parke-Taylor formula
for n point MHV amplitude and (2) the ease with which tree-level NMHV amplitudes
could be computed. Our goal was to seek similar application of the recursion relations
derived in reference [14] using the so-called covariant massive-massless shift. With this
goal in mind, we seek to find a class of amplitudes which were close analogues of MHV

and NMHYV amplitudes in the pure gluon case.

We probe these questions by studying two classes of amplitudes including an arbitrary
number of gluons with specific helicity and a pair of massive vector bosons. The two
classes are such that in the high energy limit, these amplitudes reduces to the maximally
helicity violating (MHV) and the next-to-maximally helicity violating (NMHV) gluon
amplitudes. We use the generalised recursion relations to derive the amplitudes for both
of these classes. We provide an inductive proof for the first class of amplitudes and we
show that for the second class of amplitudes, the covariant massive-massless shift proves

to be very efficient in computing the amplitude.

The chapter is organised as follows. In section 4.1, we compute the tree level colour
ordered amplitude in which a pair of (adjacent) massive vector bosons are scattering with
an arbitrary number of gluons of identical helicity. To obtain this amplitude, we first
use a simple relation between the amplitude involving two massive vector bosons and
(n — 2) identical helicity gluons, and the amplitude involving two massive scalars and
(n — 2) identical helicity gluons. This relation is a covariant version of a relation that has
appeared in [22] for a particular choice of spin projection of the massive particles, which
they obtain by using supersymmetric Ward identities. We then obtain this amplitude from
the known scalar amplitude by using the covariant relation. We then verify the massive
vector boson amplitude by using the method of induction and the covariant recursion

relation. We also check consistency of this amplitude by taking the high energy limit

in the literature so far.
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which matches with the pure gluon MHV scattering amplitude, as expected.

In section 4.2, we consider tree level colour ordered amplitude with two massive vector
bosons, (n — 3) positive helicity gluons and a single gluon that is colour adjacent to any
one of the massive vector boson, having negative helicity. We are interested in this ampli-
tude because this amplitude serves as the closest massive analogue of NMHV amplitude.
We obtain this amplitude using the covariant recursion relation as proposed in [14]. In
this case, the covariant recursion relation involves only subamplitudes that have been pre-
viously computed. This is one particular example where one can really see the utility of
the covariant recursion relation. Finally, we check the consistency of this result by taking
the high energy limit, producing the n-point NMHYV scattering amplitude. We find that
our n-point NMHV amplitude takes an extremely simple and compact form that can be

shown to match the known n-point gluon NMHV amplitude as given in [24].

4.1 Scattering of massive vector bosons with positive he-

licity gluons

To explore possible advantages of the covariant recursion in terms of simplicity and ac-
cessibility of computing different classes of amplitudes with massive particles, we take
the first step in this direction by considering an n-point amplitude involving a pair of mas-
sive vector bosons and (n — 2) positive helicity gluons. We are particularly looking at
this amplitude because this reproduces the MHV amplitude in the high energy limit, as
we will see later in this section. We discuss how to obtain this amplitude in two different
ways: firstly, we relate this amplitude to one with a pair of massive scalars and (n — 2)
positive helicity gluons by using the covariant expression of a result that has appeared
previously in [22]. Secondly, we shall verify this amplitude in detail by making use of the

covariant recursion and the principle of induction.
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The little group covariant relation between the n-particle amplitude involving a pair of
massive bosons and positive helicity gluons and the n-particle amplitude involving pair of
massive scalars and positive helicity gluons is

_ (In)?

A[1,2°,...,(n=1)",n] —AL1°,2%, ..., (n - 1), n’]. (4.1)
m

This is a covariantization of a relation that has appeared previously in [22] for a particular
choice of the spin projection of massive vector bosons.” The n-point amplitude with a

pair massive scalars and (n — 2) positive helicity gluons is known from [23]

m2 (2 TT S5 (1 x=mP)=pypy 4y In=1]

0 ~+ + 207 _ n-2
Al527, -, (= )] = & e o e ety » (42
where the Mandelstam variables and p,; are defined as follows
stai=(pr++p), Pui=pit+-+pr, (4.3)

and we denote the spinor brackets appearing inside the product in the numerator as follows
[alpipiIb] = Aaap{ P 105 - (44)

Note that we treat the momentum product p. - p;as SU(2) matrix valued product p¢“p s
when being contracted with spinor helicity variables. We follow this notation throughout

this paper. The product appearing in the numerator of the formula (4.2) is defined as

n-2
2] anln -11:=12|B;-B4-...-B,,n—-1] 4.5)
k=3

2In order to translate the relation (4.1) into the results obtained in [22], we use the following decompo-
sition of little group covariant massive spinor-helicity variables of [11] A = A%¢] — n“é;, here Ay, 1, are
massless spinor-helicity variables and satisfy (An) = m and £*' are SU(2) basis vectors. Setting the particle
1 with s, = +1 and particle n with s, = —1 in the amplitude, we find that (In)., _y — {1 4,,). Therefore,
we can recast the relation (4.1) with the massive particles are being in this specific spin state as follows

A1L,2%,...,n_] = (%)2 AL1°,2%, ..., n°]. This is the relation that appeared in [22].
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Substituting the scalar amplitude in (4.1), we therefore find the following expression for
the n particle amplitude with a pair massive vector bosons and (n — 2) positive helicity
gluons (for n > 3)

(111)2 [2] 1_[;\:3% ((Sl.“k—mz)—pk%,k,l )ln_l]

+ + _ n-2
Al 27+, (= D)l = & e oy a2 T

(4.6)
4.1.1 Inductive proof using covariant recursion

In this section, we present an inductive proof of the expression in equation (4.6) using the
covariant recursion that was reviewed in chapter 3. To set up the induction, we ensure that
the lower point amplitudes with n = 4, 5, that have been calculated previously in [14], are

consistent with the general expression. We perform this check in Appendix E.1.

Given the match of the lower point amplitudes we now assume that the expression (4.6)
holds for n-particle amplitude and then use this to construct (n + 1)-particle amplitude.
We use the [12*) shift that corresponds to the complex deformations of the following

spinor-helicity variables
Z — Z
[M=1-=[1'2121,  2)=12+=pil2]. 4.7
m m

With this particular shift, all possible scattering channels that contribute to (A, ,; amplitude
are shown in Figure 4.1. The first three diagrams do not contribute due to the following
reasons: a)contribution from the first diagram vanishes since the right subamplitude in-
volving a single massive vector boson is zero, b) the second diagram also vanishes due
to the vanishing of the pure gluon subamplitude with either all positive helicity gluons
or a single negative helicity gluon, c¢) the third diagram vanishes because a massive vec-
tor boson cannot decay into two positive helicity gluons. Thus we have to compute the
contribution from the fourth diagram only, demonstrating one of the advantages of the

covariant recursion.
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n+1

Figure 4.1: Pictorial representation of covariant recursion with [12*) shift.

The simple pole z = z; for this diagram is found by setting the shifted propagator sy;

on-shell

_ m(23)
IREPIN

P+ p3)=0=>z (4.8)

The (n + 1)-particle amplitude A, [1,2%,--- ,n",n+1] is therefore constructed from the
n-point and 3-point subamplitudes

— 1 B
Apet = A LT, 47, 0", (n+ D] —A[17,27,37]. 4.9)
3

$2

Here we abbreviate A, [1,27, -+ ,n",n+1] as A,,;. The opposite helicity configuration
of the internal states do not contribute to the amplitude due to the vanishing of all-positive-
helicity three-particle gluon amplitude. Using the expression for n-point amplitude in

equation (4.6), we get the left subamplitude but with complex spinor helicity variables

—~) — 27 -1/ < YN
o4 o 00 _ n—2  A@+DXINTI(S 1 a—mD)—pPrici)Ind
Al 147 oo, (D) = 8 e S -G -mitysyoim -« (10)
Here S (F) are the Mandelstam (momentum) variable with shifted momenta
Si.r= +§1+P4+"'+Pr)2, Pi,={@ +pr+--+p). 4.11)
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The internal momentum p; in this channel is p; + p3, which we use to express shifted

variables in terms of the real momenta

—_

Sl...rZ(ﬁl+§2+P3+"'+Pr)2231...r, ﬁl,rz(?l +P2+p3t++p)=pis.

Using these simplifications and gluing the three-particle gluon amplitude along with the

propagator é onto the left subamplitude, we obtain

N @D (1 a=mD)=pypy g )] (23]
(5123=m2)(51.4=m2)-(51_(uty—m2)IANAS)((n=D)ny * 23)[I20[13] °

ﬂn+l (4 12)

It remains to simplify the terms with the shifted massless spinor-helicity variable 1, for

which, we consider

T (G a=mD)=pepyo )il RIpIDITTZ (1 a=m>)=ppy iy )ind
aH[121(131 (@Alp312112117 D [13)

[20p, (Py+p3) Ty ((S1k=mP)=pypy 4y )Ind
[23P2(34)(s12—m?) . (4.13)

We have replaced p» — p» in the intermediate step while multiplying with (ﬂpl |2]. This

is allowed because
112y = (112) — z;[172] = (1"2)[1,2] = (1'2)[1,2], (4.14)
where we have used [1/2][1,2] = —m[22] = 0. Using the following identity
20p,(p, + py) = [2{(s123 = M) = p3(p, + )} - (4.15)

we finally obtain the (n + 1)-point amplitude in the form

g I+ DY 12 [T (1.0 = m?) = pp, o) ]

(s12 —m?)(S123 = M%) - -+ (S12. (no1) — M2)N23)(34) - - ((n — D)n) -
(4.16)

ﬂn+l [1’ 2+7 ceey n+7 n+1] =

This completes our inductive proof of n-particle amplitude with all plus helicity gluons
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and a pair of massive vector bosons. Scattering amplitude with a pair of massive vec-
tor bosons and all minus helicity gluons can be read off from the expression in (4.6) by
replacing all the angle brackets with the square brackets and vice-versa

()22 125 (Cs1a=mD)=pepy oy n=1))
(s12=m2)(s123—m2)(512..(n-2)~m2)[23][34] - [(n-2)(n-1)] *

AJ1,27,...,(n=1)",n] = g"> 4.17)

Now we check the high energy limit of the massive vector boson amplitude (4.6). Due
to the presence of angle bracket (1n)?, the only non vanishing contribution can come
from the component of the massive amplitude with both massive particles having negative

helicity configuration in the high energy limit [11].

4.1.2 Matching the MHV amplitude in the high energy limit

We consider the high energy limit of the massive vector boson amplitude with all positive
helicity gluons in this section. We show that the finite energy amplitude in equation
(4.6) reproduces correct MHV amplitude in high energy limit when both of the massive

particles have negative helicity configuration. The massless amplitude is given by

A2 T2 (S1.4 = Pupprpcy) [ = D]
S128123 * - Slz...(n—2)<23><34> o {(n=2)n-1))

AJ17,2%, ..., (n—-D,n ] =g"2

(4.18)
a2 (1n3 (21 T1323 (S10 = PP pey) [ = DI = D) @i
-8 (12)(23) - --{(n = 1)n) [21]8123 * - - S12..(n-2){11) ' .
Consider the non-trivial part of this amplitude
. 2115 (Sl...k - pkpl,k—l)pn—lln> _ (4.20)

[21]s123 - * S12..(n-2)¢11)
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We simplify the product in numerator by using momentum conservation and identity (E.5)

repeatedly. We start with the k = n — 2 term and use momentum conservation to write?

(S1.02 = PraPrs) Pt I) = Stnc2 Patln) + Py 1) (4.21)

Let us pause here to explain the notation that we are using here for generic momenta and

spinor-helicity variables
(sij = P = Sijdra = Plaa Py g - (4.22)

Here the Greek indices are the SL(2,C) Lorentz indices. Going back to (4.21), we use

(E.5) to express the second term as follows
Pl ity = 2Pn1 - Pn) Pralnt) . (4.23)
Here we have used the fact that p,|n) = 0. Incorporating this with (4.21), we obtain
(S1.12 = PoosPrps) Pt = S1.n2(Pua + Pa-nin) . (4.24)

Now we include the next term in the product in (4.20) and use the above result to write

¥
(58]

(Sl...k - pkpl,k_l) “ Pnetln) = St n281.0-3(Pn2 + Pp-In)

k=n-3

_pn—3pl,n—4(pn—2 + pn—1)|n> . (425)

We can again simplify the second term using momentum conservation and (E.5) to get

_Pn_3pl,n_4(5’7n_2 + pn_1)|n> = (Sl...n—3sl...n—2) pn—3|n> . (426)

3For a single SU(2) matrix valued momentum variable contracted to spinor-helicity variable, we omit
the slash notation as in standard literature: p|j) = pilj).
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Therefore, we find the following

n-2

1_[ (Sl...k - ]ﬁklﬁl,k_l)pn_ﬁm = 81.1-251.0-3(Pn=3 + Pu2 + Pu-DIn) . (4.27)

k=n-3
This trend continues to follow and we obtain the following identity
n—-2 n-2
(514 = Pergcr) Pocbty = | [ 51003+ + puca + paidl). (4.28)
k=3 k=3
Using this identity, we have established that M,, = —1. Thus the only non-vanishing high

energy limit of the massive vector boson amplitude (4.16) reproduces the MHV amplitude

(In)y’
(12)(23)--{(n = Dn)

AJ17,25, ., (n—-1D)"n] = —g"> (4.29)

This provides a primary consistency check for the massive n-point amplitude in (4.6).

Having shown that the covariant recursion relations can be used to inductively prove the
formula (4.6) of the massive analogue of MHV amplitude, it is worthwhile to mention
that one could do the same by using the BCFW recursion relations as well. Therfore,
one could ask: what new benefit that the covariant recursion relations bring to the table?
To answer this question, we once again turn to the original motivation for the BCFW
recursion, that is, the remarkable simplicity in deriving the tree-level NMHV amplitude

using BCFW recursion.

4.2 Scattering of massive vector bosons with single flipped

helicity gluons

Now we move on to the discussion of the massive analogue of NMHV amplitude. We
consider a tree level colour ordered amplitude involving a pair of massive vector bosons,

one minus helicity gluon adjacent to one of the massive bosons and arbitrary number of
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gluons with positive helicity. We will see later in this section that this particular amplitude

leads to the NMHV amplitude in the high energy limit.

As mentioned in the Introduction of this chapter, this amplitude can not be computed using
single BCFW recursion. For example, if we consider the [2737) BCFW shift to compute
this amplitude, we would end up with the scattering channels involving subamplitudes
that are identical to the configuration (the second diagram in figure F.1) which we intend
to compute. Similar argument shows that this particular amplitude can not be obtained

using a single recursion that involves two-line massive-massive shift.

2+

§+
- —_ + ~ ~ ~
5- =D 5- | 3+ n 3 oo || 3
, . B
f— +
\ +
/
s 4+
5
1 n 1 n -1t T st

Figure 4.2: Pictorial representation of BCFW recursion with [273%) shift.

Therefore, we use the massive-massless shift [271) of the type [-m), which corresponds

to the following complex shift in terms of spinor helicity variables
— b4 —~ Z
2] = 121 + —p1l2), 117 = [11) = =21)]2). (4.30)
m m

Due to [271) shift, all possible scattering diagrams that contribute to the n—particle am-
plitude in the covariant recursion are shown in Figure 4.3. As one can clearly see, all the
constituent lower point amplitudes in these diagrams have already been computed: either
they involve only pure gluon amplitudes or they involve two massiee vector bosons and

all positive helicity gluons.

Since we are considering only minimal coupling while computing the amplitudes, the
exchange particles can either be massive vector boson or gluon. But the exchange particle
can not be a massive vector boson because a massive vector boson can not decay into two

massless particles. Due to [271) shift, particles with momentum p; and p, are always
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(n— 1)*’ T+t

(n— 1)+ (

=1y

Figure 4.3: Pictorial representation of covariant recursion with [271) shift for
A, J1,27,3%,...,n].

attached to different subamplitudes in the diagramatic expansion of the colour-ordered
amplitude. Note that, the subamplitudes involving external momentum p, always have
only positive helicity gluons in the external states. But such pure gluon amplitudes with
at most one opposite helicity vanishes, except for the three-particle amplitude. Therefore,
the internal state attached to this subamplitude must be a negative helicity gluon. Again,
due to the choice of the massive-massless shift [271), the first diagram in Figure 4.3 is

non-vanishing only for the helicity configuration as indicated in the diagram.

The n-particle amplitude, obtained by summing over the all the diagrams can thus be

written as follows

n—1
A1,27,3%, ..., (n—1)",n] = ZﬂL (LT, (r+ D, on]—A[T,27,3",...,r"],
r=3

§$23..r

(4.31)

where 5, , = (31, p,-)z. Again, we remind the reader that the subamplitudes here are all

on-shell; that is, they are functions of shifted momenta and spinor-helicity variables. The

right subamplitude is a pure-gluon amplitude and is given by the Parke-Taylor formula
(12)?

ARlT,27,3",...,r =g . (4.32)
(23%34) .. . (D)
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The left subamplitude involving two massive vector bosons and all positive helicity gluons

is known from previous section and is given by (see equation (4.6)):

In)*([1] 2, [(El Ik —mz)—Pk;I‘k—l }\n—l]

LT, (r+1)"....on] =g ——— _ ,
AL ) n=g S 11=m2)...(S 11r41)..c0-0=m X (r+ 1))...{(1=2)(n-1))

(4.33)

This takes care of all but one diagram that appears in the covariant recursion. The last
scattering channel in the diagramatic expansion in Figure 4.3 (which corresponds to r =
n — 1), has to be treated separately and we shall come to the evaluation of this diagram

towards the end of this section.

For now, we simplify the expression in (4.33) and express it purely in terms of the unde-
formed spinor helicity variables of external momenta. Using p; = p» + X._; pi, the shifted
Mandelstam variables (§) and momenta (F) can be expressed (fork e {r+1,...(n —2)})

as

El...k:(ﬁl + D+ p) = (LA pa D)= Sk

F],k—l =@i+pi+- -+ pc)=Pr+pat o+ Pcl) = P (4.34)

Substituting these into the left subamplitude (4.33) and then gluing this with the pure
gluon amplitude (4.32) and the physical propagator ﬁ, we get the contribution to the
n-particle amplitude from the r-th term in the covariant recursion (4.31)

AP ITTZ2, {S1k=mP)=pypy iy Jn=1]

A(r) e n-2
=8 . . _m2 . _m2 I _ _ .
523....(8512..r =M% (S12..1(r+1)..(i=2) = )23)34).. (r DXL (r+ 1))... ((n=2)(n—1))

(4.35)

where r € {3,4,...(n — 2)}. It should be noted that the product of angle brackets in the
denominator, involving the massless spinor-helicity variables do not include {(r(r + 1))
bracket since the r- and (r + 1)-th massless external momenta do not attach to same sub-
amplitude in the recursion. Next, we express all the spinor products in A” involving the

intermediate spinor-helicity variable |T> in terms of the spinor-helicity variables associated
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to external momenta. In order to do that, we collect all such terms

P {1 —m?) = popy oy fin = 1]

Xri = — — (4.36)
U(r + D)XrI)
We use the following identities
L n-2
QOB - 11= Qpy Bn-11, B= [ [ {ra—m) = pp,}
k=r+1
12y  Cpp;,12) dy Qs
Iry  Qppy, " qe+ 1)y Qppy,r+ 1)
to write
QIpy s, 12 C2Ips, THE e Stk = 1) = Py In = 1]
o s PPl T (=) = =1

Clp,py,IDCIpy oy, Ir + 1)

It only remains to evaluate the shifted spinor product (Tn) at the simple pole (z)), asso-
ciated with r—th scattering channel (except s;,) in Figure 4.3. As usual, this is found by

setting the deformed propagator s,..., on-shell

2
mpZ,r

- 4.38
2p,p ) 39

(Pr+z2pg+p3+...+p) =0= 7, =

We then use the definition of the shifted massive spinor-helicity variable in (4.30) with

Z = 7 to express the spinor product (1'n’) as

2

Pa, ar2yen’y. (4.39)

’17 Iy — (1147
e =

Substituting the expressions (4.37) and (4.39) in (4.35), one can rewrite A” in terms of
the on-shell external variables

n QUpy, T2, {CsrammD=pepy o Hin=11(21p, ps, 2)(Am+p2, (12)2m)) (r(r+ 1))

AD = g
523..r(512..r=m%)...(512..-2)=m*)(23)(34).. ((n=2)(n=D)2p, ., IPNC2Up, P+ 1)

(4.40)
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Now we analyze the last diagram in Figure 4.3, which corresponds to the r = n — 1
term in the covariant recursion. We have to treat this term separately because the left
subamplitude which involve a pair of massive vector bosons and a single positive helicity
gluon, cannot be read off from the general formula in equation (4.6) (we explicitly state the
condition n > 3 in that derivation). Instead, we simply glue the three-particle amplitude

with the pure gluon amplitude (4.32) for r = n — 1 and the undeformed propagator i

— (AMX(12)253. 1)

A(n—l) — gn—Z — —
$12(23)(34) - - - {(n = 2)(n — D)X |pu2K(n — 1)I)

(4.41)

Again, we have to simplify the terms with spinor helicity variable II) (associated with
exchange particle) and evaluate all shifted spinor products at z = 7,1y, which is obtained

by setting the deformed propagator s, on-shell

m(py + pa)’
gy = AP T Pn) 4.42
= Qi g @42
Firstly, by noting the following identities

Clp P, 21 = m*2(p1 + p121, (4.43)
(2|p1@;1 +pIn—1=Qlp,pIn—-1)+ m*2(n - 1)), (4.44)

we get rid of the internal momentum dependence in A”~" as follows

-y Clp,p, 127
@2 = D) Qlp,pyp, 20219, Py + p = 1)
2 2)?

= 2lp,p,12) . (4.45)

m? (2Ip1i21 + 2Upa121) (2p,p,Jn = 1) + m>2(n = 1))

Secondly, we calculate the shifted spinor products appearing in this expression and in
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(4.41) using (4.42) and the definition of shifted spinor-helicity variables

—~ m
(1'n’) = ETYI) (2Ipiln’ 121"y + 2Ipal 1 K2n"y + 2m(112)2n"))  (4.46)
QP21 = @Ipi2],  (2Ipal2] = 2pal2] + 510 (4.47)

Finally we use the following identity

(C2lp112] + Clpal2] + 512) = 83,011 » (4.48)

to derive the contribution of the last diagram A”~" as a function of only on-shell external

variables

(2lpinJ(21) + Q2lp,I11(2n) + 2m(12)(2n))*
$12(23)(34) - - - {(n = 2)(n = 1)) (<2l,¢1pn|n - 1) +m*Q2(n - 1)>)

ACD = g1 (4.49)

We combine the results in equations (4.40) and (4.49) to obtain a compact expression for

the n-particle amplitude

— At _ on2 ((21p1 INJ(21)+(2|p[11(2m)+2m(12)(2m))>
A[1,27,37,....nl =g [S1n<23><34>---<(n—2)(n—1)>(<2|p1p,,ln—1>+r112<2(n—1)>)
-2
'2 Qlps, T2, {rammD=pepy o Yin=11(21p, ps, 12X+ p2, (12)2m)) (r(r+ 1))
523, (812 =) (S12..(n-2) =M H23)(34).. {(n=2)(n=D)2Ip, po ,_, IPN2Up, po Ir+1) | °

r=3

(4.50)

This is the central result of [21] and it demonstrates that the covariant recursion relations
introduced in [14] have the potential to open up new avenues to compute new classes of
amplitudes that are otherwise not accessible via conventional recursion relations such as
BCFW recursion relations. This computation also serves as a testament to the optimal

usage * of the covariant massive-massless shift (4.30). Other possible two-line shifts (i.e.,

*In principle, one could have computed this n-point amplitude using BCFW recursion relations itera-
tively, building from the known three-point on-shell amplitudes. However, it would be an inefficient method
to obtain the amplitude since it requires knowledge of all the amplitudes A,, for all m < n, at each step of
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massless-massless or massive-massive) do not allow us to compute this amplitude as there
will be scattering channels in which the negative helicity gluon is attached to the same
subamplitude involving massive particles, leading to an identical particle configuration

that we are trying to compute.

As a simple but non trivial check of our result, a few lower-point amplitudes are obtained
by independent methods in appendix E.2 and shown to match the expected results. Addi-
tionally, in Appendix F we have checked the correctness of our result in (4.50) by taking

BCFW shift on external gluon states and the method of induction.

4.2.1 Matching the NMHYV amplitude in high energy limit

We now consider the high energy limit of the scattering amplitude in (4.50). This should
reproduce unique massless amplitudes for different helicity configurations of massive vec-
tor bosons since we have considered only minimally coupled three particle amplitudes

(2.71) as basic building blocks to construct the finite energy amplitude [11].

The procedure of taking the high energy limit of scattering amplitudes involving massive
particle is discussed in [11] and further discussed in [14]. We do not repeat the procedure
again but as a general rule of thumb, we show which component of massive spinor helicity

variables survives in this limit below

0 > 0
In) iiﬂ In"y, In] p—»l—ﬁl) In"] = indicates helicity . (4.51)

The high energy limits of the finite energy amplitude (4.50) with opposite helicity con-
figurations for the pair of massive particles are non-vanishing due to the presence of both

angle and square brackets involving massive spinor-helicity variables and reproduces cor-

the iteration and in this case, the purpose of the on-shell recursion method would be lost ! Instead we have
shown that, for this specific configuration of external particles, the covariant massive-massless shift [271)
leads to an single on-shell recursion.
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rect MHV amplitudes, as expected

MV~ 27 3% nT] =g (12)’ , (4.52)
" (23)(34) - - - (nl)
4
A1+ 2 3% ] = g (2n) (4.53)

(12)(23)(34) - - - (nl)

The high energy limit of (4.50) with positive helicity configuration for both massive par-
ticles vanishes since the Parke-Taylor amplitude with single flipped helicity gluon is zero.
But the negative helicity configuration for both massive particles in the high energy limit
gives us the NMHYV amplitude. In order to check this fact, we first obtain the following

expression from (4.50)

ﬂn[l_’ 2_’ 3+5 T (n - 1)+’ n_]

)
_ 2 Z @ps, T2 {514 Pp i1 Ja (@I, 200 +3,(12520) (4 1) (4.54)
=8 823, 8120r+812..(0=2)(23)(34).. A (n=D)2Up, py ,_1 1)Uy Py Ir+1) ’

r=3

Then we simplify the product factor appearing in the numerator using the following iden-

tity

n-2 n-2
[ {514 = peprscs} ooy = ( [ su...k) (Pra+-+pan)lny.  (455)

k=r+1 k=r+1

This identity can be derived from the one we have proved in section 4.1.2. Furthermore,

we use momentum conservation to get

Q@ps,-piln) + P32y = Qpy (P, + -+ p, ). (4.56)

Substituting this in (4.54), we obtain the NMHYV amplitude as

an[1_92_53+""9(n _'1)+9n_]

(r(r+ )21, (P + o+, ) 1)
4 523 r512.423)(34) .. {(n = Dm)[1Ip2,1IN[pa,dr + 1)

2

_ o (4.57)

r=
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We have obtained in (4.57) a compact expression for the n-point NMHV amplitude that
at first glance appears to be different from the standard expression in [24]. Note that,
the first term of the expression in equation (4.50) (that corresponds to the last diagram
in Figure 4.3) does not contribute to the high energy limit since this involves massive
spinor-helicity variables that do not survive in this limit. It can be argued that this is
a consequence of the massive-massless shift [271) which we have used to derive this
amplitude. In a purely massless setup, one could use the BCFW shift [1727), in which
case the last diagram in Figure 4.3 would certainly contribute. Therefore, in this case,
the covariant massive-massless shift leads to a novel representation of the n-point NMHV
amplitude. In what follows, we will first take the soft limit of this amplitude to show that
it obeys the Weinberg’s soft theorem at leading order and subsequently we prove that the
NMHYV amplitude (4.57) matches with the expression in [24] for this specific ordering of

external particles.

Soft expansion of NMHYV amplitude

We take the limit p, — 0 in the NMHV amplitude (4.57). In order to take the limit

pn — 0, we first scale the spinor-helicity variables as follows
Ana — \/E/Lm s ;lnd — \/E;lna ’ (458)

and then take € — 0 limit. With this scaling, we find that the » = n — 2 channel of the
NMHYV amplitude in (4.57) has the leading order contribution as O (é) and the amplitude

factorizes as follows

=D (12)°
A = o D] > 23938 . (= D) (4.59)
[(n—1)1] XﬂMHV

T = Dalln1] "

(4.60)
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This follows from the Weinberg soft theorem which we will see below.

Using Weinberg soft theorem, we find that in the soft limit of the n-th gluon momentum,
the n-particle NMHV amplitude factorizes into a soft factor times a (n — 1)-particle MHV
amplitude

lim A, [17,27,3%, .. (n - D0 | =SO0 ", (n - D 1A, [17,27,3",..,(n - D],

pn—0

(4.61)
where the soft factor at leading order is given by [53-55]
SO, (n—1)*,17) = (2Lt _Zn 1 D1) (4.62)
Pn - Pn-1 Pn - D1
Expressing the massless polarization vector in the spinor-helicity formalism as
]
g = lolal. (4.63)
[nq]
and chosing the reference spinor |g] = |1], we get the soft factor as follows
- Dl
SO@, (n = 1), 1) = = DI (4.64)

[(n = Dnl(nl]’

Therefore, we have

[(n = DI]

N L A e NISTETH

At [17,27,3%, - ,(n=1)7] .

(4.65)

This is matches with the expression that we obtain by taking the soft limit of the NMHV

amplitude in equation (4.57).
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Matching the NMHYV amplitude

Now that the preliminary check regarding the soft limit has been verified, we now show

that the result in (4.57) matches exactly with the NMHV amplitude computed by Dixon

et al. in [24] for the specific ordering of negative helicity gluons that we have considered

here. The result of [24] is of course more general in the sense that the positions of the two

negative helicity gluons are completely arbitrary.

In order to compare with our result (4.57), we begin with the expression given in [24] and

fix the positions of the two negative helicity particles as 17, 27. The position of the third

negative helicity particle is fixed to be n™ in both of the expressions. Keeping this in mind,

the n-particle amplitude A, [17,27,3%,..., (n—1)*, n"] (abbreviated as ANMHV[17,27,n7])

from [24] is given by

1 n—1 L 4
(12)(23)...(nl) ZR[”’QJ]«M)(MZI NN

t=4

ANV, 27, 7] =

The objects R[n; s; t] are defined to be

Rin: s: 1] 1 (s(s = 1)) (f(t = 1))
U XA (nts|s)nts|s— 1) (nst|t)nst|t—1)

with R[n; s;¢] :=0fort = s+ 1ors =1t+ 1. The spinor products are defined as

(nrs|s) = nlxu xiqls)

where

@ ad

X5 = (ps+Pse1+ ..o+ Dpic1)
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for s <t, x;o = 0 and x; = —x;, for s > ¢. So we have

D 21 (t(t - 1))
Rln 2:1] = X2 (nt2|2)ne2| 1y (n2t|)n2t|t - 1) (4.70)

with X3, = (p2 + p3 +...+ prm1)* = sz4-1). Therefore, the n-point NMHV gluon amplitude

can be written as

NMHV 1 A - {nl)’ t(t—1D))nt2]2)>
A2 = (23).. nl}Zsz(, ynt2| 1Xn2¢|tyn2t|t—1)° “4.71)
Now by writing t = r + 1, we can get
n-2
(n1)®
NMHV 1 2 —
7 " Z 523.423) - A — DI+ D(r +2)).. (1 — D)
n(r+1)2]2)>
% m@r+D2|D)n2¢+D|r+DYn2@+1)]|r) {(4.72)
Let us now consider one of the following spinor products and simplify as follows
(n(r+ 1D2|1) = nlxags1) Xg+12 11
= (1 Xrr 1 a1y 1)
= <n|(pr+l +pr+2+"’+pn—l)(p2+p3+"'+pr)|1>
= <n|(pr+l +pr+2+"'+pn—l +pn)(pl +p2+"'+pr)|1>
= ~(nl(p1 + p2+...+ p)’ 1)
= —s12...nl) (4.73)
n2(r+Dry = nDp2e-nlr), (4.74)
n2(r+ DI+ D)= nb1lp,lr+1)), (4.75)
(n(r+1)212) = Q2lp; (p,,, +---+p,_ DIy = Clps pIn) + p;r<n2>. (4.76)
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Assembling all these, we can rewrite the NMHYV amplitude as follows

n-2
NMHV1— A= -1 _ Qlps, (P ++p, )0’
A 2] = Z o D s DDy KDt it - (77
r=3

This expression matches with the NMHV amplitude in equation (4.57). Therefore, we
conclude that the massive vector boson amplitude we derived has the correct high energy

limit.

4.2.2 Spurious poles

Although the covariant recursion relations allows us to determine the n-particle ampli-
tude in a compact form, in the case of n > 6 the expression in (4.50) contains spurious
poles which are not associated to any physical propagator going on-shell. These poles
are arising when terms of the form (2|p, Pz,r—1|r> and (2[p, pz’rlr + 1) in the denominator
of the expression in (4.50), becomes zero. Any on-shell recursion scheme that involves
complexification of external momenta, are generically infected with such spurious poles
as the manifest locality is sacrificed at the altar of staying on-shell. In the case of BCFW
recursion relations for massless theories such as non-Abelian gauge theory, the spurious

poles have been analysed extensively. These poles are not physical and the residue at

these poles shown to vanish [56] in the case of six point gluon amplitude.

We expect that the same should be true in the massive case as the theories under con-
siderations are local. However, as is well known, proving that spurious poles are indeed
spurious is no easy task even for scattering amplitudes of massless particles and the proofs
usually involve rewriting the amplitudes in terms of some other basis such as momentum
twistors [56]. We do not pursue this important question in the present work but give an ev-
idence that the poles which arise in (4.50) do not correspond to any on-shell propagators

and therefore are indeed spurious.

We consider the six-point amplitude and evaluate it using [65") shift, which leads to the
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following expression for the six-point amplitude

S At gt &t €] A (61p213121)+(2|p131¢61))° [34](41pe 5]
Aell,27,37,47,57.6] = ¢ [231(54)(s12—m?)(s123—m?)(s56—m>)((2p, pgl4)+m>(24))

(s IST212Ip1 161+ pel11(26)+2m(21)(62))+2 D651 ps p, 12)+(Aps 1121 psl5126))
(@23)34)E5) (@1 P, Pol51+ 516@p6lS]) (s56—m2) (2Up, (s + o)) +m>(24))

(Ip1+ 6211519, polS1-s16151p,74151)(16)2 (21 py + pl5 T2
o . (4.78)
515651623 3D([51pg p, 21+m2[521) (@lp5 p, pel31+s16(1psI5])

Here the spurious pole is given by the following condition

@psp psl5] + s16¢4lpsl5]1 = 0. (4.79)

With the massive-massless shift [271), the 6-point amplitude can be written using (4.50)

as

o] (@, py12216)+ 52 ,12)26))” 2Up, ((s56-mD)-pyp, 5 IS
523(s123 112 (556N 23)(45) 21, P13 21, P 14)

As[1,27,3%,4%,5%,6] =¢

(21p,p5.412516)+p2 (12)26))” 23 4l5])
5234(s36—m2)(23)34)2Up, o 514X2Up, p, 415)

((21)(21p1 6]+ (21ps[11(26)+2m(21)(62))* (4.80)
516(23)34)(45)((2Up, pel3)+m?(25)) | '

The spurious pole in the above amplitude is given by the following condition

Qlp,(p, + p)I4) =0. (4.81)

It is easy to check that both expressions for the six-point amplitude contain the same set
of physical poles. However we see that they have different spurious poles structures. In
particular, when the spurious pole condition is satisfied for one expression, the other one
is finite. Since, both are representations of the same scattering amplitude, we conclude

that at least in this simple example, the residues of the spurious poles must be zero [57].
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Chapter 5

Conclusions

In this thesis, we have derived a specific generalization of the well known BCFW recur-
sion relations which include a combined complex momentum shift of a pair of particles,
one massless and one massive, by making use of the recently proposed little group co-
variant spinor helicity formalism for massive particles in [11]. We gave a complete clas-
sification of this class of two-line shifts for massive scalar QCD and Yang-Mills theory in
the Higgsed phase [14]. Later, we have used the new set of recursion relations to compute

scattering amplitudes which hitherto were not known in the literature [21].

We proved the validity of the recursion relations for massive scalar QCD and Higgsed
Yang-Mills theories by suitably adapting the background field methods of Arkani-Hamed
and Kaplan [19] to include massive particles. As an explicit check of the new recursion
relations, we computed several four and five particle amplitudes in these theories and
found perfect agreement with the results already known in the literature by other methods.
In this process, we derived the five particle vector boson amplitudes for different helicity
configurations of gluons as a new result of this formalism, which we substantiated with
several consistency checks [14]. Using the background field method, we showed that
the massive-massless shifts [m+), [-m) are indeed valid shifts, whereas the [m—), [+m)

shifts fail to recursively construct amplitudes in massive scalar QCD and the Higgsed
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Yang-Mills theories.

In chapter 4, we explored the consequences of the covariant recursion relations introduce
in [14] by considering the massive analogues of NMHV and MHV amplitudes in Yang-
Mills theory. In the high energy limit, we showed that these two classes indeed reduce
to the MHV and NMHYV amplitudes respectively. The massive analogue of the NMHV
amplitude comprised of two massive vector bosons, one negative helicity gluon (that is
colour adjacent to the massive bosons) and an arbitrary number of gluons with positive
helicity. We showed that for this class of amplitudes, the massive-massless shift leads
to a remarkably simple computation and we could generate rather compact little group
covariant expression for the final amplitude. If one had used the usual BCFW shift to
compute this amplitude, one would end up with subamplitudes involving the same con-
figuration as the one we set out to compute (i.e. involving two massive vector bosons and
helicity flipped gluons). As a result one would need some additional input in order to
proceed further. The massive-massless shift appears to be more convenient in this case as
the recursion gave rise to simpler subamplitudes that were already known. Interestingly
we have shown that given this final form for the amplitude derived using the covariant re-
cursion, one can check that our result indeed satisfies the BCFW recursion relation. This

is shown in detail in Appendix F.

Although a complete theory independent analysis comparing the two recursion schemes
using massless-massless and massive-massless shifts, whenever the both may be appli-
cable is yet to be done, we showed that for a particular class of amplitudes, the covari-
ant massive-massless shift leads to a computational advantage while preserving the little

group covariance guaranteed by the massive spinor-helicity formalism.

Apart from the rudimentary but non trivial check of the high energy limits of these am-
plitudes, we have used several other independent methods to validate our result. In the
case of vector boson amplitude with all plus helicity gluons, we directly matched with

the result expected from the covariant relation (4.1), given the scalar amplitude in (4.2).
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But in the flipped helicity case, since this is a new result, we checked the consistency by
carrying out the soft momentum expansion of the NMHYV amplitude that leads to correct
universal leading soft factor (see section 4.2.1). Interestingly, our representation of the
NMHYV amplitude obtained in the high energy limit is not identical to the one obtained
previously in [24]. We showed that the two expressions are equal and it will be interest-
ing to study the representation for NMHV amplitude that we obtained in more detail in

its own right.

There are several directions that follow from the works presented in this thesis. We high-

light some of them below.

e We have restricted ourselves to the calculation of tree level amplitudes using the
new recursion relation and an obvious question would be to extend these results to

loop amplitudes.

e In the same spirit of massive-massless shift it would be worthwhile to find a shift
involving two massive momenta. This is relevant for the computation of all massive
amplitudes. Preliminary analysis seems to indicate that the little group covariance
of the deformation of massive spinor helicity variables is difficult to maintain, which
makes the computation of amplitudes using massive spinor helicity formalism less

tractable.

e Regarding the computation of n—particle amplitudes, we considered a particular
configuration of external particles in which the position of the negative helicity
gluon is adjacent to the massive vector bosons. But in fact it is possible to make
the position of the negative helicity gluon completely arbitrary and use the covari-
ant recursion or the BCFW shift in combination with the amplitudes calculated in
this work to derive these scattering amplitudes. One could also add more nega-
tive helicity gluons and systematically proceed to calculate the resulting scattering

amplitudes. However in order to compute amplitudes with more than two massive
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particles using the covariant recursion, one would possibly require knowledge of a

wider class of amplitudes.

It would be interesting to explore all these quantities in more detail and we defer this to

future works.
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Appendix A

The high energy limit

In this appendix, we discuss the relation between the massive and massless spinor he-
licity variables and the procedure to take the high-energy limit of scattering amplitudes
involving massive particles. The basic objective of this procedure is to show how massive
amplitudes for particles with spin decompose into the different helicity components in

this limit.

We begin by expanding the massive spinor helicity variables A/ and A, into explicit
SL(2,C) basis. In order to do this, we consider momentum 4-vector in the spherical

polar coordinates

pl= (po,lﬁl sin @ cos ¢, | p| sin O sin ¢, |ﬁ10059), (A.1)
which takes the following matrix form in SU(2) representation

0 . . .
p’ +|plcosf || sin B(cos ¢ — i sin ¢)
Pac = : (A.2)

|| sin 6(cos ¢ + i sin ¢) p° —|plcos @
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For massless particles, we set p° = |p] and the matrix form is given by
ole
=2p X (c s*) ; (A.3)

where we denote ¢ = cos(0/2),s = sin(0/2)e". Therefore, we obtain the following

representation for massless spinor helicity variables

L=Vl a= vzl (A.4)

K s*

One can repeat the same procedure to find the momentum representation for massive

spinor helicity formalism as

A= A = , (A.5)

where a = \/p® + 7], b = /p° — || and det(A) = det(d;5) = m. This matrices allows us

to expand the massive spinor helicity variables in SU(2) space in terms massless spinor

helicity variables

Af =A% —n"é; (A.6)

A5 ==& +7°¢; (A7)

where the SU(2) basis vectors are chosen to be ¢/ = (1 0) and & = (0 1). The

massless spinor helicity variables are given by

c —s*

Ay =a Mo =b , (A.8)
s c

5 c -5

v=al|l |.fa=b : (A.9)
s* c
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As usual, the SU(2) indices can be raised and lowered by the anti symmetric tensor €;;
and the basis vectors follow €,;£"¢™ = —1. From explicit calculation we find that the

massless spinors obey the following relations

[A77] = m = (). (A.10)

In the high energy limit p° >> |/, the massless spinors can be expressed as

cos(6/2 —sin(@/2)e"¢
/la—>\/2_p0 (/) ’ na/—> m (/)

sin(0/2)ei* 2p° | cos(6/2)

(A.11)

This shows that 7, is proportional to the mass m and vanishes in this limit. A similar

result holds for 7. Therefore, in the high energy limit both (7,, 7j;) vanish.
As a general rule of thumb, the massive spinors behaves in the massless limit as follows

PO>>|p] PO>>1p]
- -

n) n7), n] [n*]. =+ indicates helicity . (A.12)

Here, a particular helicity is picked up since the non vanishing component 4, comes with
opposite SU(2) basis vectors, which we use the identify the helicity component in this
limit.

Let us now illustrate the connection between the minimally coupled three particle massive

amplitude (2.71) (for § = 1) in the high energy limit and the massless amplitude (2.39).

Recall that, the massive amplitude in consideration are given by

12) 12)?
A",2,3" = gxlfz%, A(1,2,37M = gx;g[ m] : (A.13)

Due to the structure of the amplitudes, only the identical helicity (h; = h;) configurations
of massive particles are allowed in high energy limit. Moreover, since we are looking at

minimal coupling, we must consider the massless particle (with momentum p;) to have
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opposite helicity as opposed to the other two particles. Now we consider the case of
photon or gluons, in which case we set &y = h, = —1 and h3 = +1

ﬂhighenergylimit(l_l 2_] 3+1) =g m[3§] <12>2 _ <12>3

’ “ienRa m - SGDes) (A1

where we have used the representation in equation (2.61) for the x;, factor. Note that, we
have recovered the correct massless amplitude and the coupling is dimensionless in this
case, as promised. One can repeat this exercise to check the correspondence regarding
minimal coupling for opposite helicity configurations and in the case involving gravi-
tons. Thus the massive three-particle amplitudes coincides with the conventional notion

of minimal coupling for § < 1 [11].
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Appendix B

Reduction of Massive Polarization

In this appendix, we recover a pair of transverse and a longitudinal mode of the polar-
ization tensor of massive vector boson corresponding to s, = *1;0 spin components at
large-z. This plays an important role in our classification of covariant massive-massless
shifts. In the spinor-helicity formalism, the polarization tensor for a massive spin-1 parti-

cle is given by [58,59]:

: 1 <
e, (i) = S Vam [(ﬂi1|0'”|/1i1] +U o J)] . (B.1)

2m

Using the expansions in equation (A.6) and (A.7), the momentum matrix p;,; = p,-’,loﬁ o

for massive particle can be written as

Pica = —Aiadia + Niallic - (B.2)

Furthermore, the Dirac equation in spinor helicity formalism takes the following form
Paads = =My, PagAy = my, . (B.3)
Using the Dirac equation, it is easy to show that the polarization tensor for massive particle
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is orthogonal to momentum 4-vector, as expected

Py () =0. (B.4)

We adopt identical momentum representation as given in [1 1] for the spinor helicity vari-
ables (A, As), (174,7s) variables such that, they satisfy (1;;;) = [A:7;] = m. We then
use these relations to replace the mass m present in the denominator of the spinor helicity
representation of e’; ;@) in (B.1). With the expansions in equations (A.6) and (A.7), the po-
larization tensor for massive spin 1 particle can be expressed in terms of massless spinors

as

(Ailo*[i;] (nilo*|A,]

&) =
10 = V2[A:7i] §,§, V20::)

L &} 03] + il 1)) €565, (B.S)

o
2 \/_ 2m
Now we can read off the transverse and longitudinal polarization vectors from the coef-

ficients of the &;-bilinears. The polarization vectors associated to the transverse modes

are

e”(i) _ (77i|0'”|/~1i] (i) = (Ailo*|i;]

, - —> (B.6)
V2(m:s) V2[ 4]
whereas the polarization vector associated to the longitudinal mode is given by
. 1 ~ -
ey(i) = ——— (Mo |31 + (o 1) - (B.7)

2\/§m

In the following subsection, we discuss the large z behaviour of transverse modes the

massive polarization tensor.
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B.1 Deformed massive polarization vector at large 7

The polarization tensor for a massive particle, in terms of massive spinor helicity vari-
ables, is given in (B.1). An important component in our analysis of the two-line shifts is
the behaviour of the polarization tensor at large-z. In this limit, the transverse and longitu-
dinal modes get decoupled from each other. From (B.6) the massless polarization vectors
are function of massless spinors (4;,7;) and (A;, ;). In the large-z limit we treat (17, ﬁf’)
as the usual reference spinors (7, &%) that appear in the massless case (and which are
chosen to be some of the external momenta in a given scattering amplitude calculation).
So the expressions for the deformed polarization vectors, which we denote as 'ejj(i) can be

written as follows:

S 4 R 5

- , # (B.8)
8 V2 V2]

The shift for the massless spinor helicity variable A;; in (A.7) can be obtained from the

=
shift of massive spinor helicity variable 4,, as

Ajal 4], (B.9)

27
. Z —. ijb
?(l)zzi'b__p'bgi', e, (i) = ———. (B.10)
b J P Ll b \/5[/1,-/11-]
where we define
_ </1j|0'h|/~1i] [Zi;lj]

= AT Q= 24l B.11
L T SRR, TR (B0

These relations have been used in (3.88) and (3.90).
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B.2 Deformed massless polarization vector

In order to derive the limiting behaviour of ﬁﬁ’ , at large z, we expressed the shifted mass-
less polarization ¢, () in terms of the shift momentum r#. In this appendix we show how

to derive (3.83). We start with the massless polarization vector

(@t (o)

O e T ey B
Here &, is a reference spinor, which we choose to be
& = %2]-5 : (B.13)
Then the massless polarization vector can be written as
A J——_ Iy 2T (B.14)
‘5(/1 j|Pi|/1 j]

Recall the expression for the shift momentum 7 in terms of spinor helicity variables

1 _ a ST 1 By Sa
M= = P = %p'? Apliat, . (B.15)

Thus we can write massless polarization vector as follows

\/imr”

?i )= ———=— = A
) </1j|pi|/lj] )

(B.16)

We have used this result in (3.83).
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Appendix C

Comparison with previous results

In [13], the authors derived conditions to check the validity of multi line shifts in the
context of BCFW type recursion relations. The authors studied large z behaviour of n-
point scattering amplitudes (ﬁ(z) ~ z7) with multi-line shifts and obtained a bound on y
that would lead to valid shifts. For the two-line shifts discussed in this paper, the relevant

constraint is given by:
y<1-1[8l-s1+s; (C.1)

where [g] is the mass dimension of coupling, s, and s; are the spin projection (s,) of the
particles which are shifted by the spinor-helicity variables A and A respectively. For the
massive-massless shift we have considered, the A-variable of the positive helicity gluon
is shifted and the A-variable of the massive spin-1 particle is shifted. Thus s, = 1 and

s1 = —1 (min. of s, for massive spin-1).

For example consider the four-point amplitude in section 3.2.3,

g% (3Ipa|27 (141

A 1,2%,37,4| = 2
4[ ] m? 553(524 — m?)

(C2)

In this case, we find the condition for valid shifts as y < 1 where we have used [g] = —2.
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On the other hand, from (C.2) we get the larg z behaviour of the amplitude as Ay(z) ~ 2°.
So this satisfies the above validity condition of the shifts. Similarly one can check that for

all the amplitudes computed in this paper, the constraints found in [13] are satisfied.
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Appendix D

Examples of Invalid Shifts

In this appendix, we show that the massive-massless shifts of the type [m—) and [+m)
do not lead to a recursion relation as the deformed amplitude grows at large z. Let us
consider the [m—) shift. The massless polarization ¢, (j) takes the form given below in

spinor helicity formalism

(lopiml  lonl + Z i j) o]

e, (j) = =
’ V2[jn] V2[jnl

(D.1)

In the last step we have used the shift equation (3.10). By choosing the reference spinor

to be

i = L jr (D.2)

the negative helicity polarization vector in (D.1) is rewritten as

2mry, + = [(Pi “P)Pib — 2ij]
e, (j) = : (D.3)
’ V2(jipilj]
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The transverse polarizations of the massive particle remain identical as in (B.10). There-

fore, the natural amplitudes for the transverse modes have the following large-z behaviour

— 1 1 z
A= |MP+ B+ . |d, (2mr*+— (D~ PP — 2 )
ﬁ<j|p,~|j][ 2 w2 | ppn =20
~0(2), (D.4)
and A, ~ 0, (D.5)

thereby proving that the [m—) shift is an invalid one. Following similar steps, it can be

shown that the [+m) shift is also invalid.
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Appendix E

Lower-point amplitudes

In this appendix, we show that the four- and five-point amplitudes involving massive
vector bosons computed previously in [14] using covariant recursion, are consistent with

the general formula (4.6) and (4.50) derived in this work.

E.1 Lower-point amplitudes with identical gluons

As mentioned at the beginning of section 4.1.1, the relevant amplitudes needed to set up

the method of induction are given as follows [11, 14]

e [23114Y
Al 23 A= 8 i — )

AS120p,(p, + pol4]
+ R+ g+ _ 3 LM72 3
AL 23 3] = 8 5, — ) (sss — 1) (52

(E.1)

Although, the four-particle amplitude matches straightforwardly with the expression that
we obtain from the general formula (4.6) with n = 4, but the five-particle amplitude (E.2)

does not identically match with the expression that we get from (4.6). In order to match
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these two expressions, we now prove the following identity:

21p,(p, + pI4] = [21{(s123 = m®) = py(p, + p,)} 141 (E.3)

We rewrite the R.H.S in the following way

[21{(s123 = m%) = py(p, + p,)} 141 = 2ps - p12[24] = [21p,p, 141 + 2p1 - pal24]. (E4)
Using the following identity satisfied by the Pauli matrices (and identity matrix)

(0’“6‘” + 0"’0"”)_ P = 277“V(5dﬁ , where &z“ = edﬁeaﬂa'ﬂﬁ‘ ; (E.5)

a

we get

2ps - p1224] = 2Upyp 141 + 2Up, L0514, 2p1 - pa[24] = [2lp, p,l4T. (E.6)

In the last equality, we use p;|2] = 0. Substituting these results in (E.4), we easily obtain
the identity (E.3). This completes the check of the formula (4.6) for n-particle amplitude
involving a pair of massive vector bosons and positive helicity gluons for lower-point

amplitudes.

E.2 Lower-point amplitudes with helicity flip

In this section, we verify the formula for the n-particle amplitude (4.50) involving a pair of
massive vector bosons, one minus helicity gluon which is colour adjacent to the massive
particles and (n — 3) positive helicity gluons for n = 4 and 5. First we write down the four-
and five-point amplitudes directly by using (4.50) and then compare with the amplitudes
computed using other techniques like unitarity and recursion involving massless-massless

shift.
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Four-point amplitude

Let us start with the four-particle amplitude for which only the first term in (4.50) con-

tributes

2
A1,27,3%,4] = g2(<2lp1|4]<21> + (2lps124) + 2m(12)24))" ET)

514(23) (Q2Ip, p,13) + m(23))

We simplify the following terms using momentum conservation

(2p114] = —=Qlps14] - m24),  (2lpal1] = =2|ps[1] — m(21), (E.8)
Qlp,p,I3) + m*(23) = —(s1 — m*)(23), (E.9)
and express the four-particle amplitude in the following form

» ([341(21) + [311(24))°

$23 (512 - mz)

A [1,27,3 4] = ¢ (E.10)

This result matches exactly with amplitudes computed in [11, 14]. Next we move to five-

particle amplitude which we compute using massless-massless shift.

Five-point amplitude

We use the [273*) massless-massless shift to calculate the colour-ordered five-particle
amplitude. The scattering channels to evaluate this amplitude using the particular shift are

given in Figure E.1. We consider the following shift for massless spinor-helicity variables

—

(2] = [2] = z[3], 3) = 13) +212). (E.11)

The contribution to five-particle amplitude from the first diagram is obtained by gluing the

four-particle amplitude alongwith the three-particle amplitude (2.71) for negative helicity
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3+
3- i
5- 3+ 3- 3
— @{v + %@ Wi
1 5 1 5 1 5 e

Figure E.1: Scattering channels to compute As [1,27,3*,4%, 5] with [273") shift

gluon and unshifted propagator -

£ @2lpi3] [34)(SIT1]°
m* (23] [231(34)(s12 — m2)(s45 —m?)

AL[1,27,3%,4%,5] = (E.12)

We get the pole z(j») for first diagram by setting the shifted propagator ?12+mz on-shell

2lpi2]
2Ip:31°

Zao) = (E.13)

Using momentum conservation and definition of shifted massless spinor-helicity variables
of (E.11), we get get rid of the dependence on internal momentum and evaluate remaining

shifted spinor products at this pole. We obtain the contribution of first diagram

((51paI3121) + (2|p13K(51))° [34]
[231(s12 — m?)(sas — m?) ((2p, psl4Y + m2(24))
(@p,pa2(15) + p2,12)25)) (21psl4]

= . E.14
& (s — mD(23)20p, pIY2Ip, prsl ) 19

AL[1,27,3%,44,5]=¢°

According to the formula (4.50), there exists two scattering channels contributing to the
five-particle amplitude. For n = 5, the sum in the second term of (4.50) becomes a single

term which matches exactly with above expression.

The contribution from the second diagram in Figure E.1 is obtained by gluing the two

subamplitudes along with unshifted propagator ‘1—4 After evaluating the shifted spinor

products at 734 = %, we get the contribution from this diagram as follows
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2
AL 234 5] = 0 (CDCIRISI + ClpslIES) + 2mRUEA7

(23)(34)s15 ((21p, p5i) + m2(24))

This expression matches with the first term in (4.50) with n = 5.
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Appendix F

Flip helicity amplitude from BCFW

recursion

In this appendix, we present an inductive proof of the formula in (4.50) using the BCFW
recursion. To set up the induction, we first of all ensure that the four and five point
amplitudes that have been derived previously in Appendix E.2 using BCFW recursion are

consistent with the general expression.

Given the match of the lower-point amplitudes, we now assume that the expression (4.6)
is true for (n — 1)-particle amplitude and use this to derive n-particle amplitude. We use

[273*) BCFW shift that corresponds to shifting the massless spinor-helicity variables as

21=121+z3], B)=13)-z2). (E1)
3 X
5 S b 3- I 3+ n A | 3+
i — oL w@i
/ N\ j 5\5 ‘ '
/
s A - 4%
1 n 1 n -1t "7 s

Figure F.1: Pictorial representation of BCFW recursion with [273%) shift.
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Due to this shift, all possible scattering channels that have a non-zero contribution to

n-point amplitude are shown in Figure F.1. The BCFW recursion for the first diagram is

—— 1 ——
&Zlf, = A (1,2, ]| ——AR[L,3",...,(n— 1", n]. (E2)

S12 — m2

Substituting the 3-point amplitude as given in (2.71) and the result for the right subam-

plitude from (4.6) and then evaluating shifted spinor products at the simple pole for this

diagram
(2lp112]
212) = — 54— » (F.3)
T 2lp3]
we obtain
Al = Qlps T Grk=m®)=pypy 4y }|n—1]((2|p]p3|2)(1n)+p%v3(12)(2n))2<34) (F4)
n 523(5123=m2). (512, 0-2) =2 K23)(34).. {(n=2)(n=D)2Up  p,13)21p, P 514) ’
The BCFW recursion for the second diagram is the following
—_ 1 S
ﬂ;{ll = ﬂL[l’ 2_’ I+9 5+7 ] (n - 1)+’ n]s_ﬂR[I_’ 3+’ 4+] (FS)
34

We substitute the left subamplitude from the expression in (4.6) by assuming that it holds
for (n— 1)-point amplitude. The right subamplitude is a pure gluon amplitude and is given

by the Parke-Taylor formula. Using these expressions and simplifying further we get

Al = g2 (21p1In}(21)+(2|p, [ 11(20)+2m(12)(2m))>
n 512(23)(34)((n=2)(n=1))(2Ip, p,In—D+m*Q2(n—1)))
n-2
Z @Iy, TH2, (1= =pepy oy Hin=11(21p1.p3, 2)Am)+p2 (1220 (r(r+1))

523..r(512..r=2)...(512..(i-2)=m)(23)(34).. {(n=2)(n= D)2, py ., NPy o I+ 1) |
r=4

(F.6)

Combining the contributions from two diagrams (F.4) and (F.6), we obtain the n-particle

amplitude A,[1,27,3%,...,n] which exactly matches with (4.50). This completes
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alternative check of (4.50) using BCFW recursion relations.
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