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Abstract
An important problem in accelerators is the determination

of the electromagnetic wakefields and their effect in the ma-
chine performance. These wakefields are generated inside
the accelerator vacuum chamber due to the interaction of
the structure with a passing beam. Among the properties
that characterize their impact on the machine are the beam
coupling impedance in frequency domain, and the wake
potential in time domain. An accurate evaluation of these
properties is crucial to effectively predict dissipated power
and beam stability. This paper presents an open-source tool
that integrates the electromagnetic (EM) wakefields for gen-
eral 3D structures and computes the wake potential and
impedance for longitudinal and transverse planes. Its useful-
ness is verified with the open-source EM-solver WarpX and
benchmarked against the commercial software CST Studio.

INTRODUCTION
As the beam traverses the accelerator, it interacts with

devices having different geometries (vacuum chamber, cavi-
ties, bellows) and materials with different EM properties (e.g.
conductive or dielectric-coated pipes, magnets) [1]. These
perturbations in geometry or EM properties generate elec-
tromagnetic fields known as wakefields. These wakefields
are characterized by the term wake, as they cannot exist in
front of the beam due to causality in the ultra-relativistic
limit [2]. It is often useful to examine the frequency con-
tent of these fields using a Fourier transform, leading to the
concept of beam coupling impedance [3] as introduced by
V. G. Vaccaro in 1966.

The presence of beam coupling impedance can limit the
accelerator’s performance [4]. The interaction between the
beam and wakefields can induce beam instabilities that lead
to beam quality degradation, beam-induced heating and dy-
namic pressure spikes, compromising the functionality of
some devices or machine’s integrity. It is crucial to charac-
terise the impedance of every accelerator component identi-
fying which elements yield the largest contributions in the
frequency range of interest. The single components are then
assembled together building the total impedance model [5],
which can be used in beam-dynamics codes [6, 7] to predict
instabilities.

There are different methods to calculate the impedance
of an accelerator element depending on its geometric and
material features. Analytical calculations are possible for
fairly simple geometries, such as tapered transitions [8, 9],
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resonant cavities [10] and vacuum chambers made of lossy
metals [11]. However, for arbitrarily shaped structures with
a higher degree of complexity, impedance can only be ob-
tained through numerical simulations, solving Maxwell’s
equations in time or frequency domain. These calculations
are normally carried out with commercial codes, such as
CST Studio [12], whose wakefield solver has been shown
to agree well with bench measurements [13] and analytic
predictions [14]. In this paper, we introduce the open-source
Python tool Wakis [15], created to compute beam coupling
impedance from pre-computed electromagnetic fields.

METHODOLOGY
EM wakefields are often characterized in time-domain by

the wake function, which can be described as the electro-
magnetic response of a device to a pulse excitation (i.e., a
point charge). If we consider a simple system of two charged
particles, a source particle located at ⃗𝑟𝑠 = (𝑥𝑠, 𝑦𝑠, 𝑧𝑠) and
a test particle at position ⃗𝑟𝑡 = (𝑥𝑡, 𝑦𝑡, 𝑧𝑡), the wake func-
tion 𝑤(rs, rt, 𝑠) describes their electromagnetic coupling as
a function of the distance 𝑠 between them:

𝑤(rs, rt, 𝑠) = 1
𝑞𝑠𝑞𝑡

∫
∞

−∞
𝐹Lorentz𝑑𝑧. (1)

The longitudinal beam coupling impedance is defined as the
Fourier transform of the longitudinal wake function:

𝑍∥(𝜔) = ∫
∞

−∞
𝑤∥(rs, rt, 𝑠)𝑒−𝑖 𝜔𝑠

𝑐
𝑑𝑠
𝑐 . (2)

The wake function cannot be obtained for a distributed
source of charge (i.e., a particle beam) [16], but instead the
wake potential 𝑊(𝑥𝑠, 𝑦𝑠, 𝑥𝑡, 𝑦𝑡, 𝑠) can be obtained as follows:

𝑊(𝑥𝑠, 𝑦𝑠, 𝑥𝑡, 𝑦𝑡, 𝑠) = 1
𝑞𝑠

∫
∞

−∞
𝑑𝑧[E(𝑥𝑠, 𝑦𝑠, 𝑥𝑡, 𝑦𝑡, 𝑧, 𝑡)+

+ 𝑐ez × B(𝑥𝑠, 𝑦𝑠, 𝑥𝑡, 𝑦𝑡, 𝑧, 𝑡)]𝑡= 𝑠+𝑧
𝑐

. (3)

In this setting, the beam charge distribution is considered the
source rs, and rt corresponds to the integration path. The
electric field will be affected by the relative position of the
two. Note that for a non-ultra relativistic beam, one can use
𝑣 = 𝛽𝑐 in place of 𝑐. Since storing 3D maps of both electric
and magnetic fields can be computationally challenging, it
is common to split the wakefield into the longitudinal (∥,
ez) and transverse (⟂, ex,y) components. In the longitudinal
plane, the cross product cancels out, yielding:

𝑊∥(𝑥𝑠, 𝑦𝑠, 𝑥𝑡, 𝑦𝑡, 𝑠) = 1
𝑞𝑠

∫
∞

−∞
𝑑𝑧𝐸𝑧(𝑥𝑠, 𝑦𝑠, 𝑥𝑡, 𝑦𝑡, 𝑧, 𝑡)𝑡= 𝑠+𝑧

𝑐
.
(4)
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The transverse contribution can be derived from the lon-
gitudinal wake potential using the Panofsky-Wenzel theo-
rem [17]:

𝑊⟂,𝛼(𝑠) = 𝜕
𝜕𝛼 ∫

𝑠

−∞
𝑑𝑠′𝑊∥(𝑥𝑠, 𝑦𝑠, 𝑥𝑡, 𝑦𝑡, 𝑠′); 𝛼 = 𝑥, 𝑦. (5)

The beam coupling impedance can be calculated by the
deconvolution of the wake potential 𝑊∥(𝑠), 𝑊⟂(𝑠), and the
beam charge distribution 𝜆(𝑠) in the Fourier space, using

𝑍∥(𝜔) = 𝑐
∫∞

−∞ 𝑊∥(𝑠)𝑒−𝑖𝜔𝑠𝑑𝑠
∫∞

−∞ 𝜆(𝑠)𝑒−𝑖𝜔𝑠𝑑𝑠
, (6)

𝑍⟂(𝜔) = −𝑖𝑐
∫∞

−∞ 𝑊⟂(𝑠)𝑒−𝑖𝜔𝑠𝑑𝑠
∫∞

−∞ 𝜆(𝑠)𝑒−𝑖𝜔𝑠𝑑𝑠
. (7)

To test the numerical algorithm implemented in Ref. [15]
for the resolution of Eqs. (4-7), a simple model of a
square pillbox cavity was used to obtain the electric field
𝐸𝑧(𝑥, 𝑦, 𝑧, 𝑡) along the integration path, using the CST Wake-
field [12] solver and the PIC open-source code WarpX [18].

x

y

z

Figure 1: Longitudinal cut of the square pillbox cavity model
used for the benchmark, showing the beam path (orange
arrows) and integration path (blue arrows). The subvolume
in which the 𝐸𝑧 field was extracted is wire-framed in green.

The geometry of the rectangular pillbox cavity is shown in
Fig. 1. The cavity is assumed to be made of perfect electric
conductor (PEC). The domain boundary conditions are set to
‘PEC’ for both ends of 𝑥 and 𝑦 directions, and ‘open’ for both
ends of 𝑧 direction. The open boundaries apply a Perfect
Matching Layer (PML) in order to absorb the outgoing EM
waves. The beam moves along the 𝑧 axis at the speed of light
and its longitudinal distribution is Gaussian, with RMS size
𝜎𝑧 = 5 cm. Mesh refinement studies were carried out to
ensure good convergence of the EM solvers.

RESULTS
To test the numerical algorithm, the electric field

𝐸𝑧(𝑥, 𝑦, 𝑧, 𝑡) was extracted in a sub-volume centered at the
beam path (𝑧-axis) with a width of at least 6 mesh cells in
𝑥 and 𝑦 directions. In order to achieve the maximum pos-
sible accuracy, the field is saved at every simulation time
step (in CST this is achieved using a Field Monitor). In the
CST Wakefield solver, the simulated wake length 𝑊𝑙 is set

to 10 m. To achieve the same in WarpX, one needs to set
the maximum simulation time to

𝑡𝑚𝑎𝑥 = (𝑊𝑙 + (𝑧𝑚𝑎𝑥 − 𝑧𝑚𝑖𝑛) + 2𝑛𝑝𝑚𝑙Δ𝑧)/𝑐 + 𝑡𝑖𝑛𝑗,

where 𝑛𝑝𝑚𝑙 = 10 is the thickness of the PML in number
of cells, and 𝑡𝑖𝑛𝑗 is the time needed for the beam to en-
ter the simulation domain. In CST, we empirically found
𝑡𝑖𝑛𝑗 = 8.54𝜎𝑧/𝑐. Note that, since in WarpX simulations the
beam is injected at the center of the PML region, an extra
(𝑛𝑝𝑚𝑙/2)Δ𝑧/𝑐 needs to be added to 𝑡𝑖𝑛𝑗 in order to match the
CST simulation time.

𝑎𝑏𝑠 (𝑍𝑧 𝑓 ) Wakis 

𝑎𝑏𝑠 (𝑍𝑧 𝑓 ) CST 

[
]

[GHz]

[a.u.]Wakis CST 

]

Figure 2: Longitudinal wake potential (top) and beam cou-
pling impedance (bottom) for a pillbox cavity, obtained by
Wakis using Eq. (4) on CST solver’s 𝐸𝑧 field and compared
with CST Wakefield solver results.

In post-processing, one can obtain the longitudinal wake
potential from the saved 𝐸𝑧 field maps using Eq. (4). Note
that the 𝐸𝑧 field is evaluated in time at 𝑡 = (𝑠 + 𝑧)/𝑐, which
depends on the integration variable 𝑧. The wake is computed
at discrete values of 𝑠 from 𝑠𝑚𝑖𝑛 = −𝑡𝑖𝑛𝑗𝑐 to 𝑠𝑚𝑎𝑥 = 𝑊𝑙
spaced by Δ𝑠 = 𝑐Δ𝑡. For every discrete value of 𝑠, one
needs to integrate 𝐸𝑧 from 𝑧𝑚𝑖𝑛 to 𝑧𝑚𝑎𝑥, and for every 𝑡 in
the window

𝑡𝑘 = (𝑧𝑘 + 𝑠𝑛)/𝑐 − 𝑧𝑚𝑖𝑛/𝑐 + 𝑡𝑖𝑛𝑗, ∀ 𝑧𝑘 ∈ {𝑧𝑚𝑖𝑛, ..., 𝑧𝑚𝑎𝑥}.

As shown in Fig. 2 (top), the algorithm implemented in
Wakis agrees well with CST. The normalized charge dis-
tribution 𝜆(𝑠) is included on top of the wake potential to
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enhance the understanding of the wake length dimensions.
The beam coupling impedance is obtained using the same
frequency analysis as in CST: a 1000 samples single-sided
FFT. In Wakis we use the fft routine of the numpy package,
on both the charge distribution and the wake potential. The
maximum frequency can be defined by the beam 𝜎𝑧, using
𝑓𝑚𝑎𝑥 = 𝑐/3𝜎𝑧 as an empirical rule. The absolute value of
the obtained longitudinal impedance is shown in Fig. 2 (bot-
tom). Outstanding agreement between Wakis and the CST
Wakefield solver is achieved.

x

y

Integration path
Beam source

Quadrupolar 𝑊𝑥,⊥(s) from Wakis
𝑊𝑥,⊥(s) from CST
𝑊𝑦 ,⊥(s) from Wakis
𝑊𝑦 ,⊥(s) from CST

x

y

Integration path
Beam source

Dipolar
𝑊𝑥,⊥(s) from Wakis
𝑊𝑥,⊥(s) from CST
𝑊𝑦 ,⊥(s) from Wakis
𝑊𝑦 ,⊥(s) from CST

Figure 3: Transverse dipolar (top) and quadrupolar (bottom)
wake potential for a pillbox cavity, obtained by Wakis using
Eq. (5) on CST solver’s 𝐸𝑧 field and compared with the wake
potential given by CST Wakefield solver.

One can expand the transverse wake potential as [19]

𝑊⟂,𝑥(𝑥, 𝑦, 𝑠) = 𝑊𝐶𝑥(𝑠)+𝑊𝐷𝑥(𝑠)Δ𝑥𝑠+𝑊𝑄𝑥(𝑠)Δ𝑥𝑡+𝒪(𝑥2),

where the zero-th order induces an orbit offset for asym-
metric structures, 𝑊𝐷𝑥 is the dipolar term and 𝑊𝑄𝑥 is the
quadrupolar term. In our Python tool, the transverse wake
potential and impedance are computed through Eq. (5). The
gradient is calculated using a second-order central finite dif-
ference scheme. Depending on the relative displacement
of the beam and the integration path, one can obtain the
dipolar or quadrupolar wake potential. Results are shown in
Fig. 3, where the displacement of the beam and integration
path is depicted in a small schema. Note that for the dipolar
case, since the displacement of the beam is diagonal, 𝑊𝑥 and
𝑊𝑦 are overlapping. The quadrupolar result shows a higher
discrepancy due to the limited transverse resolution of the
𝐸𝑧 field component extracted from CST.

The electromagnetic PIC solver WarpX was benchmarked
against CST Studio, as a possible open-source alternative for

timestep = 407

timestep = 467

timestep = 507

Figure 4: Comparison between both WarpX and CST
𝐸𝑧(0, 0, 𝑧, 𝑡) fields as the beam 𝜆(𝑧) traverses the cavity, for
different time steps. The longitudinal section of the pillbox
cavity is depicted shaded in grey.

Wakefield simulations. Results for the 𝐸𝑧 field are displayed
in Fig. 4, showing a very good agreement. Wake potential
and impedance results using WarpX+Wakis combination
are also in very good agreement with CST Wakefield solver,
as presented in Ref. [20].

CONCLUSIONS
An open-source Python package, Wakis [15], was devel-

oped in order to obtain longitudinal and transverse wake
potential and impedance from pre-computed EM fields. The
algorithm has been benchmarked against the CST Wakefield
solver [12] using a simple model of a pillbox cavity for the
longitudinal, transverse dipolar and transverse quadrupo-
lar cases. The two solvers are in excellent agreement. The
WarpX PIC solver [18] has been explored as an alternative,
open-source EM solver for wakefield simulations with PEC
material boundaries. The 𝐸𝑧 field has been benchmarked
against CST particle studio. Work is ongoing to fine-tune
WarpX simulations and test its performance in more complex
devices.
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