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We investigate the D → 4 limit of the D-dimensional Einstein-Gauss-Bonnet gravity, where the limit 
is taken with α̃ = (D − 4) α kept fixed and α is the original Gauss-Bonnet coupling. Using the ADM 
decomposition in D dimensions, we clarify that the limit is rather subtle and ambiguous (if not ill-
defined) and depends on the way how to regularize the Hamiltonian or/and the equations of motion. 
To find a consistent theory in 4 dimensions that is different from general relativity, the regularization 
needs to either break (a part of) the diffeomorphism invariance or lead to an extra degree of freedom, 
in agreement with the Lovelock theorem. We then propose a consistent theory of D → 4 Einstein-
Gauss-Bonnet gravity with two dynamical degrees of freedom by breaking the temporal diffeomorphism 
invariance and argue that, under a number of reasonable assumptions, the theory is unique up to a choice 
of a constraint that stems from a temporal gauge condition.

© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction and summary

Contrary to the common knowledge based on the Lovelock 
theorem [1,2], a recent paper [3] intended to propose a novel 
4-dimensional covariant gravitational theory with only two dy-
namical degrees of freedom (dofs), by taking the D → 4 limit of 
the Einstein-Gauss-Bonnet (EGB) gravity in D > 4 dimensions. As 
is well-known, the Gauss-Bonnet (GB) term in 4 dimensions is a 
total derivative and thus does not contribute to the equations of 
motion. An intriguing idea of [3] is to multiply the GB term by 
the factor 1/(D − 4) before taking the limit. It was shown that, 
at the level of equations of motion under a concrete ansatz of the 
metric, the divergent factor 1/(D − 4) is canceled by the vanishing 
GB contributions yielding finite nontrivial effects. Despite the sin-
gular limit, it was conjectured that the D → 4 limit should have 
only two dofs, based on the fact that the number of dofs of the 
D-dimensional EGB gravity is D(D − 3)/2.

The original suggestion of the D → 4 EGB gravity is in ex-
plicit contradiction with the common knowledge and hence came 
into questions. The papers [4,5] started with a direct product D-
dimensional spacetime and then took the limit D → 4. They found 
well-defined theories which belong to a class of Horndeski the-
ory [6] but with 2 + 1 dofs, in general. The same results are 
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deduced in [7,8] (see also [9]) by adding a counter term in D-
dimensions and then taking the D → 4 limit. However, the scalar-
tensor description lacks the quadratic kinetic term of the scalar 
field and thus suffers from the infinite strong coupling problem in 
general (see e.g. [5,10,11]). It was explicitly confirmed by [5] that 
the cosmological solution found by [3] is infinitely strongly cou-
pled in the scalar-tensor description. One has not to regard the 
cosmological solution as a solution of the scalar-tensor description 
since the cutoff of the theory is zero. The same pathology is ex-
pected to exist even around the black hole spacetime at least in its 
asymptotic region. Another D → 4 limit without the strong cou-
pling was proposed by [10] but with 2 +1 dofs again. The resultant 
theory is just the (∂φ)4 theory. On the other hand, in [12] it was 
shown at the level of equations of motion that a diffeomorphism 
invariant theory cannot be realized (see also [13–15]). They all 
show that there is no manifestly covariant novel D → 4 EGB grav-
ity with only two dofs, in agreement with the Lovelock theorem. 
Even if one adopts the scalar-tensor description, the spacetimes 
provided by [3] cannot be realized by a 4-dimensional theory in a 
consistent manner.

According to the Lovelock theorem, if there indeed exists a 
novel 4-dimensional theory with two dofs, the only possibility is 
that the system cannot be described in a covariant manner. In 
other words, (a part of) the 4-dimensional diffeomorphism invari-
ance should be broken. The best we can do is, therefore, to keep 
the invariance under the 3-dimensional spatial diffeomorphism. In 
this article, we thus explore the EGB gravity in D = d + 1 dimen-
sions based on the Arnowitt-Deser-Misner (ADM) decomposition. 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Before taking the D → 4 (d → 3) limit, we regularize the Hamil-
tonian or/and the equations of motion by adding counter terms 
that respect the d-dimensional spatial diffeomorphism invariance 
but not necessarily the D-dimensional spacetime diffeomorphism 
invariance. We first clarify the reasons why the subtleties arise un-
der the d → 3 limit. Based on the Hamiltonian formalism, we show 
that a consistent gravitational theory with two dofs cannot be re-
alized by the d → 3 limit of the (d + 1)-dimensional EGB gravity 
without breaking the temporal diffeomorphism. In order to obtain 
a consistent (3 + 1)-dimensional theory which is different from 
general relativity (GR), we need either an additional dof or the vi-
olation of the (temporal) diffeomorphism invariance.

In the light of the minimally modified gravity theories (MMGs) [1
20], we then propose a consistent theory by breaking the temporal 
diffeomorphism invariance. The theory is defined by a Hamilto-
nian, purely in 3 + 1 dimensions without need for higher dimen-
sions, and possesses the following properties: (i) the 3-dimensional 
spatial diffeomorphism invariance is respected; (ii) the number of 
local physical dofs in the gravity sector is two; (iii) the theory re-
duces to GR when α̃ = 0; and (iv) each term in the corrections to 
GR is 4th-order in derivatives. The theory also has the following 
relation to the EGB gravity: (v) if the Weyl tensor of the spatial 
metric and the Weyl part of Kik K jl − Kil K jk , where Kij is the ex-
trinsic curvature, vanish for a solution of the (d + 1)-dimensional 
EGB gravity, then the d → 3 limit of the solution satisfies the 
equations of motion of the (3 + 1)-dimensional theory. We then 
argue that the theory is unique up to a choice of a constraint 
that stems from a temporal gauge condition, i.e. 3G which appears 
in the Hamiltonian, if we assume (i)-(v). Since the GB term in 
any dimensions is 4th-order in derivatives and most (if not all) 
of phenomenological consequences of the original suggestion [3]
are so far based on solutions in which the Weyl tensor of the d-
dimensional spatial metric and the Weyl part of Kik K jl − Kil K jk
vanish, the properties (iv) and (v) make it reasonable to call this 
theory a theory of D → 4 EGB gravity. For a convenient choice 
of 3G , we also derive the corresponding Lagrangian. One can use 
the 4-dimensional theory given by either the Hamiltonian or the 
Lagrangian to analyze general 4-dimensional spacetimes without 
assuming any symmetries.

2. EGB gravity in D = d + 1 dimensions

The D-dimensional covariant action of EGB gravity is given by

SEGB = 1

2κ2

∫
dD x

√−g
[
R− 2� + αR2

GB

]
, (2.1)

R2
GB = R2 − 4RμνRμν +RμνρσRμνρσ ,

where gμν is the D-dimensional metric, Rμνρσ is the associated 
Riemann curvature tensor, κ is the gravitational coupling con-
stant and α is the GB coupling. Since the action has the diver-
gent boundary term under the singular D → 4 limit after rescaling 
α = α̃/(D − 4) [21], we shall first remove the boundary term by 
the use of the ADM decomposition.

In the ADM (D = d + 1) decomposition, it is useful to adopt 
the Hamiltonian formalism. Following [22], the total Hamiltonian 
of the EGB gravity up to a boundary term is

dHtot =
∫

ddx(NdH0 + NiHi + λ0π0 + λiπi) , (2.2)

where λ0 and λi are Lagrange multipliers, and

dH0 =
√

γ

2κ2

[
2� − Mij

i j − α

4
δ

i jkl
rstu Mrs

i j M
tu

kl

]
,

Hi = −2
√

γ γik D j

(π jk

√
γ

)
. (2.3)
2

Here, (π0, πi , π i j) are canonical momenta conjugate to (N , Ni , γi j ), 
Di is the spatial covariant derivative, δi jkl

rstu := 4!δ[i
r δ

j
s δ

k
t δ

l]
u , Mijkl :=

Rijkl + 2Ki[k Kl] j , and Kij is understood as the solution of

π i
j =

√
γ

2κ2

[
K i

j − Kδi
j − αδiklr

jstu K s
k

(
Rtu

lr + 1

3
K t

l K
u
r

)]
.

For d = 3, the GB contributions identically vanish due to the iden-
tity δi jkl

rstu ≡ 0.
The consistent theory that we shall propose, i.e. (6.3) and (6.7), 

is well-defined for any values of α̃ . On the other hand, in order to 
show the subtleties and ambiguities of the naive D → 4 limit, it 
suffices and is actually convenient to consider the cases with small 
α̃ and to expand relevant quantities with respect to α̃. Up to linear 
order in α,1 we obtain

dH0 =
√

γ

2κ2

[
2� − � − R − α

4
δ

i jkl
rstu

(
Rrs

i j Rtu
kl − 2Rrs

i j�
tu

kl

− 1

3
�rs

i j�
tu

kl

)]
+O(α2), (2.4)

where we have defined

�i jkl := 8κ4
(
π̃ i[k − 1

d − 1
γ i[k[π̃ ]

)(
π̃ l] j − 1

d − 1
γ l] j[π̃ ]

)
,

�i j := �k
ikj , � := �i

i , (2.5)

with π̃ i j = π i j/
√

γ and [π̃ ] = γi jπ̃
i j . We then replace α with 

α̃/(d − 3) and split the Hamiltonian into two parts:

dHtot = dHreg + dHWeyl ,

dHreg =
∫

ddx(N dHreg + NiHi + λ0π0 + λiπi) ,

dHWeyl =
∫

ddxN dHWeyl , (2.6)

where

dHreg :=
√

γ

2κ2

[
2� − � − R + α̃

{
4

d − 2

(
Rij Ri j − 2Rij�

i j

− 1

3
�i j�

i j
)

− d
(

R2 − 2R� − 1
3 �2

)
(d − 2)(d − 1)

}]
+O(α̃2), (2.7)

dHWeyl := −
√

γ

2κ2

α̃

d − 3

(
W ijkl W

ijkl − 2W ijkl�
T i jkl

− 1

3
�T

i jkl�
T i jkl

)
+O(α̃2), (2.8)

and W ijkl and �T
i jkl are irreducible components of the curva-

ture and the tensor �i jkl specified by the traceless conditions 
W k

ikj = 0 = �T k
ikj , namely the Weyl pieces. Because of the rela-

tion δi jkl
rstl = (d − 3)δ

i jk
rst where δi jk

rst := 3!δ[i
r δ

j
s δ

k]
t , the 1/(d − 3) factors 

are canceled for the trace pieces and no divergence appears in 
dHreg under the d → 3 limit. We see that only for the Weyl parts, 
the d → 3 limit is not clear since it goes as 0/0. We shall there-
fore regularize the Hamiltonian by adding counter terms to cancel 
these potentially divergent terms before taking the limit.

1 When (and only when) we adopt expansion with respect to α, we shall restrict 
our consideration to the cases where the GB contributions are of order O(d − 3). 
For this reason, by “linear order in α”, we actually mean linear order in α̃.
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3. Number of dofs in d + 1 dimensions

For latter convenience, here, we count the number of dofs 
based on the equations of motion including constraints. The num-
ber of dofs is the half of the necessary number of the initial con-
ditions to solve the dynamics of the system,

γ̇i j = δdHtot/δπ
i j , π̇ i j = −δdHtot/δγi j ,

Ṅ = λ0 , Ṅ i = λi , π̇0 = −dH0 , π̇i = −Hi , (3.1)

with the constraints

π0 ≈ 0 , πi ≈ 0 , H0 ≈ 0 , Hi ≈ 0 . (3.2)

If we do not take into account the constraints (and gauge condi-
tions discussed below), we generally require (d + 1)(d + 2) initial 
conditions to solve (3.1). However, the system has to satisfy the 
constraints, which reduce the necessary number of initial condi-
tions. The time derivative of the constraints (3.2) can be computed 
by the use of the dynamical equations (3.1) and leads to consis-
tency conditions. In the EGB gravity, the consistency conditions of 
constraints weakly vanish automatically. This implies that the con-
sistency conditions would not lead to additional constraints and 
that the coefficients (λ0, λi, N, Ni) would not be determined by the 
basic equations of the system, meaning the redundancy of descrip-
tion, i.e. the gauge freedom. To fix the redundancy and to solve 
the dynamics in terms of the given variables (without introducing 
gauge-invariant variables), we need to impose 2(d + 1) gauge fix-
ing conditions on variables (N, Ni, γi j, π i j) and consider them as 
a part of the constraints, and then we would have 4(d + 1) con-
straints in total. As a result, the necessary number of the initial 
conditions turns out to be (d + 1)(d + 2) − 4(d + 1) = (d + 1)(d −
2) = D(D − 3), which corresponds to D(D − 3)/2 dofs. This pro-
cedure to count the number of dofs only requires the dynamical 
equations (3.1) and the constraints (3.2). Once (3.1) and (3.2) are 
given, we do not need the concepts of the Hamiltonian and the 
Poisson bracket.

4. Subtleties of D → 4 limit

As already pointed out by literature there are subtleties in the 
D → 4 (d → 3) limit. In particular, it was shown that taking D →
4 (d → 3), an extra scalar mode shows up [4,5,7,8,10] and also the 
limit is not unique [4,5,10]. These facts can be understood by the 
following observation.

The Weyl decomposition used in (2.6) is particularly useful to 
manifest the problematic terms under the d → 3 limit. Only the 
ambiguous part of the Hamiltonian under the limit would be the 
Weyl part dHWeyl which generates 0/0 under the d → 3 limit. Let 
us consider a direct product d-dimensional space

γi jdxidx j = γabdxadxb + r2(xa)δABdxAdxB , (4.1)

where γab is a 3-dimensional spatial metric and we have assumed 
a flat (d − 3)-dimensional fiber for simplicity. We then obtain

γ i j Ri j = γ ab Rab +O(d − 3),

Rij Ri j = Rab Rab +O(d − 3),

W ijkl W
ijkl = (d − 3)

(
4Rab Rab − 3

2
(γ ab Rab)

2 + · · ·
)

= O(d − 3) , (4.2)

which leads to

lim
d→3

∫
ddx

√
γ N

(
W ijkl W ijkl

d − 3

)
= finite , (4.3)
3

where · · · in (4.2) represents terms depending on ∂ar, and sim-
ilar relations hold for other two terms in (2.8). The expressions 
(4.2) suggest that, whereas the (d − 3)-dimensional part does not 
contribute to dHreg in the d → 3 limit, the dependence on the 
(d −3)-dimensional space survives through dHWeyl. The d → 3 limit 
of (2.8) depends on the specific form of the (d − 3)-dimensional 
metric and thus the d → 3 limit is not unique. Note that, as seen in 
(2.8), we should be careful of not only the Weyl tensor but also the 
other Weyl piece �T

i jkl . There is ambiguity of the d → 3 limit com-
ing from the (d − 3)-dimensional part of the canonical momentum 
as well.

We then return to generic (d + 1)-dimensional spacetime. We 
need to determine the procedure of the limit to “define” the D → 4
EGB theory because the limit is not unique. Except the Weyl part 
dHWeyl, we may naturally define the d → 3 limit by identifying the 
d-dimensional tensors with the 3-dimensional ones. As stated, the 
D → 4 theory depends on how to regularize the Weyl terms. Since 
the finite contribution of (4.3) arises from the (d − 3)-dimensional 
part, the d → 3 limit with non-vanishing Weyl terms generically 
implies existence of an additional dof; for instance, time deriva-
tives of r(x) survive after taking the limit from the direct product 
space (4.1), and the resultant D → 4 EGB gravity has a scalar dof as 
shown by [4,5,10]. Apart from the non-uniqueness of this scalar-
tensor theory, it is not a new theory but an ill-defined strongly 
coupled subset of the Horndeski theory [5]. Moreover, looking at 
the gravitational scattering amplitudes and by very general argu-
ments, it is shown that there is no new D → 4 EGB scalar-tensor 
theory [10].

Therefore, there are infinite number of ways to have finite con-
tribution in the right hand side of (4.3) which all imply increase in 
the number of dofs. In the simplest case with one scalar dof, there 
is not any new theory. However, still there is another possibil-
ity: removing these problematic Weyl terms by adding appropriate 
counter terms. In this regard, we prevent the appearance of ex-
tra dofs while the resultant theory would be Lorentz-violating in 
general since the counter terms are only invariant under spatial 
diffeomorphism. In a particular case and motivated by the specific 
ansatz (4.2), a possible limit of the Weyl term (4.3) without in-
formation of (d − 3)-dimensional part (without extra dofs) would 
be 

∫
d3x

√
γ N(4Rij Ri j −3R2/2). However, if we further assume the 

4-dimensional diffeomorphism invariance then this limit concludes 
that dHWeyl cancels the GB contribution in dHreg. The resultant the-
ory is nothing but GR.

Therefore, a natural possibility to have a novel theory with two 
dofs is the following d → 3 limit: we first remove all Weyl pieces by 
adding counter terms that are invariant under spatial diffeomorphism 
and then take the d → 3 limit by identifying all d-dimensional tensors 
with 3-dimensional ones. This way, we can practically take the d →
3 limit not only for a functional but also for tensors.2

However, there still exists an ambiguity to define the d → 3
theory as we have two options: 1) we take the d → 3 limit of 
the Hamiltonian and then derive the (3 + 1)-dimensional Hamilton 
equations, or 2) we first derive the Hamiltonian equations in d + 1
dimensions and then take the d → 3 limit. The resultant theories 
do not coincide because the limit and the (functional) derivative 
do not commute, in general. To see this fact explicitly, notice that 
before taking the d → 3 limit we add counter terms to remove the 
Weyl pieces such as∫

ddx
√

γ N

(
W ijkl W ijkl

d − 3

)
, (4.4)

2 In practice, we can set the Weyl pieces to vanish before taking the limit. In 
principle, we achieve this goal by adding counter terms to cancel the subtle Weyl 
terms dHWeyl .
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but the variation of it (before the regularization and the limit) is

δ

∫
ddx

√
γ N

(
W ijkl W ijkl

d − 3

)

= 4
∫

ddx
√

γ
(
2Dk N + N Dk

)( Dl W kjil

d − 3

)
δγi j

+ terms including Weyl tensor itself ,

where we have only shown the terms that include spatial deriva-
tive of the Weyl tensor. Using (d − 2)Dl W kjil = −(d − 3)C ijk , where 
Cijk is the Cotton tensor, and taking the d → 3 limit, we find a 
finite contribution

lim
d→3

[
δ

∫
ddx

√
γ N

(
W ijkl W ijkl

d − 3

)
+ counter terms

]

= −4
∫

d3x
√

γ
(
2Dk N + N Dk

)
C ijkδγi j . (4.5)

We thus discuss these two possibilities in order.

5. No covariant D → 4 EGB with two dofs

Let us now study the first possibility, namely the d → 3 limit 
at the level of the Hamiltonian. The 3-dimensional Hamiltonian is 
given by

3Htot =
∫

d3x(N 3H0 + NiHi + λ0π0 + λiπi) , (5.1)

where 3H0 = limd→3
dHreg and Hi takes the standard form. Since 

we know the explicit form of the Hamiltonian, we can straightfor-
wardly count the number of dofs. We find {3H0(x), 3H0(y)} does 
not weakly vanish at O(α̃), which shows that the temporal dif-
feomorphism invariance is broken. Other constraints Hi ≈ 0, π0 ≈
0, πi ≈ 0 clearly commute with 3H0. Hence, the situation does not 
change even if we consider a linear combination of the constraints.

We then consider the d → 3 limit of the Hamilton equations. 
The (3 + 1)-dimensional dynamical equations are

γ̇i j = 3Fij , π̇ i j = 3Gij = 3Ḡ i j + 3δGij ,

Ṅ = λ0 , Ṅ i = λi , π̇0 = −3H0 , π̇i = −Hi , (5.2)

where 3Fij = δ3Htot/δπ
i j , 3Ḡ i j = −δ3Htot/δγi j and

3δGij = α̃

2κ2

[
4
(
2Dk N + N Dk

)
C ijk (5.3)

+ 16κ8

3
N

{
−4

3
π̃ i j

(
5[π̃3] − 3[π̃ ][π̃2]

)
+ 12π̃4i j − 8π̃3i j[π̃ ]

+ 2

3
γ i j

(
−[π̃ ]4 − 3[π̃2]2 + 3[π̃ ]2[π̃2] + [π̃ ][π̃3]

)}]
+O(α̃2),

with π̃ni j = π̃ i
i1
π̃ i1

i2
· · · π̃ in j and [π̃n] = π̃ni jγi j .3 Due to the term 

3δGij , this system is clearly inequivalent to the former case. The 
constraints are

π0 ≈ 0 , πi ≈ 0 , 3H0 ≈ 0 , Hi ≈ 0 . (5.4)

The time derivative of the Hamiltonian constraint 3H0 ≈ 0 is now 
computed by the chain rule,

3 We have vanished the terms proportional to W ijkl, �T
i jkl and Di�T

i jkl with the 
α̃/(d − 3) coefficients before the limd→3 limit in order to obtain 3δGij .
4

˙3H0(x) =
∫

d3z

[
δ3H0(x)

δγi j(z)
3Fij(z) + δ3H0(x)

δπ i j(z)
3Gij(z)

]
.

We then find that ˙3H0 does not weakly vanish at O(α̃), meaning 
that the temporal diffeomorphism invariance is broken again.

We also comment on another subtlety in the second approach. 
If there exists a Hamilton functional that reproduces the equa-
tions (5.2), the functions 3Fij and 3Gij must satisfy the integrability 
conditions δ3Fij(x)/δπkl(y) = δ3Fkl(y)/δπ i j(x), δ3Fij(x)/δγkl(y) =
δ3Gkl(y)/δπ i j(x), δ3Gij(x)/δγkl(y) = δ3Gkl(y)/δγi j(x). These condi-
tions do not hold for 3Fij and 3Gij , meaning that the set of equa-
tions (5.2) does not define a Hamiltonian flow for the given set of 
variables.

In summary, we cannot obtain a covariant D → 4 EGB grav-
ity with two dofs when we remove the potentially divergent Weyl 
pieces by adding counter terms before taking the D → 4 (d → 3) 
limit. Although one may define the right-hand-side of (4.3) by a 
finite quantity, it implies that this finite quantity has information 
about the (d − 3)-dimensional space and then the resultant theory 
must have an additional dof since · · · in (4.2) and corresponding 
parts for the other two terms in (2.8) contain the kinetic term of r. 
We therefore need to introduce either an additional dof or viola-
tion of the (temporal) diffeomorphism invariance to obtain a novel 
4-dimensional EGB gravity. This conclusion is consistent with the 
Lovelock theorem.

6. A consistent D → 4 EGB with two dofs

From now on, we shall construct a consistent theory in (3 + 1)-
dimensions without relying on the expansion with respect to α̃ (or 
α). When one renounces the temporal diffeomorphism invariance, 
one can obtain gravitational theories with two dofs, dubbed MMGs 
[16–20] (see also the cuscuton theories [23,24]). A consistent D →
4 EGB gravity with two dofs can be formulated in the framework 
of MMGs.

Since the equations of motion of the D → 4 EGB gravity have 
not been obtained, the “solutions” of the D → 4 EGB gravity so 
far were found by the D → 4 limit of the solutions of the D-
dimensional EGB gravity [3]. Due to the D-dimensional diffeomor-
phism invariance, at least locally, any solutions of (2.2) are solu-
tions of the gauge-fixed Hamiltonian,

dH ′
tot = dHtot +

∫
ddxλGF

dG(γi j,π
i j) . (6.1)

Here, the gauge-fixing term is defined by the requirement that 
{dH(x), dG(y)} does not have a non-trivial kernel as well as 
{Hi(x), dG(y)} ≈ 0, {π0(x), dG(y)} ≈ 0 and {πi(x), dG(y)} ≈ 0, i.e. we 
have only fixed the temporal gauge. To remove the problematic 
Weyl terms, we add the counter term dHct := −dHWeyl,

dH ′′
tot = dHtot +

∫
ddxλGF

dG(γi j,π
i j) + dHct

= dHreg +
∫

ddxλGF
dG(γi j,π

i j) (6.2)

and then take the d → 3 limit of the gauge-fixed Hamiltonian,4

keeping limd→3
dG as a constraint.

The theory constructed in this way is defined purely in 3 + 1
dimensions by the Hamiltonian,

4 One may take the d → 3 limit at the level of gauge-fixed equations of motion; 
however, the d → 3 limit of the equations would not satisfy the integrability condi-
tions, similarly to the case without the gauge-fixing.
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H4D
EGB =

∫
d3x(N3H0 + NiHi + λ0π0 + λiπi + λGF

3G) ,

3H0 =
√

γ

2κ2

[
2� −M+ α̃

(
4Mi jMi j − 3

2
M2

)]
,

Hi = −2
√

γ γik D j

(π jk

√
γ

)
, (6.3)

where Mi j := Rij +Kk
kKi j −KikKk

j , M := Mi
i , Ki j is understood 

as the solution of

π i
j =

√
γ

2κ2

[
Ki

j −Kδi
j − 8

3
α̃δikl

jrsK
r
k (6.4)

×
(

Rs
l − 1

4
δs

l R + 1

2

(
Ms

l − 1

4
δs

lM
))]

,

with δ
i jk
rst := 3!δ[i

r δ
j
sδ

k]
t , and the constraint 3G is required to sat-

isfy the condition that {3H0(x), 3G(y)} does not have a non-
trivial kernel as well as {Hi(x), 3G(y)} ≈ 0, {π0(x), 3G(y)} ≈ 0 and 
{πi(x), 3G(y)} ≈ 0.

It is easy to see that the system described by the Hamiltonian 
(6.3) has the properties (i)-(v) listed in the introduction and sum-
mary section. Since the momentum constraints are first-class and 
satisfy the standard algebra, (i) holds. Since there are enough num-
ber of the constraints, i.e. 6 first-class constraints

πi ≈ 0 , Hi ≈ 0 , (6.5)

and 2 × 2 second-class constraints

π0 ≈ 0 , 3H0 ≈ 0 , 3G ≈ 0 , 3̇G ≈ 0 , (6.6)

(ii) also holds. From the form of the Hamiltonian (6.3), (iii) and (iv) 
are obvious. Finally, the construction of the Hamiltonian ensures 
that (v) also holds. The Hamiltonian (6.3) can thus be interpreted 
as a consistent D → 4 EGB gravity with two dofs.

If we demand (i)-(iii) but not (iv)-(v) then one can add arbi-
trary N- and Ni -independent, spatial scalar density to the α̃ part 
of 3H0, as far as the constraint 3G still satisfies the above men-
tioned conditions. Since the conformal flatness is characterized by 
vanishing Weyl tensor in d > 3 dimensions and by vanishing Cot-
ton tensor in 3 dimensions, (v) then restricts possible additional 
terms in the α̃ part of 3H0 to polynomials of the Cotton tensor 
and its covariant spatial derivatives. Since such polynomials are six 
order or higher in derivatives, they are excluded by (iv). In sum-
mary, if we demand (i)-(v) then the only possible Hamiltonian is 
(6.3) up to the choice of 3G .

In this framework, the constraint 3G ≈ 0 is a part of the defini-
tion of the theory. Hence, the D → 4 EGB gravity satisfying (i)-(v) 
is unique only up to the choice of 3G(γi j, π i j). The theory does 
not enjoy the full diffeomorphism invariance but is invariant un-
der spatial diffeomorphism.

A useful choice compatible with cosmology and static configu-
rations is 3G = √

γ D2[π̃ ] [25]. This gauge condition reduces to the 
constant mean curvature slice K = K (t) when we take the GR limit 
α̃ → 0. Adopting this choice and performing the Legendre transfor-
mation, we obtain the Lagrangian density that corresponds to (6.3),

L4D
EGB = 1

2κ2
(−2� +Ki jKi j −Ki

iK
j
j + R + α̃R2

4DGB) ,

R2
4DGB = −4

3

(
8Rij Ri j − 4RijMi j −Mi jMi j

)

+ 1

2

(
8R2 − 4RM−M2

)
, (6.7)
5

where Ki j is given by Ki j = Kij − 1
2N γi j D2λGF = 1

2N (γ̇i j −2D(i N j) −
γi j D2λGF).5 The condition (v) ensures that the d → 3 limit of the 
solutions of the (d + 1)-dimensional EGB gravity with a confor-
mally flat spatial metric and a vanishing Weyl part of Kik K jl −
Kil K jk are also solutions of the (3 + 1)-dimensional theory, either 
(6.3) or (6.7), provided that a gauge condition dG ≈ 0 satisfying 
limd→3

dG = 3G is imposed while taking the limit.
In particular the FLRW and black hole solutions that were found 

in [3] are solutions of the (3 + 1)-dimensional theory that we have 
defined here as can be checked explicitly (see [26] for the case of 
FLRW solution and other cosmological implications of the consis-
tent theory). On the other hand, the d → 3 limits of other types 
of (d + 1)-dimensional solutions are not guaranteed to be solu-
tions of the (3 + 1)-dimensional theory. For instance, the spatial 
metric for the gravitational waves is not conformally flat and, be-
cause of our regularization scheme, the spatial higher derivatives 
would show up in the equation of motion of gravitational waves 
so that the corresponding dispersion relation is modified to the 
form ω2 = c2

T k2 + βk4/M2∗ [26]. This a direct evidence that the 
naive D → 4 limit leads to an inconsistent result and the Lorentz 
violation is inevitable from the consistency of the theory.

The Lorentz violation is in the gravity sector and suppressed by 
α̃. At the classical level, we can assume that the matter action 
respects the local Lorentz invariance. At the quantum level, the 
Lorentz violation in the gravity sector should percolate to the mat-
ter sector via graviton loops. However, as far as the matter (i.e. the 
standard model) is minimally coupled to the metric, such a Lorentz 
violation in the matter sector is suppressed not only by α̃ but also 
by negative powers of M2

Pl. In this sense Lorentz violation is under 
control. It is certainly interesting to investigate phenomenological 
implications of the Lorentz violation in the matter sector induced 
by graviton loops.

It is also worth mentioning some similarities and differences 
between the theory (6.7) and Hořava-Lifshitz gravity [27]. Both 
theories break the temporal diffeomorphism invariance and exhibit 
nonlinear dispersion relations. In both theories, the action contains 
only up to two time derivatives but includes higher spatial deriva-
tives, and this distinction between time and space uniquely defines 
the preferred frame. However, the number of dofs is different: 
Hořava-Lifshitz gravity without extra structures (such as extra U (1)

symmetry [28,29]) has a scalar dof in addition to the standard ten-
sor dofs as a result of the violation of the temporal diffeomorphism 
invariance whereas the theory (6.7) only has the tensor dofs. The 
extra dof(s) in the theory (6.7) is eliminated by the special struc-
ture of Ki j but there is no a priori reason why this structure 
could be stable against quantum corrections. If quantum correc-
tions change the structure of Ki j then extra dof(s) may emerge. 
This is not a problem from the viewpoint of the low energy effec-
tive field theory since the extra dof(s) should be heavy and can be 
integrated out at low energies. However, this probably means that 
the theory (6.7) and its extensions6 would be non-renormalizable. 
On the other hand, the projectable version of Hořava-Lifshitz grav-
ity was recently proved to be renormalizable [30].

Finally, we recall that the scalar-tensor description of the D →
4 EGB gravity in the literature suffers from infinite strong coupling 
around the FLRW spacetime [5] and that the FLRW spacetime can-
not be trusted as a solution of the scalar-tensor description. On the 
other hand, our theory of the D → 4 EGB gravity is free from such 

5 Even when R2
4DGB is replaced with a spatial scalar function f (γi j , Rij , Ki j, Di), 

the theory still satisfies the conditions (i), (ii) and (iii), in general. The conditions 
(iv) and (v) determine the form of f .

6 Relaxing condition (iv) listed in the introduction and summary section, we can 
add the Cotton tensor square term which provides a k6 term in the dispersion rela-
tion that is the characteristic feature of the Hořava-Lifshitz gravity.
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a pathology and can consistently describe physics around any so-
lutions such as the FLRW background since the number of dofs is 
two at nonlinear orders. Therefore, the FLRW and black hole solu-
tions found in [3] should be counted as solutions of the consistent 
theory defined by (6.3) or (6.7) and not as the solutions of the 
equations of motion that are naively (and inconsistently) suggested 
in [3]. The equations of motion that are obtained in [3] are diver-
gent in general which is explicitly confirmed in [15] in the case of 
second order perturbations. We leave the analysis of rotating black 
holes and quasi-normal modes to future works.
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