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Abstract 

Summarized are the formulae of luminosity for proton-proton, electron-
positron and electron-proton colliding beam machines. Both coasting and 
bunched proton beams are considered. The expressions are derived from 
the first principle. These formulae will be useful for the design of an 
intersecting storage accelerator such as TRISTAN. 



§1, Introduction 
Luminosity is an important parameter characterizing the performance 

of a colliding beam machine. A general relation between the event rate 
and the cross section in an arbitrary frame of reference was discussed 
by Miller. The formulae of luminosity appropriate for specific collision 
types and geometries have ever since been derived by many authors. In 
designing a complex intersecting storage accelerator such as TRISTAN, 
which aims at various types of colliding beam experiments, it seems ap
propriate to compile the formulae scattered in various articles. The 
formulae are derived from the first principle. A similar work was done 

• • 3 ) ' - - ' by Ruggiero whose starting equation, however, is an approximation as 
pointed out in this note. 

§2. General Expression for Luminosity 
d^N The number of events per unit time and per unit volume , J T T observed 

1 4 ) d t d V 

in an aribitrary frame of reference is expressed ' in the form 

- ^ = onin 2 ^(V-L - v 2 ) ^ , (1) 
c 

where 
a : total cross section 

n^n* : densities of particles 1 and 2 
vl' v2 : velocity vectors of particles 1 and 2 

c : velocity of light 
dV : volume element of the interaction region 

(the region where the two beams overlap). 

The derivation of eq.(1) is shown in the appendix. Since we are interested 
in a relativistic case, we put |v^| s IV2I = c and define the angle between 
v^ and V£ to be a crossing angle 2$. Then 

d 2N 
didV ° a n i n 2 " 2 c C ° s 2 4 > - ( 2 ) 

The luminosity £ is defined as 

g=°A O) 
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and is obtained by the volume integral of eq. C2). 
We use the coordinate system as shown in Fig.l. The rectangular 

coordinate systems (%, y^, z^) (i=l,2) are used for the two beams. z i 

denotes the direction of motion, xj denotes the horizontal axis and y^ 
denotes the vertical axis. The origin 0 denotes the interaction point. 
We assume horizontal crossing in this note, but the formulae for vertical 
crossing can be obtained by interchanging the variables x and y. He 
define a common coordinate system (x,y,z) which is connected to (x^, y^, 
z^) through the relation 

f X]_ = x cos<}> - z sin<f> 

| y i = y 
Vzi = x s'lncj) + z cosij) 

a n d _ 4. . . 
/ X2 = -x cosip - z sxmp 
-ly 2 = y 

lz2 = x sinij) - z cos<j> . 

For unbuaahed coast ing beams, the densi ty n^ i s expressed as 

n ± = X i f i ( x ± , y i 5 z ± ) , (5) 

where X^ is the line density of the beam and f^ denotes a distribution 
function normalized such that 

-ffi <xi> ?1> zi) dx idy 1 = 1 . 

For bunched beams, n-i is expressed as 

n i = N i f i (xi> y i ' z i ' c* ' ^ 

where N^ is the number of particles in a bunch and f-ĵ  is a distribution 
function normalized such that 

Jfi (xi, y±, z i 5 t) dxj dy ± dz ± = i 



With these distribution functions, the luminosity is expressed in 
the following way according to the types of collisions. . 

1) coasting beam + coasting beam 

oC = X-^2 -2c cos 2* /f 1(x 1,y 1,z 1)f 2(x2 >y 2,Z2) d x dy d z> (?) 

2) bunched beam + bunched beam • ' 

Jl^ = N1N2'2cBf cos2(f> It 1(x 1,y 1,z 1,t)f2(x2,y 2jZ2> t) d : i ! : dy d z d t» W 

3) bunched beam + coasting beam 

= N-j^2°2cBf cos2<J) /f^(x-j_,y-pZ-L,t)f2(x2Jy2jz2)dxdydzdt» (9) 

where Bf denotes the number of collisions per unit time (actually, 3 is 
the number of bunches and f is the revolution frequency). The limits of 
integral depend on the geometry and are usually taken from -=> to -to. The 
overlap integrals will be evaluated in the followings for various types 
of collisions. 

§3. Collision between Coasting Beams 
A collision between coasting proton beams is a typical example of 

this case. We first consider a case where there is no low-B insertion and 
the variation of beam sizes along the zj axis is negligible. Then, the 
distribution functions fi's in eq.(7) is independent of z± and the lumi
nosity is expressed as 

?C = 2 ^ X 2 cos2(!)Jf1(x1,y1) f 2( x2> Y2) dxdydz. 

By use of eq.(4), we change the variables of integration from (x,z) to 

(xl»x2^'- T b e n 

P \X2C 

"*-" = t i n * - ' f i< x i»y> *2<x2'y) tai^y-
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We introduce a new ( v e r t i c a l ) d i s t r i bu t ion funct ion CJj according t o 

0V, (y) = J f ̂  ( X v , y) dx i . 

Then, we obtain ; 

f _ _cXlX2 
h „tand eff 

where. (10) 

eff 
= J°i(y)0

2(y)dy. 

This formula can be applied to CERN-ISR. The luminosity is influenced 
only by the vertical particle distribution and the effective height h„ff 
is equal to the actual beam height if a uniform rectangular distribution 
is assumed for the two beams. For Gaussian beams, h eff =2»'TOy> where cfy 
is the root-mean-square beam height. 

We now consider a case where the variation of beam sizes along the 
z^-axis is not negligible and the crossing angle is siaall (<j>«l). We 
assume that the particle distribution is Gaussian both in betatron oscil
lations and momentum spread. Then, the rms beam size o^ (z^) is expressed 
as 

oi 2(«i)-o 1fa. + 4 ) + »S* 2'. u» 

the betatron amplitude function and the off-energy dispersion function. 
0ifi denotes the beam size due only to betatron oscillation. Since, we 
assume a small crossing angle, G± is a function of z,i.e. we can put 
z-£=z. The derivatives of 6 and x_ with respect to z are assumed to be 
zero at the interaction point. The distribution function is expressed as 

2 2 
x. y t 

fiUi.yi.*i> = l i T T T e x p [ _ 7T" ~ 7T" 1 • ( 1 2 ) 

« . yx 2 a x . 2 0 v i 
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Inserting eq.(12) into eq.(7), we obtain 

- . " • - • 2' 2 
J> ^^-clcosZ,), j^ . •x1 x 2 °*- = T Ja a a ~ e x p [" ~T~ T 2T xl x2 yl y2 2cT, 2cT0 xl x2 

2 2 
y l y2 , „ ] dxdydz. (13) 
yl y2 

Integration over x and y yields for a small crossing angle 

*-.4J(£+0(<6+0 
2 2 

exp [- 2 z * jdz. (14) 
a , + cT 2 s|wxl "x2' ̂ yl uy2' . xl ' ux2 

a Here, we assumed that the two beams are separated at 2 = ± - by bending 

magnets. Otherwise, Jl is taken to be infinity. 

Montague considered a case where the distribution in momentum is 

rectangular and that in betatron oscillations is Gaussian. This assumption 

may be more realistic for KF stacked beams. His result is as follows. 

J fV_2 / 4 + gx2 1 x ^ = * l\ J a 2
1 + a 2 4x ? 1AP 1x^ 2i iP 2 2 V yl y2 

[G(Axj_ + B x) - G(AX]_ - B x) - G(Axx + B 2) + Ĝ ixx - 32)Jdz . 

A = Bi 
Ml + °x2> ' 

. . f p ^ O J ^ p J ^ , ( 1 5 ) 

/ 2 (°xl + °x2 ) 
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„ _ X01 ~ *02 " X p 2 A ? 2 

B^l '*2> 

Hi_re, AP^ is a half width of the momentum spread .•="- of the i-th beam, 

x n l and x_„ are the displacements of the central orbits and equal to 

<i>z and -<j>z in the straight interaction region in Fig.l. The function 

G is given by 

1 -u 2 

G(u) = u erf (u) + — e u , (16) 

where the error function erf(u) is defined as 

', , 2 ,u -t 2dt erf (u) = — L e . 
/IT . . 

Another parameter characterizing the interaction region is a length 

%nt °^ t' l e r e S i ° n where the two beams overlap. We assume three standard 

deviations for the beam sizes and the length is determined by solving the 

equation , 

• B P P 

* z 2 
x 2 = 3 0" -1 + - § - ± x*„ ( ^P- ) x2 • 2 p2 p 

•• . \ S x 2 

For beams of identical characterist ics, 

t l o t «. . an 
s in $ - 9 —pc c.oŝ (j> 
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§4. Collision between Bunched Beams 
The collision between bunched beams was discussed by Smith. The 

two bunches are assumed to have Gaussian distributions ia three dimensions. 
Then, the distribution function fj is expressed as 

2 2 2 
1 1 1 xi ?1 (z. - ct) 

f i = 3 0 .ci.o e** [-\{~T + -T+ .9 ^ • a.8) 
<2TT)5. X 1 / l z l ^ i ^ i a

z i 

Then, the integration over y and t in eq.(8) yields 

2 A •••_ • d x d z Z = BfN 1N 2
 C O S $ I 
^ z l + °z2 "xl^y! + °y2 

zl zZ xl x2 xl x2 

2 _ 2 
(xcos<j> + ~ f2- z sxn<}>)2}] . (19) 

x l x2 

Here, a . is assumed to be constant. 
Z 1 * We first consider a case where 6 - > > O .. This corresponds to an 

electron-positron (or electron-electron) collision vhere the amplitude 
function at the interaction point is not too small. In this case, the 
beam widths are considered to be constant, and the integration of eq.(19) 
can be performed to yield 

f BN N cos<i> 

"*- = 2i 
[a 2 + a 2 >a 2 + a 2 )cos2<|> + ( a 2 , + a 2 ) s i n 2 $ J y l y2 v x l x2 z l z2 

(20) 

When a-. = Oo and (j> is small, eq. (20) reduces to 



This is a well-known expression for electron-positron collisions. 
a* * 

The case where, P >y" a , but g is small, was considered for zero 
crossing angle by Fischer8' and the result is 

, r /g*g* z 4 ^ ififi z 

where H. is the Hankel function. 
For electron-proton and proton-proton collisions, in which both 

beams are bunched, the bunch length of the proton beam may not be small 
and the general expression (19) should be used. For a small crossing 
angle, integration over x can be done to yield 

x 2 B £ NiH2 r 
• ,„_.! m . _2 J 

dz 

^ ) i K l + °z2 ^s l + 4 K V + 0y2> 

2 
exp [-2z 2 ( X +-X-* 5 - - ) ] - (23) 

i l * °z2 °xl + °x2 

§5. Collision between a Bunched Beam and a Coasting Beam 
A typical example of this case is a collision between a bunched 

electron beam and a coasting proton beam. The distribution of a bunched 
beam is expressed by eq.(18) and that of a coasting beam by eq.(12). Then, 
the luminosity is expressed as 

.-, 2c cos*(j>N.A_ " , 
X - Bf = ^ / „ **dlaZ*t 

- axi avi ax2 av? 
(2ir)2 a z l — x± yx xz y_ 



Integration oyer t yields 

«6 = Bf r / „ „ * „ exp [-- { — + -^- + - — + —-} j a a ff a , r L 2 2 2 2 2 xl x2 yl y2 a a . cT. cT„ xl yl x2 y2 

Tt is to be noted that putting 

BfN, 
X 1 c 

eq.(24) is identical to eq.(13). 
Further, intergration over y yields 

^ , ^ / ^ 

Putting 
A2 

(24) 

(2,02 °xl°x2 -Ja^ + a2

yl 

- 2 -X 2 •> 
r 1 , 1 j. 1 , , . , gxl " = < 1x2 . ,.2 exp [~2 (-j- + -y-) (xcosij) + — j - z sin?) 

xl x2 xl x2 

+ 4|W|_} •]". (25) 

./2TT- / 2 2 

and going to the limit a z l, a z 2 -• <*>, eqs. (25) and (19) are identical. 
'For a smali crossing angle, -integration over x yields 



With a rectangular momentum spread in beam 2, we obtain the expression 

oO B r
 / s_ ( 2 x Ap ; _ [erf(B x) - er£(E,)] 

axi + °x2 

where the appropriate parameters are defined in 53. 
The interaction length is given, by,assuming that the width of 

bunched beam is negligible, in the form 

ST>~pE'*-<t>cos* + sltl$y + 3c"/5. 
1. = ? - ~ 1 :: 

Wc,os<j) + sincfO" - — 2 _ (̂ sinq) - eosiO" £ > " -x . -

i \ 2 (% 2- 9a; 2} (<*sin<? - cos« 2 

D = (q>cosij> +• sin<|))~ + _ _ _ 

§6. Conclusion 
The formulae summarised in this note will be used to estimate the 

luminosity of TRISTAN. Combined with the formulae of beam-beam tune shifts, 
the optimum luminosity may also be obtained in a way show, by Seil 9 ) and 
Uishifcawaf0' 
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Appendix Derivation of eq.(1) 

Mdller ' derived eq.(l) from the requirement of Lorentz invariance. 
Middelkoop and Schoch derived it in a more intuitive way. We reproduce 
the derivation of ref.4). 

We start from the well-known expression for the number of evants per 
dN unit time — observed in the laboratory frame of reference, at 

dN 
dt n 1|v 1| x a x n 2dV, (Al) 

where 
n-̂ : density of projectile particles 
n 2 : density of target particles 
vx'- speed of projectile particles 
a: total cross section 

dV: volume of target. 

We transform eq.(Al) into 

d 2 N 
o T d V = a i V l ' n l n 2 - (A2) 

Since the four-dimensional volume dtdV is Lorcntz invariant, the both 
sides of eq.(A2) are Lorentz invariant. 

First, eq.(A2) is transformed to a system (--) moving parallel to 
v with a velocity Bo c (the center-of-mass system is a special system of 
this kind). The Lorentz transformations of relevant quantities are 
expressed as 

pc = Y 0(P*c + B 0E*) 

E = Yo<B 0P*c + E*) (A3) 

n = Y 0
( SO n* :V + n*}-

Note that n transforms as the fourth component of a four-vector (nv, icn). 
Taking into account the relation 



eq.(A2) is expressed as 

* * 
d t d V dtdv 

p l c + 6 Q < 
80pjc + E* 

Since originally 

P2 C = V p 2 c + BQE*) = 0 , 

it follows thf.t 

(A4) 

Then, 

P 2 C 2 1 
* a n d \ = * • ( A 5 ) 

E2 P 2 C 2 
E2 

d 2 N i-»* -+*i * * — - — r = Olv - v n n 9 . (A6) 
dv at" X 2 ^ 2 

Next, we consider a new laboratory system in which the (*) system 
is moving perpendicular to v and V£ with a velocity Be Starting from 
given P^ and P2 in the new laboratory system, the (*) system is obtained 
by moving perpendicularly to the relative velocity vector vj_ _ V2 with 
a velocity v7/ = gc such that 

Then 

tfi. + v̂  = v^ and v 9 + v^ 

Pl P U ' P2 ~ P2i 

* n l A r>9 
n x = -^ , n* = -^ (A7) 

Y l Y 
F* - ̂ i F* - E2 
E l _ - ' E2 " ~ • 

Y Y 
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Inserting eq. (A7) into eq,CA6), we obtain 

d2N d% _ V 2 , hS P21 C • -
d t d V " dt*dV* " v 2 El ' E2 Y 

n l n 2 i- •* , O ~~ I vj_ - v 2 J . (A8) 

Since v^ |v̂  - v 7| = |v, x v 2| (which is equal to twice the area of the 
triangle formed by vj, v 2 and v-̂  - v 2 ), 

2 i |v x ^ I2 i i . f l _ Zl)2 = ( 1 _ ' Vl V 2 ' j2 . 
Y c |vx - v 2| c 

Then, eq.(A8) is expressed as 

d2N - - 7 (vx x v ) • 
^ c 

which is the desired expression eq.(l). Some authors ' start from 
eq. (A6) instead of eq.(A9) and their formulae are valid only for small 
crossing angles. 
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I I 

FIG. 1 GEOMETRY OF THE CROSSING REGION 


