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Abstract
We construct two Hilbert spaces over the set of all metrics of arbitrary but fixed
signature, defined on a manifold. Every state in one of the Hilbert spaces is
built of an uncountable number of wave functions representing some elemen-
tary quantum degrees of freedom, while every state in the other space is built of
a countable number of them. Each Hilbert space is unique up to natural isomor-
phisms and carries a unitary representation of the diffeomorphism group of the
underlying manifold. The Hilbert spaces constructed in the case of signature
(3,0) may be possibly used for canonical quantization of the ADM formulation
of general relativity.
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1. Introduction

In [1] we constructed a space of quantum states and an algebra of quantum observables over
the set of all metrics of arbitrary but fixed signature, defined on a manifold. This space and this
algebra were obtained by means of the Kijowski’s projective method [2—6]. The motivation
for this construction was a desire to find a space of quantum states, which could be used for
quantization of the ADM formulation [7] of general relativity (GR), as the ‘position’ part of
the ADM phase space is the set of all Riemannian metrics defined on a three-dimensional
manifold.

The space of quantum states built in [1] is not a Hilbert space, but a convex set of mixed
states. It turns out, however, that a structural component of that space can be used to obtain
two distinct Hilbert spaces related to metrics of arbitrary signature.
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To outline the construction of these Hilbert spaces, which will be denoted by $ and R,
let us first describe that structural component. To this end consider a manifold M and fix a
metric signature (p, p/) such that p + p/ = dim M. Given point x € M, denote by I, the set
of values at x of all metrics of signature (p, p') defined on M. The structural component is a
diffeomorphism invariant assignment

X — dpy,

where dy, is a natural measure on I',.

This assignment allows us to define for every x € M a Hilbert space H, being the space
of all complex functions on I'y square integrable with respect to the measure dyu,. Each
Hilbert space H, thus defined will be treated as an elementary quantum degree of freedom
(d.o.f.).

To arrange the Hilbert spaces { H, } v into the Hilbert space ), we will proceed as follows.
First, we will associate with every point x the set H, of all half-densities over the tangent space
T, M valued in H,—a section of the bundle-like set | J, . MFIX will be a half-density on M
valued in the Hilbert spaces {H, }. Given two such half-densities ¥ and ¥, we can pair their
values U(x) and ¥'(x) using the inner product on H,, obtaining as a result a complex-valued
density over T,M. Doing this point by point gives us a scalar density on M, which can be
naturally integrated over the manifold. This procedure, that is, the pairing and the integration,
defines an inner product on a set of sections of |, Mﬁx. This set equipped with the product
will form a Hilbert space H;.

The Hilbert space #; alone will not be suitable for quantization of physical theories since
it is more like an uncountable orthogonal sum of the Hilbert spaces {H, } and therefore it does
not contain any tensor product of them. But these Hilbert spaces represent independent d.o.f.
and a physically acceptable Hilbert space should contain tensor products of {H,}. We will
include these tensor products as follows.

We will fix a natural number N > 2 and will consider the set My of all N-element subsets of
M. Next we will equip My with a differential structure and will associate with each element
{x1,...,xy} € My the Hilbert space H,, ® - - - ® H,,. Then, following the construction of
the Hilbert space H; outlined above, we will build a Hilbert space Hy.

Finally, the Hilbert space ) will be defined as an orthogonal sum of all the spaces {Hy}.

Regarding the Hilbert space S, its construction will be similar to that of $), but simpler: we
will consider sections of UXe H., which are non-zero merely on countable subsets of M, and
will construct a Hilbert space Ky using these sections and the inner products on {H,}. In an
analogous way, we will obtain a Hilbert space Cy for N > 2 using the manifold My and the
tensor products {H,, ® - - - ® H,, } assigned to points of the manifold. All the spaces {/Cy}
will be then merged into & by means of an orthogonal sum.

Thus both Hilbert spaces $ and K, will be constructed of the same elementary quantum
d.o.f. being the Hilbert spaces {H,}. A difference between the spaces will be that a state in
$ will be built of an uncountable number of wave functions belonging to the spaces {H, }
(and their finite tensor products), while a state in & will be built of a countable number of
them.

The diffeomorphism invariance of the assignment x — dy, used to build both §) and K will
allow us to define unitary representations of the diffeomorphism group of M on the Hilbert
spaces. Moreover, as shown in [1], the assignment is unique up to a positive multiplicative
constant. This will imply that each Hilbert space ) and £ is unique up to distinguished unitary
maps. We will also show that the two Hilbert spaces {$} built over M = R (for signature
(1,0) and (0, 1)) are separable and that all the Hilbert spaces { &} are non-separable.
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With regard to the original motivation underlying this research, that is, to quantization of the
ADM formalism: let us note that in the case of signature (3, 0) both Hilbert spaces $) and
R are constructed over the ‘position’ part of the ADM phase space. Therefore one may try
to apply these spaces to canonical quantization of the formalism. More precisely, since the
formalism describes a constrained Hamiltonian system, an appropriate method to use here is
the Dirac procedure of quantization of such systems. This procedure (see e.g. [8, 9]) requires to
construct so-called kinematical Hilbert space, which corresponds to the unconstrained phase
space of the system, and the spaces ) and £ could possibly serve as such a space for the ADM
formalism.

According to the Dirac procedure, constraints on the phase space are to be taken into account
by (i) defining corresponding constraint operators on the kinematical Hilbert space and (ii) by
finding states, which are annihilated by the operators. The so-called vector constraints on the
ADM phase space generate gauge transformations which coincide with the action of spatial
diffeomorphisms on the canonical variables. On the other hand, in the case of signature (3, 0),
the manifold M can be interpreted as a three-dimensional spatial slice of a spacetime and then
the unitary representations of the diffeomorphism group of M on § and K, are representa-
tions of spatial diffeomorphisms. As it is in loop quantum gravity (see e.g. [10, 11]), these
representations may be helpful in taking into account the vector constraints at the quantum
level.

A quantum model resulting from canonical quantization of the ADM formalism is called
quantum geometrodynamics (see e.g. [12] and references therein). To the best of our knowl-
edge, so far no kinematical Hilbert space for quantum geometrodynamics equipped with a
(non-trivial) unitary representation of the diffeomorphism group, has been known [12—-14].
Thus the spaces ) and K obtained in the case of signature (3,0) seem to be the first known
spaces of this sort. It has to be however emphasized that although the constructions of $) and
R appear to be fairly natural, neither space consists of square integrable functions on the set of
metrics of signature (3, 0). Therefore it is not obvious whether $ or K can be actually useful
for quantum geometrodynamics—a further research is needed to answer this question. As the
first step toward this goal, in the forthcoming paper [15] we will define some operators on £)
and R related to the ADM canonical variables.

The paper is organized as follows: section 2 contains preliminaries—there we recall first of
all some necessary notions and facts from [1]. In section 3 we construct the Hilbert space H,
and in section 4 we define a unitary representation of diffeomorphisms of M on ;. Then, in
section 5, we build the Hilbert space §), and in section 6 the Hilbert space K. Section 7 contains
asummary and an outlook for future research. In appendix A we define the differential structure
on the set My, and in appendices B and C we present proofs of some lemmas.

2. Preliminaries

2.1. Manifold of scalar products of fixed signature

Suppose that V is a real vector space of non-zero finite dimension. Let us fix a pair (p, p) of
non-negative integers such that p + p’ = dim V and denote by I the set of all scalar products of
signature (p, p/) defined on V. As shown in [1], T" is a noncompact connected real-analytic man-
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I'sy—x(y) = (W(e,-, ej)) e RYmT 2.1
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defines' a global coordinate system on I'. This system will be called here linear coordinate
system on I' and denoted (7, ;), where

'3y = yigiy)=(eie)) €R.

Occasionally we will use a single index « to label the coordinates: (Vi< ;) = (Y*)a=1,...dim T

Consider now another real vector space V such that dim V = dim V and the set T
of all scalar products of signature (p,p') defined on V. Obviously, dim I' = dim I". Let
% : T — RI™ T be a map given by a basis (¢;) of V via (2.1). Then

x(@) = x(D). 2.2)

To see that the equality above holds, we will use dual bases (w') and (') to, respectively,
(e;) and (¢;). Assume that (7;¢;) € x(I')—this holds if and only if

v = Zm,w ®w + Y 7w @ w +w ®w)

i<j

is a scalar product on V of signature (P, 7). Replacing in the formula above each covector
Wt by @' we obtain a scalar product on V of the same signature, which means that (7;< j) €
x(D). Consequently, x(I') C (D). By virtue of an analogous reasoning, x(I') D x(I") and (2.2)
follows.
Thus I is diffeomorphic to the open subset x(I') of R%™ ', which since now will be denoted
by I'r:

xI) =Tr

In practice one often expresses a function on a manifold in terms of a coordinate system
on the manifold. Here we will often express a function f on I' in terms of a linear coordinate
system i.e. we will use the pull-back xy~'*f : I'r — C instead of f. However, using coordinates
(7i<;) with the restriction i < j is a bit cumbersome and therefore we would like to express
functions on I'g in terms of all components (y;;). Formally this can be achieved in the following
way.

Let ()i j=1....dim v be an element of Rm Y’ The following map

t; i ;
R(dlm V)2 3 (t j) — S(ttj) — ( J_; J ) c Rdlm r (23)
i<j

restricted to the set
s B
A={ ;) eRM" Y | t;=1; } NS (Tw).

is a bijection onto ['g. In this paper we will not distinguish between a function f : ' — C and
the pull-back (S]4)*f : A — C, denoting at the same time elements (¢;;) of A by (v; j). More-
over, we will usually abuse slightly the notation of elements of I'g and the notation of a linear
coordinate system on I' by dropping the restriction i < j in (7, ;) and will write simply (v, ;).

I'To treat numbers (w(e,-, e j))i <; asan element of RY™ " it is necessary to choose an ordering of the numbers. In this
case and in other similar cases considered in this paper, we will tacitly assume that an ordering is chosen and, if it is
necessary or convenient (see e.g. the function (2.3) below), then two such orderings are compatible.
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2.2. Invariant measure on the homogeneous space of scalar products

The group GL(V) of all linear automorphisms of V acts naturally on the set I' via pull-back:

GLWV)xI'> (g,7)—~ gyv=g "y €T,

2.4)
b, g ), v eV.

(¢ "N, v) =(g"
The pair (GL(V),I') together with the action (2.4) is a homogeneous space [1] isomorphic
to GL(dim V,R)/O(p, p), where O(p, p) is the (pseudo-)orthogonal group, consisting of all
those elements of GL(dim V, R), which preserve the matrix

p 4

L~ ——
diag(1,...,1,—1,...,—1).

I" is a locally compact Hausdorff (l.c.H.) space being homeomorphic to the open set
I'r ¢ RYIM T Since now, unless stated otherwise, a measure will mean a regular Borel mea-
sure on a l.c.H. space (see e.g. [16]). The symbol C°(Y) will denote here the linear space of
all real-valued continuous functions of compact support defined on a 1.c.H. space Y. If Y’ is
another such a space, « : ¥ — ¥’ a homeomorphism and du a (regular Borel) measure on Y,
then there exists? a unique (regular Borel) measure o, du on Y’ called push-forward measure
such that for every h € C°(Y'),

/ h(ondp) = / (a"hydy, 2.5)
Yy’ Y

where a*h denotes the pull-back of the function A: (a*h)(y) = h(a(y)).
Let g be the diffeomorphism

F'sy—gyel

given by g € GL(V) and the action (2.4). We say that a measure dy on I' is invariant if for
every g € GL(V)

gxdp = dp. (2.6)

In [1] we showed that on I" there exists a (non-zero) invariant measure and that it is unique up
to a positive multiplicative constant.

I is second countable (i.e. I" has a countable base for its topology) being homeomorphic to
the open subset I'y of R¥™ I'_ On the other hand, each regular measure on second countable
l.c.H. space is o-finite® [16], which means that every invariant measure on I' is o-finite.

Consider now real vector spaces Vi, V| and V, of the same dimension, and suppose
that I'; (i = 0, 1,2) is the homogeneous space of all scalar products of signature (p, p/) on
V; (the signature is fixed and does not depend on i). Every linear isomorphism [;;: V; — V;
defines a pull-back [;; : I'; — I'j, being a diffeomorphism between the manifolds.

2 The existence of o, dy follows from the Riesz representation theorem (see e.g. [16]).

3 A measure dv on Y is o-finite if ¥ is a union of a sequence (Y,,) of its subsets such that each Y, has a finite measure
under dv.
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Lemma 2.1. [fdy, is an invariant measure on L'y, then

(a) (5)«dpo is an invariant measure on I'y, which is independent of the choice of linear
isomorphism ly;;
(b) For every triplet of linear isomorphisms ly;, lp> and 1,

(sz)*(181)*dN0 = (182)*dN0~

For a proof of these statements see [1].

We have shown in [1] that on every homogeneous space I' of scalar products of signature
(p, P), there exists a special* metric Q called in [1] natural metric on T'. Let us denote by
(Q.3) components of the metric in a linear coordinate system (7;;) = (y*) on I' given by a
map x : I' = I'r (see (2.1)). It turns out that the natural metric looks the same in every linear
coordinate system [1]. More precisely, there exist smooth functions

Awsg: T =R, a,8=1,...,dimT,
such that for every space I as above and for every linear coordinate system on I" the pull-back

X7 I*Qaﬁ = Aaﬁ

(note that the components (Q,,4) are functions on I').
Moreover, the natural metric Q defines a measure du,, on I'—for every continuous (real or
complex) function ¥ of compact support on I" [1].

Wdp :=/ x (‘If det Oy ) dur = | (¢ "0) Adpy, 2.7
/F 0= [ \/ 5| ) dur L

I'r

where dy; is the Lebesgue measure on R4™ I' 5 T'p and

A= /|det Aysl = x (\/ | det QaB)

is a positive function on I'g.

Consider two real vector spaces V and V of the same dimension and the corresponding
spaces I' and I of scalar products of the same signature (p, p/). Let dup and dji be measures
on, respectively, I' and I defined by the corresponding natural metrics Q and Q. If [: V — V is
a linear isomorphism, then the pull-back I* : T' — I is a diffeomorphism. It was shown in [1]
that the push-forward measure

Ldpug = dpg, (2.8)

which means in particular (i.e. in the case V = V) that dug is an invariant measure on the
homogeneous space I'.

Since an invariant measure on I is unique up to a positive multiplicative constant, for every
invariant measure dp on the homogeneous space, there exist a number ¢ > 0 such that

dp = cdpg. (2.9)

4The metric is invariant with respect to the group action on I".
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Lemma 2.2. Let V: 1" — C be continuous and dy be an invariant measure on I'. If

/\I/\If dp =0, (2.10)
T

then ¥ = 0.

Proof. Suppose that ¥(y,) # 0 for some v, € I. It follows from continuity of ¥ that there

exists a non-negative compactly supported continuous function /2 on I' such that 4(v,) > 0 and
YW > h. Then

/\I/\Ifdu>/hdu=c/hduQ=c/ (") Adu, >0
r r r Tr

—here the second equality holds by virtue of (2.9), and the last inequality does by virtue of
properties of the Lebesgue measure dy; and the fact that the function A is positive everywhere
onl.

Clearly, the inequality above shows that the only continuous function, which satisfies (2.10),
is the constant function of zero value. O

2.3. Diffeomorphism invariant field of invariant measures

Let M be a smooth connected paracompact manifold. We fix a pair of non-negative integers
(p, P) such that p + p/ = dim M and denote by Q(M) the set of all (smooth) metrics of sig-
nature (p, p') defined on M. Let us denote by I', the space of all scalar products on T, M,
of signature (p, p/). Obviously, for every x the pair (GL(T, M), T,) is a homogeneous space.
Moreover, as shown in [1], if Q(M) is non-empty, then

Iy ={ g:lqg € QM) },

where ¢, denotes the value of the metric g at x € M.

An assignment x — dy,, where du, is a measure on Iy, will be called a field of measures
or a measure field on the manifold M.

Let x¢ be any point of M and du,, an invariant measure on I'y . In [1] we introduced the
following measure field on M:

x = dppe = (0 v dftegs (2.11)

where [y, : TxM — Ty Mis alinear isomorphismand [y , : Iy, — T'; the corresponding pull-
back. By virtue of lemma 2.1, (i) du, is an invariant measure on I'y, which does not depend
on the choice of the map /., and (ii) for every two points x, x' € M and for every linear
isomorphism I, : Ty M — T, M

d,ux’ = (l;x/)* d/~L.x~ (2.12)

The latter property means that the measure field (2.11) is diffeomorphism invariant since /.
above can be the tangent map ¢’ defined by any diffeomorphism § on M, which maps x’ to x.
Thus (2.11) is a diffeomorphism invariant field of invariant measures.

In [1] we showed moreover, that the measure field (2.11) is unique up to a positive multi-
plicative constant, i.e., for any two measure fields x — dyu, and x — dji, constructed according
to (2.11), there exists a number ¢ > 0 such that for every x € M

dfiy = cdp,. (2.13)
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Let dpsg, be the invariant measure on I', given by the natural metric on the homogeneous
space. It follows from (2.8) that the measure field

X = dpgox

can be obtained via the formula (2.11). Taking into account (2.13), we see that every measure
field (2.11) is of the form

X = cdpoy (2.14)

for some (independent of x) positive number c.

2.4. Pseudo Hilbert space of half-densities

Let W be a (possibly infinite dimensional) complex vector space, V a finite dimensional real
vector space and « a real number. Denote by B the set of all bases of V. If e = (¢;)i=1...dim v

represent the basis (A/;e P
An a-density over V valued in W is a map w : B — W of the following property: for every
two bases e and Ae of V,

w(Ae) = |det A" w(e), (2.15)
where det A = det(A/;) # 0.

We will denote by W the set of all a-densities over V valued in W. This set possesses a
natural complex vector space structure: if z € C and w, w’ € W, then

(zw)(e) =z w(e), (W + w')(e) :=w(e) + W' (e).

Denote by C the vector space of one-densities over V' valued in complex numbers. The
complex conjugate w of w € C is an element of C such that

w(e) = w(e)

for a basis e of V (if the equality above holds for e, then it does for every basis of V).
Let w,w’ € C be real-valued. We will say that @' is greater than or equal to w and write
' > wif

w'(e) = we) (2.16)

for a basis e of V (if (2.16) holds for e, then it does for every basis of V). B
Let H be a (complex) Hilbert space with an inner product (-|-). Consider a vector space H
of half-densities (that is, %-densities) over V valued in H. Let us define the following map:

Hx H > @@, ) — (@) e C,

(2.17)
(W@ [B)(e) = (B ()| i(e)).
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This map satisfies what follows:

V21,20 € C, V0,101, € H (0|21 + 22102) = 21 (W0]101) + 22(|1d2),

(ww)=0=w=0, (2.18)

where, abusing slightly the notation, we used the symbol 0 to denote both the zero of C and
the zero of H. Therefore the map (2.17) will be called density product on H.

The space H equipped with the density product (2.17) will be called pseudo-Hilbert space
of half-densities over V valued in H.

3. Construction of the Hilbert space #;

Let us recall that M is a smooth connected paracompact manifold. For the sake of the con-
struction of the Hilbert space H;, let us fix a pair (p, p’) of non-negative integers such that
p+ p =dim M and treat it as a metric signature—all objects used to construct H;, which
need a metric signature to be chosen, will be given by this (p, p').

3.1. Hilbert half-densities and scalar densities on M

3.1.1. Definition. Letx — dpu, be a diffeomorphism invariant field of invariant measures given
by (2.11). It allows to define a separable [1] Hilbert space for every x € M:

H, =Ly, dpy). 3.1)

We will use the symbol (-|-), to represent the inner product on H,.

Given a point x € M, let C, stands for the vector space of all one-densities over the tangent
space T, M valued in C. Denote by H, the pseudo-Hilbert space of half-densities over T, M
valued in H,, and by (-|-), the density product (2.17) on H, valued in Cx.

Let

H:= U H,. (3.2)

XeM

A map ¥ : M — H such that ¥(x) € H, for every x € M, will be called Hilbert half-density
on M (this name comes from a shortening of the precise but inconvenient term ‘half-density
on M valued in the Hilbert spaces {H, }"). In other words, a Hilbert half-density is a section of
the bundle-like set H. All such half-densities form a complex vector space with multiplication
by complex numbers and addition defined point by point:

@) =zT(x), (T4 T)(x)=T(x) + T (x), (3.3)

where z € C, and ¥, W' are two Hilbert half-densities.
The M-support of a Hilbert half-density ¥ on M is the closure of the following set:

{xeM|Ux)#0}.



Class. Quantum Grav. 39 (2022) 065003 A Okotéw

Let C:= UXeMCX. Amap F : M — C, such that F(x) € C, forevery x € M, is a complex
scalar density on M. The set of all such densities is a complex vector space with multiplica-
tion by complex numbers and addition defined point by point by formulas analogous to (3.3).

Complex conjugate Fofa density F is defined naturally point by point:
F(x)==F(x).
The support of a scalar density F on M is the closure of

{xeM|Fx)#0}.

3.1.2. Regularity conditions. As it is said in the introduction to this paper, we are going to
define an inner product on a set of sections of ﬁ, that is, on a set of Hilbert half-densities.
To this end we will pair the values of two such half-densities point by point using the density
products {(:|); }xer, obtaining thereby a scalar density on M. This density, once integrated
over the manifold, will yield a complex number, which by definition will be the value of the
inner product of these two half-densities.

An important question is how to choose that set of Hilbert half-densities, which together
with this inner product, will form the desired Hilbert space. It seems that an obvious answer to
this question is that one should choose the set of all half-densities of finite norm with respect
to the inner product. However, it has to be proven that this set equipped with the product is
indeed a Hilbert space.

Moreover, in the case of signature (3, 0), we would like to use the resulting Hilbert space
for quantization of GR and this means in particular that we will try to define on the space
some operators, which will represent physical observables. To define such operators it is often
very convenient to have a dense linear subspace of sufficiently regular (continuous, smooth,
of compact support etc) wave functions. Thus if we defined the desired Hilbert space using
all the half-densities of finite norm, then we would have to find within it a linear subspace of
sufficiently regular half-densities and prove that this subspace is dense.

To avoid having to carry out these two proofs, we will choose a linear space of sufficiently
regular Hilbert half-densities and will simply define the desired Hilbert space as a completion
of the former space in the norm defined by the inner product. The issue of a relation between
this Hilbert space and that space given by all the half-densities of finite norm, will be postponed
for the future, being not very essential at this moment.

There is, however, a related issue: is this space of sufficiently regular Hilbert half-densities
‘large enough’ from a physical point of view? Again, we will postpone this question in its gen-
erality for the future and will limit ourselves to examining only a simple particular case—the
result of this examination (see section 5.7) will suggest that the answer to this (general) question
is in affirmative.

Below we will introduce a notion of continuous Hilbert half-densities (which can be easily
modified to a notion of smooth half-densities). Moreover, we will impose on the continuous
half-densities an additional regularity condition, which will guarantee that the half-densities,
once paired point by point by means of the density products {(-|-). }, yield continuous densities
on M—continuity in combination with a compact support of a density, will ensure that the
density is integrable over the manifold.

Let us emphasize finally that the present section is quite technical and it may be skipped on
the first reading.

10
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Continuous scalar densities. Let us begin by recalling the notion of continuous scalar density,
which will be a model for introducing the notion of continuous Hilbert half-density.

Let U be an open subset of M and ¢ : U — RY™ M a map defining a coordinate system (x')
on U. Given a scalar density F and a point x € U, the value F(x) is a one-density over T, M
valued in C. Since (0,x) is a basis of the tangent space, then F (x, (Bxk)) is a complex number.
Every x € U can be expressed in terms of the coordinate system (x'), which allows us to define
coordinate representation of F in the system (x) as a function

e(U) > (x') = f(x):=F (¢ '(x"),(0w)) € C. (3.4)

If (x'") is an other coordinate system of the domain U, then the corresponding coordinate
representation f” satisfies

fia =

8 , /i /i
det ( a§/1> ‘ o) f (). (3.5)

This property means that the function f is continuous if and only if f’ is continuous.
We will say that the scalar density F is continuous if for every local coordinate system (x')
the corresponding coordinate representation (3.4) is continuous.

Coordinate representation of a Hilbert half-density. Let U be again an open subset of M
and ¢ : U — RY™ M 3 map defining a coordinate system (x') on U. Given Hilbert half-density
U and a point x € U, the value U(x)isa half-density over T, M valued in H,. Thus U(x, (0))
is an element of H, being an equivalence class’ of a function

Ty 39— ¥ (x(0u),) €C. (3.6)

Now, every x € U can be expressed in terms of the coordinate system (x') and the scalar product
7y can be expressed in terms of components (;;) given by the basis (0,:) of T, M. This allows

us to define coordinate representation of U in the system (x') as the following function:
e(U) x T 3 (&, %) = (&', 7)) =T (' (%), (O), 7ijdx' @ dx’) € C. (3.7)

Note that since \il(x, (0,+)) is an equivalence class of functions on Iy, the coordinate represen-
tation above is not unique, even if the system (x') is fixed.

To reconstruct the Hilbert half density ¥ on U from its coordinate representative 1, it is
enough to observe that the function

T3y U (x,(04),7) = ¥ (#(x), 70y, 0,)) € C (3.8)
is a representative of the equivalence class ¥ (x, (Bxi)) € H,.

Continuous Hilbert half-densities

Definition 3.1. Let (x') be a coordinate system on an open set U C M. We will say that
a Hilbert half-density ¥ is continuous on U in the coordinate system (x') if for every x € U
the representative (3.6) of W(x, (04)) € H, can be chosen in such a way that the coordinate
representation (3.7) is a continuous map.

5 The Hilbert space H, = Lz(Fx,dux) consists of equivalence classes of those functions on I'y, which are square
integrable with respect to du,—two functions belong to the same class if they are equal almost everywhere.

1
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It follows from lemma 2.2 that if a Hilbert half-density ¥ is continuous on U in the coordi-
nate system (x'), then the choice of the representatives (3.6), which give the continuous func-
tion (3.7), is unique. In other words, given a coordinate system (x%), a continuous coordinate
representation of T in the system is unique (provided it exists).

Lemma 3.2. Let (x") and (x'") be coordinate systems on an open set U C M. A Hilbert
half-density U is continuous on U in the coordinate system (x') if and only if it is continuous
on U in the coordinate system (x').

Proof. Suppose that for every x € U, a representative of W(x,(8,))) € H, is chosen, which
results in a coordinate representative ¢ of ¥ in the coordinates (x/).

Forevery x € U
Ox*
det ( 8x”>

Therefore if v +— \i/(x, (0,4), ) is the selected representative of \i/(x, (0,1)), then the function

Oxk
det ( 8x’1>

is a representative of \i/(x, (044)) € H,. Hence

Ox*
det ( 8x”)
where ¢’ : U — RIm M is the map defining the system (x"'), is a coordinate representation of
U in the system (x'). Denoting (¢ o ¢'~")(x'") = (x/(x'")) we obtain from the formula above

Ox*
det (W >

Oxk
det ( a1 )

where ¢ is the coordinate representation of ¥ in the system (x') introduced at the very
beginning of the proof, and the derivatives 9x*/0x" and dx''/0x* are treated as functions of
( x/i)'

We conclude that if v is a coordinate representative of U in the coordinates (x), then v
given by (3.9) is a representative of ¥ in the coordinates (x'/).

Taking into account that the transition map (x) — (x/(x)) is smooth, we see from (3.9)
that the coordinate representation v’ is continuous if and only if the coordinate representation
1 is continuous (the ‘only if’ part of these statement comes from the fact that the depen-
dence of ¢’ on 1) given by (3.9) can be inverted to a dependence of ¥ on )" of an analogous
form). ([l

1/2

(xX) U(x, (D,)).

U(x, (D)) =

1/2

v = T(x, (Dy/),7)

1/2
(x/i) ] ((p/_l(x/i), (8x/),7{jdx’i ® dx/j) ,

" i) = ') =

1/2 i .t
. ~ - Ix" Ox"
W) = v (w_l(xj(X”)), D) Vi g ¥ @ dxl>

Erar (3:9)

1/2 7 /7
i, Ox"OxY
P (x’(x ), )

We will say that a Hilbert half-density W is continuous if for every local coordinate system,
there exists a continuous coordinate representation (3.7).

12
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Since now in the case of a continuous Hilbert half-density we will use exclusively its
continuous coordinate representations.

Hilbert half-densities of compact and slowly changing ['z-support. Let us consider again
the map ¢ : U — RY™ M and the corresponding coordinate system (x).

Definition 3.3. Suppose that a Hilbert half-density U is continuous, and 1 is its coordinate
representation in the system (x'). We will say that the I'r-support of W around xo € U is com-
pact and slowly changing in the coordinate system (x), if there exist an open neighborhood
Uy C U of x¢, and a compact set K C I'g, such that for every value (x) € ©(Uy), the support
of the function

Tr 2 (i) = Yo (ip) = (', 7)) € C (3.10)

is contained in K.

Let us emphasize that if the support of ¢/,:) is contained in a compact set, then the support
is compact itself (since each closed subset of a compact set is compact). Thus the definition
above implies that for every (x') € ¢(Uy) the support of iy 1S compact.

Lemma 3.4. Let (x') and (x'") be coordinate systems on an open set U C M, and let U be
a continuous Hilbert half-density. The I'r-support of U around xo € U is compact and slowly
changing in the coordinate system (x') if and only if the I'g-support of U around xq is compact
and slowly changing in the coordinate system (x'").

Proof. Lety: U — RY™Mand ¢ : U — RYI™ M be maps defining the coordinate systems,
respectively, (x') and (x')). Denote (x'(x")) = @'~ (x")).

Suppose that the I'g-support of U around x( € U is compact and slowly changing in the
coordinate system (x'). Let Uy and K be the sets introduced in definition 3.3 for the system
(x"). Choose a compact set U; C Uy of non-empty interior Int U, such that xo € Int U;. The
map

ox' Ox’

Bk ot V0 € T 1D

o(U) x T'g 3 (x', 7;))

is continuous (here we treat the derivative 9x'/0x'* as a function of (x')). Therefore the set
K' :=theimage of ((U;) x K under the map (3.11)

is compact.
Consider now the following function

Tk 2 (V) = Yy (i) = ¢' (7,3 € C,

where 1/(x'/, ~},) represents the half-density W in the coordinate system (x'/) (see (3.7)). Let
us fix a value (x'/) € ¢/(U) of the coordinates and the corresponding value (x'(x/)) € ¢(U).
By virtue of equation (3.9), () belongs to the support of ¢{,; if and only if

ax/k axll
Vij = W%%ﬁz (.12)

13
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belongs to the support of ¢, (here dx’* /dx' is the value of the derivative at (x')).

Suppose now that the value (x'/) € ¢'(IntU;). Then the corresponding value (x') €
e(IntUy) C o(Up). In this situation, if (v;,) belongs to the support of wéx,j), then (v; j) given
by (3.12) belongs to supp i, C K. Moreover, (7;,) is the value of the map (3.11) at (', 7)€
©(Uy) x K. Thus (vy;,) is an element of K’ by definition of the latter set.

We thus see that for every value (x'/) € ¢/(Int U;) the support of ¥, 1s contained in the

//)
compact set K. Therefore, if the I'g-support of ¥ around xy is compact and slowly changing
in the coordinate system (x'), then it is the same in the coordinate system (x'*). But these coor-
dinate systems are arbitrary and can be swapped in the previous statement. Thus the lemma

follows. O

Since now we will say that the I'g-support around xo € M of a continuous Hilbert half-
density 0, is compact and slowly changing if it is compact and slowly changing in every
coordinate system defined on a neighborhood of x. Finally, we will say that the I'r-support
of U is compact and slowly changing if the ['g-support is such around every point of M.

Lemma 3.5. If ¥ and V' are continuous Hilbert half-densities of compact and slowly
changing I'r-support, then any (finite) linear combination of them is a continuous Hilbert
half-density of compact and slowly changing I'r-support.

Proof. Suppose that U is an open subset of M and that a map ¢ : U — R%™ M defines a
coordinate system (x').
Consider now a linear combination

W47V =8, z7eC

and suppose that ) and 1)’ are (continuous) coordinate representations of, respectively, ¥ and
U’ in the system (x"). Then, for every x € U, the function

7Y =€

substituted to the reconstruction formula (3.8) gives us an appropriate linear combination of
functions on T', representing the equivalence class zU (x, (9,)) + 2P’ (x,(0y)) € H,. & is
thus a continuous coordinate representation of = in the system (x'). Since U is an arbitrary
open subset of M, then = is continuous.

Fix an arbitrary point xo € U. Let K be a compact subset of I'r and Uy C U be an open
neighborhood of xq such that for every value (x') € ¢(Uy), the support of the function ¢
related to ¥ via the formulas (3.10) and (3.7), is contained in K. In the same way, let K’ be a
compact subset of I'g and U, C U be an open neighborhood of x; such that for every value
(x") € ©(U}), the support of the function z/ng,-) related to ¥’ via the formulas (3.10) and (3.7),
is contained in K’

Obviously, if g(xi) is related via (3.10) to &, then

— . Loty
Sy = Wiy +2 ¢(xi)~

Therefore for every value (x') € (U N U}) the support of £y is contained in K U K'. Since

Uy N U}y is open and K U K’ compact, the I'g-support of = around xy is compact and slowly
changing in the coordinate system (x'). But x is an arbitrary pointin M, and (x) an arbitrary
local coordinate system. Therefore the I'g-support of = is compact and slowly changing. [

14
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3.2. Pairing of Hilbert half-densities into scalar densities

Consider now two Hilbert half-densities ¥ and U’ on M. Then the map
M 3 x = (W |W)(x) = ' @0)|T(x), € C (3.13)

is a scalar density on M. The lemma below ensures that if Hilbert half-densities satisfy the
regularity conditions introduced in the previous section, then the resulting density is sufficiently
regular for our purposes.

Lemma 3.6. Suppose that Hilbert half-densities U and V' are continuous and that the T'g-
support of T is compact and slowly changing. Then the scalar density (v \\I/) is continuous.

Proof. Let us consider the scalar density (9| ¥) = F and a map ¢ : U — RY™ M defining a
coordinate system (x) on U C M. Using (3.13) and (2.17) we obtain

F(x,(0,)) = (W ()| W(x)):(0y1) = <@ (x, (0x) ‘@ (x, <8xf))> ,

X

where (-|-), is the inner product on the Hilbert space H,. Consequently,

F(x,(00) = / ' (x,(00)) W (x,(0,)) dp = ¢ / ' (x,(0)) W (x, (D)) dpges (3.14)

X X

where in the second step we used the fact that every measure field (2.11) is of the form (2.14).

For further transformation of F (x, (0,/)) we would like to use equation (2.7). In order to
do this we have to show that (for fixed x) the integrand in (3.14) is a continuous function of
compact support. To this end let us note that if x : I'y — I'g is a map (2.1) given by the basis
(0,) of Ty M, and if (x) = (x), then

[ (060, 00) T (67 0. 00) | = Tt (3.15)

where ¢ (,i) and 1) ,i, are continuous functions related to, respectively, ¥ and U via the
formulas (3.10) and (3.7). Thus the integrand in (3.14) is continuous.

Letus fix a point xg € U and suppose that Uy C U is an open neighborhood of x introduced
in definition 3.3 for the half-density W. Then it follows from the assumptions imposed on U
that for every (x') € p(Uy), the support of 9/ i ¥y 18 contained in a compact set K C I'g
and thereby the support is compact as well. This together with (3.15) mean that, indeed, the
integrand in (3.14) is of compact support.

Since the integrand in (3.14) is a continuous compactly supported function on I',, we can
use (2.7) to get

F (x, (axi)) = c/F x [\il’ (x, (8xi))\i/ (x, (axi))} Adpy.

15
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Using (3.15) once again we obtain
) =F (7' (N, (00) = ¢ / Uiy Yy Adpe (3.16)
I'r

for every value (x') € (Up). ) }
Now, it follows from assumed continuity of ¥’ and W that the function

©(Uo) x Tr 3 (x', i) = ¥/ iy (Vi) (Vi) A (i) € C (3.17)

is continuous (note that the function A is continuous and independent of (x’), which follows
from the properties of the natural metrics described in section 2.2). Therefore the function
(3.17) becomes a bounded one once restricted to a compact set p(U;) x K, where U; is a
compact set of non-empty interior Int U; > xo.
Let then
s = sup |9 ety Vi)W Vi) AGi)) |

(ipepUpxK

and

N if (’Yij) €K,
I'r > (7)) = h(vij) = .
0 otherwise.

Since the set K is compact and the Lebesgue measure dy; is regular [16], the function £ is inte-
grable over I'g with respect to dy; . Moreover, for every value (x') € p(Uy), [/ oy Al < h
(recall that the support of mw(ﬂ) is contained in K). On the other hand, ' ,i)%(,i, converges
pointwise to W(xf) )w% ) as (x') = (xp) = @(xo).

These three facts allows us to apply the Lebesgue’s dominated convergence theorem to
conclude that f given by (3.16), is continuous at (xg) = ¢(xp). But xq is an arbitrary point,

and (x') an arbitrary local coordinate system. Thus (¥’ \\i/) is a continuous scalar density
on M. O

3.3. The Hilbert space H4

Let H{ be the set of all continuous Hilbert half-densities on M of compact M-support and of
compact and slowly changing I'r-support. Any (finite) linear combination of elements of H
is again a Hilbert half-density of compact M-support. This fact and lemma 3.5 guarantee that
H is a complex vector space. By virtue of lemma 3.6 for any two elements W and ¥’ of ¢, the
scalar density (0 |\ff) on M is continuous. This density is also compactly supported and there-
fore it can be naturally integrated® over M being a paracompact manifold. The following map

6Let us emphasize that the assumption that the I'z-support of each element of H{ is slowly changing, is essential
here—without it one can get a non-integrable scalar density as seen in the following example. In the case M = R
and the signature (1,0) the set I'g is the set R of all positive real numbers. Let x! be the canonical coordinate on
M=RandA={ (" y))ERxTr | x' >0, 91y —1>0, 1 —x'y,; >0 }. Define a function ¢ on R x 'y as
follows: v is zero outside A and ¥(x',y;;) = \/)F(’y“ — 1)(1 — x'v;1) on A. It is clear that 1 is continuous and for
every x! € R, suppy,1, is compact. But for every open neighborhood U of x'=0,U, cuSuppY 1y = [I, 00 [ Thus
the Hilbert half-density U on M obtained from 1) by means of the reconstruction formula (3.8), is continuous and
of compact I'g-support everywhere on M (and of compact M-support), but the I'g-support is not slowly changing
around x' = 0. The measure Ady; on I'y is here of the form (7,;)~'d~y;; [1]. Using this fact and (3.16) it is not
difficult to realize that the coordinate representation of (\if|\i!) in the coordinate x', diverges to infinity as (x')~!, as
x! goes to zero from the right. This means that the density (\i/|\i/) is not continuous at the point x' = 0 and is also
non-integrable over M.
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HE X HS 3 (U, T) s (V') T) ;:/ (V'|¥) € C, (3.18)
M

where the integral at the rhs is the integral of the scalar density (¥'|¥), is an inner product on
HS.

Indeed, it is clear that the map (3.18) is linear in the second argument and that it satisfies
the Hermitian (or conjugate) symmetry condition. For every U € H<, the scalar density (\f1|\i/)
is continuous and non-negative i.e., for every x € M, (\i/|\i/)(x) > 0 (see the formula (2.16)).
Therefore (¥|¥) > 0. Suppose that U(x) # 0 fora point x € M. Then, by continuity of (¥|¥)
its support contains a non-empty open set. Consequently, (lff|\ff> > 0 and (3.18) is positive
definite.

The completion H; of H{ in the norm induced by the inner product (3.18), is a Hilbert space
built over the set Q(M).

Let us end this section by a remark concerning the standard Hilbert space Hqm of the
ordinary quantum mechanics. This space is usually defined as L*(R?, dy;), where dy; is the
Lebesgue measure. Note, however, that wave functions in Hqm can be viewed as Hilbert half-
densities of special sort defined on R3. Indeed, the set C of complex numbers equipped with
the map

C’>5(z7)—~7zZ eC

is a one-dimensional complex Hilbert space. If C1/%, (x € R3), is the set of all half-densities
over T,IR3 valued in the Hilbert space C, then a section of UX€R3 Ci/ % is a sort of a Hilbert
half-density. It is clear that each wave function in Hquw, if expressed in a Cartesian coordinate
system on R?, can be understood as a coordinate representation of such a half-density. It is
also not difficult to convince oneself that the inner product of two wave functions in Hqum, can
be expressed in terms of (i) pairing of corresponding Hilbert half-densities to a scalar density
and (ii) integrating of the resulting scalar density over R, Thus, counterintuitively, the Hilbert
spaces H; and Hqw are fairly similar.

3.4. Uniqueness of H;4

Given manifold M and signature (p, ), the only choice we have to make in order to obtain
the Hilbert space 1, is the choice of a diffeomorphism invariant field (2.11) of invariant mea-
sures. However, since all such fields are unique up to a positive multiplicative constant (see
equation (2.13)), the freedom to choose the measure field is actually not relevant.

Indeed, if x — dy, and x — dji, are two such measure fields on M, and H; and 7, the
resulting Hilbert spaces, then it follows from (2.13) that

- v
Hi S\I/»—>—C€’H1 (3.19)

<

is a unitary map.

Thus all Hilbert spaces constructed according to the prescription presented in section 3 are
isomorphic. Moreover, there exists a distinguished or natural isomorphism (3.19) between each
pair of such Hilbert spaces.

We conclude then that the Hilbert space 7, is unique up to natural isomorphisms.
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4. Action of diffeomorphisms on the Hilbert space 744

4.1. Action of diffeomorphisms on scalar densities

Let F be a scalar density on M, and 6 : M — M a diffeomorphism. The diffeomorphism 6
acts on the density F by means of the following pull-back:

(0" F)(x,ex) :=F (0(x),0"y) , 4.1)

where e, = (€y)i=1....dim Mm is a basis of T\ M, 0" : T, M — Ty, M is the tangent map gener-
ated by 6 and

fle, = (Gt(exi))

is a basis of Ty M.
The pull-back 6*F is again a scalar density on M. To see this let us calculate

(0" F)(x, Aey) = F (0(x),0'Aey)

where A = (A’;) is any non-singular matrix. If e, = (e,;), then Ae, = (Aje, ;). Hence by virtue
of linearity of ¢’

0'Ae, = (0'(Niex))) = (Mif'(ex))) = A (6(ex)) = Aey. 4.2)
Consequently,
(0" F)(x, Aey) = F(A(x), Af'e,) = | det A|F(6(x),6'e;) = | det A|(0*F)(x,e,).

Let F be a scalar density integrable over M.” Then for every diffeomorphism 6 of M [17]
/ 0°F = / F. (4.3)
M M

4.2. Action of diffeomorphisms on H$

Let us consider a Hilbert half-density ¥ being an element of H{. If 6 is a diffeomorphism of
M, 0" : Ty M — Ty M the corresponding tangent map, and e, a basis of 7, M, then

U(H(x),0'e,) (4.4)

is an element of the Hilbert space Hyy), that is, an equivalence class of functions on I'y,). Since
S ‘H{, the equivalence class (4.4) can be represented by a unique continuous compactly
supported function on 'y, (see lemma 2.2).

If (071 : TyoyM — T, M is the inverse of &', then the pull-back (§~1)* : T, — Ty is a
diffeomorphism. Thus (#~H™ can be used to pull-back functions on I'g(,) to ones on I'y.

To pull-back the equivalence class (4.4) of functions on I'y) to an equivalence class of
functions on I, being an element of H,, we will proceed as follows. First we will pull-back

71In [17] scalar densities are defined in a different way than in the present paper, but it is not difficult to realize that
both definitions are equivalent.
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by means of (§~!)"* the unique continuous representative of (4.4), obtaining thereby a contin-
uous compactly supported function on I'y. Then we will find an element of H, defined by this
resulting function, denote it by®

O H*™ U(O(x), 'ey) 4.5)

and treat it as the desired pull-back® of (4.4).
Using (4.2) and linearity of the pull-back (6~!)"** one easily shows that

O~ W(O(x), 0" Aey) = | det A|'2(O7H* U(O(x), Oey),
which means that the following map
ex = (07" W(H(x), 0'ey)

defined on the set of all bases of 7, M and valued in H, is a half-density. ~
We thus see that on the manifold M there exists a Hilbert half-density 6*W, such that for
every x € M and for every basis e, of T, M,

@ V)(x,e,) = (O V(H(x),0e,). (4.6)

We will say that 0*U is pull-back of U under the diffeomorphisms 0.
Lemma 4.1. The Hilbert half-density 0* ¥ is an element of HS.

Proof. We have to show that 8* is (i) of compact M-support, (ii) continuous and (iii) of
compact and slowly changing I'g-support. Let us recall that defining 0*U we assumed that
U e HS.

Regarding (i): if supp W is the M-support of ¥, then 6~ (supp ) is the M-support of 6.
Since supp T is compact and #~! a continuous map, 6~ ' (supp 0) is also compact.

Regarding (ii): suppose that U is an open subset of M and that a map ¢ : U +» R%m M
defines a coordinate system (x') on U. Then the diffeomorphism € can be used to pull-back
(x') to a coordinate system (¥') on #~'(U) defined by the map ¢ 0 0 : ' (U) — RdIim M,

Now let us find a relation between the (continuous) coordinate representation ¢ of U in
the system (x') (see (3.7)), and a coordinate representation 0% of 0* ¥ defined on the set
(p 0 )(O'(U)) x T'r by the system ().

Let e, be a basis of T, M. It follows from (4.6) and the procedure, which defines (4.5), that
(0*@)()@ ex) € H, contains a continuous representative such that for every v, € I, its value
reads

O D)(x, e, 1) = T (0(x), 0'er, (071 ,) 4.7)

where the number at the rhs is a value of the continuous representative of @(G(x), 0e,).

8 The standard symbol for the pull-back of a metric ¢ under a diffeomorphism 6 is 6*g. To be consistent with the
standard notation we should use in the formula (4.5) the simpler symbol (6~')** instead of (6~')"**. However, here we
work with a multi-level construction: the baseline level is the manifold M, and the next levels are in turn: the tangent
space T, M, the space I, of scalar products on the tangent space and finally the functions on I', constituting H,. In
the symbol (#~')** and the like, each superscript ¢, * and x corresponds to a level above the baseline one and makes
it easier to keep track where we are.

9 Applying this procedure we avoid to prove that if fl’r)m U dyig,y = 0, then fr"(ﬁ’l)z**(@\p) dji, = 0.
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Assume now that x € 67" (U). Then x = (§~" o o~ ")(&) for some value (¥') € ¢(U) and if
the basis e, = (05i), then #'e, = (0,:). Moreover,

(07D x) (D41, 0) = 75 (07100, (071 Ds) = 72051, D)
and, consequently, if
Ve = 7i; dx' @ dx/,
then
Oy =7 dx' @ do.
Using all these results we can transform (4.7) obtaining
O") (07" 0 o NE), (0g), 31 d¥ @ d¥/) = U (7 (&), (D), 71y dx’ @ dxl) .
This equality together with (3.7) mean that on ©(U) x I'g = (¢ 0 )~ (U)) x I'r
D) = V(& Ai)). 4.8)

Note that v at the rhs of the equation above, is the continuous coordinate representation of T in
the system (x')—to be continuous, for every value (x¥') € ¢(U) the representation must come
from the unique continuous representative of (¢~ (x%), (8,1)) and, indeed, ¢ on p(U) x T'p
does come from these representatives (see the remark just below equation (4.7)).

Now an immediate implication of equation (4.8) is that the coordinate representation 6*1)
of #*¥ in the system (¥') is continuous—its continuity follows obviously from continuity of
1. This is sufficient for #* ¥ to be continuous, since (¥) is an arbitrary local coordinate system
on M.

Regarding (iii): let us consider now a point f(xo) € U.Let Uy C U be an open neighborhood
of §(x¢) and K a compact subset of I'r such that for every value (¥') € ¢(Uy), the support of
the function ;i related to 1) via the formula (3.10), is contained in K—the existence of Uy
and K follows from the assumption, that U is an element of HS.

By virtue of (4.8), for every value (¥') € (¢ o 6)(8~'(Up)), the support of the function
(0*) i related to 6% via the formula (3.10), is contained in K. This means that the I'g-
support of the pull-back 0*U around xq is compact and slowly changing in the coordinate
system (¥'). But xo is an arbitrary point of M and (¥') an arbitrary local coordinate system on
the manifold. Therefore #* ¥ is a Hilbert half-density on M of compact and slowly changing
I'g-support. ([

4.3. Unitary representation of diffeomorphisms on H1

Lemma 4.2. Suppose that 0,0 e H{ and 0 is a diffeomorphism of M. Then the pull-back
0" preserves the inner product (3.18) on H:

(0°F'|0"T) = (V'] D).
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Proof. Consider first the scalar density (9*\1/’ |9*\ff) (see (3.13) for the definition). If ¢, is a
basis of T, M, then

O V[0 W)(x, ) = (07T (x, e)| (0 D)(x, e0))s

= (O VO, 0| @) WO, 0e) )

= [ @ (PO, 0e) B0, 0'e) ) dus

Ty

N /F <m\i}(9(x), 9’ex)) ((Q—I)t*)*dux
)

_ /F (\if’(ﬁ(x),Gfex)\i/(ﬁ(x),ﬁtex)) dptoce
6(x)

—here we used in turn: in the first step the definition (2.17), in the second step equation (4.6),
in the third step we chosen the continuous (compactly supported) representatives of
U'(0(x), 0'(ey)) and W (0(x), 0'(ey)), in the forth step we applied (2.5), finally in the last step
we used the diffeomorphism invariance of the measure field x — du, (see equation (2.12)).
Thus

O V0" T)(x,e,) = (W (O(x), 0 )W), 0'e))o = (V) (O(x), 0'e,).
Comparing this with (4.1) we see that
O |0°F) = 6 (V| D).

By virtue of this result and equation (4.3)
(00 |0"F) = / O |0"F) = / 0" |) = / W) = (7']),
M M M

Let us define an operator on H{:
H DU = upV = (0710 € HS.
It follows from (4.7) that uy is linear. Manifestly, for every U e H
U = uy(6" W),

which means that uy is surjective. Lemma 4.2 guarantees that uy preserves the inner product
on H{ being a dense linear subspace of . Taking into account all these facts, we see that the
operator uy can be uniquely extended to a unitary operator U(6) on H;.

It is not difficult to check that for two diffeomorphisms 6, and 6,,

Ui(01) o Ui(6h) = Ui(0;1 0 0,).
Thus
60— U (0) 4.9)

is a unitary representation of the group Diftf(M) of all diffeomorphisms of M on the Hilbert
space H;.
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5. Construction of the Hilbert space

5.1. Motivation

Suppose that the set Q(M) is non-empty. Then the following surjective [1] map
QM) 3 g — k(@) =gx €Ty, (5.1

where ¢, is the value of the metric g at x € M, can be treated as a degree of freedom (d.o.f.)
on Q(M). Consequently, the Hilbert space H, given by (3.1) can be treated as a quantum
counterpart of k.

Evidently, for each pair x # X, x, and k. are independent d.o.f. It seems therefore, that a
Hilbert space being a quantum counterpart of the configuration space Q(M) should contain
tensor products of the Hilbert spaces {H,}.

It is easy to realize that the structure of 7{; does not meet this expectation. Indeed, the inner
product (3.18) is an integral, that is, an ‘uncountable sum’ of values of inner products on the
Hilbert spaces {H. }. Therefore H, is more like a direct integral of Hilbert spaces [18]:

@
| 1.
M

This fact suggests that H, (in the case of signature (3, 0)) is not well suited for quantization of
the ADM formalism. Fortunately, it is relatively easy to find a way around this problem.
Namely, consider the set My of all N-element subsets of M:

My={{xi,....,xon} ={xx} CM | x; £ x5 for [ #J }. (5.2)

It is possible to define on My a differential structure in such a way that the set becomes a
smooth paracompact manifold locally diffeomorphic to MY —for details see appendix A.1.
We will associate with each point y = {xx } of My a Hilbert space H;’ naturally isomorphic
to H,, ® ---® H,, (for every ordering of the factors in the tensor product),

H) 2 H, ®-- @ H,, (5.3)

and then construct a Hilbert space Hy using half-densities on My valued in the spaces {H;C}

Next, we will merge all the spaces {Hy } into the desired Hilbert space §). To do this we will
follow some feature of states in the kinematical Hilbert space Hy g of loop quantum gravity
(see e.g. [11]): if a spin-network state U € Hy g depends non-trivially on a classical d.o.f., a
spin-network state ¥’ € Hj g is independent of, then ¥ and W' are orthogonal. Note now, that
if N < N and H‘j? and Hf? are the Hilbert spaces (5.3) associated with, respectively, y € My
and y € My, then wave functions in H;@,‘ depend on certain d.o.f. x,, wave functions in HfC
are independent of. Therefore we would like Hv@ and Hf? to be orthogonal as building blocks
of $. To achieve this goal, we will define $) as the orthogonal sum

Hi= @'HN. (5.4)
N=1

Note also that the structure of this § will resemble to a certain degree the structure of Fock
spaces.

Obviously, the Hilbert space §) will contain all finite tensor products of the Hilbert spaces
{H,}. Therefore the space $) constructed in the case of signature (3,0), seems to be better
suited for quantization of the ADM formalism than 7, alone.
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5.2. Remarks on the definition (5.4) of $

A rigorous construction of Hy, we are going to present below, is fairly long and technically
involved (this concerns in particular the construction of the smooth atlas on the set My). Let
us note that an other method to take into account the tensor products of {H,}, is to use in
(5.4) the tensor product ®N?—l 1 of N copies of H, instead of Hy. This may seem to be the
simplest way to achieve the goal, which does not require any extra effort, but a closer look at
this construction makes it clear that it is not the case.

Namely, it is easy to realize that, given {xx} € My, one can find N! tensor products of
Hilbert spaces {H,,,...,H,,} in the space ®N’H1—these tensor products differ from each
other by the ordering of the factors and are given by all possible orderings. From a physical
point of view the ordering of the factors in H,, ® - - - ® H,,, is irrelevant—each such tensor
product describes a space of quantum states of the same quantum system, obtained by quantiza-
tion of a classical system, whose configuration space is given by the collection {ky,, . .., Ky |
of independent classical d.o.f.

Consequently, a generic state in ®N’H1 seems to correspond to N! distinct states in Hy.
It can be then expected that working with such generic states would be rather cumbersome.
To avoid this, one would have to impose on elements of ®N’H1 some restrictions in order to
isolate those states, which would correspond to single states in Hy.

Moreover, for many purposes it would be convenient or even necessary to describe elements
of ®"H, as fields on MV (preferably, as half-densities on M?" valued in the tensor products
of {H,}) and to impose some regularity conditions on these fields. Therefore, in order to put
the space ®N”H1 into practice, one would have to elaborate such a description.

Thus the application of ®N’H1 does require some additional effort, which makes this space
not as attractive as it seemed to be at the very beginning.

In our opinion the advantage of Hy over ®N’H1 is conceptual simplicity of Hy: the idea of
its construction is simple and natural, and complies with the fact that the ordering of factors in
H, ®---® Hy, is physically irrelevant. Consequently, each state in Hy fits well our need to
take into account the tensor products of {H, }, without the necessity to impose on it any extra
conditions.

Moreover, once the space Hy is rigorously built, one can work with it without the need
to refer to many technical details of its construction like e.g. the construction of the smooth
atlas on M. For convenience of the reader not interested in such details, we will place a
considerable part of these technicalities in the appendix to this paper.

5.3. Construction of the Hilbert space Hy

The construction of the Hilbert space Hy will follow as closely as possible the construction of
the Hilbert space ‘H,; described in section 3.

Let (p, P) be the signature of metrics on M fixed at the very beginning of section 3 for
the sake of the construction of the Hilbert space ;. Let us fix additionally a natural number
N > 2.

5.3.1. Preliminaries. Suppose that V¥ is a real vector space of dimension N(p + p’) and that
a decomposition

N
Ve = @ v, (5.5)
I=1

is given, such that each V; is a linear subspace of V® of dimension p + p'.
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Denote by I'; the homogeneous space of all scalar products on V; of signature (p, p). For
eachl € {1,...,N} letus choose y, € I'; and define

N
VEX VO3 (0,0) = 770, 0):= ) or. 0 € R, (5.6)
I=1

where

N N
v = E U1, V= E Uy, 1,01 € Vi
1=1 I=1

Clearly, v* is a scalar product on V¥ of signature (Np, Np'). We will use the symbol I'? to
represent the set of all scalar products on V¥ of the form (5.6) (with the fixed decomposition
(5.5)). Let us emphasize that I'? is a proper subset of the set of all scalar products on V© of
signature (Np, Np').

Note that one can assign to v® a sequence of the scalar products used to define v via (5.6).
Obviously, this assignment,

' 5~4% = b(v®) :=(,...,w) €Ty x - - x Iy = XTk, (5.7)

is a bijection, which can be used to induce some structures on re.
First, the bijection together with charts {(I';, x,)} given by (2.1), allow us to construct a
map

T 5 9% = (1 % - X on(b(y9) € T ¢ RY 4m T (5-8)

which define a global coordinate system on I'“. This map can be used to ‘pull-back’ the topol-
ogy from RN 4m It onto I'” . Obviously, coordinate systems given by all maps (5.8) form an
analytic atlas on T'“.

Suppose that dy; is an invariant measure on I';. Since dy; is o-finite (see section 2.2), the
product

dpn x - x dpuy = Xdpg

is well-defined. This product is also a regular Borel measure on the Cartesian product
I’y x - -+ x I'y—this is because [16] each dy; is a regular Borel measure on a second count-
able 1.c.H. space I';. We can use the bijection (5.7) to push-forward this measure obtaining
thereby a (regular Borel) measure on I'“, which will be denoted by dy*:

dp* =", (Xduk) -
Let
H® =L*T%,dp) = LX) x - x Ty, dpg X - -+ x dpy).

Recall that each L2(T';, d;) is separable [1] and each measure dy; is o-finite. These properties
of the space and the measure guarantee [19] that

H® = [2(T1,duy) @ - - @ L*(Dy, dpy). (5.9)

Let us emphasize that the Cartesian product I'; x - - - x I'y, unlike the construction of I'?,
does require the spaces {I';} to be ordered. However, neither the topology nor the differential
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structure nor the measure dz.* induced on I'¥ depends on the ordering. Thus the Hilbert space
H? is also independent of the ordering.
Finally, let us state a fact, which concerns a push-forward of a product of measures:

Lemma 5.1. Let X, Y, X and Y' be second countable I.c.H. spaces and let o : X' — X, and
B:Y" — Y be homeomorphisms. If du and dv are regular Borel measures on, respectively, X'
and Y', then

(ondp) X (Budv) = (a X f).(dp x dv). (5.10)

This lemma may seem to be obvious, but a strict proof of it, done in line with the definition (2.5)
of push-forward measure, requires some effort. Therefore we relegate the proof to appendix B.

The lemma above can be easily generalized to a product of any finite number of suitable
measures since [16] (i) a product X x Y of second countable l.c.H. spaces X and Y is such a
space again and (ii) if du and dv are regular Borel measures on, respectively, X and Y, then
dp x dv is such a measure on X x Y.

Let us now apply lemma 5.1 to express an integral over I'“ with respect to du* in terms
of an integral over Fﬁ\é. Recall first that each I'; in (5.7) and I'r are second countable 1.c.H.
spaces. Each invariant measure dy; on I'; used to define du ™ is regular and Borel. Moreover,
dpy = crdpg,, where ¢; > 0 and duy, is the invariant measure on I'; given by the natural metric
on this space (see (2.9)). On the other hand, we can treat the rhs of (2.7) as the definition of a
positive functional on C°(I'r), which (by virtue of the Riesz representation theorem) allows
us to regard Ady, as a regular Borel measure on ['g. Taking into account all these facts,
equation (2.7) and lemma 5.1, it is straightforward to make the following transformations:

/Fe(b*\ll)a’uX — /XFK\I/ (Xdux) = c/XFK\I/ (Xdpg,) = c/ T (Xxgh(Aduy))

XFK

:c/ ¥ (Xxg'), (XAdu)) :c/ (Xxg ) ¥) (XAdp),  (5.11)
xT'g ry

where b*¥ € C°(I'?),c = c; - ... - cy, the product

Xxg' =xi' > xxy!
is given by the maps appearing in (5.8), and XAdy, is the product of N copies of Ady; .

Equation (5.11) can be now used to prove the following generalization of lemma 2.2:

Lemma5.2. Let VU :T% — C be continuous. If

/ YW dp* =0,
e

then ¥ = 0.

5.3.2. Hilbert half-densities on My. Here we will apply the construction of the Hilbert space
H® just presented to associate the Hilbert space H;’ with every pointy = {xk} of the manifold
My (let us recall that the set My is defined by the formula (5.2), and the smooth atlas on My
is introduced in appendix A.1).
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As shown in appendix A.3, for every y € My, there exists a distinguished decomposition
of the tangent space 7,,M into a direct sum of (linear subspaces naturally isomorphic to) the
tangent spaces {7, M} ¢

T,My = @ T M. (5.12)

XKEY

Suppose that {7y, } ¢ is a collection of scalar products of signature (p, p’) on, respectively,
{Ty,M}—in other words, each ~,, € I',,. This collection together with the decomposition
(5.12) define a scalar product 7, on 7, My of signature (Np, Np') according to the prescription
(5.6). We will denote by Iy’ the set of all such scalar products on 7, M.

Let x — dy, be the diffeomorphism invariant field (2.11) of invariant measures on M, used
in section 3.1.1 to construct the Hilbert space ;. Denote by du; the measure on I';’ defined
as the push-forward of the measure

dpgy, X - X djpgy,
given by the inverse of the natural bijection (see (5.7))
by:F§?—>I‘xl X oo x Ty (5.13)
This allows us to associate with the point y the following Hilbert space (see (5.9)):
HY =Ty, dp)) = (L, dptey) © -+ @ LDy, dpy) = Hy @ -+ - @ Hyyo (5.14)

Let us emphasize that the measure du;S does not depend on the choice of the ordering of the
spaces {I',, } in (5.13). Consequently, the Hilbert space HZ does not distinguish any ordering
of the Hilbert spaces {H,, } in (5.14). '

Definition. Let FI;@‘ denote the pseudo-Hilbert space of all half-densities over 7, My valued in
HﬁQ We will use the symbol (-|-), to represent the density product on IzljC A map ¥ from My
to

H:= | 1} (5.15)

YEMy

such that W(y) € H?, will be called Hilbert half-density on M. Equivalently, one can think
of W as of a section of the bundle-like set H®.

Regularity conditions. Again, we would like to impose on the Hilbert half-densities just
defined, some regularity conditions, which (i) would be helpful while defining physical oper-
ators on Hy and (ii) will ensure that the half-densities paired by means of the density products
{(:[)y}yemy» give integrable scalar densities on My.

The regularity conditions, we are going to introduce here, will be analogous to those pre-
sented in section 3.1.2. However, some differences will be unavoidable. The reason is that each
space I}’ does not consist of all scalar products on 7, My of signature (Np, Np'), but contains
only some special ones. Therefore, introducing and working with these new regularity con-
ditions, we will restrict ourselves to some coordinate systems on My, which, in a sense, are
compatible with decompositions (5.12) and, thereby, with the special form of the elements of
e,

" We showed in appendix A.l that for every y € My, there exist local charts
{(Uk, ¢x)}k=1...n on M such that (i) the sets { Ux} are pairwise disjoint and (ii) there exists
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a distinguished diffeomorphism from an open neighborhood Z, of y onto U; x - - - x Uy. The
composition ¢ of this diffeomorphism with the map ¢; x - - - X ¢, and the set Z, form a chart
(Z,, ®) on My (see (A.11)). All charts of this sort constitute a smooth atlas on the manifold
denoted in the appendix by .A. Here we will extend this atlas by admitting all charts obtained
by restricting domains of charts in .A. The extended atlas will be denoted by A’

Let 3 be the set of all permutation of the sequence (1, ..., N). Every chart in A’ defines a
local coordinate system

Ly = () (5.16)

on My, which is compatible with the decomposition (5.12) in the following sense: there exists
o € X such that the tangent vectors (Bx; ) (with fixed I) form a basis of TXU(,).M in (5.12) (see

appendix A.3 for a justification of this claim). Then each element of F;P ,y = {xx}, reads

N
Y = ()b dx® @ dx® = (9, 0 i j A @ k. (5.17)
K=1

Thus the map

FS) 3 'Vy(*b = ((7-’(0(1))1'1]1’ R ('VXU(N))iNjN) € F%
is of the sort of the map (5.8).
The description (5.17) of 7)",’) in terms of the components ((%CU K))ig jK) is more explicit than
that in terms of ((7{")ap). However, the symbols ((yx, )i jx) are fairly complex and thereby

somewhat unreadable. Therefore we would like to use the components ((7;")ap) instead of
them. To this end we will neglect each zero component (7, )ap for which a and b refer to

coordinates, respectively, x and xJ with I # J. This will allow us to treat the set ((%)ab)

(being in fact an element of R® 4im M?y a5 an element of 'Y and identify the two sets of
components under consideration:

((’Y;D)ab) = ((’Yx,,(l))iljl 9ty (’Yx,,(N))iNjN) .

Let us now introduce a coordinate representation of a Hilbert half-density ¥ on My. To
this end consider a chart (Z, ) € A’ and the corresponding coordinate system (5.16). Given
y € Z, W(y) is a half-density over Ty My valued in H, which means that the value of T(y) on
the basis (Bx,-l s 8x,-N) = (0.a) of the tangent space, is an element of the Hilbert space:

-1 N

U (y,(0w)) € Hy'.
Thus ¥ (v, (Oya)) is an equivalence class of a function
Iy 579" = U (y,(0w),7") € C.

Expressing y by means of the coordinates and v as in (5.17) we obtain a coordinate
representation of W being the map

D(Z) x TX 3 (7)) = v 75) =T (D71(x*), (D), 75 dx* @ dx®) € C. (5.18)

Now we can introduce the notion of continuous Hilbert half-densities on My of compact
and slowly changing Fﬁ\é-support exactly as we did in section 3.1.2 in the case of Hilbert half-
densities on M with only three exceptions:
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(a) The scalar product components (7;,%) in (5.18) do not describe arbitrary scalar products on

T,My, y = & '(x*) € Z, of signature (Np, Np'), but exclusively those in I'}. Therefore
the components are restricted to be elements of I'}.

(b) We do not allow ourselves to use arbitrary local coordinate systems on My, but only those
given by charts in A’.

(¢) Lemma 5.2 should be used instead of lemma 2.2.

This means in particular that (i) given an admissible coordinate system (x?), a continuous
coordinate representation of every Hilbert half-density on M in the system is unigue (pro-
vided it exists) and (ii) appropriate counterparts of lemmas 3.2, 3.4 and 3.5 can be proven in
the same way without any essential changes.

5.3.3. Pairing of Hilbert half-densities into scalar densities. Suppose that U and ¥’ are Hilbert
half-densities on M. Clearly, the map

My 3y = (W [0)(y) = (V)| T(y), € C (5.19)

is a scalar density on My (C here is defined analogously to C in section 3.1.1).

As before, if we assume that both half-densities U and U’ are continuous and that the
I'}-support of one of them is compact and slowly changing, then the scalar density (5.19) is
continuous. This fact can be proven analogously'? to the proof of lemma 3.6. The only essen-
tial difference is a bit more complicated passage from the counterpart of equation (3.14) to the
counterpart of equation (3.16), where now equation (5.11) should be used.

5.3.4. The Hilbert space Hy. Let H§, be the vector space of all continuous Hilbert half-
densities on My of compact My-support and of compact and slowly changing I'Y-support.
For any two elements U and U’ of ‘H§,, the scalar density (\I/’ |\I!) on My is continuous and of
compact support and therefore the density can be naturally integrated over this paracompact
manifold. The following map

HS X HS > (W, 0) — (U|0):= [ (VD) eC, (5.20)
My

where the integral at the rhs is the integral of the scalar density (\ff’|\ff), is an inner product on
Hyy-

By definition, the Hilbert space Hy is the completion of S, in the norm induced by the
inner product (5.20).

5.3.5. Uniquenessof Hy. Letusrecall that to construct the Hilbert spaces H; and Hy we used
the same diffeomorphism invariant field x — dyu, of invariant measures. If for this purpose we
used an other such field x — dji, instead, then we would obtain an other Hilbert space ')ilzv. It
is not difficult to realize (see equation (2.13)) that there exists a positive number ¢ such that

Hy U > —— € Hy (5.21)

5

10 The regularity conditions imposed on elements of ‘Hj, are expressed in terms of coordinate systems defined by charts
in A’. Therefore the result of this analogous proof will be a conclusion that a coordinate representation of the density
(5.19) in every coordinate system of this special sort, is continuous. But this is sufficient to claim that all coordinate
representations of the density are continuous (see equation (3.5)) and thereby the density is continuous.
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is a unitary map.
Thus we conclude that the Hilbert space Hyy is unique up to natural isomorphisms (5.21).

5.4. Action of diffeomorphisms of M on the Hilbert space Hy

Let 0 be a diffeomorphism of M. It induces the following map:
My 2 {x1,...,xn} = OHx, ..., xn ) ={0(x1),....0(xy)} € My

being a diffeomorphism on M y—see appendix A.4. Diffeomorphisms of this sort form a sub-
group of the diffeomorphism group on M. We will denote this subgroup by Diff y((My). We
showed in appendix A.4 that each © € Diff (M) preserves

(a) The atlas A on My,
(b) The decompositions (5.12),
(c) The spaces {I'}' }yc vty

Let ¥ be a Hilbert half-density belonging to Hy, and let © € Diff(My). Following the
definition (4.6) of the pull-back of a Hilbert half-density on M, we define the pull-back of ¥

(O D)(y, e,) = (O Y™ T(O(y), O'e,), (5.22)

where e, is a basis of 7, My, and ©' denotes the tangent map given by the diffeomorphism ©.
It can be shown that the pull-back ©*F is again an element of Hjy for every
O € Diffy(My). A proof of this fact is similar to the proof of lemma 4.1, one has only take
into account that each element of Diff (M) preserves the atlas A’ (since it preserves the
atlas A).
Moreover, every diffeomorphism © € Diff (M) preserves the inner product (5.20). This
can be proven analogously to lemma 4.2. The only extra work, which has to be done, is

(a) To note that if U e ‘Hjy, then for every y € My and for every basis e, of Ty My, the
equivalence class ¥(y,e,) € Hv@ possesses a unique continuous compactly supported
representative;

(b) To prove that the measure field on My
y—duy (5.23)

is invariant with respect to the action of all diffeomorphisms in Diff y(My).

To this latter end recall that if y = {xx} € My, then the measure dpy’ is given by the push-
forward of the measure Xdyi,, under the bijection by, I (see (5.13)). Let y' = {x}} be a point
of My such that xxg = 6(x%), which means that y = O(y’). As shown in appendix A.4, the
bijections by and by intertwine the pull-back ©" : T’ — I}, and the pull-back X6 : XT', —

XFX/K (see equation (A.29) for definition of x6"* and equation (A.30) for the relation between
the bijections and the pull-backs). Consequently,

((__)t*)*d/i‘x = (91*)*(b;1)*><d/ix1( = (b\zl)* (Xet*)* >< d/J.xK
= (b X (0 dpe) = (b)) Xdpy = dp
—here in the third step we used lemma 5.1, and in the forth step the diffeomorphism invariance

of the measure field x — dp, on M (see equation (2.12)). We thus conclude that, indeed, the
measure field (5.23) is invariant with respect to the action of elements of Diff v (My).
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As in the case of the Hilbert space H;, the pull-back (5.22) given by a diffeomorphism
© € Diffy(My) corresponding to € Diff(M), can be unambiguously extended to a unitary
operator on the Hilbert space M. It is convenient to denote this operator by Uy (8~ ')—then

0 — Uy(6) (5.24)

is a unitary representation of Diff(/M) on Hy.

5.5. Uniqueness of $

We assumed that each space Hy for N > 1 is built using the same diffeomorphism invariant
field (2.11) of invariant measures on M. Consequently, the resulting Hilbert space ) defined
by the orthogonal sum (5.4) stems from this field.

Suppose now, that a Hilbert space §) is constructed in the same way from an other such a
measure field—the other field is related to the former one by the formula (2.13). Then taking
into account the distinguished unitary maps (3.19) and (5.21) we see that there exists a distin-
guished unitary map (isomorphism) between § and §). If Uy € Hy, then this unitary map is
given by the following formula:

- Uy .
H 3 Wy) — (ﬁ) € 9.
We are then allowed to state that the Hilbert space §) is unique up to natural (or distinguished)
isomorphisms.

5.6. Unitary representation of Diff(M) on $

The unitary representations (4.9) and (5.24) of Diff(MM) on, respectively, H; and Hy, N > 2,
can be used to define the following unitary representation of the diffeomorphism group on the
Hilbert space $:

0 — €P Un ),
N=1

where 0 € Diff(M).

5.7 Hilbert spaces {$} built over M =R

In this section we will consider the Hilbert space §) built in the case M = R for signature
either (1,0) or (0, 1) and will show that this space is separable (regardless of signature). To
this end we will show first that for every N > 1 the Hilbert space Hy constructed over M = R
is separable.

In appendix A.2 we considered the manifold My, N > 2, constituted of points of M = R
and constructed a bijection ¢ : My — RY, where

RZZ{(X],...,XN)ERN‘X1>X2>"'>XN_1>XN}

is an open subset of RY. We have further demonstrated that ; defines a global coordinate system
on My. Setting M = M;, RL. =R and : = id on M; = R! will allow us to treat the case
N = 1 together with all the cases N > 2 in the considerations below.

Let us then fix N > 1 and a Hilbert half-density U e ‘Hjy. As shown in appendix A.2, for
every y € My there exists its open neighborhood Z such that the chart (Z, ¢|z) belongs to the
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atlas A on My and thereby to the atlas .A’. This together with continuity of ¥ mean that if
a coordinate system is given by (Z, ¢|z), then there exists a continuous coordinate represen-
tation of U in this system. Moreover, this continuous representation is unique (see the last
sentence of section 5.3.2). This uniqueness allows us to merge all such continuous coordinate
representations of W into one continuous representation

RY x I} 3 (x*, 7)) = ¥(x*~5) € C (5.25)

of U in the global coordinate system (x*) defined by the map ¢ (see (3.7) and (5 18)'.

Furthermore, ¥ under consideration is of compact and slowly changing T'}-support. Using
this fact we can conclude in an analogous way that for every y € My there exists its open
neighborhood Z, and a compact set K, € FfR\f such that for every (x*) € «(Z,) the support of
@y s contained in K, —1),a) is related to the map (5.25) by an obvious generalization of
(3.10).

Itis easy to convince oneself that, the other way round, if a Hilbert half-density T of compact
My- support is (i) continuous in the coordinate system (x*) and (ii) of compact and slowly
changing '} -support in the same system, then Ve Hy.

Lemma 5.3. The map
HE > T ), (5.26)

where 1) is the function (5.25), is a linear bijection from HS, onto the linear space C°(RY x
'Y, C) of all complex compactly supported continuous functions on RY x ry.

Proof. By reasoning similar to that used in the proof of lemma 3.5 one can show that the
map (5.26) is linear.

Let us fix ¥ and ¢ related by the map (5.26). We know already that ¢/ is continuous. Let us
then show that v is compactly supported.

It supp\il denotes the M y-support of 0, then obviously

supp\i/C U Z,,

yesupp ¥

where the sets {Z,} are defined in the paragraph just above the lemma. In other words,
{Zy}yesupp § 1s an open cover of supp V. By definition of H{,, the support of every its element

is compact. Therefore the cover {Z,} ., i i Y Sn=1,..m"

supp¥ C | |z, (5.27)
n=1
Suppose now that ¥(x* 75) # 0 for some (x*,75) € RY x I'Y. By continuity of 1,
\Il(y Oya) is a non-zero element of H® where y = 1~ (x*). Consequently, (x*) € «(supp \Il)

On the other hand, if ¢ (x?, v,,) 75 0, then () € supp ¢ But since (x*) € «(supp W), by
virtue of (5.27) there exists n € {1, ..., m} such that (x*) € «(Z,,). Then supp ¢ay C K, (the
sets {K, } are introduced just above the lemma). Consequently, () € Kj, .

I N = 1, then the existence of the continuous representation (5.25) follows directly from the definition of continuous
Hilbert half-densities on M. Moreover, for N = 1 the superscript & in +® in (5.25), is superfluous.
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We are then allowed to state that if y)(x?, ﬂy;'f)) # 0, then
(*) € usupp W), (v) € [ J Ky (5.28)
n=1

Note now that ¢(supp 0) is compact, because it is the image of a compact set under a con-
tinuous map. The set | J)"_K,, is compact being a union of a finite number of compact sets.
The Cartesian product of ¢(supp ¥) and U, K,, is then a compact subset of RY x 'Y and
therefore it is closed. Because it is closed and (x?, wﬁj) # 0 implies (5.28), then

supp vy C (L(supp ) x U Km> . (5.29)

n=1

We thus see that supp ¢ is a closed subset of a compact set. Therefore supp ) is compact.

We just proved that the map (5.26) is valued in C“(R’;’ x I'N_ C). To show that the map is
injective note that if ¢/ is the value of the map at ¥, then ¥ can be unambiguously reconstructed
from 1) by means of the obvious generalization of the formula (3.8).

To finish the proof it remains to show that the map (5.26) is surjective. To this end assume
that ) € C<(RY x T}, C). If

m i RY x TR - RY, m  RY x T} — TR,
D D D
(5 = (), &, Yan) = Yap)s

are canonical projections, then both sets 7 (supp ¥) and m,(supp ©») are compact being images
of a compact set under continuous maps. It is not difficult to show that for every (x*) € RY,
supp ¥ ay is a subset of m>(supp 10)—see the reasoning concerning the support of a function
h, in appendix B. This means that the Hilbert half-density ¥ defined on My by ¢ with the
help of the generalization of (3.8), is of compact and slowly changing I'} -support.

On the other hand, if (x*) ¢ 7 (supp ¢), then t(,ay = 0. Therefore, if U is defined by ¢ as
above, then W(y) # 0 implies y € +~! (7 (supp¥))). supp U is then contained in the compact
(and closed) set = (7 (supp ¢)) and Tisa half-density of compact M y-support.

Thus every ¢ € C“(R’i x TN, C) defines by means of the generalization of (3.8) an element
= ‘H§,. The map (5.26) is then surjective. U

By definition of Hy, the space Hj, is dense in Hy. We will show now that Hy is isomorphic
to a Hilbert space, which contains the space CC(RI;' X Fﬁ\é, C) as its dense subset.

Let us begin by expressing the inner product (5.20) in terms of an iterated integral over
RY x I'}. To this end consider an integrable scalar density F on My. If f is its coordinate
representation in the global coordinate system (x*) defined by ¢ (see (3.4)), then

/F= fdpy,
My Ré’

where dy} is the Lebesgue measure on RV, If F =V | U), where U/, ¥ € HS,;, then combining
equations (3.15), (3.16) and (5.11) we get

FO) = Fa 0, 0) = /F Db & (XAd)
R
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Here 1)(,a, is the function on I}y related by the obvious generalization of (3.10) to the coordinate
representation 1 of U’ in the coordinates (x*), and XAdyy, is the product of N copies of
Ady, . Taking into account the last two equations and the definition (5.20), we see that the
inner product

(W'0) = /R i ( /F Wb (XAduL)> duy. (5.30)

RY x T is an open subset of R?", and thereby a 1.c.H. space. Therefore by virtue of the
Riesz representation theorem, there exists a regular Borel measure dv on RY x I'} such that
integrals defined by both dv and duy x ¢ (XAdyy) coincide on C¢(RY x I'}). The measure
dv defines the Hilbert space L2(RY x I'},dv), and C¢(RY x T'}, C) turns out to be a dense
subset!? [16] of this Hilbert space.

Let us denote by (-|-)g, the inner product on L*(RY x T'},dv). If ¢/, 4 are related to,
respectively, VRS ‘Hj, by the map (5.26), then

W' )ay = /]RN FNW?# dv = /]RN FNww (duy x N (XAdpur))

-/ ( [ Tton (XAduL)> aul,
wy \Jry

where in the last step we used the Fubini—Tonelli theorem. Comparing the result above with
(5.30) we see that for every W', ¥ € HS,

(W' 0) = (' [1h)y-

We conclude that the map (5.26) (i) is a linear bijection between linear dense subspaces
of Hy and LZ(RQ' X FfR\f, dv) and (ii) preserves the inner products. Therefore the map can be
unambiguously extended to a unitary map from Hy onto L*(RY x Y, dv).

RY x '} is a second countable l.c.H. space being an open subset of R?V. As each reg-
ular measure on such a space is o-finite [16], so is dv. On the other hand, each o-finite
Borel measure on a second-countable space defines a separable L? space [19]. This means that
LA(RY x FfR\f, dv) is separable. Hy being isomorphic to the former Hilbert space, is separable
as well. Consequently, $ built over M = R is separable, since it is defined as the countable
orthogonal sum (5.4) of separable Hilbert spaces.

There is also another important conclusion, which can be drawn from the results just
obtained. Let us recall that on elements of Hj, there are imposed seemingly strong conditions
of compact M y-support and of compact and slowly changing FﬂR\f—support. This fact may raise
concerns about whether the resulting Hilbert space Hy is ‘large enough’ from a physical point
of view. But since H built over M = R turned out to be isomorphic to LZ(RQ’ x TN dv), then
at least in this case we can regard these concerns to be unfounded.

6. Construction of the Hilbert space &

Let us fix a manifold M, a metric signature (p, p') such that p + p = dim M and a diffeo-
morphism invariant field (2.11) of invariant measures on M. This field defines via (5.14) the

12 Proposition 7.4.3 in [16] concerns real functions. But by separating a complex function into its real and imaginary
parts one can show that the proposition holds true in the complex case as well.
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Hilbert space Hy@ for every y € My, where N > 2. Note however that the definition of My
applied to the case N = 1, gives the original manifold M (provided we identify y = {x} with
x € M). Then Hf? coincides with H, defined by (3.1) (under the same identification). This
observation allows us to simplify the presentation below by considering spaces { My} and
corresponding Hilbert spaces for all N > 1.

Let us then fix an integer N > 1 and consider a bundle-like set

me= | me. 6.1)

YEMy

Let Ky be a set, which consists of some special sections of H®: a section ¥ of H* belongs to
Ky if

(a) The set
{yeMy| ¥ #0} 6.2)
is countable;
(b) The sum
SR = v, (6.3)
YEMy
where || - ||, is the norm on Hy’, is finite (note that by virtue of the previous assumption,

the uncountable sum above reduces to a sum of countable number of positive terms).

Lemma 6.1. The map

Ky x Ky 3 (¥, 0) > (W]0):= Y (W'(y)|[T(), € C (6.4)
YEMy

is well-defined. Ky equipped with this map is a Hilbert space.

Let us recall that (-|-), in (6.4) is the inner product on Hf?. Note also that the map (6.4) can be
expressed alternatively as

(V'] = /M WV, dpo.

where dy, is the counting measure on My, being a diffeomorphism invariant measure on the
manifold.

A proof of lemma 6.1, as following the well-known case of the Hilbert sequence space I,
is relegated to appendix C.

For many practical purposes it would be convenient to have a dense linear subspace of
KCn, which would contain sufficiently regular elements of the Hilbert space. Denote by Kf, a
set, which consists of all elements {¥} of Iy of the following property: for every y € My,
the value ¥(y) € H;? is (an equivalence class of) an element of CC(Fﬁ), C), i.e., a complex
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continuous function on I';’ of compact support. Let K5/ be the set consisting of all elements
of Kf,, for which the set (6.2) is finite.

Lemma 6.2. levf is a dense linear subspace of Ky.

Proof. Sinceevery set C“(F_ﬁE , C) is a linear space, then both Cf; and ICfvf are linear subspaces
of KCy. It remains then to prove that ICfvf is dense in Ky. We will first show that KCf; is dense in
Ky.

Let us fix ¥ € y. Then the set (6.2) is countable and all its elements can be ordered to
form a sequence (y,,).

We know that every F;P = F% is L.c.H. space, and the measure dy’ is regular and Borel."?
These imply that the space C“(I'y’, C) is a dense subset of H;' = L*(I'y, du;) [16].

This means that if ¢/ is a non-zero element of Hy@, then there exists a sequence (¢,) of non-
zero elements of C°(I'y’, C), which converges to . Then the sequence (|¢7,]), where || - ||, is
the norm on Hy’, converges to [|¢)||,. Consequently, functions

'l/}m _ de”y ’l/};n c CL‘(]_'\(I)’(C)
meny

form a sequence, which converges to ¢ and for every m, ||1,,||, = ||¢||y (in other words, all
elements of the sequence (1/,,) belong to the sphere of radius ||¢/[|, centered at zero of H").

Let us fix a natural number m > 0. The conclusions above allow us to choose for every y,
a function 1, € C*(T';,, C) such that

1
[ = WOl < sl = 12O -

Define now a section ¥,, of H®:

Uy it y=y,
U (y) =

0 otherwise.

Obviously, for every V,, the set (6.2) is countable and

1Ol = D 1T = D 1O = 9] < o

YEMpy YEMpy

Thus ¥, is an element of [Cf.
On the other hand, the norm of ¥,, — W in the Hilbert space Ky, can be bounded from above
as follows:

[T = T2 = > ) = TG =D o — O3, <> R
yeEMy n=1 n=l

This result means that XC§, is dense in Cy. Note now that for every ¥ € K, and for every
€ > 0, there exists U € K/ such that || ¥ — ¥ 7l < e—if the set (6.2) for ¥ is infinite, then

13 See footnote 12.
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to obtain the desired WU it is enough to zero out values of W at appropriately chosen points in
My. Consequently, K¢/ is also dense in Ky. O

Taking into account experiences gained from the study of the spaces {Hy}, it is easy to
realize that

(a) if the Hilbert spaces Ky and KN are constructed as above, starting from two distinct
diffeomorphism invariant measure fields, then there exists a number ¢ > 0 such that

\\ .
Kya2V¥—» — ek 6.5
N \/C—N N ( )
is a unitary map.
(b) If 0 € Diff(M) and © € Diffy(My) are related diffeomorphisms, then the pull-back

U O,
(W) () =© )™ ¥ (©®y)

defined on ICIC\-,f is a linear bijection onto ICfo and preserves the inner product (6.4). Con-
sequently, with help of lemma 6.2 the pull-back can be uniquely extended to a unitary
map U, N0~ on Ky. Moreover, 6 — Uy(0) is a unitary representation of Diff(/M) on the
Hilbert space.

Each Hilbert space H;? is separable, because every Hilbert space H, is separable [1]. Let
{4y }nen be a basis of Hf? and let ¥y, be an element of Ky such that

'l/}yn if y, =Y
\ijn(y/) =

0 otherwise.

It is not difficult to demonstrate that {W,, } ey, nen is an orthonormal basis!* of Ky, which
thereby is a non-separable Hilbert space.

Now we are able to merge the spaces {Ky} into the Hilbert space R in the same way, the
spaces {Hy} were merged into §), that is, by means of an orthogonal sum:

ﬁ:zé/@v.

N=1

Let us recall that all the Hilbert spaces {Ky} above stem from the same diffeomorphism
invariant field (2.11) of invariant measures.
It is now a simple exercise

(a) To show that £ is unique up to natural isomorphisms built of the unitary maps (6.5);

(b) To construct a unitary representation of Diff(M) on & from the representations {Uy } just
defined.

Note also that £ is a non-separable Hilbert space being built from non-separable Hilbert
spaces {Cy }.

1470 prove that the linear span of { Wy, },c vy, nen is dense in Ky, one can use a reasoning similar to that used in the
proof of lemma 6.2.
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7. Summary and outlook

In this paper we constructed two Hilbert spaces $) and & over the set Q(M) of all metrics of
arbitrary signature (p, p), defined on a (smooth connected paracompact) manifold M'3. Each
space was obtained by merging the tensor products {H](1 ® - @ Hyy, tn=12, —every state in
$ was built of an uncountable number of elements of these products, while every state in &
from a countable number of them.

The Hilbert spaces {H,} were defined by means of a diffeomorphism invariant field
x — du, of invariant measures. The diffeomorphism invariance of this measure field resulted
in existence of a unitary representation of the diffeomorphism group Diff(M) on each Hilbert
space ) and K. On the other hand, the measure field is unique up to a multiplicative constant,
which resulted in uniqueness of each of the Hilbert spaces ) and K up to distinguished iso-
morphisms. The two Hilbert spaces {$)} built over M = R turned out to be separable, while
all the Hilbert spaces { R} to be non-separable.

The Hilbert spaces $) and K are constructed on the basis of the pointwise d.o.f. (5.1). Since
we are going to use the spaces obtained for signature (3,0) to canonical quantization of the
ADM formalism, there arises a question whether such pointwise d.o.f. are suitable for this
purpose. At the present moment we are unable to justify this choice on physical grounds. On
the other hand, from a mathematical point of view, the map (5.1) seems to be very simple and
natural. Let us also note that the application of the d.o.f. (5.1) allowed to construct the two
Hilbert spaces, both equipped with diffeomorphism invariant inner products, while (to the best
of our knowledge) similar constructions based on other d.o.f. defined on Q(M), have not been
known so far.

Let us now present an outlook to future research.

The most important question is whether either $ or & constructed in the case of signature
(3,0), can be used for the quantization of the ADM formalism. As emphasized in the introduc-
tion to this paper, there is no guarantee that the answer to this question is in affirmative. The
first step to be done to clarify this issue, is an attempt to define on the Hilbert spaces operators
[15] related to the ADM canonical variables. As it seems, the fact that each measure dyu, is an
invariant measure on the homogeneous space I, should result in self-adjointness of operators
related to the momentum variable.

Other issues we left open here are: (i) the relation between each Hilbert space Hy (being a
building block of $)) and the set of all ‘square integrable’ Hilbert half-densities on My, (ii) the
question whether each space Hy generated by the space Hj, of special Hilbert half-densities,
is ‘large enough’ from a physical point of view'® and (iii) the question whether all the Hilbert
spaces {$)} are separable.

In this paper we considered the bundle-like sets H, H® and H® defined, respectively, by
the formulas (3.2), (5.15) and (6.1). It is interesting, at least from a mathematical point of
view, whether these spaces can be endowed with local trivializations, which would make them
genuine bundles. In particular, it is interesting, whether the set H” is a Hilbert bundle (see e.g.
[20]) over M.

Let us emphasize that the Hilbert spaces $) and K are distinctly different from the space S
of quantum states built in [1] by means of the Kijowski’s projective method over the same set
Q(M) of metrics. To construct S, we extended each Hilbert spacein {H,, ® - - - ® Hy, fn=12...
to a larger space Sy, where A = {xy, ..., xy}. Namely, the space S was defined as the set of

15 Note, however, that both spaces $) and R do exist, even if the set Q(M) is empty.
16 Recall that in the case M = R the answer to this question is in affirmative.
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all algebraic states on the C*-algebra B, of all bounded operators on Hy = H,, ® - - - @ Hy,,.
Since all the sets {S)} form naturally a projective family, the space S were obtained as the
projective limit of the family. As a result, the space S is not a Hilbert space, but it is rather a
convex set of all algebraic states on a ‘large” C*-algebra, obtained by merging all the algebras
{By} [6].

Despite these differences, the spaces of quantum states: §), £ and S, are constructed of the
same building blocks (being the Hilbert spaces {H, @ - - - ® Hy, }n=12,..) and in our opinion
it is worthwhile to explore more closely the relations between these three spaces.
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Appendix A. The set My as a manifold

Let us fix an integer N > 2 and a smooth connected paracompact manifold M and define

MNI:{{Xl,...,XN}E{XK}CM ‘X]?éx‘/ for 175.]}

A.1. Smooth atlas on My

Our goal in this section is to define a smooth atlas on M, which will allow us to treat this set
a smooth manifold.
A submanifold of M. To this end let us consider the following set:

MY ={ (x1,..,xn) = (xg) € MY | x; # x5 for T#£J Y.

MY is an open subset of M". Indeed, if (xk) is an arbitrary point in MY, then for each
X7 € (xg) there exists an open neighborhood U; C M of x; such that

Vies UnNUy=g. (A.])
Then
U, ><-~-><UNE><UK

is an open subset of MV, contains the point (xg) and is contained in MS’ .
Consequently, M} is a smooth manifold being an open subset of MY,
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Action of permutations on M} Let 3 be the group of all permutations of the finite sequence
(1,2,3,...,N). Given ¢ € X, the following map

MY 2 (xk) = F(xK) = Koy, - - > o) = Xor) € MY (A2)

is a diffeomorphism on M}
To see this let us fix a point (x%) € MY and for every xy € (x%) choose its open neigh-
borhood Uj is such a way that (i) the neighborhoods {U;} satisfy (A.1) and (ii) each U; is a

Then the map
Xoxk =1 X -+ Xy :Up X -+ x Uy — RVIm M (A.3)

defines a local coordinate system (xi‘, . ,xﬁ{,") = (x??) on xUkg.
Clearly, the following map

(Poty X -+ X Poan) 0T 0 (o X -+ x oyt (xf L x)) = (LX) (A4)
between appropriate open subsets of RY 4™ M is smooth. Since ¢, X « -+ X @,y is amap on
Usqy X -+ - X Uy of the same sort as (A.3), smoothness of (A.4) means that the map (A.2)
is smooth as well. Consequently, the inverse map &~ is also smooth, since it is given by the
inverse permutation o~ !. Thus we see that, indeed, (A.2) is a diffeomorphism.

Natural projection from M} onto M. The map

MY 3 (xg) = T(xg) = {xx} € My, (A.5)

is a natural surjection (projection) from M} onto My, which ‘forgets’ about the ordering of
points in (xg). This map will be used to define the smooth atlas on My.

It follows immediately!” from (A.5) that for every {xx} € My and for every subset U of
MY,

' {xxk) ={ (k) |o €T}, 7 (r(U)) = U&(U). (A.6)

oceX

Topology on M. In order to define the smooth atlas on My, let us first equip the set with
a suitable topology: we will say that a set Z C My is open, if its preimage under 7, 7~ 1(Z), is
an open subset of M} This immediately means that 7 becomes a continuous map. Moreover,
the image m(U) of every open set U C M} is open—this is because by virtue of the second
of equation (A.6), the preimage of 7(U) is a union of open sets in M}

To show that the topology just introduced is Hausdorff, consider two distinct elements {xx }
and {x%} of My. Since M is Hausdorff, for every x € {xx} U {xk} there exists its open
neighborhood U, C M such that U, N Uy = ¢ if x # X. Because {xx} # {x%}, there exists
x" € {xk}, which does not belong to {xk }. Consequently, U, is disjoint with every U,,, x; €
{xk}, and therefore for each two permutation o, 0’ € X,

5 (XUy) NG (XUX/K ) — 9. (A7)

7Tt (xg) € MY, then the set { 5(xg) | 0 € X } C M represents the unordered set {xx} of pairwise distinct points
of M. Under this identification, My is the set of all orbits of the action (A.2) of the group ¥ on My
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It is clear that 7 (XUy, ) and 7 (X UX/K) are open neighborhoods of, respectively, {xx}

and {x%}. Suppose that the neighborhoods are not disjoint. Then their preimages under the
surjection 7 are also not disjoint:

67" (r (XUyg)) N (7r (xU_X% )) - ( Uza (xeK)> N (U &' (xek)>

o'ex

(here we used the second of equation (A.6)). But this contradicts equation (A.7), which
means that the neighborhoods under consideration are disjoint. The topology on My is thus
Hausdorff.

The atlas on M. Consider again the domain of the map (A.3), keeping in mind that for
I # Jthe sets U; and U, are disjoint. It turns out that the map 7|y, , that is, the map  restricted
to XUk, is a bijection onto its image. Indeed, it follows from the first of equation (A.6) that

m(xk) = m(xg) (A.8)
if and only if

(xk) = (xx) (A.9)
for some o € ¥. But since the sets {U, } are pairwise disjoint, the intersection

(XUk) N (XUk) = ¢ (A.10)

forevery o € X except the identity permutation. This means that if (A.8) holds for two elements
of XUk, then the elements coincide.
Denote by 7, Z}K the map from 7(XUk) onto XUy inverse to the map 7|y, . Let U be an

open subset of the (open) set XUy. Then the preimage of U under 7_, [}K

(Te0)” (U) = 7(U)

xUg

and therefore is an open subset of My (see the second of equation (A.6)). This means that
Ty l}K is a continuous map. Since the map 7 is also continuous, 7, [}K is a homeomorphism.

This property of 7, [}K allows us to define a local coordinate system on My: given a map
(A.3), the composition

o = (Xyk) oy, :m (XUg) — RN 4im M (A.11)

is a homeomorphism onto its image and defines thereby a local coordinate system on My.
Domains of all maps of the form (A.11) constitute an open cover of M. Therefore charts
given by all maps (A.11) and their domains, form a continuous atlas A on M.

A is smooth. Let us show now that A is also smooth. To this end consider the map (A.11)
and an other one of this sort:

- / -1 . / N dim M
¢ = (Xpk) oy i 7 (XUg) = R , (A.12)
and suppose that the domains of ® and ®' are not disjoint:
Z = (XUx) N (XUy) # 0. (A.13)

Our goal now is to show that the transition function ® o ®~! related to Z is smooth.
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Fix (x%) € XUj. Then 7(x}) € Z if and only if there exists (xx) € XUy satisfying
equation (A.8). We know already that (A.8) is equivalent to equation (A.9) holding for some
o € 3. We are then allowed to state that w(x}) € Z if and only if there exists o € X such that

(xk) € (XUy) N (XUx) = U,
or, equivalently, if and only if

(xp) € | JU, € XU.

oex
This fact together with the inclusion Z C F(Ml(;, ) (see (A.13)) mean that
Z=n (U UJ> = [ JmWo). (A.14)
oex oex

Applying (A.10) we see that if o # ¢, then
U,NU, =g. (A.15)

But 7 restricted to XUy is injective and therefore the sets {m(U,)} appearing at the rhs of
(A.14) are pairwise disjoint.

Now it is enough to find the transition function ® o ! on each non-empty set (U, ).
Consider then

(xx) = o(xx) € Us, (A.16)
where (x}) € XUy and (xg) € XUg. Then {xj} = m(x}) = 7(xx) = {xx} and

({2 h = (Xegk) () = () € RY 9m M,
d({xx}) = (Xpk) (xg) = (xff) € RY dm M,

Thus (x/,?‘ ) and (x??) are values of coordinates defined by, respectively, ®' and ®, of the same
point {x%} = {xk}. Using (A.16) we obtain the following relation between the values:

() = (Xegk) () = (Xk) 03) i) = ((Xook) 070 (Xoow) ) @) (A1)

Obviously, this relation is nothing else but the value of the transition function ®' o o1 at
(x¥). We thus conclude that @' o &~ ! on the set @ (7(U,)) is smooth, since it coincides with
the coordinate expression (A.17) of the diffeomorphism o—given /,

(] = ) o o (). (A.18)

Thus the transition map is smooth on its whole domain ®(Z) = U(,eE(I) (m(U,)).

Conclusions. Consequently, the atlas A is smooth and the set My is a smooth manifold.
But since we are going to integrate densities over this manifold we extend A to the maximal
smooth atlas on My, since restricting ourselves to the atlas .4 would be inconvenient.
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For every collection {Uk }k—1,.. v of pairwise disjoint open subsets of M, the map

44444

7'(';&;( :m (XUy) — XUy

such that Ux C Uk. Using the maps (A.3) and (A.11) we see that the following coordinate

. —1 .
expression for _ vy

(Xepx) oy 0 @7

is the identity on (Xpx(Ug)) C RN dim M,

This fact allows us to state that (i) My is locally diffeomorphic to M" and (ii) the projection
7 is smooth.

My is paracompact. A manifold is paracompact if and only if each connected component
of the manifold is second countable [21]. We assumed that M is paracompact and connected,
which means that M is second countable. Thus M" and M} are second countable as well.

Let B be a countable base for the topology of MJ. Suppose that Z is an open subset of
My. Then, by definition of the topology on My, the preimage 7~ '(Z) is open subset of M}
Consequently, the preimage is a union of open sets {U,} C B. We know already that = maps
open subsets of M} onto open ones in My. Thus

Z=n(r'@)=n (UUQ> = Jrw.).

The conclusion is that every open subset of My is a union of open sets being images of
elements of B under m—these images form a countable base for the topology of M.
My is thus second countable and thereby paracompact.

A.2. An example of My

Here we will find an explicit description of My for M = R by means of a global coordinate
system on M.

Let us fix an integer N > 2. If M = R, then for every y = {xx} € My it is possible to
form a decreasing sequence from all elements of y i.e. there exists a permutation ¢ € X such
that

Xo(1) > Xg2) >+ * > Xo(N—-1) > Xo(N)-
This observation allows us to define the following map
My 3 {xk} = «({xk}) = thedecreasing sequence of elementsof {xx} € My C R".
It is obvious that the map is a bijection onto its image such that
mo=Iid, tom =1id, (A.19)
where the last equation holds on «((My) C MY Let
RI;'::{ (X1 X)) ERY | xp > 20> - > xy ) > xy } C MY,

It is clear that (My) = RY.
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Fix an arbitrary z = (x1, ..., xy) € RY and define
2e:= min{ xg| — Xk | Xk+1,Xk € Z }.
If
Uk = 1xx — € xx + €|,

then x Uy > z is an open subset of RY. Since XUy C RY, the latter set is an open subset of
RN,

Moreover, since the sets { Ug } just defined satisfy (A.1) it is not difficult to realize with help
of equation (A.19) that ¢ restricted to 7 (XUK) is a map of the sort of the map (A.11) (with
g being the identity on Uk). This means that every y € My possesses an open neighborhood
Z such that (Z,t|z) is a chart belonging to the atlas .4 on the manifold. This is sufficient to
conclude that the map ¢ defines a global coordinate system on the manifold M.

Thus if M = R, then My can be identified with RY being an open subset of R".

A.3. Natural decomposition of tangent spaces to My

Let us fix a pointy = {xx} € My, the numbering of elements of y and open subsets { Ux } of
M satisfying (A.1) such that xg € Ug. Let y, be a subset of y obtained by removing from y
the point x;: y, = {x1,...,x/-1, X/41,. .., xy}. Define a map

U x— &, (x)={x}Uy € My. (A.20)
To demonstrate that this map is smooth consider the following smooth map

U >x— 5_81(x) = (X0 s X1y Xy X1y - - -5 XN) € ./\/lf,v
Clearly,

&, =mo ;),, (A.21)

which means that ;, is a composition of two smooth maps.
If §, is the tangent map defined by &,,, then £ (T, M) is a linear subspace of T, M. This
subspace is generated by all curves in My of the following form:

&, (x(®) = {x(} Uyr € My, (A.22)
where  — x(t), x(0) = x;, is a differentiable curve in U; C M.

It is evident that

N

T MY = P &L (T M),

K=1

where 5;.)[’( denotes the tangent map given by §SK. Let us now act on both sides of this equation
by the tangent map 7' defined by 7. Since 7 restricted to XUk is a (local) diffeomorphism!®
to My, we thus obtain

N N
T, My = ' (T MY) = @ '€ (T M) = P&, Ty M), (A23)
K=1 K=1

18 This is because 7_;}

vy 1s alocal diffeomorphism as proven at the end of appendix A.1.
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where in the last step we used (A.21).

Suppose now that the product XU k 1s the domain of the map (A.3), which is used to define
the map @ via (A.11). Denote by (x¥) the value at y = {xx} of the coordinates defined by ®.
Then the following curve

I (WO(XQDEI)) (X{,-..,xj_l,x;+t,x;+l,_”,x51vim/\/l)
1,1 i1 i i1 di
:{901 (XI,-..,X; ’xll+t’xll+""’xllmM)}U{yl}EMN

defines the tangent vector QC; € TyMy. Taking into account the formula (A.22) we conclude

of & (T, M).
To simplify the notation, in the main body of the paper we will identify
oy (Ty M) =Ty M (A.24)
and write

N
T, My = P Ty M.

K=1

A.4. Diffeomorphisms of My induced by those of M
Definition. Let 6 be a diffeomorphism on M. It induces a map on My as follows:
My > {XK} — @({XK}) = {Q(XK)} € My (A.25)

(if {xk} consists of pairwise distinct points of M, then the points in {f(xg)} are pairwise
distinct too). Let us show now that © is a diffeomorphism on M.
To this end consider the following map

MY 3 (xk) = 00ek) = (B(xk)) € MY
Clearly,
Oomr=mo8. (A.26)

Consider now maps (A.11) and (A.12) assuming that Uy = 0(Uk) and ¢}, = ¢k © §~!. Then
using (A.26) we obtain

P oOo0d ! =& 000 () o (Xpx) =P 00 o0moXyy!
= (XQDIL) o 71';[}}( omofo X(p,}l
= (X(prob™") o X(@o g =id (A.27)

on (chL) X Uk. This means that for every diffeomorphism 6 of M, the map © is smooth. But

© ! exists and is smooth, since it is given via (A.25) by #'. © is thus a diffeomorphism of
My.
If © is induced by 6 via (A.25), then

Diff(M) = 8 — © € Diff(My)
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is a homomorphism. Its image is a subgroup of the diffeomorphism group of M. This
subgroup will be denoted by Diff v (My).

Note also that it follows from (A.27) that ® o ©~! coincides with ®'. This means that
©~! maps a chart in A to an other one in .A. In other words, the atlas A is preserved by all
diffeomorphisms in Diffy,(My).

Diffeomorphisms in Diff y(My) preserve the decompositions (A.23). Let 6 € Diff(M)
generates O € Diff (M y). Using the notation introduced in appendix A.3, we have for every
x e Ur:

(© 0 &) = {0(x)} UOW) = (Lowy, © )(x),

where O(y); is the set obtained by removing the point f(x;) from ©(y). If ©' denotes the tangent
map given by O, then by virtue of the equation above,

©'&), (Ty M) = Egy, 0 (Ty M) = €y, (Toep M. (A.28)

This means that © maps the decomposition (A.23) at y into the decomposition (A.23) at ©(y).

Diffeomorphisms in Diff(My) preserve the spaces {I'y'}. Let 6 € Diff(M), and © be
the corresponding element of Diffy(My). To simplify the notation, in line with the identi-
fication (A.24), we will denote elements of both &, (T, M) and Ty, M by the same symbols
vy, ¥;7. Similarly, taking into account equation (A.28) we will identify ©'v; being an element
of ©'¢l (T, M) with 6'v; being an element of Ty(.,)M. Then for every v € Ty My

N N
Qv = ' <Z v1> = 29’1}1.
=1 =1

Lety = {xgx} € Myandletx}; = 6 '(xk). Theny’ = {x}} = ©'(y). Suppose that {Vxe }
are scalar products (of the same signature) such that ~y,, € I, and that 7;’5 € 1";?3 is constructed
of these scalar products according to equation (5.6). Consider now the pull-back @’*7}?5 :

N

N
(et*%(*b) (v,0) =y’ (0'v,0'7) = Z Va (0"0r, 0"01) = Z (0" ) (vr, 1),
=1

I=1

where v, v € Ty My. We see that the pull-back ©* ;" is a scalar product on Ty My constructed
of scalar products {6"*y,, } via (5.6). Therefore ©"" € FS?.

We are then allowed to conclude that diffeomorphisms in Diff(My) preserve the spaces
{F;? tyemy- Moreover, regarding the correspondence given by the bijection (5.13), we see that
the pull-back ©" : T'y’ — T} corresponds to the pull-back

X0 =0" x - x0": T, XX Ty =Ty X x T (A.29)
More precisely,
by 0 ©" = (X0") o b, (A.30)

provided the ordering of the spaces of scalar products {Ix } and {I'y } is chosen as in (A.29).

Appendix B. Proof of lemma 5.1

Since X, Y, X" and Y’ are second countable 1.c.H. spaces, so are the products X x Y and X’ x Y’
[16]. If two regular Borel measures are defined on second countable l.c.H. spaces, then their
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product is well defined and again is a regular Borel measure [16]. Therefore both product
measures, which appear in (5.10) are regular and Borel. That being the case, by virtue of the
Riesz representation theorem, it is enough to show that for every 1 € C°(X x Y),

/ h ((andp) X (Bdv)) = / h (o x B)(dp x dv)). (B.1)
XxY XxY

Each second countable I.c.H. space is metrizable [16]. Let then dx and dy be corresponding
metrics on X and Y. Then

3 ((x, ), (%,3)) =1/ 03(x, X) + 033, 5)

isametric on X X Y compatible with the product topology. The canonical projections 7y : X X
Y—=X, (x,y)—=x,and 7y : X X Y — Y, (x,y) — y, are continuous maps.
Given x € X, let us define

Yoy~ h(y):=h(xy) €R.

The support of h,, if non-empty, can be characterized as follows: y € supp £, if and only
if for every € > 0 there exists y € Y such that /,(y) # 0 and 6y(y,y) < €, or, equivalently,
if and only if for every € > 0 there exists a pair (x,y) € X x Y such that h(x,y) # 0 and
0 ((x,y), (x,y)) < e. This last statement implies that (x,y) € supp h. We thus showed that if
y € supp hy, then (x,y) € supp k. Butif (x,y) € supp A, then y = 7y(x,y) € my(supp k). Thus
supp h, C my(supp k). This inclusion holds also if supp &, is empty.

Note now that 7y (supp /) is compact being the image of the compact set supp /2 under the
continuous map 7y. We see that supp A, is a closed subset of a compact set and therefore is
compact as well'.

On the other hand, continuity of z implies continuity of 4,.

We conclude that for every x € X, h, € C°(Y) and accordingly to (2.5)

/ hy (Budv) = / (B*hy)dv. (B.2)
Y Yy’
Consider now the following function
X3 x— h(x)= / hy (B.dv) € R. (B.3)
Y

Suppose that x ¢ mx(supp k). This means that for every y € Y, h,(y) = h(x,y) = 0 and conse-
quently (x) = 0. Thus if 4(x) # 0, then x € wx(supp /). Therefore supp 2 C mx(supp h), since
mx(supp ) is compact and thereby closed. We conclude then that supp / is compact being a
closed subset of a compact set.

Let

s= sup |h(x,y)]
(xy)eXxY

19 More precisely, supp i, C my(supp k) is a closed subset of ¥ and therefore is a closed subset of 7y(supp i) (i.e. is
closed with respect to the subspace topology on 7y (supp /)). This means that supp /, is a compact subset of 7y (supp /)
and therefore it is a compact subset of Y.
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and

s if y € my(supp h),
Y>y—h@):=

0 otherwise.

Since 7y (supp k) is compact and the measure /3,dv is regular, h is integrable with respect to the

measure. Moreover, for every x € X, |h,| < h. These two facts allow us to use the Lebesgue’s

dominated convergence theorem to conclude that the function / is continuous®.

We thus showed that & € C¢(X) and consequently by virtue of (2.5)

/ B (apdp) = / () du. (B.4)
X X'

Now we are ready to show that equation (B.1) holds. To this end let us transform the lhs of
this equation using the Fubini—Tonelli theorem and the formulas (B.2), (B.3) and (B.4):

/ h (@udp) x (B.d0) = / [ / s (&dv)} (cudps) = / i (dp)
XxY X Y X
X' X/ Y

= / |: (ﬂ*ha(x/)) dV:| d:u’
X/ Y

- / ((a x B)'h) (dpu x dv) = / h (@ % B)(dys x dv))
X'xy! XxY

(note also that a x 8 is a homeomorphism and therefore (o x ()*h is continuous and
compactly supported.)

Appendix C. Proof of lemma 6.1

To prove lemma 6.1 we have to show that (i) Ky is a linear space, (ii) the map (6.4) is an
inner product on Cy and (iii) Iy is complete in the norm defined by the inner product (6.4).
The proof of the lemma we are going to present here, follows a proof of an analogous lemma
concerning the Hilbert sequence space /> (see e.g. [22, 23]).

Ky is a linear space. If ¥, ¥’ € Ky and z € C, then

@) =zP(@)., (T +T))=T) + V).

It is now obvious, that z¥ € Ky for every z € C. Regarding the sum ¥ + W’ note first that the
set

{yeMy|¥@) #0o0r U'(y) #0} (C.1)

20 Note that since X is metrizable we can apply here the criterion of continuity formulated in terms of sequences of
arguments and values of a function.
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is countable. Therefore all its elements can be ordered into a sequence (y,). The value || ¥ +
U’||? can be now bounded from above as follows:

n=1 n=1
Z (eI, +20CE 2Ol + eI, ) -
n=1

where || - [|, is the norm on H;’. Note now that 2ab < a* + b* for every real numbers a and b.
Therefore

o0

1O+ 912 < > QITODIS, + 21T 0w,) =2 (1] + [¥']?) < oo

n=1

Thus ¥ + ¥’ € Ky and Ky is a linear space.
The map (6.4) is an inner product. To prove that the map (6.4) is well defined, consider
again the same elements ¥, U’ € Ky and the same sequence (y,) of points in (C.1). Then

(U|0) = S (WO =Y (T TGy,
n=1

YEMN

where (-|-), is the inner product on HY. Let us show now that the series above is absolutely
convergent—then its sum does not depend on the ordering of points in (C.1) into a sequence
and, consequently, (U'|¥) is well defined.

To this end we will apply the Schwarz inequality to every term in the following series:

DBRILACHINICHMES L ACH] R Z6] [
n=1 n=1

—_—

[\
[\

<5 (ORI + 1ol = 5 LR e <
n=1

(here in the second step we again used the inequality 2ab < a® + b*).
Thus the map (6.4) is well-defined. It is now an easy exercise to show that it is an inner
product on [Cy and that the norm defined on the set by the inner product coincides with (6.3).
Ky is complete. It remains to show that Ky equipped with the norm is a complete space.
Let us then suppose that (V,,),,—1 2, . is a Cauchy sequence of elements of /Cy. Then the set

{y € My | 3 m suchthat ¥, (y) # 0}

is countable and we can form a sequence (y,) using all elements of this set. Thus for every
€ > 0, there exists mg such that for every m, m' > my,

[ = Tl =D W) = T G)lf5, < € (C2)
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Consequently, for every n and every € > 0, there exists m such that for each m, m’ > my,

H\IIm(Yn) - \Ijm/(yn)”i" < 62.

This implies that for every (fixed) n, the sequence (¥,,(y,)) has a limit in (the complete space)
Hf[j —this limit will be denoted by /,. Let then ¥ be a section of H® such that

/(/)n if Yy =DYn
V()=

0 otherwise.

We will show now that (i) the sequence (V,,) converges to ¥ in the norm (6.3) and (ii)) ¥ € Cy.
It follows from (C.2) that for every [ and for every m, m’ > my,

1
Z H\I/m(yn) - \I/m/(y")H,%n < 62'

n=1

Therefore for every [ and for every m > my,

l !
Tim Y ([ W) = T O, = D 120 = TOWI;, < €.
n=1 n=1

Consequently, for m > my, passing to the limit as / tends to the infinity, we obtain

(o @]

S ) = TEDI2, = D I1a) — TG} = [T, — T> < . (C3)

n=1 YEMpy

We conclude then that W is the limit of (V,,).

Evidently, the set (6.2) for ¥ — U, is countable. It follows from (C.3) that ¥ — W, is of
finite norm (6.3). Thus ¥ — ¥, is an element of Ky. But because ¥,, € Ky and Ky is a linear
space (as proven above), ¥ belongs to [Cy.

We thus showed that every Cauchy sequence of elements of /Cy converges to an element of
this space. The space is then complete.
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