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Abstract: We theoretically analyze phonon-assisted tunneling transport in a quantum dot side

connected to a Majorana bound state in a topological superconducting nanowire. We investigate

the behavior of the current through the dot, for a range of experimentally relevant parameters, in

the presence of one long-wave optical phonon mode. We consider the current-gate voltage, the

current-bias voltage and the current-dot–Majorana coupling characteristics under the influence of

the electron–phonon coupling. In the absence of electron–phonon interaction, the Majorana bound

states suppress the current when the gate voltage matches the Fermi level, but the increase in the

bias voltage counteracts this effect. In the presence of electron–phonon coupling, the current behaves

similarly as a function of the renormalized gate voltage. As an added feature at large bias voltages, it

presents a dip or a plateau, depending on the size of the dot–Majorana coupling. Lastly, we show

that the currents are most sensitive to, and depend non-trivially on the parameters of the Majorana

circuit element, in the regime of low temperatures combined with low voltages. Our results provide

insights into the complex physics of quantum dot devices used to probe Majorana bound states.

Keywords: quantum dot; Majorana bound states; electron–phonon interaction; optical phonon;

quantum transport

1. Introduction

Majorana bound states (MBSs) are zero-energy excitations in topological materials
known to form a potential platform for solid state quantum computation due to their
non-Abelian statistics [1–5]. Previous theoretical works [6,7] considered devices based on
semiconducting nanowires realized from InAs or InSb with strong spin–orbit coupling
located in the proximity of s-wave superconductors (SCs). The latter were threaded by
an external magnetic field in order to drive the nanowire into its topological supercon-
ducting phase by creating MBSs. Such theoretical proposals were further confirmed via
experiments [8]. Other theoretical works proposed experimental setups realized from topo-
logical insulators [9], magnetic nanoparticles on SCs [10], nanomagnets [11] and p-wave
SCs [12,13] to create MBSs.

A minimal setup to probe MBSs in topological superconducting nanowires (TSNWs)
requires the coupling of the nanowire to a quantum dot (QD), which introduces regular
fermionic degrees of freedom [14,15]. The presence of MBSs requires the conductance to
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take the value of e2/2h, which is measured through the QD via normal leads [15]. Several
theoretical designs based on either single QDs–TSNWs or double QD interferometer–TSNW
setups [16] have been considered in order to probe the MBSs via transport properties
such as (thermal) [16–21] conductance [16,22–34], current noise [22,35–38] and Josephson
current [39,40]. Details on the experimental detection of MBSs via transport characteristics
measurements have been reported elsewhere [8,41–48]. The photon-assisted transport
properties of QD–MBS setups have been studied in the literature both theoretically [49–53]
and experimentally [54].

Over the last few years, the effect of optical phonons on the transport properties of
QD–MBS systems has attracted great attention [55–60]. The phonon-assisted transport
properties of QDs coupled to MBSs have been studied in Refs. [58,59] in order to establish
the connection between the electrical current and heat generation in such systems. In a
recent study, we analyzed the phonon-assisted transport properties in a QD connected
to a Majorana ring structure [60]. We found the periodicity of zero-temperature linear
conductance, as a function of threading magnetic flux phase, to be independent of the
electron–phonon interaction (EPI), as well as of changes in QD energy and finite values of
the QD–MBS couplings when the Majorana wave functions do not overlap.

In this work, we study the phonon-assisted transport properties of a QD coupled to
one MBS located at one of the ends of a TSNW. We measure the current through the QD
via metallic leads. The QD interacts with a single long-wave optical phonon mode. We
treat the EPI within a canonical transformation which leads to the renormalization of QD
energy, dot-leads and dot–MBS couplings. Here, we consider the effect of EPI strength and
temperature on the QD–leads and QD–MBS couplings, which is usually neglected in the
literature [58,59]. Under such conditions, we discuss in detail the transport characteristics
of the considered system for unhybridized and hybridized MBSs.

The article is organized as follows. In Section 2, we present the theoretical model used
by us, and perform a canonical transformation on the system Hamiltonian to eliminate the
EPI. We then calculate the tunneling current using the nonequilibrium Green’s function
method. We show and discuss the results in Section 3. Finally, we present our conclusions
and discuss the significance of our main results in Section 4.

2. Theory

We consider a QD connected to two normal leads and to one of the ends of a TSNW
via a MBS, as it is shown in Figure 1. The normal leads allow the measuring of a current
through the QD. The dot energy is tuned by the gate voltage Vg applied to the gate electrode.
The interaction between the QD electron and the single long-wave optical phonon mode
leads to phonon-assisted transport. The Zeeman energy, VZ, the largest energy scale in
the system, is created by the applied magnetic field which drives the nanowire into the
topological superconducting phase when the relation VZ >

√

∆2 + µ2 is fulfilled. Here,
∆ and µ represent the SC energy gap and nanowire chemical potential, respectively. The
considered system is described by the Hamiltonian [15,60–63]:

H = Hleads + HMBS + Hph + HQD + Htun. (1)

The Hamiltonian Hleads in Equation (1) models the noninteracting electrons in both leads,

Hleads = ∑
γ,k

εγk c†
γkcγk, (2)

where c†
γk (cγk) is the creation (annihilation) operator for an electron with momentum

k in the left (γ = L) and right (γ = R) leads. Therefore, εγk = εk − µγ represent the
single-particle energies and the chemical potential µγ. In the following, the leads are at the
same temperature (Tγ = T). The next term in Equation (1), HMBS, describes the interaction
between MBSs,

HMBS = iεMη1η2, (3)
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where εM ∝ e−L/ξ is the Majorana overlap energy with the TSNW length (L) and supercon-
ducting coherence length (ξ). Here, η1 and η2 are the Majorana operators related to the two
MBSs located at the opposite ends of the TSNW.

Figure 1. Schematic representation of a QD connected to a MBS located at one of the ends of a TSNW.

Here, η1 and η2 denote the Majorana operators corresponding to the two MBSs in the TSNW. The dot

is coupled to two normal leads with coupling strength Γ. The electron in QD interacts with a single

long-wave optical phonon mode of frequency ω0. The notations λ and β represent the QD–MBS and

electron–phonon coupling strengths, respectively.

The third term in Equation (1), Hph, models the longitudinal optical phonon mode,

Hph = h̄ω0a†a, (4)

with the energy h̄ω0. Here, a† and a are the phonon creation and annihilation operators.
The QD Hamiltonian, HQD, is given by

HQD = εdd†d + β(a + a†)d†d, (5)

where εd is the QD energy and d†(d) is the creation (annihilation) operator for an elec-
tron in the QD. The EPI is modeled by the second part of Equation (5) where β is the
electron–phonon coupling strength. The last term in Equation (1), Htun, represents the
tunneling Hamiltonian,

Htun = (λd − λ∗d†)η1 + ∑
γ,k

(

Vγkc†
γkd + V∗

γkd†cγk

)

, (6)

where the first term in Equation (6) describes the coupling of strength λ between the
QD and the MBS η1 located at one of the end of TSNW. The second component of
Equation (6) refers to the coupling between the QD and the lead γ and is characterized by
the Vγk tunneling amplitude. For further calculations, the Majorana operators η1 and η2 in

Equations (3) and (6) will be replaced with regular fermionic operators η1 = ( f † + f )/
√

2
and η2 = i( f † − f )/

√
2. In order to explore the transport properties of the system, we bias

the QD as µL = −µR = eV/2, while the SC is grounded, i.e., µS = 0. We also restrict our cal-
culations to the wide-band limit [64] for a symmetrically coupled QD–lead system display-

ing an electron-hole symmetry, i.e., Γe
γ = Γh

γ = Γγ = Γ, where Γ
e(h)
γ = 2π ∑k |Vγk|2δ(ε∓ εγk)

is the coupling between the dot and the lead γ for electrons (holes). Furthermore, we con-
sider the relatively weak electron–phonon coupling limit [61], by employing the nonequi-
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librium Green’s function technique [64–66] in the subgap regime |eV| < ∆. In this case,
at finite temperature the current takes the form [60]:

I =
ie

2h
Γ

∫

dε
[

f e
L(ε)− f e

R(ε)
]

[G>

d (ε)− G<

d (ε)]11. (7)

Here, f e
γ(ε) represents the Fermi–Dirac distribution function for electrons in lead γ and

G
<(>)
d (ε) is the lesser (greater) Green’s function matrix of the QD in Nambu space [67,68].

Next, we set kB = h̄ = 1. The corresponding lesser and greater Green’s functions, appearing
in Equation (7), are determined by using a canonical transformation H̄ = eS He−S with
S = (β/ω0)d

†d(a† − a) which aims to eliminate the electron–phonon coupling term in
the Hamiltonian given by Equation (1) [60–62,69,70]. Thus, the transformed Hamiltonian
becomes H̄ = H̄El + Hph where the electron term is

H̄El = Hleads + HMBS + H̃QD + H̄tun, (8)

with

H̄tun =
1√
2
(λ̃d − λ̃∗d†)( f + f †) + ∑

γ,k

(

Ṽγkc†
γkd + Ṽ∗

γkd†cγk

)

. (9)

Here, H̃QD = ε̃dd†d and the renormalized dot energy ε̃d = εd − gω0, with g being equal to
g = (β/ω0)

2. Furthermore, the QD–leads and QD–MBS couplings become renormalized
as Ṽγk = VγkX and λ̃ = λX with X = exp(−(β/ω0)(a† − a)). Here, we apply the

approximation X ≈ 〈X〉 = exp(−g(Nph + 1
2 )) [62], where Nph = 1/(eω0/T − 1) is the

Bose–Einstein distribution function. This approximation holds if Vγk, λ ≪ min(β, ∆) or
β ≪ min(Vγk, λ, ∆) [55,62,71]. The lesser and greater Green’s functions are given by

G<

d (ε) =
∞

∑
l=−∞

LlG̃
<

d (ε + lω0),

G>

d (ε) =
∞

∑
l=−∞

LlG̃
>

d (ε − lω0),

(10)

where Ll = e−g(2Nph+1)elω0/(2T) Il(2g
√

Nph(Nph + 1)) is the Franck–Condon factor at finite

temperature [62]. Here, Il(z) is the lth order modified Bessel function of the first kind. Note
that Ll becomes Ll = e−ggl/l! for l ≥ 0, while Ll = 0 for l < 0 at T = 0. The dressed

lesser (greater) Green’s function G̃
<(>)
d is calculated by employing the Keldysh equation

G̃
<(>)
d = G̃r

dΣ̃
<(>)G̃a

d with the use of corresponding lesser (greater) self-energy Σ̃
<(>).

Thus, the current given in relation (7), at finite temperature, reads [60]

I =
e

2h
ΓΓ̃

∞

∑
l=−∞

Ll

∫

dε
[

f e
L(ε)− f e

R(ε)
]{

(|G̃r
d11(ε + lω0)|2 + |G̃r

d12(ε + lω0)|2)
[

f e
L(ε + lω0) + f e

R(ε + lω0)
]

+ (|G̃r
d11(ε − lω0)|2 + |G̃r

d12(ε − lω0)|2)
[

2 − f e
L(ε − lω0)− f e

R(ε − lω0)
]}

.

(11)

The dressed retarded Green’s functions of the QD, G̃r
d11(ε) = 〈〈d|d†〉〉r

ε and G̃r
d12(ε) =

〈〈d|d〉〉r
ε, in Equation (11) are calculated by employing the equation of motion technique [60,72]:

G̃r
d11(ε) =

ε + ε̃d + iΓ̃ − |λ̃|2K

(ε − ε̃d + iΓ̃)(ε + ε̃d + iΓ̃)− 2(ε + iΓ̃)|λ̃|2K
,

G̃r
d12(ε) =

−|λ̃|2K

(ε − ε̃d + iΓ̃)(ε + ε̃d + iΓ̃)− 2(ε + iΓ̃)|λ̃|2K
,

(12)

with K = ε/(ε2 − ε2
M). Note that if εM = 0, the retarded Green’s functions given by

Equation (12) reduce to the results of [56]. Note that the current can be simply determined
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at zero temperature by replacing the Fermi–Dirac function f e
γ(x) in Equation (11) with the

Heaviside one θ(µγ − x).

3. Results and Discussion

In the following, we discuss the transport properties of the QD–MBS system intro-
duced above for a few experimentally relevant parameter regimes.

As already mentioned in Section 2, the system parameters must be smaller than the
SC energy gap ∆, which is on the order of 250 µeV in TSNW experiments [8]. In addition,
our phonon-assisted transport calculations are performed in the limit where the QD–
lead and QD–MBS couplings are weaker than the electron–phonon coupling strength
(Γ, |λ| < β) [60]. In our calculations, the symmetrical QD–lead coupling Γ is used as the
energy unit. The optical phonon energy ω0 and EPI strength are considered to be ω0 = 5 Γ

and β = 2.5 Γ. For more details regarding the choice of parameters based on experimental
measurements, see Ref. [60] and references therein.

We analyze the transport characteristics of our system at a finite temperature, thus
serving as a relevant case for real systems. We also consider the β and T dependence of

Γ̃ = Γe−g(2Nph+1) and |λ̃| = |λ|e−g(Nph+1/2). Recall that the QD energy can be tuned by the
gate voltage (Vg) applied to the gate electrode, i.e., εd ∝ Vg. In the following subsections,
we show how the transport current is influenced by the system parameters.

(i) The effect of QD–MBS coupling |λ| and bias voltage V on current vs. gate voltage
characteristics

We first study the effect of QD–MBS coupling |λ| and bias voltage eV on the char-
acteristics of current vs. ε̃d = εd − β2/ω0 for unhybridized Majoranas in the presence of
EPI at a finite temperature T = 0.1 Γ. Figure 2a shows the current I as a function of ε̃d

for different values of the dot–MBS coupling |λ| when the system is biased as eV = 2 Γ.
The calculations are made for unhybridized MBSs (εM = 0) in the absence and presence of
EPI with a fixed electron–phonon coupling strength β = 2.5 Γ. We observe that in absence
of EPI and MBSs, a single Lorentzian resonant peak emerges at ε̃d = εd = 0. The amplitude
of this peak is reduced when the dot couples to one of the ends of a TSNW (i.e., |λ| 6= 0)

in the dot energy range −(Γ + |eV|
2 ) . εd . (Γ + |eV|

2 ). Beside the dot energy domain

|εd| & (Γ + |eV|
2 ), the magnitude of the current |I| increases slightly with |λ| (see Figure 2a,

dotted lines). In the presence of EPI, the current has a maximum at ε̃d = 0 and the absolute
value of its amplitude is reduced compared to the β = 0 case. When the QD hybridizes
with the MBS (|λ| 6= 0), the spectrum of I is changed (see Figure 2a, solid lines). Similarly
to the no EPI case, the suppression of |I| is realized when the renormalized dot energy

ε̃d is situated within the energy region −(Γ̃ + |eV|
2 ) . ε̃d . (Γ̃ + |eV|

2 ). Otherwise, when

|ε̃d| & (Γ̃ + |eV|
2 ), a slight increase in the current magnitude |I| with |λ| is observed. This

behavior of the current agrees qualitatively with the results of Ref. [58] where the effect of
EPI and temperature on Γ and |λ| is neglected by considering the couplings as constants.
The effect of the bias voltage eV on the characteristics of I − ε̃d is shown without EPI
in Figure 2b and with EPI of strength β = 2.5 Γ in Figure 2c. In the absence of EPI and
MBSs (Figure 2b, black lines), the magnitude of |I| increases with the increase in bias |eV|,
in agreement with the literature [73]. However, when the MBS is introduced in the system
with β = 0 (see Figure 2b, red and green lines), the magnitude of the current is reduced with

respect to the case of |λ| = 0 within the dot energy region −(Γ + |eV|
2 ) . εd . (Γ + |eV|

2 ),
in agreement with the result shown in Figure 2a. In the presence of EPI with MBSs (see
Figure 2c), the current responds in the same way to the change in |λ| for small values of
the voltage |eV| as in the β = 0 case under the mappings εd → ε̃d and Γ → Γ̃, respectively.
In the β 6= 0 case, the effect of the hybridization of MBS with QD on the I − ε̃d curves
alters depending on the bias voltage (discussed also in Figure 5a below). Consequently,
the change in current magnitude due to the QD–Majorana coupling |λ| can be counteracted
by tuning the bias voltage.
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Figure 2. (a) The current I as a function of ε̃d for different values of the QD–MBS coupling |λ| with

unhybridized MBSs (εM = 0 Γ). The bias voltage is fixed as eV = 2 Γ, while the solid (dotted) lines

correspond to the β = 2.5 Γ (β = 0 Γ) case. The current I as a function of ε̃d for unhybridized MBSs

(εM = 0 Γ) at different values of bias voltage eV and QD–MBS coupling |λ| in the (b) absence and

(c) presence of EPI with β = 2.5 Γ. Here, the solid, dashed, dot-dashed and dotted lines correspond

to voltages eV equal to 0.5 Γ, 2 Γ, 4 Γ and 8 Γ, respectively. In all cases, the temperature is fixed at

T = 0.1 Γ.

(ii) The effect of MBS overlap energy εM on current vs. gate voltage characteristics

Next, we investigate the effect of the overlap energy εM on the I − ε̃d characteristics.
Figure 3 shows the results for the current I as a function of QD energy εd in the absence
of EPI and as a function of ε̃d in the presence of EPI with coupling β = 2.5 Γ at different
values of the overlap energy εM for two QD–MBS coupling |λ| values. The temperature
and bias voltage are fixed at T = 0.1 Γ and eV = 2 Γ, respectively. We observe that the
current magnitude around ε̃d = εd = 0 without EPI and ε̃d = 0 with EPI reduces with the
increase of overlap energy εM when the QD weakly couples to the MBS (see Figure 3a).
In the weak |λ| case with a given εM 6= 0, we also see that by moving away from εd = 0
for β = 0 (or ε̃d = 0 for β 6= 0) to larger |εd| (or |ε̃d|) values, there is a critical value above
which the current changes from a reduction to an enhancement relative to the εM = 0 curve.
Therefore, we observe that a further increase in εM leads to the current amplitude at ε̃d = 0
with EPI (or at εd = 0 without EPI) beginning to increase (see the inset in Figure 3a). At
stronger |λ| (see Figure 3b with its inset), the current reacts differently to the change in
εM relative to the |λ| = 0.5 Γ case. Namely, near εd = 0 for β = 0 or ε̃d = 0 for β 6= 0,
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the current amplitude increases with εM. When the QD level passes a critical energy value,
the current magnitude at a given εM will be reduced relative to the εM = 0 case. This
critical dot energy value moves to smaller |εd| with the increase in εM. Note that the current
curve peak in the presence of EPI (Figure 3, solid lines) is narrower than the one without
EPI (Figure 3, dotted lines) because of the renormalized QD–lead coupling Γ̃.

Figure 3. The current I as a function of ε̃d for different values of the overlap energy εM with

fixed electron–phonon coupling strength β = 2.5 Γ at two values of the QD–MBS coupling |λ|:
(a) |λ| = 0.5 Γ and (b) |λ| = 1 Γ. The solid (dotted) lines correspond to the EPI presence (absence)

case. Insets show current I as a function of overlap energy εM at ε̃d = 0 Γ in the presence of EPI

with β = 2.5 Γ (solid line) and at εd = 0 in the absence of it (dotted line) for QD–MBS couplings:

(a) |λ| = 0.5 Γ and (b) |λ| = 1 Γ. The temperature and bias voltage are T = 0.1 Γ and eV = 2 Γ,

respectively.

To further understand the regime eV 6= 0 and |λ| 6= 0 with εM 6= 0, we plot in
Figure 4a,b the current I for different values of the overlap energy εM and bias voltage eV
in the absence of EPI at εd = 0 and in the presence of EPI at ε̃d = 0 with electron–phonon
coupling strength β = 2.5 Γ, respectively. These results are represented as a function of
QD–MBS coupling |λ| at a finite temperature T = 0.1 Γ. We can see that in the absence of
EPI with unhybridized Majoranas (see Figure 4a,b, blue dotted lines), the maximum of the
current that emerges at εd = 0 significantly reduces when the dot hybridizes with the MBS,
in agreement with the result from Figure 2a. We can observe that |I| increases with |eV|
at fixed values of |λ|, in agreement with the results from Figure 2b. Therefore, the value
of QD–MBS coupling |λ| where |I| presents a significant reduction, shifts to higher values
of |λ| with the increase in bias |eV|. In the case of hybridized MBSs, at a given εM, there
is a critical value for QD–MBS coupling, where the effect of εM on the current amplitude
changes from a reduction to an enhancement relative to the εM = 0 case. This critical
value of |λ| depends on the bias voltage eV. The increasing bias |eV| leads to negligible
influence of the finite overlap energies considered here on the current curves. Note here
that a relation for the current I(eV) = −I(−eV) can be established, as seen also in Figure 5
below. To better understand the current-bias voltage dependence when the dot–Majorana
coupling changes, we plot in Figure 4c the current I as a function of eV and |λ| in the
absence of EPI for unhybridized MBSs at εd = 0 and a finite temperature T = 0.1 Γ. In



Nanomaterials 2023, 13, 1616 8 of 15

Figure 4c, we notice that the line |λ| ∝ eV represents an inflection point which corresponds
to a peak in the differential conductance. Figure 4d shows the results for the current I as a
function of overlap energy εM and QD–MBS coupling strength |λ| in the absence of EPI
at a fixed voltage eV = 2 Γ, dot energy εd = 0 and temperature T = 0.1 Γ. The current
map details further changes with the enhancement of the MBS–MBS coupling strength
εM predominantly when the QD strongly couples to the MBS (see also Figure 4a). In the
presence of EPI (see Figure 4a,b, solid lines), the amplitude of current |I| is reduced relative
to the β = 0 case which is more visible at voltages near eV ≈ 4 Γ (see also Figure 5 below
for a larger eV domain). The I − |λ| curves for β 6= 0 show the same behavior as those for
β = 0 at low bias voltages.

Figure 4. The current I as a function of QD–MBS coupling |λ| at different values of the overlap energy

εM for bias voltage (a) eV = 2 Γ and (b) eV = 4 Γ. The solid (dotted) lines correspond to the β = 2.5 Γ

at ε̃d = 0 Γ (β = 0 Γ at εd = 0 Γ) case. The insets in each panel zoom in on current. (c) The current

I as a function of bias voltage eV and QD–MBS coupling |λ| for unhybridized MBSs (εM = 0 Γ) in

the absence of EPI. (d) The current I as a function of overlap energy εM and QD–MBS coupling |λ|
at bias voltage eV = 2 Γ in the absence of EPI. The QD energy is εd = 0 Γ in (c,d). The considered

temperature is T = 0.1 Γ.

(iii) The effect of QD–MBS coupling |λ| and MBS overlap energy εM on current vs. bias
voltage characteristics

In the following, we investigate the current-bias voltage characteristics of the proposed
system at different values of the QD–MBS coupling |λ| in the absence and presence of
EPI for both unhybridized and hybridized MBSs. The results are shown in Figure 5 at
ε̃d = 0 with EPI of strength β = 2.5 Γ and at εd = 0 without EPI and at a finite temperature
T = 0.1 Γ. The current I shows a step-like structure as a function of bias voltage eV. This
structure is explained below. In the absence of EPI and MBSs (see Figure 5a, red dotted line),
when the system is positively biased (eV > 0) and µR < εd < µL (with µL = −µR = eV/2),
the dot is able to receive an electron from lead L and transfer it to lead R, which results
in a current passing through the dot. Such a system (without MBS or EPI) has already
been detailed in Ref. [74]. When the dot couples to the MBS, the magnitude of the current
|I| reduces in the vicinity of zero-bias voltage with the increase in QD–MBS coupling
|λ| for unhybridized MBSs (see Figure 5a with its inset, dotted lines). The width of this
voltage window, where the current is affected by the QD–MBS coupling, becomes larger on
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enhancing |λ|, in agreement with the findings from Figure 4c. In the presence of EPI and
absence of MBSs (see Figure 5a, black solid line), the I − V curve is visibly different and
new steps show up in the spectrum which correspond to the opening of phonon-assisted
tunneling channels [75]. When the dot hybridizes with the MBS in the β 6= 0 case for εM = 0
(see Figure 5a, blue and green solid lines), further changes in the I −V characteristics can be
observed. For instance, in the positive bias domain, i.e., eV & 0, we see that the amplitude
of I decreases with the enhancement of QD–MBS coupling |λ| when the bias voltage is
approximately within 2lω0 . eV . (2l + 1)ω0. Instead, this amplitude increases with |λ|
in the bias regimes (2l + 1)ω0 . eV . 2(l + 1)ω0 with l = 0, 1, 2, . . . . These findings are
consistent with the results reported in Ref. [58]. For negative voltages (eV . 0), the changes
in current are similar, taking into account the antisymmetric nature of the I − V curves.

Figure 5. (a) The current I as a function of bias voltage eV at different values of QD–MBS coupling

|λ| for unhybridized MBSs (εM = 0 Γ). The current I as a function of bias voltage eV at different

values of the overlap energy εM for QD–MBS couplings: (b) |λ| = 0.5 Γ and (c) |λ| = 1 Γ, respectively.

The solid and dotted lines correspond to the presence and absence of EPI. The electron–phonon

coupling strength and renormalized dot energy are β = 2.5 Γ and ε̃d = 0 Γ, respectively. In the

absence of EPI the QD energy is εd = 0 Γ. The temperature is T = 0.1 Γ. The insets in each panel

zoom in on current near the zero-bias at positive voltage.

Thus, the current |I| decreases with the increase in |λ| when eV is within
(2l + 1)ω0 . eV . 2(l + 1)ω0 and it increases with |λ| when 2lω0 . eV . (2l + 1)ω0

with l = −1,−2, . . . , respectively.
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The effect of overlap energy εM on current-bias voltage characteristics is illustrated in
Figure 5b,c for two values of the dot–MBS coupling |λ|, both in the absence at εd = 0 and
presence of EPI with strength β = 2.5 Γ at ε̃d = 0. In the absence of EPI (see Figure 5b,c,
dotted lines), we observe that the current magnitude |I| increases with the overlap energy
εM near the zero-bias regime, when the voltage is constrained within |eV| . V . Here,
V ∝ (2|λ| + εM) for a given |λ| 6= 0. Otherwise (|eV| & V), the current |I| reduces
slightly on increasing εM. In the presence of EPI for hybridized Majoranas (see Figure 5b,c,
solid lines), the finite εM significantly influences the current-bias voltage characteristics.
Namely, for a positively biased QD system (eV & 0), the magnitude of the current |I|
increases with εM when the bias voltage is located within 2lω0 . eV . 2lω0 + Ṽ and
(2l + 1)ω0 . eV . 2(l + 1)ω0 − Ṽ and decreases with the increase in εM when eV is
within 2lω0 + Ṽ . eV . (2l + 1)ω0 and 2(l + 1)ω0 − Ṽ . eV . 2(l + 1)ω0, with l = 0, 1,
2, . . . . Here, we introduced the notation Ṽ ∝ (2|λ̃| + εM) for a given |λ̃| 6= 0 with the
restriction 0 < Ṽ < ω0. For a negatively biased QD (eV . 0), the alteration of the current
behavior as a response to the change in εM is expressed similarly to the case of eV & 0 by
taking into account the asymmetric property of I − V characteristics. Consequently, when
the dot couples to the MBS, the current can be amplified or reduced by changing the value
of Majorana overlap energy at a fixed bias voltage.

(iv) The effect of dot–MBS coupling |λ| and Majorana overlap energy εM on current vs.
temperature characteristics

We plot in Figure 6 the current I as a function of temperature T for different values of
the bias eV, QD–MBS coupling |λ| and overlap energy εM in the absence at εd = 0 and in
the presence of EPI with β = 2.5 Γ at ε̃d = 0. We first observe that the current is suppressed
for β 6= 0 relative to its value at β = 0 (see Figure 6a–c and insets as well as solid and dotted
lines). We find that the current shows a nonmonotonic behavior with temperature T for
unhybridized Majoranas when the QD weakly couples to the MBS at low bias voltage in
both the β 6= 0 and β = 0 cases (inset in Figure 6a, green solid and dotted lines). Namely,
|I| increases with T up to a specific value and begins decreasing above that value. With the
increase in |λ| this tendency of the I − T characteristics starts to vanish (inset in Figure 6a,
brown solid and dotted lines). As the bias increases, the nonmonotonic behavior of the
current with T emerges at stronger coupling |λ| (see Figure 6a, brown solid and dotted
lines). Note here that this tendency of the I − T characteristics disappears at higher voltages
for values of |λ| which satisfy the approximation applied here. In the case of hybridized
MBSs with relatively strong overlap energy, the nonmonotonic behavior of the current with
temperature disappears at small biases eV (see the inset in Figure 6b, red and green lines).
In addition, |I| varies nonmonotonically with temperature at weaker |λ| with stronger εM

at bias eV = 2 Γ (Figure 6b, green solid and dotted lines). This behavior of the I − T curves
starts to vanish with further increase in εM. When the QD couples strongly to the MBS,
the current decreases with temperature at low bias voltages (eV = 0.5 Γ, see the inset in
Figure 6c). The nonmonotonic behavior of the current–temperature curves holds for values
of εM considered here at eV = 2 Γ and |λ| = 1 Γ (see Figure 6c). Similarly to the |λ| = 0.5 Γ

case, the further increase in εM smears the nonmonotonic behavior of the current as a
function of temperature at eV = 2 Γ. Note here that the nonmonotonic behavior of current
with temperature vanishes at higher bias voltages regardless of the |λ| coupling values
within the limits set by the approximations used here. In this case, the overlap energy also
shows less influence on the I − T characteristics. Consequently, the response of the current
to the changes in temperature is altered nontrivially depending on bias voltage, QD–MBS
coupling and Majorana overlap energy.
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Figure 6. (a) The current I as a function of temperature T at different values of the QD–MBS coupling

|λ| for unhybridized MBSs (εM = 0 Γ) at bias voltage eV = 2 Γ. The inset in (a) shows the results at

eV = 0.5 Γ. The current I as a function of temperature T at different values of the overlap energy εM

and at bias voltage eV = 2 Γ for QD–MBS couplings: (b) |λ| = 0.5 Γ and (c) |λ| = 1 Γ. The insets in

(b,c) show the results at bias eV = 0.5 Γ. The solid (dotted) lines represent the results with (without)

EPI. The renormalized QD energy is ε̃d = 0 Γ in the presence of EPI while the dot energy is εd = 0 Γ

in its absence. The electron–phonon coupling strength is β = 2.5 Γ.

4. Conclusions

In the present work, we have investigated the complex physics of a QD coupled to
a MBS located at one of the edges of a TSNW. In addition, the phonon-assisted transport
properties of the considered setup were explored in the subgap regime when the localized
electrons in the QD interact with a single long-wave optical phonon mode. When determin-
ing the current, the EPI was treated by employing a canonical transformation within the
nonequilibrium Green’s function technique. We discussed in detail the effect of EPI on the
current vs. gate voltage, current vs. bias voltage and current vs. dot–Majorana coupling
characteristics for unhybridized and hybridized MBSs at finite temperature. We established
that in the absence of EPI the dot–Majorana coupling strength suppresses the current when
the dot energy is located near the Fermi level, especially at low bias voltages; therefore, the
Majorana overlap energy and dot–Majorana coupling have a more significant impact on
the transport under this low bias regime. The effect can be counteracted by increasing the
bias voltage. In the presence of EPI, the effect of dot–MBS coupling on the current-gate
voltage characteristics can be regulated by changing the bias voltage. The current-bias
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voltage curves present a step-like structure in the presence of electron–phonon coupling
due to the phonon-assisted tunneling through the dot. The effect of Majorana overlap
energy on current vs. bias voltage characteristics alters depending on the bias voltage value.
Note that the current is insensitive to charge fluctuations at high voltages. We found that
the current shows a nonmonotonic behavior with temperature depending on the values
of QD–MBS coupling, overlap energy, gate and bias voltages. The current shows sizable
changes at low temperatures if the bias voltage is low. Note that the current–temperature
dependence is strongly affected even by lower gate voltage variations. In the future, we
plan to extend this investigation to determine if such systems possess parameter regimes
for which it is easy to establish the presence or the absence of MBSs in the system via
transport measurements. Finally, the device geometry investigated in this work should
be experimentally realizable by taking into consideration the recent advancements in the
field [46,48,76]. Our investigation can serve as a guide for experiments probing MBSs with
QDs, helping to enlarge the understanding of topological quantum computation.
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