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Abstract

Parameterized gate circuits are used in many applications in the current Noisy Intermediate-Scale Quantum (NISQ) era of quantum
computing. These parameterized gates are mainly implemented using analytically found pulse protocols, often yielding suboptimal
gate times, and consequently, fidelities. Alternatively, gate optimization algorithms are designed to construct high-fidelity pulses for
individual fixed points in a continuous parameter space. Gates for intermediate parameters can subsequently be found by some form
of interpolation between previously constructed pulses. Nevertheless, it is not guaranteed (as with analytic protocols) that the pulses
found by the optimization algorithms belong to the same family of solutions and thus resemble each other. Interpolation of two pulses
from different solution families often leads to high infidelities, as the pulse strays away from the minimum in the parameter/fidelity
landscape. This work introduces a spectral clustering method to sort high-fidelity, optimized pulses in families and interpolate solely
between pulses of the same family. Accordingly, interpolations will always approach maximal fidelity. Furthermore, as more than one
pulse family is constructed, the parameter space can be partitioned, and according to this partition, a family prevails fidelity-wise. This
work provides a meticulous demonstration of our constitutive continuous gate family construction by applying it to a universal gate set

for Rydberg and Cat qubits under noise.
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1. Introduction

In order for a quantum computer to be able to perform all possi-
ble computations, it has to possess the ability to execute a uni-
versal gate set, consisting of all possible single-qubit rotations
and at least one entangling two-qubit operation [1]. The canoni-
cal single-qubit gate set consists of the rotation gates over angle 0:
Rx(0), Ry(0), and Rz (), which form the basis for many variational
quantum algorithms (VQAs) [2]. These parameterized gates are
executed in physical systems using some control function on the
qubits, i.e., laser pulses or electrical currents, specific to each indi-
vidual parameter. Currently, quantum computing systems are in
the Noisy Intermediate-Scale Quantum (NISQ) era, where qubits
are highly susceptible to noise [3]. This means that it is important
to choose the optimal control function to mitigate noise, which
is often not a standard analytical protocol, but some faster con-
trol pulse as constructed by a pulse optimization algorithm [4—9].
These variational methods often lead to faster pulses with higher
fidelity as a result.

The problem with these optimization algorithms is that, un-
like analytical protocols, they only prescribe pulses for one fixed
point in the parameter space at a time, and not for the en-
tire continuous set of parameters, which is especially relevant
for VQAs [10—12], where many different parameter realizations
are necessary. For constructing control pulses, a new unique

parameter is required every time, which is too expensive com-
putationally, making it infeasible in majority of VQAs. The task
at hand is to extend a collection of solutions for discrete points
in a parameter space to the entire continuous set by some form
of interpolation. However, this approach has an underlying com-
plication. Assume a set of M subsequent and close points in the
gate parameter space {6;}, for which one wishes to optimize the
pulses. Initially, the pulse optimization algorithm will find a local
minimizing pulse for 6y, and as the optimization problem is reg-
ular, there will be a corresponding local minimizing pulse for 6,
as long as the two values for 6 are close enough. In general, there
exist corresponding pulse solutions for each 6;, which we then call
a pulse family, as introduced in [13]. Interpolating within a pulse
family will yield pulses for intermediate values of 6, with compar-
atively high fidelities. The problem, however, is that there is no
guarantee that for every value of 6;, matching local minima will
be found, and thus there is no guarantee that all the found opti-
mized pulses will belong to a single family. Interpolating between
two pulse families will generally yield lower fidelities because the
resulting pulses will not be in local minima of the pulse/fidelity
landscape (see Figure 1).

Previous work has been done on the construction of high-fidelity
continuous gate sets. In [4, 9, 14], pulses that mitigate hardware
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Figure 1 e Graphical representation of the pulse interpolation
problem. A pulse optimization algorithm might find one of the
several local minimizing pulses for 6; and 6;, ;. If these are corre-
sponding local minima, the pulses belong to the same family (blue
or pink) and interpolation yields a pulse for 6, ,» with a high fi-
delity. If the minima do not correspond, interpolation happens be-
tween pulses of different families, yielding a pulse for 6, /> with
a low fidelity (purple).

errors were constructed based on a parameterized Hamiltonian.
These results are extended to the continuous case in [15]. The
study in [16] is the first to mention the problem of similarity be-
tween pulses, but the study was only related to single-parameter
optimization. In [13, 17—19], methods that optimize continuous
gate sets were devised while maintaining pulse similarity across
different parameters for interpolation purposes. In [13, 17], a neu-
ral network approach was used, where the networks were trained
by randomly sampling the parameter space. The disadvantage of
such a black-box method is that verification of the resulting pulses
is nontrivial. In [18], Trotterization was used to implement con-
tinuous parameter exponential matrices, but the study did not ac-
count for time optimization. The work in [19] utilizes the Tikhonov
regularization and feedforward to enforce pulse similarity, and
this is partly employed in our method. However, our work is the
first to utilize clustering methods from the graph theory [20, 21] to
find multiple families of gates, which has three main advantages
over all previous methods:

« First, partitioning the parameter space according to where cer-
tain pulse families outperform the others has the potential to
yield exceedingly higher fidelities than a singular family ap-
proach.

« Finding multiple families allows for the selection of pulses that
are best suited to experimental procedures after verification on
a setup.

 The clustering method provides a more well-suited manner of
interpolating pulses using Wasserstein-2 distances from opti-
mal transport (see Section 3).

The layout of this article is as follows. Section 2.1 describes op-
timal control methods used to construct optimal pulses for dis-
crete parameter values 6;. Section 2.2 prescribes our pulse family
clustering algorithm, its relation to other methods, and its advan-
tages. Section 2.3 details the interpolation methods employed in
this work. In Section 3, we show initial results for our approach,
starting with results on the Wasserstein-2 distance to characterize
pulse similarity in Section 3.1 Section 3.2 illustrates the increases
in fidelities our method has for interpolation. Finally, Section 4
summarizes and presents a future outlook.

2. Materials and methods

2.1. Pulse optimization

The application analyzed in this work is creating a universal pa-
rameterized gate set of Rx(0), Ry(9), Rz(0), and Rzz(6), where 6 €
[0, ]. This will be performed on the Rydberg qubits [22, 23], an ar-
chitecture that recently has become exceedingly mature, and also
on Cat qubits [24, 25], which recently are gaining traction within
the quantum computing community. This illustrates the versatil-
ity of our methods. In this section, we briefly describe the opti-
mization procedure for fixed parameters 6;, which has been well
described in literature [2, 26, 27]. The evolution of the qubit sys-
tem density matrix p; follows a Lindblad equation [28] of the form

Ope = —i[Heys[2(t)], pe] + L(pe),  p(0) = po,

1
L(p) =D wVkpVi — §’Yk{V1J£Vk7P}a
x

®

where Hiy[z(t)] is the system’s Hamiltonian controlled by user-
defined and optimizable pulses z(t) and £ is the Lindblad operator
responsible for the different sources of decoherence in the system.
Vi and ~; are the jump operators with corresponding strengths,
defining the Lindblad operator. The pulses are functions on [0, 7],
where T'is the gate end time, bounded by experimental limitations
as Zmin < z(t) < Zmax. The physical interpretation of the pulse type
is system specific. In Rydberg systems, we can control the tran-
sitions between the |0), |1), and |r) states on qubit j using cou-
pling strengths Q4 ; and detunings A ; on transition |a) <+ |b)
to get z(t) € {Qo1,i(t), A1,j(t), (1), Ay} [2]. Meanwhile, Cat
qubits offer control on the single-photon drive E;(t), the detun-
ing A;(t), the interaction strength g(t), and the two-photon drive
G;(t) [24]. This gives z(t) € {E;(t), A;j(t), Gj(t), g(t)}. For the Ryd-
berg and Cat qubit systems, we introduce characteristic timescales
Tryd = 1/Qdmax and 7car = 1/K, respectively, where Quax is a max-
imal coupling strength in the Rydberg system and K is the Kerr
nonlinearity in the Cat qubit system. Since our methods are ag-
nostic to the qubit architecture and the physical implementation
is not integral to understanding our results, we do not further dis-
cuss details on the specific systems here. For detailed Hamiltoni-
ans, Lindblad operators, and a discussion on the pulse end times
T, see Supplementary material A.

A solution to the Lindblad Eq. (1) for a specific set of pulses z(t)
is described by a trace- preserving, completely positive operator
called a quantum channel &, s.t. pr = &,(po) [29]. For each spe-
cific gate U € {Rx(6:),Ry(6:), Rz(6:), Rzz(6;)} to be created, the
goal is to optimize the fidelity given by

>, Tr (UP]TUT(SZ (Pj)) @
4Nd + d? ’

min F(&;, U) := min

(2)
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asin [30]. Here, N is the number of qubits and d is the dimension
of the qubit system. For Rydberg systems, d = 3%, and for Cat
systems, d = 2. P; are the Pauli matrices (for Rydberg extended
to a three-dimensional system), of which there are 4". Using the
software package Boulder Opal, we optimize the pulses z(t) for the
cost function in Eq. (2), using the package’s standard convergence
criteria [6, 31]. For all problems in this work, we optimize M = 20
equidistant predefined angles {6;} in the parameter space [0, 7].

2.2. Pulse clustering

After having optimized the pulses for discrete fixed parameters
{6:}", these need to be partitioned in corresponding solution
branches, or families. Here, we detail our method of clustering
pulses in a fixed number of families using spectral clustering [21].
This method sorts the nodes V of a weighted graph G = (V, E, w)
into a fixed number of clusters. E are the edges of the graph,
and w are the weights on these edges encoding the similarity of
two nodes. To apply this method to the discrete pulse sorting, we
define a fully connected graph, where each node i corresponds
to one of the optimized pulses found for a specific parameter

0;, as shown in Figure 2. The weights are set as w(z1,22) =
(dist(z1,22) + €)', where dist is some distance on the space of
pulses and e = 10~* is a small regularization parameter. As a basic
approach, the Lo distance [32] can be used as

T
LQ(Zl,ZQ) = / |Z1 (t) —Z2(t)|2dt. (3)
0

This distance function is often implemented as it is efficient to
compute. However, it does not fully serve our needs, since it does
not capture shifts on the time axis well. The L, distance only com-
pares pulse values pointwise in time (see Figure 3, where the
highest peak shifts, causing a big L, distance between the pulses
even though they are quite similar in shape). As long as two pulses
do not overlap, a large time shift causes the same maximal L.
distance as a small shift. To remedy this issue, the Wasserstein-
2 distance [33] can be used. This distance has its origins in the
mathematical framework of optimal transport and defines the cost
of moving one distribution onto another, which is more closely re-
lated to our intuitive likeness of pulses (see Figure 3). The impor-
tant point to understand is that the Wasserstein-2 distance treats
the pulses as distributions on the plane R? and calculates the cost

dist(z,, z,)

Figure 2 o To distinguish between different pulse families, pulses are represented as nodes in a graph with the edge weighs between
them equal to some distance function d. The spectral clustering algorithm takes as input the distance matrix (right), and creates clusters

minimizing the distances between pulses of the same cluster.

Wasserstein

=

t >
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Figure 3 ¢ Example of Wasserstein-2 vs. L, distance. (a) If two pulses are compared in L, distance, both small and large time shifts can
result in maximal dissimilarity. The Wasserstein-2 distance is able to capture these shifts because it tries to transport one pulse onto the
other. (b) Example of a coupling v € II between pulses z; and z»; the Wasserstein-2 distance aims to construct a minimal coupling in

the sense of (A.14).

ACADEMIA QUANTUM 2024, 1

30f8



https://www.academia.edu/journals/academia-quantum/about

https://doi.org/10.20935/AcadQuant7374

Ansatz definition Reoptimization Interpolation
0, — \
e e **\*::7*’**1*’
63 ,,,,,,,,, ;& ___________________________ T~ :,:Yj,,
- Boulder Opal Vs=F -
’ ~ = = 1
92 == /‘f( s ' ' o IR
6 A
: -~ Y
’"Zf"’i ”””””””” Boulder Opal | —_ AR \
6 = ¥
0 -_ - \

Figure 4 o A family of pulses is found, defined at a subset of the predefined angles {6;}}, and is to be extended to all predefined angles.
First, ansatzes are created by interpolation if the unassigned angle is within the range of assigned angles, or else set as the highest or
lowest found pulse. These ansatzes are optimized using Boulder Opal to extend the family to all predefined angles 6;. Pulses can then be
interpolated within a family in order to find high-fidelity pulses for the entire parameter space.

of moving one onto the other and defines this as the distance [34].
The exact definition of the distance is rather mathematically in-
volved, and therefore deferred to Supplementary material B. *

Using one of the previously defined distances, a similarity matrix
consisting of the edge weights w can be constructed, see Figure 2.
This serves as the input for the spectral clustering algorithm. As
the spectral clustering algorithm requires a fixed number of clus-
ters, we determine the best possible number of clusters by means
of the Elbow method [36]. This heuristic determines the point at
which an additional cluster does not capture the pulse differences
better, and over-fitting starts. For this work this value is always
found to be 3 clusters, but in more complex problems with high
dimensional parameters, could definitely be expected to increase.

2.3. Pulse interpolation

After the originally optimized pulses have been partitioned into
families by the clustering algorithm, the following step is to extend
the families to the entire parameter space by means of interpola-
tion. In this work, the parameter space will always be 6 € [0, 7] so
that we can refer to angles. For multiparameter gates, an analo-
gous approach can be pursued.

For each family, we want to first construct pulses on all of {Oi}f” s
instead of only the subset assigned to it in the clustering. Con-
sider one of the families, there will be a lowest and highest angle
assigned to this family in the clustering. Note that a family does
not necessarily include only subsequent angles, but might include
gaps between disjoint regions. If an angle 6; is not assigned to this
family and is in such as gap, we take a linear interpolation as an
ansatz and optimize the pulses using Boulder Opal. For fixed an-
gles 6; outside this range, we simply use the lowest or highest angle
pulse as an ansatz and optimize. Employing these ansatzes, hope-
fully a pulse is found for a parameter that belongs to the same fam-
ily (reminiscent of the Tikhonov regularization [19]). This leaves
us with several extended families of pulses Z; on all predefined
parameters {0;}” (see Figure 4).

Using linear interpolation within a single family, new pulses
can be constructed for all parameters in the parameter space,
finalizing our construction of a continuous gate set for each family.

1For the Wasserstein-2 distance, pulses are discretized as point clouds with points equidis-
tant along the curve, and the Sinkhorn-Knopp algorithm [35] is used to identify the minimizing
coupling.

Linear interpolation is computationally very efficient, especially
when compared to constructing pulses from the ground up. By in-
terpolating within a family, we expect higher fidelities than if we
were to interpolate on the original set of pulses.

3. Results
3.1. Distance function comparison

This section contrasts the effectiveness of clustering families for
the Wasserstein-2 and L. distances. For arbitrarily optimized
pulses, there is no established family structure to validate against.
In order to straightforwardly compare the distance measures, we
construct J mock families of pulses Z; = {zejvl.}f” . The pulses
within one family are constructed in such a way that pulses z,
and ze; look alike for i close to j, as they would in actual applica-
tions. The exact details of this are left for Supplementary mate-
rial C. For each angle 6;, a corresponding pulse z ; from a family
Zirge,i € {Z1,...,Zs} is randomly picked for the final pulses. This
mimics the pulses found by the Boulder Opal optimization pro-
cedure and accrues a set of pulses as in Figure 5b, of which we
have knowledge on the family structure.

On these mock pulses, the distance metrics are compared by con-
structing a distance matrix as in Figure 5 and having the spec-
tral clustering algorithm assigned to each pulse i a family Zgs ; €
{Z1,...Z;}. The conditional probability Py of finding a correct
match is approximated as

ZU 1 [Zdist,i = Zdist,j} 1 [Ztrue,i = Ztmej]
> i Haisti = Zaist ] '

P(cor.|fnd.) ~ 4)
The reason for choosing this figure of merit is that when two pulses
are found to be matching, they only lead to high fidelity as long
as they belong to the same family. Missing a match because two
pulses from the same family are clustered in different families will
not lead to faulty interpolations, and is thus less important from
a fidelity perspective (nevertheless, the Wasserstein-2 distance
also outperforms the L, distance in terms of missed matches).
Figure 5 shows the comparison between the two distances.
Wasserstein-2 can be seen to largely outperform the standard Lo
distance, as it is able to capture the pulse family characteristics
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better due to its transport-based nature. In the rest of this work,
the Wasserstein-2 distance is employed for clustering.

3.2. Interpolation of gates

To test our clustering method for the interpolation of pulses, we
first optimize for M = 20 equidistant angles §; € [0, n] for
Rx(0),Ry(0),Rz(0), and Rzz(0) for both Rydberg and Cat qubits.
This allows us to gather results on a universal set of gates on two
vastly different systems, showing the versatility and robustness of
our method.

The pulses are clustered using our spectral clustering method
from Section 2.2, where the Elbow method indicates that for all
considered applications, the optimal number of clusters is 3. The
families found are extended to the entire M = 20 predefined an-
gles {6;}) using the methods from Section 2.3. Lastly, for each
family, we interpolate the pulses halfway the predefined angles,
and determine their fidelity using (2).

Figure 6 shows the results for the Ry(#) gate on Cat qubits.
Generally, the Ry gate is the most interesting of the three qubit
gates because it requires both amplitude and phase control. In
Figure 6a, we see that when optimizing using Boulder Opal, both

the original pulses and the clustered families reach high fidelities,
but the interpolation on the original pulses is very bad for almost
all angles. For the clustered families, on the other hand, those with
good interpolations are found for the entire parameter space. This
is highlighted in Figure 6b, where the parameter space is par-
titioned according to where each family performs best, leading to
great improvements in the interpolation fidelities compared to the
original pulses. Figure 6c¢ and d further illustrates this by show-
ing that the original pulses are dissimilar for subsequent angles,
resulting in low fidelities, whereas the pulses from the families
in the highlighted areas correspond well and thus result in high
fidelities.

Similar results can be seen in Figure 7 for the 2-qubit Rz(6) on a
Rydberg system. Here, we see good interpolations of the original
pulses around 6 = 7 /2, which is also retrieved for one of the fami-
lies. However, for low and high angles, the interpolation fidelities
become quite low for the original pulses (likely due to the presence
of many local minima), but high-fidelity pulses are constructed for
the clustered families.

Figure 8 shows all fidelities of interpolated pulses for the prob-
lems considered. Across all parameterized gates for both qubit

a) b) Real clustering C) Wasserstein: #(cor.|fnd.)=1.0 d) L, norm: #(cor.|fnd.)=0.74
10 2.0 ; 2.0 = 2.07
15 s \ 1.51
0.9
1.0 1.04
508 0.5 0.5
c
§ - < 0.0 x 0.0
-4 -0.51 =0.51
0.6 -1.0 -1.01
0.5 =15 -1.51
= -2.0 =2.0+

Wasserstein Lanorm

t t t
Figure 5 ¢« Comparison of the Wasserstein-2 and L, distances for pulse clustering. (a) Box plots of the probability of finding a correct
match P(cor.|fnd.) for both distances; data from 2000 trials with M = 20 angles in the interval [0, 7] randomly selected from three pulse
families. (b) Example of the authentic clustering of optimized pulse solutions. (¢) Clusters found by the Wasserstein-2 distance for the
pulses from (b). (d) Clusters found by the Lo distance for the pulses from (b).
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Figure 6 ¢ Optimization and interpolation results for Ry(#) gate on a Cat qubit system. (a) Black, original pulses and interpolations.
Colored pulses show optimized and extended clusters plus interpolations, showing matching or improved interpolation infidelities.
Vertical lines are min and max angles of each cluster in the original set of pulses. (b) Narrowed-down results from (a) where the best
clusters for each regime of angles are shown, highlighting improvements in fidelity. (c) Single-photon drive E(t) for the original set of
pulses, showing a jagged interpolation landscape leading to low fidelities. Horizontal lines indicate chosen regime for each cluster in (d).
(d) Clustered pulses for the chosen regimes, showing more regular landscape, necessary for faithful interpolations. Individual clusters

are somewhat displaced on the z-axis for visibility.
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Figure 7 ¢ Optimization and interpolation results for a Rzz(6) gate on a Rydberg neutral atom qubit system. (a) Black, original pulses
and interpolations, for which interpolations have low fidelities for small and large angles. Colored pulses show optimized and extended
clusters plus interpolations, showing matching or improved interpolation infidelities. Vertical lines are min and max angles of each
cluster in the original set of pulses. (b) Narrowed-down results from (a) where the best clusters for each regime of angles is chosen,
highlighting improvements in fidelity. (¢) Coupling strength of |0) <+ |1) transition on qubit 0 Q01,0(t) for the original set of pulses,
showing a jagged interpolation landscape leading to low fidelities. Horizontal lines indicate chosen regime for each cluster in (d). (d)
Clustered pulses for the chosen regimes, showing more regular landscape, necessary for faithful interpolations. Individual clusters are
somewhat displaced on the z-axis for visibility.
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Figure 8 ¢ Average and standard variations of infidelities of interpolations halfway between optimized angles, as in Figures 6 and 7.
Nonclustered pulses are the original pulses (cyan), three clustered pulses are shown (purple), and the fully clustered method is shown
where the parameter space is split up in regimes where the best cluster is assigned (pink). Note the higher mean fidelities as well as much
lower standard variations, indicating better interpolations over the entire parameter space. (a) Rydberg gates and (b) Cat qubit gates.

types, there is an increase of half up to a full order of magnitude
in fidelity. Partitioning the parameter space with specific fami-
lies (Clustered, pink results) results in a big advantage in both
mean and variance of the fidelities compared to individual clus-
ters (purple). Here individual clusters would be comparable to
the Tikhonov regularization method as in [19], since ansatzes for
pulse optimization are used. Along the same lines, especially note
the much smaller variances of the fidelities indicating that our
partition-clustered method yields good pulses over the entire pa-
rameter space instead of only in a specific region. The individual
family method definitely results in good interpolations for cer-
tain regions of parameter space, but multiple families seem to
be necessary to patch together a faithful continuous gate set over
the entire parameter space. This hails especially true for the Cat
qubits, as seen from the fidelities in Fig. 8, which is a more com-
plex optimization problem where likely many local minima in pa-
rameter/fidelity space exist.

4. Discussion

This work discusses and analyzes a new method for constructing
continuous parameter gate sets based on the clustering of pulse

families. This is an important problem as for virtually all NISQ-era
applications, parameterized gates are required, and optimizing for
each individual parameter necessary in a problem is extremely
computationally expensive and slow. In our method, spectral clus-
tering using a similarity measure based on Wasserstein-2 dis-
tances results in multiple families of pulses on which interfamily
interpolation can be performed. The advantage of this method is
that multiple families of pulses are found, and among these, the
best ones can be selected for a specific regime of the parameter
space. This method will prove to be useful for experimental re-
alization, where one family is possibly easier to implement than
another. On all gates and on both qubit systems considered, our
method leads to significantly better fidelities and much more con-
sistent interpolations than would be the case for original pulse op-
timization or Tikhonov- based feedforward methods (individual
family). In this study, we highlight the great performance of the
Cat qubits system, which shows the importance of our method in
increasingly more important complex qubit schemes.

In future work, we hope to extend these methods to multiple pa-
rameter gates, which might be implemented in more complex
VQA- or QAOA-type problems. Furthermore, we are curious to
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see the influence of directly optimizing the fidelity via the quan-
tum channel, thus optimizing more directly for the losses, instead
of optimizing the unitary evolution and post-processing the in-
fluences of the Lindbladian terms. Different parameters have dif-
ferent optimal gate end times, we wish to extend our methods to
accommodate for varying gate times instead of one fixed optimal
gate time for the largest parameter value (6 = = in this work).
Lastly, we hypothesize that a more sophisticated way of interpo-
lation, potentially based on the Wasserstein-2 transport or on the
Hamiltonian dynamics, will yield better fidelities for the interpo-
lated pulses.
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