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PHENOMENOLOGICAL ANALYSES WITH DUAL FIVE-POINT FUNCTIONS , 

I ,  INTRODUCTION 

K . KAJANTIE 

Several analyses us ing the dual five-point function 1 ) B5 (X�Y , Z ,U ,V )  

for the description o f  react ions with three part icles in the f inal state 

have recently been carried out 2 • 5 )  or are in progress 6) . The main advance 

in these analyses i s  that  the data are now treated in a dual and cro s s ing 

symmetric way , Dual i ty in thi s  connection implies  that all the data are 
considered at the same t ime , i . e . , one does not have to separate a definite . . + 0 + . final s tate l ike K p + K TI p in subpro cesses l ike 

+ * 
K p -+ K (890)p  

""* 
K ( l 42 0) p  

0 ++ 
K t:,, 

( 1 )  

h b d . 1 7 >  . h h h d ·1 1 as as een one previous y • Cro s s ing symmetry , on t e ot  er an , a ows 

one to use the same matrix element for the description of a react ion and 

al l reactions obtained from i t  by cro s s ing (apart from the non-dual 

Pomeron part ) . Thus from + +-0 0 -TI p + K K p ,  TI p + K K p ,  

i s  quite es sential for the 

+ 0 + - 0 + K p + K TI p one can go to K p + K TI p ,  - + o -pp + K K TI , etc . In fact , the use of cro s s ing 

construction of the matrix element . 

It  should be  remarked at once � that the use o f  the corresponding 

dual four-point function 

B4 (x �Y) = r (X) r (Y) / r ex + Y) 

00 (2 )  
= l (n-Y) 

n""O n· x + n 

1 h b . 1 '  . d8)  ' ' in phenomena ogy as  een quite imite • The reason is  s imply that 

B4
(X ,Y) contains pure Regge poles and exact local duali ty9)  and its  conee-

1 0) quences l ike exchange degeneracy • On the four-point level the experi-
mental information is so  accurate that the violations of the degeneracies 
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following from the dual i ty boot strap are cl early seen and B4 (X , Y) canno t 

be used to f i t  the data at l east  without unreasonably many satel l i te 

terms , In addi tion , there are al so the standard problems of unitari ty , 

Regge cut s ,  Pomeron ,  unnatural parity traj ectories , duali ty for baryons 

and the p ion , par i ty doubl ing , e tc , The same diff icul t ies will u l t imately 

have to be  faced a l so on the five-point l evel but at present the accuracy 

o f  the experiments is so low that the use of B
5 

is no t ruled out , 

. . 
The detai l ed properties of BS are wel l  known an� exposed in many 

1 l l , 1 2 ) 
. . 1 . . d . 

1 3 ) h d p aces and i ts numerica eva luat ion is treat e in , For t e un ers-

standing of the later resu l t s  the fol lowing expans ions are us eful (fig . I )  : 

00 

(3a) B5 (X, Y , Z , TJ ,V)  = I 
n=O n + U 

R (X , Y ; Z ,V) n (-) n r cz-JC�z-Y) B (X+k Y) 
� n-k k 4 ' 

k=O I._· l 
XY-YZ-XV l 

B 
4 

(X 'Y) ' + 
X + y J x 

f o1. n o ,  J '  ' c  0 

B (X , Y) 4 j e c c (3b) 

where X - a: ( S
ab

) ,  Y = - et ( t  . )  etc . ; a l l  par ticles are scalar � 
a I ' 

a ( S) = a:0 + a: ' S ,  a0 < 0 ,  Eq , ( 3a)  shows that BS can be  expanded as  a sum 

of resonances in the channel s
23  

with correct spin s truc ture (fig . 2 ) , By 

cycl ic symmetry , any o ther channel o f  resonances may be chosen ,  However ,  

there are no doub l e  poles , L e , � when U = -m, Z = - n ,  m , n  = O t  1 ,  2 , , , 

there i s  only a s ingle  pol e ,  On the s 1 2  vs s23 Dal itz  plot the predicted 

st ruc ture i s  thus schemaL .cally that shown in fig . 3 ,  The s ituation i s  

s imilar t o  the one found by Lovelace8) on the S _ � v s  S + _ Dal itz  7f 7T  7f 'if  "i"' - -
plot in the analys i s  of pn -+. 11 'iT 'Tl o 

IL APPLICATION TO KN + K7rrN ,  

The channel · KN  + KTIN i s  cho sen s ince due t o  the absence 

(weaknes s )  of KN resonances dual analyses are s impl ified , Before B 
5 

be app l i ed to this  real i st ic cas e $  s everal problems have to b e  solved , 

can 
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a) The resonances are given a finite  width by writ ing 

a ( S )  = a + a ' S + i Im a ( S )  0 

where in pract ice ( S  = thresho ld)  0 

Im a ( S )  = a ( S  - s ) 0 ( 8  - s ) 0 0 

For a resonance at spin J thi s  g ives using 

1 - 1 /Cl ' } -a ( S )  
= 

s - mi + imR rR 
that 

� rR = Im a (m�) I a '  

(4)  

(5 )  

( 6) 

With thi s relation,  a in (S )  can be e s t imated , Experimentally,  espec ially 

for baryon resonances , mR rR increases l inearly with m� so that (5) and 

( 6) are a good approximation .  No tice also that the integrated width of a 

Breit-Wigner i s  proport ional to l / r .  S ince B5 by (3a) i s  resonance dominated 

one has 

J dR ( B  ) 2 rv 
n s a 

3 
�i dR II 

n l 2 E ,  1 
c; 4 (p 

a + p - p 
b 1 - p 

( 7 )  

2 - p ) 
3 

where · a i s  the resonance parameter in ( S )  for any of  the -final s tate 

resonances , The fits  with BS are very sensit ive to the resonance width s  

put in.  

b)  The general problem of  including baryon sp in has not been 

solved as  yet ; i f  someone had the non-unique general s olution i t  would b e  

meaningles s t o  u s e  i t  for analyzing the present data , I n  general , there 

are four independent amp l i tudes 9) , e . g .  , 

T = u
3 

r A + o/i + o/z + Dy' Y 5 1 y 5 Ub ( 8 )  

where e
µ 

= o E µa Syp: p �  p� . The probl em ,  then i s  to determine which 

quantum numbers contribute to which amp l i tudes and to write  a BS 
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representat ion for each amp l i tude with real i s t ic t raj ector ies , As such B5 
describes a model with scalar par t icles  with intercep t s  a < 0 ,  No general 

0 

solution to the probl em o f  including real i s t ic traj ectories has been g iven 

either , A part icular approximate solution, invo lving essential ly the 

neglect of baryon spins , wil l be mentioned later . 

Cons ider then the react ions KN 7 KnN o From the po int o f  view o f  

dynamic s  involved the different charge s tat es can be  d ivided i n  three 

different classes . We choose the fol lowing representative react ions , 

( I) 

(II)  

( III )  

+ + 0 
(vector KK) K p ·+ K TI p exchange in pp , Pomeron in 

+ 0 + 
(vector exchange pp) K p 7 K TI p in 

+ + + 
(pion exchange K p 7 K TI n in pn , Pomeron in KK) 

This class i ficat ion i s  based on the fol lowing fac t s  

a)  * -2  cr (K ) � p
lab 

thus there i s  no Pomeron in pp. If  the 

Pomeron i s  a O+ obj ect thi s fol lows a l so s ince the react ion 
- + - -

0 0 7 0 0 i s  forbidden • 

b )  K* decay distributions and branching ratios  tell  that w 
dominates  in pp and rr in pn. 

Not ice that i sospin gives the relation 

between the amp l i tudes of the reactions above . 

In order to construc t the diagrams tell ing which permutat ions 

of the part icles do no t contain exo t ic channel s ,  it is convenient  to go 

to f ig , 3 of  ref , 
1 2 ) 

in which al l the 1 2  po s s ib il ities  are given expl i­

c it ly . If there are 1 , 2 , 3  exo t ic channe l s , the number of nonvani shing 

diagrams: goes down to 6 , 4 , 2  respectively , In classes I and II there are 

two exot ic KN channel s  (4 diagrams ) ,  in III a l so an exo t i c  Kn channel 

(2 d iagrams ) ,  For class  I ,  we then obtain the diagrams shown in f ig . 4 . 
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-To obtain the physical region of the reaction K p 
- 0 -+ K 1T p read 

the diagrams as  a + b -+ 1 + 2 + 3 ,  for 

a + 3 -+ 1 + 2 + b ,  etc , 

+ + 0 K p -+ K 1T p as  

S) Under charge conj ugat ion P � R, QP Q ,  s �  S .  This  gives the 

traj ectories in R in t erms of tho se in P ,  and require s  the tra­

j ec tories in Q and S to appear symme tr ically . Al so , the total 

amp l i tude has to be o f  the form 

y)  Q corresponds 

y = o .  Better 
0 

that P 1T ' so 

etc , p alone 

A a (P + R) + yQ + o S  

to a non-planar duali ty diagram , indicat ing 

s t il l , p 
+ Q has 

at 1 ' 2 , 

and Q d iffer by a permutation o f  K
+ 

� 
po les at I ' 3 ,  p -K e tc . , 

etc . ' 1 * 
Experimenta ly both K 

Q at 2 ,  

and K 
** 

seen so that y = o ,  

that 

and 

4 , 

are 

o) The traj ectories are determined by looking at the channel s  in 
0 which they are produced , i f  pos s ibl e .  Thus D. i s  seen in the TI p 

+ ± 0 mas s  d i s tr ibution in K-p -+ K 1T p ,  so D. traj ectory i s  put in P .  
' - 0 S imi larl y ,  A ( 1 5 2 0) i s  seen in K 1T p ,  so the exchange degenerat e  

A - A traj ectory i s  put i n  S and R .  However ,  data do not 
a y 1 

exclude a subs tantial contribution of I = 2 and I = I s tates 
0 -

in TI p and K p mas s  spec tra , but at present there i s  no way o f  

including s imul t aneously both N and � or both A and Y ( = 
exchange degenerat e  6 (3  - 6 0 t raj ectory) traj ectories , unl ess  these  

are  degenerate .  Al so the K
* 

and A2 ( in the class  II reaction 
- - 0 TI p -+ K K p)  are seen to b e  produced , Thi s direct evidence lacks 

only for the pp channel , but here the indirect evidence 

ment ioned earl ier shows the dominance of w .  

e)  The diagrams P and S differ from each other by a permutation of  
0 + + 0 TI and p .  In the data for K p -+ K TI p only the 6. i s  seen but not 

any 5 / 2  recurrence . Thus R and S have to appear in the comb i­

nation R + S which kil l s  thi s recurrence ( though not i t s  

daughters ) . Theoretically , however , the D. should be degenerate 

with a N
S

_ traj ectory containing a 5 / 2  particl e .  This happens if 

only R appears . 
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Wi th these  traj ectories a solut ion to the prob lem of  including 

baryon spins (or neglect ing them) with real i s t ic t raj ectories is  as 

fo llows (T is given in (8 ) ) 

where 

s aSyo a S Py cS Bi 
pa Pb I P2 * S 

( 9) 

i P ,  R, S 

S R with s imi lar express ions fo r BS and BS , For the rather sketchy argument s  

leading to t h i s  resul t as wel l  as for the detailed forms o f  the traj ec­

tories we refer to ref . 4 >
. Not ice j us t  that the square of the s -factor 

in (9) i s: the Gram determinant det (p , . p . ) , i ,  j = a ,  b ,  l ,  2 ,  of the 1- J 
momentum vectors of  the process  and that it  vani shes at the boundary of 

this phys ical region, e . g . , when the three-momentum vectors are paral l el . 

This is  typical of spin f l ip amp l i tudes and ( 9) in some sense approximates 

the total amp l i tude by a spin flip par t . Disagreement wi th data near 

forward direction is thus to be expected , 

Us ing ( 9 )  and one can then calculate the contributions from the 

different diagrams us ing Monte Carlo t echniques 
I S ) and the Hopkinson l .3 )  1 ° " h h ' 1 6600 program for eva uating BS , Wit t ree B5 s to eva uate the CERN CDC 

produces about 3 000 event s (CDC 6 400 about 1 000) in a minute depending 

on the number of d i s tributions wanted . Meaningful resul t s  require at l east  

about 1 0  000 events ; thus a big computer i s  clearly needed i f  one wants to  

analyze data with Bs ' s .  Numerically , the integrals over the phase space 
- - 0 for the different diagrams have the fol lowing values for K p -+ K TI p at 

4 . S 7 GeV/ c : 

B� 1 2  = 0 '  1 20 

0 . 062 

0 , 0 1 6 

for P 

for R 

fo r S 
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P i s  thus mo s t  important and S ,  containing many baryon exchanges , 

is  very smal l .  In the total amp l i tude P + R + S the amp l i tudes interfere 

des truct ively for K p and cons truct ively for K
+

p ,  the effect of the inter­

ference being about 30 % .  As funct ions o f  energy the cro s s-sections 

( integral over phase  space I flux factor/Fl ab
) given by P and R behave I x 

roughly as  P lab
- l . 6

, S decreas ing s l ight ly fas t er . 

For 
+ ± 0 

K-p -+ K TI p one s t il l  has to take into account the effect 

of the Pomeron from the diagram in fig . 5 ,  One can const ruct a model for 

h '  d '  
1 6 ) 

b 
' 0 ' l '  d ' h f t i s  iagram y wri t ing i t s  amp i tu e i n  t e orm: 

A = G S e2 ta l V ( S  t ) 
porn P ab 23 ' b3 

where V i s  a dual model amp l i tude for p ion pomeroproduction : 
d 

P + p -+ TI + p ,  The magnitude o f  Gp can then be estimated from factori-

zat ion : 

0 -+ PTI p )  

=(!�)2 , 0 . 58 mb � 0 . 1 2  mb 

0 8 b ' ' d f
1 2 )  ' . h where the amount . 5  m i s  es t imat e  in re • By i sospin one as  

s imil arly 

rv 0 . 2 4 mb ' v  

At 10  GeV/c 

o (K p -+ 
- 0 

K TI p )  = 0 ,  28  mb 
( l 7 )  

so that according to thi s  estimat e  almo s t  5 0  % of  the total cro s s-section 

is due to Pomeron at 1 0  GeV/c , At l ower ener gies the cro s s- sect ion from 

the above Pomeron model decreases slowly with decreas ing F
l ab 

while 

0B5 for Fl ab > 2 GeV/ c ,  below which the threshold effect s  

win . Thus , t h e  Pomeron contribution i s  relat ively l e s s  a t  lower energies , 

about 30 % at  5 GeV/ c .  Not ice that the Pomeron and B5 
cont ributions do 

not interfere appreciably s ince one i s  spin f l ip and the other non spin f l i t , 

In the clas s II  react ions the s i tuation i s  s impler s ince the 
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Pomeron cannot contribute .  Due to different charge s tates the diagrams are 

s l ightly changed from tho se given above , Figs . 6-8 taken from ref .
4) 

show 

some of  the fits  obtained to the mas s distribut ions of the reactions 

+ 0 + 
K p -+ K 7T p 

- 0 -
K p -+ K 7T p 

7T p ·+ K
°

K-
p 

Af ter the traj ectory functions 4 )  are fixed by  us ing t abulated 

resonance! parameters there is  essent ial ly one parame ter , the overall  

normalization ,  left , As  s tated earl ier , the fits  are very sens i t ive to  

the resonance parameters . However ,  i t  i s  qui te di ffi cul t to assess  the 

s i gnificance of the resul t s  s ince in a sense one is get t ing out j us t  what 

one put s in , namely the resonances , What i s  unexpected i s  that everything 

comes out: in right proport ions , 

A connection between three and two body reactions has been 

estab l ished in ref .
S ) by evaluating the BS amplitude on a po le , e . g . , 

go ing in K
-

p -+ K
oTI

-
p to the neutron pole in the n

-
p system ,  one relates 

the normalization for the 

and the coupling cons tant 

obtained , 

- -::1S' BS amplitude , the cros s-section fo r K p -+ K n ,  

g _ ,  Reasonabl e  agreement with experiment i s  
mp TI 

Fo r class III react ions one has only the diagrams R and S but 

the s i tuat ion is great ly compl icated by the presence of  the pion traj ec­

tory in the pp channel in R, The pion traj ectory is a low-lying unnatural 
' ' h d 1 f h ' b 

1 4 ) ' 
pan. ty traJ ecto ry and t e ua nature o t ese i s  very o scure , Since 

even the Pomeron can contribute here the analysis  of class III react ions 

is  clearly much more comp l icated than that of classes I and II . 

III , FURTHER PROBLEMS , 

Comb ining duality and int ernal symmetries i s  known to l ead to 

degenerac ies badly in confl ict with experiment (as m7T m
n

) .  Thi s will 

happen in BS phenomenology a l so irmnediat ely if one want s to relate 

different react ions wi th isospin .  Consider the classes I ,  II , III of 
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reactions mentioned ear l ier ,  The amp l i tudes wil l  contain the fo llowing 

contributions  : 

POMERON + I I B5 (w) + E B5 ( n) + . . .  

B�l (w) II  
+ is 1 B5 (n)  + • I! c 

POMERON + B�II ( n) + e Gl e 

and it  i s  hard to see how the s imple isospin relation /2 a1 
= a11 + a111 

can b e  sat i s fied .  Difficul t ies  aris e  also s ince by putting only one 

traj ectory in one channel one res tricts the isosp in in this channel .  In 

KN + KnN , this res triction is stronges t  in the Kn - channel s ince the 

exo t i c  I = % state i s  in any case sup re s sed by as·sump tion . To see the 
+ o +  · + + o  consequences , cons ider the go ing from K p + K Tr p to K p + K Tr p by 

. .  h h K  h 0 •  I d N 3 w · · isospin w en t e Tr system as i so sp in '2 a� Tr 2' riting 

A (K0n+p )  

+ 0 A (K n p )  

= P + R + S 

aP + (3 (R + S)  

the comb inat ion R + S i s  impos ed by  � non-exchange degeneracy , one may 

try to determine a and S by iso spin , The fact that A(Kn iso spin = 3 / 2 ) = 0  
+ 0 

gives a = - 1 / /2 (and no res triction to (3 since K Tr i so sp in i s  not f ixed 

in R or S) and s imil arly A( TIN i so spin = 1 / 2 )  = 0 gives  (3 = - /2/ 9 .  Thus 

+ 0 l . 2 
A (K Tr p)  = - Tz [P + 3 (R + S)] 

which violates C. A s t i l l  worse  degeneracy i s  ob tained by go ing in S to 

the A poles : 

p 
0 Tr 
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The central vertex here clearly vani shes by isospin , but it  also 

vanishes i f  A i s  repl aced by the I =  1 Y ( s ince � 1 0  1 0  I I O > = O) . 
Thus isospin forbids the synunetric comb inations AA and YY and allows only 

the asymmetr ic comb inat ions A Y and YA which violate C .  The only way to 

reconcil 1a these two symmetries is to a s sume that A and Y are degenerate . 

This is  :s trongly in disagreement with experiment s ince4)  aA
(O)  � - 0 . 68 

and ay (O) '.t. - 0 . 22 .  Of course , i t  i s  al so suf ficient to as sume that A i s  

degenerate with the I = 1 1 traj ectory , but this couples  mainly to \ 
� a  l rr  

and no t to Kp .  

The ful l  impl icat ions o f  degeneracies fol lowing from the use of 

BS and internal symme tr ies are no t c lear as  yet but i t  i s  obvious that 

any succes sful phenomeno logical analys i s  has to break them at some s tage . 

The ques cion is  j u s t  how far one can go . 

Concerning the extens ion o f  the previous analyses to further 

proces ses one may not e  the fol l owing points : 

a)  In nN � nrrN  there are fewer exo t ic channels , fewer channel s  
' - 0 0 

wi th no Pomeron (only TI p -+ rr rr n) or no (or smal l )  pion exchange 

contr ibution . Al l these di fficul ties  are only partly compensated 

by better data and the fact that the cro s s ing propert ies  are now 

particularly s imp l e . 

b )  In pN -+ NrrN there are many baryons wi th spin and many baryon 

traj ectories with unclear dua l i ty properties . Also the cro s sed 

reactions rrN -+ pNN or pN -+ rrNN are more complicated . In any 

cas e ,  i t  wil l  be  difficult to cons truc t a reasonab le  BS 
amp l i tude with real i s t ic t raj ecto ries . 

c )  The extens ion to mul t ip l i c i ty 6 is  made dif ficult by  

large Pomeron and pion cont ributions 

construc t ion of the model ampl i tude with real i s t i c  propert ies 

numer ical prob l ems 

On the other hand � there are very good data for reactions l ike 

Kp + Knrrp , e tc , , ,  , 
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F ig . 2  

F ig . 3  

F ig . 4  

Fig . 5  

Fig . 6  

Fig . 7  

Fig . 8  
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FIGURE CAPTIONS 

The react ion a + b + l + 2 + 3 with the variables  

x = - 01. ( Sab) ' 
y 

= - 01. ( t
a l ) ' etc . 

Approximating a + b + I + 2 + 3 by a sum over 

resonances in the channel s  23 o r  1 2 '  

Predicted struc ture on the s 1 2  vs s23  Dal itz  plot ; the 

hor i zontal and vert ical l ines are the poles at U = - m ,  

and Z = - n ,  n = O ,  1 ,  2 , G • • t  respectively ; the dashed 

l ines are l ines of zeroes  reducing the doubl e  poles to 

s ingle pol es . 

The four graphs without exot ic channel s . Al l par t icles  

are incoming ; the traj ectories used are indicated 

between each pair of l ines . 

A model for Pomeron exchange . 

Effect ive mas s  d i s tributions for the reaction 

n p + K°K-p wi th predict i ons from the dual resonance 

model (solid  curves ) •: 
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