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Abstract

In this dissertation, we study bootstrap constraints on conformal field theories in
two dimensions.

The first half concerns two-dimensional (4, 4) superconformal field theories of cen-
tral charge ¢ = 6, corresponding to nonlinear sigma models on K3 surfaces. The
superconformal bootstrap is made possible through a surprising relation between the
BPS N = 4 superconformal blocks with ¢ = 6 and bosonic Virasoro conformal blocks
with ¢ = 28, and an exact moduli dependence of a certain integrated BPS four-point
function. Nontrivial bounds on the non-BPS spectrum in the K3 CFT are obtained
as functions of the CF'T moduli, that interpolate between the free orbifold points and
singular CF'T points. We observe directly the signature of a continuous spectrum
above a gap at the singular moduli, and find numerically an upper bound on this gap
that is saturated by the A; N = 4 cigar CFT.

The second half concerns the semiclassical limit of two-dimensional CFTs, moti-
vated by holography. In this limit, the conformal block decomposition of the four-
point function is dominated a particular weight, and the crossing equation simplifies
drastically. We find that if a certain “weakness” condition is satisfied, then the OPE
coefficients follow a universal formula given by the semiclassical limit of the fusion
kernel. This is matched with a bulk action evaluated on a geometry with three con-

ical defects, analytically continued in the deficit angles beyond the range for which
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Abstract

a metric with positive signature exists. The analytically continued geometry has a
codimension-one coordinate singularity surrounding the heaviest conical defect. This
singularity becomes a horizon after Wick-rotating to Lorentzian signature, suggesting

a connection between universality and the existence of a horizon.
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Chapter 1

Introduction and Summary of

Results

Conformal field theories (CFTs) are relativistic quantum field theories (QFTSs)
that are invariant under scaling and special conformal transformations. In d spacetime
dimensions, the conformal symmetry group is SO(1,d + 1) in Euclidean signature,
and SO(2,d) in Lorentzian signature. These theories play extremely important roles
in theoretical physics. First, Euclidean CFTs describe lattice systems at criticality
[1], when the correlation length diverges and the system becomes scale invariant.
The critical exponents of a lattice system are related to the scaling dimensions of
operators in the corresponding CFT. Second, CFTs provide an organizing principle
for renormalizable QFTs. A powerful way to characterize a renormalizable QFT
is to start with a CFT in the UV, deform by a relevant operator, and perform a
renormalization group (RG) flow towards the IR. Alternatively, flowing a QFT to the

deep IR, the theory again becomes a CFT; different theories that flow to the same
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IR CFT are said to belong to the same “universality class”. Third, since Maldacena
conjectured [2] that renormalizable theories of quantum gravity in anti-de Sitter (AdS)
space have CF'T duals on the boundary, CFTs have become an alternative framework
for understanding the nature of quantum gravity and black holes. Reformulating
quantum gravity as a CFT makes the time evolution manifestly unitary, which may
hint at how classically non-unitary objects like black holes release information via
quantum effects. The counting of states in the CFT also famously account for the
entropy of black holes in various setups [3,4]. Fourth, most interacting CF'Ts are either
intrinsically strongly coupled, or are strongly coupled in certain regions of their moduli
spaces. QFTs at strong coupling is a notoriously difficult problem because our most
viable method for computing physical observables — perturbation theory — breaks
down. In order to study strongly coupled theories, one fruitful approach has been
to assume a symmetry group that is larger than Poincaré, thereby “simplifying the
dynamics by complicating the kinematics”. Two popular enhanced symmetry groups
are conformal symmetry and supersymmetry. These additional symmetries give us a
handle on key aspects of the theory even when the fields are strongly interacting.
Conformal field theories in two dimensions are very special for several reasons.
First is an enhancement of the symmetry group from SO(1,3) = SL(2,C)* to two
copies of the infinite-dimensional Virasoro algebra. Although the additional symme-
tries are necessarily spontaneously broken by the SL(2, C)-invariant vacuum, confor-
mal Ward identities can relate different correlation functions involving operators that

are connected through the action of these additional symmetries. Second, since pri-

!This dissertation considers CFTs in the Euclidean signature.
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mary operators of the infinite-dimensional Virasoro symmetry are much more sparsely
distributed (in the scaling dimension) than (quasi-)primary operators of the global
SL(2,C), it is potentially consistent to have a large gap (of order the central charge)
in the spectrum of Virasoro primaries, and such theories may be holographically dual
to pure gravity in AdSs. Third, in order for a 2D CFT to be consistently put on
arbitrary Riemann surfaces, the torus one-point functions must obey an additional
constraint — modular covariance. In particular, the partition function must be mod-
ular invariant, which puts severe constraints on the spectra of operators. It is known
that modular covariance of the torus one-point functions and crossing symmetry of
the four-point functions exhaust the complete list of consistency conditions for 2D
CFTs [5]. Fourth, string worldsheet theories are described by 2D CFTs. Particularly
interesting are superstrings propagating on K3 surfaces and Calabi-Yau three-folds;
CFTs describing the former has an enhanced small (4,4) superconformal symmetry,
while those describing the later has (2, 2).

Conformal bootstrap [6-8], the idea that a CFT can be determined entirely based
on (possibly extended) conformal symmetry, unitarity, and simple assumptions about
the spectrum, has proven to be remarkably powerful. Such methods have been imple-
mented analytically to solve two-dimensional rational CFTs [9-12], and later extended
to certain irrational CFTs [13-16]. The numerical approach to the conformal boot-
strap has been applied successfully to higher dimensional theories [17-34], as well
as putting nontrivial constraints on the spectrum of two-dimensional theories that
have been previously unattainable with analytic methods [35-37]. Some analytic ap-

proaches to the conformal bootstrap include taking limits in which the crossing equa-
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tions simplify [38—41]. We will explore both the numerical and analytic approaches,
and see how the crossing equation puts nontrivial constraints on the spectrum and
the OPE coefficients.

This dissertation consists of two parts. Chapter 2 is a survey of the bootstrap
constraints on unitary ¢ = 6 (4,4) superconformal field theories (SCFTs). Theories
with (4, 4) superconformal symmetry typically have a moduli space, parameterized by
exactly marginal operators that are superconformal descendants of the BPS operators.
The primary example is the K3 CF'T, which has an 80-dimensional moduli space. The
main goal is to obtain bounds on the (non-BPS) operator spectrum, that varies from
point to point on the moduli space. The quantity that we feed into the bootstrap
to indicate where we are on the moduli space is an integrated four-point function
Aq111 of BPS operators, whose value is explicitly known by mapping it to a heterotic
string amplitude through string dualities. This quantity A;;11 is also a coupling in
the six-dimensional effective theory of compactifying IIB string theory on K3, and is
required to be non-negative by causality. A second ingredient is a relation between

the ¢ = 6 N' = 4 BPS conformal block and a ¢ = 28 bosonic Virasoro block,
N=4,R/ \ _ L pvir . )
F, (z2) =22(1—2)2F5.(1,1,1,1; h + 1; 2),

that is obtained by analyzing the N = 4 A; cigar CFT. With the conformal block at
hand, we proceed with numerical methods to bound the gap in the non-BPS spectrum

in (4,4) SCFTs. Here we give a preview of the main results.

1. The integrated four-point function A;;;; has to be non-negative to satisfy the

bootstrap equations. Interestingly, unitarity of the worldsheet CFT knows
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about causality in the 6D effective theory coming from string theory compacti-

fication.

2. The maximal gap interpolates between 2 at Aj11; = 0 to 1/4 at infinite Ajq11,
where the former is saturated by a free fermion correlator in 7*/Z, and the
latter by a non-compact model, the N' =4 A; cigar CFT. We also investigated
correlators of twist fields at the free orbifold point for varying values of the
T* radii, and found that they are consistent with, but do not saturate, the

bootstrap bounds.

3. The maximal gap at infinite A;;1; coincides with another quantity which we
call the critical dimension ﬁm. One implication of this quantity is that it
is an upper bound on the lowest dimension in the operator spectrum when a
normalizable vacuum state is absent. The spectra of N' = 4 A,_; cigar CFTs

are consistent with this bound.

4. The values of ﬁm in higher dimensions are explored, from which we deduce that
four-point functions involving operators of sufficiently small scaling dimension

are bounded from above.

Further implications of our numerical results, and an analytic bound on the smallest
eigenvalue of the Laplacian on K3 are also discussed.

Chapter 3 presents an analytic study of the bootstrap constraints on 2D CFTs in
the semiclassical limit, which is the large central charge limit while simultaneously
scaling the operator weights with ¢. Via AdS/CFT, this probes Planck scale physics

in the limit of large AdS radius (we look at excitations that have energies of order the
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Planck mass). By analyzing the crossing equation for a four-point function involving

identical operators o of weight (heg, hert), we find that in the semiclassical limit, if

the interactions between o and the light operators are weak enough,

10g C*(eat, hreat, o h) < ~ {f (hm b 1) - f(he"”,o‘%)] + (anti-holo) + O(c?)

6 c cl?2 c

for h < mi(heg)c or h < my(he)ec,

then the interactions between o and heavy operators follow a universal formula,?

c—1
4h — <

C?(heats Pegts oy ha) = x (anti-holo) [1 + 0(6_#6)}

for h > mo(hey)c and A > mo(hey) c.

Here C? are the coefficients in the Virasoro block decomposition of the four-point
function, and F is the fusion kernel that appears in the crossing transformation of
Virasoro blocks, whose closed form expression is known from the work of Ponsot and
Teschner [16,42,43].

A special case is to consider the four-point function of Z, twist fields in a symmetric

product orbifold theory. In this case, we find that
mi(c/32) =1/24, my(c/32) =1/12,

and the semiclassical limit of the fusion kernel is nothing but the Cardy formula for
the density of states [44] plus a conformal anomaly term, reproducing the results
of Hartman, Keller, and Stoica [45]. From the work of [3,4], it is known that this

universal density of states corresponds to a different universality in gravity, which is

2To simply the the discussion at this introductory stage, we trade all appearances of o with
h = a(Q — «), where ¢ = 1 + 6Q°2.
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the Bekenstein-Hawking law [46,47] that equates the horizon area with the entropy
of a black hole.

Inspired by this correspondence, we seek a gravity interpretation of the universality
of interactions. The natural expectation is that the universal formula for C? may
be recovered by a bulk action in the presence of three conical defects. This bulk
action turns out to satisfy the weakness condition, and in the range of operator
dimensions for which the OPE coefficients are universal, matches exactly with the
CFT bootstrap result. However, in this heavy range of operator dimensions, the
bulk metric necessarily has double negative signature in the transverse directions,
and appears to be singular on a codimension-one surface that separates the heaviest
conical defect from the other two. We argue that this is not a problem, by noting
that the surface is not a geometric singularity (the curvature is finite). Moreover,
after Wick-rotating to Lorentzian signature, the bulk geometry describes two FLRW
(Friedmann-Lemaitre-Robertson-Walker) patches of AdS space and the codimension-

one surface becomes the horizon.



Chapter 2

N = 4 Superconformal Bootstrap of

the K3 CFT

In this chapter, we analyze ¢ = 6 (4, 4) superconformal field theories (SCFTs) us-
ing the conformal bootstrap. Our primary example! is the supersymmetric nonlinear
sigma model with the K3 surface as its target space. We refer to this theory as the
K3 CFT. The conformal manifold and BPS spectrum of the K3 CFT has been well
known [49-54]. Much less was known about the non-BPS spectrum of the theory, ex-
cept at special solvable points in the moduli space [55-57], and in the vicinity of points
where the CFT becomes singular [58-60]. To understand the non-BPS spectrum of
the K3 CFT is the subject of this chapter.

There are two essential technical ingredients that will enable us to bootstrap

the K3 CFT. The first ingredient is an exact relation between the BPS N = 4

!For noncompact target spaces, there are other interesting ¢ = 6 (4,4) non-linear sigma models
including the ALF CFT [48], for which our bootstrap method also applies.
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superconformal block at central charge ¢ = 6 and the bosonic Virasoro conformal
block at central charge ¢ = 28 discussed in Section 2.2. More precisely, we consider the
sphere four-point block of the small N' = 4 super-Virasoro algebra, with four external

) in the NS sector or (h,5) = (£,0) in

BPS operators of weight and spin (h, j) = (%, 1

p
the R sector, and a generic non-BPS intermediate primary of weight h. This N = 4
block will be equal to, up to a simple factor, the sphere four-point bosonic Virasoro
conformal block of central charge 28, with external weights 1 and internal primary
weight h + 1. This relation is observed by comparing the four-point function of
normalizable BPS operators in the N = 4 A; cigar CFT to correlators in the bosonic
Liouville theory, through the relation of Ribault and Teschner that expresses SL(2)
WZW model correlators in terms of Liouville correlators [61,62].

We generalize the above argument to establish an exact equivalence between a
class of BPS N = 2 superconformal blocks of ¢ = 3(k 4 2)/k with bosonic Virasoro
conformal blocks of ¢ = 13 + 6k + 6/k in Section 2.2.3.

The second ingredient is the exact moduli dependence of certain integrated four-
point functions A,z of %—BPS operators (corresponding to marginal deformations) in
the K3 CF'T. They are obtained from the weak coupling limit of the non-perturbatively
exact results on 4- and 6-derivative terms in the spacetime effective action of type
1B string theory compactified on the K3 surface [63,64]. This allows us to encode
the moduli of the K3 CFT directly in terms of CFT data applicable in the bootstrap
method, namely the four-point function.

The numerical bootstrap then proceeds by analyzing the crossing equation, where

the N = 4 blocks, re-expressed in terms of Virasoro conformal blocks, are evaluated
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using Zamolodchikov’s recurrence relations [13,65]. The reality condition on the
OPE coefficients, which follows from unitarity, leads to two kinds of bounds on the
scaling dimension of non-BPS operators, which we refer to as the gap dimension Ay,
and a critical dimension ﬁm. Agqp is the scaling dimension of the lowest non-BPS
primary that appear in the OPE of a pair of %-BPS operators. Ay is defined such
that, roughly speaking, the OPE coefficients of (and contributions to the four-point
function from) the non-BPS primaries at dimension A > ﬁm are bounded from
above by those of the primaries of dimension A < ﬁm. A consequence is that, when
the four-point function diverges at special points on the conformal manifold, the CFT
either develops a continuum that contains ﬁm or some of its OPE coefficients diverge.
In the case when the OPE coefficients are bounded (which is not always true as we
will discuss in Section 2.3.4), Em provides an upper bound on the gap below the
continuum of the spectrum that is developed when the CFT becomes singular.

We will see that the numerical bounds on ﬁm and A,,, are saturated by the free
orbifold T*/Z, CFT, as well as the A; cigar CFT, and interpolate between the two as
we move along the moduli space. The moduli dependence is encoded in the integrated
four-point function of %—BPS operators A;jre, which has been determined as an exact
function of the moduli. Our results provide direct evidence for the emergence of a
continuum in the CFT spectrum, at the points on the conformal manifold where the
K3 surface develops ADE singularities, using purely CFT methods (as opposed to the
knowledge of the spacetime BPS spectrum of string theory [53,58,66]). Our bounds
are also consistent with, but not saturated by, the OPE of twist fields in the free

orbifold CFT.

10
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We further discuss analytic and numerical bounds on ﬁm in general CFTs in
2,3, and 4 dimensions. Using crossing equations, we derive a crude analytic bound
ﬁm < \/§A¢, where Ay is the scaling dimension of the external scalar operator.
This bound on ﬁm is then refined numerically, and we observe that it meets at the
unitarity bound for A, < 1in 3 dimensions and Ay, < 2 in 4 dimensions, thus giving
universal upper bounds on the four-point functions for this range of external operator
dimension.

In the large volume limit of the K3 target space, the spectrum of the CFT is
captured by the eigenvalues of the Laplacian on the K3. Using a positivity condition
on the g-expansion of conformal blocks and four-point functions [67,68], we will derive
an upper bound on the gap in the spectrum, or equivalently on the first nonzero
eigenvalue of the scalar Laplacian on the K3, that depends on the moduli and remains
nontrivial in the large volume limit. Namely, it scales with the volume V' as V=2 and
thereby provides a bound on the first nonzero eigenvalue of the scalar Laplacian on
the K3.

We summarize our results and discuss possible extensions of the current work in
the concluding section. Various technical details are presented in the appendices. In
Appendix A, we fix the normalization of the integrated four-point function by com-
paring with known results at the free orbifold point. In Appendix B, we review the
g-expansion of the Virasoro conformal blocks and Zamolodchikov’s recurrence rela-
tions. In Appendix C, we explain the subtle technical details on how to incorporate
the integrated four-point function A;jj, into the bootstrap equations, and also derive

a bound on the integrated four-point function by the four-point function evaluated

11
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at z = % In Appendix F, we discuss how the critical dimension ﬁm gives an up-
per bound on the gap below the continuum when the integrated four-point function

diverges at some points on the moduli space.

2.1 The K3 CFT

2.1.1 Small N = 4 Superconformal Representation Theory

The small N' = 4 superconformal algebra (SCA) with central charge ¢ = 6&/,
current algebra SU(2)g and outer-automorphism SU(2),,; is generated by an energy-
momentum tensor 7', the SU(2)p currents J¢, and the super-currents G transform-
ing as (2,2) under SU(2)g X SU(2)oyus- In terms of their Fourier components L,,, G&4

and J*, the small N' = 4 SCA is captured by the commutation relations

/

[Lmy Ln] = (m - n)Lm+n + E(mg - m)5m+n7

m—+r? m-+n?

(L, GO4] = (% —P)GeA (L, Ji] = —nJ

(2.1)
) k'
{Go4, GPPY = 2¢PeABLL, o — 2(r — S)EABaf‘ﬂJﬁJrS + 5(47‘2 — 1)e*PerBs,
. 1 , ) . k.
[T G2 = =500 6Grs [ Ji) = i€ T+ 67000,
where (0;)% are the Pauli matrices and (0;)* = (0;)*,€” with e, = ¢ = +1.

Here we are focusing on the left-moving (holomorphic) part. The subscripts r, s take
half-integer values for the NS sector and integer values for the R sector.
The N' = 4 SCA enjoys an inner automorphism known as spectral flow, which

acts as [69],

T3 = T2k Sn0, Ty = T,
(2.2)

Ly = Lo+ 20J3 + 'K 6,0, G — G

12



Chapter 2: N' = 4 Superconformal Bootstrap of the K3 CFT

where n € Z/2. In particular, spectral flow with n € Z + % connects the NS and R
sectors.

To obtain a unitary representation of the N' = 4 SCA, k’ must be a positive
integer. Furthermore, if the highest weight state (N = 4 superconformal primary)
has weight h and SU(2)g spin ¢ € Z/2, unitarity imposes the constraints h > ¢ in the
NS sector and h > sz in the R sector. There are two classes of unitary representations
of N = 4 SCA: the BPS (massless or short) representations and the non-BPS (massive
or long) representations, which are summarized in Table 2.1. In the full N’ = (4,4)
SCF'T, operators which are BPS on both the left and right sides are called %—BPS;
the operators which are BPS on one side and non-BPS on the other are i—BPS. We
should emphasize that our terminology of BPS operators exclude the currents which

will be lifted at generic moduli of the K3 CFT.

BPS non-BPS
NS| h=¢( 0<t<k h>( 0<(<EA
_ K K K K

Table 2.1: N' = 4 superconformal primaries in BPS and non-BPS representations.

The character for the BPS representation in the NS sector is

chitP (g, 2,y)

= ﬁ (L+yzq" 3)(1+y 'eq" 3)(1+yz'¢" 3)(1+y 121" 3)
oty (1 _ qn)2<1 _ z2qn>(1 _ Z—2qn)

=, gRHm m 2.3
y Z q(k +1)ym2+(20+1) ( )
= 1—272
(L+yzq™ 2) (1 4y t2qm2)  (14+yzlgm2)(14+y lzlg™s)

13



Chapter 2: N' = 4 Superconformal Bootstrap of the K3 CFT

while the non-BPS NS sector character is

chyp = PP%(q, 2, y)

Ut Oy e (L gLy
- nel (1—qm)2(1 — 22¢")(1 — 272¢") (2.4)
2((K'+1)mt6) _ o, —2((K'+1)m+E+1)

(o)
(k' +1)ym2+(20+1)m #
X
Z q 1 — 22 )

m=—0Q

where z and y are the fugacities for the third components of SU(2)r and SU(2)ut,
respectively. The Ramond sector characters are related to the above by spectral flow.

We will now specialize to the K3 CFT which admits a small N' = 4 SCA containing
left and right moving SU(2)r R-current at level ¥ = 1. In this case, the 3-BPS
primaries in the (NS,NS) sector consist of the identity operator (h = £ = h = { =
0) and 20 others labeled by O;* with h = ¢ = h = { = 1 which correspond to

the 20 (1,1)-harmonic forms on K3 (i = 1,---,20). In particular, the weight-3

BPS primaries O:** correspond to exactly marginal operators of the K3 CFT. Under

~
I
|

N |

)

PN

spectral flow, the identity operator is mapped to the unique h = h =

ground state OF* in the (R,R) sector, whereas OF* give rise to 20 h = h

i %’ l =
¢ =0 (R,R) sector ground states denoted by ¢F%. The K3 CFT also contains }L—BPS

primaries of weight (s,3) and (3,s), for integer s > 1.2 The weight (s, 3) $-BPS

primaries have left SU(2)g spin 0 and right SU(2)g spin % They are captured by

the K3 elliptic genus (NS sector) decomposed into N = 4 characters [50, 70, 71],

ZR5 = 20chP"S + chBPS — chiPP9(90q + 462¢* + 1540¢° + - - - ). (2.5)
2

2Note that the i-BPS primaries are fermionic with half integer spin, and are themselves projected
out in the spectrum of the K3 SCFT. Rather, their integer spin (4,4) SCA descendants comprise
the true % BPS operators of the K3 SCFT.

14



Chapter 2: N' = 4 Superconformal Bootstrap of the K3 CFT

where the (s, 3) BPS primaries are counted by the character

90q + 462¢° + 1540¢° + - - - . (2.6)

We assume the absence of currents at generic moduli of the K3 CFT, which may be
justified by conformal perturbation theory, so that the % BPS primaries are the only
contributions to the non-BPS character terms in the elliptic genus (2.5). While the
currents (of general spin) may appear at special points in the moduli space, they can
be viewed as limits of non-BPS operators and therefore do not affect our bootstrap
analysis.

We are interested in the four-point function of OF* (or ¢f# by spectral flow).
Below we will make a general argument, based on N' = 4 superconformal algebra at
general ¢ = 6k', that the OPE of two BPS primaries ¢{""™ and ¢>"™ with SU(2)x
spin /; and /5 tespectively can only contain superconformal primaries O™ (and
descendants of ), with SU(2)g spin ¢ within the range [¢; — b5, |[¢1 — lo| +1,..., 01 +
lo— 1,01+ 5 and m labels its J3 charge.® In particular, this will imply that at &’ =
for the K3 CFT, only (descendants of) the identity operator and non-BPS operators
can appear. Consequently, only the identity block and non-BPS blocks contribute to
the four-point function of 3-BPS primaries O; .

We start with the 3-point function

(1™ (22) 57 () W72, O () (2.7

where TV ~""™17™2 ig an arbitrary word with Jj = —m —m; — my under left SU(2)g

3We will focus on the holomorphic part in this argument. Similar contour arguments have been
used in [72,73] to argue that the three point functions of BPS primaries are covariantly constant
over the moduli space.
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Chapter 2: N' = 4 Superconformal Bootstrap of the K3 CFT

and composed of raising operators L_,,, J*,, G*4 withn > 0,7 > 1/2, and J;", G:f/Q.
We would like to argue by N/ = 4 superconformal invariance that such a correlator
vanishes identically. The main idea is to perform contour deformation a number of
times to strip off W="7™17™2 completely while either leaving behind a G?/’% which
annihilates @™ or just the correlator of the superconformal primaries themselves
which vanish due to SU(2)p invariance.

Let us suppose £ does not belong to |1 — lo|, |01 — b +1,... 01 + by — 1,01 + {5.

By inserting an appropriate number of JSE at r1 and x in (2.7), and redistributing

them by contour deformations, we can reduce the correlator (2.7) to

(O () ™ a) I, OF () (2.8

We can immediately strip off all Virasoro generators L_, in W*%~4=™ by deforming
the contour of § £ (z—x3)'""T(z). This will relate the original three-point correlator
to the derivatives of those without L_,. Similarly, we can deform the contour of
§ L (2 — 23)7"J3(2) to move J2, on ¢ to J3 on ¢ and ¢y> 2. As for JF, =

¢ L& (z — 33) ™" JT(2), we can replace its insertion by

(x5 —x2)J L, = —J 1 + j{ % JH(2)(z — 23) (2 — x9) (2.9)

271

and deforming the contour. Note that the second term in (2.9) has a vanishing
contribution when we deform the contour to encircle either ¢:*** or ¢5 %, hence
the original three-point function with J7, in W=~ is related to another with
the operator replaced by J¥, .| in Wt=h-m  Repeating this procedure a number

of times, we can replace J7, by Ji".* Similarly we can substitute J-, by J,. By

4Note that we do not have contributions when deforming the contour past infinity for n > 0.
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commuting J¢ all the way to right, we obtain a bunch of three point correlators of the

form (2.8) with W*=%-™ purely made of G*4. Consider for example the case when

G /g = &z GF4(2)(z — x3) ™" is the leftmost letter in W~. As before for J¥,, we
can replace this insertion in the three-point function by G4 12 for n > 0 using
(x3 —22)G™ 2‘ 12 = Gtﬁﬂ/? j[ i G (2) (2 — 23) "(2 — 22). (2.10)

Ab

12 Now we can

Iterating this a number of times, we can replace G~% 12 by G
commute G;/2 all the way to the right which will produce L_, and J’  via anti-
commutators and reduce the number of G*4’s in W~4-m by two. Therefore we
have reduced the correlator to that of the form (2.8) with W%=%4-™ heing either
G4 or removed completely. In the former case, we can perform the replacement
(2.10) and contour deformation again and conclude the reduced three-point function

vanishes. In the latter case, the resulting 3-point correlator also vanishes due to

SU(2)g invariance. This completes the argument.

2.1.2 The Integrated Four-Point Functions

In this subsection we discuss the integrated four-point function of %—BPS opera-
tors, whose exact moduli dependence will be later incorporated into the bootstrap

equations (see Section 2.3.3 and Appendix C). The integrated sphere four-point func-

®One can apply a similar procedure if Girf is the leftmost letter in W .
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Chapter 2: N' = 4 Superconformal Bootstrap of the K3 CFT

tions A;ji and B are defined as [64]°

[ el = A (6 26 00 (1) (o0))
_ o <5ij5kl N 0ik0j1 N 0i0 ik

S t U

) + Ajji + Bij s + Bigjit + Bajru (2.11)
+O(s*, %, u?),

where ¢f*F are the RR sector %—BPS primaries of weight (i, ;11) that are related to
NS-NS %—BPS primaries Oiii by spectral flow, and the variables s, ¢, u are subject
to the constraint s + ¢+ u = 0. A;ju by definition is symmetric in (ijkl). Bijg is
symmetric in (i), (kl), and under the exchange (ij) <> (kl). Furthermore, we require
that B;; i satisfy the constraint Bjjx + Bk + Bijr = 0, since this combination of
B multiplies s + ¢ + u and hence does not appear in the physical amplitude. A;jz is
also known as the tree-level N' = 4 topological string amplitude 74, 75].

The first term in (2.11) is related to the tree-level amplitude of tensor multiplets
in type IIB string theory compactified on K3 at two-derivative order. In particular,
it captures the Riemannian curvature of the Zamolodchikov metric on the K3 CFT
moduli space. Moreover A;ji; and B;; 1, can be identified as the tree level amplitudes
of tensor multiplets in the 6D (2,0) supergravity at 4- and 6-derivative orders respec-
tively. They can be obtained from the weak coupling limit of the exact results for
the 4- and 6-derivative order tensor effective couplings determined in [63,64]. For the
purpose of superconformal bootstrap, we will make use of

1 o © T
/}_d2’7' A(y|7_7 T)’ (212)
y=0

1672 Oyidy? Oyk oyt

Aijkf = 77(7_)24

6More precisely, this integral is defined by analytic continuation in s,t from the region where it
converges.
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Chapter 2: N' = 4 Superconformal Bootstrap of the K3 CFT

where F is the fundamental domain of PSL(2,7Z) acting on the upper half plane, A is
the even unimodular lattice 'y 4 embedded in R?***  which parameterizes the moduli
of the K3 CFT, and the theta function ©, is defined to be

Oa(y|T,T) = 7Y Z eI T 2wl (2.13)

=

Here /1, and /y are the projections of the lattice vector £ onto the positive subspace R?"
and negative subspace R* respectively. The lattice inner product is defined as £ o ¢ =
(2 —(3%. y is an auxiliary vector in the R*’, whose components are in correspondence
with the 20 BPS multiplets of the K3 CFT. Note that in (2.12), the integral is modular
invariant only after taking the y-derivatives and restricting to y = 0.

The expression (2.12) is obtained from the weak coupling limit of (1.3) in [64] (by
decomposing I'yy 5 = 'y 4 @ I'1 1, and taking a limit on the I'y ;). The normalization
can be fixed by comparison with an explicit computation of twist field correlators in
the T /Z, free orbifold CFT, as shown in Appendix A. There is an analogous formula
for B;; i as an integral of ratios of modular forms over the moduli space of a genus
two Riemann surface.

If we assume that all non-BPS primaries have scaling dimension above a gap A,”
one can derive an inequality between the integrated four-point function Aji1; of a
single 3-BPS primary ¢;, and the four-point function f(z,z) itself evaluated at a

given cross ratio, say z = %, of the form (see Appendix D)

A <3A0+ M(A) [f(1/2) — fo . (2.14)

"Note that the assumption of a nonzero gap holds in the singular CFT limits where the K3
develops ADE type singularities, but obviously fails in the large volume limit.
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Here Ay and fj are constants, and M (A) is a function of A that goes like 1/A in the
A — 0 limit. Since A;17 is known as an exact function of the moduli, this inequality
will provide a lower bound on f (%) over the moduli space. In particular, it can be

used to show that f (%) diverges in the singular CF'T limits.

2.1.3 T*/Z, Free Orbifold

There is a locus on the K3 CFT moduli space that corresponds to the Zy free
orbifold of a rectangular 7% of radii (Ry, Ra, R3, R4).® Let us first consider the twisted
sector ground state in the RR sector o(z, ), associated with one of the Z, fixed points.
Its OPE with itself will receive contributions from all states in the untwisted sector
with even winding number [76], which has a gap of size 1/ max(R;)? (here we adopt
the convention o/ = 2). The four-point function of o(z, 2) is [77, 78]

_ 2(1—2)|7! AN
fen=Eae % et 2.15)

(pL,pR)EA

where? ¢(2) = exp(in7(2)), 7(2) =iF (1 — 2)/F(2), F(z) = 2F1(3, 5, 1|2) = [03(q(2))]?,

and the lattice is A = {(p%,p%) = {(% il % — mif)

n' € Z,m' € 272}, which
is also v/2 times the (4,4) Narain lattice for a rectangular T* with different radii
R, = V/2R;. Note again that the untwisted sector operators with odd winding num-
bers are absent in (2.15) due to the selection rule in the orbifold theory [76]. The
“g-map” z — q(z) is due to Zamolodchikov [13,65] and is explained further in Ap-

pendix B. The range of this ¢g-map is shown in Figure 2.1.

8Free T* orbifold points on the moduli space of the K3 CFT fall in the following classes: T*/Zs,
T*/Zs3, T*)Zs and T*/Ze. They share similar qualitative features and we will only discuss the
T*/Zs case in detail here.

?Our convention for 03(q) is O5(¢q) = >, ¢, with ¢ = ei™7.
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O

1 L L
0.5 1/0 -0.10 -0.

D, j D,

-0.10

Figure 2.1: The eye-shaped region bounded by the dashed line is the range of ¢(z)
under one branch of the g-map (B.2). The regions Dy, Dy and D3 each contains two
fundamental domains of the S3 crossing symmetry group. See Appendix B.

The four-point function evaluated at z = 1/2 has a particularly simple expression

F(1/2,1/2) = 1/2 7l H\eg 0s(e ™R > 4. (2.16)

The minimal value is achieved by a square T* at radius R; = 1 (or R, = v/2). Note
that R, = 1 is not the self-dual point for the 7% since we set o/ = 2. Later in
Sections 2.3.2 and 2.3.3, we will compare the twisted sector four-point function with
our bootstrap bounds on the gap in the spectrum.

Next let us consider the four-point function of untwisted sector operators. The

NS sector %—BPS operators in the untwisted sector can be built from the free fermions

1*4(z), which satisfy the OPE

Ea,ﬁ EAB

WA (2) 7B (0) ~ (2.17)

z
From the bilinears of ¢*4 we have either the SU(2)x current 1**¢"Pe 5 which is

an N = 4 descendant of identity or the current *4¢#Be 5 which is a weight (1,0)

non-BPS superconformal primary.
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Consider a single %—BPS operator in the untwisted sector of the free orbifold theory

O+ = %wiA@ZiBeAB. Its four-point function is,

- 1 1 1
2) = (0 (2, 2)0~(0)0H (1) =—+1-——. 2.18
f(Z,Z) < (Z,Z) ( ) ( ) (OO)> zZz T 2z 2z ( )
In the OPE between OF* and O~ ~, the lowest non-identity primary is €apecp :

Y AYTBY=Cy=D . of weight (1,1). This will show up as a special example in Sec-
tions 2.3.2 and 2.3.3 when we study the bootstrap constraint on the gap in the spec-
trum. Note that the integrated four-point function Aj;1; at the free orbifold point
T*/Zsy is zero as can be checked explicitly from (2.11) and (D.1).

More generally, we can consider two %—BPS operators qﬁfi and qﬁi in the un-

twisted sector,

£ — Y FAGEB M £+ = Y FAGEBRT 4, (2.19)

where Map and M 45 are some independent general 2 x 2 complex matrices. Below
we will show that if the identity block is absent in the OPE of a %—BPS primary
(bfi in the untwisted sector with itself, the (1,0) non-BPS primary must appear
in the OPE of (bfi with any other %—BPS primary gbfi in the untwisted sector if
the identity block appears there. The OPE coefficient of the identity block in the
¢1¢1 OPE is proportional to det(M), whereas that in the ¢;¢, OPE is proportional
to €4Be“P My Mpp. Therefore, we require det(M) = 0 but e*Pe“PMycMpp # 0
to exclude the identity in the ¢1¢; OPE but not in the ¢;¢0o OPE. If the (1,0)
primary is absent in the ¢ ¢, channel, we require €“? M cMpp o €45 with a nonzero
proportionality constant. This is in contradiction with det(M) = 0.

In this case, the lowest primary in the ¢;¢; OPE would be a (1, 1) non-BPS primary

which combines the holomorphic (1, 0) primary with its antiholomorphic counterpart.

22



Chapter 2: N' = 4 Superconformal Bootstrap of the K3 CFT

In other words, if the ¢;¢; channel does not contain identity whereas the ¢;¢; channel
contains identity, Ay, =1 in the ¢;¢; channel and Ay, = 2 in the ¢;¢; channel. As
we will see in subsection 2.3.4, if we take ¢; to be the complex conjugate of ¢;, this
corresponds to a special kink on the boundary of the numerical bound for the {¢p@e)

correlator.

2.1.4 N =4 A,_, Cigar CFT

The N' = 4 A;_; cigar CFT is constructed as a Zj; orbifold of the product of

N =2 coset SCFTs [58,79,80],1

SL(2),/U(1) x SU(2),/U(1). (2.20)
The N =4 A;_; cigar theory has 4(k — 1) normalizable weight (3, 3) BPS primaries,
corresponding to 4(k — 1) exactly marginal deformations,'* and a continuum of delta

function normalizable non-BPS primaries above the gap

1

o (2.21)

Acomf =

in the scaling dimension. Later when we consider a sector of primaries with nonzero
R-charges, the continuum develops above a gap of larger value and there may also be
discrete, normalizable non-BPS primaries below the gap. The continuum states are
in correspondence with those of the supersymmetric SU(2), x R, CFT, where R, is a
linear dilaton, with background charge 1/ Vk, which describes the asymptotic region

of the cigar.

10The k of the N' = 4 Aj_; cigar CFT is not to be confused with the level &’ of the A = 4 algebra.
In particular, the Ay_; cigar CFT has ¢ = 6 and hence k¥’ = 1 for its ' = 4 algebra.

"n the 6D Ap_; IIA little string theory, they parametrize the Coulomb branch moduli space
R4(k—1) / Sk'
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We will consider the RR sector 1-BPS primaries Vi, and Vi, ((2.36) and (2.37))
[64,81,82] with Z; charge (¢ + 1). Here ¢ ranges from 0 to |£52]. For ¢ between

L%J + 1 and k — 2 we use the identification Vj, = V};r,k—Q—Z'

Continuum in the Cigar CFT

As already mentioned in (2.21), in the OPE between Vg ¢ and Vg, there is a

continuum of delta function normalizable non-BPS primaries above

N (2.22)

cont — 2]{7

Here we have adopted the notation that will be used in subsection 2.3.4 where we
denote V}{E by ¢ and Vg, by .

Let us move on to the lowest weight operator that lies at the bottom of the
continuum in the OPE between V7, and Vi, This operator can be factorized into
the SL(2),/U(1) and SU(2),/U(1) parts. Let us denote the lowest holomorphic
weights of the operators in the two parts by h*! and h*“, respectively.

h*t can be determined by studying the four-point function (2.41) together with

the fusion rule in the N' =2 SU(2),/U(1) coset. The leading z power in (2.41) is

(+1)2 1 2 (+2)(2k ¢
{( 2/£) +Z:|+hP_h1_h27 hP:%v hl:h2:< L(/{ )’ (2'23>

where we have used (2.42) and hp = ap(Q — ap) with ap = @/2 for the lowest
dimension state in the continuum. Recall that Q = vk + \/LE is the background
charge of the corresponding bosonic Liouville theory in the Ribault-Teschner relation.

Writing the four-point function (2.41) in the conformal block expansion, (2.23) is the

power of z in the N = 4 superconformal block with intermediate state being the
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11
bottom state in the continuum and external states being Vfl;(JrQZ,ZH?) (the SL(2)/U(1)
27

2 2

part of V}{ ;). The holomorphic weight of the latter is given by (2.38) to be ﬁ + %.

Hence,

hd:[@+n2+1}+@1;P (ﬂ+a§k—@+2<1 iﬁ_ (2.24)

o 4 s

As for the SU(2)/U(1) part, the lowest dimension intermediate operator in the

Su 11 . SUu . . . .
OPE between two V, 2(5’2) is Vu’é(l’l), whose holomorphic weight is given by (2.39),
2°272 ”
(+1 1
poo— L 2.25
—+5 (2.25)

Adding h* and h** together, we obtain the lowest scaling dimension A®? in the

cont

continuum of the OPE channel between Vi, and V;,,

(k — 20 — 1)?

o (2.26)

Ad’d) _ 2<hsl 4 hsu) —

cont —

As we will show below, in addition to the continuum, there are generally discrete
states contributing to the four-point function (2.41) of the cigar CFT with divergent

structure constant when normalized properly.

Discrete Non-BPS Primaries

As mentioned in Section 2.2, the discrete state contributions come from the poles
in the Liouville structure constants C(a, g, ap) when we analytically continue the
external states, labeled by their exponents «;, from % + iR to their actual values

on the real line given in (2.42) [83]. The relevant factor in the Liouville structure
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constant is T (o + as — ap) in the denominator of (2.44),'* where Y(x) has zeroes at

n n+1
rt=———mVk, and x= +(m+1)VEk, n,mée Zs. 2.27
v L+ S

The argument of Y(a; + ay — ap) is deformed from @/2 + iR to “T; — % +iR. By

noting that Q = vk + \/LE’ the question of identifying the poles is equivalent to asking

CAGE ) B

contains any of the poles in (2.27). It is not hard to see that the only possible poles

whether the interval

in (2.27) that lie in the above interval are

r=_— nzo,l,---,g—é—zj. (2.29)

Note that k > 4 for these poles to contribute.'® These poles occur at

1 3 k n
— |+ =—= ) +iP=——, 2.30
@( 2 2) NG (2:30)
or, in other words,
1 3—k
P=1—[(l+—+n]. 2.31
a5 ) o3

The imaginary shift of the momentum shifts the scaling dimension of the discrete

non-BPS primary of question from the continuum gap by the amount of 2P?, to

(k— 20— 1)

2(n+1)(2+20+n) (2.32)
2k

+2P2=2(n+1) - - :

12The factor Y(ay + ag + ap — Q) in (2.44) will give other discrete states with the same weights.
The structure constant C'(ag, cy, % — iP) yields an identical analysis with ¢ replaced by k — 2 — ¢,
and hence gives the same set of poles.

BFor k = 3 and ¢ = 0, the pole lies precisely at the new contour but the contribution to the
four-point function is cancelled by poles from other factors in the Liouville structure constant. In
any case, the potential discrete state lies at the bottom of the continuum and therefore does not
affect the distinction between A giscrete With Acont-
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The lowest scaling dimension A%?

Gerere Of such a discrete state (with divergent structure

constant) is given by choosing n = 0,

oo, 40+0

discrete L )

for k> 4. (2.33)

The Normalization of Structure Constants

We now argue these discrete non-BPS operators, when viewed as a limit of those
in the K3 CFT (that is described by the cigar CFT near a singularity), have divergent
structure constants with the external %—BPS primaries.

Let us first clarify the normalization of operators in the cigar CFT versus in the
K3 CFT. In comparing the cigar CF'T correlators to the K3 CF'T correlators, there
is a divergent normalization factor involving the length L of the cigar. That is, let
V' be some operator in the cigar CFT, then an n-point function (VV ---V) in the
cigar CFT of order 1 really scales like 1/L when viewed as part of the K3 CFT in
the singular limit. In particular, the two-point function (V'V') goes like 1/L, thus the
normalized operator in the K3 CFT is ¢ ~ v/LV, so that (ppp) goes like L, which
diverges in the infinite L limit, for generic cross ratio.

The discrete non-BPS states discussed above contribute to the four-point function
(2.41) by an amount that is a finite fraction of the continuum contribution, and both
diverge in the singular cigar CFT limit. Consequently, these discrete states in the

OPE of two 3-BPS operators ¢ have divergent structure coefficients in this limit.

27



Chapter 2: N' = 4 Superconformal Bootstrap of the K3 CFT

2.2 N =4 Superconformal Blocks

For the purpose of bootstrapping the K3 CFT, we will need the sphere four-
point superconformal block of the small N' = 4 superconformal algebra of central
charge ¢ = 6, with the four external primaries being those of BPS representations
with (h,j) = (%, %) in the NS sector, or equivalently by spectral flow, BPS rep-
resentations with (h,j) = (§,0) in the R sector. The intermediate representation
will be taken to be that of a non-BPS primary of weight h (and necessarily SU(2)g
spin 0). Let us denote the NS BPS primary by OF (exhibiting the left SU(2)r
doublet index only), and the Ramond BPS primary by ¢f. We shall denote the
chiral-anti-chiral A/ = 4 superconformal block!* associated with an NS sector BPS
correlator of the form (O~ (z)OT(0)OF(1)O~(c0)) by FY="N9(2), and the corre-
sponding block with R sector external primaries, associated with a correlator of the
form (¢%(2)¢%(0)¢"(1)¢%(c0)), by F¥=*F(z). The NS and R sector blocks are re-
lated by

FN=ANS () = 272 (1 — 2) 2 FV4E(p). (2.34)
Note that the j = % BPS representation does not appear in the superconformal block
decomposition of the BPS four-point function in the K3 CFT, because neither the
%—BPS nor the %—BPS operators appear in the OPE of a pair of %—BPS primaries,
as demonstrated in the previous section. The identity representation superconformal

block, on the other hand, can simply be obtained by taking the A — 0 limit of

FN=4(2).

4By a contour argument similar to the one in Section 2.1.1, one can show there is only one
independent OPE coefficient between two BPS superconformal primaries.
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O~ (2) O*(0)
FY=NS(2) = h

or(1) O~ (o0)

Figure 2.2: The chiral-anti-chiral ¢ = 6 NS N = 4 superconformal block with external
BPS primaries OF and intermediate non-BPS primary of weight h.

Claim: The chiral-anti-chiral ¢ = 6 N' = 4 superconformal block with BPS external
primaries and internal non-BPS primary of weight h is identified with the bosonic
Virasoro conformal block of central charge ¢ = 28, with external primaries of weight

1, and shifted weight h 4+ 1 for the internal primary, through the relation

FR ) = 21— 2 RV (L1 L1+ 5 2), (2:35)

Here FY(hy, ho, hs, ha; W' 2) denotes the sphere four-point Virasoro conformal block
with central charge ¢, external weights h;, and internal weight h'.*

We will discuss an explicit check of (2.35) on the z-expansion coefficients of the
conformal block in Section 2.2.3.

We will justify the above claim by inspecting the N' = 4 A; cigar CFT, which can
be described as a Zs orbifold of the N' = 2 superconformal coset SL(2)/U(1) at level
k = 2. This is a special case of the N' =4 A;,_; cigar CFT, which was introduced in

Section 2.1.4.

15We will omit the N' = 4 superscript for the N' = 4 superconformal blocks from now on, but
keep the superscript Vir for the bosonic Virasoro conformal blocks. A similar relation between
superconformal blocks and non-SUSY blocks with shifted weights was found in [34,84-86] for SCFT's
ind> 2.

29



Chapter 2: N' = 4 Superconformal Bootstrap of the K3 CFT

2.2.1 Four-Point Function and the Ribault-Teschner Rela-
tion

Let us recall the computation of the sphere four-point function of the BPS pri-

maries in the 4;_; cigar CFT, studied in [62]. The weight (3, 1) 3-BPS RR sector

11
R
primaries lie in the twisted sectors of the Z; orbifold, labeled by an integer ¢+ 1, with
¢=0,1,--- ,k—2. Note that £+ 1 is also the charge with respect to a Z symmetry

that acts on the twisted sectors, and is conserved modulo k. They can be constructed

from SL(2) and SU(2) coset primaries as either

1 1 11

+ 180 5.75) 1 5u(5,3)
VR,Z =V, Ve i (2‘36)

2 2 7 2 27272
or
— Sev(l’l) Su( lafl)

VR,Z = V£ _ﬁ _ey2 Vg _t iﬁ . (2'37)

27 2 2 2 2 2

Here V2 (2 ) and Vi /" ) (2, ) are the spectral flowed primaries in the SL(2)/U(1)

j,m,m
and SU(2)/U(1) coset CFTs, respectively. n,7 and 1/, 77’ are the spectral flow param-
eters in the N = 2 SL(2)/U(1) and SU(2)/U(1). The holomorphic weight of the

N =2 SL(2),/U(1) coset primary V" (2) is

. . 2 2
—JU+ D+ m+n) U (2.38)
k 2
while the holomorphic weight of the N" =2 SU(2),/U(1) coset primary Vs,unf, (2) is
N _ / 1\ 2 12
J'(j +1)k(m +1) +?777 (2.39)

We have the identification Vi, = VRf o g

The correlator of interest is
<VJ—‘—££(% E)VJ;MO)V}&(”VR_,AOO» ) (2.40)
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where the operators are arranged so that the Z;, charge is conserved. The SL(2)/U(1)
part of the correlator was determined in [62], using Ribault and Teschner’s relation [61]
between the bosonic SL(2) WZW and Liouville correlators. The result is of the form

(see (3.37) and (3.39) of [62])'°

Na| L — et
2.41)
> dp | (
X / —C(O&l, g, Q -+ iP)C(ag, Oy, Q — iP)'FVlr<h1, hg, hg, h4; hp; Z)’Q
o 2m 2 2
Here FV¥(hy,--- ;hp;2) is the Virasoro conformal block with central charge ¢ =

1+6Q?. N is a normalization constant. @ is the background charge of a corresponding
bosonic Liouville theory, and «; are the exponents labeling Liouville primaries of
weight h; = o;(Q — «;). They are related to k (labeling the Aj_; cigar theory) and ¢

(labeling the BPS primaries) by

1 1

b+, BP==

Q +b7 k’
(+2 k—1¢
Oél—az—Lb, az =ay = ——b,
2 2 (2.42)

o 2@k =0

1 — 2 — 4]€ )

(Bl 2)(k—-0)
hs = hy = i .

Note that the Liouville background charge @) is not the same as the background of
the asymptotic linear dilaton in the original cigar CFT (which is 1/v/k). The weight

of the intermediate continuous state in the Liouville theory is

hp =ap(Q —ap), ap= % +iP, PeR. (2.43)

16Note that the identity block does not show up in the cigar CFT four-point function because the
identity operator is non-normalizable. This can also be understood from the normalization when
compared with the K3 CFT discussed in Section 2.1.4.
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C(a1, a9, a3) is the structure constant of Liouville theory [13,87],

—2. % T 3 T 2 i
C(Ofl,QQ,Oég) :/’IQ bz OHZZI ( a) )
T o —Q)T(ar + az — a3)T(a2 + az — ar) Tz + o1 — @)
(2.44)
where i = mpy(b2)b2~2" is the dual cosmological constant to o with v(x) = I'(x)/T(1—

x), To = Y'(0), and

_ F2<Q/2|b7 b_1>2
Tla) = To(alb, b ) T2(Q — alb, b-1)

(2.45)
Here I'y(x|ai, az) is the Barnes double Gamma function [88]. T(«) has zeroes at
a=-nb—m/band a = (n+1)b+ (m+1)/b, for integer n,m > 0.

The integration contour in (2.41) is the standard one if o; lie on the line %+iR. We
need to analytically continue «; to the real values given above. In doing so, the integral
may pick up residues from poles in the Liouville structure constants. These residue
contributions, if present, correspond to discrete intermediate state contributions [83].

We will have more to say about these discrete intermediate state contributions to the

four-point function (2.41) in the N'=4 A;_; cigar CFT in Section 2.3.4.

2.2.2 Four-Point Function of the N’ =4 A; Cigar CFT

Now we shall specialize to the A; theory (i.e. k = 2). In this case, the asymptotic
region of the cigar CFT is simply given by one bosonic linear dilaton Ry, with back-
ground charge \%, and 4 free fermions. Note that the non-BPS N = 4 character with
¢ = 6 (and necessarily with SU(2)g spin j = 0) is identical to the oscillator partition

function of one chiral boson and 4 free fermions. Thus, the non-BPS superconformal

primaries of the N' = 4 A; cigar CFT are in one-to-one correspondence with expo-
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nential operators in the bosonic part of the asymptotic linear dilaton CF'T, of the
form

1
V, =€, witha = — +iP, P €R. 2.46
Wi (2.46)

Importantly, these non-BPS primaries are labeled by the same quantum number, a
real number P, as the intermediate Liouville primaries in (2.41).

The result (2.41) that expresses the BPS four-point function in terms of Virasoro
conformal blocks labeled by the Liouville primaries V, then strongly suggests that
in the A; theory, the N' = 4 superconformal block decomposition is identical to the
decomposition (2.41) in terms of Virasoro conformal blocks. Here, the Virasoro block
is that of central charge

c=146Q* =28, (2.47)
with external weights h; = 1 ((2.42) with £ = 2, £ = 0). Next, we want to relate the
intermediate Liouville primary with weight hp to the corresponding N' = 4 non-BPS
primaries in the A; cigar CFT. The non-BPS N = 4 primary, in the SL(2)/U(1)

coset description, would be constructed from an SL(2) primary of spin'’

1
j=-5- iV2P, P ER, (2.48)
with conformal weight
h = —j(]T+1) = é—i—PZ. (2.49)

On the other hand, by the relation of Ribault and Teschner (see also (3.17) of [62]),

the intermediate Liouville primary in (2.41) is labeled by the exponent ap given by

1
ap=—bj+ 5 = % +iP. (2.50)

"The /2 is introduced to match with the convention in (2.41).
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Using (2.43), we obtain the weight of the intermediate Liouville primary in terms of

P labeling the SL(2),/U(1) coset states in (2.48),

hP:§+P? (2.51)

This leads us to identify the relation between the Virasoro primary weight hp and the

weight of the non-BPS primary in the corresponding N = 4 superconformal block,

hp=h+1. (2.52)

Including the z-dependent prefactor in (2.41) in (the k = 2, ¢ = 0 case), and matching

the normalization in the z — 0 limit, we then deduce the relation (2.35).

2.2.3 N = 2 Superconformal Blocks

The ¢ = 6 N/ = 4 superconformal block with BPS external primaries is in fact
identical to the chiral-anti-chiral channel superconformal block of the N/ = 2 subal-
gebra.'® This follows from the fact that a non-BPS weight h representation of the
N =4 SCA decomposes into an infinite series of N' = 2 non-BPS representations of
weight h + mTQ and U(1)gr charge m [89], with m = 0,1,---. By a similar contour
argument as in Section 2.1.1, only the U(1) neutral N' = 2 primaries and their de-
scendants can appear in the OPE of the external chiral operator ¢ and anti-chiral

operator ¢, hence the claim.

18We thank Sarah Harrison for a discussion on this issue.

Y0ne can in fact reach a more general statement based on AN/ = 2 SCA. The OPE of two
(anti)chiral primaries with U(1)g charge g1 and ¢o can only contain a primary (and descendants of)
with U(1)g charge ¢3 if ¢ < 0 and ¢ + g2 —q3 <0 or ¢; > 0 and ¢1 + g2 — g3 > 0. In particular
when we consider the OPE of one chiral and one antichiral primaries with opposite U(1)g charges,
only the U(1)g neutral primaries (and descendants) can appear.
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¢~ (2) ¢*(0)
vt ) = "
¢*(1) ¢ (00)
Figure 2.3: The chiral-anti-chiral ¢ = @ NS N = 2 superconformal block with

e2),

external chiral/anti-chiral primaries ¢* of weight %l and U(1)g charge ¢ = + ( :

and intermediate U(1)g neutral non-BPS primary of weight h.

More generally, one can extract the chiral-anti-chiral NS superconformal block of

a general N = 2 SCA with central charge ¢ = @ from the N' =2 SL(2),/U(1)

cigar CFT. For instance, by a similar argument as in sections 2.2.1 and 2.2.2, one
3(k+2)

can show that the ¢ = == N = 2 superconformal block with external chiral or

anti-chiral operators of weight % and U(1)g charge —q, q, q, —q, with®

q:Tv €20717"'7k_2a (254>

and the internal U(1)g neutral non-BPS primary with weight h, is related to the

bosonic Virasoro conformal block of central charge ¢ = 13 + 6k + % by

k+2

=2,c:3(k7+2)7 NS (e42)(k—e—2

2 (k—t=2) ir
~.q.0,~q|h (2) = (2(1—2)) = ffiuuﬁk+g(h—q’hq’hq’h—ﬁfl*'“1“52%
(2.55)
where
B (€+2)(2k—£)7 h = (k:—f)(k+€+2)' (2.56)

! 4k 4k

20Under spectral flow, the NS sector chiral primaries are mapped to R sector ground states with
R-charges

0=0,1,--,k—2. (2.53)
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Note that in the special case when & = 2 and ¢ = 0, the N/ = 2 block becomes identical

to the N' = 4 block as argued above and (2.55) reduces to the claim (2.35). The shift

k+2

+2 comes from the difference between Q*/4

in the intermediate weight hp = h +
and 1/4k, similar to (2.49) and (2.51) in the &k = 2 case. We have checked directly
using Mathematica that (2.55) (and therefore (2.35) as a special case) holds up to
level-4 (2* relative to leading order) with various values of ¢ in (2.54). We expect

(2.55) to hold for (anti)chiral primaries with general U(1)g charges and central charge

¢ = 3(k + 2)/k by analytic continuation in ¢ and k.

2.3 Bootstrap Constraints on the K3 CFT Spec-

trum: Gap

2.3.1 Crossing Equation for the BPS Four-Point Function

Let us consider the four-point function f(z, z) = (¢7F(z, 2)pRR(0)pTE (1) (o))
of identical R sector ground states (the four-point function in the NS sector is related
by spectral flow). Decomposed into ¢ = 6 N' = 4 R sector superconformal blocks

FE(2) (in the z — 0 channel),

fz.2) =) Ch T (2)FE (2), (2.57)
hr,hr
where
FR()=22(1 = 2)2FVr (1,1,1,1; h + 1; 2), (2.58)

and EY (hy, hy, hs, hy; h; 2) is the sphere four-point conformal block of the Virasoro

algebra of central charge c. Crossing symmetry relates the decomposition in the z — 0
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channel to that in the z — 1 channel
0= 3" g |[FRFLG) - FROA-2FE0-2)]. (259
hr,hr

This is equivalent to the statement that
0= Z Chy mpl i () F(2) = Fiif (1= 2)F (1= 2)] (2.60)

for all possible linear functionals « [17]. In particular, we can pick our basis of linear

functionals to consist of derivatives evaluated at the crossing symmetric point

v (2.61)

z |z:1/2'

Since ay, n[Ha s(2, 2)] trivially vanishes for m+n even, we want to consider functionals
that are linear combinations of a,,, for m + n odd. Restricting to this subset of
functionals, the crossing equation becomes
0=> CinnHas(z2)], (2.62)
A,s

where for convenience we define

Has(z,2) = .F,i (z)]—",fR(z). (2.63)

Using the crossing equation, we will constrain the spectrum of intermediate pri-
maries appearing in the ¢*%¢® OPE, by finding functionals that have certain pos-
itivity properties. In particular, we will be interested in bounding the gap in the
non-BPS spectrum, as well as the lowest scaling dimension in the continuum of the

spectrum in the singular K3 limits.
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2.3.2 The Gap in the Non-BPS Spectrum as a Function of
f(1/2)

We first bound the gap in the non-BPS spectrum in the OPE of identical BPS

operators. Fix a Ay, and search for a nonzero functional « satisfying®!

a[Has(z,2)] >0 for A=s=0and A> ﬁgap, s € 27, (2.64)

If such a functional exists, then there must be a contribution to the four-point function
from a primary with scaling dimension below ﬁgap that is not the identity. In other

words, we obtain an upper bound on the gap in the spectrum,

Apay > A (2.65)

gap — gap-

The search of positive functionals can be effectively implemented using semidefinite
programming [20,22,90,91], and the optimal bound is obtained by minimizing ﬁgap.

Over certain singular loci on the moduli space of the K3 CFT, for example, the
N = 4 cigar CFT points, the four-point function at generic cross ratios diverge (away
from the singular loci, the primary operators are always taken to be normalized by
the two-point function). Since the four-point function is unbounded above on the
moduli space of the K3 CF'T, this motivates us to look for a more refined ﬁgap that
depends on the four-point function. Let us first discuss how to improve ﬁgap using
the four-point function evaluated at the crossing symmetric point f(1/2). In the

next section, we will explore an alternative, which is to bound A, conditioned on

the integrated four-point function A;q1;, whose dependence on the K3 CFT moduli

21Here and henceforth, the unitarity bound A > s is implicit. That is, positivity is enforced for

o~

A > max(s, Agap)-
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is explicitly known (see Section 2.1.2). In Appendix E, we bound f(1/2) below by
A
The information of f(1/2) can be easily incorporated into semidefinite program-
ming. Define M) ,(2,2) = Fﬁ(z)% — f(1/2)0a,0, so that am,[Hx ,(2,2)] =
Qmn|Has(z, Z)] for m +n odd as before, and
0= ano[Hx (2 2)] (2.66)
As
is equivalent to the conformal block decomposition of f(1/2). An optimal ﬁgap can

be obtained by scanning over functionals acting on H) ,(z, Z), except that now the

functionals are linear combinations of oy, , with m 4+ n odd as well as m = n = 0.

A word on numerics. The results of semidefinite programing depend on a set
of parameters. The conformal block is evaluated to ¢ order using Zamolodchikov’s
recurrence relations (see Appendix B) [13,65], and we scan over functionals that are
linear combinations of derivatives evaluated at the crossing symmetric point, up to d
derivative orders, namely, o, , for m +n < d. Moreover, the positivity condition is
in practice only imposed for spins lying in a finite range s < $,,4, (but for all scaling
dimensions A > ﬁgap). The truncation on spin is justified by the unitarity bound
A > s and the convergence rate of the sum over intermediate states in the four-point
function [92]. There are subtle interplays between these parameters. For example,
if we go up to d derivative order, then we need N to be larger than d; empirically
we find that N = d + 10 gives a good approximation that is stable as N is further
increased. Also, as d is increased, $,,., should also be increased, otherwise the bound

may violate physical examples [93]. The default setting in this work is N = 30,
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Derivative order d ﬁgap F(1/2)min
8 2.04892 2.97672
10 2.03414 2.98401
12 2.01089 2.99507
14 2.01080 2.99513
16 2.00449 2.99806
18 2.00408 2.99823
20 2.00179 2.99923
22 2.00134
24 2.00063
26 2.00056
28 2.00030
30 2.00024
T*)Zs free orbifold: untwisted sector | Ay, =2 | f(1/2) =3

Table 2.2: The bound on the gap in the identical primary OPE, and the minimal value
of the four-point function evaluated at the crossing symmetric point, as the derivative
order of the basis of functionals is increased. Also shown are the values of the un-
twisted sector correlator at the T%/Z, free orbifold point computed in Section 2.1.3,
which within numerical error saturate the bounds.

Smaz = 40, and up to d = 20, unless noted otherwise.

Numerical results. The first two columns of Table 2.2 show the numerical results
for the optimal ﬁgap without the information of f(1/2), for up to d = 30 derivative
orders. The conformal block is evaluated to ¢*° order to accommodate the high
derivative orders. Within numerical error, ﬁgap approaches 2 as we increase the

derivative order. This bound is saturated by a free fermion correlator at the free
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Agap

2.0 ~ -«— T*/Z, free orbifold: untwisted sector
1.5} -

: Square T* with R=1 —— Bound: quadratic fit
1.0p T4/Z, free orbifold: twisted sector
0.5}

: : : f(1/2)
10 100 1000

Figure 2.4: The dots indicate the upper bound ﬁgap on the gap versus f(1/2), the
four-point function evaluated at the crossing symmetric point, at derivative orders
ranging from 8 to 20. The solid line plots the extrapolation to infinite order using a
quadratic fit. The minimal f(1/2) and maximal gap are simultaneously saturated by
an untwisted sector correlator at the free orbifold point. The shaded region represents
the gap in the OPE of twist fields at a fixed point of T*/Z, with a rectangular T,
where the minimal f(1/2) and maximal gap are achieved by a square T* at radii
R; =1 (1/4/2 times the self-dual radius).

orbifold point, as was explained in Section 2.1.3.

After incorporating the information of f(1/2) (reverting to the default setting
of parameters), we find that f(1/2) less than a certain threshold f(1/2),, is com-
pletely ruled out (ﬁgap — 0). Above this threshold, A,,, starts from zgap ~ 2 at
f(1/2) = f(1/2)mn and then monotonically decreases. Table 2.2 shows the values
of f(1/2)min, which seem to asymptote to f(1/2)m: = 3 at infinite derivative or-
der. Figure 2.4 plots the dependence of ﬁgap on f(1/2). The limiting value ﬁgap

as f(1/2) — oo is in fact equal to another quantity A, that we will introduce in

the next section.22 Note that for smaller values of f(1/2), the numerical bound A,

22We explain the reason here. The difference between ﬁgap and ﬁcrt is that the former imposes
a positivity condition on the identity block, while the latter does not. For ﬁcm positivity on the
non-identity blocks is more easily achieved if we allow the functional acting on the identity to be
largely negative. For Ag,,, when f(1/2) is included, a large f(1/2) produces a largely negative
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appears to converge exponentially with the derivative order d, while for larger values
of f(1/2) the convergence is much slower and we extrapolate the bound to infinite
d using a quadratic fit. There seems to be a crossover between the exponential con-
vergence and power law convergence as f(1/2) increases. Since ﬁgap approaches ﬁm
in the large f(1/2) limit, a quadratic fit (rather than, for example, a linear fit) is
justified in this limit as it works well for the latter (see Table 2.3).

The value f(1/2)m: = 3 with Ay, = 2 agrees with the four point function (2.18)
of untwisted sector BPS primaries at the T*/Z, orbifold point where the numerical
bound on the gap is saturated. Furthermore, it appears that the gap in the OPE of
the twisted field o(z, z) at the orbifold point lies close to, but does not quite saturate
the numerical bound. It remains to be understood whether our numerical bound can
be further improved or there exist other operators in the OPE of BPS primaries at

other points on the moduli space that saturate the bound.

2.3.3 The Gap in the Non-BPS Spectrum as a Function of

Allll

A more desirable constraint to impose is the integrated four-point function Aqqq1,
since its dependence on the K3 CFT moduli is explicitly known (see Section 2.1.2).
Using crossing symmetry, Aj11; can be decomposed into a sum of conformal blocks

integrated over the cross ratio in some finite domain. We then incorporate the equa-

ap0[Ho(z, 2)], which effectively allows the rest of the functionals ., ,[H{(2,Z)] to take arbitrary
values.
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tion

0=(B4—Aun)+3 > ChoA(As) (2.67)
non—BPS O

into bootstrap, where the integrated blocks are

A(A,s) = /D |Z(ld—_zz)|;r§2+s(z).rf;s(z), Ao = lim [A(A,O)—%ﬂ] (2.68)

Using semidefinite programming, if we can find a set of coefficients ¢ and c,,, such

that

a(3A0 — A1111) + Z Cm,nam,n(HO(Za Z)) >0,

m,n

(2.69)
BaA(A,8) + Y ConnOmn(Has(2,2) >0 for A> Ay, s€2Z

m,n

are satisfied, then the gap in the non-BPS spectrum Ay, must be bounded above by
A,
However, the region of integration D has to be carefully chosen so that the inte-
grated blocks obey certain positivity properties at large weights, otherwise the bound
cannot be improved below ﬁgap ~ 2. More specifically, D should contain two funda-
mental domains of the S3 crossing symmetry group, and have a maximal |q(z)| value
on the real axis. See Appendix D for a detailed discussion and a specific choice of D,
and Figure 2.5 for an illustration.
Figure 2.6 shows the dependence of the numerical bound ﬁgap on Aji111; the data
points are bounds obtained at 20 derivative order, which we observe to already sta-
bilize with incrementing the derivative order. We verified by testing that the bounds

are not sensitive to the choice of D.?3 The results indicate that A;;;; must be non-

negative. Above A1 = 0, ﬁgap starts from 2 and monotonically decreases with

ZWe found that for a given “good” choice of D (see Appendix D for restrictions on D), there is a
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Figure 2.5: The integration region D = D'\ E. The left is in the ¢g-plane, and the
right in the 7-plane. The entire region enclosed by the solid line is D’. The region
between the solid and dashed lines is D'\ Dy, and the shaded region is its image E
under z — 1 — z for the right half and z — 1/z for the left half. The entire unshaded
region inside solid line is the integration region D. See Appendix D.

Ai111. The point Ay = 0 and ﬁgap = 2 is saturated by the integrated four-point
function (2.18) of untwisted sector BPS primaries at the 7% /Z, free orbifold point.
Note that A1 is related to the tree-level H* coefficient in the 6D (2,0) supergravity
effective action of IIB string theory compactified on K3. The consistency of string
theory requires that this coefficient be non-negative, because otherwise it leads to
superluminal propagation [94]. Amusingly, here this non-negativity follows from uni-
tarity constraints on the CFT correlator. Again, the gap in the OPE of the twisted

field o(z, z) at the orbifold point lies close to, but does not quite saturate the numer-

ical bound.

minimulp\ derivative order d, below which the bound is the same as that without the input of Aj111,
namely Agqp = 2. Above d., the bound suddenly exhibits the nontrivial dependence on Aq111 that
is shown in Figure 2.6. The choice of D given in Appendix D is made for simplicity, and has d, = 16;
other choices may give smaller d,. However, the bound is not sensitive to the choice of D, as long
as we look at derivative orders larger than the respective d,.
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T*/Z, free orbifold: untwisted sector

Square T* with Rj=1 —— Bound

T*/Z, free orbifold: twisted sector

n 1 n n n 1 n n n 1 n n n 1 n n n 1

20 40 60 80 100

A1111

Figure 2.6:  The solid line shows the upper bound ﬁgap on the gap versus the
integrated four-point function Ajj11, at 20 derivative order, which we observe to
already stabilize with increment of the derivative order in the range of Aq11; shown
here; the dots are the actual data points. The minimal A;;;; and maximal gap are
simultaneously saturated by an untwisted sector correlator at the free orbifold point.
The shaded region represents the gap in the OPE of twist fields at a fixed point of
T*/Zy with a rectangular T, where the minimal A;;;; and maximal gap are achieved
by a square 7% at radii B; = 1 (1/v/2 times the self-dual radius).

2.3.4 Constraints on the OPE of Two Different %—BPS Op-

erators

By considering the four-point function (¢#E@fEGFRHER) of two different RR sec-

tor %—BPS primaries ¢ and ¢ we will be able to detect the gap Agap and Ay

in two different OPEs. The two RR primaries are chosen so that the identity block

only appears in the ¢f'% x ¢fF OPE but not in ¢®f x ¢FF or ¢RF x ¢RE. Taking @™
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H . Maximum Agap
1.0 T*Z, free orbifold: untwisted sector —»
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Figure 2.7: The dots indicate upper bounds (A%p, Aﬁfp) on the gap in the respective
OPEs, at derivative orders ranging from 8 to 20. We find that A% 'is bounded above
by 2, beyond which Agap 0. The point (2,1) is realized by an untwisted sector
correlator at the 7" /Z, free orbifold point.

and ¢™ to be complex conjugates of each other, the two crossing equations are?*

0= Y |C¢¢o|2[ L (2)FR (=) - J-“,i(l—z)m]7
Ocpxé

0= (=1)°|Chsol Fit ()FE(2) = D |Cool Firy (1 = 2)FE (1 - 2).
Oc€pxd Ocopxo

By defining Gy ,(z,%) = Ff (2 )]:R (2) £ Fit (1= 2)Fft (1 = 2), and the vectors

(2.70)

g&,s(’%z) 0
V22) = | (106522 | . V= Ga.(z2) | (2.71)
(—1)°GX.(2,2) —G1.(2,2)
we can write the crossing equations compactly as
0= [Cuol’ VL= 2) + D [CasolVAS(z.2). (2.72)
Ocox ¢ Ocpx¢

24This is not what is usually meant by “mixed correlator bootstrap”, where the crossing equation

for (pppd), (ppdd), (pdpd) are all considered at the same time as in [90].
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By symmetry, only odd derivative order functionals act nontrivially on G ,(z, zZ), and
only even derivative order ones act nontrivially on GX ,(z, 2).

To bound the gap in the two channels, we seek linear functionals @ such that

o?-\?fi>0 for A:s:OandA>3$fp, s € Z,
(2.73)
&-V§ﬁ>0 for A:s:OandA>Ag’fp, s € 27,

for some (ﬁg’fp,ﬁﬁfp). Note that only even integer spin primaries appear in the

TR x ¢ OPE. The crossing equation (2.72) implies that

] X b9 A PP b
either Aje > ATC or AlS > AT (2.74)

Figure 2.7 shows the numerical results for the allowed region of (A%? A% ).

gap’ —gap

We find that both A% and A% are bounded above by 2, and the point with

(Aﬁfp,AZ’g’p) = (2,1) is realized by the OPE of untwisted sector primaries at the

T*/Zy free orbifold point.

2.4 Bootstrap Constraints on the Critical Dimen-
sion A
Over certain singular loci on the moduli space of the K3 CFT, the following two

phenomena caln occur:

e The density of states diverges, leading to a continuum in the spectrum.

e The structure constants of some discrete states diverge.

At the singular loci, some components of the integrated four-point function A;je

diverge. The latter may occur in two different ways: (1) The four-point function
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remains finite at generic cross ratio z, with divergent contribution to A;;x, localized
at z = 0, 1, oo due to a vanishing gap in the spectrum. This occurs in the large volume
limit. (2) The gap in the spectrum remains finite (i.e., away from the large volume
limit), but the whole four-point function diverges at generic z. This is demonstrated
in Appendix E.

In higher dimensions, there exist absolute upper bounds on OPE coefficients com-
ing from crossing symmetry and unitarity [95]. In the following subsections, we take
a moment to study these bounds. Our discussion will motivate us to introduce a
critical dimension ﬁm, which is roughly the dimension above which OPE bounds
exist.?

Let A, be the lowest scaling dimension at which either a continuum develops or
an OPE coefficient diverges. For example, at the N' = 4 A; cigar CFT point, there

is a continuum of states starting from A, = 1/4. We show in Appendix F that

Acrt = min(Aconh Adiscrete) < 3c7“t (275)

in the notations of Section 2.1.4. In the following, we describe how to use crossing
symmetry to derive a numerical upper bound on ﬁm that is universal across the
moduli space. We will see that ﬁm > 0, so that it is possible to have unbounded

contributions to the conformal block expansion from operators below ﬁm.

25These are relative bounds, namely, the OPE coefficients above ﬁc,.t are bounded by the OPE
coefficients below A, in contrast to the absolute bounds in [95]. We define A.,; more rigorously
in (2.90) below.
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2.4.1 A Simple Analytic Bound on OPE Coefficients and ﬁm

We begin with a simple analytic bound on OPE coefficients. Consider a four-point
function of scalars ¢ with dimension Ay, in any number of spacetime dimensions d.
For the moment, we set z = Z = x. The four-point function can be written as a

positive linear combination of “scaling blocks” z2~22¢ 26

fz=zz=12)= ZprA_2A¢, pa > 0. (2.76)
A

Positivity of pa is a consequence of unitarity. The expansion in scaling blocks ignores
relations between primaries and descendants due to conformal symmetry.

Crossing symmetry implies

flx)=f(1-x)
_(x—2A¢ _ (1 . x)—2A¢) _ ZPA (xA—2A¢ _ (1 o ZE)A_2A¢)
A>0
FA=20g (1 _ )A-20

where in the second line we separated out the contribution of the unit operator on
the left hand side, and on the last line we divided by it. Evaluating (2.77) at = = 3,
we obtain N

1= pa (%) A;TiA‘b. (2.77)
In particular, suppose all operators have dimension A > 2A,. (This happens, for
example, in the 2d and 3d Ising models). Then we obtain an upper bound on the

contribution of any individual scaling block

1 A—2A4 21+2A¢A¢
- < e 2.78
ba (2) = A - 2A, (2.78)

26Here we adopt the convention, common in 2d, where (22)~24¢ is included in the conformal
blocks.

49



Chapter 2: N' = 4 Superconformal Bootstrap of the K3 CFT

When all A are bounded away from 2A,, there is also an upper bound on the con-

tribution of multiple blocks, and also on the value of the four-point function itself at

1 21286 Ay
f (—) < o (2.79)
2) 7 Apin — 20

where A,,;, is the lowest dimension appearing in the conformal block expansion. As
we show in section E, if the four-point function is bounded at x = %, it is bounded
everywhere by a known function of z.

To obtain (2.78), we had to assume that only operators with dimension A > 2A,
appear in the four-point function. When operators lie below 2A4, it may be possible
to have unbounded contributions to the conformal block expansion.?” Let ﬁm be

the dimension above which general bounds on OPE coefficients exist. We have shown

-~

Acrt S 2A¢

~

2.4.2 Improved Analytic Bounds on A,

There are two ways to obtain stronger bound on OPE coefficients and ﬁm. Firstly,
we can include more information about conformal symmetry by writing the four-

point function as a positive sum over more sophisticated blocks. For example, in any

27A simple toy example using scaling blocks is

1 1
ERERTEr

+P (2.80)

where P can be arbitrarily large. This expression is crossing-symmetric and has a positive expansion
in scaling blocks. Because there exists a scaling block with A = 2A,, namely the constant P,
the four-point function can be arbitrarily large. (However, this example does not have a positive
expansion in conformal blocks.) We thank Petr Kravchuk for this example.
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spacetime dimension, we have

flo) =272 php(x)®,  pa >0, (2.81)

where

S — (2.82)

(14 /1 —x)2

is the radial coordinate of [92,96]. Evaluating the crossing equation at z = 1 then

p(z)

gives

1\*  A—V2A,
! - < - 2.83
o (3) < s (2.83)

This implies that OPE bounds exist whenever A > v/2A4. In other words,?

Ao < V20, (d>2). (2.84)

In two-dimensional theories, we can write the four-point function in terms of a
positive expansion in ¢®, where ¢ is the elliptic nome [13,65,68]. This leads to stronger

bounds on OPE coefficients and the result

T™—3 4A¢
c+ —,

3crt S
127 7

(d=2), (2.85)

where ¢ is the central charge. (This bound is worse than (2.84) when Ay is small
compared to c.)
The best possible OPE bound comes from using the full conformal block expansion

— either global blocks in d > 2 or the appropriate Virasoro blocks in 2d.

28The estimates 2A, (coming from x blocks) and v/2A, (coming from p blocks) are the same as
the reflection-symmetric points in the discussion of [41].
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2.4.3 Numerical Bounds on ﬁm

The second way to improve these bounds is to consider more general linear func-
tionals, other than simply evaluating the crossing equation at = = % Consider the

conformal block expansion

f(z,2) = ZPA,S}"A,S(Z; z). (2.86)

A,s

Fix a dimension A and search for a nonzero functional a with the property

a[Fas(z,2) = Fas(l—2,1—-2)] >0
(2.87)
for A > max(unitarity bound, A), s € 2Z.
This is the same procedure as placing upper bounds on A,,, with exception that we

do not impose positivity for a acting on the unit operator Fy . In fact, it is sometimes

helpful to use the normalization condition

alFoo(z,2) — Foo(l — 2,1 —2)] = —1. (2.88)

Now suppose there exists « exists satisfying (2.87), (2.88), and suppose further also
that only operators with dimension A > A appear in the conformal block expansion.

Then we find a general OPE bound
Pas < a[Fas(z,2) — Fas(l—2,1—2)]7" (2.89)
We can now give a more rigorous definition of ﬁm:

A+ = the smallest A such that there exists nonzero a satisfying (2.87).  (2.90)

If all operators in the conformal block expansion have dimension above ﬁm, then

their OPE coefficients obey universal bounds. By contrast, if some operators are
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above and some operators are below, then the contributions above are bounded in

terms of the contributions below. See Appendix F for a more detailed discussion.

2.4.4 ﬁm in 2, 3, and 4 Spacetime Dimensions

In higher dimensional theories, we will use a slightly modified definition of ﬁm.
The reason is that the stress-tensor always appears in the conformal block expansion,
so it is nonsensical to impose that spin-2 operators must have dimension greater than
d. The same is true in 2D theories when using global SL(2,R) x SL(2,R) conformal
blocks. By contrast, Virasoro blocks include the contribution of the stress tensor, so
the constraint (2.87) makes sense in that case.

In higher dimensions (and for global blocks in 2D), we instead define

~
Ascalar —

ot the smallest A such that there exists nonzero o satisfying

3 S = 0
a[Fas(2,2) = Fas(l—21-2)]>0 for A>
unitarity bound s > 0.

The quantity Ascalar agrees with Em when ﬁm < d, and may differ when Em > d.

crt

We plot A;‘jﬁ?l“" in 2 dimensions (using global blocks), 3 dimensions, and 4 di-

mensions in Figure 2.8. In all cases, the bounds are consistent with the analytic

estimate ﬁm < \/§A¢ in the regime Em < d, where ﬁm and Ascalar agree. Beyond

crt

~
Ascalar

seete” eventually jumps to a large value, and we have not explored its

this regime,
behavior.

Interestingly, in 3d and 4d, there are ranges of A, where ﬁcrt coincides with the

unitarity bound: roughly A, < 1in 3d and A, < 2 in 4d. For A, in this range,
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there always exist universal bounds on OPE coefficients and the size of the four-

point function, independent of any assumptions about which operators appear in the

four-point function. Outside of these special cases, A is nontrivial.?’
d=2 (global blocks) d=3
Acnscalar ~  scalar
4.
V2 a,
e
3,
2,
l L
: : : : : = Ay : : : ' ' A,
0.0 0.5 1.0 15 20 2.5 30 0.5 1.0 1.5 20 2.5 3.0 35 4.0
d=4

\A(»

Figure 2.8: Upper bounds on ﬁﬁff;l‘” as a function of Ay in 2 dimensions (using global
conformal blocks), 3 dimensions, and 4 dimensions. The blue line shows the analytic
bound \/§A¢ on ﬁcrt. The red bounds are computed numerically with derivative order
12,20, 28, with the darkest line and strongest bound corresponding to derivative order
28. For Ay < 1in 3d and Ay < 2 in 4d, the red bounds meet at the unitary bounds,

thus giving universal OPE bounds in this range of A.

29The fact that there are universal OPE bounds when A, < 1.7 in 4d was mentioned in [95]. We
thank Petr Kravchuk for pointing this out.
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2.4.5 A, for the K3 CFT

Now, let us finally return to the K3 CFT. Table 2.3 shows the numerical results
for ﬁm for several derivative orders, where we use the N' = 4 conformal blocks
appropriate to the K3 CFT. Our results show rigorously that A, in the K3 CFT
must lie below 0.29321, at every point on the moduli space. By extrapolating to
infinite order, we find that ﬁm is saturated, within numerical error, by the A; cigar
whose continuum lies above A, = 1/4.

As in Section 2.3.4, we can consider a correlator (¢ pfptREHRR) for two different
RR-sector %—BPS operators that are complex conjugate of each other, and bound the

divergent operator of the lowest scaling dimension in the ¢ x %% and ¢fF x ¢pff

channels. We fix (ﬁqu@ A%

oy ALY, and search for nonzero functionals @ that satisfy

&-V§i>0 for A>ﬁf£, s € 4,
(2.91)
&-V§ﬁ>0 for A>A% se2Z
If such a functional exists, then
cither A% > A% op A > A% (2.92)

crt div crt div*

Figure 2.9 shows the allowed region of (A‘M; A%

ony AYY) obtained at various derivative

orders. For any fixed A%, the bound on A%

orts o cannot be worse than the single corre-

lator bound A% < 0.25. For A% < 1.5, extrapolating to infinite order gives bounds

crt ~ crt ~

on A%

crt

that lie close to the single correlator bound. For A®? > 1.5, the bound on

crt ~

Afﬁi decreases until it reaches 0 at A%) ~ 2.

Ap_1 Cigar CFT Let us comment on where the Ay_; cigar CFTs analyzed in

Section 2.1.4 sit in Figure 2.9. For the cigar CFT, we take ¢®% and ¢ to be RR
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Derivative order d ﬁm
8 0.39111
10 0.36693
12 0.35011
14 0.33768 Ay
16 0.32822 | 040
18 0.32037 0351
20 0.31407 7
22 0.30886 0.30}
24 0.30447 7 1
26 0.30075 0.02 0.04 0.06 0.08 0.10 0.12 0.14 d
28 0.29742
30 0.29321
quadratic fit 0.252
Ay cigar 0.25

Table 2.3: Upper bound ﬁm on the divergent operator of the lowest scaling dimen-
sion, as the derivative order is increased, as well as the extrapolation to infinite order
using a quadratic fit. Also shown is the value of A.,.; for the A; cigar.

sector 3-BPS primaries Vi, and Vi, ((2.36) and (2.37)). The continua of the Aj_,

cigar CFT in ¢%® x ¢BR and ¢fF x oBF start at A®?

cont

= (k —2¢ — 1)?/2k and

b9
Acomﬁ

= 1/2k, respectively (see (2.26) and (2.22)). For k > 4, there are discrete
state contributions to the four-point function in the channel ¢fF x ¢f*% starting at
Agiserete = 2 — 4(1 4+ £)/k. As argued in Section 2.1.4, their OPE coefficients are
divergent when compared with a generic K3 CFT. Since A, is defined as the lowest

scaling dimension such that either a continuous spectrum appears or the structure
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A%
0.4
0.3}
F = J = Ai®A; and A, (k=3) cigar
2r
0 - Single correlator bound
0.1} -
PR R R R .\ Ag’r?

0.5 1.0 1.5 2.0
Figure 2.9: The circle dots indicate upper bounds (ﬁff;, ﬁfi) on the divergent op-
erator of the lowest scaling dimension in the respective OPEs, at derivative orders
ranging from 8 to 20. At infinite order, the bound cannot be worse than the single
correlator bound 0.25 indicated by the dashed line. We also find that A is bounded

crt

above by 2, beyond which A% = 0. The square dots indicate the values for the

crt T

Ay @ Ay (at (1/4,1/4)) and Ag_y (k > 3) cigar theories.

constants of some states in the discrete spectrum diverge, we have

(k20417 if k=23,
A(cﬁjl)f = min (Afjnw Agzicrete> - (293)
9 — 1+0 if k>4,

P
in the OPE channel between Vz{e and V}{g in the A;_; cigar CF'T. On the other hand,
in the OPE channel between Vi, and Vg, A% = A% = 1/2k as in (2.22). We
would like to emphasize that the presence of these R-charge non-singlet discrete states
below the continuum is crucial for the consistency with the bootstrap bound derived
from the crossing equations.

In Figure 2.9, the point (1/4,1/4) in the OPE of ¢¢ and ¢¢ can be realized at

an A; @ A; point on the moduli space, and the other black dots at Aj_; points with

k > 3 which asymptote to (2,0) at large k.3

30The minimal resolution of an ADE singularity of rank p gives u exceptional divisors which are
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2.5 The Large Volume Limit

In this section we consider the gap in the OPE of %—BPS operators in the large
volume regime of the K3 CFT. Based on unitarity constraints on the superconformal
block decomposition of the BPS 4-point function (but without making direct use of
the crossing equation), we will derive an upper bound on the gap, which remains
nontrivial in the large volume regime, and leads to an interesting inequality that
relates the first nonzero eigenvalue of the scalar Laplacian on the K3 to an integral
constructed from a harmonic 2-form, and data of the lattice I'yg 3 that parameterize
the K3 moduli. The eigenvalues of the Laplacian on K3 can be studied using the

explicit numerical metric in [98,99].

2.5.1 Parameterization of the K3 Moduli

The quantum moduli space of the K3 CF'T can be parameterized by the embedding
of the lattice I'y 4 into R?™, or equivalently, the choice of a positive 4-dimensional
hyperplane in the span of I'yp4. Let us write 'y as I'1; @ ['g 3, with the I'ig3
identified with the cohomology lattice H?(K3,Z) [100]. Let u,v be a pair of null
basis vectors of the 'y, with > = v* = 0, u-v = 1. Let Q; (i = 1,2,3) be
a triplet of H?(K3,R) classes associated with the hyperkihler structure of the K3
surface, normalized so that €2; - 2; = §,;. We will denote by B the cohomology class

of a flat B-field, and by V the volume of the K3 surface (more precisely it is (27)%

dual to self-dual elements of H''1(K3), thus p < 19. In particular, the K3 surface can develop an Ay,
singularity only for k£ < 19. However our bound on A, is insensitive to the identity superconformal

block contribution, and applies to noncompact theories as well, such as nonlinear sigma model on
ALE spaces [97] and the N = 4 cigar CFTs.
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times the volume in units of a/?). An orthonormal basis of the 4-dimensional positive

hyperplane is [100]

2
B — (V—%)u+U+B7

V2V (2.94)

Now an orthonormal basis of the 20-dimensional negative subspace can be constructed

as 5
~-V+E)u+v+B

v2v (2.95)
ea =B -Wou+W,, a=1,---,19,

€y —

where W, € span(I'jg3) are a set of orthonormal vectors that are orthogonal to €2,
and correspond to a basis of anti-self-dual harmonic 2-forms on the K3 surface.

A general lattice vector of I'yp 4 can be written as

{=nu+muv+ a, (2.96)

where o € H*(K3,7Z) ~ T'19 3. Let ay be the self-dual projection of «, or equivalently,

ay =37 (a- Q)0 We have

lol=—03+ (% =a®+2nm, (2.97)

and
3

(= (l-Eo)*+) (- Ey)

2.98
[0 B4nmy-2)| 25
= (a« —mB)? +
2V
We can now write the theta function
L y2 ﬁ ,é il -
Oy (r.7ly) = e Y gFgEemhy, (2.99)

n,meZ, a€l'1g 3
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where y € R?, and ¢, -y = 3.2 (—( - €4)ya. In the large volume V' limit, we can
restrict the sum to m = 0 term, and replace the summation over n by an integral.
The integrated 4-point function of BPS operators (2.12) associated with deformations
of I'g 3 (as opposed to the overall volume modulus, parameterizing the embedding of

I';1) becomes

VV A>T ot

Anprs —
ot 1672 Jr 7_2%7](7_)24 dy*0yPoyroy° |,

O193(7, Tly)- (2.100)

Note that this result does not apply to the integrated 4-point function of the BPS
operator associated to the volume modulus, which in fact vanishes in the large volume

limit.

2.5.2 Bounding the First Nonzero Eigenvalue of the Scalar
Laplacian on K3

Let us write the four-point function of a given %—BPS, weight (%1, i) operator in
the RR sector ¢, which is related to a weight (3,3) NS-NS primary by spectral

flow, as

(¢"(2,2)9"(0)¢"(1)¢""(00)) = [(2,2). (2.101)

We have
. d?z _
A =lim ———f(z,2) +6mlne

€20 J1z) 1=z 2|~ 1>e |2(1 — 2)|

_ 1 6_4 /d2T@F20’4(T7T|y).
167 Oy*|,_o J# n(T)%4

f(z,Z) admits a conformal block decomposition (in the z — 0 channel) of the form

(2.102)

f(2.2) = 1FG P+ ) ChpnaFi (DF(2), (2.103)

hr,hr
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where according to our claim (2.35)

FR(2) = 25(1 — 2)2 FV (1,1, 1,1, h + 1; 2), (2.104)

and F)"(hy, ha, hs, hy; h; ) is the sphere four-point conformal block of the Virasoro

algebra of central charge c. We can write
Fiil(2) = (2(1 = 2)) %0s(0)gn(a). (2.105)
where the function gy (q) takes the form
g(q) =" 6> ang",  an >0, (2.106)

Positivity of the a, follows from reflection positivity of the theory on the pillowcase

[68]. In particular, we learn that F/¥(z) obeys the inequality

(2.107)

(2(1 = 2)750s() 24" |~ (2(1 — 2.))

o b=’
03(q.) " 2q.

Fi(2) T (2)
3
for |g(2)| < q(z¢) = ¢, 0 < zo <l and 0 < ¢, < 1.
In the large volume limit, A is dominated by the contribution from light non-BPS
operators in the OPE, integrated near z = 0, 1 or co. Let us assume that there is a
gap Ay in the spectrum of non-BPS (scalar) primaries. We can write in this limit

A%?) Z CZ/ d—‘FA

2

Apg<A<A |z|<6 | (1 —z
FE(z) 2
l P2 A 2 A_1] (2.108)
Ay Ao<A<A (2(1 — 2,.))73605(qs)2q2 °

< W2t ( (1 - 2)) (0 e (72— 1FRGP.

0

In the first approximation, we have dropped finite contributions that are unimportant

in the large volume limit, where A diverges like V%, while Ag goes to zero like Vs
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Here A is a cutoff on the operator dimension that can be made small but finite, and
d(< z,) is a small positive number. Taking A to zero after taking the large volume

limit, we derive the bound (which holds only in the large volume limit)

W=

AoA < 6m(z(1 = 2.))303(¢.) (160.)5 [f(2.) — |F (2] - (2.109)

One might be attempted to take z, to be small, but f(z,) diverges in the small z,

limit. In practice, we can simply choose z, = %, and arrive at the large volume bound

AoA < 6705(43) " (a3) [£(1/2) = |F'(1/2)[] (2.110)

where g1 = q(z = 5) = e ™. Note that for generic Einstein metric on the K3, the

2
four-point function f(3) remains finite in the infinite volume limit. In this limit,
we can identify Ay = A\;/2, where \; is the first nonzero eigenvalue of the scalar
Laplacian on the K3 surface, in units of o/.3!

Let w = w,;dzidzj be a harmonic (1, 1)-form that is orthogonal to the Kahler form,
normalized such that V=" [, Vawiw? = 1. Let OXF be the BPS primary associated
with the corresponding moduli deformation. We have for instance OF+ ~ wﬁwi{ﬂ? ,
O~ = wgwj {E’ in the large volume limit. The 4-point function of the corresponding

w

I evaluated at z = % is

fu(1/2) = % B VI [5w?)? — 4w, (2.112)

where w? = wiw", w* = wjwwwz. Thus, we derive the following upper bound on

311t is known [101,102] that
2 e

102 <A < 2 (2.111)

where d is the diameter of the K3. The compatibility with our large volume bound then demands
an inequality relating the diameter of the K3 to f(1/2) and A.
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Ah
1927m03(q1)*(q1)5 [fu(3) — [FG()I?]
1 _1 ) (2113)
VV [pd2rmy 2 (r) 205 (. 7)
with
5’4
Ofy4(T,7) = B O19,3(T, T|Ywew), (2.114)
yw yW:[)

where e, is the unit vector in R?° associated with the deformation O,,.

The upper bound (2.110) was derived by consideration of the 4-point function of
a single %—BPS primary O,, and applies to the gap in the OPE of O, with itself.
We see that in the large volume limit, a light scalar non-BPS operator must appear
in such an OPE, provided that w is not proportional to the Kéahler form, so that A
scales like v/V. As noted earlier, if we take w to be the Kéhler form J itself, the
corresponding BPS operator O; would have an integrated 4-point function A that
vanishes in the large volume limit instead, and we cannot deduce the existence of a

light operator in the OPE of O; with itself.

2.6 Summary of Results and Discussions

Let us summarize the main results of this chapter.

1. By analyzing the N' = 4 A; cigar CFT, we found an exact relation between the
BPS four-point ¢ = 6 N' = 4 superconformal block and the bosonic Virasoro
conformal block of central charge ¢ = 28. Further, a class of BPS N = 2
superconformal blocks with central charge ¢ = @ are identified, up to a

simple known factor, with Virasoro blocks of central charge ¢ = 13+ 6k + % and

shifted weights.
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2. We derived a lower bound on the four-point function of a %—BPS primary by
the integrated four-point function A;111, assuming the existence of a gap in the
spectrum. We also determined A;;;; as an exact function of the K3 CFT moduli

(parameterized by the embedding of the lattice 'y 4).

3. We found an upper bound on the lowest dimension non-BPS primary appearing
in the OPE of two identical %—BPS primaries, as a function of the BPS four-point
function evaluated at the cross ratio z = %, and as a function of Ajjq; (thus a
known function on the moduli space of the K3 CFT). Both vary monotonously
from 2 to %, and interpolate between the the untwisted sector of the free orbifold
CFT and the A; cigar CF'T. It is also observed that A;17; must be non-negative
from the bootstrap constraints (see Figure 2.6), which is consistent with the
superluminal bound on the H* coefficient in the 6D (2,0) supergravity coming

from IIB string theory compactified on K3.

4. Bounding the contribution to the BPS four-point function by contributions from
non-BPS primaries of scaling dimension below ﬁm, and assuming the bound-
edness of the OPE coefficients, we deduce that a continuum in the spectrum
develops near the ADE singular points on the K3 CFT moduli space, and find
numerically that ﬁm agrees with the gap below the continuum in the A; cigar

CFT, namely }1.

5. We explored the possibility of the appearance of either a continuum or divergent
contribution from discrete non-BPS operators in the OPE of two distinct %—BPS

operators, near a singular point of the moduli space where the BPS four-point
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function diverges (beyond the A; case). The bootstrap bounds we found are
consistent with the spectrum and OPE of the N' = 4 A;_; cigar theory, and
know about the appearance of discrete non-BPS primaries in the OPE below

the continuum gap.

6. For general CFTs in 2,3,4 spacetime dimensions, we derived a crude analytic
bound ﬁm < \/§A¢, where A, is the scaling dimension of the external scalar
operator. It was observed (see Figure 2.8) from the stronger numerical bounds
on ﬁm that they meet at the unitarity bounds for Ay, < 1 in 3 spacetime
dimensions and Ay < 2 in 4 spacetime dimensions, thus providing universal
upper bounds on the four-point functions for this range of external operator

dimension.

7. Independently of the crossing equation, but using nonetheless unitarity and
exact results of the integrated BPS four-point function, we derived in the large
volume regime a bound that is meaningful in classical geometry, namely an
upper bound on the first nonzero eigenvalue of the scalar Laplacian on K3
surface, that depends on the moduli of Einstein metrics on K3 (parameterized
by the embedding of the lattice I'193) and an integral constructed out of a

harmonic 2-form on the K3.

While we have exhibited some of the powers of the crossing equation based on the
full N = 4 superconformal algebra, clearly much more can be said regarding the non-
BPS spectrum and OPEs in the K3 CFT over the entire moduli space. We would like

to understand to what extent our bootstrap bounds can be saturated, away from free
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orbifold and cigar points in the moduli space. In particular, it would be interesting
to compare with results from conformal perturbation theory.

Apart from a few basic vanishing results, the OPEs of the i—BPS primaries remain
largely unexplored. Neither have we investigated the torus correlation functions,
which should provide further constraints on the non-BPS spectrum. Note that there
are certain integrated torus four-point functions, analogous to A;ji; and B;jx, that
can be determined as exact functions of the moduli, by expanding the result of [64]
perturbatively in the type IIB string coupling.

There are a number of important generalizations of our bootstrap analysis that
will be left to future work. One of them is to derive bootstrap bounds on the non-
BPS spectrum of (2,2) superconformal theories, with input from the known chiral
ring relations. To do so, we will need to extend the results of section 2.2.3 to ones that
express a more general set of BPS A = 2 superconformal blocks in terms of Virasoro
conformal blocks (of a different central charge and shifted weights). These relations
can be extracted from BPS correlators of the N' =2 SL(2),/U(1) cigar CFT (or the
T-dual N' = 2 Liouville theory [103]), and will be presented in detail elsewhere.

Another generalization would be to extend our analysis to (4,4) superconformal
theories of higher central charge, namely ¢ = 6k’ for k' > 2, and use it to understand
the appearance of a continuous spectrum in the D1-D5 CF'T at various singular points
on its moduli space. There is conceivably a generalization of our relation between the
¢ =6 N = 4 block and bosonic Virasoro blocks, to the &’ > 2 case. This is currently

under investigation.
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Finally, our numerical bounds on ﬁm seem to allow for the possibility of having
an arbitrarily large four-point function when Ay 2 1 in 3 spacetime dimensions and
A, 2 2 in 4 spacetime dimensions. We are not aware of an example of such a CFT. It
is conceivable that such a CF'T will be ruled out by unitarity constraints from other

correlation functions, but this remains to be seen.
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Universality of 2D CFT's from the

Conformal Bootstrap

Conformal field theories in two dimensions are constrained by both modular in-
variance and crossing symmetry. The two have more in common than is often appre-
ciated: both connect the UV to the IR, and strongly constrain the defining data —
the spectrum and OPE coefficients — of the conformal field theory [7-12,17,21, 38~
41,44,104-110]. In fact, under a conformal map, the torus partition function can
be recast as a four-point function of Zy twist fields in the symmetric product orb-
ifold theory, and modular invariance of the former under 7 — —1/7 is equivalent to
crossing symmetry of the latter under x — 1 — z [77,109,111-116]. A most famous
consequence of modular invariance is the universal growth of the density of states
at high energies, known as the Cardy formula [44], whose application to holographic
contexts characterizes the growth of black hole microstates [3,4].

The first half of this chapter is an application of Cardy’s idea to crossing symmetry.
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It is therefore instructive to first give a brief review of the Cardy formula, from Cardy’s
original derivation, to its application to black hole microstate counting by Strominger
and Vafa [3,4], and a more careful justification of the validity of this application by
Hartman, Keller, and Stoica [45].

We begin with Cardy’s derivation. In the Hamiltonian formalism, the torus parti-
tion function is a thermal partition function, given by a sum over states in the Hilbert
space of the CFT on a spatial circle, weighted by the Boltzmann factor. It is dom-
inated at extreme low temperatures by the contribution of the vacuum state alone.
Modular invariance equates this to a high temperature partition function, which re-
ceives contributions from states of very high energies. The Cardy formula, which
characterizes the density of states at energies much higher than the vacuum Casimir
energy, can be read off from the high temperature partition function by a Laplace
transform that takes us from the canonical to the micro-canonical ensemble. Using
standard CF'T terminology, the Cardy formula describes the exponential growth of

the density of states for scaling dimensions much larger than the central charge,

A>c (3.1)

Since the derivation of the Cardy formula only relies on general axioms of 2D CFTs,
it holds universally for all 2D CFTs with a unique and isolated vacuum state. The
form of the formula only depends on the central charge, or equivalently on the vacuum

Casimir energy

c
- _c 3.2

b= 32)

Quantum gravity on anti-de Sitter space obeys a seemingly different universality.

As long as the low energy effective theory is described by Einstein gravity, the black
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hole entropy follows the Bekenstein-Hawking law [46,47] and is proportional to the
area of the horizon. In the seminal work by Strominger and Vafa [3,4], it was argued
that for the class of black holes whose near horizon region is described by a locally
AdS3 geometry, the microstates can be counted by the degrees of freedom in the CFT
living on the boundary of the three-dimensional bulk. In this respect, the Bekenstein-
Hawking area law and the Cardy formula are in fact two facades of one universality.

However, a remaining puzzle in this story, as pointed out in the original paper by
Strominger and Vafa [3] and later sharpened by Hartman, Keller, and Stoica in [45],
is that the Bekenstein-Hawking area law and Cardy’s derivation are valid in different
parameter regimes. For the area law to be valid, the bulk curvature has to be weak
to suppress higher derivative corrections to Einstein gravity, which means that the
AdS radius must be large in Planck units. This bulk (semiclassical) limit translates

in the CFT to a large central charge limit,

c—o00, An~cg, (3.3)

in contrast to the regime of validity (3.1) of Cardy’s derivation. We will refer to this
as the semiclassical limit. Curiously, in many supersymmetric examples where black
hole microstates can be counted by certain indices [117-119], one sees that the index
actually obeys the Cardy formula in this extended regime of validity.

This puzzle was recently resolved in [45], where the authors showed that as long
as the spectrum of the CFT satisfies a certain sparseness condition, the regime of

validity of the Cardy formula can be extended to

c— o0, h,h> <. (3.4)
12
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The sparseness condition requires that the spectrum is sufficiently sparse in the range

c - c
il 3.5
h<24 or h<24, (3.5)

so that the partition function is dominated by the vacuum state for temperatures
below the Hawking-Page phase transition [120,121]. Taking the large central charge
limit of the Laplace transform gives a formula for the density of states that is identical
to the Cardy formula but with a different regime of validity (3.4).

We will run a story parallel to the above in deriving universal consequences of
crossing symmetry. The four-point function of identical operators of weight (Rest, heat )
has a Virasoro block decomposition

Z CZ(hext, Bextu h, 71)-7:<hea:t7 h, C|x)ma (3.6)
h,h
where the expansion coefficients C?(Regt, b,y hegt, h) are sums of the square of the OPE
coefficients. First we will formulate a “weakness” condition which if obeyed by the

“light” spectrum
h < my(hegt)c or h < ml(ﬁext) c, (3.7)

then the OPE coefficients in the semiclassical limit (3.3) follow a universal decay

formula (3.32) for large enough weights (“heavy” spectrum)

h > mao(hew)c and b > mo(hey) c. (3.8)

my and my are solutions to certain equations (3.34) and (3.35) involving the semiclas-
sical Virasoro block. This is directly parallel to the universal spectrum story of [45],
and the analogy is summarized in Table 3.1. In fact, there is a direct connection

between the two: under a conformal transformation, the torus partition function is
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spectrum torus four-point relevance

light h <53 h < mi(heg)c sparseness /weakness

or h < 5 or h < my(heat) €

heavy h> 5 h > ma(hey) universality

and h > 5 | and h > mo(hegt) c

Table 3.1: The light and heavy spectrum as defined in [45] in their analysis of the
torus partition function, and the analogs for the four-point function.

equal to the four-point function of the Zy twist fields in the symmetric orbifold CFT,

for which!

hewt =P = s, milas) = 50 malag) = 1o (3.10)

After correcting for the conformal factor, the universal formula (3.32) exactly repro-
duces the Cardy formula [109].

In this work, we derive the universal formula for the OPE coefficients following

a logic similar to the derivation of the Cardy formula, and deduce a closed form

expression by making use of an amazing identity of Ponsot and Teschner [16,42,43],

that relates Virasoro blocks to their image under crossing * — 1 — z, known as the

fusion transformation. The fusion transformation which we spell out in Section 3.2 is

expressed as a contour integral over Virasoro blocks in the cross channel, weighted by

the so-called fusion kernel, which is yet another contour integral. In the semiclassical

limit, both contour integrals can be evaluated by the steepest descent method, and

the universal formula is nothing but the semiclassical limit of the fusion kernel.

IThe ground state of the Zs-twisted sector in the symmetric product orbifold theory has weight

[114]
c/2 1 c
Z(2-3)-5 (39)

where ¢/2 is the central charge of the single copy theory.
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One important feature of the universal formula is that the OPE coefficients decay
exponentially in the large dimension limit, and saturate the bound of [68]. This is in
contrast to the Cardy formula which describes an exponential growth in the density
of states. The qualitative difference is solely due to the aforementioned conformal
factor.

We will explore the gravity interpretation of the universal formula for the OPE
coefficients by considering CFT operators that correspond to conical defects. These
defects have masses below the BTZ black hole threshold, which means that the scaling
dimensions of their dual operators are bounded by A < 5. A natural conjecture is
that the universal formula describes the cubic interaction of the conical defects in the
bulk, and should be reproduced by the regularized Einstein-Hilbert action evaluated
on a geometry with three joining conical defects, as shown in Figure 3.1. The gravity
action in 3D hyperbolic space can be rewritten as a Liouville action on the conformal
boundary, and the conical defects enter as boundary conditions on the Liouville field
[122,123]. We explicitly solve the Liouville equation (which is equivalent to solving the
bulk Einstein equation), and find that by analytically continuing in the deficit angles
beyond the range where a real solution exists, the properly normalized gravity action
matches exactly with the semiclassical OPE coefficients of the CFT. The analytically
continued metric contains a singular surface, which can be interpreted as a horizon
once we Wick rotate to Lorentzian signature. We comment on this horizon in our
discussions section.

The organization of this chapter is as follows. Section 3.1.1 reviews the conformal

bootstrap analysis of 2D CFTs in the semiclassical limit, and explains why under a
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Figure 3.1: Three conical defects joining in 3D hyperbolic space.

certain “weakness” condition the semiclassical OPE coefficients are just given by the
fusion kernel. Section 3.2 is devoted to a careful treatment of the semiclassical limit
of the fusion transformation. Section 3.3 computes the gravity partition function in
the presence of three conical defects, and shows how it matches with the fusion kernel.
Section 3.4 ends with some discussions and open questions. Appendix H defines the
special functions appearing in the fusion transformation and computes their semiclas-
sical limits. Appendix I discusses the convergence properties of semiclassical Virasoro
blocks. Appendix J computes the on-shell classical Liouville action in the presence
of three conical defects, which is used in Section 3.3 to compute the bulk action. Ap-
pendix K discusses subtleties in regularizing the gravity action. Appendix L reviews

the semiclassical limit of the Liouville CFT.

3.1 Universality from the Conformal Bootstrap

By analyzing crossing symmetry in the semiclassical limit, we will derive a “weak-
ness” condition under which the OPE coefficients must follow a universal formula,

that is expressed as the difference of two semiclassical Virasoro blocks. The reader
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who wishes to skip the technical part can see the end of this section for a summary

of results.

3.1.1 Crossing Symmetry in the Semiclassical Limit

Given a sequence of 2D CFTs, the semiclassical limit of a four-point function
(CextOcxtTextOert) 18 the limit of large central charge ¢ while taking the operator weights
hegt to scale with ¢ (fixed meyy = hest/c). When speaking of correlation functions, in
general it is impossible to keep track of a particular primary operator in a sequence
of CFTs, so the best we can do is to consider “correlation function densities” in the
semiclassical limit. See Appendix G for a definition. We omit these details in this
subsection, and simply refer to them as correlation functions.

It is observed that the Virasoro block admits a semiclassical expansion [9,65]

F(hext, by c|z) = exp [— I (Mewt, m]x)] g (Megr, m, clx) ,

DO

(3.11)

00
g(mea:t7 m, C|1’) - Z C_kgk<me:ﬂt7 m|x)
k=0

The functions f and g, can be computed order by order in an z-expansion, and f
will be referred as the “semiclassical Virasoro block”. In Appendix I, we examine the
validity of this formula in more details, and give the expansions for f and gy to the
first few orders. Our analysis in this subsection will assume the following numerically

observed properties of the semiclassical Virasoro blocks. For fixed m.,; < 1/2,
1. f'(mex, m|1/2) is monotonically decreasing in m, and crosses zero only once.

2. f(mext, malx) — f(Mers, ma|z) is monotonically decreasing in 0 < z < 1, for

arbitrary fixed internal weights my > my > 0.
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3. go(Mesxt, m|x) > 0 for all internal weights m > 0 and cross ratios 0 < z < 1.

To use these properties, we will restrict to mey < 1/2, which is a relatively loose
bound compared to either the operators accounting for the microstates of the zero
mass BTZ black hole, mprz = 1/24, or the Hellerman bound [35] on the gap in
the spectrum of primaries mgyq, < 1/12. The study of me,; > 1/2 is left for future
investigation.

In order to satisfy crossing symmetry, the summed structure constants squared
which are the coefficients in the Virasoro block decomposition (3.6) must also admit
a semiclassical expansion (to simplify the discussion, we omit the anti-holomorphic

dependence in this subsection)

C?(Megic, mc) = exp [cp(,m (m)} (qgext(m) + O (1/\/5) ) (3.12)

In theories with a discrete spectrum, the summed structure constants squared is a sum
of delta functions. In the semiclassical limit, this distribution can be approximated

by a continuous distribution plus isolated delta functions,
Qo () = D @5,,,0(m — mi) + Ve q57 (m). (3.13)

Here we adopt a normalization such that if the CFT has an order ¢ gap above the

vac

va¢ = 1. As we will see, the y/c factor in front of the continuous

vacuum state, then g

cont

cont(m) is required for it to be comparable with the delta functions in

distribution ¢
the large central charge expansion.

For notational simplicity, we define the classical branching ratio as

S (1) = i (1) = = (s 0. (3.14)
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The crossing equation at large c is

O(1/e) = {Zexp m\x)]qaezxm)ao(mm,mrx)}—(ml—w, (3.15)

meS,

where S, denotes the set of weights that maximize S,,_,(m|x) globally, and the cor-

rection o (Megr, m|x) includes the one-loop contribution near the saddle point,
gO (me.ttu m|x)

9o (Megt, m|x) if m is at a delta function, (3.16)

27'(' . . . . .
9o (Megt, m|x) X P i if m is inside the continuum.

We presently analyze this crossing equation and discuss its consequences, restricting

to real cross ratios lying within 0 < z < 1.

Near the crossing symmetric point. Let us Taylor expand the right hand side
of (3.15) at the crossing symmetric point # = 1/2. Since the right hand side is an
odd function with respect to x — 1 — z, all even power terms vanish. The coefficients

of the odd power terms to leading order at large ¢ give

D L (mew, m|1/2)7 o, (m)Go (Mear, m|1/2) Vi €N (3.17)

m681/2

Suppose the crossing equation is dominated by a set of finitely many points, Sy, =
{my,ma, -+ ,m,}. By Property 1 of the classical Virasoro block, f’'(mes, m|1/2) is
monotonically decreasing in m and crosses zero exactly once, hence the equations

(3.17) imply that the saddles must form pairs satisfying
F (M, Mar-1|1/2) = — f/(Mear, Mar|1/2),
Soent(M]1/2) = Sp.,(M2]1/2) = - = S5, (Mn|1/2), (3.18)
Qoear (Mar—1)Go (Meat, Mar—1]1/2) = o, (M2)go (Mear, Mar|1/2) |
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for k =1,...,[n/2]. Note that the last equation relates the one-loop (in 1/c¢) part of
the structure constants for pairs of saddles. If n is odd, then there is a lone saddle
m,, sitting at the solution to f’(mey, my,|1/2) = 0.

The multiplicity of the saddles is lifted in a small neighborhood 1/2 — ¢ < z <
1/2+e€ of the crossing symmetric point. The saddle with the largest f’ value dominates
the region 1/2—e < x < 1/2, and its partner which has the smallest f’ value dominates
the region 1/2 < z < 1/2+¢€.?

Focusing on a small neighborhood 1/2 — € < 2 < 1/2 + € but ignoring the pos-
sible multiplicity at the point x = 1/2, we conclude that there can be two scenarios

(depending on whether n =1 or n > 2 at x = 1/2).

1. The four-point function is dominated by a single saddle at m = m(my ), solving

the equation

f/(meacta ﬁ(mem)|l/2) = 0. (3.22)

In this case, the four-point function is smooth around z = 1/2. The solution

m(meyt) as a function of me,, is plotted in Figure 3.2.

2Suppose S,,,,(m|z) is a smooth function near x = 1/2 and m = 7y (the generalization to
non-smooth Sy, (m|x) is simple). It has an expansion at © = 1/2,

_ _ 1 _ _
Soead (M) = S (Mk[1/2) + (2 = 1/2)00So., (Mk[1/2) + 5 (m = 71k) 207, S (M [1/2)
+ (= 1/2)(m — )0 02 S, (Mr|1/2) + -+ - .

(3.19)

When we move away from the crossing symmetric point, © = 1/2 + ¢, the new saddle point is at

m. — . — 8mawsaeu(mk|1/2)€
TR g s, (my1)2)

+O(e?), (3.20)

and therefore

Soon(Me|1/2+€) =S, ., (My]1/2) — %f’(mmt, mi|1/2) + O(e%). (3.21)
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2. The four-point function is dominated by a saddle at m =m; for 1/2 —e <z <
1/2 and another saddle at m = my for 1/2 < x < 1/2 4 ¢, where m; and mso

satisfy the relation

f/(mext7m1‘1/2) = _fl(memt,T/szll/Z). (323)
A phase transition occurs at x = 1/2.
Next we prove the following proposition.

Proposition 1. The four-point function is dominated by saddles with weights m <
m(Meyt) for © < 1/2, and saddles with weights m > m(Mmeyt) for x > 1/2, where
M (Meyt) @8 the unique solution to (3.22). If there is a single saddle at x = 1/2, then

its weight is m = m(Meyt).

Proof. Let us assume the contrary, that the four-point function at some cross ratio
x. < 1/2 is dominated by a saddle point with weight m. > m(mez). We recall the
observed properties of the classical Virasoro blocks from earlier in this subsection.
Property 1 implies that m; < m(me,) < Mmo. Property 2 implies that the four-point
function in the entire range of cross ratios z, < x < 1/2 should be dominated by
saddle points with weights m > m,; in particular, this means that m; > m, in the

neighborhood 1/2 — € < o < 1/2. Hence we arrive at contradicting inequalities. [
The following lemma will be useful later.

Lemma 1. If the inequality

Doy (m) - éf(mexta m‘1/2) < pﬂezt(o) - %f(memty 0‘1/2) (324)

is obeyed for m < m(mey), then it is obeyed for all m > 0.
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1.4R
1.3f
I M(Mey)
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Figure 3.2: The ratios % and %ﬁz:'lm as functions of the external weight

Mext. See (3.22) and (3.26) for definitions.

Proof. The contrary implies the existence of a classical branching ratio S,,,, (m.|x)
at some weight m, > Mm(me,) that is larger than S,_, (m|z) for all m < m(mez).

Then there is no saddle with weight m < Mm(mey), contradicting my < m(meg). O

Away from the crossing symmetric point. At a generic cross ratio = # 1/2,
the four-point function is dominated by a single saddle m = m(z). Here we ignore
the measure zero set of cross ratios with multiple saddles. Again Taylor expanding

in x, we find that m(x) and m(1 — x) must satisfy the relations®
f/(mexta m(l’”!)ﬁ') = _f/(mexta ’ﬁ\’L(l - l’)|]. - :E)?
(M(z)|z) = So.,, (M(1 = z)[1 — ), (3.25)

Goere (M) G0 (Meat, M(2)|2) = Goepy (ML = 2))Go (Mear, ML = 2)[1 = 7).

3The z in m(z) and m(1 — x) are merely labels and should not be expanded. More precisely, we
first Taylor expand the crossing equation and then take the large ¢ limit. The saddle condition is
the same for all Taylor coefficients.
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3.1.2 A Weakness Condition for Universality

A main result of the bootstrap is that both the classical p,,_,(m) and one-loop
0., (m) parts (in 1/c) of the structure constants C?(he., mc) are related for the pair
of dominant saddles (m(z), m(1 — z)) at any cross ratio 0 < x < 1, as is seen from
the second and third equations in (3.25).

Let us first consider a CF'T whose spectrum of primaries has an order ¢ gap
above the vacuum state,* so that p,,,,(0) = 0 and ¢,,,,(0) = 1. The four-point
function is dominated by the vacuum block near x = 0. As the cross ratio is increased
to some x = xpp, this four-point function undergoes a phase transition and becomes
dominated by a different saddle. Let us denote by mgge(mes, ), for 0 < z < 1/2,

the solution to

f/<mezt7 wa) = _f/(me:cta mm(mexta iL')’l - .1'), (326)

which is the t-channel saddle partner of the s-channel vacuum block. Since C?(heyy, 0) =
1 for the isolated vacuum block, p,..,(m) and g, ,(m) are unambiguously fixed for

all m > Myae(Mewr, Tpr),

- 1 - 1
Poewt (mm(meztaw)) = éf(me:pta mm(mexbx)’l - *1') - 6f<mezt7 O|$)7

(3.27)

gO(mezta O|ZE)
go(mextv 'fhm(memta l’) |1 - l’) .

- (mm(mea@ta .I’)) =

After the phase transition, even though the equations (3.25) continue to relate pairs

of saddles, we do not have an invariant reference point like the vacuum was before

4More precisely, let us consider a sequence of CFTs labeled by i = 1,2,..., with monotonically
increasing central charges c;, that admits a semiclassical limit. For any given weight h, there exists
an [j, such that the only primary appearing in the OPE with weight below A is the vacuum, for all
i > Ip,. This is analogous to the condition in [124] on the density of states.
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Mext
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Figure 3.3: The weight Myge(mest, ) as a function of the cross ratio x for external
weights me,; = a/24. See (3.26) for a definition. The curves from top to bottom are
for « = 1/100,1/10,1/2,1,2,12.

the phase transition, and therefore universality is lost. If the only phase transi-
tion occurs at * = xpr = 1/2, then this universality holds in the widest range
m > Mage(Mext, 1/2). The above analysis did not assume the positivity of the struc-
ture constants squared, but positivity is not violated by the universal formula (3.27)
according to Property 3 of the one-loop Virasoro block.

Figure 3.3 shows the function Mgge(Mmeqs, ) for me,; between 1/2400 and 1/2,
and suggests that Mgge(Mest, T)/Mexr 18 NOL Very sensitive to mey. Figure 3.4 plots
the universal classical and one-loop structure constants, p,,,,(m) and ¢, ,(m). High
orders in the x-expansion are needed for the precision of results at large m, but
the point here is universality. Note that the structure constants C’Q(memtc, me) ~
exp(¢pe,,,(m)) decay faster than 167™¢, as is required by the convergence of the

Virasoro block decomposition of the four-point function [68].
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If the OPE between the external operators have a gap that is of order ¢°, then
generically the s-channel saddle moves continuously away from the vacuum as x is
increased, until it reaches m(m.y; ), which is the solution to Equation (3.22). No sharp
phase transition occurs (xpr = 0).

Intuitively, the phase transition cross ratio xpr should be larger for theories with
larger gaps. However, even if the gap is large, as long as it is smaller than m(m..),
we can tune the structure constants large to make xpr as small as we want. For this
reason, there does not seem to be a bound on zpr by the size of the gap.

Combining the above considerations with Lemma 1, we are led to the following

propositions.

Proposition 2. The gap (in the OPE of identical external operators) is bounded

above by Mgqp < Migas(Meat, 1/2).

Proposition 3. If the following condition is satisfied

J(Megr,m|1/2) — éf(mewt,O]l/Z) Vm < m(Meat), (3.28)

=

pgezt (m> S

then the only phase transition occurs at x = 1/2, and p,,,,(m) and ¢y, (m) follow

the universal formula (3.27) for m > Myae(Mext, 1/2).

The quantities m(Meyt) and Mgge(Meqr, 1/2) and are the unique solutions to the
equations (3.22) and (3.26), and their numerical values are plotted in Figure 3.2.
The entire discussion in this subsection can be easily generalized to include the anti-

holomorphic sector.
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pO'ex( (m)
Mext
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1.0}
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0.0: e M/Megyq
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(a) Classical p,,, (m)

l09(q,,(M))
15¢

10F

(b) One-loop ¢, (M)

Figure 3.4: The universal classical p,,,,(m) and one-loop ¢5°(m) parts of the struc-

ture constants as functions of the internal weight m, for external weights m.,, = a//24.
See (3.27) for definitions. The curves from top to bottom in both (a) and (b) are for
a =1/100,1/10,1/2,1,2,12.

Let us summarize the results of this subsection that will be relevant for the rest
of this chapter. If the CFT has a vacuum state and a “weak” light spectrum, then
for cross ratios within the interval (0, %), the dominant term in one channel is the

vacuum block, and the coefficient C?(heyy, het, B, B) of the dominant term in the other
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channel is given by the bootstrap equation. The weakness condition requires that

2 7 7 E hext ﬁ ‘ 1 . hea:t ‘ 1 s 0
108 C?(host, Teats by B) < 6{f< o 2) f( - ,02) + (anti-holo) + O(c")
(3.29)
in the “light” spectrum range®
h < mi(he)c or  h < myi(he)c. (3.30)

When this is satisfied, by varying the cross ratio inside (0, ) we find that the OPE

coefficients in the “heavy” spectrum range

h > mo(heg)c and  h > my(hest) € (3.31)

obey a universal formula

hea:t h

_1_am)—f(f2Qamﬂ

)
C C

02(hezt7 }_lezt; h; }_7/) = exp {g |:f(

(3.32)
+ (anti-holo) + O(log ¢) },
where Z(h) is the solution to
ext h d hext
= — = : 3.33
f( C ) x=1-Z(h) + dl’f( C 70’=T> z=z(h) 0+ 0(1/0) ( )

The functions my (hegt) and ma(heye) that define the ranges of the light and heavy

spectrum are solutions to the equations

mfe)

=0+0(1/¢) (3.34)

2

sl

°To simplify the notation, we define m1(hegt) = M(hext/c) and ma(hegt) = Myac(hewt/c, 1/2).

r=

and

L =0+0(1/0). (3.35)

2
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Qualitatively, when h.,; < ¢, we have

mic = \/Ehexb mMoC ~ 2\/§hexta (336)

and as hey; increases, the ratios mic/hey and moc/2he,s decrease monotonically, but

never go below one.

3.2 Semiclassical OPE Coefficients from the Fu-
sion Transformation

We now present the universal formula in a way that is more physically illuminating.
The logic here will be analogous to Cardy’s derivation of the universal growth of the
density of states. However, the weakness condition and the value of m; must still
come from the conformal bootstrap analysis. To illustrate the central idea, let us
begin with a simple exercise using just scaling blocks. This exercise was considered

in [92,125].

An Exercise with Scaling Blocks A four-point function can be written as a sum

over intermediate states in a particular channel

¢a($1) ¢c(x3>
(Pa(1)Op(22)Pc(73) Pa(4)) = Z W (3.37)
Ov(x2) Pa(x4)

JAVEEYAEEYANN (

Each state ¢; contributes a term proportional to the scaling block x borrow-

ing terminology from [41]). If we assume unitarity, then in the limit of (¢,, ¢») and
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(¢e, ) being pairwise close, the operator ¢ that has the low scaling dimension domi-
nates the sum. Up to a conformal factor, the four-point function is well-approximated
by

gB0=Ba=By 4 (8- Ba=Dr), (3.38)

(z1—72) (23 —T4)

(10 (25— is the cross ratio, and Ay and A; are the lowest and sec-
1—24)(T3—22)

where x =
ond lowest scaling dimensions that appear in this channel. When all four external
operators are identical, ¢ is simply the identity operator.

In the cross channel

Gal1)  delws)

(Pa(T1)Pp(22) Pe(3)Pa(T4)) = Z O (3.39)
Pu(x2) ¢a(x4)

the four-point function in the limit of x — 0 has a binomial expansion
pR0—Aa—Ay + O(xAl—Aa—Ab)

> [ (Ag—A, — A, A — A, — A, (3.40)

_ b e Sy
n=0 n n

The corrections are suppressed when n is large, hence the coefficients in the scaling

block decomposition of the four-point function follow a binomial distribution

Do—By— A\ pAerdi-de
(=1) n [(A, + Ay — Ay)

(3.41)

When all external operators are identical, the contribution of an operator of weight

A, to the four-point function with x = % is

A28a-1 1\ Bs—28a A
) + Za = 3.42
o (2) {1+O(A¢)], A, =20, +n. (3.42)

which for large enough A, satisfies the general bootstrap bound obtained in [41].
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3.2.1 Recasting as the Fusion Kernel

The fusion transformation relates a Virasoro block to Virasoro blocks in the cross

channel through the following expression [16,42,43]:
Flhays hes ) = / 00y FO  [uat] Flhasshops |l — ), (3.43)
s

where
ho =a(Q —a), c=1+60Q* Q=0b+1/b. (3.44)

For simplicity we specialize to the case of identical external operators with weight A,
and only consider real x. ., takes value in the physical region |0, %] U % + 1R>y,

such that h = Qept(Q — Qezy) is Teal and non-negative. Since we are interested

Qext

in the large ¢ limit, we will assume that b is positive. The contour S runs from %
to % + 100 while circumventing poles in the fusion kernel in a manner that will be
prescribed below.

The fusion kernel® F',, [cres] has a contour integral expression (3.49) that involves
some special functions I'y,.S,. These functions are reviewed in Appendix H. The
contour S runs from % to % + 200, but picks up residues of certain poles, the details
of which are spelled out in Section 3.2.3.

The assumption of a weak light spectrum is equivalent to the requirement that
in the semiclassical limit, the vacuum block dominates a four-point function with

identical external operators, for cross ratios in the entire interval (0, %) When this

happens, the crossing equation to all perturbative orders in 1/c is equivalent to the

6In the notation of [16,42,43], it is Fa, 4, {g”z ge”ﬂ.
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fusion transformation [16,42,43] of the vacuum block,

F(ha,,0,clz) = / e B, [tent] F(haesns by |1 — ), (3.45)

0,0t
)

Up to a Jacobian factor

d 1
% = (3.46)

dha,  \/Aha, — Q2

the right hand side of (3.45) is essentially the decomposition of the vacuum block in

the cross channel. If we assume that this integral is dominated near a particular a; in
the semiclassical limit, then we immediately realize that the holomorphic part of the
universal formula for the OPE coefficients is equal to the fusion kernel, perturbatively
to all orders in 1/c. By varying the cross ratio « inside (0, 3), this equivalence holds
for all weights h,, greater than mso(hey) c.

Including also the anti-holomorphic part, we conclude that under the weakness

condition, the OPE coefficients obey a universal formula

7 T FE)C) [O‘e:vt]
02(haeact7 haemt? hon ha) == X (anti—holo) [1 + 0(6_#0)} (347)

V4he, — Q?

for large enough weights

hoe,g Z mZ(hea:t) c, hozt Z mZ(Bext) C. (348>

The steepest descent approximation of the fusion kernel in the semiclassical limit will

be the subject of Section 3.2.2. Two comments are in order:

1. The above analysis can be generalized to two pairs of external operators, or
some appropriate average of operators, as long as the vacuum block appears in

one channel.
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2. Perturbatively to all orders in 1/¢, the universal formula for the OPE coefficients
is completely factorized into a holomorphic and an anti-holomorphic piece. This

is simply because the vacuum block is factorized.

3.2.2 Semiclassical Limit of the Fusion Kernel

This subsection and the next are devoted to a careful treatment of the semiclassical
limit of the fusion transformation. The special functions that appear there are defined
and their properties reviewed in Appendix H.

The fusion kernel F,(fiat [zt has a contour integral representation

1
F(C) [aext] = Pb(asa ', aext) X = / ds Tb(a37 Oy Qlegets 5)7 (349>
1

Q5,0
T

where P, and T} are

Fb(QQ — 20t — @t)rb(at)2rb<Q - at)2

Filtss e Cet) = o D — g Tl T (Q — a1
« p(Q — 20te5t + )5 (200e0¢ + p — Q)To (20000 — )

[p(Q — 20tear + )Ty (20teq + g — Q)p(200e0: — )

[ (2Q — 2a,)T (20v5)

Fb(Q — 2at)Fb(2at — Q)’ (350)
. Sb(Ul + S)Sb(UQ + S)Sb(Ug + S)Sb(U4 + 8)
Sy (Vi 4 5)Sp(Va + 5) Sy (Vs + 8)Sp (Ve + 5)

Tb(OZS, Ay, Qeg, 8)

Up=as U= Q + s — 200ext, Uz = g+ 20004 — Q; Uy = a,
%:Q—i_as_at? ‘/QZOés—i‘Oét, ‘/E’)ZQOés’ ‘/4:Q
I'y(x) is a meromorphic function that has poles at © = —mb — n/b for non-negative

integers m and n, and
L'y (x)
Iy(@—2)

See Appendix H for a definition of these special functions.

Sp(x) = (3.51)
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The integrand T; as a function of s has poles at

U : s=—-as—mb—n/b, mmn=01,---,

Uy : s=—as+ 20, —mb—n/b, mn=12---,

Us: s=—as— 204 —mb—n/b, m,n=-1,01,---,

Uy : s=—-as—mb—n/b, mn=01,---,

(3.52)

Vi: s=—-as+a+mb+n/b, mn=01,---,

Vo: s=—as—a+mb+n/b, mn=1,2,---,

Vi: s=—=2a,+mb+n/b, mmn=12---.

Vy: s=mb+n/b, mmn=01,---.

When some of these arrays of poles overlap, we turn on small imaginary regulators

Qegt — Koyt + i€ext7 Qg — O + iesv €ext, €s > 0 <353)

to separate the poles. Along the contour S, the imaginary part of oy is always positive.
The contour T of the s-integral in (3.49) runs from —ico to ico such that the poles
U, U; lie to the left of the contour, and the poles |, V; lie to the right.

We are after the semiclassical limit of the fusion kernel with oy = 0, which is the
limit of

b— 0, Neat = baext and m = bay; fixed. (354)

In this limit, the arrays of poles of T, create branch cuts which the contour T must

circumvent, see Figure 3.5.%8 The semiclassical limit of the special functions I', and

"This is the same as the semiclassical limit defined in Section 2.3, ¢ — oo with h/c fixed.

8Before taking the semiclassical limit, the contour T can freely pass through the zeros of T,. After
taking the limit, these zeros create branch cuts which the T should also circumvent.
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4+ T s-plane
Vi
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Figure 3.5: The contour T in the definition of the fusion kernel. When 7.,; and 7, are
real, small and positive regulators are turned on so that the arrays of poles do not
overlap, see (3.53). This figure is drawn with the choice 2¢€., : €5 : Imm, =3 :1: 5.
The solid dot is the dominant critical point s_.

Sy are computed in Appendix H. The result is, loosely speaking,

b*logTy(y/b) — G(y), b*log Sy(y/b) — H(y), (3.55)

where the functions G and H are defined as
Yy
Gy) = — /1/2 logT(2)dz, H(y)=G(y)— G —y). (3.56)
G has a branch cut on the negative real axis; we define G(y) to be real when y is
on the positive real axis (since there I'y(y/b) is real and positive), and by analytic
continuation on the rest of C\ Ry.
We perform a steepest descent approximation to the contour integral of T} over

s. To simplify the analysis, let us assume that 7., n; € (0, %) In the semiclassical
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limit, the exponent of T}, becomes

4
Lim 0% 10g Ty (s, 1/, ot /) = 3 H (i + 8) = H(vi +5),
i=1 (3.57)

u; = bU;, v; = bV

with U; and V; defined in (3.50). The steepest descent equation is’
4 4
2miN = Z logsin7(u; + s) — Z logsin7(v; + s), (3.59)
i=1 i=1
where N labels the sheet. This equation is invariant under s — s + 1 shifts, so let us
focus on the strip —% <s< % When 7, = ie; where ¢, is a positive small regulator
as in (3.53), there is one critical point s_ lying on the negative imaginary axis of
sheet N = 0, and another s, lying on the positive imaginary axis of a different sheet
N = —1, and their distances to the origin are both of order ¢,.1°
We presently argue that, in the ¢, — 0 limit, Ty(s-) — 7,(0) is a dominant
contribution to the contour integral. Firstly, s_ lies on the contour T, and one can
check that Re log T(s_) is smaller than the maximum! of Re log T,(T) by an amount
of order O(e). Following [126], we define gradient flows generated by the real part

of (3.57) as a Morse function. Whether a critical point s; contributes to the contour

9The value of logsin is chosen such that the identity
logm —logsinmy = logT'(y) + log (1 — g) (3.58)

is satisfied, and logI" is defined such that it is real on the positive real axis and only has a branch
cut along the negative real axis.

OWith t = s/, fixed, taking exponential of the steepest descent equation gives

sin 7, 2 (1412 \
<sm(27mm)) BRTCET o), (3.60)

which has two solutions. One of them has zero imaginary part before taking exponential, while the
other has —2i.

1 The maximum occurs at the point which is the lift of s, to the original sheet.
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integral depends on whether the upwards (with increasing real part) gradient flow

line out of the critical point intersects the contour T. For the ones that do,

Re log Tj(s;) < Re log Ty(T) < Re log Ty(s_) + O(e,), (3.61)

and therefore T} (s;) will be less dominant than T,(s_). The only exception is s, , which
is O(e;) distance away from s_. Nonetheless, even if s, contributes, its contribution
is of the same order as s_ in the 7y — 0 limit, T;(sy) — T3(0). To conclude, in the

semiclassical limit, the contour integral is approximated by

lim b2 log Tb(07 nt/b7 Next 0) = _2(G(O) - G(l))
b0 (3.62)

+ G 2neat = 1) = G(2neat)] + [G(1 = 2near) — G(2 = 2near)]-

The semiclassical limit of the prefactor P, is straightforwardly computed to be

Lim b* log P,(0, 7/b, Neat /)

= —F (e + 10 = 1) = 2F () + F (20t = 1) = F 2zt =) + F(211)  (363)

-G —2n) - G2y —1)+1-2G(1),
with F' defined as
Fy) = -Gly) - G(1 - y). (3.64)

Combining the two, we arrive at the semiclassical fusion kernel for the vacuum block,

-9 (6/b%)
}g% b log Fo,m/b [Mewt /0]

=~ F(2lear + 1 = 1) = F(2ear = 1) = 2F(1) = 2G(2eze) = 2G(2 = ) (3:69)

— G —2n)— G2 — 1)+ 1 —2G(0).
If all ..+ and n; are real, then this expression may sit on a branch cut. However,
this does not happen because Im 7, is assumed to be positive, in accordance with the

prescription of the contour S.
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A n-plane
S3
So s,
RN A
S}

Figure 3.6: The contour S when 7, < }L.

3.2.3 Semiclassical Limit of the Fusion Transformation

Let us proceed to evaluating the semiclassical limit of the as-integral in the fusion
transformation (3.43) with another steepest descent approximation. We first analyze
the pole structure of the integrand, which consists of the fusion kernel and the cross-
channel Virasoro block, and give a prescription of the contour S. We then show that
the critical point(s) must lie on (0,3) U 3 + iR, and that the fusion kernel at the

critical point(s) is real.
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Prescription of contour S Recall that I'y(z) has poles at x = —mb — n/b for

non-negative integers m and n. Thus P, (0, oy, aeyrr) as a function of oy has poles at

S ap = =20 +mb+n/b, m,n=23,---,
Syt ap=-mb—n/b, mmn=0,1---,
S3: ay=mb+n/b, mmn=12--
(3.66)
Sy g =204 —mb—n/b, mn=12---,
Ss: = =20 —mb—n/b, mn=-101,---,
Se: ap =20 +mb+n/b, mn=01,---.
The Virasoro block as a function of a; has poles when the dimension h,, of the internal

operator becomes degenerate,

1
S ap=—=(mb+n/b), mmn=273---,
2 (3.67)

1
Ss - at:—a(mb—l—n/b), m,n=20,1,2,---.

When o,y € (%, %)U%—H’RZO, the contour S can simply be chosen to run along the
line % +iR>, since all the poles are away from this contour. But when a.,: € (0, %],
the poles S5 and Sg cross the imaginary axis. We recall from the previous subsection
the regularization (g — Qept + i€er/b. The poles Sy are on the lower half plane,

and the poles Sg are on the upper half plane. The contour is deformed such that it

circumvents the poles Sg, as shown in Figure 3.6.

Steepest descent approximation of the 7,-integral As in the case of the fusion
kernel, the poles (3.66) and (3.67) accumulate into branch cuts in the semiclassical

limit.
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Let us first consider the case 7¢.; € (0, 411] As shown in Figure 3.6, we split the

contour into three pieces,

1 .
Si: n = 3 = 2(Newt + 1€ext),
. 1
82 : 77t - 2(”65{21‘, + Zeext) — 5 + 1€¢, (368)

Sy : nt:1+iet—> 1+2'c;~<>7
2 2
where €, > 2¢.,; is a small regulator.

Along the contour S;, the semiclassical fusion kernel (3.65) is manifestly real, and
so is the the semiclassical Virasoro block since we assumed that z is real from the
beginning. Hence the exponent of the integrand, given by the sum of the two, is also
real along S3. Therefore, this contour coincides with a gradient flow line generated
by a Morse function defined as the real part of this exponent. By the same argument

as we gave near (3.61), the steepest descent approximation of this integral can only

receive dominant contribution from either critical points that lie on this contour, or
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from the boundary point 7, = 0. The critical points are the solutions to the equation!?

0 = —log¥(2Next + mr — 1) + log ¥(2next — M) — 21log y(ne) — 21og (1 — 2m)
(3.72)

d
+2log'(2n, — 1) — a7 f (Mewt, me|1 — ).

t
Let us stress again that while there may be other solutions to (3.72) that do not lie
on the contour Ss3, those critical points do not contribute to the integral, or are less
dominant.

Along the contour Sy, by use of the recursion relations (H.8) for G and F', the

semiclassical fusion kernel (3.65) can be rewritten in a manifestly real form:

lim b2 log F()7) s /0]

=G(2Mext + M) + G(2 — 20wt — M) + G(2Newr — e + 1) + G(1 — 20er + M)
200 — 2eat) — 2G (20eat) — 2G(2 — 2et) + F(21,) — 2F (1) (3.73)
+ 14 F(0) + (20eqr + 0 — 1) log(1 — 20ear — 1)

+ (2776xt - nt) IOg(nt - 277emt) - (277t - 1) log(l - 277t)-

Since the semiclassical Virasoro block is also real (z is real), the dominant critical

12This equation is solved by the same 7, that solves the bootstrap equation of [109],

f/(nexholm) +f/(nemt7nt|1 —.’L') =0, (369)

where f’ denotes the derivative with respect to z. To see this, let 7;(x) denote the critical point.
Take derivative with respect to  on the semiclassical fusion transformation

F(leat; O1z) = f (tear, ne ()1 — x) — limy b*10g Foy, (o) /b [Mext /], (3.70)
and reorganize into

f'(ewt; Olx) + ' (Mewt, ne(x)|1 — )

dni(x) d .
= ) Fars (o)1 = ) — Jing 12108 Bl ]

(3.71)
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point(s) must lie on the contour S,. The steepest descent equation is

- logr(2next + nt) + log F(Q - Qneact - nt) + IOg F(Qnext - 7715 _I' 1)
—log D(1 — 20eqe + 1) + 210g ¥(2n;) — 2log (1) 4+ log(1 — 2neqr — ) (3.74)
d
— log(n; — 2Near) — 21log(1 — 21;) — %f(ﬁemﬁtu —x) =0.
t

Finally, the exponent of the integrand along S; has the same real part as the
exponent along Sy, while the imaginary part is equal to 27i(27e,; — 7;). Hence the
integral along S; is bounded above by the integral along S;. As far as extracting the
leading exponent of the fusion transformation is concerned, we need not consider the
integral along S;.

Now let us consider the case of 7., € (i, %) U % + iR>(. As noted earlier, here
the contour can be chosen to be along i + iR since this choice does not cross any
branch cut. The semiclassical fusion kernel (3.65) is real along this contour, so the
dominant critical point(s) must lie on the contour and satisfy the steepest descent
equation (3.72).

In summary, the fusion transformation of the vacuum block in the semiclassical
limit is dominated by a Virasoro block with weight h; = ay(Q — a;). «; lies on either
(20tet, %) or % +iR> as a solution to one of the steepest descent equations, (3.74) or
(3.72), and the semiclassical fusion kernel is given in manifestly real forms by (3.65)
or (3.73), respectively.

We numerically verified that the semiclassical limit of the fusion kernel obtained
in this subsection is indeed equal to the ratio between the vacuum Virasoro block and

the dominant Virasoro block in the cross channel.
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3.3 Bulk Action

In the previous section, we argued that the OPE coefficients of 2D CFT's follow a

¢

universal formula, provided that a “weakness” condition is satisfied.
We propose that the universal formula can be reproduced by an analytic contin-
uation of the regularized Einstein-Hilbert action evaluated on a geometry of three

conical defects that join at a single point in the bulk. At the boundary point of each

conical defect with deficit angle 4min sits a heavy CFT operator of scaling dimension

A:h+i_z=c"<13—_n). (3.75)

Throughout this section we set the AdS radius to one,

Ruus =1, (3.76)
so that the central charge is related to the bulk gravitational constant by

In Section 3.3.1, we test our proposal in the limit of small deficit angles n < 1,
where the conical defects can be produced by geodesic worldlines of “heavy” particles
(a notion that we make precise later), and the on-shell Einstein-Hilbert action reduces
to a worldline action. In Section 3.3.2, we write down a metric that describes conical
defect geometries with finite deficit angles, and compute the regularized Einstein-
Hilbert action. In both cases, we find that after an analytic continuation and proper
normalization, the gravity calculation matches with the semiclassical OPE coefficients

in the CFT.
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3.3.1 Heavy Particles

A “heavy” particle in AdSs is defined to be a particle whose mass M is proportional
to the Planck mass 1/G as we take G — 0, but GM is parametrically small. In the
CFT language, a heavy particle corresponds to an operator with scaling dimension
A that scales with the central charge ¢ as we take ¢ — oo, but the ratio A/c is
parametrically small. In both cases, it is crucial that we take the semiclassical limit
before we take the small mass/scaling dimension limit. In this limit, the relation

between the mass M and the scaling dimension A is simply

A=14+V1+ M2 — M. (3.78)

(Classically, the insertion of such an operator sources the worldline of a heavy particle
in the bulk.
Consider a heavy particle decay process in the Poincaré patch of AdSs,

_dy? 4 dzdz

2
ds "

(3.79)

A heavy scalar particle of mass A; enters the AdS3 at a boundary point z;, and moves
along a geodesic until it reaches a bulk point x, then decays into two heavy scalar
particles of masses Ay and Az. The two particles move along their geodesics until
they exit the AdS3 at boundary points 25 and z3. The worldline action for this decay

process is'?

S = A1L<X, 21) + AQL(X, ZQ) + AgL(X, Zg), (380>

13We assume that the coupling constant A of the bulk scalar field scales as A ~ ¢#, and hence
contribute to sub-leading log ¢ order in the worldline action. In large N theories, the three-point
coupling of single-trace operators scale as 1/N.
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where L(x,z') is the geodesic distance between a bulk point x = (z,z,y) and a

boundary point (2/,Z") in AdSs,

L(x,z2") = log

{92 +le— 21 Z/q , (3.81)

With zq, 29, 23 fixed, the bulk point x is chosen to minimize the worldline action. The

exponential of this action e™

corresponds holographically to the three-point function
of the dual scalar operators in the CFT.

The minimization problem has a solution when the triangle inequalities for Ay, Ag, Ag

are obeyed, and the result is given by

1
S = §(A1 + Ay — Az)log |21 — 2o|* + (2 permutations) — P(Aq, Ay, As),

P(Ab A27 A3) - %Al log (Al = A2A_2 igii,A—l 21A3 - AZ) + (2 permutations)
1

(3.82)

While the position dependence of the worldline action (the first term plus the two

permutations) is fixed by conformal invariance, the exponential of the last term e”
should correspond holographically to the OPE coefficients in the CFT.

We would like to compare this result with the formula (3.47) from the bootstrap

analysis. Let us set Ay = A and Ay = A3 = A.y. The semiclassical fusion ker-

nel (3.73) to linear order in he,; and h, combined with the anti-holomorphic part

(assuming that all operators are scalars) gives'®

log VFF = lAext [(r+2)log(r+2) — (r —2)log(r —2) — (r + 2)log4]
2 (3.83)

+ O, 2, h?),

y Wext)

14The square root is taken because we should compare the worldline action with
7 7 1
(Cz(heztyhemtvhah))§~
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where r = A/A.,;+. An analysis of the steepest descent equation (3.74) shows that

the critical point is bounded by

A > 2m2(hemg) C = 2\/§Aext~ (384>

The worldline action (3.82) gives an almost identical formula

P(A, Acat, Acat) = %Aea}t [(r+2)log(r +2)+ (2 —7)log(2 —r) — (r + 2)log4],
(3.85)
except that this formula is valid for A < 2A.,; since we need to obey the triangle
inequality. Using the expression (I.5) for the semiclassical Virasoro block to linear

order in weights but exact in the cross ratio, we find that the weakness condition

(3.29) is satisfied,

3+2v2

P(A; Ae:vta Aezt) S AlOg ( 4

) for A < 2my(hest) ¢ = V2. (3.86)

To further compare with the fusion kernel (3.83), we need to extend the result of
the worldline computation to the region A > 2A.,;. A nalve analytic continuation
of (3.85) could produce an ambiguous imaginary part due to the branch cut of the
logarithm. At the end of Section 3.3.2, we will argue that the correct continuation does
not produce any imaginary part, and hence we have an exact match. See Figure 3.7

for a diagram depicting the different regimes of A.

3.3.2 Conical Defects

When the boundary operator insertions have large scaling dimensions, they cor-

respond in the bulk to objects with large masses, the back reaction can no longer be
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worldline — analytic continuation
f T l T A
weakness v2A.; 20ex 2v2A,,; universality
condition

o

Figure 3.7: Regimes of validity of the heavy particle worldline computation and the
conformal bootstrap analysis.

ignored. To compute the three-point interaction in this case, we need to find a metric
that descibes a hyperbolic geometry with three conical defects. See Figure 3.1. An
ansatz is

ds* = dr® + TQB“O(Z’g)dde} : (3.87)

4
(1 —1r2)2

The coordinates z and z are the stereographic coordinates of a two-sphere, and the
whole space is topologically a three-dimensional ball with possible conical defects
extending from the origin to the boundary along the radial direction at fixed angular
coordinates. The vacuum Einstein equation on this ansatz becomes the Liouville
equation,'®

00¢ = 2mpb*e?, (3.88)

1
47b2*

with the cosmological constant!® set to y = —

The solution for pure Euclidean AdS; is given by

_ 4
ePlsd) — ___ — 3.89
TEERE (3.89)

15The origin of the Liouville equation is in contrast to [122,123]. There, the Liouville equation
arises from a constant negative curvature condition on the induced metric on a cutoff surface near
the conformal boundary.

16Notice that u is not the cosmological constant in the bulk gravity.
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We insert conical defects by introducing the boundary conditions

—2log |z/? Z — 00
o(z,2) = (3.90)

—2n;log|z — zi|* 2 — 2,

which imply that the conical defects are scalars.!” On the complex z-plane, in the
small neighborhood around z;, the angular part of the metric (3.87) can be put
into flat form dwdw o |z — z;|~*"dzdz by a multivalued coordinate transformation

1=2m; The coordinate w is subject to a further identification

from z to w = (z — %)
w ~ wexp 2mi(1 — 2n;) that creates a deficit angle 4min,; along the radial line at a
fixed z; direction.

Next, we derive an expression for the on-shell gravity action for conical defect

geometries. The Einstein-Hilbert action evaluated on a space of constant curvature

is given by the volume of the space,

| ) o |
_ _ b _ 1y 3.92
ong | CTVIR+2) = 7 / Cog= 6" (3:92)

Because the metric (3.87) diverges as we approach the boundary r — 1, the volume

is also divergent. To regularize this divergence, we introduce a cutoff surface

"= Tma(2,Z,€) <1 (3.93)

that approaches the boundary as the regulator € is sent to zero. The regularized

volume V,, defined as the volume of the space inside the cutoff surface, diverges

17To describe conical defects with nonzero spin, one may want to consider a more general set of
boundary conditions:

w(z,2) = —2n;log(z — z;) — 2m;log(Z — Zi) 2z — 2. (3.91)
However, the single-valuedness of the metric requires n; —7; € %Z and ) _.(n; — ;) € Z, which cannot

be satisfied for n; € (0, 3) (deficit angle less than 27).
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quadratically as the regulator € is taken to zero. This divergence can be canceled by

a boundary term on a cutoff surface

1ol 1
- K—-1)=——F-A4 3.94
8@ Vel ) &G Y ( )

where A, is the area. There remains a logarithmic divergence related to the Weyl
anomaly of the boundary CFT. The on-shell action is given by subtracting off the

logarithmic divergence and taking the regulator € to zero,

S

1 1
_ : e Sl . 3.95
C lli% {V6 2A6 2m 2 = > mi(1 — ;)] log 6} (3.95)

Among the terms multiplying the logarithmic divergence, the first term is from the
Weyl anomaly of the Riemann sphere itself [122,127,128], and the second is the Weyl
anomaly of the operators.

Since our goal is to compare the on-shell gravity action with a CFT correlation
function defined on the complex plane (flat), it is convenient to choose a cutoff surface

whose induced metric is flat in the ¢ — 0 limit. Consider the cutoff surface,
Tmaz = 1 — ee%, (3.96)
which has a flat induced metric to leading order in the e-expansion,
ds® = (i et %) dzdz + }l(agpdz + dpdz)? + O(e). (3.97)

This cutoff surface approaches the origin of the unit ball when the coordinate z

approaches a conical defect,

1—r« m, zZ = Zj. (398)
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The z-integral must be constrained by |z — z;| > ¢ so that the radial coordinate
r is always positive. This also regularizes the conical singularities. Finally there is
another divergence at z — o0, as the cutoff surface approaches the boundary. To
regularize this divergence, we restrict the integration domain of the z-integral to be

within |z| < R. The final z-integration domain is
I'={lz—z| > e, |z| <R} (3.99)

The volume and area inside the region I' are given by'®

1 et 1
V6:/d2z {——e——l——e“" (1+2g0+410g%>] + O(e),
r

2¢2 2 8 (3.100)
1 er 1 - '
A= /d% — =2 (~2¢7 1+ 40p8y) | + O(e).
r €2 e 8

The regularized gravity action is'®

1
‘/E_§A€
_ (2L (9050 — e \ 950 _ L5
—/Fdz[4(8g08gp e?) <1+10g2>88gp 28(308@)}
1 _
= /FdQZ L_l (&0&0 — e“") +2m (1=, m) (1 + log %) + 7 (Yoo — D Mitpi)

=75y 21 (1—log2+loge) (1 =3 m) —2mlog R+ 21y n? log €,

(3.101)

Tub2=
where Sy, is the classical Liouville action [13]

1 _
Sp = /dzz y (&p@ga + 47T,ub2e“0) + (poo +2l0gR) — > . (mgoi + 217 log ei) ,
r
(3.102)

18The integration measure is d2z = dady, z = = + iy.

9Tn the first and second equality of (3.101), we used the Liouville equation (3.88) and the diver-
gence theorem.
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and ; are defined as

?

Pi

7
= dz p0p, oo = — dz pdp. 3.103
dmn; j|{|:q AT J\2=r ( )

After subtracting off the Weyl anomalies, we end up with

1

S4G

5

+2(1—1og?2) <1 — Zm,) — 2log (Re) + QZinf log (e;/¢€)|.

(3.104)

7r,ub2:—%

The remaining task is to compute the on-shell Liouville action Sy.

Let us consider the case of three conical defects at 21, 22, 23. The solution to the
Liouville equation (3.88) with boundary conditions (3.90) and the on-shell Liouville
action are given in [13,129], which we review in Appendix J. Borrowing their result,
we find that if the three deficit angles satisfy the triangle inequalities and if ). n;, < 1
(sum of the deficit angles is less than 4), then the gravity action is

1

ST

[(51 + 9y — 03) log |z — 22|2 + (2 permutations)] —P'(n1,m2,1m3)

1 .
P'(m,m2,m3) = el [F(Qm) — F(n2 +n3 — m) + (2 permutations)

+ F(0) = F(Q2mi) —2(1 =22 mi)log (1 — 2, mi) + 2miN(1 — 2 m:)

— 2log(Re) + 237,17 log (ei/€) |,

(3.105)

where §; = n;(1—n;) and N € Z labels the ambiguity in shifting the classical solution
¢ by 2mi. The exponential of the on-shell Einstein-Hilbert action e~ has the inter-

pretation of a three-point function, but to compare with the CFT we should consider
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the properly normalized version

/ 1 / 1 /
7)(77177727773) =P (77177727773) - 5 ZP (771777170) + 57) (0,0,0)

= g F2m)—Fne+n3—m)+ (1 —2m)log (1 — 2m1) + (2 permutations)

+F(0) = F(Q2mi) —2(1 —>2;m:) log (1 =37 mi) |-
(3.106)

Note that P(n,n,0) = 0, and all the dependences on the regulators R, ¢, ¢; and the
shift ambiguity /N cancel out.

Let us compare this to the bootstrap result of Section 3.1.1 by setting n; =
and 1o = 13 = ey The CFT operator dual to a conical defect has weight h; = h; =
W One can numerically check that (3.106) interpreted as the OPE coefficients
of operators dual to conical defects satisfies the weakness condition (3.29). To match
with the bootstrap formula (3.47), which is given by the semiclassical fusion kernel F
times the anti-holomorphic part, we should analytically continue (3.106) in 7, to the
triangle inequality-violating region 21.,; < n; < % The real part of the analytically

continued expression reproduces log VFF, where F is given in (3.73), but it also

contains a nonzero imaginary part

Sgn[Im(nt - Qnext)] i?T(T]t - 277@xt)7 (3107)

which comes out of the recursion relations (H.8) for G and F.

When the triangle inequality is violated, 1, > 21..:, €¥ is negative and hence the
metric (3.87) has indefinite signature (as can be seen from the explicit solution of ¢ in
Appendix J). But since the metric is still real, the volume V' and area A should still

be real. How come the action has an imaginary part? The answer is a failure of our
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current regularization scheme. When 7, > 2., the solution of e? has a nontrivial
phase,

es 7 z =27
7 — sgn[Im(n; — 2nesr)] X (3.108)

e
—1 Z — 29, z3, OQ,

and the cutoff surface (3.96) for real € becomes ill-defined. To fix this, € should be
redefined with a phase to cancel the phase of €3 and make 7,4, < 1. The contribution
of this phase to the regularized gravity action (3.101) kills the previous imaginary part
(3.107), and makes the answer real.

The fact that e® is everywhere real and that e* has opposite phases near z, and
near z, z3, co implies that ¢ has a branch cut on the z-plane on which e? diverges;
away from the branch cut, the phase is piecewise constant. We regularize this diver-
gence by cutting out a thin shell containing the branch cut from the z-integration
domain I'. This way the phase jump does not contribute to the classical Liouville
action, and we obtain an exact match between the gravity action (3.106) and the uni-
versal formula for the OPE coefficient in the CFT. More details of this regularization

are in Appendix K.

3.4 Summary of Results and Discussions

In this chapter, we derived a universal formula for the OPE coefficients in 2D
CFTs in the semiclassical limit. In this limit, the crossing equation is equivalent to
the fusion transformation of the vacuum Virasoro block, and the universal formula
for the OPE coefficients is given by the semiclassical fusion kernel.

On the gravity side, we computed the regularized Einstein-Hilbert action in the
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presence of three conical defects. At first sight, the gravity computation and the
universal formula are valid in different regimes of the deficit angles. But after an an-
alytic continuation, the properly regularized and normalized gravity action matches
exactly with the universal formula. One peculiar feature of this analytic continuation
is that the the signature of the metric becomes indefinite: the signature of the radial
direction remains positive, but the signatures in the angular directions become nega-
tive. The CFT metric has the opposite sign compared to the induced bulk metric on
the conformal boundary, but a sign flip can be achieved by an imaginary dilatation,
under which the OPE coefficients are unchanged.
Another feature of the analytically continued metric is the existence of a codimension-

one singular surface that surrounds the heaviest conical defect. It is a coordinate

singularity and the curvature there is finite. The metric near this singularity is

dp? + p*d6>

ds® =
i =P ]

4
m dT2 — 47’2
—T

(3.109)
and the singular surface is located at p = 1. This metric can be rewritten in the

Friedmann-Lemaitre-Robertson-Walker (FLRW) coordinates by a change of variables

r = tanh Z.? We can further Wick rotate to Lorentzian signature by 7 = it,

dp2 + p2d6)2

2 _ 2 .2
ds® = —dt” + 4sin”t =22

(3.110)

and the p = 1 surface becomes the horizon of the FLRW universe.
To understand the causal structure of the full geometry, it is simplest to take
the two light conical defects as created by “heavy particles” (whose mass is of order

Planck scale but parametrically small) to avoid strong back reaction. We propose

20We thank Alexander Maloney, Gim Seng Ng, and Simon F. Ross for pointing this out.
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t=—m/2

Figure 3.8: Left: Two heavy particles (double-line) joining with a conical defect
(zigzag), when the triangle inequality is violated. The geometry has positive signature
in the radial direction, but negative signature in the angular directions. The cone
depicts a coordinate singularity. Right: After Wick rotating to Lorentzian signature,
the Penrose diagram for the creation of a conical defect by two heavy particles. Each
point on this diagram away from p = 0 represents a circle, and the two particles
come in from # = 0, 7. The coordinate singularity becomes a horizon at p = 1. The
geometry near the horizon in patch IIT is an FLRW universe (3.110), which does not
see the singularity at p = 0.

that the Penrose diagram for the full geometry is as shown in Figure 3.8. Patch I
and patch II describe vacuum AdS, where two particles come in from 6§ = 0,7 and
collide at ¢ = 0. In patch III, the geometry is an FLRW universe (3.110) with an
identification § ~ 6 + 27(1 — 2n), where 477 is the deficit angle of the conical defect

located at p = 0.2!

2L A small perturbation in the FLRW patch, say by some matter field, generates a big “crunch” in
the future, where time effectively ends [130-132]. In Figure 3.8, this can be represented by shrinking
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There seems to be a connection between universality and the existence of a hori-
zon. The Cardy formula applies in the regime where the bulk thermodynamics is
dominated by BTZ black holes [45]. Now recall from Section 3.3 that the universal-
ity of the OPE coefficients in the CFT only holds when a triangle inequality for the
deficit angles is violated, which creates a horizon in the Lorentzian bulk geometry.

We leave for future work the gravity interpretation of the semiclassical OPE co-
efficients that involve operators with scaling dimensions above 5. Such operators
correspond to BTZ microstates. In the Lorentzian signature, these OPE coefficients
could be related to the process of two conical defects merging into a BTZ blackhole,

or two BTZ black holes merging into a larger BTZ black hole. The multi-boundary

wormhole geometries described in [122,133] might play a role.

C

57> the semiclassical fusion

We end with a small observation: when hgu, hy >
kernel can be written in terms of the reflection amplitude S and the DOZZ three-

point function C of the Liouville CFT (reviewed in Appendix L), and the holomorphic

p(h) = exp [27” /g(h - i)} (3.111)

2
1—|—log2\/7r,ub + Ologh) P(ha,)C(Qent, Cert, ) .
b p(hozezt)s(o‘ext) p(hat)S(at)
(3.112)

Cardy formula

as

FSZ?Q) [teat] = exp

However, the Liouville CFT does not have a normalizable vacuum state, while the
validity of interpreting the fusion kernel as the semiclassical OPE coefficient hinges

crucially on the existence of a normalizable vacuum state.

the future dashed line at t = 7/2 to a point.
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Appendices

A The Integrated Four-Point Function A4;;;; at the

T*/Z, CFT Orbifold Point

In this Appendix we compare the proposed exact formula for the integrated four-
point function A;;i; to explicit computation of the four-point function of twist fields
in the T"/Z free orbifold CFT. The twist fields of the latter are associated with the
16 Z, fixed points on the T*. We will focus on the case where i, j, k, [ label the same
Zs fixed point (denote by i = j = k =1 =1). The result as given in [78] is

A1l = 6%2/ d*r Z exp (iwrﬁ% - iﬂfﬁ%) ) (A.1)

7 ey
Here 7 is related to the cross ratio z by the mapping 7 = iF(1 — 2)/F(2), F =
2F1(%, %; 1;2). f474 is the Narain lattice associated with the T* with all radii rescaled
by v/2. The factor 6 comes from the integration over the fundamental domain of T'(2),
which consists of 6 copies of the PSL(2,7Z) fundamental domain F. Note that the
¢ = 0 term in the lattice sum leads to a divergent integral, which is regularized by

analytic continuation in the Mandelstam variables s, ¢, u and then dropping the polar

terms in the s,t,u — 0 limit as before.
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We will take the original 7% (before orbifolding) to be a rectangular torus with radii
R;,i=1,---,4. To compare (A.1) with our exact formula for A4;;;; as a function of the
K3 moduli, we need to construct the lattice embedding I'yp 4 C R?** that corresponds
to the T%/Zy CFT orbifold, as follows. We will write R?%? = (RL1)% ¢ R, Let
(u, v;) be pairs of null vectors in the four R factors, such that u;-v; = 1. Denote by
w! and w® the projection of a vector w € R?%* in the positive and negative subspaces,

R? and R* respectively. We can write |uf| = |[uf| = 4/ %%, v = |vff| = /5 R
i h

Note that, importantly, R are not to be identified with R;. Rather, they are related

by (see (2.5), (2.6) and footnote 2 of [134])

R _ 2RIRGRLR} (A2)

Vol /o, R!
Let A; be the following vectors in the RS,

1
Al = 5(17 17 17 L 17 17 17 1a0707070a0707070)7

1
A2 — 5(]—) 17 17 ]-)O) 07 0707 ]'? 17 17 ]'707 07 070)7

1
A3 — 5(1) 170707 17 170707 17 170707 17 1’070)’

1
Ay = 5(1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0).
Note that A; - A; = 1+ 0;;. Let I'is be the root plus chiral spinor weight lattice of
S0(32) embedded in the R'® generated by the root vectors (0,---,0,1,—1,0,---,0),

and (j:%, cee j:%) with even number of minuses. Now I'gp 4 can be constructed as the

span of the following generators

4

A A, L4
Uj, Ai+vi_ZTJuja E—Z(EAJ)U], (e F16. (A4)
j=1 j=1

One can verify that this lattice is indeed even and unimodular.??

22This lattice can also be used to describe the compactification of SO(32) heterotic string on a
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In the large R; limit, we can approximate the theta function of I'y 4 as

4 h
i 'R _ RiR.RsR i
ool 7~ Ly g7y = TRy oz 4
Oéh 75 Ty

Note that the 7-dependence of 0r,, is entirely through the factor ¢72%" . We can then
evaluate the integral

d T 9p16(y\7 T) 4i 0 O (y|T,7)

I GO / TmRor a(nF |,
4 0F16( |T T)
_ % (y)24 ) (A.6)
_ _i 9F16(?J|7—)
my? n(r)*

y*q°

Here d?7 = 2drdr,. In the last line, the holomorphic function Oy, (y|7) is Op,, with
the e72? factor dropped, due to the 7, — oo limit taken in going to the boundary
of F. Furthermore, only the 3* term is kept in the Laurent expansion in y, and in
particular the constant term 1 in the lattice sum in @}16 does not contribute. The

only contribution comes from the terms of order ¢ in gpw(yh), giving

d*7 Op,, (y|7, 7) 4 ~
_—1 ? = —— 8 . .
F 7'22 77(7')24 y Ty? F16(y|7—) q'yt (A 7)
In particular,
ot / &7 O, (y|7,7) 4, 4!
— — T — —(21)5= . 60 = 21075, A8
Y A T R )

rectangular 7% with radii R? and Wilson line turned on. This can be seen from the large R? limit,
where u; and v; are approximations to primitive lattice vectors. Note that in the opposite limit, say
small RP, %+ and 2v; are approximations to primitive lattice vectors. This means that the T-dual

FEs x Eg heterotic string lives on a circle of radius Eh = ;;%‘h. Note that the T—duality on all four

circles of the heterotic T*, taking R — 5 Rh’
all four directions of the T*/Zy orbifold, in the type ITA dual.

is equivalent to sending R; — & namely T-dualizing

116



Chapter 3: Universality of 2D CFTs from the Conformal Bootstrap

The factor 60 comes from the sum of (E, - é1)° for all root vectors E, of so(32), with
& = (1,0,---,0).

Note that in the large radii limit, the four-point function of twist fields at a given
cross ratio in the free orbifold CFT diverges like the volume, as is A;j;.>* Comparison

with (A.1) then fixes the overall normalization of A;;; as a function of moduli to be

that of (2.12).

B Conformal Blocks under the ¢-Map

The four-punctured sphere can be uniformized by a map 72/Z, — S? [13,65,68].
The complex moduli 7 of the T2 is related to the cross ratio z of the four punctures

by a map
iF(1—2)

z—=7(2) = IO

F(z2) =9F1(1/2,1/2,1]z). (B.1)
Because 7 lies in the upper half plane, the “nome” defined as
¢(2) = exp(in7(2)) (B.2)

has the property that its value lies inside the unit disk. We shall simply refer to this
map z — ¢(z) as the g-map. The g-map has a branch cut at (1, 00); the value of ¢(z)

covered by one branch is shown in Figure B.2, and crossing to other branches brings

23This is to be contrasted with the large volume limit of a smooth K3, where the four-point
function of BPS operators remain finite at generic cross ratio, while A;;i; diverges like the square
root of volume.
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us outside this eye-shaped region. Also shown are the regions Dy, Dy, D3 defined by

1

Dy: |z <1, Rez< 3

1
Dy : |Z—]_| < 1, RGZ>§, (B3>
Ds: |z|>1, |1—2>1,

each of which contains two fundamental domains of the S3 crossing symmetry group.
The holomorphic Virasoro block for a four-point function (O;(2)O2(0)O3(1)O4(0))

with central charge ¢, external weights h;, and intermediate weight h has the following

representation

FY" (hi, hl2)

(B.4)
= (16¢)" 25 '@ ~M=2 (1 — )5 ~Mhs [, (q)] 5 —Hthathatha) fr(N2 plg).
If we define
1 2 1
c=1+4+6Q% Q=0b+ > P = Ci — Ny A = 5(% + nb), (B.5)

then H(A?, h|q) satisfies Zamolodchikov’s recurrence relation [13,65]

q"" R ({ s

m,n>1

where h,, , are the conformal weights of degenerate representations of the Virasoro
algebra, and R, ,,({\;}) are given by

Hr,s()\l + )\2 - >\r7s)()\1 - )\2 - )\r,s)(A?) + )\4 - )\r,s)(Aiﬁ - >\4 - Ar,s)

Run({N}) =2 ,
n({A) [T e At

(B.7)

The product of (r, s) is taken over
r=-m+1,-m+3,--- ,m—1,

s=-n+1,-n+3,--- ,n—1,
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and the product of (k,¢) is taken over

k=-m+1,-m+2,---.,m,
(B.9)

l=-n+1,—n+2--,n,

excluding (k,0) = (0,0) and (k,¢) = (m,n). Since H(\?, h|q) — 1 as the intermediate
weight h — oo, the prefactor multiplying H (A%, h|q) gives the large h asymptotics
of the conformal block. The superconformal block F¥(z) which is related to the

Virasoro conformal block via (2.35) also has the same large h asymptotics.

C More on the Integrated Four-Point Function A,

The purpose of this appendix is the explain how knowing the value of the inte-
grated four-point function A;jz, can improve the bootstrap bounds on the spectrum.
We first explain the problem with naively incorporating A;;r, into semidefinite pro-
gramming, and then discuss two solutions. The first way is to cleverly use crossing
symmetry to choose an appropriate region over which to integrate the conformal
blocks. The second way is to use Ajq1; indirectly by bounding it above by the four-
point function evaluated at the crossing symmetric point, f(1/2), and incorporate

f(1/2) into semidefinite programming instead.
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D Conformal Block Expansion

We can write the integrated four-point function A;j, as

d?z
A, = lim
’ €20 J 12—z, |2~ 1>e ’Z(l—z\<

02, 2) 5 (0) 9 (1) 97 (00))
(D.1)

+ 2w In € (8;50ke + 0irbje + dindijn) -
In expressing the four-point function of the %—BPS operators in terms of conformal
blocks, we would like the divergence in the z-integral to appear in the identity con-
formal block alone, so that the regularization can be performed on the identity block
contribution alone. This can be achieved by dividing the integral over the z-plane into
the contributions from three regions Dy, Dy and Dj defined in (B.3). Note that re-
gions Dy and D3 can be mapped from Dy by z — 1/z and z — 1/(1— z), respectively.

We have

d*z r, 2 1
Ajjre = /131 m{&j&gz {\.7:0 (2)|]* — m}

(D.2)
+ Z CijOCkEO]:}?L (Z)F}?R(Z)} — 5@(5[&0@ + (j — k) + (j <~ f),
non—BPS O
where the constant Cj is given by
d*z
Cp = lim ———— + 27mlne = —1.43907. (D.3)

€20 Je<lz<1, Rez<} |2[2[1 — 2|
Now the integral in the domain D; can be performed term by term in the summation

over superconformal blocks. Define the constant Ay and the function A(hyp, hg) by

o= |<1d——>| AR -] o

ABs) = [ P FE ),

p, |2 =2)[" 72 ?

(D.4)
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Ay can also be obtained as a limit of A(A,0) by

Ao = lim {A(A,O) _ QKW} | (D.5)

We can now write

Aijke = |0ij0keAo + Z CijoCrioA(A, s)

non—BPS O

+(ek)+ (o). (D.6)

Let us examine this equation for identical external operators
0= (340 — Aun) +3 Z CHoA(A, s). (D.7)
non—BPS O
It takes the same form as the equations corresponding to acting linear functionals
Qo = OO, /2 on the crossing equation (see Section 2.3)
0= Oém,n(HO(Z> Z)) + Z C%loam,n(HA,s(Za 2)) (D8)
non—BPS O

Clearly, if we can find a set of coefficients a and a,,, such that

a(3A0 = Aun) + Y tmn@mn(Ho(2,2)) > 0,

m,n

(D.9)
3aA(A,s) + Z UmnOmn(Has(2,2)) >0 for A > ﬁgap, s €27

are satisfied, then the gap in the non-BPS spectrum Ay, must be bounded above by
ﬁgap, in order to be consistent with the positivity of C7,.

Despite the additional freedom of a, this naive incorporation of A;;;; does not
improve the bound, for the following reasons. As explained at the end of Appendix B,
the holomorphic superconformal block F¥(z) asymptotes to (16¢(z))" at large h. This

means that for any spin s, the integrated block A(A,s) at large A is dominated by
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the integration near the maximal value of |¢(z)| in the domain Dy, which is at (see
Figure 2.1),
1, V3

Z*i = 5 + 72, or q(Z*i) = iieiéﬂ- <D10>

and therefore has the asymptotic behavior

A(A, ) ~ (=1)2(16e"F™)2, A > |s]. (D.11)

In comparison, a,,,(Has(2,2)) ~ (16e7™)? is subleading compared to A(A,s) ~
(=1)% 2(166_§”)A at large A, whose sign oscillates with s. Thus positivity at large
A forces a = 0, and ﬁgap cannot be improved despite specifying Aj11:.

One may wonder if we can choose a different region (that also consists of two
fundamental domains of the S3 crossing group) to integrate in, so that the leading

large A behavior of the integrated block is (16e~™)%, same as vy, ,(Ha (2, Z)). This is

+

*

not possible, because z = %i ‘/732' at most exchange with each other under crossing.
However, we can integrate over a larger region D’ whose maximum |g| value is on
the real axis (to avoid the sign oscillation), and map the extra region D'\ D; that
needs to be subtracted off via crossing to a region F inside D;. We thus have an
equation for Aq11; related to the naive conformal block expansion by the replacement
of Dy — D"\ E as the integration region.

We are free to choose D’, but in the end the bootstrap bound should not be
sensitive to the choice. Let D’ be symmetric under ¢ — —¢ and ¢ — ¢, so that it
suffices to specify D’ in the first quadrant in the ¢-plane, or equivalently within the
strip 0 < Re7 <  in the 7-plane (recall ¢(z) = ¢™(*)). In this strip, the region Dy is

bounded below by |r| = 1. A choice of D’ is the region bounded below by the lower

V3
2

arc of |17 — %| , With @rae = ¢ V2. The corresponding region E is then the part
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of D, that satisfies |7 + 1| < v/3. See Figure 2.5.

To perform semidefinite programming efficiently, it is desirable to factor out cer-
tain positive factors, including the exponential dependence on A, and just work with
polynomials. Our strategy is to factor out (16e~"), and find a rational approxima-
tion for (16e™)2 A(A, s) that works well up to a value of A beyond which the A(A, s) is
completely dominated by the asymptotic (16¢,qz)> factor. We further demand a > 0,
and that the rational approximation be strictly bounded above by the actual value,
so that the bound can only be stronger as we improve the rational approximation to

work well in a larger range of A.

E An Inequality Relating A;;;; to the Four-point

Function at z =

DN —

An alternative is to use A1 indirectly by bounding A111; above by the four-point
function evaluated at the crossing symmetric point f(1/2). The conformal block
evaluated at z = ; has the same large A asymptotics (16e™™)2 as . (Ho(z, 2)),
and the sign does not oscillate with s. The incorporation of f(1/2) into bootstrap
and the results are discussed in detail in Section 2.3.2. This appendix is devoted to
proving the inequality between Aj11; and f(1/2).

We can write the N’ = 4 superconformal block decomposition of the BPS four-

point function f(z, z) in the form (see (7.8) of [68])

122 = AEP S g0, (0)90n(). (B1)

hr,hr
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with A(2) = (2(1 — 2))7365(¢) 2. The functions g,(q) take the form

an(@) =" anq", (E.2)

n>0

where, importantly, the coefficients a,, are non-negative.

For a general complex cross ratio z, let x be the real value between 0 and 1 such
that ¢(x) = |q(z)|. Define r = min{z,1 — z}, and ¢, = ¢(r). Note that by crossing
relation, f(z) = f(zo). We can then bound the four-point function at a generic cross

ratio by

_1
2 3

2 2

. (B3

A(z)

o7 < ‘Mx) A(2)

=365

We now make the assumption that the non-BPS operators have scaling dimensions

A(2)A(r)
A(z)A(3)

2

ar
%

f(%)é‘

above a nonzero gap A. As before, we can write the integrated four-point func-
tion Ajj1; as 3 times the contribution from an integral over the domain D; =
{z € C:|z] <1,Rez < 1}, while regularizing the integral of the identity block con-

tribution, in the form

|A<Z)|2 Z 9hr, (Q>ghR(Q)

d*z
A1 =340 + 3/
(hr,hr)#(0,0)

Dy |Z(1 - Z)l

A-L
dQZ 41 9 ’
<3Ag+3 | ————10s(a)| " | Y g a)gnn(ay)
Du |2(1 =) % (hihg)#(0,0)
d?z _ s 2o Z4) — | FE(2)?
:3Ao+3/ —§|93(CI)|4i it ) |20< )
Dy |2(1—2)|5 q1 |A(2,)] (E.4)
2 Ay
z _
<ady+3 [ Jos(q) | L
Dy |2(1 = 2)[s a3
e ol Tl 1P
Az)A(3) ] a2 27 A(=z))
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Here z, = 1+T*/§” is the value of the cross ratio z over the domain D that achieves the
maximal value of |¢(z)|, z. &~ 0.653326 is such that ¢(x.) = |q(z:)|, r« = 1 — z,, and

¢ ~ 0.0265799. On the RHS of the inequality, fy is a constant defined by

112 1g1|"3 R 2
f = 'A(x*)/\(z) G R (z*)2| 7 (E.5)
and the function M(A) is given by
N 4 a4
T 4| q
M(A) = / e gEs (E.6)
&) =3 s T

Note that M(A) goes like A™! in the A — 0 limit, with lima_,0 AM(A) ~ 2.27548.

F A., and the Divergence of the Integrated Four-

Point Function A

Recall that A, defined in Section 2.4 is the lowest scaling dimension at which
either a continuous spectrum develops or the structure constant diverges, as the CFT
is deformed to a singular point in its moduli space. In this appendix we will describe
how to use crossing symmetry to bootstrap an upper bound on A.,; that is universal
across the moduli space. In particular we will show that if the integrated four-point
function Aj11; diverges somewhere on the moduli space, then ﬁm > A, with ﬁm
defined in Section 2.4.

SRR
3

Consider the four-point function of the RR sector %-BPS primaries of weight

(3, 3) that are R-symmetry singlets (i = 1,---,20). Let us consider in particular the

four-point function of the same operator, say, @@

F:2) = (62 LM O)0 O (00 = 30 CRFs(2:2) (F.1)
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where we did not write out the sum over the spin explicitly but it will not affect the

argument significantly. The conformal block has the following asymptotic growth

|[Pa(z,2)| ~ [16¢(2)|%, (F.2)

for large A.

The crossing equation takes the following expression,
Y CRGa(z,2) =) CA[Fa(z,2) — Fa(l— 2,1 - 2)] = 0. (F.3)
A A
We will consider functionals £ acting Ga(z, z) with the following properties,

L(A) = L(Ga(2,2)) >0, if A> Ay, (F.4)

for some ﬁm. Note that ﬁm depends on the choice of the functional £. The
significance of Em is that it implies the structure constants above ﬁm are bounded

by those below,

Y. CRL(A)=— ) CRL(A), (F.5)

A>£crt A<Bcrt

Assuming that the integrated four-point function A;;1; diverges at some points
on the moduli space, we will show that for any choice of the functional £, we always

have

~

Ac7"t Z Ac7"t~ <F6>

In this way we can bootstrap an upper bound on A..; by scanning through a large
class of functionals L.
To prove our goal (F.6), we assume that there exists a functional £ such that

the associated ﬁm < A,, and show that it leads to contradiction. By assumption
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the density of the spectrum is bounded and the structure constants are finite for
A< ﬁcrt(< A), hence the RHS of (F.5) is finite,
> CRL(A)=— > CAL(A) < . (F.7)
A>Bcrt A<£crt

In the following we will try to bound the integrated four-point function

d2
A = lim —
€0 J 2] 1=z, |21 >e 2(1 = 2)|

f(z,2) +6mlne, (F.8)
roughly by >~ ..z  CXL(A), which is finite by assumption, plus some other finite
contributions. On the other hand, we know A1, diverges, for example, at the cigar
CF'T points, and hence the contradiction.

Let us now fill in the details of the proof. As discussed in Appendix C, in the
expression for Aqq11, we break the integral on the z-plane into three different regions
Dy, Dy, D3 (B.3) that are mapped to each other under z — 1 —z and z — 1/z. Since
the four-point function is crossing symmetric, we can focus on region D; alone. This
has the advantage that the divergence in the z-integral only shows up in the identity
block. We will cut a small disk around z = 0 with radius ¢, and regularize the the
contribution from the identity block.

We start by noting a bound on the conformal blocks. The functionals £ we
consider are linear combination of powers of ., 0; evaluated at z = 1/2. Therefore

the asymptotic behavior of L(A) is the same as that of the conformal block Fa(z, 2)

evaluated at z = 1/2,
L(A) ~ [16g,]2, (F.9)

where g1 = ¢(z = 1/2). This implies that there exists a moduli-independent constant
2
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co and 0y such that

|Fa(z2,2)| < coL(A), for A > A+ 6o, (F.10)
if |q(2)] < |q%|. We can always tune dy to be arbitrarily small by taking ¢y to be large.
Note however that strictly at A = ﬁcrt, we have L(ﬁm) =0.

For z in region I and |¢(2)| < |q%|, from (F.10) we have

feal<e Y G+ Y GmaxdRa() R} (pa)

A>A o480 A<Acri+60

In particular it is true for ey < z < 1/2.
Next we want to argue that (F.11) is true for z in the whole region I. First we note
that we can write the four-point function as an expansion in z, Z with non-negative

coefficients [67,68]. By the Cauchy-Schwarz inequality, we have

Note that |z| € [%, 1] for z in region I but |g(2)| > |g1]. Next, by crossing symmetry,
we have f(|z|,|z]) = f(1 —|z],1 — |Z|). We therefore arrive at the following bound
[f(z,2)] < f(1 =z, 1= |2])

< Y. CRLA)+ > Cimax{FA(%),Fa(m)}

Azﬁcﬁ—&-&o A<£crt+60

(F.13)

where we have used the fact that 1 — |z| € [eo, 3] if 2 is in region I with |g(2)| > lq1].
Hence the bound (F.11) is true for all z in region I. We can therefore bound the

integrated four-point function as

/ R I R (O
region I—{|z|=€p}

<ce Y. CRLA)+ Y CRC(A &)

A>£c’r‘t+50 A<£c’rt"‘60

(F.14)
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For integration inside the disk, we have to regularize the contribution from the identity
block,

‘ / dz|z| 75— 2| T (2, 2) — reg.‘ =y +c3 Z C3 Fa(€)
{lzl=€0}

A>Agap>0

S (&) + C3 Z CZFA(E()) + (~33 Z CZL(A),

Agap<A<£c7‘t+6O A>£c'rt“!‘50

(F.15)

where we have assumed there is a gap in the spectrum. c; is a moduli-independent
constant coming from the regularized identity block contribution.

Let us inspect every term in (F.14) and (F.15). First we tune d, such that A, +dg
is below A, possibly at the price of having larger ¢q. After doing so, terms involving
sums over A below ﬁm + 0o are finite by our assumption that the density of the
spectrum is bounded and the structure constants are finite for this range of A. On
the other hand, for terms involving sum of A above ﬁcrt + &g, they are both of the

form

> CAL®), (F.16)

A>£c7't+60
which is bounded from above by the LHS of (F.7). Hence the LHS of (F.14) and
(F.15) are both bounded. It follows that A;;;3; < oo under the assumption that

Ao < Agy, which is a contradiction, say, at the cigar point. Thus we have proved

our goal (F.6).

G CFTs with a Semiclassical Limit

Consider a sequence of CFTs labeled by ¢ = 1,2, ..., with central charges ¢; that

are monotonically increasing and unbounded. We would like to study the behavior of
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this sequence of CFTs as ¢ goes to infinity. In general, it is impossible to keep track
of a particular primary operator in this sequence of CFTs, as there is no canonical
map from the spectrum of the i-th CFT to the spectrum of the (i + 1)-th CFT. The

best we can do is to consider the integrated correlation functions

]:(z‘)(mb... M| Ty, Tp)
. . 4 G.1
= Y Y Y (000l 0y,
hfif €[0,m1ci) h((l;) €[0,mac;] h,(jg €[0,mn e

where O are primary operators in the i-th CFT with weight K that have nor-
malized two-point functions. This sequence is said to have a semiclassical limit, if
the integrated correlation functions admit a perturbative expansion in 1/¢, in the

following sense. First we iteratively define a sequence of functions

Fk(mlv"' 7mn|x17"' 7'1771)
k—1

E}igécf_l[logfu)(mlv'“ 7mn‘x17"' >xn) - Zcr}_m«rm<mla"' y M | Ty - - 73:71) )
m=0

(G.2)
where the right hand side may contain logarithmic divergences independent of x and
m, that need to be properly subtracted while taking the limit. We demand that the
limit exists and Fy(my,--- ,my,|z1, -+ ,x,) are continuous functions in both m and
x; furthermore their derivatives with respect to m are distributions.?* Then we define

the semiclassical integrated correlation functions by a formal power series

F(ma, - mpsclzy, - zn) = exp (cFo+ Fr+c ' Fot o), (G.3)

24The definition (G.1) of the integrated correlation functions is not invariant under orthogonal
transformations on primary operators of the same weight. This ambiguity may correspond to dif-
ferent limits (G.2), and some of these limits may not exist. We thank Xi Yin for pointing this
out.
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and the semiclassical correlation function density by taking derivatives

0 0
F(mb“'?mn;clxlf"axn) =

— o amnF(mL... ,mn;c‘xl,"- »-Tn), (G.4)

which can be put into the form

F(m17 e 7mn;c‘x17 e wrn) = C#ecp (qO + Cilq1 + - ) ) (G5)

where the #’s in (G.3) and (G.5) are x; and m; independent constants.
As an example, let us compute the two-point function density for m > 1/24. The
integrated two-point function in the ¢-th CFT is

min(mi,ma)c; Pz(h)

F(i)(ml,mﬂxl,mg) _/ dh, (GG)

ci/24 z2h
where p;(h) is the density of states. By the Cardy formula [44,45] and assuming

xr < 1, the integral is dominated in the ¢ — oo limit by the contribution from

m = min(mq, msy),

1

Fo(my,mg) = 271'\/% <min(m1,m2) - ﬂ) — 2min(my, my) log z. (G.7)

The semiclassical integrated two-point function is

F(mq, mo|z)

(G.8)

1 1 1
= 7 exp [27?0\/6 (min(ml, my) — ﬂ) — 2cmin(my, my)logz + O(%) |,

where a logarithmic correction is also included. The two-point function density is

then given by

Flmy, molz) = YO —ma) lgm\/ ! (m1 _ i) +O()

g2mic 6 24

(G.9)

f > —.
or mip,msg =~ 24
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In some special situations, we can keep track of a particular sequence of a set
of operators {(’)9,0?, .-+ }, such as {o™} in product Ising models. Some of their
n-point functions may be analytically continued to the entire real line of the central
charge ¢;. The analytically continued n-point function also admits a semiclassical

expansion.

H Special Functions and Their Semiclassical Limit

This appendix defines the special functions appearing in the fusion transformation
and the DOZZ formula, and computes their semiclassical expansions.

The Barnes double gamma function I's(x|w;, ws) is defined as

8 o
log 'y (z|wy, wa) = En Z O(ZE + niwi + nows) " o’ (H.1)
ni,no=
from which we define the special functions I'y, S;, and Ty,
Ty(z[b,077) Iy () 1
I'y(x) = , Sp(x) = =————, Tp(z)= . (H.2
= rekry T RG- MY T nene- Y
'y is a meromorphic function of x and has poles at © = —mb — n/b for non-negative
integers m and n, and satisfies the recursion relation
\/%bbxfl/Z M(l/b)x/bfl/Q
r b) = —T r 1/b) = [y(x). H.3
We are interested in the limit of b — 0 with bz fixed. Let us define
Ay) = b log Ty (y/b), (H4)
so that the recursion relation becomes a first order differential equation
N(y) =logV2m + (y — 1/2)log b — log I'(y) + O(b*). (H.5)
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When y € (—00,0), the solution to this differential equation gives the semiclassical

limit of the special functions®®

(y — 1/2)

b*log Ty (y/b) = G(y) + (y — 1/2) log V2r + Tlogva o),
b*log Sp(y/b) = H(y) + (2y — 1) log V271 + O(b?), (H.6)

b*log Ty(y/b) = F(y) — (y — 1/2)*logb + O(b*),
where G, H, F' are defined as
6w =~ [ logT(ed=, H()=Glo) =Gl —v), F(y) = ~G(y) ~ Gl1 ).

(H.7)

The function G (also logI') has a branch cut on the negative real line (—o0,0), and

the imaginary part of of the integral in (H.7) is ambiguous up to shifts of 2r Ny where

N is an integer labeling the sheet. Since I'y(z) is real and positive for z € Rsq, we

fix this ambiguity by demanding that G(y) is real for y € R>o. With this definition,

the special functions obey the recursion relations

ylogy Rey >0
Gly)=Gly+1)+G0)-G(1) —y+

ylog(—y) +sgn(Imy)iry Rey <0
H(y)=H(y+1)4+2G(0) — 2G(1) + sgn(Imy)iry

—2ylogy + sgn(Imy)imy Rey >0
Fly)=F1-y)=Fly+1)+2y+

—2ylog(—y) — sgn(Imy)iry Rey < 0.
(H.8)

25For both the prefactor P, and the contour integrand T} in the fusion kernel, the log b terms all
cancel, and the log v/27 terms combine into a constant that is independent of the n’s. So loosely
speaking, the semiclassical limit of the special functions I'y, Sy, Ty are G, H, F.
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Note that
log V21 = G(0) — G(1), G(2) =1+ 2G(0) — G(1). (H.9)
We comment on the origin of the branch cut. For finite b, the function I'y(z)
is meromorphic when z is away from the array of poles that lie on the negative real
axis. Along the negative real axis, I',(x) changes sign whenever x crosses a pole, which
means that log I',(x) acquires an additional imaginary part —im when z is above the
real axis, and ¢ when below. In the semiclassical b — 0 limit, the poles become
densely populated on the negative real axis, and create a branch cut across which the
imaginary part is discontinuous.
When y € (—00,0), we can make use of the second recursion realtion (H.3) of the
'y function to define I'y(y/b) in terms of I',((y+1)/b). To take the semiclassical limit,

we need the asymptotics of the I' function,

1 1
P(/V) = — =gy P |73 (Wloa(=y/b) —y) + O(logh) |, Rey <0.

(H.10)

We do not need this expression when we take the semiclassical limit of the fusion
transformation in Section 3.2, since the arguments there have small imaginary regu-

lators.

I Semiclassical Virasoro Blocks

In the limit of large central charge ¢ while taking the operator weights h; to scale

with ¢ (fixed m; =

), the Virasoro block exponentiates as (??) [135], which means
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that the limit

f<hm, ﬁ‘x) = lim §log]—"(hm,h,dx) (L.1)

C C c—o0 C

exists. The function f(hes/c, h/c|z) is referred to as the semiclassical Virasoro block

and can be computed order by order in an z-expansion. To third order in the z-

expansion,
hext h h 3h + 26h* + 16hepih + 3212
Ef< t,—x>:(2hmt—h)loga:——m— + i th + et 4.2
6"\ ¢ ¢ 2 16(1 + 8h) (1.2)
46h? + 48hhy; + 5h -+ 96h%,, ’
o €T er O 4 ]
384% + 48 v+ 0l

The radius of convergence of any Virasoro block as a function of x is unity. After
factoring out a power of x, the only potential poles are at 1 and oo. However,
this does not guarantee that the semiclassical Virasoro block has the same radius of
convergence. Due to the logarithm in the definition (I.1), its radius of convergence is
determined not only by the poles but also the zeros in the Virasoro block F. Let us

make two comments:

1. When Virasoro blocks are computed numerically, expanding in the nome ¢(z)
instead of x gives a much faster rate of convergence. The map from x to ¢ maps
the entire complex plane to a region within the unit disk, and the interval (0, 1)
to (0,1) itself. Since all the zeros of a Virasoro block is mapped to inside the
unit disk, the radius of convergence of the ¢g-expansion will typically be worse

than that of the xz-expansion.

2. For unitary values of central charges and weights, the Virasoro block after fac-
toring out a conformal factor has an g-expansion with non-negative coefficients,

because these coefficients can be regarded as the norm of a state in the Hilbert
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space of quantizing the CFT in a pillow geometry [68]. The non-negativity
implies that there is no zero in the interval ¢ € (0,1). Hence for any given Vira-
soro block, we can always find a holomorphic variable transformation that maps
(0,1) to (0,1) but moves all the zeros outside the unit disk. When expanded in
this new variable, the radius of convergence of the Virasoro block is unity. In
the semiclassical limit, if the set of zeros do not become arbitrarily close to the
interval (0, 1), then likewise there exists a variable transformation such that the

semiclassical Virasoro block also has unit radius of convergence.

Relatedly, the semiclassical Virasoro block is the leading term in the asymptotic
1/c expansion, so there might exist non-perturbative error terms that are exponen-
tially suppressed when z is small but become large otherwise.?® To illustrate this, let

us say that the Virasoro block has a semiclassical expansion of the form

F(a) = exp [~ £ fi(0) + O] +exp [~ S ola) + O] 4+, (13)

and we assume an ordering Re fi(x) < Re fa(x) < --- that is valid in a neighborhood
near x = 0. When we compute the semiclassical Virasoro block as a series in x,
we are implicitly assuming that x is inside this neighborhood, hence what we get is
fi(z). Outside this neighborhood, the Virasoro block may undergo a “phase transi-
tion”, i.e., some f;(x) may have a smaller real part than f;(x), and the semiclassical
approximation by fi(z) completely breaks down.

The good news is that the fusion transformation gives us a handle on testing the

radius of convergence of the semiclassical Virasoro block and the (non)existence of

26This effect was demonstrated in the heavy-light limit by [136-138].
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a phase transition in the region x € (0,1). Let us focus on the vacuum block. In
Section 3.2, we evaluated the semiclassical limit of the fusion transformation. By
the semiclassical fusion kernel (3.65) and the steepest descent equations (3.72) and

(3.74), the vacuum block can be written as

Aozt Olegt

'F<haezt7 07 C’x) R F(C)

Ot

'F<hae;vt7 hata C‘l - l’)
_aewt eyt (14)

h l—xﬂ,

[ ¢, rh
~ exp |log F(()gt — 8f(_o‘”” 2
where a4 is the critical point of the steepest descent approximation, which depends

C Cc

on z. The function f(h,,,,/c,h/c|]1 —x) can be computed as an expansion in 1 — x.
One can check whether the z-expansion works at the desired value of z by comparing
the two sides.

Let us give an example where we know that the radius of convergence of the x-
expansion is one: when m..;, m < 1, the semiclassical Virasoro block to linear order

in me.e, m has an exact expression

gf(hm ﬁ‘x) = (2hezr — h) log

)
C c

42—z —;ﬂ)} _ 4, log {2 - 2;/m} |
(L5)

that is obtained from a bulk worldline computation [109].
In Section 3.1.1, to obtain the weakness condition, we will need the following

properties of semiclassical Virasoro blocks.
1. f'(megt, m|1/2) is monotonically decreasing in m, and crosses zero only once.

2. f(mext, ma|x) — f(Mere, m1|z) is monotonically decreasing in x € [0, 1] for arbi-

trary internal weights msy > my; > 0.
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3. go(Mesxt, m|x) > 0 for all internal weights m > 0 and cross ratios 0 < z < 1.

These were numerically observed to hold for fixed external weight m,; < 1/2, by

computing to the sixth order in the z-expansion.

J On-Shell Liouville Action

In this appendix, we review the solution to the Liouville equation

D0p = 2mub*e? (J.1)
with boundary conditions
—2log |2|? Z — 00
o(z,2) = (J.2)
—2n;loglz — zi)* 2 — 2,

and evaluate the on-shell classical Liouville action

1 _
Sy = /dQZ yym (000 + AT pb®e?) + (oo + 2log R) — X, (nips + 207 loge;) . (J.3)
r

We closely follow the calculation in [13,129], but instead of a positive cosmological
constant i, we consider a negative one.2” The 7; appearing in the boundary condition

have the interpretation of conical defects of deficit angle 47n;. They are assumed to

1

be in the range 0 < n; < 3

so that the deficit angles are at most 2.

The Liouville equation can be solved by the ansatz

1
= ARG U-4)

2"The Ricci curvature of the metric ds? = e¥dzdz is R = —8mub?, so negative u implies positive
curvature.
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where the function f(z, z) must satisfy the differential equation

_ 1 _
88f:?(8f8f—|—1) (J.5)
and the boundary conditions
| 2|2 Z — 00
f(z,2) (J.6)
|z — 2" 2 — 2.
To proceed, let us define
O*f  ~ 9?
W:__f7 W:__f' (J.7)

By the equation of motion (J.5), one can show that W is holomorphic and W is

anti-holomorphic. The boundary conditions on f(z, Z) then uniquely fix W (z) to be

1 (1 —m)z12213 '
mE = 2 tat J8
(2) (z—21)(z — 2)(2 — 23) - + (2 permutations) | , (J.8)

where z;; = z; — z;, and W(E) is given by the replacements z — z and z; — Z;.

Now f(z, z) satisfies a holomorphic and an anti-holomorphic differential equation

Pr+W()f=0, &f+W(z)f=0. (J.9)

Each of these equations takes the form of Riemann’s hypergeometric differential equa-

tion. The solution is given by

f(z,2) = aqu(z)u(z) — agv(2)v(2), (J.10)
where

u(z) = (2 — z2)x™ (1 — )9 F1(m +n3 — m2, ;i — 1,2m1, ), 3.1
11

v(z) = (2 — 20)2" (L —2) B (L4 — 0 — 13,2 — >, 1m0, 2 — 21, ),
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and

oo ET ) (J.12)

(2 — z9)z31

We are left with two undetermined coefficients a; and as. Plugging the solu-
tion (J.10) back into the equation of motion (J.5) gives a relation between the two

coefficients

_ | 213/
|212]?[ 223]2(1 — 2m1)?

A second condition comes from demanding the single-valuedness of the function

102 =

(J.13)

f(z, 2), in particular near z = z3. The final solution is

ozl AQSm)y(m 4 e — )y (m + m5 — o)
P lzelPleas (1= 2 m)22 20y (02 + s — ) (1.14)
SR Gt (1= 32 m)*7*(2m)y(n2 + 13 — m)
L JzlPlaasl? (1= 200y (32, 1)y (m + 12 — m3)y(m + 13— 112)
where y(y) = F(Fl(ﬂ)y). If the triangle inequalities for the three 7; and also n;+ny+n3 < 1

are satisfied, a; and as are real. In this case, since a; and as have opposite signs due
to (J.13), We can choose a; > 0 and as < 0, so that e¥ as given by (J.4) and (J.10)
is positive and has poles only at z;, 2o and z3. If one of the inequalities is violated,
ai, as are pure imaginary. Not only is e® negative, but now it is possible for e¥ to
diverge at points other than z;, 2o and zs.

Now we evaluate the classical Liouville action (3.102) on the solution we just found.
We adopt the same trick as in [13,129], which is to first consider the derivative of
the classical action Sy with respect to 7;. When evaluated on a classical solution,
S, depends both explicitly on 7; through the boundary terms in the Liouville action

(K.1) and implicitly on 7; through the classical solution,

dSL _ aSL i 5SL 830. (J15)
dn; on; dp On;
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The second term vanishes on-shell, hence the derivative only receives contribution

from the boundary terms,

dSr,
dn;

= —p; + 4n; loge;. (J.16)

Expanding our solution around z = z;, we find

0(z,Z2) = —2n;log |z — zi\Q + C;, (J.17)

where
|212]%| 213

|223]
(i ma) v (4 m2 — m3)y(m + 13 — 1)
(1= 22:m:)*7v*2mu)y(n2 + ns — m)
and Cy and Cj5 are given by cyclically permuting the 7;,. Here N € Z labels the

Cy = 2miN — log m|u|b? — (1 — 2m1) log
(J.18)

—logfy

ambiguity of shifting any classical solution ¢ by 27i. The logarithmic divergence
cancels with the regulator, and we end up with

dSr,
dn;

=—C,. (J.19)
It is then straightforward to integrate with respect to dn; and obtain the action itself

Sp= (3, m — Dlogm|plb* +2(1 — >, m) log(1 — >, m) — 1+ miN] + F(3, m;)

— F(0) 4 { (62 + 65 — 61) log | 223> + F(n2 + 13 — m1) — F(2m) + (2 permutations) }
(J.20)

where

F(y) = /1; v(2)dz, 6 =ni(1 —n;). (J.21)

As in [13], the integration constant can be fixed by matching with the special case

M + 12 + 13 = 1, where the known answer is

Sy = ZQWE log |a; — ;1. (J.22)

1<j
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K Violation of Triangle Inequality

In this appendix, we discuss issues when the triangle inequality is violated, and
show that the properly regularized gravity action is still real.

When one of the triangle inequalities is violated, 1, > 15 + 13, the Liouville field
¢ becomes multivalued and has branch cuts. The imaginary part of ¢ is piecewise
constant and jumps across the branch cuts. The function f(z,Z), related to ¢ by
(J.4), is still single-valued, but vanishes on the branch cut. We check that for the
explicit solution (J.10), the branch cut is a loop that encloses the point z; but not z,

and zz. The Liouville action (K.1) can be written as

1 (Of0f +1
SL:/dQZ_( JOf + )+(9000+21ogR)—Zi (nigoi—i—Qn?logei). (K.1)
r

T f?
Let us denote the imaginary part of ¢ by 6. The first term is real and independent

of the imaginary part of . The other terms give a contribution

1B +22,1:04), (K.2)

where 6, 0; are the imaginary part of ¢ at oo, z;. By inspecting the behavior of ¢

at 0o, z; given in (J.17) and (J.18), we find*®

0 =xm, Oy =03=0,=Fm. (K.3)

Now let us consider the gravity action. The cutoff surface is modified to

Tmaz = 1 — e|e%| —1—ee5is. (K.4)

28The analytic continuation of (3.106), whose imaginary part is given in (3.107), does not contain
the contribution from 6.
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Since |e%| oc f~! diverges on the branch cut, for the cutoff surface to be well-defined,
we need to regularize by modifying the integration domain of the z-integral to I'\ W,

where W is a neighborhood of the branch cut. The regularized volume and area are

given by
, | e e5t7 1 , €
Vo= | a2 |- —l——e“’(1+2g0—229+410g—) +O(e),
W 2e 2e 8 2
- 0 (K.5)
9 67,9 6%"‘? 1 ) _ )
A = / d°z | — — + = (—2e” +40(¢ — i0)0(p —i0)) | + O(e).
W € € 8
The regularized gravity action is
1
——A
Ve 5
= / d*z E (0pdp — €¥) — (1 + log E) 00p — 15((,0&0)
rov |4 2 2
(K.6)

+ 1i(0(000) + 8(60,)) + 38060]

=75, L F2m(1—log2+loge) (1 =Y m) — 2mwlog R+ 27y ,n7 log e

Tub2=
— 1m0 + > 1iti).

On the second line, the last term is only nonzero inside W, and hence does not

contribute; the third and forth terms can potentially produce boundary terms on

OW, but their contributions cancel. In the final expression, the imaginary last term

cancels the imaginary part of the first term, which is 7 times (K.2).

L. Semiclassical Liouville CFT

The Liouville CFT of central charge ¢ =1+ 6Q% (Q = b+ 1/b) and cosmological

constant p has a continuous spectrum of scalar primaries, which are exponential
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operators e*? with a € % +iR>o. We define the semiclassical limit to be the limit of
b — 0 with fixed n = ab. In this limit, the spectrum of primaries in Liouville theory
are parameterized by n = % — \/%1 — % € % + iR>¢, where £ is the weight. We may
also consider non-normalizable operators of weight h < o corresponding to 7 € [0, %],
though they do not lie in the Hilbert space of the Liouville CFT.

The exponential operators are normalized by the reflection amplitude

() (@20 (1 —(Q —2a)/b)T(1 — (Q — 2a)b)
S(a) = —(mub?)@ )/bm (O 2 BT+ (@25 (L.1)

whose semiclassical limit is

%i_{% b*log S(n/b) = [(1 — 2n)(2 + log(mpub*) — 2log(1 — 2n)) + sgn(Im )iz (2n — 1)] .
(L.2)

The three-point function coefficients are given by the DOZZ formula

27 (@—22; ai)/b
C(n/b,m2/b,m3/b) = [W,u'y(bQ)bz_% ]

13,(0) { Ty(201)
Tp(d 00 — Q) [ Voo + s — az)

whose semiclassical limit is

(L.3)

X (2 permutations)} ,

zlgnon log C(m1/b,m2/b,m3/b) = — [(Zi i — 1) log(mub?®) — F(0) + F(3,m — 1)
(L.4)
+{F(ne+ns—m)— Z F(2n,) 4 (2 permutations)}|.

Recall from Appendix H that F(y) = [ log~y(z)dz is the semiclassical limit of the
2

special function Y.
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