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Abstract

In this thesis, we investigate sigma models on supersymmetric target spaces from a
lattice field theory perspective, as an alternative approach to analyze non-perturbative
aspects of such a relevant class of field theories. Particular emphasis is on the signifi-
cance of non-linear sigma models in the AdS/CFT correspondence and their properties
in a discretized worldsheet. The work primarily focuses on two models. The first model
is the OSp(N + 2m|2m)-invariant non-linear sigma model. This model is an extension
of the two-dimensional O(N)-invariant non-linear sigma models to a supersymmetric
target manifold, identified by the coset SN+2m−1|2m ≡ OSp(N+2m|2m)

OSp(N+2m−1|2m)
. We describe

the model, its renormalization properties in the continuum and on the lattice, and
the relation between the n-point correlators of these models and those of the O(N)
non-linear sigma model. We then present a strategy for numerical simulations of the
non-linear sigma model on the supersphere, show some preliminary results that validate
the analytical results, and compare them with existing literature.

The second model investigated is the gauge-fixed Green-Schwarz superstring on
a null cusp background. For this model, we propose a discretized action that fully
preserves its global U(1)×SU(4) symmetry, discuss its one-loop renormalizability, and
recover some continuum perturbative results.
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Zusammenfassung

In dieser Arbeit untersuchen wir Sigma-Modelle auf supersymmetrischen Zielräumen
aus der Perspektive der Gitterfeldtheorie, als einen alternativen Ansatz zur Analyse
nicht-perturbativer Aspekte dieser relevanten Klasse von Feldtheorien. Besonderes Au-
genmerk liegt dabei auf der Bedeutung nichtlinearer Sigma-Modelle in der AdS/CFT-
Korrespondenz und ihren Eigenschaften auf einem diskretisierten Weltenblatt. Die Ar-
beit konzentriert sich hauptsächlich auf zwei Modelle. Das erste Modell ist das OSp(N+
2m|2m)-invariante nichtlineare Sigma-Modell. Dieses Modell ist eine Erweiterung der
zweidimensionalen O(N)-invarianten nichtlinearen Sigma-Modelle auf eine supersym-
metrische Zielmannigfaltigkeit, identifiziert durch den Koset SN+2m−1|2m ≡ OSp(N+2m|2m)

OSp(N+2m−1|2m)
.

Wir beschreiben das Modell, seine Renormierungseigenschaften im Kontinuum und auf
dem Gitter und die Beziehung zwischen den n-Punkt-Korrelatoren dieser Modelle und
denen des O(N) nichtlinearen Sigma-Modells. Anschließend stellen wir eine Strategie
für numerische Simulationen des nichtlinearen Sigma-Modells auf der Supersphäre vor
und zeigen einige vorläufige Ergebnisse, die die analytischen Ergebnisse validieren und
sie mit der vorhandenen Literatur vergleichen.

Das zweite untersuchte Modell ist der lehrenfixierte Green-Schwarz-Superstring auf
einem Nullhöcker-Hintergrund. Für dieses Modell schlagen wir eine diskretisierte Ak-
tion vor, die die globale U(1) × SU(4)-Symmetrie vollständig bewahrt und einige aus
der Integrabilität bekannte Ergebnisse wiederherstellt.
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Introduction

One of the most powerful tools of modern theoretical physics is Quantum Field Theory
(QFT). Historically, it is the mathematical framework used to describe the fundamen-
tal constituents and interactions of non-gravitational forces, fitting together special
relativity with quantum mechanics. QFT emerged within the first attempts to quan-
tize gauge theories, and the formulation of the quantum theory of electrodynamics
(QED) served as a model for the development of quantum chromodynamics (QCD),
which describes the strong interaction among constituent particles called quarks and
gluons. Subsequent efforts to describe weak interactions as the exchange of heavy
bosons culminated in the foundation of the best theoretical tool to investigate nature
at short distances as we know it today, the Standard Model of particle physics.

However, the methods of quantum field theory have great generality and flexibility
and are not restricted to the domain of particle physics. In a sense, field theory is
a universal language and permeates many branches of modern research. For exam-
ple, in condensed matter, the excitations in a solid are quanta of fields and can be
studied with field theoretical methods [5,6]. In the past century, the study of critical
phenomena in connection with phase transitions has been done using the renormal-
ization group flow [7]. This provided a new viewpoint on renormalization in particle
physics [8–10]. The same symbiosis has developed in connection to special QFTs with
spacetime conformal invariance, following earlier studies in two-dimensional critical
systems. As another example, the Feynman path integral, which is a basic tool of
modern quantum field theory, provides a formal analogy between field theory and
statistical mechanics, which has stimulated very important exchanges between these
two areas.

An important class of field theories is constituted by the non-linear sigma models
(NLSM). The term non-linear sigma models stands for theories whose fundamental
fields are interpreted as the coordinates of some manifold called target space : the fields
constitute a mapping between a d-dimensional surface, or worldsheet, and the target
space. NLSMs have a long history and their relevance in QFT originates from the
paramount importance of symmetry principles in fundamental physics. Since they
were first introduced in particle physics [11], NLSMs have become a versatile tool
that is applied to many areas of research. When the worldsheet is a two-dimensional
surface, NLSMs are power-counting renormalizable and when quantized, some exhibit
features believed to be properties of realistic theories, such as dynamical mass gener-
ation and asymptotic freedom [12–14]1. These properties have made them appealing
for the study of strong interactions. Moreover, 2d NLSMs have applications in con-

1In d > 2 dimensions sigma models fail to be renormalizable. However, they are still used as
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densed matter and statistical mechanics (see, e.g. [5, 6]). From now on, we will only
refer to two-dimensional theories.

NLSMs are fundamental in the study of superstring theory (see [15] for a de-
tailed introduction to string theory) and the Anti-de Sitter/Conformal Field Theory
(AdS/CFT) correspondence [16–18], one of the major breakthroughs of the last 30
years in theoretical physics. The conjecture asserts the equivalence between a pair of
models: on one side, there is a QFT with conformal spacetime symmetry in d dimen-
sions; on the other one, there is a superstring theory where strings move in the target
space AdSd+1 ×M9−d, where AdSd+1 is the (d+1)-dimensional Anti-de Sitter space,
a solution with negative curvature of the Einstein equation, and M9−d is a compact
manifold. The d-dimensional boundary of the background is a conformally-flat space
on which the CFT is formulated. The proposed duality is of the strong-weak coupling
type, in the sense that it maps the weakly coupled region of the gauge theory to the
strongly coupled one of the string theory and vice versa. Thus, the quantities that
can be easily computed with a perturbative expansion in the coupling constant in
one theory become very difficult to calculate in the other. The first and most known
example relates type IIB superstring theory on AdS5×S5 to N = 4 super Yang-Mills
theory in four dimensions [16,19]. Defining the action of a string theory propagating
on a non-trivial space like AdS5×S5 is not straightforward and to define it rigorously
we have to rely on a perturbative definition: the string action in a non-trivial gravita-
tional background takes the form of a non-linear sigma model (see for example [20] for
a review). In this context, sigma models can be understood as describing the motion
of membranes, a shape determined by the worldsheet, in the embedding manifold.
The different choices of the worldsheet then define the perturbative expansion. Since
we are considering superstrings, when building the action of the model we should also
incorporate supersymmetry. A convenient approach in this context is the one given
by Green and Schwarz [21]. Here, the supersymmetry is present only on the target
space and the Riemannian manifold of the target space is replaced by a supermanifold,
meaning a superspace that includes fermionic directions that behave as scalar fields
on the worldsheet. The construction of the action as a sigma model on the supercoset
target space AdS5 × S5 has been carried in [22] (See also [23–27]).

In this thesis, we are mostly interested in the applications of NLSM in the context
of the AdS/CFT correspondence, so we will concern ourselves mostly with NLSMs
with target space, or internal, supersymmetry. In general, NLSMs on target super-
spaces possess a number of surprising properties2. For example, one can build families
of sigma models that are conformal invariant without requiring the addition of a Wess-
Zumino term [30,32–35]. In a purely bosonic theory such properties are present only
in the two-dimensional sigma model with S1 as target space, that is however a free
theory, so that conformal invariance is not a surprising feature. An important class
of supermanifolds is identified by symmetric target superspaces. These spaces can be
understood as quotients of two supergroups in which the denominator one is fixed

effective field theories and toy models to study phenomena such as chiral symmetry breaking in
high-energy physics.

2It is worth mentioning that besides their importance in the field of superstring theory, they
appear in relationships with dense polymers in two dimensions [28, 29], the quantum Hall plateau
conditions [30] or disordered electronic systems [31].

2



Contents

by an order two automorphism. Sigma models on bosonic symmetric spaces have
been studied extensively because of their numerous applications in many branches of
physics and because they are well known to be classically integrable, meaning they
possess an infinite number of classically conserved quantities [36–43].

In every application of NLSMs, a complete understanding of the theory is essential.
The language of QFT is most successful when the interaction is small and can be
treated perturbatively, and in the context of the AdS/CFT correspondence NLSMs
are only well understood in the small-coupling limit. Understanding sigma models
when the background is strongly curved is of central importance, but despite the
continuous effort and progress on classical aspects [44], and the generally accepted
presence of both integrability and conformal invariance symmetries, most aspects of
the quantum theory of superstring sigma models remain elusive.

The goal of this thesis is to explore the applications of lattice field theory (LFT)
to supersymmetric sigma models. Numerical simulations via lattice field theory are
one of the most valuable tools to investigate the non-perturbative aspects of many
field theories3. Two-dimensional NLSMs with purely bosonic target space already
have a long history of numerical applications. A very important example is the O(N)
invariant sigma model: in two dimensions the model is renormalizable [47] and ap-
pears in a variety of contexts in statistical mechanics [48, 49] (For a review on the
applications of O(N) models in statistical mechanics see [50]) as well as a QCD toy
model [51–53]. Following the successful applications of the bosonic NLSMs, we want
to extend the knowledge of supersymmetric sigma models in a non-perturbative set-
ting using lattice techniques. A well-defined discretized theory would in fact provide
non-perturbative data for analytic results and give insight into the whole range of
the AdS/CFT correspondence. There have been some attempts to study discretized
versions of the AdS5 × S5 superstring sigma model [54–57], but a discretization that
preserves the symmetries, matches with continuum data and is renormalizable is hard
to come by. One natural way to obtain a better understanding of these string sigma
models and their possible successful discretization is to first tackle simpler models
in the class of supersymmetric field theories with similar properties. Numerical and
algebraic studies of lattice discretizations and supersymmetry have been applied to
simpler supersymmetric sigma models in [34,58–61], but a study of such models with
a focus on numerical simulations remains lacking. One of the main goals of this thesis
is to extend the numerical study of supersymmetric sigma models on the lattice and
explore the possibility of a successful discretization of these models.

The plan of this thesis is outlined as follows.
In Chapter 1, we give an introduction to NLSMs on bosonic target spaces and

the relation between the geometry of the target space and the quantum properties of
the field theory. A particular focus is given to the field theories on homogeneous and
symmetric spaces and to the important example of the O(N) model.

Chapter 2 is dedicated to the sigma models on supermanifolds, in particular we
examine in detail the class of sigma models that have the supersphere as target space.
The supersphere is defined as the coset space SP−1|2Q ≡ OSp(P |2Q)

OSp(P−1|2Q)
, where OSp(P |2Q)

3We recommend [45,46] for a detailed introduction of lattice field theory techniques in the context
of particle physics.
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is the orthosymplectic supergroup and can be viewed as a supersymmetric extension
of the non-linear O(N) sigma models. A number of analytic properties of it – such
as the spectrum of local operators at the renormalization group fixed-points, their
integrability properties and their integrable deformations – have been studied in [34,
35, 60, 62–65]. We will prove the renormalization of the model in the continuum and
on the lattice, discuss its symmetry properties, and analyze the form of the n-point
functions and their relation to the O(N) model.

In Chapter 3, we present the set-up of the numerical framework that we used to
investigate the supersphere sigma model. We present step-by-step the construction
of the action and path integral adapted for numerical simulations. We then provide
the details of the algorithm that we have built for simulating the model. Finally, we
present tests of the algorithm for accuracy and convergence, and preliminary results
that validate the model setup and algorithm’s performance.

In the last chapter 4, we review the Green-Schwarz gauge-fixed string action on
AdS5 ×S5 as a coset sigma model. We then consider the challenge of discretizing the
worldsheet for the gauge-fixed Green-Schwarz superstring on a null cusp background
and present a setup that fully preserves its global U(1) × SU(4) symmetry. The
investigation given in this chapter is not a non-perturbative definition of the sigma
model on the lattice, so we discuss divergences by power counting on the lattice,
and the renormalizability at one loop of some bosonic correlator of the worldsheet
excitations. This study will shed light on the challenges underlying the discretization
of the superstring sigma model on AdS5 × S5 .

4





1. Non-Linear Sigma Models

Non-linear sigma models (NLSM) are theories whose fundamental fields are inter-
preted as the coordinates of some manifold called target space. A representation is
shown in chapter 1. Physically, NLSM are a very general field-theoretical concept
whose apparent geometrical meaning is the main reason for many successful applica-
tions in field theory [51,52], string theory [16,22] and statistical mechanics [50,53,66].

In this chapter, we will present the basic concepts of non-linear sigma models
and their properties that are useful to understand the next chapters. For simplicity,
we will restrict the discussion in this chapter to bosonic theories. Section 1.1 and
section 1.2 are devoted to the definition of the action of a generic bosonic NLSM,
their symmetries and discuss the connection with the geometric of its target space. In
section 1.3 we will review quantization scheme that preserves target space covariance.
We will then use this quantization to calculate the one-loop beta function of a generic
sigma model. In the last two sections, we will discuss in details the cases in which the
target space is a homogeneous space and the very well-known O(N) -invariant sigma
model.

1.1 NLSM: Definition

To every Riemannian manifold equipped with a metric (M, g), parametrized by a set
of coordinates ϕa and an infinitesimal interval ds2

ds2 = gab(ϕ)dϕ
adϕb, (1.1)

one can associate the following action:

S (ϕ) =
1

2

∫
d2x gab(ϕ)∂µ ϕ

a(x) ∂µ ϕb(x). (1.2)

The derivatives ∂µ = ∂
∂µ

(µ = 0, 1), are intended to be on the worldsheet. Repeated
indices are understood to be summed. The coordinates ϕa(x) parametrize a point
on M for every x in a two-dimensional Euclidean space Σ. Under certain boundary
conditions for ϕ(x) on ∂Σ, the field theory defined by (1.2) is called non-linear sigma
model (NLSM) on the manifold M. The manifold M is called target space and the
Euclidean space Σ is called worldsheet.

Given a set of coupled scalar fields ϕa (a = 0, 1, 2, . . . , d−1), they define a smooth
mapping between the 2-dimensional worldsheet Σ and the n-dimensional Riemannian
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1.2. Geometric Properties and Symmetries

Figure 1.1: Graphic representation of the basic elements of the non-linear sigma
model. A 2-dimensional worldsheet Σ, a d-dimensional target space M and a field ϕ
that maps the two.

manifold:
ϕa : Σ → M, (1.3)

In two dimensions, its fields ϕ, its metric gab , and hence its coupling constant are all
dimensionless and the 2d NLSM is power counting renormalizable. However, although
the degree of divergence of Feynman diagrams is bounded, an infinite number of
counter-terms is generated because all correlation functions are divergent. In general,
derivative-free terms will be generated in the renormalization, and it is only possible
to maintain the form of the action by adjusting an infinite number of parameters
(a massive fine-tuning problem). The renormalization of the NLSM on arbitrary
Riemannian manifolds is therefore a non-trivial problem and has been treated in
[47, 67]. We will see later in the chapter that in certain contexts the presence of
symmetries simplifies the challenge of renormalization of NLSMs.

1.2 Geometric Properties and Symmetries

Non-linear sigma models have long been known to have interesting geometric prop-
erties. In two dimensions, the ultraviolet behavior has been extensively studied and
found to be intimately linked to its geometry. In a generic NLSM, the positive defi-
nite Riemannian metric gab(ϕ) plays the role of the coupling and is usually called the
metric coupling [67]. In fact, since gab is a non-trivial function of the fields one can
expand it in powers of ϕ

gab(ϕ) = gab(0) + ∂cgab(0)ϕ
c +

1

2
∂c∂dgab(0)ϕ

cϕd + . . . (1.4)

and obtain a field theory with an infinite number of coupling constants
{gab(0), ∂ρgab(0), ∂ρ∂λgab(0), . . .}.

One can show that the isometries of the Riemannian manifold are precisely the
symmetries of the associated sigma model. Consider the transformation

δϕa = ϵa(ϕ) (1.5)
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Non-Linear Sigma Models

Let’s perform this variation in the action (1.2)

δS =
1

2

∫
d2x

[
2∂µϵ

a(ϕ)∂µϕbgab + ∂̄cgab(ϕ)∂µϕ
a∂µϕb

]
=

1

2

∫
d2x

[
2∂̄cϵ

a∂µϕ
c∂µϕbgab + ∂̄cgab(ϕ)∂µϕ

a∂µϕb
]

=

∫
d2xDcϵb∂µϕ

c∂µϕ
b,

(1.6)

where ∂̄c ≡ ∂
∂ϕc

and Dc is the covariant derivative

Dcϵ
a = ∂̄cϵ

a + Γabcϵ
b (1.7)

with Γabc the Christoffel symbols of the metric gab. We have also used that

gabΓ
b
cdϵ

d∂µϕ
a∂µϕ

c =
1

2
∂̄dgacϵ

d∂µϕ
a∂µϕ

c (1.8)

Finally, the action is invariant under a transformation (1.5) if

Dcϵb∂µϕ
c∂µϕ

b =
1

2
(Dcϵb +Dbϵc) ∂µϕ

c∂µϕ
b = 0. (1.9)

We get no other than the Killing equation for the vector ϵa. This shows that the
symmetries of a generic sigma model are the isometries of the target space and that
every continuous isometry of the manifold is a symmetry of the sigma model. This
is a very important result: non-linear sigma models inherit their field theoretical
symmetries from the target manifolds. Having a non-trivial structure, the isometries
of the metric tensor are in general not linearly realized on the coordinates ϕa. This
is a very important consequence of the geometric nature of such models, which we
will see to play a fundamental role in the renormalization properties of these models.
Without knowing the metric structure, we do not know in advance what symmetries
a sigma model will have.

1.3 Covariant Background Field Method

In this section, we want to present a simple and recursive algorithm to quantize a
generic NLSM in a covariant way, allowing us to relate many of the properties at
the quantum level to the geometry of the target space M. We will then use this
quantization scheme to calculate the one-loop expression of the beta function of a
generic sigma model and see how it is related to the geometry of M.

We will restrict our study to finite-dimensional, connected, and smooth target
manifolds M. If M is not connected, then, because fluctuations between different
connected components are negligible at low temperatures, the model decomposes into
a collection of independent non-linear sigma models, each based on one of the con-
nected components. Therefore, M might as well be assumed connected.

To make sense of functional integrals in perturbative calculations, for this section,
we will prefer dimensional regularization rather than lattice regularization. Its main
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1.3. Covariant Background Field Method

advantage is to make the measure of the functional integral flat. Upon quantization,
we have to distinguish between bare couplings and renormalized couplings. We denote
with g0ab the bare metric coupling and with gab the renormalized metric coupling and
choose them to be dimensionless. In the following, we will perform renormalization
via the modified minimal subtraction scheme (MS), in which the counterterms are
purely divergent.

A naive quantization of the field theory defined by the action (1.2) may be done
along the standard lines of QFT. One introduces a source term Ja(x) and then defines
the quantum generating functional

Z[J ] = exp [−W [J ]] =

∫
dϕ exp

[
−S[ϕ]−

∫
d2x Ja(x)ϕa(x)

]
. (1.10)

It is assumed that the path integral is actually defined by the standard perturbative
expansion. The quantum generating functional Γ[ϕ] of the 1-particle-irreducible Green
functions is related to the generating functional W [J ] of the connected Green functions
by a Legendre transformation

Γ[ϕ] = W [J ]−
∫
d2x Ja(x)ϕ

a
(x), (1.11)

where ϕ is here the so-called mean field

ϕ =
δW

δJ
(1.12)

It follows from (1.11) and (1.12) that

exp (−Γ[ϕ]) =

∫
dϕ exp

[
−S[ϕ]−

∫
d2x

δΓ

δϕ
(ϕa − ϕ

a
)

]
. (1.13)

Let us now define the quantum fluctuating field φa(x) simply as a difference between
the full field ϕa(x) (classical + quantum) and the mean field ϕ

a
(x)

φa(x) = ϕa(x)− ϕ
a
(x). (1.14)

Equation (1.10) and (1.13) can be rewritten as

exp (−W [J ]) =

∫
dφ exp

[
−S[ϕ+ φ]−

∫
d2x Jaφa

]
, (1.15)

exp (−Γ[ϕ]) =

∫
dφ exp

[
−S[ϕ+ φ]−

∫
d2x

δΓ

δϕ
φa
]
. (1.16)

It is possible, in principle, to use these generating functionals to define a back-
ground field method and apply it to the non-linear sigma model to quantize it. How-
ever, applying the linear background quantum split (1.12) is not satisfactory. Quan-
tizing the theory in this way would lead to a perturbative expansion lacking manifest
target space covariance, since the fluctuation field φ is a coordinate difference and thus
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Non-Linear Sigma Models

has no geometric meaning. This would lead to non-tensor vertices in the expansion
of the background quantum splitted action S[ϕ+ φ] for the quantum field φ.

A covariant quantization of the theory can be made using a non-linear background
quantum splitting known as the covariant background field method for NLSM [68–72].

We employ a field redefinition of φ as follows: we consider a gedoesic ϕa(t) solution
to the equation

d2ϕa(t)

dt2
+ Γabc(ϕ(t))

dϕb(t)

dt

dϕc(s)

dt
= 0 ϕa(0) = ϕ

a
, ϕa(1) = ϕ

a
+ φa, (1.17)

where t is the affine parameter (we suppress the dependence on the worldsheet coor-
dinate x) and Γabc is the Levi-Civita connection

Γabc = gad
(
∂gdc
∂ϕc

+
∂gbd
∂ϕb

− ∂gbc
∂ϕd

)
. (1.18)

The tangent vector is defined as ξa(t) = dϕa

dt
. We use the tangent vector at t =

0, ξa ≡ ξa(0), as the quantum field for the expansion. Since it is a genuine vector, this
ensures manifest target space covariance.

Finally, the integration measure on the target space is defined by

dϕ =
∏
x

√
g(x)dϕ1(x) . . . dϕn(x), (1.19)

with g = det gab(ϕ) and n = dimM. This way of describing the sigma model has the
advantage of being manifestly invariant under reparametrizations of the fields of the
type (1.5), under the condition that M is a compact manifold.

The next step would be to define the field theory in terms of the tangent vector
ξ, for example by deriving the exact nonlinear relation ϕa(ξ) = ξa− 1

2
Γabcξ

bξc+O(ξ2),
implementing the field redefinition, and using it to write down the covariant expansion.
However, this procedure becomes very cumbersome after a few orders, even when
resorting to a normal coordinate system. A considerable simplification is achieved
by noting that to define the perturbative expansion of the Γ functional, one usually
needs to expand only the Lagrangian, which is a scalar. We consider then a scalar field
evaluated along the geodesic L(t) ≡ L(ϕ(t)), and we expand around t = 0, yielding

L(ϕ(t)) =
∞∑
n=0

tn

n!

dnL

dtn

∣∣∣∣
t=0

(1.20)

Since L(t) is a scalar field, the derivative along the geodesic is already manifestly
covariant

DL

Dt
≡ ξa∇aL = ξa∂aL =

dL

dt
, (1.21)

where ∂a represents a partial derivative on the target space. This relation defines the
covariant derivative along the geodesic. One can of course also define the covariant
derivative on general tensors on the target space

D

Dt
T µ...ν... =

d

dt
T µ...ν... + . . . , (1.22)
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1.3. Covariant Background Field Method

for objects defined only on the curve. Given that the application of d
dt

maps scalars
into scalars, it immediately follows by induction that

dnL

dtn
=
DnL

Dtn
. (1.23)

This yields the covariant expansion

L(ϕ(t)) =
∞∑
n=0

tn

n!

DnL

Dtn

∣∣∣∣
t=0

. (1.24)

For t = 1, we can symbolically write

L[ϕ(1)] =
∞∑
n=0

1

n!

DnL

Dtn

∣∣∣∣
t=0

= exp

[
D

Dt

]
L[ϕ]. (1.25)

Now, we want to apply this result to the Lagrangian of the sigma model. To do that,
we need to consider the pullback to the worldsheet. We express again the dependence
on worldsheet coordinates in the geodesic ϕa(x, t) and ξa(x, t), to compute

D

Dt
∂µϕ

a =
d

dt
∂µϕ

a + ξbΓabc∂µϕ
c = ∂µξ

a + ∂µϕ
bΓabcξ

c ≡ Dµξ
a, (1.26)

where we have defined the covariant derivative Dµ on the worldsheet. This covariant
derivative acts as Dµ = ∂µϕ

a∇a on the pullback of the target space tensors. To act
further with D

Dt
we need the commutator[

D

Dt
,Dµ

]
= [ξa∇a, ∂µϕ

a∇a] (1.27)

= ξa∂µϕ
b [∇a,∇b] +

(
D

Dt
∂µϕ

b

)
∇ϕb − (Dµξ

b)∇b (1.28)

= ξa∂µϕ
bR#

ab, (1.29)

where R#
ab is the Ricci tensor acting as an operator, e.g. R#

abV
c = Rab

c
d V

d .
These tools allow to systematically expand the effective action of the sigma model in
a simple and recursive manner: one expands S

[
ϕ+ φ

]
as a function of the tangent

vector ξ in ϕ along the geodesic that connects ϕ to ϕ+ φ and computes Γ[ϕ] from its
relation to the action.

1.3.1 One-loop beta function

The behavior of the theory with respect to scale changes is described by the renormal-
ization group. In a sigma model, the flow of the renormalization group with respect to
the infinite number of coupling constants associated with the metric coupling modifies
the geometry of the target space. This change in geometry can be visualized in a beta
function

µ
d

dµ
gab(ϕ, µ) = βab(g), (1.30)
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Non-Linear Sigma Models

which must be a covariant symmetric tensor. We can now use these results from the
covariant background field method to find the form of the generalized βab function at
one-loop and its relation with the coupling gab. The calculations are rather technical,
and we direct to Appendix A, where we review the main steps from the references
[73–75]. Here, we present the final results. Up to second order in ξ, we obtain the
following expression for S

[
ϕ+ φ

]
S
[
ϕ+ φ

]
= S[ϕ] + S(2)[ξ, ϕ] +O(ξ2), (1.31)

where

S(2)[ξ, ϕ] =
µd−2

2

∫
ddx

[
Dµξ

agab(ϕ)Dµξ
b +Rabcd(ϕ)ξ

bξc∂µϕ
a
∂µϕ

d
]
, (1.32)

and Rabcd is the Riemann curvature tensor. The factor µd−2 is introduced to make the
metric coupling gab dimensionless. The one-loop effective action is then expressed in
terms of S(2) via the following path integral:

e−Γ1[ϕ] =
1

Z0

∫
dξ e−S

(2)[ξ,ϕ]. (1.33)

We have obtained a covariant form for the one-loop effective action. The complete
effective action Γ[φ] will have a general form of the type

Γ[ϕ] =
µd−2

2

∫
ddx

[
Tab(g)∂µϕ

a
∂µϕ

b
+ . . .

]
, (1.34)

where Tab(g) is some target space tensor that depends on the tensor coupling gab. Prior
to renormalization, this tensor would contain divergent coefficients. The divergent
part of Tab determines the renormalization of the metric and hence the β function.
For this reason, it is sufficient for our purposes to consider contributions to Γ with
only two factors of ∂µϕ

a.
At one-loop, the divergent contribution to the effective action is

Γdiv
1 [ϕ] =

1

4π

(
1

ϵ
+ log

m

µ

)∫
Σ

ddxRab∂
µϕ

a
∂µϕ

b
, (1.35)

We can fix the one-loop counterterm by demanding that it cancels the divergence

Sc.t. = − 1

4πϵ

∫
d2xRµν ∂

µϕ
a
∂µϕ

a
, (1.36)

Expressing the counterterms as a Laurent series in the dimensional regularization
parameter ϵ = 2 − d, the bare action can be written as a sum of the renormalized
action and the counterterms

S0 = S + Sc.t.

=
1

2

∫
dnx g0ab∂µ ϕ

a
∂µ ϕ

b
=

1

2

∫
dnxµϵ(gab −

1

2πϵ
)Rab(g)∂µ ϕ

a
∂µ ϕ

b
,

(1.37)
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with n = 2 + ϵ. In the end, the one-loop beta function assumes the form

βab(g) = Rab(g). (1.38)

This relation is general and valid for every Riemannian manifold. The manifestly
covariant formalism reveals a geometric interpretation of the beta function and pro-
vides us with a simple (but not necessarily sufficient) criterion that the RG flow of a
quantum sigma model must satisfy.

For a generic target space, the trajectory that the metric will follow, in the space
of all metrics diffeomorphic to gab(ϕ), is a very complicated object. However, given a
set of isometries for gab, they will also constrain the form of Rab and, as a consequence
of (1.38) also the β-function. The class of manifolds M whose isometries are the most
constraining for the form of gab and βab are the symmetric manifolds, which we will
discuss in the next section.

1.4 NLSM on Homogeneous spaces

We now describe the case where the sigma models have homogeneous target spaces,
that is, coset spaces of the form G/H, where G is a compact Lie group and H a
Lie subgroup of G1. Homogeneous spaces are associated with non-linear realizations
of group representations [76, 77]. In contrast with arbitrary manifolds, there exist
natural ways to embed these manifolds in flat Euclidean spaces, spaces in which the
symmetry group acts linearly.

We will particularly focus on a special class of homogeneous spaces, symmetric
spaces, and their interesting properties:

• These models are characterized by the uniqueness of the metric and thus of the
classical action, up to a multiplicative constant.

• In two dimensions, one can derive from the classical field equations an infinite
number of non-local conservation laws.

• The quantum models depend on only one coupling constant.

• From the renormalization group (RG) β function in two dimensions one finds
that the models all exhibit the property of ultraviolet (UV) asymptotic freedom.

1.4.1 Definition and properties

M is said to be a homogeneous space if given a Lie group G with a transitive action
on M and a base point O of M, there is a subgroup H of G that leaves this point
invariant, i.e. H is the stabilizer of the point O. The homogeneous space M can then
be identified with the quotient G/H.

1In physics, QFTs on homogeneous spaces appear naturally also in the case of spontaneous sym-
metry breaking, as they describe the interactions between Goldstone modes.
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Non-Linear Sigma Models

Consider a generic action S(ϕϕϕ), where ϕϕϕ is an N -component field

ϕϕϕ(x) = (ϕ1(x), . . . , ϕN(x)).

We impose that the action is invariant under the action of the group G and that the
field ϕϕϕ transforms under a matrix representation of the group. We denote by tttα the
generators of the Lie algebra g of G. Under an infinitesimal transformation, the field
transforms as

δϕϕϕ(x) =
∑
α

ϵαtttα · ϕϕϕ(x). (1.39)

Since we only consider compact Lie groups, we can ensure that the representation
is orthogonal and that the generators of the algebra are N × N matrices. Suppose
that the action S(ϕϕϕ) has a degenerate, non-G invariant global minimum. We can
distinguish one of the minima ϕϕϕc and call H the subgroup that leaves ϕϕϕc invariant
(the isotropy, little group or stabilizer of ϕϕϕc). We divide then the set of generators of
the Lie algebra g into the set of generators belonging to the Lie algebra h, {tttα}, α > l,
and the complementary set2, which we denote by g/h of generators {τττa}, 1 ≤ a ≤ l3,
which is such that

l∑
a=1

caτττ
a · ϕϕϕc = 0 ⇒ ca = 0. (1.40)

We now consider the specific case in which all the degrees of freedom of the theory
are massless4. In this context, we can entirely parametrize the field ϕϕϕ in terms of a
matrix ggg(x) ∈ G acting on the vector ϕϕϕc

ϕϕϕ(x) = ggg(x)ϕϕϕc(x) ggg(x) ∈ G. (1.41)

Note that if one multiplies ggg(x) on the right by an element hhh(x), since ϕϕϕc is left
invariant by H, the field ϕϕϕ remains unchanged

ϕϕϕ(x) = ggg(x)hhh(x)ϕϕϕc(x) = ggg(x)ϕϕϕc(x). (1.42)

This shows that ϕϕϕ(x) is a function only of the elements of the coset (homogeneous)
space G/H. The family of vectors of the form (1.41) spans a vector space V5. We
consider a subspace V ′ spanned by the vector τττaϕϕϕc. If we choose an orthogonal basis
in V such that the vectors of V ′ only have the first l components non-vanishing, we
can then differentiate the first l-components and the remaining N − l components of
ϕϕϕ(x) as following

ϕϕϕ(x) =

{
φa(x), 1 ≤ a ≤ l
σα(x), α > l.

(1.43)

2Notice that the complementary set of transformations is not an algebra.
3In this section we will always use greek indices to refer to the Lie algebra h and the latin indices

for the algebra g.
4These massless degrees of freedom are what in the spontaneous symmetry breaking context are

called Goldstone modes. However, keep in mind that although classically the two-dimensional model
possesses a continuum of vacua belonging in the coset space, the excitations around the vacua do
not remain massless in the quantum theory. This is a consequence of the Coleman-Mermin-Wagner
theorem [78,79].

5Which is also a space of representation for the group G.
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1.4. NLSM on Homogeneous spaces

The fields φa provide a set of coordinates on the coset space G/H and are the massless
Goldstone modes of the model. The fact that ϕϕϕ(x) only depends on the elements of
the coset space implies that the σα have to depend on the components φa. In terms
of the fields φa, the G-invariant action on the homogeneous space G/H has the form
of the NLSM action given in (1.2)

S (φ) =
1

2

∫
d2x gab(φ)∂µ φ

a∂µ φb. (1.44)

It can be proven that in the case of a homogeneous space, the set of metrics forms a
finite-dimensional vector space. Moreover, a consequence of the non-trivial realization
of the symmetry of NLSMs on homogeneous spaces is that the action is structurally
stable under renormalization and that the renormalized theory will depend only on
a finite number of coupling constants, the number depending on the number of in-
dependent vectors that have H as an isotropy group [80]. For symmetric spaces, the
renormalization properties are even simpler, as we will see in the next section.

1.4.2 Symmetric spaces

Symmetric spaces are a special class of homogeneous spaces for which the symmetry
group G possesses an involutive automorphism, and H is the subgroup of invariant
elements. We will see that field theory models in two dimensions constructed on sym-
metric spaces have special properties both on the classical level and after quantization.

A symmetric space is a Riemmanian manifold whose group of isometries contains
an inversion symmetry about every point. From an algebraic point of view, given
a group G equipped with a non-trivial involutive automorphism that to an element
ggg ∈ G associates an element ḡ̄ḡg:

¯g1g2¯g1g2¯g1g2 = ḡ1̄g1̄g1ḡ2̄g2̄g2, ḡ̄ḡg = ggg, (1.45)

the coset space G/H is a symmetric group if the stabilizer H is the subgroup of
elements invariant under the automorphism

H ≡ H. (1.46)

The automorphism can be extended to the Lie algebra g. It then becomes a reflection.
If a coset space is symmetric, then H is a maximal proper subgroup of G6. The
maximality of H has one very important consequence: the generators {tttα} form a
real irreducible representation of H. Also, simple considerations show that, since
the {tttα} form an irreducible representation of H, the vector ϕϕϕc is the only vector
having H as an isotropy group. Therefore, a unique classical model is associated to
each symmetric space. We will see that this property has consequences also at the
quantum level. Symmetric spaces M with Riemannian structure have been classified
by E. Cartan [81].

6A group H is called maximal if there is no subgroup H ′ such that H ⊂ H ′ ⊂ G.
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Since symmetric spaces can be realized on the group manifold itself, the classical
action can always be written in a simple geometric form:

S(ggg) =
1

2

∫
d2xTr

(
∂µggg(x)∂µggg

−1(x)
)
, (1.47)

This form of the action is equivalent to (1.2). The fact that there is a unique vector
ϕϕϕc that has H as an isotropy group implies that the metric tensor gab(ϕϕϕc) is fixed,
modulo a constant of proportionality. We assume it to have the form

gab(ϕϕϕc) = δab. (1.48)

The form of the metric for every value of the field ϕϕϕ is then completely characterized
by the isometry group G. The different symmetric spaces and all of their geometric
properties are characterized by the group G and the constraints imposed on ggg(x).

Conservation laws and integrability We define the current JJJµ(x) as

JJJµ(x) = ggg−1(x)∂µggg(x). (1.49)

The action can be expressed in terms of the current

S(ϕϕϕ) =
1

2

∫
d2xTrJJJµ(x)

2. (1.50)

The conservation of JJJµ(x) is expressed by the equation

∂µJJJµ(x) = 0. (1.51)

In two dimensions, equations (1.49) and (1.51) imply the existence of an infinite
number of non-local conserved currents JJJµ,n with n = 1, . . . ,∞ [82]. The interesting
question is whether the conservation laws

∂µJJJµ,n = 0 (1.52)

survive quantization, meaning that possible corresponding quantum conservation laws
lead to the factorization of the S-matrix, which can then be completely determined.
It has been proven in the past [38, 83–88] that there are some cases in which two-
dimensional sigma models are quantum integrable. This usually happens if their
target manifolds are compact Lie groups or certain other symmetric spaces, namely

SO(n+1)/SO(n) , SU(n)/SO(n) , SU(2n)/Sp(n),

SO(2n)/SO(n)×SO(n) , Sp(2n)/Sp(n)×Sp(n) , (1.53)

In general, the property of quantum integrability is extremely scarce among two-
dimensional NLSM and there is no systematic way of proving if for a certain sigma
model the integrability is preserved at the quantum level.
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1.4. NLSM on Homogeneous spaces

Quantum properties and RG The form of the β function at one-loop order
simplifies significantly for a symmetric space. Let’s start with dividing the whole set
of generators of G into the subsets of generators of H ({tα}), and generators of G/H
({τa})

{ta} = {tα} ∪ {τa}.

For a symmetric space, the Riemann tensor depends only on the structure constants
of the Lie algebra g. Following [89, 90], one can derive the curvature on the coset
superspace in terms of the structure constants:

Ra
bcd =

1

2
fabef

e
cd +

1

4
(−1)|b|(|c|+|d|)facef

e
db +

1

4
(−1)|d|(|b|+|c|)fadef

e
bc + fabαf

α
cd. (1.54)

Due to the main property of symmetric superspaces [τa, τb] ⊂ H and all terms here
but the last one, vanish. So we have

Rabcd = fabαf
α
cd. (1.55)

Consequently, the Ricci tensor is

Rab = Rdacbg
dc = fdaαf

α
cbg

dc = C gab, (1.56)

where C is the value of the second Casimir operator on the adjoint representation
of the Lie algebra g. This result is in accordance with the fact that all rank-two
symmetric tensors with the same isometries of gab are proportional to the metric
tensor. This number can be calculated purely algebraically. Plugging this into (1.38)
we get

βab = µ
d

dµ
gab = C gab. (1.57)

Thus, the change in the geometry of the target space under the flow of the renormal-
ization group reduces to a uniform dilation throughout its volume. This property can
be made explicit in the action by factoring a coupling constant g in the action

gab(µ, ϕ) →
1

g(µ)
gab(ϕ) (1.58)

where now the dependence on the renormalization scale µ is only through the coupling
constant g. Plugging this into the RG equation we get

µ
d

dµ

(
1

g
gab(ϕ)

)
= − 1

g2
gab µ

d

dµ
g = − 1

g2
gab β(g) (1.59)

Finally, the β function at one-loop for a symmetric space assumes the form

β(g) = −C g. (1.60)

We see that the sign of the leading term is negative. This indicates the presence of
asymptotic freedom, and they are all UV-free in two dimensions. We will discuss the
asymptotic freedom in more detail for the specific case of the O(N)-invariant NLSM
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in the next section. The β-function has been calculated up to four loops for a large
class of symmetric spaces [12,13].

Concluding, while for homogeneous spaces the RG flow may consistently be re-
stricted to a finite subset of couplings, in the special case of symmetric spaces, there is
just one running coupling, related to the curvature radius. It is widely believed that
renormalizability, or invariance under the RG flow is closely linked with the integra-
bility of a sigma model [91–93]. One motivation for this is that a sigma model that is
quantum integrable will have a factorized S-matrix with a finite number of parameters
and so it should also be parametrized by only a finite number of couplings. Another is
that the conservation of infinitely many hidden symmetry charges should be enough
to reduce the infinite-dimensional RG flow to a finite-dimensional subspace. However,
notice that fact that classically integrable sigma models should be invariant under
RG flow is only a conjecture and in most examples this has only been checked at the
leading 1-loop order.

1.5 The O(N)-invariant sigma model

One of the simplest examples of NLSM on symmetric target spaces is the O(N)-
invariant NLSM, where the target space is SN−1 ≡ O(N)/O(N−1). The O(N) sigma
model is one of the most known and studied examples of NLSM on symmetric spaces,
with its success being related to the big number of properties that it possess and shares
with other physical models in many branches of theoretical physics. Moreover, this
sigma model is an example of a field theory integrable at the quantum level. As we
have said in the previous section, this specific type of NLSM has an infinite number
of local and non-local [94, 95] classical conservation laws that survive quantization.
Assuming the spectrum to consist of one stable O(N) vector multiplet of mass m,
the S-matrix has been proposed in [96]. Based on this solution, the dynamically
generated mass gap of the model could be computed analytically [14] by comparing
computations of the free energy that were obtained by the thermodynamic Bethe
ansatz and by perturbation theory and numerically, e.g. in Ref. [97].

In this section, we will describe some properties of the O(N)-invariant NLSM, and
the importance that plays in lattice field theory. With this choice of the target space,
the N fields ϕϕϕ have to satisfy the constraint

ϕ2 ≡ ϕϕϕ · ϕϕϕ =
∑
a

ϕaϕa = 1. (1.61)

Being the sphere a symmetric space, the metric is completely defined, and it
depends only on the invariant length of the field ϕ. From the invariant metric on the
sphere, one then obtains the Riemann and Ricci tensors

Rabcd = gacgbd − gadgbc, (1.62)

and the Ricci tensor is proportional to the metric itself

Rab = (N − 2) gab. (1.63)
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We can formally write the partition function as

Z =

∫
dϕϕϕ(x)

∏
x

δ(ϕ(x)2 − 1) exp [−S(ϕϕϕ)] , (1.64)

and the Euclidean action takes the form

S(ϕ) =
1

2g2

∫
d2x ∂µϕϕϕ · ∂µϕϕϕ. (1.65)

We could explicitly write a form for the metric gab if we solve the constraint (1.61)
for one of the fields. A convenient parametrization of the sphere is given by

ϕϕϕ(x) = {σ(x),φφφ(x)}, (1.66)

in which φφφ(x) is a (N − 1)-component field, while the field σ(x) is a function of
ϕϕϕ(x) through equation (1.61). The equation can be solved locally, for example, if σ(x)
is positive

σ(x) = (1− φ2(x))1/2. (1.67)

In terms of the field φφφ(x), the action takes the form

S(φφφ) =
1

2g

∫
d2x (∂µφφφ · ∂µφφφ+ ∂µ σ∂

µ σ)

=
1

2g

∫
d2x

∑
ab

Gab(φ)∂µ φ
a∂µ φb,

(1.68)

in which Gab(φ) is a metric tensor on the sphere. The action (1.68) is manifestly
invariant under the O(N − 1) group, while the O(N) symmetry is hidden by the
choice of the parametrization. This is a consequence of the fact that the sphere is a
coset space. The parametrization decomposes the set of generators of the Lie algebra
o(N) into the set of generators of the Lie algebra of the stabilizer group o(N − 1) and
its complementary set. Under an infinitesimal transformation of the complementary
set, the fields transform as

δφa = ωa(1− φ2(x))1/2, (1.69)

ωa are constants, infinitesimal parameters of the transformation. The transformation
law of the field σ(x) is a consequence of (1.69):

δσ(x) = −ωωω ·φφφ(x). (1.70)

We say that the O(N −1) subgroup is realized linearly7, while the remaining ones are
realized non-linearly.

7i.e. as simple rotations of the N − 1 component vector φ(x)
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1.5.1 Renormalization properties

To understand the phase structure beyond leading order, a renormalization group
analysis is necessary. This requires understanding how the model renormalizes.

We already know that all nonlinear sigma models in two dimensions are power
counting renormalizable but possess an infinite number of counterterms. In fact for
the O(N) model, any local monomial in the field containing at most two derivatives
and an arbitrary power of φφφ(x) can a priori appear as a counter-term. The O(N − 1)
symmetry only restricts the counter-terms to be of the general form

(∂µφφφ ·φφφ)2 (φφφ ·φφφ)n, (∂µφ)
2 (φφφ ·φφφ)n, (φφφ ·φφφ)n. (1.71)

However, the non-linear realization of the O(N) symmetry implies that, up to a
normalization factor, the unrenormalized action is unique. It has been proven that
due to the special geometric properties of the model, the coefficients of all counter
terms can be calculated as a function of two of them so that the renormalized theory
depends only on a finite number of parameters. The proof is based on a set of Ward-
Takahashi identities satisfied by correlation functions, which are summarized in the
form of a quadratic equation satisfied by the 1PI generating functional Γ. These sets
of equations are stable under renormalization. Solving then these equations with the
constraints coming from power counting, one finds only two renormalization constants
are needed, a coupling constant and a field renormalization. We will not show the
proof here, but we point to the reference [47] and to the proof of renormalization for
the OSp(P + 2Q|2Q) sigma model in the next chapter.

From (1.63) we can write the form of the β function for the O(N)-invariant NLSM
at one-loop order

β(g) = −(N − 2)

2π
g (1.72)

From this expression of the β(g) we can distinguish different cases

• For N > 2 the β function has only a fixed point in g = 0 and is negative. Thus,
the O(N) sigma model represents a simple example of a so-called asymptotically
free field theory (UV free). In the whole range where the function β remains neg-
ative, the effective interaction decreases at short distance. At shorter distances,
the NLSM resembles more and more the free field fixed point. By contrast, the
renormalized coupling constant g increases at longer distances. The theory is
IR unstable and thus the spectrum of the theory is not perturbative. It con-
sists of N massive degenerate states, since the O(N) symmetry is not broken.
Asymptotic freedom and the non-perturbative character of the spectrum are
also properties of quantum chromodynamics in four dimensions.

• At N = 2, the β function vanishes and the O(2) model is not asympotically
free. The origin of this difference can be found in the local structure of the
manifold: for N = 2, the O(N) model reduces to a circle, which locally cannot be
distinguished from a non-compact straight line. The action (1.68) thus describes
an Abelian field theory and there is no RG flow [80].
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1.5. The O(N)-invariant sigma model

1.5.2 Numerical applications of the O(N) sigma model

The O(N) sigma model has a long history of numerical applications within both
quantum field theory QFT and solid-state physics. In solid state physics, they describe
a large range of ferromagnetic systems, like the Ising Model for N = 1, the XY
and the Heisenberg model for N = 2, 3. From the QFT point of view, the O(3)
sigma model serves as a toy model for Quantum Chromodynamics, as it shares many
similarities with non-Abelian gauge theories. These similarities include features such
as asymptotic freedom [53] in the UV, dynamically generated mass gap, and in the
continuum formulation its configurations are divided into topological sectors, due to
Π2[S2] = Z [98–100]. The O(3) sigma model is much better understood in its non-
perturbative regime than 4d gauge theories since one can use many methods from
integrability, large N expansion to confront with numerical simulations on the lattice
(see e.g. Ref. [101] for a study that compares the spectral reconstruction obtained via
lattice correlators and the known analytic results obtained through integrability).

On a discretized worldsheet, the action has the form of a classical spin lattice
model with nearest-neighbor ferromagnetic interactions, where the coupling constant
g plays the role of the temperature. A convenient and very successful algorithm to
simulate the O(N) model on the lattice is the Wolff cluster algorithm [102, 103]. It
adapts the concept of the Swendsen-Wang algorithm [104] from the Ising model to
the O(N) models, where it is highly efficient.
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2. Supersphere sigma model

In this chapter, we will extend the description of the nonlinear sigma model to the
case where M is a supermanifold. Target space supersymmetry changes many aspects
and leads to several remarkable properties, like for instance the possibility of having
non-trivial theories with quantum conformal invariance without the need to add a
Wess-Zumino term. Non-linear sigma models with target space supersymmetry have
been the subject of much interest. One area in which they appear is in the context
of AdS/CFT, the most well-known example being the AdS5 × S5 superstring sigma
model [22,105]. Additionally, they find applications in condensed matter physics, such
as in the study of dense polymers in two dimensions [28, 29], quantum Hall plateau
transitions [30], and disordered electron systems [31].

In this chapter we will mainly focus on the supersphere sigma model, invariant
under the supergroup OSp(P |2Q), and its properties in the continuum and on the
lattice. In section 2.2 we will introduce the supersphere and comment on its RG
properties. The rest of the chapter is dedicated to the lattice formulation of the
model. We will show the existence of an identity between the n-point correlation
functions of OSp(P |2Q) models for different values of P and Q. We will prove that
the model is completely renormalizable and the renormalization properties are similar
to the O(N) model [47].

2.1 NLSMs on supersymmetric manifolds

In principle, all the tools of Riemannian geometry can be generalized to the case where
the target space is a Riemannian supermanifold. Even if on a rigorous mathematical
level there are some difficulties in basic definitions of supermanifolds [106], there is
a way to overcome these so that usual objects of Riemannian geometry can still
be defined [107, 108]. A generic supermanifold M of dimension (m,n) will have
m Grassmann-even and n Grassmann-odd coordinates. We refer to the Appendix
B for a more detailed but still brief review of the main definitions and properties
of supermanifolds and to [89, 109]. The action of a NLSM on a supermanifold has
formally the same form as in the bosonic case

S(Φ) =
1

2g

∫
d2xgab(Φ)∂µΦ

a∂µΦb, (2.1)

where Φ = (ϕ1, . . . ϕm, χ1 . . . χn) is now a set of coordinates on the supermanifold
M with m even (or bosonic) coordinates and n odd (or fermionic) coordinates and
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gab(Φ) is a generalized metric tensor on the supermanifold. We want to consider
NLSMs on symmetric superspaces. The formal definition of symmetric superspaces
as supercosets has been treated in detail in [110,111]. For our purposes, it is sufficient
to say that the definition is just an extension of the one given in the previous chapter
to supersymmetric manifolds. So, given a homogeneous superspace G/H, where G
and H are now Lie supergroups, we say that the coset superspace G/H is symmetric
if one can find an automorphism γ : G → G of order two that leaves all elements
in H fixed. Recall that in the previous chapter, we have said that sigma models on
symmetric spaces are always classically integrable. The same is true for symmetric
superspaces [35, 112, 113]. However, there are some examples of supercoset sigma
models that are not symmetric but are still classically integrable. A very important
case is the one of the superstring on AdS5 × S5 [44].

One of the simplest examples of a symmetric supercoset is the supersphere

S(P−1|2Q) =
OSp(P |2Q)

OSp(P − 1|2Q)
(2.2)

This supercoset has also been proven to be quantum integrable [34,62,63]. In general,
as for the bosonic sigma models, proving quantum integrability is not easy in many
cases. Some examples of other classes of quantum integrable sigma models are given
in [35].

2.1.1 RG properties and beta function

The quantization via the covariant background field approach can be easily general-
ized to field theories on Riemannian supermanifolds and used again to connect the
geometry to the properties of the theory at the quantum level. For example, the RG
flow equation up to one-loop has the same form as in the bosonic case [114]

βab(g) = µ
d

dµ
gab = Rab(g) (2.3)

where R now is the generalized Riemannian supercurvature tensor. This result is
valid for any supermanifold. On symmetric supermanifolds, the Ricci tensor Rab is
completely determined from the algebraic properties G and H, just as in the bosonic
case, and it is written in terms of the Casimir C [35, 89] equation (2.3)

R
(1)
ab = C gab. (2.4)

Just as we discussed in section 1.4.2 for symmetric spaces, plugging eq. (2.4) in eq. (2.3)
we see that the variation of the metric tensor gab under the RG flow reduces to
a uniform dilation of the target space volume. We can then factor out again the
dependence on the scale µ in the metric coupling gab(µ) = 1

g(µ)
gab and the beta function

at one loop is
β(1)(g) = −C g. (2.5)

Many of the applications important in physics involve NLSMs on supercosets that
are conformally invariant, i.e. in which the β-function for the σ-model coupling van-
ishes to all orders. This is true in particular for string theory where target space
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conformal invariance is necessary for the consistency of the string background. In
the context of the AdS/CFT correspondence, NLSMs on coset superspaces such as
PSU(2, 2|4)/SO(1, 4) × SO(5) or OSp(6|2, 2)/U(3) × SO(1, 3) have become popular.
We will discuss the case of the AdS5 × S5 superstring sigma model in chapter 4.

Contrary to normal algebras, the Casimir C of a superalgebra can be zero also
if the associated supergroup is non-Abelian. This implies that on certain symmetric
superspaces, it is quite possible to have a vanishing β function for a quantum conformal
interacting sigma models [115]. The structure of these conformal theories appears to
be richer than the Abelian case or WZW models on symmetric spaces. To first order,
the β-function vanishes if G is one of the following supergroups

PSU(n|n) , OSp(2n+ 2|2n) , D(2, 1;α) 1. (2.6)

Higher order terms impose additional restrictions on the denominator subgroup. In
absence of world-sheet supersymmetry, conformal invariance is possible only for the
following choices of H [35, 115,116]

OSp(2n+ 2m+ 2|2n+ 2m)

OSp(2n+ 1|2n)×OSp(2m+ 1|2m)
,

PSU(n+m|n+m)

(SU(n− 1|n)× SU(m+ 1|m))
,
PSU(2n|2n)
OSp(2n|2n)

.

2.2 Nonlinear sigma model on the supersphere

The supersphere sigma model provides an interesting ground where to gain experi-
ence with sigma models on supercosets. It is a simple but non-trivial theory with
OSp(P |2Q) symmetry, whose fields are constrained to lie on the supersphere of di-
mensions (P − 1|2Q), i.e. the subset SP−1|2Q ⊂ RP |2Q. The target space of such
models is the coset

SP−1|2Q = OSp(P |2Q)/OSp(P − 1|2Q),

and it can be viewed as a supersymmetric extension of the bosonic O(N) sigma model2.
We parametrize the supersphere with the embedding in RP |2Q. We thus consider a
field Φ ∈ RP |2Q, parametrized by P bosonic fields ϕ and 2Q fermionic fields χ

Φ = (ϕ1, . . . , ϕP , χ1, . . . , χ2Q),= (ϕ1, . . . , ϕP , ψ1, . . . , ψQ, ψ1, . . . , ψQ), (2.7)

and impose that satisfies the constraint

Φ · Φ = ϕTϕ+ χT J χ = 2ψψ = 1. ∀Φ ∈ SP−1|2Q. (2.8)

J is a 2Q× 2Q symplectic matrix

J =

(
0 1
−1 0

)
, (2.9)

1D(2, 1;α) is a so-called exceptional simple super Lie group. Since in this thesis we are not going
to deal with these groups, we will not discuss them further, and we refer to [89].

2Usually in the literature with supersymmetric extension of the O(N) model is intended the O(N)
supersymmetric models, where one considers a supersymmetric worldsheet [117–119]. Here we are
not considering a supersymmetric worldsheet and the supersymmetry is present only on the target
space.
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In this chapter, we will use both the parameterizations in (2.7), depending on the most
convenient choice. We define the path integral and the action in a form equivalent to
the O(N) sigma model

Z =

∫
dΦ(x)

∏
x

δ(Φ(x) · Φ(x)− 1) exp [−S(Φ)] , (2.10)

and Euclidean action takes the form

S(Φ) =
1

2g2

∫
d2x ∂µΦ(x) · ∂µΦ(x). (2.11)

Some analytic properties of this model, such as the spectrum of local operators at
the fixed points of the renormalization group, their integrability properties, and their
integrable deformations, have been studied in [34, 35, 60, 62–65, 120]. The quantum
integrability of the model is obtained from the O(N) S-matrix by the addition of
equal numbers of bosonic and fermionic coordinates.

In the next sections, we will see that this class of sigma models shares many prop-
erties with its bosonic counterpart, the O(N) model. At the naive level of partition
functions, it may even look like there is no difference between these two sigma models.
However, there are many differences: first, the observables of the model are different
since they are composed of inherently different terms. We will see this in detail in
section 2.5. Moreover, contrary to the bosonic case, the supersphere sigma model
is not unitary. This implies that these two-dimensional models do not satisfy the
Mermin-Wagner theorem and stable massless Goldstone modes can appear (See [121]
for a review).

2.2.1 RG properties for the supersphere sigma model

The supersphere is a symmetric supercoset, so at one loop the β function has the form
in eq. (2.5). The Casimir of the OSp(P |2Q) is C = (P − 2Q− 2) [122], so that the β
function is

β(1) = −(P − 2Q− 2)g. (2.12)

We see that at one loop, the β function of the σ-model on a supersphere is the same
as for the O(P − 2Q) σ-model. We distinguish the following three different cases:

• For P > 2Q + 2 the beta function is negative, and the RG flow is towards
strong coupling at large length scales. Just as for the O(N) sigma models, these
theories are asymptotically free in the UV.

• For P < 2Q+2 zero coupling is an attractive fixed point, and one then expects
a transition to separate this regime from strong coupling.

• For P = 2Q + 2, the beta function vanishes in one loop. In [29, 34, 35] it is
argued that the β function actually vanishes at all loops of perturbation theory
and since this is true for all values of g, it implies that we have a family of confor-
mal invariant field theories with a line of fixed-point theories with continuously
varying scaling dimensions.
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2.3 The model on the lattice

We will now describe the lattice discretization of the OSp(P |2Q)-invariant NLSM. To
construct a regularized lattice version of the non-linear sigma model, it is convenient
to start from the description in terms of the field Φ(x).

To construct a lattice regularized version of the non-linear sigma model and pre-
serve the target space symmetry, we start by discretizing the continuous world-sheet
Σ by a 2D finite lattice Λ2:

Λ2 = {x = (an0, an1), nµ = 0, . . . , L− 1}, (2.13)

with nµ unit vector in the µ direction. L denotes the number of lattice sites in the 0
and 1 directions, and a is the lattice spacing. The discretization naturally provides a
regularization of the theory by introducing a UV cutoff Λ ∝ a−1 and IR cutoff, being
the lattice finite.

The derivatives are replaced by finite differences

∂µΦ(x) → ∂̂µΦ(x) =
Φ(x+ anµ)− Φ(x)

a
x ∈ Λ2, (2.14)

and the integrals by sums over the points on the lattice∫
d2x→ a2

∑
x∈Λ2

. (2.15)

The discretization of the action functional is not unique, but it should be chosen
in such a way that the lattice action Slat converges to the continuum action in the
limit a → 0. Each of these possible regularizations is affected by lattice artifacts
which depend on the finite spacing a. In order to obtain the universal properties of
a system, one has to consider the continuum limit a → 0. However, in the case of a
fixed lattice extent L, this limit leads to a continuous but vanishing physical space,
which does not provide reasonable information. Therefore, it is important to keep the
physical volume fixed by increasing L while decreasing a.

By means of the lattice regularization, the path integral becomes a well-defined
expression that consists of a finite number of integrations. To build the form of the
path integral Z(P |2Q) on the lattice, we introduce the integration measure over RP |2Q

d(P |2Q)Φ = (2π)−Q dPϕ d2Qχ , (2.16)
dPϕ = dϕ1 · · · dϕP , (2.17)

d2Qχ = dQψ dQψ = dψ1dψ1 · · · dψQdψQ , (2.18)

which is a product of real measures dϕa and Grassmann measures dχα. The arbitrary
normalization is chosen in such a way that∫

d(P |2Q)Φ e−
1
2
Φ·Φ = (2π)

P−2Q
2 . (2.19)
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The integration measure d(P |2Q)Φ induces a natural measure d(P−1|2Q)Ω on the super-
sphere by means of the following formula∫

S(P−1|2Q)

dΩ(P−1|2Q)(Φ) f(Φ) = 2

∫
d(P |2Q)Φ δ (Φ · Φ− 1) f(Φ) , (2.20)

where normalization has been chosen in such a way that dΩ(P−1|2Q) reduces to the solid
angle measure dΩP−1 on the sphere SP−1 for Q = 0. At the risk of being pedantic,
we point out that eq. (2.20) assumes the following standard construction. Given a
complex function or distribution f(b0) of a complex variable b0, one can define f(b)
also for the generic bosonic element b of a given finitely generated Grassmann algebra
in the following way. Every bosonic element b can be written uniquely as b = b0+∆b,
where b0 is a complex number and ∆b is a nilpotent bosonic element of the Grassmann
algebra, i.e. ∆bR = 0 for some positive integer R. Then we define f(b) via its Taylor
expansion

f(b) = f(b0 +∆b) =
R−1∑
r=0

f (r)(b0)

r!
∆br . (2.21)

The Taylor expansion is a finite sum thanks to the fact that ∆b is nilpotent. For
instance, the delta function in eq. (2.20) needs to be interpreted as:

δ(Φ · Φ− 1) = δ(ϕTϕ+ χTJχ− 1) =

Q∑
q=0

1

q!
(χTJχ)qδ(q)(ϕTϕ− 1) , (2.22)

where the x dependence of the fields has been suppressed for brevity.
To obtain some more explicit expressions for the measure dΩ(P−1|2Q)(Φ), we need

to treat the P = 0, P = 1, and P ≥ 2 cases separately. For P = 0, eq. (2.22)
applies by setting ϕTϕ = 0. The delta function on the supersphere constraint is a
linear combination of derivatives of delta functions evaluated at −1 and, therefore,
vanishes. The measure on the supersphere defined by eq. (2.20) is identically zero:

dΩ(−1|2Q)(Φ) = 0 . (2.23)

In analogy with the O(N) model, we choose the following discretized action on
the lattice:

S(P |2Q)(Φ) =
a2

2g0

∑
x,µ

∂̂µΦ(x) · ∂̂µΦ(x) (2.24)

where g0 is the bare coupling of the theory. The partition function is defined as

Z(P |2Q) =

∫
D(P−1|2Q)Ω(Φ) e−S(P |2Q)(Φ) . (2.25)

The integration measure is a finite product of integration measures over the super-
sphere:

D(P−1|2Q)Ω(Φ) =
∏
x

d(P−1|2Q)Ω(Φ(x)) . (2.26)
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Z(P |2Q) is chosen such that ⟨1⟩(P |2Q) = 1. Expectation values of observables are given
by

⟨A⟩(P |2Q) =
1

Z(P |2Q)

∫
D(P−1|2Q)Ω(Φ) Ae−S(P |2Q)(Φ) , (2.27)

A necessary condition for eq. (2.27) to make sense is that the partition function

Z(P |2Q) =

∫
D(P−1|2Q)Ω(Φ) e−S(P |2Q)(Φ) (2.28)

be different from zero.

2.3.1 Properties of the partition function

We will see that

1. for P > 2Q the partition function does not vanish for any real value of the
inverse coupling g−1

0 ,

2. for P < 2Q and odd P the partition function does not vanish except possibly
for isolated values of the inverse coupling g−1

0 ,

3. for P ≤ 2Q and even P the partition function vanishes identically.

These results follow from a couple of technical steps. The first useful observation is
that, since the bosonic integral in eq. (2.28) is on a compact manifold, the integral is
finite for any complex value of the inverse coupling g−1

0 since the partition function is
an entire function of g−1

0
3. Let us discuss these three cases separately.

1. For P > 2Q, the partition function Z(P |2Q) is identical to the partition function
of the purely bosonic O(P ′) non-linear sigma model with P ′ = P − 2Q. We will
prove this later. For these values of P and Q, the partition function is strictly
positive for any real value of g−1

0 .

2. For odd values of P satisfying P < 2Q, one can easily calculate the value of the
partition function for g−1

0 = 0 (i.e. vanishing action):

Z(P |2Q)(g
−1
0 = 0) = Z(1|2Q′)(g

−1
0 = 0)

=

∫
D(0|2Q′)Ω(Φ) =

[
2π

1
2
−Q′

Γ
(
1
2
−Q′

)]L2

=

[
2(2Q′ − 1)!!

(−2π)Q′

]L2

̸= 0 (2.29)

for 2Q′ = 2Q−P +1. Here we have used the expression for the solid superangle
given in eq. (C.7). Since Z(P |2Q) is entire in g−1

0 and is different from zero for
g−1
0 = 0, it must be different from zero everywhere except possibly for isolated

values of g−1
0 .

3An entire function, in general, is a complex-valued function that is holomorphic on the whole
complex plane. As a function of g−1

0 , the path integral Z(g−1
0 ) is an exponential, which is known to

be entire [123].
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3. For even values of P satisfying P ≤ 2Q, we get

Z(P |2Q) = Z(0|2Q′) =

∫
D(−1|2Q′)Ω(Φ) e−S(0|2Q′)(Φ) = 0 , (2.30)

where 2Q′ = 2Q−P . The partition function vanishes for every value of g−1
0 be-

cause the measure d(−1|2Q′)Ω vanishes identically, as discussed around eq. (2.23).

A crucial observation and important point about these supersymmetric models,
which we also used in the observations above, is that Z(P |2Q) depends on the param-
eters P and Q only via the combination (P − 2Q), in particular:

Z(P |2Q) =


Z(P−2Q|0) for P > 2Q

Z(1|2Q−P+1) for P < 2Q and P odd
Z(0|2Q−P ) for P ≤ 2Q and P even

. (2.31)

We prove these statements here.
Let us first look at the partition function. It is convenient to manipulate the action

in the following way:

S(P |2Q)(Φ) =
1

2g0

∑
x

a2∂̂µΦ(x) · ∂̂µΦ(x) =
1

2g0

∑
x

a2 Φ(x) · {−✷̂ }Φ(x) , (2.32)

where we have introduced the discretized Laplacian:

✷̂Φ(x) = −
∑
µ

∂̂†µ∂̂µΦ(x) =
∑
µ

Φ(x+ aµ̂)− 2Φ(x) + Φ(x− aµ̂)

a2
. (2.33)

We use the representation of the integration measure given in eq. (2.20), we intro-
duce an auxiliary parameter λ2, and we write the partition function as

Z(P |2Q) = e
λ2a2L2

2g0

∫
D(P |2Q)Φ e

− 1
2g0

∑
Λ2

a2Φ(x)·{−✷̂+λ2 }Φ(x)
∏
x

2δ(Φ(x) · Φ(x)− 1). (2.34)

Using the fact that the integral is localized on the supersphere, one easily checks that
the r.h.s. does not depend on λ2. Setting λ2 = 0 and using the representation of
the action in eq. (2.32), one recovers eq. (2.28). Nevertheless, the extra term in the
exponential inside the path integral will be useful to regularize potential divergences
related to zero modes which arise at intermediate stages of the calculation. Assuming
g0 > 0 and choosing λ2 > 0, the exponential under the integral sign in eq. (2.34) is a
Schwartz function in ϕ. The rapid decay of the exponential at infinity allows the use
the following representation of the delta function in terms of an auxiliary field M(x):

δ(Φ(x) · Φ(x)− 1) = lim
ϵ→0+

a2

4πg0

∫
dM(x) e

−i a2

2g0
{M(x)Φ(x)·Φ(x)−M(x)−iϵ|M(x)|}

, (2.35)

where the limit has to be understood in the sense of distributions. By plugging this
formula into eq. (2.34), the integral over Φ becomes Gaussian and can be explicitly
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calculated, yielding

Z(P |2Q) = e
λ2a2L2

2g0

(
a2

2πg0

) 2Q−P+2
2

L2

× lim
ϵ→0+

∫
DL e

1
2g0

∑
x a

2{iM(x)−ϵ|M(x)|}
det{−✷̂+ λ2 + iL}

2Q−P
2 . (2.36)

This expression shows that the partition function depends on P and Q only via the
combination P − 2Q, which is exactly what we want to prove.

2.4 Symmetries and conserved currents

At the classical level, the invariance of lattice-discretized action (2.24) under the action
of the supergroup OSp(P |2Q) implies the existence of exactly conserved currents on
the lattice. In this section, we will write the form of the classical conserved currents
in the continuum and on the lattice. In section 2.7 we will discuss in more detail what
the consequences of the target space symmetry at the quantum level are and how one
can derive the Ward identities associated to the OSp(P |2Q) symmetry. Notice that
repeated indices are understood to be summed over.

A generic matrix U ∈ OSp(P |2Q) acts on the field Φ on the left as UΦ and on
the right as ΦTUST , where UST is the supertranspose of U , defined in the Appendix
B. Consider a generic infinitesimal transformation X ∈ osp(P |2Q) that has the form:

X =

(
ωp T

p θT J
θ αqS

q

)
, (2.37)

where T p ∈ o(P ), Sq ∈ sp(2Q). The left action of this matrix on the field Φ leads to
the following local transformation of its components:

δϕ(x) = ωp(x)T
pϕ(x) + θT (x) J χ(x)

δχ(x) = θ(x)ϕ(x) + αq(x)S
qχ(x).

(2.38)

Notice that for the action of X on ΦT one needs to consider the supertranspose of X.
We can categorize the transformations as even and odd. Even transformations map
bosonic fields into bosonic fields and fermionic fields into fermionic fields, while odd
transformations mix the degrees of freedom.

The conserved current associated with the subset of O(P ) and Sp(2Q) symmetries
are, respectively

J O(P )
p,µ (x) =

1

g0

(
∂µϕ

T (x)T pϕ(x)− ϕT (x)T p∂µϕ(x)
)

(2.39)

J Sp(2Q)
q,µ (x) =

1

g0

(
∂µχ

T (x) J Sqχ(x)− χT (x) J Sq∂µχ(x)
)
, (2.40)

while the conserved current related to the odd transformation mixing the bosonic and
fermionic elements of the field Φ is

J odd
µαa(x) =

1

g0

∑
β

(∂µχβ(x) Jβα ϕa(x)− χβ(x) Jβα ∂µϕa(x)) (2.41)
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The OSp(P |2Q) target space symmetry is of course preserved by the worldsheet lattice
discretization, so the currents are defined also on the lattice. Let’s start from the
following form of the action, obtained by expanding the discrete derivatives in (2.32)

S(P |2Q)(Φ) =
1

g0

[
2L2 −

∑
xµ

(Φ(x+ aµ̂) · Φ(x))

]
. (2.42)

We will compute step by step only the mixed Grassmann odd currents, as the
bosonic currents are straightforward to compute. Writing the field Φ in terms of its
components, the variation of the action with respect to an odd transformation is

δS = − 1

g0

∑
xµ

(
−χ(x+ aµ̂)TJ θ(x+ µ̂)ϕ(x) + ϕT (x+ aµ̂)θ(x)Jχ(x)

−ϕT (x+ aµ̂)θ(x+ µ̂)Jχ(x) + χ(x+ aµ̂)TJθ(x)ϕ(x)
)

=
1

g0

∑
xµ

∑
aαβ

a ∂̂µθαa (χ(x+ aµ̂)β Jβαϕa(x) + χβ(x)Jαβϕa(x+ aµ̂))

=
∑
xµ

∑
aαβ

a ∂̂µθαa(x)J odd
µαa(x). (2.43)

The odd current on the lattice takes an analogous form to the continuum

J odd
µαa(x) =

1

g0
(χ(x+ aµ̂)β Jβαϕa(x) + χβ(x)Jαβϕa(x+ aµ̂)) . (2.44)

Finally, the bosonic currents assume the following form on the lattice:

J O(P )
µ p (x) =

1

g0
ϕ(x+ aµ̂)T T p ϕ(x) , (2.45)

J Sp(2Q)
µ q (x) =

1

g0
χ(x+ aµ̂)TJ Sq χ(x) . (2.46)

2.5 Correlation functions

In this section, we will show that the n-point correlation functions for the OSp(P |2Q)
and OSp(P ′|2Q′) non-linear sigma models, with P − 2Q = P ′ − 2Q′, satisfy the
following identity:

⟨ϕa1(x1) · · ·ϕap(xp)ψα1(y1) · · ·ψαq(yq)ψβ1(z1) · · ·ψβr(zr)⟩(P |2Q)

= ⟨ϕa1(x1) · · ·ϕap(xp)ψα1(y1) · · ·ψαq(yq)ψβ1(z1) · · ·ψβr(zr)⟩(P ′|2Q′) , (2.47)

provided that only components of the fields that makes sense in both expectation
values are considered, i.e.

ak ≤ min{P, P ′} , αk ≤ min{Q,Q′} , βk ≤ min{Q,Q′} . (2.48)
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We will now derive the form of n-point functions for these models. The analysis
of n-point functions follows closely what was done for the partition function.

Using the representation Φ = (ϕ, ψ, ψ) and given the external sources for the
bosonic and fermionic fields K and η, respectively, the correlation functions are com-
puted from the generating functional Z(P |2Q) [K, η, η̄]

Z(P |2Q) [K, η, η] =

∫
dPϕ dQψ dQψ δ(ϕTϕ+ 2ψψ − 1)

× exp

[
−S(P |2Q)(ϕ, ψ, ψ) +

∑
x

a2

g0
(KT (x)ϕ(x) + η(x)ψ(x) + ψ(x)η(x))

]
. (2.49)

To find an expression for the correlators, it is convenient to apply the representation
of the delta function in eq. (2.35) in terms of the auxiliary field M to render the
integrals over ϕ and ψ, ψ Gaussian. We can then perform the integrals, yielding the
following form for the generating functional:

Z(P |2Q) [K, η, η] = e
λ2a2L2

2g0

(
a2

2πg0

) 2Q−P+2
2

L2

× lim
ϵ→0+

∫
DM exp

[
a2

2g0

∑
x

(
iM(x)− ϵ|M(x)|

+
a2

g0

∑
y

KT (x)(−✷̂+ λ2 + iM)−1(x, y)K(y)

+ 2
a2

g0

∑
y

η(x)(−✷̂+ λ2 + iM + λ2)−1(x, y)η(y)
)]

× det{−✷̂+ λ2 + iM}
2Q−P

2

(2.50)

The n-point functions are then computed from the following functional derivatives:

⟨ϕa1(x1) · · ·ϕap(xp)ψα1(y1)ψβ1(z1) · · ·ψαq(yq)ψβp(zp)⟩(P |2Q)

= gp+q0

1

Z(P |2Q)

δp+qZ(P |2Q) [K, η, η]

δKa1(x1) · · · δKap(xp)δηα1(y1)δηβ1(z1) · · · δηαq(yq)δηβq(zq)

∣∣∣∣∣
K=η=η=0

.

(2.51)

The functional derivatives will generate an integral of products of ϕ and ψ, yielding
Wick contractions. The only non-vanishing Wick contractions are

ϕa(x)ϕb(y) =
g0δab

a2(−✷̂+ λ2 + iM)
(x, y) , (2.52)

ψα(x)ψβ(y) =
g0Jβα

a2(−✷̂+ λ2 + iM)
(x, y) . (2.53)

In particular, the expectation values in eq. (2.47) do not vanish only if p is even, and
q = r. Assuming p even, applying the functional derivative to eq. (2.50), we get finally
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the following form for the n-point correlators:

⟨ϕa1(x1) · · ·ϕap(xp)ψα1(y1)ψβ1(z1) · · ·ψαq(yq)ψβp(zp)⟩(P |2Q)

=
∑
σ∈Σp

∑
τ∈Σq

C(P |2Q)(xσ(1), . . . , xσ(p), y1, zτ(1), . . . , yq, zτ(q))

×

[
1

2p/2(p/2)!

∏
i=1,3,...,p−1

δaσ(i),aσ(i+1)

][
sgn(τ)

∏
i=1,2,...,q

δαi,βτ(i)

]
, (2.54)

where Σn is the set of permutations of the first n positive numbers, sgn(τ) is +1 (resp.
−1) if the permutation τ is even (resp. odd), and the functions C(P |2Q) are defined by

C(P |2Q)(x1, . . . , xn) =
e

λ2a2L2

2g0

Z(P |2Q)

(
a2

2πg0

) 2Q−P+2
2

L2

(2.55)

× lim
ϵ→0+

∫
DL e

1
2g0

∑
x a

2{iM(x)−ϵ|M(x)|}
det{−✷̂+ λ2 + iM}−

P−2Q
2

×
∏

i=1,3,...,n−1

g0
a2(−✷̂+ λ2 + iM)

(xi, xi+1) .

Notice that this function does not distinguish between bosonic and fermionic compo-
nents. This is a consequence of the fact that the only differences in the fermion and
boson Wick contractions are in the Kronecker deltas and possible minus signs due to
the anticommutation of fermions. Both the Kronecker deltas and the fermionic signs
have been taken out of the definition of C(P |2Q) and included explicitly in eq. (2.54).
Eq. (2.5) shows that the function C(P |2Q) depend on P and Q only via the combination
P − 2Q. Eq. (2.47) follows, provided that only components of the fields that makes
sense in both expectation values are considered.

2.5.1 Example: The OSp(3|2)-invariant sigma model

The OSp(3|2)-invariant sigma model is the simplest model on a supersphere with
P > 2Q. According to formula (2.31) its partition function is equal to the partition
function of the O(1) = Z2

4 invariant model, the Ising model. We will now write
explicitly the form of two-point and 4-point correlators for the OSp(3|2) invariant
sigma model and check explicitly how they are related to the correlators of the Ising
model. Let’s start with the two-point correlators, following the general formula in
eq. (2.54)

⟨ϕa(x)ϕb(y)⟩ = C(3|2)(x, y)δab

⟨ψα(x)ψβ(y)⟩ = C(3|2)(x, y)Jβα, (2.56)

4The group O(1) is composed only by the elements {±1}, so it is isomorphic to Z2
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where C(3|2)(x, y) is

C(3|2)(x, y) =
e

λ2a2L2

2g0

Z(3|2)

(
a2

2πg0

)L2

2

(2.57)

lim
ϵ→0+

∫
DL e

1
2g0

∑
x a

2{iM(x)−ϵ|M(x)|}
det{−✷̂+ λ2 + iM}−

1
2

× g0
a2(−✷̂+ λ2 + iM)

(x, y).

For the 4-point correlators, we have the possible combinations:

⟨ϕa(x)ϕb(y)ϕc(w)ϕd(z)⟩, ⟨ϕa(x)ϕb(y)ψα(w)ψβ(z)⟩ and

⟨ψα(x)ψβ(y)ψγ(w)ψδ(z)⟩.
The correlators have the following form:

⟨ϕa(x)ϕb(y)ϕc(w)ϕd(z)⟩ = C(3|2)(x, y, w, z)δabδcd

+C(3|2)(x, w, y, z)δacδbd + C(3|2)(x, z, y, w)δadδbc (2.58)

⟨ϕa(x)ϕb(y)ψα(w)ψβ(z)⟩ = C(3|2)(x, y, w, z)Jβαδab

⟨ψα(x)ψβ(y)ψγ(w)ψδ(z)⟩ = C(3|2)(x, y, w, z)JαβJδγ − C(3|2)(x, z, w, y)JαδJβγ.

2.6 Perturbation theory

To generate a perturbative expansion, we need a parametrization of the field Φ in
terms of independent variables. A convenient parametrization of the supersphere is

Φ = (φ1, . . . , φP−1, ϕP , χ1, . . . , χ2Q) . (2.59)

The ϕP component is singled out, and so we perform the integration over ϕP solving
locally the constraint Φ · Φ for ϕP

ϕP (x) = s(x)σ(x), (2.60)

where s = ±1 and σ is defined as

σ =
√

1− φTφ− χT J χ =
√

1− φTφ+

Q∑
q=1

(
1/2

q

)
(χTJχ)q(1− φTφ)

2q−1
2 . (2.61)

where (
1/2

g

)
=

1
2

(
1
2
− 1
) (

1
2
− 2
)
. . .
(
1
2
− q + 1

)
q!

is the generalized binomial coefficient, and we used eq. (2.21) to expand σ. Using the
identity

δ(Φ(x) · Φ(x)− 1) =
∑

s(x)=±1

θ
(
1− φT (x)φ(x)

)
2σ(x)

δ(ϕP (x)− s(x)σ(x)) , (2.62)
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It can be proved that this expression of the constraint δ(Φ ·Φ− 1) is compatible with
eq. (2.22). Inserting the expansion of σ given in eq. (2.61) we get

δ(ϕP − sσ) =

Q∑
q=0

(χTJχ)qδ(q)
(
ϕp − s

√
1− φTφ

)
(2.63)

Plugging this into eq. (2.62), we recover the expression in eq. (2.22).
The integration measure assumes the following form:

dΩ(P−1|2Q)(φ, χ) = (2π)−Q
∑

s(x)=±1

θ(1− φTφ)

σ(x)
dP−1φd2Qχ. (2.64)

The factor σ−1 present in the measure can be conveniently incorporated in an effective
action

Seff(s, φ, χ) = S(s, φ, χ) +
∑
x

log σ(x) . (2.65)

In the r.h.s. of this equation, the parametrization of Φ given in eq. (2.79), the definition
of σ given by eq. (2.61), and the solution of the constraint (2.62) i.e. ϕP = sσ are
understood. Solving the constraint for ϕP thus introduces an additional term, and the
interactions generated by this term are well-defined on the lattice regularized version
of this sigma model.

One can actually show that, as for the O(N) model, with this parametrization the
action S(φ, χ) takes the form (2.1)

S(Π) =
1

2g0

∫
d2x gab(Π)∂̂µΠa(x)∂̂µΠb(x), (2.66)

where the field Π has now to be interpreted as Π = (φ1, . . . , φP−1, χ1, . . . , χ2Q) and
the metric tensor is

gab(Π) = δab +
ΠaΠb

σ2
, a = 1, . . . , 2Q+ (P − 1). (2.67)

2.6.1 Non-linear group representation

We decompose the set of generators of the Lie superalgebra osp(P |2Q) into the set
of generators of the stabilizer supergroup and the complementary set. The stabilizer
group OSp(P−1|2Q) acts linearly on the fields φ, χ and leaves σ invariant and generic
infinitesimal transformation of osp(P − 1|2Q) will clearly have the structure given by
(2.37) and will act on the fields as

δφa = ωpT
p
abφb + ϵ θaαJαβχβ;

δχα = ϵ θαaφa + αqS
q
αβχβ;

δσ = 0.

(2.68)
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On the other hand, an infinitesimal transformation of the complementary set
osp(P |2Q)/osp(P − 1|2Q) acts on the fields in the following way:

δφa = τaσ

δχα = sασ

δσ = −
(
τTφ+ sT J χ

)
,

(2.69)

in which τa and sα are constant infinitesimal parameters of the transformation. The
complementary set acts non-linearly on the fields φ and χ. The action (2.66) is
invariant under the action of both the set of generators. We will now show that the
measure (2.64) is also invariant under the action of these transformations. Given an
infinitesimal transformation of the stabilizer group

dΩ(P−1|2Q)(φ′, χ′) = Sdet

(
δ(φ′, χ′)

δ(φ, χ)

)
dΩ(P−1|2Q)(φ, χ). (2.70)

We call Sdet
(
δ(φ′,χ′)
δ(φ,χ)

)
the superjacobian of the transformation matrix

δ(φ′, χ′)

δ(φ, χ)
=

(
1P−1 + ωp T

p ϵθT J
ϵθ 12Q + αq S

q

)
, (2.71)

For the definition of the superdeterminant, see the Appendix B. We have

Sdet

(
δ(φ′, χ′)

δ(φ, χ)

)
= det (1P−1 + ωpT

p) det
(
12Q + αqS

q − θ (1P−1 − ωpT
p) θT J

)−1
.

(2.72)

Using the formula det(1+ ϵA) = 1+ ϵTrA+O(ϵ2) and the properties of the osp(P −
1|2Q) algebra, we see that both the determinants are equal to one and the measure is
then invariant under the action of the stabilizer group. If the transformation belongs
to the complementary group

dΩ(P−1|2Q)(φ′, χ′) = Sdet

(
δ(φ′, χ′)

δ(φ, χ)

)
dP−1φd2Qχ

σ′ . (2.73)

Where the Jacobi matrix δ(φ′,χ′)
δ(φ,χ)

now is

δ(φ′, χ′)

δ(φ, χ)
=

(
1P−1 − τφ

σ
0

0 12Q + s Jχ
σ

)
. (2.74)

The superdeterminant is

Sdet

(
δ(φ′, χ′)

δ(φ, χ)

)
= det(1P−1 −

τφ

σ
) det(12Q +

s Jχ

σ
)−1

≃
(
1− τTφ+ sT Jχ

σ

)
.

(2.75)
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Incorporating the superjacobian in the measure, and using the transformation rules
(2.69) for σ the measure takes the form

dΩ(P−1|2Q)(φ′, χ′) =

(
1− τTφ+ sT Jχ

σ

)
dP−1φd2Qχ

σ′

=

(
1− τTφ+ sT Jχ

σ

)
dP−1φd2Qχ

σ
(
1− τTφ+sT Jχ

σ

) = dΩ(P−1|2Q)(φ, χ), (2.76)

and one finally proves that the measure is invariant under the complementary
group’s action.

2.6.2 Perturbative expansion

In order to define a regular perturbation theory and avoid issues with zero modes in
finite volume and infrared divergences in infinite volume, following [47], we introduce
an IR-cut-off. A convenient method to give a mass to the perturbative degrees of
freedom is to add an extra term in the action. In this and in the next sections, we
drop the (P |2Q) subscript if no confusion arises, and the action will be

S(Φ) =
1

g0

∑
x

a2

{
1

2

∑
µ

∂̂µΦ(x) · ∂̂µΦ(x)−m2
0σ(x)

}
. (2.77)

The extra term −m2
0

∑
x σx can be interpreted as a constant source for the σ-field (a

magnetic field in a model of classical spins). In the field integral (2.28), the parameter
g0, from the point of view of classical statistical physics plays the role of a temperature,
or from the point of view of quantum physics the role of ℏ. Therefore, an expansion
in powers of g0 is a loop expansion. For g0 small, the fields φ and ψ, ψ that contribute
to the field integral are such that ∂̂µφ, ∂̂µψ, ∂̂µψ ∼ √

g0 and, since we expand around
φ = ψ = ψ = 0, the fields themselves must satisfy

φ ∼ √
g0 , ψ, ψ ∼ √

g0. (2.78)

We then reparametrize the superfield as follows

Φ = (
√
g0φ1, . . . ,

√
g0φP−1, ϕP ,

√
g0ψ1, . . . ,

√
g0ψQ,

√
g0ψ1, . . . ,

√
g0ψQ) . (2.79)

The integration over ϕP can be carried out using the identity in eq. (2.62). For a
generic function f(Φ), the expectation value can be written as

⟨f(Φ)⟩ = 1

Zeff

∑
s s.t.

s(x)=±1

∫
|φ(x)|<g−1

0

dP−1φdQψ dQψ e−Seff(s,φ,ψ,ψ)f(Φ) , (2.80)

where the integration constraint comes from the Heaviside function in eq. (2.62). The
effective action can be expanded in powers of the coupling constant. The leading
order is nothing but the action of the Ising model:

Seff(s, φ, ψ, ψ) =
1

g0

∑
x

a2

{
1

2

∑
µ

[
∂̂µs(x)

]2
+m2

0[1− s(x)]

}
+O(g00) . (2.81)
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2.7. Renormalizability on the lattice

For g0 → 0, this term localizes the sum over spin configurations in eq. (2.80) on s = 1.
Assuming s = 1, the next-to-leading order in the expansion of the effective action is
the free action for the bosonic and fermionic fluctuations:

Seff(1, φ, ψ, ψ) = S0(φ, ψ, ψ) + ∆S(φ, ψ, ψ) , (2.82)

S0(φ, ψ, ψ) =
∑
x

a2
{
1

2
φ(x)T (−✷̂+m2

0)φ(x) + ψ(x)(−✷̂+m2
0)ψ(x)

}
, (2.83)

∆S(φ, ψ, ψ) = O(g0) . (2.84)

At any given order R in the perturbative expansion, the generic expectation value in
eq. (2.80) can be written as

⟨f(Φ)⟩ =

∑R
r=0

1
r!

〈
f(Φ)

[
−∆S(φ, ψ, ψ)

]r〉
0∑R

r=0
1
r!

〈[
−∆S(φ, ψ, ψ)

]r〉
0

+O
(
g
2(R+1)
0

)
, (2.85)

where we have defined the expectation value with respect to the free action

⟨f(Φ)⟩0 =
1

Z0

∫
dP−1φdQψ dQψ e−S0(φ,ψ,ψ)f(Φ) . (2.86)

Notice that the restriction |φ(x)| < g−1
0 in the integral in eq. (2.80) has been dropped,

since it generates contributions that vanish faster than any positive power of g0. As
usual, the free action S0 determines the propagators of the bosonic and fermionic
fluctuations:

⟨φa(x)φb(y)⟩0 = δabD0(x− y) , (2.87)

⟨ψα(x)ψβ(y)⟩0 = δαβD0(x− y) , (2.88)

where D0(z) is the standard scalar propagator on the lattice, i.e.

D0(z) =
1

L2

∑
p

eipx∑
µ

4
a2
sin2 apµ

2
+m2

0

, (2.89)

where the sum runs over values of pµ = 2π
L
kµ with kµ = 0, 1, . . . , N − 1. The fact

that bosons and fermions have the same propagator is an obvious consequence of
the symmetries of the model. In particular, no doubling problem arises for fermions,
which should not be surprising since the assumptions of the Nielsen-Ninomiya theorem
[124,125] are trivially violated in this case.

2.7 Renormalizability on the lattice

For P ≥ 1 the OSp(P |2Q) non-linear sigma model is renormalizable at all orders
in the perturbative expansion with the lattice regulator. We will prove this in this
section, following the strategy used in [47] to prove the renormalizability of the O(N)
model, using the set of variables given by (2.79)-(2.61) that solve the constraint. We
will use the Ward identities to analyze the structure of ultraviolet divergences and
constrain the counterterms needed for renormalization.
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2.7.1 Analysis of the Ward-Takahashi identities

We will now derive a set of Ward-Takahashi identities expressing the consequence of
the OSp(P |2Q) symmetry for correlation functions. All the computations will be done
on the lattice, but the proof is still valid if we consider the theory regularized in the
continuum. Working with the lattice regularized model, it is important to consider
the role of the term coming from the integration measure in eq. (2.65). However, we
will see that introducing this measure term does not change the arguments about the
renormalization of the theory. We will then work on the proof of the renormalization
of the OSp(P |2Q) NLSM without considering the measure term, and refer to the end
of the section for the discussion on the role of the measure.

We start by defining the generating functional Z [K, η,H]

Z [K, η,H] =

∫
dΩ(P−1|2Q)(φ, χ) exp [−S(φ, χ,K, η,H)] , (2.90)

where K, η and H are the sources for the fields φ, χ and σ respectively and

S(φ, χ, J, η,H) = S(φ, χ)− a2

2g0

∑
x

(
KT (x)φ(x) + η(x)T J χ(x) + σ(x)H(x)

)
.

(2.91)
The following form for the action is chosen:

S(φ, χ) =
a2

2g0

∑
x

[∑
µ

(
∂̂µφ

T ∂̂µφ+ ∂̂µχ
T J ∂̂µχ+ ∂̂µσ∂̂µσ

)
+m2

0σ

]
. (2.92)

The generating functional Z [K, η,H] has to be invariant under infinitesimal local
transformations of the fields. This means that

δZ =

∫
dΩ(P−1|2Q)(Φ) exp [−S(φ, χ,K, η,H)]×∑

x

a2

2g0

(
KT (x)δφ(x) + ηT (x) J δχ(x) +H(x)δσ(x)

)
= 0.

(2.93)

Consider a set of transformations of the type (2.71) and insert them into (2.93) (re-
peated indices are summed over)

δZ =

∫
dΩ(P−1|2Q)(φ, χ) exp [−S(φ, χ,K, η,H)]

×
∑
x

a2

2g0

[
ωp T

p
abKa(x)φb(x) + ϵθaα JαβKa(x)χβ(x) + αqS

q
βγηα(x) Jαβ χγ(x)

+ϵηα(x) Jαβθβaφa(x)]

=
∑
x

a2

2g0

[
ωp T

p
abKa(x)

δZ

δKb(x)
+ ϵθaα JαβKa(x)

δZ

δηβ(x)
+ αqS

q
βγηα(x) Jαβ

δZ

δηγ(x)

+ϵηα(x) Jαβθβa
δZ

δKa(x)

]
.

(2.94)
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2.7. Renormalizability on the lattice

Factorizing each transformation parameter, we get the following equations with re-
spect to the sources K and η:

∑
x

T pabKa(x)
δZ

δKb(x)
= 0

∑
x

θaαηβ(x)Jαβ
δZ

δKa(x)
= 0

∑
x

Sqαβηβ(x) Jαβ
δZ

δηα(x)
= 0

∑
x

θαa JαβKa(x)
δZ

δηβ(x)
= 0. (2.95)

If we take the non-linear transformations in (2.69), the generating functional
Z [K, η,H] transforms as

δZ =

∫
dΩ(P−1|2Q)(φ, χ) exp

[
− S +

∑
x

a2

2g0

(
KT (x)φ(x) + ηT (x) J χ(x) +H(x)σ(x)

)]

×
∑
x

a2

2g0

(
τTK(x)σ(x) + ηT (x) J s σ(x)−H(x)(τTφ(x) + sT J χ(x))

)
=
∑
x

a2

2g0

(
τTK(x)

δZ

δH(x)
+ ηT (x) J s

δZ

δH(x)
−H(x)τT

δZ

δK(x)
−H(x)sT J

δZ

δη(x)

)
.

(2.96)

Factorizing t and s we get two set of equations:

∑
x

[
Kx a

δZ

δHx

−Hx
δZ

δKx a

]
= 0

∑
x

[
Jαβηxβ

δZ

δHx

−HxJαβ
δZ

δηxβ

]
= 0 .

(2.97)

These first order linear differential equations make no reference to the non-linear char-
acter of the transformations (2.69). They are structurally identical to the equations
(2.95) we have obtained for the linear symmetry, when K(x), η(x) and H(x) are the
sources for the independent fields φ(x), χ(x) and for the field σ(x). Equations (2.95)
and (2.97) immediately imply identical equations for the generating functional of
connected correlation functions W = g0 lnZ. However, if we want to look at the con-
sequences that the symmetry has on the one-particle irreducible functional Γ, defined
as the Legendre transform of W

Γ[φ, χ,H] = a2
∑
x

[Ka(x)φa(x) + ηα(x)Jαβχβ(x)]−W [K, η,H] , (2.98)

the two different symmetry transformations will give two different sets of differential
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equations for Γ. The following relations hold between the two functionals:

δW

δKa(x)
= φa(x) (2.99)

δW

δηα(x)
= χα(x) (2.100)

δΓ

δφa(x)
= Ka(x) (2.101)

δΓ

δχα(x)
= Jαβηβ(x) (2.102)

H(x) is an external parameter so the following identity is true:

δW

δH

∣∣∣∣
K

= − δΓ

δH

∣∣∣∣
φ

. (2.103)

(2.104)

Using the properties of the Legendre transform (2.99), one then gets from (2.95) the
following set of equations for the one-particle irreducible functional Γ:∑

x

T pabφb(x)
δΓ

δφa(x)
= 0

∑
x

θaα Jαβχβ(x)
δΓ

δφa(x)
= 0

∑
x

Sqαβχβ(x)
δΓ

δχα(x)
= 0

∑
x

θαaφa(x)
δΓ

δχα(x)
= 0. (2.105)

For the non-linear transformations, the Legendre transform of the equations (2.97)
for W [K, η,H] are ∑

x

[
δΓ

δH(x)

δΓ

δφa(x)
+Hφa(x)

]
= 0,

∑
x

[
δΓ

δH(x)

δΓ

δχα(x)
+Hχβ(x)Jαβ

]
= 0.

(2.106)

Equations (2.105) and (2.106) imply the invariance of the regularized functional
Γ[φ, χ,H] under the group’s action. The equations satisfied by the generating func-
tional are of the same type of the O(P −2Q) model in [47]. The only difference is that
we obtain two set of equations, one with respect to the fields φ and χ respectively
instead of only one.
The Ward-Takahashi identities for vertex functions are obtained from these sets by
expanding in powers of the fields φ and χ. These are the basic equations from which
the general form of the counter-terms that render the theory finite can be derived.
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Notice that the equations (2.106) are quadratic in the vertex functional Γ. This is an
essential difference with the case of linearly realized symmetries, a property that is
shared with non-Abelian gauge theories.

To build the proof of renormalizability, we now prove the the stability of equations
(2.105) and (2.106) under renormalization. For this, we make a loop expansion, that
is, as the explicit form of the action shows, an expansion of Γ[φ, χ,H] as a series of
the coupling g0

Γk =
∞∑
n=0

Γ
(n)
k gnσ . Γ

(0)
0 = S(φ, χ,H) ≡ g0S(φ, χ)− a2

∑
x

Hxσx, (2.107)

where we have defined the normalized action S by multiplying the original action by
a factor of g0, and the index k stands for the fact that the 1PI functional has been
rendered finite up to the order k.

We will do a separate analysis for the two sectors of the symmetry. We will first
consider the linear symmetry. Starting with k = 0, equation (2.105) is linear in Γ and
independent of g0, it holds for each order in the perturbative expansion and so also
for the regularized action Γ

(0)
0 = S(φ, χ,H).

The regularized one-loop functional Γ(1)
0 satisfies the equation (2.105). We now

examine the a → 0 behaviour 5 and consider the asymptotic expansion in terms of
the regularizing parameter: since equations (2.105) are valid for any value of the
regularizing parameter, they are true for each term in the expansion and thus for the
sum of the divergent contributions Γ

(1)
0 div, defined in any minimal subtraction scheme

∑
x

T pabφb(x)
δΓ

(1)
0 div

δφa(x)
= 0

∑
x

θaα Jαβχβ(x)
δΓ

(1)
0 div

δφa(x)
= 0

∑
x

Sqαβχβ(x)
δΓ

(1)
0 div

δχα(x)
= 0

∑
x

θαaφa(x)
δΓ

(1)
0 div

δχα(x)
= 0.

(2.108)

If we consider now the set of equations (2.106), we can proceed similarly. One can
check, either directly or by inserting the loop expansion of Γ in (2.106), that the initial
action with the external field, S(φ, χ,H), satisfies both the equations in (2.106).∑

x

[
δS(φ, χ,H)

δH(x)

δS(φ, χ,H)

δφa(x)
+Hφa(x)

]
= 0,

∑
x

[
δS(φ, χ,H)

δH(x)

δS(φ, χ,H)

δχα(x)
+Hχβ(x)Jαβ

]
= 0. (2.109)

5In the continuum theory, this would be the large cut-off behaviour or in dimensional regulariza-
tion when d → 2
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We insert the expansion into equation (2.106). At one-loop level we have the following
set of equations:

∑
x

[
δΓ

(0)
0

δH(x)

δΓ
(1)
0

δφa(x)
+

δΓ
(1)
0

δH(x)

δΓ
(0)
0

δφa(x)

]
= 0

∑
x

[
δΓ

(0)
0

δH(x)

δΓ
(1)
0

δχα(x)
+

δΓ
(1)
0

δH(x)

δΓ
(0)
0

δχα(x)

]
= 0.

(2.110)

We represent these equations symbolically with

Γ
(0)
0 ⋆φ Γ

(1)
0 = 0,

Γ
(0)
0 ⋆χ Γ

(1)
0 = 0. (2.111)

Equations (2.110) are satisfied for all values of the regularizing parameter. We con-
clude that the divergent part Γ

(1)
0 div also satisfies equation (2.110)

Γ
(0)
0 ⋆φ Γ

(1)
0 div = 0,

Γ
(0)
0 ⋆χ Γ

(1)
0 div = 0. (2.112)

General renormalization theory implies that Γ
(1)
0 div is a general local functional of the

fields only restricted by power counting. By adding −g0Γ(1)
0 div to the action S(φ, χ,H)

S1(φ, χ,H) = S(φ, χ,H)− g0Γ
(1)
0 div(φ, χ,H) +

∞∑
n=2

δgn0S
(n)
1 (φ, χ,H), (2.113)

we render the theory finite at one-loop order.
Notice that we have introduced higher-order terms of the form δgn0S

(n)
1 (φ, χ,H).

These terms will not contribute to the one-loop order and are chosen in such a way
that S1(φ, χ,H) satisfies the non-linear equation (2.109) exactly. Indeed, this can be
verified by substituting (2.113) into (2.109):

• At the order 0, eq. (2.109) is verified since the original action S(φ, χ,H) satisfies
it.

• At one-loop order, we recover eq. (2.112). .

• For higher orders, eq. (2.109) then progressively determines the form of addi-
tional terms in S1(φ, χ,H).

We now generalize the argument to all orders in the loop expansion. Starting with
the linear symmetry, we go to k = 1 and the new two-loop functional Γ2 satisfies the
same equation (2.105). After one-loop renormalization, Γ2 has only local divergences,
which also satisfy equation (2.108). and all arguments can be repeated. The argu-
ments extend to all orders. For the non-linear equations, we proceed by induction
over the number of loops: we assume that it has been possible to construct an action
Sn−1 that satisfies the equations (2.109) and such that Γn−1 has been renormalized up
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to order n−1. Similar to the one-loop case, the fact that Sn−1 satisfies (2.109) implies
that the generating functional Γn−1 satisfies the equations in (2.106). The n-th order
(n > 0) in a loop expansion then takes the form

n∑
p=0

Γ
(p)
n−1 ⋆φ Γ

(n−p)
n−1 = 0,

n∑
p=0

Γ
(p)
n−1 ⋆χ Γ

(n−p)
n−1 = 0, (2.114)

and therefore

Γ
(0)
n−1 ⋆φ Γ

(n)
n−1 + Γ

(n)
n−1 ⋆φ Γ

(0)
n−1 = −

n−1∑
p=1

Γ
(p)
n−1 ⋆φ Γ

(n−p)
n−1 ,

Γ
(0)
n−1 ⋆χ Γ

(n)
n−1 + Γ

(n)
n−1 ⋆χ Γ

(0)
n−1 = −

n−1∑
p=1

Γ
(p)
n−1 ⋆χ Γ

(n−p)
n−1 . (2.115)

The induction hypothesis implies that the right-hand side is finite. The divergent part
of the equation thus has to satisfy

Γ
(0)
n−1 ⋆φ Γ

(n)
n−1 div + Γ

(n)
n−1 div ⋆φ Γ

(0)
n−1 = 0,

Γ
(0)
n−1 ⋆χ Γ

(n)
n−1 div + Γ

(n)
n−1 div ⋆χ Γ

(0)
n−1 = 0, (2.116)

The form of the equations are identical for φ and χ and independent of n. For the
next steps of the induction proof we will then only consider the equations with respect
to φ. We define Sn, the renormalized action at order n

Sn = Sn−1 − gnΓ
(n)
n−1 div +

∞∑
m=n+1

gmδS(m)
n . (2.117)

It follows that

Sn ⋆φ Sn −K = (Sn−1 − gnΓ
(n)
n−1 div) ⋆φ (Sn−1 − gnΓ

(n)
n−1 div)−K +O(gn+1)

= −gn(Sn−1 ⋆φ Γ
(n)
n−1 div + Γ

(n)
n−1 div ⋆φ Sn−1) +O(gn+1).

(2.118)

At this order Sn−1 can be replaced by Γ
(0)
n−1 and using equation (2.116) we have

Sn ⋆φ Sn −K = O(gn+1). (2.119)

Hence Sn satisfies equations (2.109) at order n. As in the case n = 1, we then
choose the higher order terms δS(p)

n in such a way that Sn satisfies equations (2.109)
exactly. This concludes the induction. The generating functional of renormalized
vertex function satisfies equations (2.106), while the complete renormalized action
satisfies equation (2.109). The renormalized action is now the general solution of
equation (2.109), consistent with OSp(P |2Q) symmetry, locality and power counting.
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The measure We will now discuss the role of the contribution coming from the
invariant measure in Seff as defined in (2.65).

The vertices generated by the measure term are not multiplied by a factor 1/g0,
in contrast with those coming from the classical action. This does not affect the
renormalization arguments. In fact, let’s first impose that equation (2.109) is still
true for Seff(φ, χ,H) = g0Seff(φ, χ,H). We can easily check that at tree level∑

x

[
δSeff(φ, χ,H)

δH(x)

δSeff(φ, χ,H)

δφa(x)
+Hφa(x)

]
=
∑
x

[
δS(φ, χ,H)

δH(x)

δS(φ, χ,H)

δφα(x)
+Hφa(x)

]
+O(g0) = 0. (2.120)

The vertices generated by the measure term only contribute from the one-loop
level, in this case under the form of their tree approximation. If they contain a
divergent part, this will be taken into account in Γ

(1)
0 div.

If we consider a generic order n > 0, once Γn is rendered finite, if we modify the
measure term by a divergent term of order gn, to take into account the n-th order
renormalization, this will affect Γ(n+1)

n ,Γ
(n+2)
n , . . . which are not yet renormalized, but

leave Γ
(n)
n unchanged. Therefore, it is possible to introduce the field renormalization

into the measure without changing the arguments given above about renormalization.
Similar arguments can be made for the linear symmetry.

2.7.2 The renormalized action

We first determine the renormalized action, the general solution of the equations
(2.109), and then show how the renormalization appears order by order in perturbation
theory. In this subsection, we will not treat the linear part in detail, as it is trivial
and treated in any textbook.

The general form of the renormalized action Sr will be the most general functional
of the fields φ, χ compatible with power counting, invariant under OSp(P − 1|2Q),
that satisfies the linear equations eq. (2.105) and solves equations (2.109):∑

x

(
δSr
δH(x)

δSr
δφa(x)

+H(x)φa(x)

)
= 0

∑
x

(
δSr
δH(x)

δSr
δχα(x)

+H(x)χα(x)

)
= 0.

(2.121)

Power counting tells us that for d = 2, the dimension [φ], [χ] and [H] are, respectively

[φ] = [χ] = 0,

[H] = 2. (2.122)

The action density has dimension 2, so the action will have the general form

Sr(φ, χ,H) = Sr(φ, χ)−
∑
x

H(x)σr(φ(x), χ(x)), (2.123)
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The coefficient σr(φ(x), χ(x)) is dimensionless and doesn’t depend on any derivative
of the fields, while Sr(φ, χ) has dimension 2 and contains terms with at most two
derivatives. Using equation (2.121), the coefficient of H(x) satisfies

σr(φ(x), χ(x))
δσr

δφa(x)
+ φa(x) = 0

σr(φ(x), χ(x))
δσr

δχα(x)
+ χα(x) = 0. (2.124)

σr is derivative-free and OSp(P −1|2Q)-invariant, so the general solution of the equa-
tions is simply

σ2
r(φ(x), χ(x)) + φT (x)φ(x) + χT (x) J χ(x) = Z−1. (2.125)

This shows that σr(φ, χ) is the renormalized σ-field, and that Z is the field renormal-
ization constant. For H(x) = 0, equation (2.121) reduces to∑

x

(
δSr

δφa(x)
σr(φ(x), χ(x))

)
= 0

∑
x

(
δSr

δχα(x)
σr(φ(x), χ(x))

)
= 0. (2.126)

The equations imply that Sr(φ, χ) is invariant under an infinitesimal transformation
of the form

δφa = τaσr = τa
(
Z−1 − φT (x)φ(x)− χT (x) J χ(x)

)1/2
δχα = sασr = sα

(
Z−1 − φT (x)φ(x)− χT (x) J χ(x)

)1/2
. (2.127)

These are the renormalized form of the non-linear part of the OSp(P |2Q) transforma-
tions. Equations (2.125) and (2.7.2) show that the renormalized functional Sr(φ, χ)
is OSp(P |2Q)-invariant, but the radius of the supersphere has been renormalized.
Therefore, the renormalized action can be written as

Sr(φ, χ) =
1

2Zg g0

∑
x

[
∂̂µφa∂̂µφa + Jαβ∂̂µχα∂̂µχβ + ∂̂µσr∂̂µσr

]
− h

∑
x

σr(x) (2.128)

This shows that, as with the O(P − 2Q) model, the theory can be renormalized with
only two renormalization constants, Z and Zg. In particular, by giving a mass to the
φ and χ fields through a term of the form a2

∑
x σx, we have introduced no additional

renormalization constant.
In our discussion of the renormalization of the model we have admitted that, in

addition to the necessary counter-terms, additional higher order local terms δS
(p)
n

should be added to the action, to render Sn exactly OSp(P |2Q) invariant. To find the
explicit general solution of the equations (2.109) or (2.116) satisfied by the divergent
part of Γ, we first discuss the general solution of an equation of the form∑

x

(
δS

δφa(x)

δ

δH(x)
+

δS

δH(x)

δ

δφa(x)

)
O(φ, χ,H) = 0, (2.129)

∑
x

(
δS

δχα(x)

δ

δH(x)
+

δS

δH(x)

δ

δχα(x)

)
O(φ, χ,H) = 0, (2.130)
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in which O(φ, χ,H) is an arbitrary OSp(P |2Q)-symmetric local functional, and S is
the initial action,

S(φ, χ,H) =
1

2g0

∑
x

[
∂̂µφ

T ∂̂µφ+ ∂̂µχ
T J ∂̂µχ+ ∂̂µσ∂̂µσ

]
−H

∑
x

σ(x). (2.131)

If we define

α(x) =
1

σ(x)
[H(x) + ✷̂σ] , (2.132)

equation (2.129) can be written explicitly as

∑
x

[
(−✷̂φa + α(x)φa)

δ

δH(x)
− σ

δ

δφa

]
O(φ, χ,H) = 0 (2.133)

∑
x

[
2 (−✷̂χα + α(x)χα)

δ

δH(x)
− σ

δ

δχα

]
O(φ, χ,H) = 0. (2.134)

The operator α(x) is an affine function of H(x). We want to change variables in the
last equation H → α, and consider O(φ, χ,H) as a functional Õ(φ, χ, α)

∑
x

σ(x)
δÕ(φ, χ, α)

δφa(x)
= 0 (2.135)

∑
x

σ(x)
δÕ(φ, χ, α)

δχα(x)
= 0. (2.136)

which shows that Õ(φ, χ, α) is OSp(P |2Q)-symmetric at α(x) fixed.
This result has two applications: it completes the proof and, as we will show, it

also yields the renormalized form of a general OSp(P |2Q)- invariant local functional.
From power counting, we know that Γk div has dimension 2. Therefore, it can only

have terms of degree 0 and 1 in α

Γk div =
1

2
ak
∑
x

[
∂̂µφ

T ∂̂µφ+ ∂̂µχ
T J ∂̂µχ+ ∂̂µσ∂̂µσ

]
+

1

2
bk
∑
x

α(x). (2.137)

The first term can be absorbed into a coupling constant renormalization

g → g(1 + gkak) (2.138)

We now calculate the variation of the action when the radius of the supersphere is
renormalized. To the variation of the field renormalization constant, Z ≃ 1 + δZ,
corresponds a variation of σ(x)

δσ(x) =
[
1− δZ − φTφ− χT J χ

]1/2 − [1− φTφ− χT J χ
]1/2

= −1

2
δZ/σ(x).
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2.7. Renormalizability on the lattice

It follows that

δ

{∑
x

[
1

2
∂̂µσ∂̂µσ −H(x)σ(x)

]}
=

1

2
δZ
∑
x

α(x). (2.139)

Therefore, the second term can be absorbed into a field renormalization:

δZ = bkg
k. (2.140)

This completes the proof of the renormalization of the non-linear sigma model on the
supersphere.
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3. Numerical Setting and Simulations

In this chapter, we will describe our numerical setting and the strategy pursued to
build a simulation code to test the properties of the OSp(P |2Q)-invariant NLSMs.
Since our interest mainly lies in confronting the results with the literature on the
O(N) model, with N = P −2Q, we will only consider the case P > 2Q. Moreover, for
simplicity, we will restrict the analysis of this chapter to the case Q = 1, P = N + 2,
fixing the number of fermions to 2.

In section 3.1 we will describe step by step the procedure that we followed to obtain
an expression of the action and the path integral suitable for numerical simulations.
In section 3.5 and section 3.6 we will then describe the algorithm that was used to
simulate the model, and finally in section 3.8 we present some testings of the algorithm
and some preliminary results.

3.1 Lattice setting

The partition function and the action written in terms of the components of the field
Φ = (ϕ1, . . . ϕN+2, χ1, χ2) take the form

Z(N+2|2) =

∫
dN+2ϕ d2χ δ(ϕTϕ+ χTJχ− 1)e−S(N+2|2)(ϕ,χ) (3.1)

S(N+2|2)(ϕ, χ) =
1

2g

∑
x,µ

(
∂̂µϕ

T
x ∂̂µϕx + ∂̂µχ

T
xJ∂̂µχx

)
, (3.2)

where we represent the space dependence of the fields with an index x.
Grassmann valued integrals are difficult to handle in numerical simulations. What

is done usually is to use a form of the path integral where the fermions occur bilinearly
in the action, so that the Grassmann integral can be evaluated in a closed form,
leading to a fermion determinant as a factor. In our case this is not straightforward:
the fact that the fields are constrained to be on a supermanifold implies the presence
of polynomial interaction terms between the fermionic and bosonic fields that are not
trivial to integrate out. We can manipulate the action and the partition function by
parameterizing the bosonic fields on the supersphere with spherical coordinates as
described in the appendix C.

ϕa = rua with
N+2∑
a=1

uaua = 1. (3.3)
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Numerical Setting and Simulations

The bosonic integration measure becomes

dN+2ϕ = rN+1dr dN+2u. (3.4)

The constraint and the partition function take the following form

δ(r2 + χTJχ− 1) = δ(r +
1

2
χTJχ− 1)

(
1 +

1

2
χTJχ

)
, (3.5)

Z =

∫
dr dN+2u d2χ δ(r + χ1χ2 − 1)δ(u2 − 1) (1 + χ1χ2) r

N+1 e−S(ϕ,χ). (3.6)

Where we have dropped the (N + 2|2) subscript as no confusion arises. Integrating
out the r field, we get rid of the Dirac delta:

Z =

∫
dN+2u d2χ δ(u2 − 1) (1 + χ1χ2) (1− χ1χ2)

N+1 e−S(ϕ,χ)

=

∫
dN+2u d2χ δ(u2 − 1) (1− χ1χ2)

N e−S(ϕ,χ)

=

∫
dN+2u d2χ δ(u2 − 1) (1−N χ1χ2) e

−S(ϕ,χ).

(3.7)

The term coming from the constraint∏
x∈Λ2

(1−N χ1xχ2x) = e−
∑

x∈Λ2
N χ1 xχ2 x , (3.8)

can be interpreted as an additional interaction term for the action, that now assumes
the form

Seff(ϕ, χ) =
∑
x

N χ1xχ2x

+
1

2g

∑
x,µ

{
∂̂µ
[
(1− χ1xχ2x) u

T
x

]
∂̂µ [(1− χ1xχ2x) ux]

+∂̂µχ1x∂̂µχ2x

}
=
∑
x∈Λ2

N

2
χTxJχx +

1

g

∑
x,µ

[
1− uTx+µux + χ1xχ2xu

T
x (ux+µ + ux−µ)

−χ1x+µχ2x+µχ1xχ2xu
T
x+µux − χ1x (χ2x+µ + χ2x−µ)

]
.

(3.9)

Notice the emergence of a six fields interaction term, with four fermions χ and two
bosons u sitting on different sites. We can integrate out the fermions by rewriting
this six fields term completing the square

χ1x+µχ2x+µχ1xχ2xu
T
x+µux =

1

2

(
χ1x+µχ2x+µu

T
1x+µ + χ1xχ2xu

T
x

)2
, (3.10)

and applying a Hubbard-Stratonovich transformation of the following form:

eαξ
T ξ =

√
π

α

∫
d2(N+2)Ae−α(A

TA∓ 2AT ξ), (3.11)
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3.2. Conserved currents

with α = 1
2g

and ξx,µ,a =
(
uax+µχ1x+µχ2x+µ + uaxχ1xχ2x

)
. We do a Hubbard-

Stratonovich transformation [126] for every multi-index (x, µ, a), introducing 2×(N+
2) auxiliary fields. After the transformation, the path integral assumes the following
form:

Z =

∫
dN+2u δ(uTu− 1) d2(N+2)Ad2χ e−Seff(u,χ,A), (3.12)

where Seff(u, χ,A) is now

Seff(u, χ,A) =
∑
x

χ1xχ2x +
1

g

∑
x,µ

[
1− uTx+µux + χ1xχ2xu

T
x (ux+µ + ux−µ)

+
1

2
AµTx Aµx ∓ AµTx (χ1x+µχ2x+µux+µ + χ1xχ2xux)

−χ1x (χ2x+µ + χ2x−µ)]

=
1

g

∑
x,µ

(
1− uTx+µux +

1

2
AµTx Aµx

)
+
∑
x,y

χ1xKxyχ2 y,

(3.13)

and we have introduced the fermion interaction matrix Kxy(u,A)

Kxy(u,A) = N δxy +
1

g

∑
µ

[
uTx (ux+µ + ux−µ) δxy ∓ (AµTx + AµTx−µ)uxδxy

−(δx−µ,y + δx+µ,y)] .

(3.14)

The matrix K is a real symmetric matrix, and thus it has real eigenvalues and detK ∈
R. It contains the kinetic term and the non-trivial interactions between the fermions
and the bosonic fields.

3.2 Conserved currents

The rescaled and auxiliary fields transform in a complicated non-linear way under the
action of the OSp(P |2Q) group. Their transformation rules are completely understood
from their definition and are such that the invariance of the action under the symmetry
group still holds, so that one can also express the conserved currents of the theory in
terms of the new fields.

We will express a generic matrix U ∈ OSp(P |2Q) as

U =

(
A B
C D

)
, (3.15)

where A ∈ O(P ) and D ∈ Sp(2Q). B and C represent the odd transformations
(see Appendix B). Under the action of the O(P ) and Sp(2Q) subgroups, the field
u transforms as the field ϕ itself. On the other hand, under the action of the odd
transformations, the field u transforms as

u′x = ux +Bχx +
(
χTx J Cϕx

)
ux. (3.16)
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The transformation of the auxiliary fields are understood from their equations of
motion

Aµ =
1

2

[(
χTx+µ J χx+µ

)
ux+µ +

(
χTx J χx

)
ux
]
. (3.17)

We see that also the fields Aµ transform as the field ϕ under the action of the O(P )
and Sp(2Q), while under the action of the odd transformations, they transform as

A′µ
x = Aµx − 2

[(
uTx+µC

TJχx+µ
)
ux+µ +

(
uTxC

TJχx
)
ux
]
+
(
χTx+µJχx+µ

)
Bχx+µ

+
(
χTxJχx

)
Bχx.

(3.18)

With these transformation laws for the bosonic fields, the action is invariant under the
action of the OSp(P |2Q) group and the conserved currents assume now the following
form:

J O(P )
µp (x) =

1

g
uTx+µ T

p [1− (χ1x+µχ2x+µ + χ1xχ2x)] ux + AµTx χ1xχ2x T
p ux,

J Sp(2Q)
µq (x) =

1

g
χ1x+µS

qχ2x

J odd
µ (x) =

1

g

[
(1− χ1x+µχ2x+µ)χ

T
x+µ J θux −

(
1− χTxJχx

)
χTx J θux+µ

]
.

(3.19)

One obtains the form of the currents given in eqs. (2.44) to (2.46) from these currents
using the relations ϕ = (1− χ1χ2)u and eq. (3.17).

3.3 Saddle point analysis of the partition function

In the g → 0 limit, the path integral eq. (3.12) is dominated by its saddle point, i.e.
the field configuration that minimizes the action. In this section, we want to find the
expression of the path integral in this limit.

Since the fermions now occur bilinearly in the action, the Grassmann integrals can
be evaluated in a closed form, leading to a fermion determinant as a factor

Z =

∫
dN+2u δ(uTu− 1) d2(N+2)A detK(u,A) e−

1
g
S(u,A), (3.20)

where S(u,A) contains only the terms quadratic in the bosonic fields.

S(u,A) =
1

2

∑
x,µ

(
∂̂µu

T
x ∂̂µux + AµTx Aµx

)
(3.21)

We now apply the saddle point approximation to check the behavior of the partition
function in the weak coupling limit. For this purpose, it is first convenient to rewrite
the fermion determinant as following:

detK =
1

gV
detK′ (3.22)
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3.3. Saddle point analysis of the partition function

The critical points of the action S(u,A) are identified by ux = u0, Aµx = 0 ∀x. u0 is a
constant on the sphere SN+1. Choosing the following parametrization for the bosonic
fields

ux =
(
v1x, . . . , v

N−1
x , σx

)
σx = ±

√
1− vTx vx, (3.23)

the action’s second derivates are

Hv v(v, A) ≡
∂2S

∂vax∂v
b
y

= −2δab (δx,y+µ̂ + δx,y−µ̂ − 2δxy) + 2
δxy
σy

(
δab +

vbyv
a
y

σ2
y

)
∂̂2σy

− 2
uby
σy

(
δx,y+µ̂

uay+µ
σy+µ

+ δx,y−µ̂
uay−µ
σy−µ

− 2δx,y
uay
σy

)
,

(3.24)

HAA(v, A) =
∂2S

∂Aµ,ax ∂Aν,by
= δµνδabδxy. (3.25)

Let’s consider only the integral with respect to the fields A

IA(g) =

∫ ∏
x,µ,a

dAµ,ax detK′(v, A) e−
1
g

∑
x,µ A

µT
x Aµ

x (3.26)

In the limit g → 0, it is dominated by the stationary point of the exponent A = 0

IA(g) ≃ detK′(v, 0)(2πg)V (N+2)/2 (3.27)

The whole partition function (3.20) thus becomes

Z =
1

gV

∫ ∏
x,µ,a

dvax
σx

IA(g) e
− 1

g

∑
x,µ ∂̂µv

T
x ∂̂µvx

≃ 1

gV

∫ ∏
x,a

dvax
σx

detK′(v, 0)(2πg)V (N+2)/2 e−
1
g

∑
x,µ ∂̂µv

T
x ∂̂µvx

(3.28)

In the critical point vx = v0, detHv v(v0, 0) = 0, meaning that it is a degenerate
stationary point and the standard saddle point approximation is not applicable to
Z. However, in a (V − 1)-dimensional subspace of the lattice, the Hessian is non-
degenerate so we can still apply the saddle point approximation in this subset. Then
we decompose the integral over the fields vx as following, and apply the saddle point
approximation:

Z =
1

gV

∫ ∏
a

dva0
σ0

(∫ ∏
a,x ̸=0

dvax
σx

detK′(v, 0)(2πg)V (N+2)/2 e−
1
g

∑
x,µ ∂̂µv

T
x ∂̂µvx

)

≃ (2πg)NV/2 detK′(v0, 0)

∫ ∏
a

dva0
σV0

|detHv v(v0, 0)|−1/2 (2πg)(V−1)(N+1)/2,

(3.29)

Hv v(v0, 0) is now the Hessian over the (V −1)-dimensional subspace obtained exclud-
ing v0, and it has the following form:

Hv v(v0, 0) = −2(δab +
va0v

b
0

σ2
0

)
∑
µ

(δx,y+µ + δx,y−µ − 2δxy) . (3.30)
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The determinant is then

detH(v0, 0) = (−2)(V−1)(N−1) det

(
δab +

va0v
b
0

σ2
0

)V−1

× det

(∑
µ

(δx,y+µ + δx,y−µ − 2δxy)

)N−1

.

(3.31)

It is easy to check that K′(v0, 0) = K′(0, 0) does not depend on the value of the fields:

K′
xy(0, 0) = g Nδxy − 2

∑
µ

(δx,y+µ + δx,y−µ) . (3.32)

K′(0, 0) can be interpreted as a kinetic matrix of free massive fermions on a periodic
discretized lattice, with mass m2 = gN − 4 and thus the eigenvalues are known

λij = gN − 4 cos(
2πi

L
)− 4 cos(

2πj

L
), i, j = 1, . . . , L. (3.33)

Plugging these results into the saddle point approximation of the partition function
in eq. (3.29), we get

Z = CN,V (g) detK′(0, 0) det

[∑
µ

(δx,y+µ + δx,y−µ − 2δxy)

]−(N+1)/2

, (3.34)

with

CN,V (g) = (2πg)((2N+1)V−(N+1))/2

∫ ∏
a

dva0
σV0

∣∣∣∣det(δbc + vb0v
c
0

σ2
0

)∣∣∣∣−(V−1)/2

. (3.35)

Let’s compute the integral. For 0 < σ0 ≤ 1

det

(
δab +

va0v
b
0

σ2
0

)
=

∞∑
k=0

1

k!

(
−

∞∑
j=1

(−1)j

j

(
1− σ2

σ2

)j)k

=
∞∑
k=0

1

k!

(
log

(
1 +

1− σ2

σ2

))k
= exp

(
log
(
1/σ2

))
=

1

σ2
.

(3.36)

Inserting this result into the integral, we get

CN,V (g) = (2πg)((2N+1)V−(N+1))/2

∫ ∏
a

dva0
σ0

= (2πg)((2N+1)V−(N+1))/2SN+1, (3.37)

where SN+1 is the area of the N + 1-dimensional unit sphere.
Concluding, in the weak coupling limit, the path integral Z assumes the form

given by eq. (3.34). This is equivalent to the partition function of a theory with free
massive fermions, whose mass is a function of the coupling constant g, and massless
bosons.
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3.4. Pseudo-fermions

3.4 Pseudo-fermions

The fermion determinant detK is a function of the fields u and A, so when running
simulations it has to be computed for every field configuration. The kinetic matrix is
a V -dimensional matrix, where V is the number of lattice sites, so it becomes quickly
hard to compute. The computational cost of computing the determinant of such a
matrix is not feasible for large lattices. In order to obtain properly distributed fields
configurations, one tries to include the determinant as a probability weight factor when
generating the Markov chain of fields configurations. There is, however, a potential
problem: if we want to interpret the contribution of the fermion determinants as a
factor in a probability weight, it must be real and non-negative. We know already that
detK ∈ R, but depending on the value of the bosonic fields, it can still assume negative
values. If we don’t know a priori that the fermion determinant is non-negative, we
can still decompose its value in the absolute value and a sign factor

detK = | detK| sgnK, (3.38)

and build the updating algorithm using only the absolute value of the fermion deter-
minant, while including the sign in the reweighting factor (see section 3.6).

The following relation holds:

|detK| =
√

det(KKT ). (3.39)

We use this relation to replace the integral over the fermionic Grassmann variables
by an integral over bosonic variables, as follows:√

det(KKT ) = π−V/2
∫

dη e−η
T (KKT )−1η. (3.40)

η is a bosonic field called the pseudo-fermion. In general pseudo-fermions have the
same number of degrees of freedom as the fermionic variables. A useful way of thinking
about the fermion determinant is to interpret it as an additional contribution to the
action, usually called effective fermion action

Seff(u,A, η) =
∑
x

1

g

(
1− uTx+µux +

1

2
AµTx Aµx

)
+
∑
x,y

ηx(KKT )−1
xy ηy. (3.41)

The effective fermion action contains the inverse of the matrix KKT and therefore
is highly non-local. Basically, it connects all the field variables of the system with
each other1. Generating field configurations distributed according to the combined
Boltzmann weight factor e−Seff is a possible way to include dynamical fermions.

3.5 The Hybrid Monte Carlo algorithm

Now that the action has been defined, we want to describe the algorithm used
to generate a series of field configurations {ui, Ai} such that the observable can be

1We use the terms non-local and local to distinguish whether the coupling is to all variables of
the system or only to field variables in the neighborhood.
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estimated by a simple average over the measurements on those configurations

⟨O⟩ = 1

N
∑
i

O [ui, Ai] , (3.42)

where N is the number of configurations.
The updating of the field variables in a distribution P (u,A) ∝ exp(−Seff) has

two parts. First, one has to find a reasonable candidate for a change of the field
variables. This introduces an a priori selection probability factor T0(u′, A′|u,A). In
a second step, one has to decide whether to accept the proposed configuration or
not, according to an acceptance probability Tacc(u′, A′|u,A). Together, the two steps
provide the overall transition probability

T (u′, A′|u,A) = T0(u
′, A′|u,A)Tacc(u′, A′|u,A). (3.43)

The detailed balance condition for T (u′, A′|u,A) may be obeyed with a Metropolis
accept-reject probability [127].

If one considers only the bosonic field action, both steps are simple since the action
is local, so computing the change of the action is cheap and one makes small changes
of variables, deciding whether to accept or reject the change. Applying this to the full
action including fermions is computationally expensive since the determinant leads to
non-local Seff and thus computing the change of the action involves all the fields, even
if only a single field configuration is altered. Therefore, one attempts to update many
variables in one step. Doing this in a naive manner typically leads to large changes
in the action, and thus to a low acceptance rate. Ideally, the acceptance probability
should be large and only weakly dependent on the volume. At the same time the
autocorrelation between subsequent configurations should be as small as possible.

In systems with dynamical fermions, one usually works with the Hybrid Monte-
Carlo (HMC) algorithm [128]. Here, the update step does not just randomly change
the field configuration, but evolves it according to some constructed molecular dy-
namics (MD) Hamiltonian H. The Hybrid Monte-Carlo method thus combines the
advantages of Molecular Dynamics and Monte-Carlo methods: it involves parallel up-
dates of the fields at all lattice sites, followed by an accept/reject decision for the
whole configuration. In this way, HMC allows for global moves, is an exact method,
i.e. the ensemble averages do not depend on the step size chosen and algorithms
derived from the method do not suffer from numerical instabilities due to finite step
size as MD algorithms do.

The first step in building an HMC algorithm is to rewrite the partition function
as a path integral in phase space. For this, one introduces a conjugate momentum
for each field variable. Denoting with π and pµ the momenta conjugate to φ and A
respectively, we write the formula for the expectation value of some observable O as

⟨O⟩ =
∫
dN+2u δ(uTu− 1) d2(N+2)Adη exp(−Seff)O(u,A, η)∫

dN+2u δ(uTu− 1) d2(N+2)Adη exp(−Seff)

=

∫
dN+2u δ(uTu− 1) d2(N+2)Adη dN+2π d2(N+2)p exp(−H)O(u,A, η)∫

dN+2u δ(uTu− 1) d2(N+2)Adη dN+2π d2(N+2)p exp(−H)

(3.44)
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H is the Hamiltonian, defined as

H = −
∑
x

[
1

2
πTx πx +

1

2

∑
µ

pTµ,xpµ,x

]
+ Seff(u,A), (3.45)

For each site x, the momenta πx and pµ,x are associated to the fields u and Aµ

respectively. The two expressions in (3.44) are equivalent since in the expectation
value the Gaussian integrals for π and p cancel out.

Defining H makes possible to use molecular dynamics (MD) evolution, which
means that we treat this system in close analogy to classical mechanics, where the
fields play the role of the generalized position and the potential energy is given by the
action of the model. We summarize here how the HMC algorithm generates a new
configuration for the fields.

1. Randomly choose the conjugate momenta according to the distribution P (πi) ∝
exp(−π2

i /2).

2. The new momenta, pseudofermions and the old value of the fields are used to
numerically integrate the discretized Hamilton equations

d
dτ
ϕx(τ) =

∂
∂πx

H(π(τ), ϕ(τ))
d
dτ
πx(τ) = − ∂

∂ϕx
H(π(τ), ϕ(τ))

(3.46)

for some interval of the molecular dynamics time τ . This moves the fields from
some initial configuration W to the proposed new configuration W ′. In practice,
the equations are integrated with symplectic multi-time-scale integrators like the
leapfrog-algorithm.

3. Calculate the change in the Hamiltonian ∆H. The standard Metropolis accept-
reject step is applied to the new configuration W ′ with acceptance probability

Pacc = min[1, exp(−∆H)], ∆H = H (π′, ϕ′)−H(π, ϕ). (3.47)

This is then repeated Ntr times. The use of the Metropolis decision at the end of each
trajectory ensures that the HMC algorithm is exact. In the Hamiltonian language,
the update step W → W ′ is equivalent to a phase space trajectory. Hence, the words
trajectory and update step are often used interchangeably. One usually combines Ns

MD steps of length ϵ to build a trajectory of length Nsϵ. We choose the step size ϵ
and the number of steps Ns such that Nsϵ = 1.

3.5.1 Molecular Dynamics

Hamilton’s equation of motion with respect to a Monte-Carlo time τ for the fields u
and A respectively are, {

dua

dτ
= ∂H

∂πa

dπa

dτ
= − ∂H

∂ua
= −∂ Seff

∂ua
(3.48)
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{
dAµ,a

dτ
= ∂ H

∂paµ
= pA,aµ

dpaµ
dτ

= − ∂ H
∂Aµ,a = − ∂ Seff

∂Aµ,a

(3.49)

Equations (3.48) and (3.49) are called molecular dynamics equations since they de-
termine the time evolution of a classical system of particles.

The Hamiltonian is a constant of motion, and the path of the configurations (u, π)
and (A, p) lies on a hypersurface of constant energy in phase space and would always
be accepted if the evolution of (3.48) and (3.49) could be done exactly. The equations
can be evolved numerically and according to (3.44) we may extract the requested
expectation values ⟨O⟩ from the (u, π) and (A, p) ensembles. However, it is important
that the evolution gives rise to an update that is ergodic for the fields of interest. The
numerical implementation of (3.48) and (3.49) introduces a discrete step size ϵ = ∆τ
and numerical errors are unavoidable. A simple linear evolution scheme introduces
errors O(ϵ2).

We call a sequence of small steps following the approximate molecular dynamics
evolution a trajectory. The main issue is generating the Hamiltonian trajectories
themselves. Most of the integrators that are available suffer from an unfortunate
drift. As we numerically solve longer and longer trajectories, the error in the integrator
adds coherently, pushing the approximate trajectory away from the true trajectory.
Moreover, the magnitude of this drift rapidly increases with the dimension of phase
space. For this reason, usually one uses symplectic integrators. Because the numerical
trajectories they generate exactly preserve phase space volume, these algorithms are
robust to phenomena like drift and enable high-performance implementations of the
Hybrid Monte-Carlo method [129].

The symplectic integrator for the auxiliary field A is built from a standard uncon-
strained molecular dynamics with step size τ . We use the leapfrog integrator

paµ,1/2 = paµ,0 − τ
2
∂Seff
∂Aa (A0)

Aaµ,1 = Aaµ,0 + τpaµ,1/2
paµ,1 = paµ,1/2 −

τ
2
∂Seff
∂Aa (A1),

(3.50)

For the field u, we want to keep the constraint uTu = 1 to be true along the solutions of
the Hamilton equations, and so we have to build a symplectic integrator that preserves
it. Symplectic integrators are usually constructed from canonical transformations,
that are can be built using a generating functional A(u, u′) [130]. We choose the
generating functional to be

A(u0, u1) =
1

2τ

[
arccos(uT1 u0)

]2 − τ

2
Seff(u0)−

τ

2
Seff(u1). (3.51)

To keep the momenta π orthogonal to the field u, we introduce the projector on the
hyperplane perpendicular to ux, Pu

x

(Pu
x )
ab = 1 − uax u

b
x, (3.52)

The symplectic integrator is built from the generating functional A(u0, u1) using
the following relation:

dA(u0, u1) = πT1 du1 − πT0 du0. (3.53)
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Let’s compute then dA(u0, u1):

dA(u0, u1) = −1

τ

arccos(uT1 u0)√
1− (uT1 u0)

2

(
uT1 du0 + uT0 du1

)
+
τ

2

∂Seff(u0)

∂u
du0 −

τ

2

∂Seff(u1)

∂u
du1,

(3.54)

which gives

πa0 =
1

τ

arccos(uT1 u0)√
1− (uT1 u0)

2
Pu0ua1 −

τ

2
Pu0

∂Seff(u
a
0)

∂u
,

πa1 = −1

τ

arccos(uT1 u0)√
1− (uT1 u0)

2
Pu1ua0 +

τ

2
Pu1

∂Seff(u
a
1)

∂u
. (3.55)

If we now define the angle θ = arccos(uT1 u0), these imply

πa1/2 = πa0 +
τ

2
Pu0

∂Seff(u0)

∂ua
=

1

τ

θ

sin θ
Pu0ua1

ua1 = τ
sin θ

θ
πa1/2 + cos θ ua0. (3.56)

From the above equations, we have θ = |π1/2|τ and finally we get the following sym-
plectic integrator for the field u:

πa1/2 = πa0 − τ
2
(Pu

0 )
ab ∂Seff

∂ub
(u0, A0)

ua1 = cos(τ |π1/2|)ua0 + sin(τ |π1/2|)
πa
1/2

|π1/2|

πa1 = cos(τ |π1/2|) πa1/2 − sin(τ |π1/2|) |π1/2|ua0 − τ
2
(Pu

1 )
ab ∂Seff

∂ub
(u1, A1)

(3.57)

The momenta paµ,x are generated from the Gaussian distribution P (pµ) ∝ e−p
2
µ/2, while

the momentum πax is constructed by generating an auxiliary momentum π̃ax from the
Gaussian distribution P (π̃) ∝ e−π̃

2/2 and by setting πax = Pxπ̃ax.
In principle, one could rewrite the equation for the momentum pa1 in (3.57) only

in terms of ua1 using the relation between ua0 and ua1. However, we have observed that
this gives rise to numerical instabilities.

3.5.2 Expression of the forces

We now write an expression for the forces Fu = −∂Seff/∂u and FA = −∂Seff/∂A from
the action (3.41). For the field u, we have

F b
u(z) = −∂ Seff

∂ubz
= −

∑
x,y

∂

∂ubz
(ηTx (KKT )−1

xy ηy) +
1

g

∑
x,µ

∂

∂ubz

(
uTxux+µ

)
=
∑
x,w,v,y

ηTx (K2)−1
xw

(
∂

∂ubz
(K2)wv

)
(K2)−1

vy ηy +
1

g

∑
µ

(
ubz+µ + ubz−µ

)
=
∑
x,w,y

2((K2)−1η)Tx
∂Kxw

∂ubz
Kwy((K2)−1η)y +

1

g

∑
µ

(
ubz+µ + ubz−µ

)
.

(3.58)
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We have used the fact that the matrix K is symmetric. We define two convenient
quantities

ζx = (K(K2)−1η)x ξu bx = (
∂K
∂ub

(K2)−1η)x, (3.59)

where

∂Kxy

∂ubz
=

1

g

∑
µ

[
δxzδxy

(
ubx−µ + ubx+µ

)
+ ubxδxy(δx−µ,z + δx+µ,z)∓ δxzδxy

(
Aµ,mx + Aµ,mx−µ

)]
.

(3.60)
The final expression of the force is

F b
u(z) = 2(ζT ξu b)z +

1

g

∑
µ

(
ubz+µ + ubz−µ

)
. (3.61)

The computations for the auxiliary field are similar

F ν,b
A (z) = −∂ Seff

∂Aν,bz

= − 1

2g

∑
x,µ

∂

∂Aν,bz
(AµTx Aµx) + 2

∑
x,w,y

((K2)−1η)Tx
∂Kxw

∂Aν,bz
Kwy((K2)−1η)y

= −1

g
Aν,b + 2(ηT ξAν,b)z.

(3.62)

ξAν,m =
∂K
∂Aν,m

(KKT )−1η. (3.63)

∂Kxy

∂Aν,bz
= ∓1

g
δxy(δxz + δx−ν,z)u

b
x (3.64)

3.6 Reweighting

To compute the forces used in molecular dynamics, we need to evaluate the inverse of
the K2 matrix. Looking at the structure of K in equation (3.14) and how it depends
on the fields u and A, we see that some of its eigenvalues could fluctuate around
zero. When this happens, one usually encounters many challenges when running
lattice simulations. They are potentially affected by algorithmic instabilities, sampling
inefficiencies and ergodicity violations [131]. A possible solution to this problem is to
use reweighting [132], a well-known procedure in the lattice community that allows to
avoid such instabilities.

The idea of reweighting is rather simple. The expectation value of an operator O
in the path integral language for a generic field theory is given by

⟨O⟩C =
1

Z

∫
DΦO[Φ] ρC [Φ], (3.65)

Here, Φ denotes all dynamical degrees of freedom in the theory, C is the set of bare
parameters and ρ is the probability distribution of the fields, also called the path
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3.6. Reweighting

integral weight. Reweighting changes the weight via the inclusion of the reweighting
factor R like

⟨O⟩C′ =
⟨OR⟩C
⟨R⟩c

. (3.66)

The factor R is the ratio of the weight of interest and the known weight

R =
ρC′

ρC
. (3.67)

In a lattice setup, this is particularly useful because the field ensembles are generated
at a particular point in parameter space. Reweighting can then be a tool to access
different points in parameter space without the need to generate new configurations.

To avoid convergence problems due to small eigenvalues fluctuating around zero, in
our simulations we use Hasenbusch preconditioning [133–135]. It consists in replacing
the K2 operator with K2 + µ2 in the generation of configurations, simulating with a
heavier mass µ > 0 and reweight then to the desired ensemble. The Hybrid Monte-
Carlo algorithm is more efficient with a larger mass and smaller volumes will be
sufficient from the algorithmic point of view. The reweighting factor takes into account
also the sign of the K matrix and is then given by

R =

√
det(K2)√

det(K2 + µ2)
sgn detK. (3.68)

It is important to choose a optimal value for the reweighting mass that does not
let the reweighting factor itself fluctuate too much. As Hasenbusch mass we use
µ2 = 1

8 g
, which we have found sufficient for all values of volume, g, and N that we

have considered. For the small volumes that we have considered, other values of µ2

give consistent results. Larger volumes may need different values. We compute one
reweighting factor accounting for the Hasenbusch preconditioning and the sign using
the eigenvalues of K, that we call κi

R =
V∏
i=1

(√
k2i

k2i + µ2

)
sgn detK =

V∏
i=1

1√
(1 + µ2/κ2i )

sgn detK. (3.69)

The calculation of the reweighting factor could be obtained by using stochastic noise
vectors [136,137]. However, singular values near zero of the K2 operator are responsible
for large variance fluctuation in estimating the determinant. This problem can be
solved if we treat the eigenmodes of the K2 matrix with small eigenvalues separately
by splitting the determinant in a subset of low-lying eigenvalues, that we compute
exactly using the PRIMME package [138,139] and a subset computed using stochastic
noise vectors. This strategy is called deflation [140,141].

With deflation the lattice is decomposed into non-overlapping blocks of lattice
points and the determinant of K2 is factorized into the product of the determinants
of its blocks. The implementation proceeds through multiple steps:

1. Compute the largest eigenvalue of K, denoted by κV . We then shift the eigen-
system by xκV , with x = 1.5 to prevent the appearance of small eigenvalues.
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2. We compute the first m = rmV the lowest eigenvalues with PRIMME. rm is a
factor that we choose to be rm = 1

3
, a number that was found to be a good

guess to catch all negative eigenvalues. The eigensolver returns the unshifted
eigensystem and the sign s = sgnK, reporting the two eigenvalues closest to
zero of either side.

3. We determine the sign by checking whether the number of negative eigenvalues
is even or odd. Note that the effective tolerance of the shifted eigensystem is
somewhat diminished. If κrmV < 0 we enlarge rm (by 1

6
as default) and iterate

until we get κrmV > 0.

4. We first compute 1/R2
ex, the inverse square of the exact contribution to the

reweighting factor on the subset of the first m eigenvalues,

1

R2
ex

=
m∏
i=1

(
1 +

µ2

κ2i

)
sgnK . (3.70)

5. We compute rigorous upper and lower bounds for the contributions from missing
eigenvalues,

1

R2
upr

=
1

R2
ex

×
(
1 +

µ2

κ2rmV

)(1−rm)V

, (3.71)

1

R2
lwr

=
1

R2
ex

×
(
1 +

µ2

κ2V

)(1−rm)V

, (3.72)

bearing the ordering of eigenvalues in mind, i.e. κrmV ≤ κV .

6. The remaining subset of the eigensystem is passed to the stochastic estimator.
We define a set of Gaussian random vectors |χk⟩, k ∈ [1, Nχ]. Each |χk⟩ is
then projected to the subset of eigenvectors {|ki⟩}i=1...rmV and its orthogonal
complement

|χk⊥⟩ = P⊥ |χk⟩ =
rmV∏
i=1

(
1− |κi⟩ ⟨κi|

| |κi⟩ |2
)
|χk⟩ , (3.73)

|χk∥⟩ = P∥ |χk⟩ =
rmV∑
i=1

( |κi⟩ ⟨κi|
| |κi⟩ |2

)
|χk⟩ . (3.74)

We invert K2 on the source vectors |χk⊥⟩, and we contract the resulting vector
with the corresponding source to obtain the following quantity:

Ak⊥ = µ2 ⟨K−2χk⊥| |χk⊥⟩ , (3.75)

We define the quantity Ak as

Ak ≡ µ2 ⟨K−2χk| |χk⟩ = Ak⊥ + Ak∥ = Ak⊥ + µ2

rmV∑
i=1

κ−2
i | | |κi⟩ ⟨κi|

| |κi⟩ |2
χk∥⟩ |2 (3.76)
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up to errors at the lower level of the effective tolerances of the eigensystem or
the conjugate gradient. We define the following average:

D =
1

Nχ

Nχ∑
k=1

exp(−Ak⊥
2

) , (3.77)

Finally, the square of the reweighting factor is given by

R2 = R2
ex ×D2 . (3.78)

The deflation procedure becomes efficient for rather large systems and large Nχ. For
the deflated solve we can consider a reasonable number of random vectors and still
get reasonably precise results. The reduction by powers of two is hard coded to end
between 50 and 100.

3.7 Data analysis

The analysis of Markov chain Monte Carlo data involves studying the statistical prop-
erties of the generated samples. This can involve estimating quantities such as means,
variances, and higher moments of the distribution. It is often helpful to compute these
statistics for different subsets of the data, different regions of the parameter space or
different phases of the system. Another important aspect of MCMC data analysis
is assessing the convergence and mixing properties of the algorithm. This involves
examining the autocorrelation of the samples, which can indicate how correlated the
samples are with each other. It is generally desirable for the samples to be uncorre-
lated, as this indicates that the algorithm is sampling the distribution effectively and
is not getting stuck in any particular region of the parameter space. However, in prac-
tical lattice QFT simulations, this is rarely the case. Hence, special attention needs
to be paid to the analysis of autocorrelations. There are a variety of techniques that
can be used to assess the convergence and mixing properties of an MCMC algorithm,
such as examining histories of observables and computing autocorrelation functions.
In the following subsections, it is explained briefly how the statistical errors and au-
tocorrelations of both primary and derived observables can be accurately computed
using the Γ method [142].

3.7.1 Primary observables

A primary observable is a quantity that is directly measured in the simulation. From
the central limit theorem, it follows that the means O of some primary observable O

O =
1

N

N∑
n=1

O(Wn) (3.79)

for different Markov chains are normally distributed around the average over all the
Markov chains ⟨⟨O⟩⟩. The configuration Wn will vary randomly between the different
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Markov chains. The probability that the n-th configuration Wn is equal to W is given
by

ρn(W ) = ⟨⟨δ(W −Wn)⟩⟩. (3.80)

The average of the ensemble means O over all realizations of the Markov chain is
given by

⟨⟨O⟩⟩ =
∫
dW O(W )

1

N

N∑
n=1

ρn(W ). (3.81)

It can be shown [143] that ρn(W ) converges to the equilibrium distribution ρsim ex-
ponentially fast

ρn(W ) = ρsim(W ) +O(e−n/τexp), (3.82)

where τexp is the exponential autocorrelation time. This quantity depends on the
particular algorithm that is chosen. Discarding the first n≫ τexp configurations from
the ensemble, eq. (3.81) is equal to the path integral expectation value

⟨⟨O⟩⟩ = ⟨O⟩. (3.83)

Thus for thermalized Markov chains the estimator O is normally distributed around
⟨O⟩ with variance σ2

O
, defined as

σ2
O
= ⟨⟨(O − ⟨O⟩)2⟩⟩. (3.84)

To write this variance in a compact form, we now introduce the autocorrelation func-
tion CO of the observable O. In a real-world simulation, the configurations or mea-
surements O(Wn) are rarely independent. If for instance, the Metropolis algorithm
rejects an update, two consecutive configurations are the exact same copy of each
other. The autocorrelation describes the correlation of the observable with itself be-
tween measurements

CO(t) = ⟨⟨O(Wn)O(Wn+t)⟩⟩ − ⟨⟨O(Wn)⟩⟩⟨⟨O(Wn+t)⟩⟩. (3.85)

For thermalized Markov chains, i.e. n ≫ τexp, and t > 0 this function is independent
of n and CO(0) is the true path integral variance CO(0) = σ2

O. The normalized
autocorrelation function is defined as

ΓO(|t|) =
CO(|t|)
CO(0)

t→∞∼ e−t/τO,exp. (3.86)

Here, τO, exp is the exponential autocorrelation time of O. The global τexp can be
shown to be related to the slowest mode of the system via

τexp = sup
X

{τX,exp} . (3.87)

Using the definition of the autocorrelation function, CO, the variance (3.84) can be
rewritten as

σ2
O
=

1

N2

N∑
n,n′=1

CO(|n− n′|) = σ2
O

2τint,O

N
+O(N−2), (3.88)
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where the integrated autocorrelation time of the observable O, τint,O, is defined as

τint,O =
1

2
+

∞∑
t=1

ΓO(t). (3.89)

The above result shows that the statistical error of O decreases like N1/2. For un-
correlated measurements CO(t > 0) = 0 and thus τint = 1/2. Compared with the
uncorrelated case, the fully correlated variance is a factor 2τint larger. With typical
autocorrelation times being between 1/2 and O(100) the difference can be significant.
In practice, the sum in eq. (3.89) is truncated at some particular value W that opti-
mizes the sum of systematic and statistical error of τint. The truncation error is given
by

RO(W ) =
∞∑
t=0

ΓO(W + t) ∼ e−W/τW , (3.90)

while the statistical error is ∼ 2
√
W/N . We choose the window W as the value where

E(W ) = e−W/τW + 2
√
W/N (3.91)

has its minimum. Here, τW ≈ Sτint, where S is a parameter that takes other time
scales much larger than τint into account. It has to be adjusted by hand after an
investigation of the autocorrelation function of the particular observable. This method
for estimating τint aims for a more precise error calculation and is referred to as the
Γ method, or Wolff algorithm [142]. We will use an improved estimator for τint,
given by [144]. The window region is not only summed but also the tail of the
autocorrelation function is taken into account. This is done by deriving an upper
bound for the truncation error RO(W ) ≤ τexpΓO(W ). The improved estimator sums
the autocorrelation function up to a value W , where ΓO(W ) is still three standard
deviations away from zero and then replaces the rest of the summation by its upper
bound

τint,O =
1

2
+

W∑
t=1

ΓO(t) + τexpΓO(W + 1). (3.92)

3.7.2 Derived observables

To derive the correct errors for complicated derived observables, i.e. functions of
multiple primary, the above analysis becomes slightly more complicated. In general,
a derived observable can depend on many primary observables. Let the set of primary
observables be {Oi}. Then a derived observable is a function

F ≡ f(Oi) (3.93)

of the primary observables. The estimator F for F is given by the function evaluated
on the Monte Carlo mean values

F = f(Oi). (3.94)

67



Numerical Setting and Simulations

If the estimates of the primary observables are accurate enough, the error of the
derived observable can be obtained using linear error propagation

f(Oi + ϵi) = F +
∑
i

ϵifi +O(ϵ2i ) with fi =
∂f

∂Oi

∣∣∣∣
Oi

. (3.95)

Notice that the derivatives are evaluated on the exact values Oi. In practice, this
is not possible; hence in applications, one evaluates the derivatives on the Markov
chain means Oi. This introduces a systematic error. Introducing the Monte Carlo
fluctuations of Oi as δOi = Oi(t) − Oi, one can conveniently write an estimator for
the autocorrelation function of the primary observables as

Cij(t) =
1

N − t

N−t∑
t′

δi(t+ t′)δj(t
′). (3.96)

An estimator for the (normalized) autocorrelation function of the derived observable
is then given by

CF (t) =
∑
i

fiCii(t)fi and ΓF (t) =
CF (t)

CF (0)
. (3.97)

Again, the variance of F can then be written as σ2
F = CF (0) and in analogy with

(3.89), the integrated autocorrelation time of the derived observable F is defined as

τint,F =
1

2
+

N∑
t=1

ΓF (t). (3.98)

The error estimation and windowing procedure work analogously as for the primary
observables, by just replacing ΓO → ΓF .

3.8 Ensembles and results

In this section, we will give an overview of some results obtained with the simulation
strategy described in the previous sections. All simulations results reported here were
obtained for the OSp(3|2) and the OSp(5|2)-invariant models. Three different square
lattice sizes were considered: V = 42, 82, 162. The list of ensembles generated and
considered here for the two models are given in table 3.1 and table 3.2.

Looking at the histories of the fluctuation of the total action shown in section 3.8,
one can observe that the algorithm thermalizes quickly. The algorithmic results from
the generation of the configurations can be found in table 3.3. We have run at a
reasonably high acceptance rate on all ensembles. From the table, it is also evident
that the phase space measure is conserved on all ensembles, i.e.

⟨exp(−∆H)⟩ = 1 (3.99)

is satisfied.
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ensemble lattice n.bosons g µ2 n.cnfg.
n3l4x4g0.5 4× 4 3 0.5 0.2500 100000
n3l4x4g2.0 4× 4 3 2.0 0.0625 100000
n3l4x4g10 4× 4 3 10.0 0.0125 100000
n3l8x8g0.5 8× 8 3 0.5 0.2500 100000
n3l8x8g2.0 8× 8 3 2.0 0.0625 100000
n3l8x8g10 8× 8 3 10.0 0.0125 100000

Table 3.1: Table of ensembles for the OSp(3|2) model. Each ensemble is characterized
by the lattice size, the number of bosons, the coupling g and the number of configu-
rations. The Hasenbusch mass is chosen to be µ2 = 1

8 g
.

ensemble lattice n.bosons g µ2 n.cnfg.
n5l4x4g0.5 4× 4 5 0.5 0.2500 100000
n5l4x4g2.0 4× 4 5 2.0 0.0625 100000
n5l4x4g10 4× 4 5 10.0 0.0125 100000
n5l8x8g0.5 8× 8 5 0.5 0.2500 100000
n5l8x8g2.0 8× 8 5 2.0 0.0625 100000
n5l8x8g10 8× 8 5 10.0 0.0125 100000

n5l16x16g0.5 16× 16 5 0.5 0.2500 100000
n5l16x16g2.0 16× 16 5 2.0 0.0625 100000
n5l16x16g10 16× 16 5 10.0 0.0125 100000

Table 3.2: Ensembles generated for the OSp(5|2) model.

ensemble acc.rate ⟨exp(−∆H)⟩ τint(Seff) RW

n3l4x4g0.5 99% 1.0029(43) 0.534(25) 0.069(10)
n3l4x4g2.0 99% 1.017(48) 0.495(17) 0.0073(88)
n3l4x4g10 99% 1.00057(39) 0.682(39) 0.5197(97)

n3l8x8g0.5 98% 0.97(20) 0.488(13) −0.0037(65)
n3l8x8g2.0 98% 1.044(91) 0.479(13) 0.0039(40)
n3l8x8g10 99% 1.0020(32) 0.508(21) 0.0799(79)

ensemble acc.rate ⟨exp(−∆H)⟩ τint(Seff) RW

n5l4x4g0.5 99% 1.0004(24) 0.487(17) 0.1824(96)
n5l4x4g2.0 99% 0.9992(30) 0.498(14) 0.8105(56)
n5l4x4g10 99% 0.99992(10) 1.017(74) 0.993893(11)

n5l8x8g0.5 97% 1.13(29) 0.493(17) 0.004(66)
n5l8x8g2.0 99% 1.046(46) 0.500(18) 0.4239(77)
n5l8x8g10 99% 1.000014(20) 0.975(67) 0.976891(20)

n5l16x16g0.5 92% 1.13(29) 4.93(17) 0.493(17)
n5l16x16g2.0 97% 0.992(27) 0.506(21) 0.0371(48)
n5l16x16g10 99% 0.999934(41) 0.578(67) 0.507(24)

Table 3.3: Table of the acceptance rate, the diagnostic observable ⟨exp(−∆H)⟩, the
integrated autocorrelation time for the action Seff and the reweighting factor RW for
the OSp(3|2) and OSp(5|2) models.
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Figure 3.1: Histories of the total action Seff for the OSp(3|2) model and OSp(5|2)
model.

For both theories, we have tested the simulations computing the bosonic and
fermionic two-point functions

C(t)b ≡
∑
x,a

⟨ϕa(t, x)ϕa(0, 0)⟩,

C(t)f ≡
∑
x

⟨ψ1(t, x)ψ2(0, 0)⟩. (3.100)

From the theoretical considerations done in section 2.5, we know that the two-point
functions of the bosonic and fermionic fields are equal. This equivalence should be
observed also numerically, since the discretized action preserves the OSp(N + 2|2)
symmetry. Moreover, we should also observe the equivalence between these two-point
correlators and the two point correlators of the pure bosonic O(N) model.

From the simulations we compute directly the two point functions for the rescaled
bosonic field u. To compute the two-point function for the original physical field ϕ, it
is sufficient to notice that it is related to the rescaled field u two-point correlator in
the following way:

⟨ϕa(t, x)ϕa(0, 0)⟩ = ⟨ua(t, x)ua(0, 0)⟩ − ⟨ua(t, x)ua(0, 0)D(t, x)⟩ (3.101)
− ⟨ua(t, x)ua(0, 0)D(0, 0)⟩ − ⟨ua(t, x)ua(0, 0)C(t, x, 0, 0)⟩
+ ⟨ua(t, x)φa(0)D(t, x)D(0, 0)⟩,

where D(t, x) and C(t, x, 0, 0) identify the connected and disconnected components
coming from the Wick contractions of the fermion fields

D(t, x) = χ1(t, x)χ2(t, x) = −K−1
xx (3.102)

C(t, x, 0, 0) = χ1(t, x)χ2(0, 0)χ1(0, 0)χ2(t, x) = K−1
x0 K−1

x0 . (3.103)

70



3.8. Ensembles and results

Since the volumes that we have considered for testing the algorithm are small, we have
only used point sources for the fermion disconnected contributions, and we have used
wall sources to do zero-momentum projection. fig. 3.2 and fig. 3.3 show the fermionic
and bosonic two-point functions on a 4× 4 and 16× 16 square lattice respectively at
three different values of the coupling g for the OSp(3|2) and the OSp(5|2) models. For
the OSp(3|2) model, it was not possible to consider larger volumes due to too large
statistical errors. We will discuss this issue in the next subsection.

In all plots, the two-point functions are compared with the corresponding correla-
tors of the Ising or the O(3)-invariant model, obtained using the Swendsen-Wang and
the Wolff cluster algorithm [102, 104]. We observe that the simulations successfully
reproduce the equivalence between the correlators at the 2σ level, and thus behave as
predicted from the analytic results in equation (2.54).
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Figure 3.2: Two-point functions C(t) for the bosonic (in red) and fermionic (in blue)
fields of the OSp(3|2) model on a 4 × 4 lattice, expressed in lattice spacing units.
The black dotted line represents the correspondent two-point correlator for the Ising
model.
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3.8.1 Sign problem

In the two-point correlators, the statistical errors become dramatically larger as the
coupling g decreases and the lattice size increases. This is due to fluctuations in the
sign of the fermion determinant detK. This type of issue is called sign problem. We
say that a system suffers from a sign problem if negative (or complex) weights in the
classical representation occur. In our case, the appearance of these negative weights
is linked with the parametrization of the fields that we have chosen in section 3.1 and
consequently to the form of the K matrix.

We have observed that for smaller values of the coupling and higher lattice sizes,
the large statistical errors due to the sign problem render the results not significant.
This appears to be particularly true for the OSp(3|2) model, where it was not possible
to extract any interesting results for any volume larger than V = 4 × 4. For this
volume, we also expect that ⟨sgnK⟩ → 1 only for very large values of g. The effects
of this severe sign problem are evident in fig. 3.2 and fig. 3.4. On the other hand, in
the OSp(5|2) case we were able to consider bigger lattice sizes. for g ≳ 7, for all the
lattice volumes that we considered, the expectation value of the sign is approximately
1. This behavior can be extracted looking at fig. 3.4, where it is showed the two-point
correlators of the OSp(3|2) and OSp(5|2) models at the same value of the coupling
g = 2.0. It is evident that the effects of the sign problem on the correlators are less
visible in the OSp(5|2) models, even on larger lattice sizes.

In principle, the sign problem should in fact improve when we consider theories
with a higher number of bosons. This could be predicted from the form of the K
matrix in eq. (3.14): as the term proportional to N grows, the spectrum of the matrix
becomes more and more positive, so that ⟨sgnK⟩ → 1.

The behavior of ⟨sgnK⟩ as a function of the coupling and the lattice volume is
shown in fig. 3.5. Even though the number of points is limited, we have tried some
simple fits of the different ⟨sgnK⟩ with the volume and the coupling. The fit appears
consistent with an exponential behavior, decreasing with the volume V or the inverse
of the coupling [145]. Due to the severe sign problem in the current HMC setting,
exploring the range of physical interest, for example, the phase transition at g ∼ 2
of the OSP (3|2) model, appears impractical. In future work, we intend to explore
algorithms that treat the fermions differently, hoping to ameliorate the sign problem
and successfully extract interesting physical information from the models.
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Figure 3.4: Plot of the correlators C(t) of the OSp(3|2) (top) and OSp(5|2) model
(bottom) at the same value of the coupling g = 2.0. From the plots, it is easy to
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4. AdS5×S5 superstring on the lattice

The AdS/CFT correspondence [16–18] relates a string theory on Anti de-Sitter (AdS)
space and a conformal field theory (CFT) in flat Minkowski space. A well-studied
example is the duality between type IIB superstrings on AdS5 × S5 , the product
of a five-dimensional AdS space and the five-dimensional sphere, and N = 4 super-
symmetric Yang-Mills theory, the maximally supersymmetric gauge theory in four
dimensions. The AdS5 × S5 background is a maximally supersymmetric solution of
the type IIB supergravity equations of motion in ten dimensions, together with the
flat Minkowski space R1,9, and the “plane-wave" background [146].

Considering the string theory side of the duality, when defined perturbatively
the string theory can be described as a non-linear sigma model. Here, the most
appropriate formalism to define the action of the superstring sigma model is the Green-
Schwarz (GS) approach [21]. With this formalism, the supersymmetry is present only
on the target space, and the fundamental fields, both bosonic and fermionic, are
worldsheet scalars. The corresponding Type IIB GS action in this background is
formulated as a coset sigma model of Wess-Zumino type. This approach was initially
followed in [147] for strings moving in R1,9 and later extended by R. R. Metsaev and
A. A. Tseytlin on AdS5 × S5 in [22, 105] (for a pedagogical review, see [26]).

To quantize the string sigma model, one usually proceeds in a semiclassical fashion,
expanding around classical solutions in a gauge-fixed setup. In relevant cases, the
model turns out to be relatively complicated, with a non-polynomial action and non-
trivial fermionic interactions. However, relying on the abundance of global and local
symmetries of this model, it is expected that this model is UV finite at all orders
[22, 148]. This UV finiteness is non-manifest, but it has been verified up to two-loop
order with dimensional regularization.

Given the expected UV finiteness, it is legitimate to ask ourselves if is possible
to find a non-perturbative definition of the theory via a lattice discretization of the
worldsheet. At least in principle, the lower dimensionality and the absence of world-
sheet supersymmetry constitute advantages compared to the four-dimensional lattice
gauge field theory approach to holography.

The setup proposed in [56,149] has been used to perform Monte Carlo simulations
in order to measure both the cusp anomaly and bosonic and fermionic correlators. In
these explorations a number of theoretical and numerical aspects were addressed and
partially solved, but the Wilson-like fermionic discretization breaks part of the global
symmetry of the model. In section 4.4, we will present a different discretization
which is invariant under the full group of global symmetries of the action in the
continuum. However, as we will review below, a perturbative analysis on the lattice
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4.1. Geometry of AdS5 × S5 space

of one loop renormalizability reveals that the situation is much more complicated than
in dimensional regularization.

In section 4.1, we will briefly review the geometry of the AdS5 ×S5 space and the
Poincaré parametrization. In section 4.2, we review the formulation of the superstring
action in AdS5 × S5 as a coset sigma model and the simplifications occurring in the
light-cone gauge. Finally, in section 4.3, we will review the form of the Euclidean cusp
fluctuation action in the continuum.

4.1 Geometry of AdS5 × S5 space

The AdS5 × S5 space is a direct product of the five-dimensional anti-de Sitter space
AdS5 and the five-dimensional sphere. The AdS space is the isometric embedding

−X2
0 +

4∑
i=1

X2
i −X2

5 = −R2 (4.1)

into the flat space R2,4, with metric ds2R2,4 = −dX2
0+
∑4

i=1 dX
2
i −dX2

5 . By construction,
AdS5 is a homogeneous space with isometry group SO(2, 4). On the other hand,
the sphere S5 is the homogeneous space

∑6
i=1 Y

2
i = R2 with SO(6) symmetry and

embedded in Euclidean R6 with ds2R6 =
∑6

i=1 dY
2
i . For simplicity, we set R = 1. An

Figure 4.1: Sketch of the sphere S5 and of the universal cover of the AdS5 space [150].

important property of AdS5 × S5 is that is a maximally symmetric space and can be
described as the coset

AdS5 × S5 =
SO(2, 4)

SO(1, 4)
× SO(6)

SO(5)
. (4.2)

When dealing with superstrings, a convenient parametrization for the AdS part is the
Poincaré patch :

X0 =
x0
z
, Xi =

xi
z
, i = 1, 2, 3,

X4 =
−1 + z2 − x20 +

∑3
i=1 x

2
i

2z
, X5 =

1 + z2 − x20 +
∑3

i=1 x
2
i

2z
.

(4.3)
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Which brings the conformally flat metric

ds2AdS5
= z−2

(
dxm dxm + dz2

)
. (4.4)

Above, xm = (x0, x1, x2, x3) parametrize the four-dimensional boundary of AdS5 and z
is the radial coordinate. In the next section we will make use of this parametrization
for the full AdS5 × S5 metric by combining the radial coordinate z with the angle
coordinates on the sphere into the sextuplet zM (M = 1, . . . , 6)

ds2 = z−2 (dxm dxm + dzM dzM) = z−2(dxm dxm + dz2) + ds2S5
(4.5)

4.2 Supercoset construction of the string action in
AdS5 × S5

It was realized in [151] that, together with the flat space, the AdS5 × S5 background
supported by RR flux preserves all the supersymmetries of the type IIB supergrav-
ity. Therefore, it is a maximally supersymmetric background and the introduction of
fermionic degrees of freedom can be achieved through the replacement of the bosonic
group SO(2, 4)× SO(6) with its supersymmetric extension PSU(2, 2|4). Taking inspi-
ration from the flat-space counterpart, the superstring action can then be formulated
as a type of Wess-Zumino-Witten (WZW) NLSM in two dimensions [22, 105]. The
action can be expressed in the geometrical form

S(g) =
T

2

∫
Σ

dτdσTr
(
∂µg ∂µg

−1
)
+ κSWZ(g), (4.6)

where the dimensionless quantity T is the string tension, g ∈ PSU(2, 2|4), and SWZ(g)
is the Wess-Zumino (WZ) term. The latter can be written as the integral of a closed
three-form over a three-dimensional manifold with the worldsheet Σ as a boundary:

SWZ(g) = − iT
2π

∫
M3

d3y ϵαβγ Tr
(
g−1∂αg g

−1(y)∂βg g
−1∂γg

)
. (4.7)

The supercoset where the string moves is

PSU(2, 2|4)
SO(2, 4)× SO(6)

. (4.8)

Its bosonic reduction is a representation of the AdS5×S5 space. On this target space,
the superstring has 10 bosonic degrees of freedom and additional 32 fermionic degrees
of freedom, that parametrize the two Majorana-Weyl fermions of 10d type IIB su-
pergravity, provided by the corresponding anticommuting generators of PSU(2, 2|4).
The superstring action has also two additional local symmetries: a bosonic one, the
invariance under reparametrization of the worldsheet or diffeomorphism invariance,
and a fermionic one, the κ-symmetry1, which is crucial to remove unphysical degrees

1κ-symmetry is a local fermionic symmetry, which generalizes the one exhibited by massive and
massless superparticles. We will not give the details of this symmetry here, as for our purposes we
will need to gauge fix it. We refer to [152,153] for a detailed discussion.
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4.2. Supercoset construction of the string action in AdS5 × S5

of freedom and ensure space-time supersymmetry of the spectrum. The form of the
action in eq. (4.6) is convenient to make the symmetry obvious, but is not the most
practical for computations. One reason is that it is strongly dependent on the embed-
ding of the coset element g into PSU(2, 2|4). A convenient choice of the coset element
is given in [22]. The action constructed in their paper is the unique generalization of
the flat-space GS action [147] that meets the following conditions:

• the bosonic reduction of the action is the usual Polyakov action in AdS5 × S5 ,

• it is invariant under global PSU(2, 2|4) transformations and local κ-symmetry,

• it reduces to the type IIB GS action in flat space in the limit of infinite AdS5

and S5 radius.

It is worth mentioning that this action is classically integrable [44], while hints of
quantum integrability for the string worldsheet action have been observed only at low
perturbative orders and verified through the factorization of the S-matrix [154] or via
1-loop [155] and 2-loop [156] corrections to energies of certain string configurations
that match the strong-coupling predictions of the N = 4 SYM Bethe Ansatz. At
finite coupling, integrability remains a conjecture for the entire AdS/CFT system.

4.2.1 Light-cone gauge

Substantial simplifications occur when the κ-symmetry is gauge-fixed. We will achieve
this by imposing the AdS light-cone gauge. This choice is known to produce a gauge-
fixed form of the action with at most quartic powers of the physical fermions. In order
to describe a useful choice of the coset representative for the Ads light-cone gauge, we
use the Poincaré patch that we introduced in section 4.1, where the radial coordinate
is z = eϕ, and we introduce the light-cone directions x± running in the AdS boundary
and their transversal complex coordinates x, x̄

x± ≡ x3 ± x0√
2

, x =
x1 + ix2√

2
, (4.9)

x̄ =
x1 − ix2√

2
, xa =

(
x+, x−, x, x̄

)
, a = 1, . . . , 4.

The appropriate light-cone basis for psu(2, 2|4) will correspond to a set of generators
that respect the splitting of its even part into so(2, 4)⊕so(6). We call {Pµ, Jµν , Kµ, D}
the elements that span the algebra so(2, 4) and J ij the so(6) rotations. The odd part
of the superalgebra is spanned by 32 generator spinors

{
Q±i, Q±

i , S
±i, S±

i

}
labeled by

upper (lower) index i = 1, . . . , 4, transforming in the (anti-)fundamental representa-
tion of SU(4)2. A natural choice for the coset representative g is then [157]

g = gx,θ gη gy gϕ (4.10)

where
gx,θ = ex

aPa+θ·Q, (4.11)
2More details on the structure of the superalgebra are found in Appendix B
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gη = eη·S, (4.12)

gϕ and gy depend on the radial AdS5 coordinate ϕ and S5 coordinates yA respectively

gϕ = eϕD, (4.13)

gy = ey
i
jJ

j
i yi =

i

2
(γA)ij y

A. (4.14)

The matrices γA are the SO(6) Dirac matrices. The supercoordinates (x, ϕ, y, θ, η)
are in one-to-one correspondence with a generator of the superalgebra.

The AdS light-cone gauge [105, 158] is defined by fixing the local symmetries of
the superstring action, bosonic diffeomorphisms and κ-symmetry, via a sort of “non-
conformal” gauge and a more standard light-cone gauge on the two Majorana-Weyl
fermions θI (I = 1, 2) of type IIB superstring action respectively as follows 3

√
−ggαβ = diag(−z2, z−2) , x+ = p+τ , (4.15)

Γ+ΘI = 0. (4.16)

The light-cone gauge reduces the 32 fermionic coordinates ΘI of the two Type IIB left
Majorana Weyl 10-d spinors to 16 physical Grassmann variables θi, ηi (i = 1, 2, 3, 4).

The choice of a light-cone gauge involving only the coordinates in the AdS part of
the space suggests that the sphere is unaffected by this procedure and all the SO(6)
generators commute with the generators in the x+ and x− directions. It is then
possible to find a change of variables that renders the Lagrangian explicitly invariant
under SO(6). The idea is to use the coordinate ϕ, together with the five ya coordinates,
to build a SO(6) vector

za = e−ϕ sin |y|ua , z6 = e−ϕ cos |y| , |z|2 = zMzM = e−2ϕ , (4.17)

with M = 1, ..., 6. The resulting AdS5 × S5 superstring action can be written as

S =
1

2
T

∫
dτ

∫
dσ L , T =

R2

2πα′ =

√
λ

2π
, (4.18)

L = ẋ∗ẋ+ (żM + ip+z−2zNηiρ
MNi

jη
j)2 + ip+(θiθ̇i + ηiη̇i + θiθ̇

i + ηiη̇
i) +

−(p+)2z−2(η2)2 − z−4(x′∗x′ + z′
M
z′
M
)

−2
[
p+z−3ηiρMij z

M(θ′j − iz−1ηjx′) + p+z−3ηi(ρ†M)ijzM(θ′j + iz−1ηjx′∗)
]

≡ ẋ∗ẋ+ (żM + ip+z−2zNηiρ
MNi

jη
j)2 + ip+(θiθ̇i + ηiη̇i − h.c.)− (p+)2z−2(η2)2

−z−4(x′∗x′ + z′
M
z′
M
)− 2

[
p+z−3ηiρMij z

M(θ′j − iz−1ηjx′) + h.c.
]
. (4.19)

Wick-rotating τ → −iτ, p+ → ip+, and setting p+ = 1, one gets Z = e−SE , where
SE = 1

2
T
∫
dτdσ LE and

LE = ẋ∗ẋ+
(
żM + i z−2zNηi(ρ

MN)ijη
j
)2

+ i
(
θiθ̇i + ηiη̇i − h.c.

)
− z−2

(
η2
)2

+ z−4(x
′∗x

′
+ z

′Mz
′M) + 2i

[
z−3zMηiρMij

(
θ
′j − i z−1ηjx

′)
+ h.c.

]
(4.20)

3As in the standard conformal gauge, the choice x+ = p+τ is allowed by residual diffeomorphisms
after the choice (4.15).
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4.3. AdS5 × S5 superstring cusp action

Here the θi = (θi)
†, ηi = (ηi)

† (i = 1, 2, 3, 4) transform in the fundamental repre-
sentation of SU(4) and parametrize the physical fermionic degrees of freedom4. The
matrices ρMij are the off-diagonal blocks of the Dirac matrices γM in six dimensions in
the chiral representation

γM ≡
(

0 ρ†M
ρM 0

)
=

(
0 (ρM)ij

(ρM)ij 0

)
. (4.21)

The two off-diagonal blocks, carrying upper and lower indices respectively, are re-
lated by (ρM)ij = −(ρMij )

∗ ≡ (ρMji )
∗, so that indeed the block with upper in-

dices, denoted (ρ†M)ij, is the conjugate transpose of the block with lower indices.
(ρMN) ji = (ρ[Mρ†N ]) ji and (ρMN)ij = (ρ†[MρN ])ij are the SO(6) generators.

4.3 AdS5 × S5 superstring cusp action

One important classical solution Xcl = Xcl(t, s) of this action is the null cusp back-
ground [159]. It is of crucial importance in AdS/CFT, as holographic dual to several
fundamental observables in the gauge theory [160], which can be studied exploiting
the underlying integrability of the AdS/CFT system [160–165]. In this section, we
will review the form of the Wick-rotated Euclidean formulation of the action Scusp

and its symmetries in the continuum.
The equations of motion derived from the Euclidean AdS light-cone gauge La-

grangian (4.20) admit the following classical solution:

x+ = τ x− = − 1

2σ
x = x∗ = 0 z =

√
τ

σ
, τ, σ > 0 , (4.22)

that describes a Euclidean open string surface ending at z = 0 on the path

(
x+, x−

)
=

{
(0,−u) for u ≤ 0
(u, 0) for u ≥ 0

x = x∗ = 0 (4.23)

The semiclassical computation of this path intergal is based on expanding near the
solution (4.22). An important feature of this expansion is that it is possible to choose
the fluctuation fields and worlsheet coordinates such that the coefficients of the action
become constant (i.e. independent of τ and σ). We choose then the field parametriza-
tion

z =

√
τ

σ
z̃ , z̃ = eϕ̃ = 1 + ϕ̃+ . . . , zM =

√
τ

σ
z̃M , z̃M = eϕ̃ũM

ũa =
ya

1 + 1
4
y2

, ũ6 =
1− 1

4
y2

1 + 1
4
y2

, y2 ≡
5∑

a=1

(ya)2 , a = 1, ..., 5 , (4.24)

x =

√
τ

σ
x̃ , θ =

1√
σ
θ̃ , η =

1√
σ
η̃ .

4Here † stands for hermitian conjugation on the Grassmann algebra, i.e. fermions are complex.
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and absorb the powers of the worldsheet coordinates by posing t = log τ and s = log σ.
Dropping tildes over the fields for simplicity, we arrive to the Euclidean gauge-fixed
Lagrangian Lcusp with constant coefficients (with g = T

2
)

Scusp =g

∫
dtdsLcusp

Lcusp =

∣∣∣∣∂tx+ 1

2
x

∣∣∣∣2 + 1

z4

∣∣∣∣∂sx− 1

2
x

∣∣∣∣2 + (∂tzM +
1

2
zM +

i

z2
zNηi

(
ρMN

)i
j
ηj
)2

+
1

z4

(
∂sz

M − 1

2
zM
)2

+ i
(
θi∂tθi + ηi∂tηi + θi∂tθ

i + ηi∂tη
i
)
− 1

z2
(
ηiηi
)2

+
2i

z3
zMηi

(
ρM
)
ij

(
∂sθ

j − 1

2
θj − i

z
ηj
(
∂sx−

1

2
x

))
+

2i

z3
zMηi

(
ρ†M

)ij (
∂sθj −

1

2
θj +

i

z
ηj

(
∂sx−

1

2
x

)∗)
(4.25)

In the action (4.25), as standard in the literature, the light-cone momentum has been
consistently set to the unitary value, p+ = 1. Clearly, in the perspective adopted here
it is crucial to keep track of dimensionful quantities, which are in principle subject
to renormalization. In the following section we will make explicit the presence of one
massive parameter, defined as m.

4.3.1 Global symmetries of the action

In (4.25), two global symmetries are explicitly realized

• The SU(4) ∼ SO(6) symmetry originating from the isometries of S5, which is
unaffected by the gauge fixing. Under this symmetry the fields zM change in
the vector representation, the fermions {ηi, θi} and {ηi, θi} transform in the fun-
damental and anti-fundamental representation respectively, whereas the fields x
and x∗ are unaffected.

• SO(2) ∼ U(1) symmetry arising from the rotational symmetry in the two AdS5

directions orthogonal to AdS3 (i.e. transverse to the classical solution) and
therefore, contrary to the previous case, the fields x and x∗ are charged (with
charges 1 and −1 respectively) while the zM are invariant. The invariance of the
action simply requires the fermions ηi and θi to have charge 1

2
and consequently

ηi and θi acquire charge −1
2
.

4.4 U(1)× SU(4) Invariant Discretization

The Green-Schwarz AdS5×S5 string is expected to be defined at the non-perturbative
level. A valid question is whether the non-perturbative regime of the sigma model,
which we have seen describe the AdS5 × S5 string at tree level in string perturbation
theory, is accessible through a lattice discretization of the worldsheet. This approach
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has been pioneered in [54–57] 5 with the study of a lattice-discretized version of the
supercoset action given in eq. (4.18) expanded around a classical solution Xcl of the
string equations of motion describing the world surface of an open string ending on a
null cusp.

This section presents the analysis carried out in [1] of the cusped Wilson line in
N = 4 SYM studied in [55, 56, 149, 182], presenting a discretization that preserves
more symmetry. Despite this, the lattice model requires fine-tuning to have finite
quantities. The analysis presented here is not a non-perturbative definition of the
worldsheet string model, as the one given for the OSp(P |2Q) sigma model in the
previous chapter, since we are working with a semiclassical gauge fixed Lagrangian.

To define the lattice-discretized theory, we must provide a discretized action and
an explicit expression for the measure. We choose to use a flat measure for the fields,
but we keep in mind that this choice is quite arbitrary as it is not invariant under
reparametrization of the target AdS5 × S5 target space.

We choose the discretized Scusp action to be

Scusp = g
∑
s,t

a2

{∣∣∣b+∂̂tx+ m
2
x
∣∣∣2 + 1

z4

∣∣∣b−∂̂sx− m
2
x
∣∣∣2

+
(
b+∂̂tz

M + m
2
zM + i

z2
zNηi(ρ

MN)ijη
j
)2

+ 1
z4

(
∂̂sz

M ∂̂sz
M + m2

4
z2
)

+ 2i
(
θi∂̂tθi + ηi∂̂tηi

)
− 1

z2

(
ηiηi
)2

+ 2i
[

1
z3
zMηi(ρM)ij

(
b+∂̄sθ

j − m
2
θj − i

z
ηj(b−∂̂sx− m

2
x)
)

+ 1
z3
zMηi(ρ

M †
)ij
(
b+∂̄sθj − m

2
θj +

i
z
ηj(b−∂̂sx

∗ − m
2
x∗)
)]}

.

(4.26)

The massive parameter m keeps track of the dimensionful light-cone momentum
P+, set to 1 in [156]. The proposed discretized action (4.26) is written in terms of the
forward and backward discrete derivatives, which we rewrite here for convenience

∂̂µf(σ) ≡
f (σ + aeµ)− f (σ)

a
, ∂̄µf(σ) ≡

f (σ)− f (σ − aeµ)

a
(4.27)

where eµ is the unit vector in the direction µ = 0, 1 and σ is a shorthand notation
for (s, t). The action (4.26) depends on four parameters: g, m, and the auxiliary
parameters b±. The discretized action Scusp reduces to the desired continuum action
Scont
cusp in the naïve a → 0 limit if b± → 1. However, as we will discuss in detail, the

naïve choice b± = 1 produces undesired UV divergences at one loop. The values of b±
need to be tuned so that these UV divergences cancel. This is a sign that the lattice
regulator does not manage to reproduce the cancellation of UV divergences that occur
in dimensional regularization.

Given a generic observable A, expectation values in the lattice discretized theory
are defined by

⟨A⟩ = 1

Zcusp

∫
dxdx∗d6zd4θd4θ†d4ηd4η† e−ScuspA , (4.28)

5Other lattice approaches to AdS/CFT include [166–180], see also [181] and references therein.
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where df ≡
∏

s,t df(s, t) is the discretized measure. The partition function Zcusp is
fixed by the requirement ⟨1⟩ = 1.

An important feature of the proposed discretized action and measure is that they
are invariant under the full U(1)×SU(4) internal symmetry group. This is in contrast
with the discretization previously presented in [56]. The key difference is the use of
forward and backward discrete derivatives for both the bosonic and fermionic parts
of the action. This is normally avoided for fields that satisfy first-order equations of
motion (usually fermions) since it breaks parity and time reversal. This This is not an
issue because these symmetries are already broken in the continuum action. In [56],
instead, the symmetric derivative was used and, as in lattice QCD, a Wilson-like term
had to be included to solve the resulting doubling problem while breaking either the
U(1) or the SU(4) symmetry.

As in the continuum [159], the perturbative series is obtained by expanding the
action around its minima. Parametrizing the fluctuations around the minimum (4.22)
in the same way as in the continuum, the path-integral measure over the zM fields
reads

6∏
M=1

dzM = e
∑

s,t

{
6ϕ+5 log

(
1+ y2

4

)}
dϕ

5∏
a=1

dya . (4.29)

The contribution of the Jacobian determinant above can be conveniently included in
the effective action

Seff = Scusp −
∑
s,t

{
6ϕ+ 5 log

(
1 +

y2

4

)}
, (4.30)

We then define the partition function of the lattice-discretized theory as

Zcusp =

∫
dxdx∗dϕd5yd4θd4θ†d4ηd4η† e−Seff , (4.31)

so that the expectation values of a generic observable A is

⟨A⟩ = 1

Zcusp

∫
dxdx∗dϕd5yd4θd4θ†d4ηd4η† e−SeffA . (4.32)

Notice that the sum in (4.29) does not come with the corresponding a2 factor, which
means that in the naïve continuum limit it diverges like a−2. This should not be
surprising: in the continuum, this term would be proportional to δ2(0) that yields a
quadratic divergence in a hard-cutoff regularization, but it is set to zero in dimen-
sional regularization. The perturbative expansion6 is obtained by splitting the action
Seff = S0 + Sint, where S0 contains all quadratic terms in the fields with a coefficient
proportional to g−1, and Sint contains all other terms. Notice that Sint also con-
tains g-independent quadratic terms which come from the expansion of the Jacobian

6i.e. the expansion in powers of g−1.
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determinant. We focus here on the leading order quadratic action

S0 = g a2
∑
s,t

{ ∣∣∣b+∂̂tx+ m
2
x
∣∣∣2 + ∣∣∣b−∂̂sx− m

2
x
∣∣∣2

+b2+(∂̂ty
a)2 +mb+y

a∂̂ty
a + (∂̂sy

a)2

+b2+(∂̂tϕ)
2 +mb+ϕ∂̂tϕ+ (∂̂sϕ)

2 +m2ϕ2 + 2i
(
θi∂̂tθi + ηi∂̂tηi

)
+2iηi(ρ6)ij

(
b+∂̄sθ

j − m
2
θj
)
+ 2iηi(ρ

6†)ij
(
b+∂̄sθj − m

2
θj
)}

.(4.33)

The propagators are conveniently constructed by going in momentum space. Given a
function f(s, t) in coordinate space, we denote by f̃(p0, p1) the corresponding function
in momentum space. On the lattice, the two are related by

f(s, t) =

∫ π/a

−π/a

d2p

(2π)2
eip0t+ip1sf̃(p0, p1) , f̃(p0, p1) =

∑
s,t

a2 e−ip0t−ip1sf(s, t) . (4.34)

The function f̃(p0, p1) is periodic in both components with a period 2π/a, and mo-
mentum integrals are always restricted to −π/a < pk < π/a, showing explicitly that
the lattice effectively enforces a hard cutoff in momentum space. As in the continuum,
discrete derivatives are diagonalized in Fourier space and read˜̂

∂µf(p0, p1) = ip̂µf̃(p0, p1) ,
˜̄∂µf(p0, p1) = ip̂∗µf̃(p0, p1) (4.35)

where we have defined

p̂µ = ei
apµ
2
2

a
sin

apµ
2
. (4.36)

Introducing the collective bosonic and fermionic fields

Φ = (Re x, Im x, y1, . . . , y5, ϕ)t ,

Ψ = (θ1, . . . , θ4, θ
1, . . . , θ4, η1, . . . , η4, η

1, . . . , η4) ,
(4.37)

the free action (4.33) can be written in momentum space as

S0 = g

∫ π/a

−π/a

d2p

(2π)2

{
Φ̃t(−p)KB(p)Φ̃(p) + Ψ̃t(−p)KF(p)Ψ̃(p)

}
, (4.38)

where KB(p) is an 8 × 8 diagonal matrix for which the non-vanishing components
given by

K
(n,n)
B (p) =


c+|p̂0|2 + c−|p̂1|2 + m2

2
if n = 1, 2

c+|p̂0|2 + |p̂1|2 if n = 3, . . . , 7

c+|p̂0|2 + |p̂1|2 +m2 if n = 8

, (4.39)

where we have defined the combinations

c± = b2± ∓ amb±
2

, (4.40)
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and KF(p) is an 16× 16 matrix given by

KF (p) =


0 −p̂∗014×4 −ρ6

(
b+p̂1 − im

2

)
0

−p̂014×4 0 0 ρ6
(
b+p̂1 − im

2

)
ρ6
(
b+p̂

∗
1 +

im
2

)
0 0 −p̂∗014×4

0 −ρ6
(
b+p̂

∗
1 +

im
2

)
−p̂014×4 0

 ,

(4.41)

The two matrices satisfy Kt
B(p) = KB(−p) and Kt

F (p) = −KF (−p).
Propagators in momentum space are defined by the entries of the inverse of these

matrices up to trivial prefactors. The matrix KB(p) is diagonal and therefore easily
inverted, while the matrix KF (p) is inverted by observing that

KF (p)
2 =

(
|p̂0|2 + c+|p̂1|2 +

m2

4

)
116×16 . (4.42)

The propagators are then easily calculated:∑
σ

a2 e−ipσ⟨x(σ)x∗(0)⟩0 =
1

g

1

c+|p̂0|2 + c−|p̂1|2 + m2

2

, (4.43)

∑
σ

a2 e−ipσ⟨ya(σ)yb(0)⟩0 =
1

2g

δab

c+|p̂0|2 + c−|p̂1|2
, (4.44)

∑
σ

a2 e−ipσ⟨ϕ(σ)ϕ(0)⟩0 =
1

2g

1

c+|p̂0|2 + |p̂1|2 +m2
, (4.45)

∑
σ

a2 e−ipσ⟨θi(σ)θj(0)⟩0 = − 1

2g

p̂∗0δ
j
i

|p̂0|2 + c+|p̂1|2 + m2

4

, (4.46)

∑
σ

a2 e−ipσ⟨ηi(σ)ηj(0)⟩0 = − 1

2g

p̂∗0δ
j
i

|p̂0|2 + c+|p̂1|2 + m2

4

, (4.47)

∑
σ

a2 e−ipσ⟨θi(σ)ηj(0)⟩0 = − 1

2g

ρ6ij
(
b+p̂1 − im

2

)
|p̂0|2 + c+|p̂1|2 + m2

4

, (4.48)

∑
σ

a2 e−ipσ⟨θi(σ)ηj(0)⟩0 = − 1

2g

(ρ6
†
)ij
(
b+p̂1 − im

2

)
|p̂0|2 + c+|p̂1|2 + m2

4

. (4.49)

All other 2-point functions vanish. The denominators in the propagators reduce to a
particularly simple form if we choose c± = 1, which is obtained for b± = b̄± with

b̄± =

√
1 +

(am
4

)2
± am

4
. (4.50)

As we will see in the following sections, this choice is also the correct one to reproduce
some results known in the continuum.

Let us turn now to the interaction vertices. The expansion of Seff in powers of the
fields x, ϕ, y, θ and η is fairly trivial except for terms involving the forward derivative
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of zM . We observe that

∂̂kz
M(x) =

eϕ(x+aek)uM(x+ aek)− eϕ(x)uM(x)

a

=
eϕ(x)+a∂̂kϕ(x)[uM(x) + a∂̂ku

M(x)]− eϕ(x)uM(x)

a

= eϕ(x)

{
∂̂kϕ(x)u

M(x) + ∂̂ku
M(x) +

ea∂̂kϕ(x) − 1− a∂̂kϕ(x)

a
uM(x)

}
.

(4.51)

The first two terms in the last expression survive in the naive a → 0 limit, while
the third term takes into account the violation of the Leibniz and chain rules at
finite lattice spacing. By expanding the exponentials, one obtains terms that have an
arbitrary number of powers of ∂̂kϕ(x) multiplied by explicit powers of a. The number
of derivatives and the number of factors of a are related by dimensional analysis.
Analogously, one finds the following formulae:

∂̂ku
6(x) =

−2yc(x)∂̂ky
c(x)− a[∂̂ky

c(x)]2

2
{
1 + 1

4
[yc(x) + a∂̂kyc(x)]2

}{
1 + 1

4
y(x)2

} , (4.52)

∂̂ku
b(x) =

−2yc(x)∂̂ky
c(x)− a[∂̂ky

c(x)]2

4
{
1 + 1

4
[yc(x) + a∂̂kyc(x)]2

}{
1 + 1

4
y(x)2

}yb(x) . (4.53)

Again, by expanding these expressions in y, one obtains terms with an arbitrary
number of powers of ∂̂kyc(x) multiplied by explicit powers of a. The number of
derivatives and the number of factors of a are related by dimensional analysis. By
inspecting all terms one sees that, at each order in the perturbative expansion, the
interaction Lagrangian density in x is a polynomial of the fields Φ(x), Ψ(x), their first
derivatives ∂̂Φ(x), ∂̂Ψ(x), ∂̄Ψ(x), the lattice spacing a, and the mass m. We will not
write all vertices explicitly, however the following observations will be useful later on:

• Possible vertices are constrained by dimensional analysis: the boson fields have
mass dimension 0, the fermion fields have mass dimension 1/2, the discrete
derivatives and m have mass dimension 1, and the lattice spacing has mass
dimension -1, while vertices must have dimension 2.

• The considered action generates only terms that are proportional to m0, m1 or
m2.

• Vertices exist only with 0, 2, or 4 fermion fields.

• The considered action generates only terms that are proportional to ap with
p ≥ −2. In particular terms proportional to a−2 are generated by the Jacobian
determinant in eq. (4.30).
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4.4.1 Superficial degree of divergence

The goal of this section is to show that the lattice-discretized theory is non-
renormalizable by power counting. To this end, we need to calculate the superficial
degree of divergence of the generic Feynman diagram.

Feynman integrands on the lattice are periodic functions in each component of the
momenta, with period 2π/a. In particular, they are not rational functions as in the
continuum, but rational trigonometric functions of the momenta. As a consequence,
the problem of establishing an appropriate power counting on the lattice is subtler than
in the continuum, and it was solved completely by Reisz [183] (see also e.g. [184,185]).
Following Reisz, given a function F of the loop momenta qi=1,...,L, of the external
momenta pi=1,...,E, and of the lattice spacing a, the superficial degree of divergence
degF of the function F is defined by means of its asymptotic behavior

F (λq, p;m, a/λ)
λ→∞
= CFλ

degF +O
(
λdegF−1

)
, (4.54)

where CF ̸= 0. It is straightforward to show that deg(FG) = degF + degG and
deg(F−1) = − degF . As in the continuum, each loop integral contributes with a
superficial degree of divergence 2.

Denote by Θ̃α(p) the generic (bosonic or fermionic) field in momentum space. We
consider here the connected n-point function in momentum space

⟨Θ̃α1(p1) · · · Θ̃αE
(pE)⟩c = Gα(p) (2π)

2
∑
n⃗∈Z2

δ2
(

2π
a
n⃗−

∑E
i=1pi

)
. (4.55)

In this formula, we have used the fact that momentum conservation on the lattice
takes the form of a delta which accounts for the 2π/a periodicity in momentum space.
As in the continuum, the perturbative expansion of Gα(p) has a representation in
terms of a sum of Feynman integrals. We introduce the amputated n-point function

Gamp
α1,...,αE

(p1, . . . , pE) =
∑

β1,...,βE

Gβ1,...,βE(p1, . . . , pE)
E∏
e=1

[
D−1(pe)

]
αeβe

, (4.56)

where D(p) is the propagator matrix. Gamp
α (p) has a representation in terms of a sum

of Feynman integrals in which the external lines have been amputated, and we will
refer to them as external legs.

Since lines that do not belong to any loop do not contribute to the superficial degree
of divergence, we can restrict our analysis to diagrams that do not have such lines,
i.e. one-particle irreducible diagrams. Therefore consider the generic one-particle
irreducible Feynman diagram contributing to Gamp

α (p), and let A be the corresponding
Feynman integral. We will denote by EB and EF the number of external bosonic and
fermionic legs respectively, and by IB and IF the number of internal bosonic and
fermionic lines respectively. Let li=1,...,I be the momentum flowing in the i-th internal
line (with I = IB+IF ), and let pe=1,...,E be the momentum flowing in the e-th external
leg (with E = EB + EF ). The Feynman integral has the general form

A =

∫ π
a

−π
a

d2q1
(2π)2

· · ·
∫ π

a

−π
a

d2qL
(2π)2

W (p̂, l̂;m, a)
I∏
i=1

Di(l̂i;m, a) , (4.57)
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where Di is the propagator associated to the i-th internal line, W is the product of
all vertices, and L is the number of loops.

The internal momentum li can always be written as li = Pi+Qi where Pi is a linear
combination of external momenta, and Qi is a linear combination of loop momenta.
Also, because of one-particle irreducibility, every internal line belongs to a loop, so Qi

is not identically zero. The propagators are functions of l̂i, whose degree of divergence
is determined by looking at the asymptotic behavior

l̂i = ei
a(Pi+Qi)

2
2

a
sin

a(Pi +Qi)

2

q→λq
a→a/λ−−−−→ ei

a(Pi+λQi)

2λ
2λ

a
sin

a(Pi + λQi)

2λ
= λQ̂i +O(λ0) .

(4.58)
It follows easily that the degree of divergence of bosonic and fermionic propagators
are the same as in the continuum, i.e.

degDi =

{
−2 if i is a bosonic line
−1 if i is a fermionic line

. (4.59)

The contribution to the degree of divergence of the Feynman integral of all propagators
is simply

deg
∏
i

Di =
∑
i

degDi = −2IB − IF . (4.60)

Each vertex contributes to the function W with:

• some integer power of a and m, coming from the explicit dependence on these
two parameters of the interaction Lagrangian, as discussed previously;

• a product of some p̂e where pe is the momentum flowing in the e-th amputated
external leg, coming from the discrete derivatives acting on fields in vertices that
are Wick-contracted to external fields;

• a product of some l̂i where li is the momentum flowing in the i-th internal
line, coming from the discrete derivatives acting on fields in vertices which are
Wick-contracted to fields in other vertices or possibly the same vertex.

Notice that the degree of divergence of p̂e is determined by the asymptotic behavior

p̂e = ei
ape
2
2

a
sin

ape
2

q→λq
a→a/λ−−−−→ ei

ape
2λ

2λ

a
sin

ape
2λ

= λ0pe +O(λ−1) . (4.61)

Let Pa and Pm be the total number of a and m factors respectively, and let DE and
DI be the total number of discrete derivatives acting on internal and external lines
respectively. Using eqs. (4.58) and (4.61) one derives the asymptotic behavior

W (p̂, l̂;m, a)

q→λq
a→a/λ−−−−→ W (λ0p, λq̂;m, a/λ)

[
1 +O(

1

λ
)
]
= λDI−PaW (p, q̂;m, a)

[
1 +O(

1

λ
)
]

(4.62)
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which implies

degW = DI − Pa . (4.63)

The superficial degree of divergence of the considered Feynman integral is given by

degA = −2L+ degW +
∑
i

degDi = 2L+DI − Pa − 2IB − IF . (4.64)

It is also interesting to calculate the mass dimension of the Feynman integral. Notice
that

dimDi =

{
−2 if i is a bosonic line
−1 if i is a fermionic line

, (4.65)

dimW = Pm − Pa +DI +DE , (4.66)

which yields

dimA = 2L+ dimW +
∑
i

dimDi = 2L+ Pm − Pa +DI +DE − 2IB − IF . (4.67)

On the other hand, A is a term for the perturbative expansion of Gamp
α (p). The mass

dimension of the amputated n-point function is calculated by observing that the mass
dimension of a bosonic field in Fourier space is -2, the mass dimension of a fermionic
field in Fourier space is -3/2, and the mass dimension of the momentum-conservation
delta is -2. Using eqs. (4.55) and (4.56), one obtains

dimA = dimGamp = dimG+ 2EB + EF = −2EB − 3

2
EF + 2 + 2EB + EF

= 2− 1

2
EF .

(4.68)

Combining with eqs. (4.64) and (4.67) we get our final the formula for the degree of
divergence of A:

degA = 2− 1

2
EF − Pm −DE . (4.69)

This formula shows that the degree of divergence of one-particle irreducible diagrams
cannot be larger than 2. However, since the degree of divergence does not depend on
the number of external bosonic legs, at any loop order the number of divergent dia-
grams is infinite. This implies that one needs infinitely many counterterms at any loop
order to cancel the UV divergences. Without extra constraints on the counterterms,
one would conclude that the theory is non-renormalizable.

Since the Feynman diagrams with Pa = 0 are the same ones that appear in a contin-
uum regularization, the same conclusion holds in this case. However, it is known that,
in dimensional regularization, non-trivial cancellations of UV divergences happen, ef-
fectively showing that the UV counterterms are highly constrained. Even though some
general argument exists for the UV finiteness of the Green-Schwarz AdS5 × S5 string
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before any gauge fixing, we are not aware of a complete derivation of such constraints
in the gauge-fixed theory, parametrized around the null-cusp background.

The question of whether a similar cancellation of UV divergences happens in the
lattice discretization is a legitimate one. We will see with a couple of examples that,
unfortunately, this does not work as well as in dimensional regularization: a certain
amount of fine-tuning is needed in order to reproduce the continuum results.

4.4.2 Cusp anomaly

Since the logarithm of the partition function is extensive, a complete calculation is
performed by considering a finite worldsheet with area V . At this point, the integral
defining the partition function is finite and can be analytically calculated order by
order in the perturbative expansion. Finally, one can define the free energy density
in the infinite-volume limit, i.e.

ρ(g,m, a) = − lim
V→∞

1

V
logZcusp(g,m, a, V ) . (4.70)

As in every statistical system, the free energy is defined up to an additive constant
and only free-energy differences have physical meaning. It is also interesting to no-
tice that rescaling the integration measure in each lattice point dΦ(s, t)dΨ(s, t) →
βdΦ(s, t)dΨ(s, t) is equivalent to rescaling Zcusp → β

V
a2Zcusp, i.e redefining ρ →

ρ−a−2 log β. This shows that quadratic divergences in the free energy are immaterial
and can be removed by rescaling the integration measure. We propose to identify the
following derivative of the free-energy density with the cusp anomalous dimension

f(g,m, a) =
4

m

∂

∂m
ρ(g,m, a) . (4.71)

It is straightforward to show that this derivative coincides with the standard defini-
tion in dimensional regularization. At leading order, the path integral defining the
partition function reduces to a Gaussian integral, which yields

ρ(g,m, a) = g
m2

2
− 4

a2
log(2π) +

1

2

∫ π/a

−π/a

d2q

(2π)2
log

[
detKB(q)

detKF (q)

]
+O(g−1) . (4.72)

The determinants are calculated from the explicit expressions of KB and KF , yielding

detKB(q)

detKF (q)
=

(
c+|q̂0|2+c−|q̂1|2+m2

2

)2

(c+|q̂0|2+|q̂1|2)
5
(c+|q̂0|2+|q̂1|2+m2)(

|q̂0|2+c+|q̂1|2+m2

4

)8 . (4.73)

The calculation of ρ and its small-a expansion can be reduced to the following
general integral∫ π/a

−π/a

d2q

(2π)2
log a2

{∑
i

(1 + aδi)|p̂i|2 +M2

}

=
1

a2
I
(0,0)
−2 +

δ1 + δ2
2a

− δ21 + δ22
4

+
(δ1 − δ2)

2

4π
− M2

4π
log(aM)2 +M2I

(0,0)
0

+O(a log a) ,

(4.74)
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where I(0,0)−2 ≃ 1.166 and I(0,0)0 ≃ 0.355 are numerical constants. The derivation of the
above asymptotic expansion and the precise definition of the constants are given in
Appendix D.1. By using the asymptotic expansion given above, with the convention
c± = 1 + amδc±, one gets

ρ(g,m, a) = g
m2

2
− 4 log(2π)

a2
+
mδc−
2a

− 3m2 log 2

8π
−
m2δc2−

4

+
m2δc−(δc− − 2δc+)

4π
+O(a log a) +O(g−1) , (4.75)

and, correspondingly, for the cusp anomaly:

f(g,m, a) = 4g +
δc−
2am

− 3 log 2

π
− 2δc2− +

2δc−(δc− − 2δc+)

π
+O(a log a) +O(g−1).

(4.76)

Notice that with the naive choice b± = 1, corresponding to δc± = ∓1/2, the cusp
anomaly contains a linear divergence. On the other hand, with the special choice
b± = b̄± that corresponds to c± = 1 and δc± = 0, the linear divergence is canceled,
and we obtain the same result as in dimensional regularization:

f(g,m, 0) = 4g − 3 log 2

π
+O(g−1) . (4.77)

4.4.3 One-Point Functions

We compute now the one-point functions of the perturbative fields. Notice that ⟨x⟩ =
0 because of the U(1) symmetry, and ⟨ya⟩ = 0 because of the SO(5) ⊂ SO(6) ≃
SU(4) symmetry which leaves the perturbative vacuum invariant. ϕ is the only field
with a non-vanishing one-point function, which has been calculated in dimensional
regularisation [156, 186, 187]. This one-point function and any n-point function of
bare fields are not expected to be UV finite. It is known that ⟨ϕ⟩ is UV divergent
in dimensional regularisation, and we will see that it turns out to be UV divergent
also in the lattice regularisation. The interest in this one-point function lies in the
fact that it appears as a sub-diagram in any other n-point function, and ultimately
its UV divergence contributes to any physical observable. We will give an example of
this mechanism in the next subsection.

There are two classes of vertices contributing to the one-point function of ϕ: single-
field vertices coming from the measure

Sϕ = −6
∑
s,t

ϕ , (4.78)

and three-field vertices coming from the action

Sϕ•• = g
∑
s,t

a2
{
− 4ϕ

∣∣∣b−∂̂sx− m
2
x
∣∣∣2 + c+∂̂tϕ∂̂t(ϕ

2) + ∂̂sϕ∂̂sϕ
2 − 4ϕ(∂̂sϕ)

2

+ 2c+∂̂ty
a∂̂t(ϕy

a)− c+∂̂tϕ∂̂t(y
2) + 2∂̂sy

a∂̂s(ϕy
a)− ∂̂sϕ∂̂s(y

2)− 4ϕ(∂̂sy
a)2

− 4iϕ
[
ηi(ρ6)ij

(
b+∂̄sθ

j − m
2
θj
)
+ ηi(ρ

6†)ij
(
b+∂̄sθj − m

2
θj
)]}

.

(4.79)
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Notice that the insertion of Sϕ produces a tree-level diagram, while the insertion of
Sϕ•• produces a one-loop diagram. However, because of the mismatch in the power of
g in Sϕ and Sϕ••, all these diagrams contribute to the same order in g, yielding

⟨ϕ⟩ = 3

gm2a2
+

2

gm2

∫ π/a

−π/a

d2q

(2π)2
c−|q̂1|2 + m2

4

c+|q̂0|2 + c−|q̂1|2 + m2

2

− 1

2gm2

∫ π/a

−π/a

d2q

(2π)2
c+|q̂0|2 − |q̂1|2

c+|q̂0|2 + |q̂1|2 +m2
− 5

2gm2

∫ π/a

−π/a

d2q

(2π)2
c+|q̂0|2 − |q̂1|2

c+|q̂0|2 + |q̂1|2

− 8

gm2

∫ π/a

−π/a

d2q

(2π)2
c+|q̂1|2 + m2

4

|q̂0|2 + c+|q̂1|2 + m2

4

+O(g−2) .

(4.80)

With the special choice b± = b̄±, i.e. c± = 1, one can use the symmetry of the integrals
under p0 ↔ p1 exchange to simplify

⟨ϕ⟩ = −1

g

∫ π/a

−π/a

d2q

(2π)2
1

|q̂|2 + m2

4

+O(g−2)

=
1

g

{
1

4π
log

(am)2

4
+

1

4π
− I

(0,0)
0 +O(a log a)

}
+O(g−2) , (4.81)

which is logarithmically divergent. The definition of the numerical constant I(0,0)0 ≃
0.355 is given in the appendix of [1]. Notice that the measure, fermion-loop and
x-loop contributions are separately quadratically divergent, and the cancellation of
these divergences is highly non-trivial.

In the general case c± = 1 + (am)δc± where δc± = O(a0) and, after a lengthy
calculation, one gets

⟨ϕ⟩ = 1

g

{
−8δc+ + δc−

πa
+

1

4π
log

(am)2

4
+

1

4π
− I

(0,0)
0 +

8δc2+ − δc2−
2π

+O(a log a)

}
+O(g−2).

(4.82)

Notice that the naïve choice b± = 1 corresponds to the choice δc± = ∓1/2 which
yields indeed a linear divergence for ⟨ϕ⟩:

⟨ϕ⟩ = 1

g

{
9

2πa
+O(log a)

}
+O(g−2) . (4.83)

4.4.4 Two-Point Function

We now calculate the two-point function of the field x at one loop. We will use the
two-point function to extract the dispersion relation of the x particle propagating
on the worldsheet. In dimensional regularization and at one loop [186], both the
two-point function and the dispersion relation are UV finite without the need for
renormalization. We will also see that this is true at one loop in lattice perturbation
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Figure 4.2: Topologies of diagrams contributing to the two-point function ⟨xx∗⟩ at
one-loop in the discretized model in (4.26) .

theory, provided that one has chosen c± = 1. The naïve choice b± = 1 generates UV
divergences in the dispersion relation. A valid question is whether these divergences
can be eliminated with a renormalization procedure.

There are two classes of vertices contributing to the two-point function of x at one
loop: three-field vertices

Sxx∗• = g
∑
s,t

a2
{
− 4ϕ

∣∣∣b−∂̂sx− m
2
x
∣∣∣2

+ 2ηiρ6ijη
j
(
b−∂̂sx− m

2
x
)
− 2ηi(ρ

6†)ijηj

(
b−∂̂sx

∗ − m
2
x∗
)}

,

(4.84)

and four-field vertices

Sxx∗•• = 8g
∑
s,t

a2ϕ2
∣∣∣b−∂̂sx− m

2
x
∣∣∣2 , (4.85)

combined to give Feynman diagrams with the three different topologies illustrated in
Figure 4.2. Notice that the tadpole contribution will be proportional to ⟨ϕ⟩.

On general grounds, one sees that the two-point function has the following form

⟨x̃(p)x∗(0)⟩ = 1

g

{
c+|p̂0|2 + c−|p̂1|2 +

m2

2
+

1

g

(
c−|p̂1|2 +

m2

4

)
Πa(p) +O(g−2)

}−1

.

(4.86)
The factor

(
c−|p̂1|2 + m2

4

)
comes from the fact that, in all interaction vertices, x

always appears in the combination
(
b−∂̂sx− m

2
x
)

or its complex conjugate. The
function Πa(p) has a representation in terms of amputated Feynman diagrams, and

96



4.4. U(1)× SU(4) Invariant Discretization

it is explicitly given by

Πa(p) = −4g⟨ϕ⟩+ 4

∫ π/a

−π/a

d2q

(2π)2
1

c+|q̂0|2 + |q̂1|2 +m2

− 8

∫ π/a

−π/a

d2q

(2π)2
c−|q̂1|2 + m2

4

c+|q̂0|2 + c−|q̂1|2 + m2

2

1

c+|p̂+ q0|2 + |p̂+ q1|2 +m2

− 8

∫ π/a

−π/a

d2q

(2π)2
q̂0

|q̂0|2 + c+|q̂1|2 + m2

4

p̂+ q
∗
0

|p̂+ q0|2 + c+|p̂+ q1|2 + m2

4

.

(4.87)

All integrals in the above formula are logarithmically divergent, while the term pro-
portional to ⟨ϕ⟩ generally contains a linear divergence. Up to terms that vanish in
the a → 0 limit, one can replace c± = 1 in the above integrals, obtaining the simpler
expression

Πa(p) = −4g⟨ϕ⟩+ 4

∫ π/a

−π/a

d2q

(2π)2
1

|q̂|2 +m2
− 8

∫ π/a

−π/a

d2q

(2π)2
|q̂1|2 + m2

4

|q̂|2 + m2

2

1

|p̂+ q|2 +m2

− 8

∫ π/a

−π/a

d2q

(2π)2
q̂0

|q̂|2 + m2

4

p̂+ q
∗
0

|p̂+ q|2 + m2

4

+O(a log a) .

(4.88)

As in the continuum, the leading divergence of the above integrals does not depend on
the external momentum, therefore the subtracted quantity ∆Πa(p) = Πa(p) − Πa(0)
has a finite a→ 0 limit given by the corresponding continuum integrals, i.e.

∆Π0(p) = −8

∫ ∞

−∞

d2q

(2π)2
q21 +

m2

4

q2 + m2

2

{
1

(p+ q)2 +m2
− 1

q2 +m2

}
− 8

∫ ∞

−∞

d2q

(2π)2
q0

|q̂|2 + m2

4

{
p0 + q0

(p+ q)2 + m2

4

− q0

q2 + m2

4

}
+O(a log a) ,

(4.89)

while all the divergences are contained in

Πa(0) = −4g⟨ϕ⟩ − 4

∫ π/a

−π/a

d2q

(2π)2
1

|q̂|2 + m2

4

+
1

π
+O(a log a) , (4.90)

where we have used the symmetry of the integrals under p0 ↔ p1 exchange to simplify
them.

With the choice c± = 1, using equation (4.81) one immediately sees that all
divergences cancel and Π0(0) = 1/π. The two-point function is finite in the continuum
limit and

lim
a→0

⟨x̃(p)x∗(0)⟩ = 1

g

{
p2 +

m2

2
+

1

g

(
p21 +

m2

4

)
Π0(p) +O(g−2)

}−1

. (4.91)

The two-point function has poles at p0 = ±iE(p1) for every value of p1, where E(p1) is
the energy of a single excitation with the quantum numbers of the field x, propagating
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on the worldsheet with momentum p1. In the continuum limit, this is found to be

E(p1)
2 = p21 +

m2

2
+

1

g

(
p21 +

m2

4

)
Π0

(√
p21 +

m2

2
, p1

)
+O(g−2)

= p21 +
m2

2
− 1

gm2

(
p21 +

m2

4

)2

+O(g−2) , (4.92)

where we have used the on-shell value of Π0. The obtained dispersion relation coincides
with the result in [186].7

However in the general case c± = 1 + (am)δc± where δc± = O(a0), Πa(0) and
E(p1) inherit the linear divergence from ⟨ϕ⟩. Using equation (4.82) one obtains

Πa(0) =
32δc+ − 4δc−

πa
+

1− 16δc2+ + 2δc2−
π

+O(a log a) . (4.93)

For instance, for the naïve choice b± = 1, which corresponds to δc± = ∓1/2, one
obtains for the dispersion relation

E(p1)
2 = p21 +

m2

2
+

1

g

(
p21 +

m2

4

)[
− 18

πa
+O(log a)

]
+O(g−2) . (4.94)

It is interesting to notice that once we have set b± = 1, the divergence in the dispersion
relation cannot be eliminated by renormalizing the remaining available parameters,
i.e. g and m. In other words, the choice b± = 1 is not stable under renormalization.
On the other hand, if one allows the coefficients b± to be renormalized along with m
and g, then the divergences in the dispersion relation are eliminated, e.g. by choosing

b+ = 1 +
1

gR

amR

8

2 + amR

2

(
Πa(0)−

1

π

)
, (4.95)

b− = 1− 1

gR

1 + 5amR

8

2 + amR

2

(
Πa(0)−

1

π

)
, (4.96)

m2 = m2
R

[
1 +

1

2gR

(
Πa(0)−

1

π

)]
, (4.97)

g = gR
[
1 +O(g−1)

]
. (4.98)

This choice yields a dispersion relation in the continuum limit of the same form as
equation (4.92), except that the mass m needs to be replaced by its renormalized
counterpart mR. One could also see that the one-loop renormalization of the coupling
constant can be chosen so that the cusp anomaly is finite. With this discussion, we do
not want to imply that the chosen lattice theory is renormalizable, something that we
do not know. However, if the lattice theory is renormalizable, then it is not sufficient
to renormalize m and g; one also needs to introduce additional coefficients in the
action and either fine-tune their tree-level value or renormalise them.

7When comparing to [186], notice that one has to redefine the worldsheet coordinates, resulting
in square masses of the fluctuations rescaled by a factor of four.
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5. Conclusions

The main goal of this thesis was to develop new tools for the investigation of sigma
models on supersymmetric manifolds at finite coupling through the use of lattice
techniques, motivated by the important applications that these models have in string
theory and the AdS/CFT correspondence.

Symmetry plays a crucial role in proving the renormalizability of sigma models.
To be able to use the tools of lattice field theory as a reliable non-perturbative tool
to explore the physics of such models and make predictions that remain consistent in
the continuum limit, it is crucial to work with a renormalizable theory. As we have
said in the introduction and in chapter 4, a lattice discretization of string worldsheet
models in AdS presents non-trivial challenges in this sense.

Motivated by the extensive literature on the non-perturbative region of the O(N)
NLSM through numerical simulations, we worked with the supersphere sigma model,
a supersymmetric extension of the O(N) NLSM that has supersymmetry only on the
target space. This setup provides a simple ground to gain experience in analyzing
lattice quantum field theories of two-dimensional sigma models on supersymmetric
target spaces. We showed that the partition function and n-point correlation functions
of the OSp(P |2Q) model are related to those of the OSp(P ′|2Q′) model when P −
2Q = P ′− 2Q′. Moreover, the renormalizability properties of the O(N) model extend
to this supersymmetric sigma model: the Ward-Takahashi identities constrain the
form of possible counterterms, whose coefficients can be calculated as a function of
only two renormalization constants - the coupling constant Zg and a unique field
renormalization ZΦ.

Encouraged by the renormalization properties of the model, we presented a pos-
sible line of attack for the study of the supersphere sigma model on the lattice, by
building a discretized version of the path integral that can be used to perform numer-
ical simulations at every value of the coupling constant g. Since the supersymmetry
is present only on the target space, in section 3.2 we have shown that the discretized
action is still invariant under the supersymmetry transformations and one can still
derive the conserved currents in this setup. We have then presented the simulation
setup by showing step-by-step the Hybrid Monte Carlo algorithm and the reweighting
technique that we have used in the simulation. The preliminary checks of the algo-
rithm were presented in section 3.8: simulations were carried for the OSp(3|2) and
the OSp(5|2) models for values of the coupling ranging from g = 0.1 to g = 10.0 and
on different lattice sizes. For both theories, to test the algorithm we have computed
the bosonic and fermionic two-point function. Comparing the two-point correlators
with the corresponding correlators of their bosonic counterpart, respectively the Ising
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and O(3)-invariant model, we manage to observe the equivalence between the corre-
lators, as predicted by the symmetry analysis of the model and the analytical results
given in section 2.5. However, the fluctuations of the sign of the fermion determinant
make the statistical errors increase significantly with the inverse of the coupling and
the lattice size. This sign problem, is more severe in the OSp(3|2) model, making it
difficult to extract fruitful information on the correlators of OSp(3|2) model on lattice
sizes bigger than 4× 4. On the other hand, for the OSp(5|2) model, we were able to
consider larger lattice sizes up to 16× 16, although it was still not possible to extract
information at higher volumes. Future work will focus on exploring alternative algo-
rithms to mitigate the sign problem and extract more significant physical information
from these models.

In chapter 4, we have discussed the challenges of discretizing a sigma model with
target superspace AdS5 × S5 . In particular, we discussed the Green-Schwarz gauge-
fixed action describing the worldsheet fluctuations about a classical solution, called
the null cusp background. We have presented and discussed a U(1)×SU(4) invariant
discretization of the action, and described the perturbative expansion, focusing on the
one-point and two-point functions. The lattice perturbation theory analysis of one-
loop renormalizability reveals that the situation is much more complicated than in
dimensional regularization due to the presence of power UV divergences. In order to
remove these divergences at one loop, it is necessary to introduce two extra parameters
in the action which need to be either fine-tuned at tree level or renormalized at one
loop. These do not seem to have a deep meaning, besides the fact that they make the
bare propagators simple. It’s highly unlikely that the fine-tuning of the parameters at
one loop is enough to make all physical observables finite at all orders in perturbation
theory. In any case, even if this would be true, it would not be a definite statement
on the non-perturbative renormalizability of the model, since the discretized action
is defined here only perturbatively. A crucial point is that the symmetries preserved
by the lattice and the continuum action are only a small subset of the isometry
group PSU(2, 2|4) of the AdS5 × S5 space. This holds for the large majority of the
studied string configurations dual to interesting gauge theory observables, but not
much has been said, in the continuum, on the remnants of these symmetries in terms
of a nonlinear realization. An explicit investigation of this kind, in particular for
the fermionic κ-symmetry, which plays a central role in the formal argument for UV
finiteness of the GS string action, appears important in the continuum in the first
place. Then, one would have to search for a discretization able to preserve such
remnant symmetries and study the corresponding continuum limit.
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A. Details on the covariant back-
ground field expansion

Starting from

L(ϕ+ φ(ξ)) = exp

(
D

Dt

)
L(ϕ) , (A.1)

the first few orders of the expansion of sigma model action in eq. (1.2) are easily
obtained as

S0ξ =

∫
d2x

[
gab(ϕ) ∂αϕ

a
∂αϕ

b
]
,

S1ξ =

∫
d2x

D

Dt

[
gab(ϕ) ∂αϕ

a∂αϕb
]∣∣∣
t=0

=
1

g

∫
d2x

[
gab(ϕ)Dαξ

a∂αϕ
b
]
,

S2ξ =

∫
d2x

1

2

D

Dt

[
gab(ϕ)Dαξ

a∂αϕb
]∣∣∣
t=0

=

∫
d2x

[
gab(ϕ)D

αξaDαξ
b +Rabcd(ϕ) ∂

αϕ
a
∂αϕ

c
ξbξd

]
,

(A.2)

where we recall that, after taking the derivatives, evaluating at t = 0 amounts to
replacing ϕa by ϕa. This already exhausts the terms needed at one-loop.

A.1 One-loop Effective Action

Let us now examine the perturbative expansion of the action. The kinetic term of
S2ξ[ξ;ϕ], gab(ϕ)∂αξa∂αξb, has a non-standard form, since gab(ϕ) is not constant on
the worldsheet. To overcome this difficulty it is customary to introduce vielbeins
eia(ϕ) and flatten the fluctuation by introducing ξi = eia ξ

a . The covariant derivative
Dαξ

a = ∂αξ
i+ ∂αϕ

a
ωa

i
j ξ

j now involves the spin connection, and the action takes the
form

S2ξ[ξ;ϕ] =

∫
d2x

[
DαξiDαξi +Raijb ∂

αϕ
a
∂αϕ

b
ξiξj

]
=

∫
d2x ∂αξi∂αξi + Sint[ξ;ϕ] ,

(A.3)
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which has a standard kinetic term. Writing out the interaction part of (A.3) we obtain

Sint[ξ;ϕ] =

∫
d2x

[
2 ∂αϕ

a
ωa ij ξ

j∂αξ
i + ∂αϕ

a
∂αϕ

b
ωa ki ωb

k
j ξ

iξj

+Raijb ∂
αϕ

a
∂αϕ

b
ξiξj

]
=: Sω + S2ω + SR .

(A.4)

We are now ready to evaluate the one-loop effective action, which is given by

e−Γ1[ϕ] =
〈
e−Sint[ξ;ϕ]

〉
. (A.5)

The only terms contributing to the renormalization of the metric are

Γ1 = ⟨SR⟩+ ⟨S2ω⟩ −
1

2
⟨S2

ω⟩1PI + · · · , (A.6)

where dots stand for terms with more than two factors of ∂αϕ
a. The propagator can

be derived from the free part of (A.3) and reads

⟨ξi(x) ξj(y)⟩ = δijG(x− y) , G(x) =

∫
d2p

(2π)2
eip·x

p2
. (A.7)

On dimensional grounds, and using the symmetry properties of the theory, it follows
that the terms Sω and S2ω involving the spin connection cannot contribute to UV
divergences. From the expansion (A.6) we are left with the single divergent contribu-
tion

Γdiv
1 = ⟨SR⟩ = −1

2
G(0)

∫
d2xRab ∂

αϕ
a
∂αϕ

b
. (A.8)

We regularize the propagator at coinciding points G(0) =
∫

d2p
(2π)2

1
p2

by continuing to
n = 2 + ϵ dimensions and introducing the IR mass regulator:

G(0)reg = µ2−n
∫

dnp

(2π)n
1

p2 +m2
=

1

4π

(
m2

4πµ2

) ϵ
2

Γ(−ϵ/2) . (A.9)

In order to extract the pole, we expand the gamma function Γ(x) = 1
x
− γ + O(x),

where γ is the Euler-Mascheroni constant, and obtain

Γdiv
1 =

1

4π

(
1

ϵ
+ log

m

µ

) ∫
d2xRab ∂

αϕ
a
∂αϕ

b
. (A.10)

Here we redefined the renormalization scale as 4πe−γµ2 → µ2, as it is customary in
the MS scheme. At this point we can fix the one-loop counterterm by demanding
that it cancels the divergence:

Sc.t. = − 1

4πϵ

∫
d2xRab ∂

αϕ
a
∂αϕ

b
, (A.11)

which yields the renormalized coupling at one-loop order:

Γren =

∫
d2x

(
gab +

1

2π
log

m

µ
Rab

)
∂αϕ

a
∂αϕ

b
. (A.12)
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A.2 Deriving the one-loop beta function

In order to extract the beta function, we write the bare action as

S0 = S + Sc.t.

=

∫
dnx g0ab ∂

αϕ
a
∂αϕ

b
=

∫
dnxµϵ

(
gab + Tab(g)

)
∂αϕ

a
∂αϕ

b
,

(A.13)

where, using (A.11), Tab = − 1
2πϵ
Rab. This determines the bare metric to be

g0ab = µϵ
(
gab −

1

2πϵ
Rab

)
. (A.14)

Defining t := log µ and requiring g0ab to be independent of t one obtains

0 =
dg0ab
dt

= eϵt
(
ϵ gab −

1

2π
Rab +

dgab
dt

− 1

2πϵ

dgcd
dt

· ∂

∂gcd
Rab

)
. (A.15)

Matching the order ϵ and ϵ0 terms yields

dgab
dt

= −ϵ gab + βab(g) , βab(g) =
1

2π

(
1− gcd ·

∂

∂gcd

)
Rab . (A.16)

The operator gcd · ∂
∂gcd

should be regarded as the integrated functional derivative

f i · ∂ F
∂f i

=

∫
d2x f i(x)

δF

δf i(x)
. (A.17)

Here it can be reduced to an ordinary parametric derivative as follows:

gcd ·
∂

∂gcd
Tab(g) = Λ

∂

∂Λ
Tab(Λg)

∣∣∣
Λ=1

. (A.18)

This can be verified by computing the right-hand side, viewing Tab as a function of
g̃cd = Λ gcd and applying the (functional) chain rule. Note that the operator Λ ∂

∂Λ

counts the number of gab minus the number of gab. For the Ricci tensor this operator
has zero eigenvalue, because the Christoffel symbols contain one g and one g−1 and
there is no further metric needed in defining the Ricci tensor. Using this back in
(A.16) we can finally read off the one-loop beta function

βab(g) = Rab . (A.19)
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B. Supermanifold and supergroups

In this chapter, we will present basic concepts of supermanifolds, Lie superalgebras
and supergroups. For a more complete and formal treatment of these topics, we refer
the reader to the references [89, 107,122].

B.1 Grassmann algebra

Let ζa , a = 1, . . . , N be a set of generators for an algebra, which anticommute:

ζaζb = −ζbζa , (ζa)2 = 0 , for all a, b. (B.1)

The algebra is called a Grassmann algebra and will be denoted by GN . One can also
define the formal limit N → ∞ and the corresponding algebra is denoted by G∞.
The elements 1, ζa, ζaζb, . . . where the indices in each product are all different, form
an infinite basis for G∞. When N is finite the sequence terminates at ζ1 . . . ζN and
there are 2N distinct basis elements. The elements of GN form a linear vector space
of 2N dimensions under addition as well as multiplication by a complex number. The
elements of G∞ are called Grassmann numbers. Each Grassmann number z can be
expressed as

z = z0 +
∞∑
n=1

1

n!
ca1...anζ

an . . . ζa1 , z0 , ca1,...,an ∈ C . (B.2)

The c’s are completely antisymmetric in their indices, and summation over repeated
indices is understood. Any Grassmann number may be split into its even and odd
parts:

z = u+ v,

u = z0 +
∞∑
n=1

1

(2n)!
ca1...a2nζ

a2n . . . ζa1 ,

v =
∞∑
n=0

1

(2n+ 1)!
ca1...a2n+1ζ

a2n+1 . . . ζa1 .

(B.3)

Odd Grassmann numbers anticommute with themselves and are called a-numbers.
Even Grassmann numbers commute with everything and are called c-numbers. We
denote with Rc and Ra the subsets of all even and odd real elements of the Grassmann
algebra. The product of two real c-numbers is a real c-number. The product of a real
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B.2. Supermanifold

c-number and a real a-number is a real a-number. The product of two real a-numbers
is an imaginary c-number.

The spaces Rpc and Rqa are defined as the p-fold and q-fold Cartesian products of
Rc and Ra.

B.2 Supermanifold

In physics and mathematics, supermanifolds are generalizations of the manifold con-
cept based on ideas coming from supersymmetry. An informal definition defines a su-
permanifold as an extension of the concept of manifolds, where one has both bosonic
and fermionic coordinates. Locally, it is composed of coordinate charts that make it
look like a "flat", "Euclidean" superspace. Formally, in the literature several defini-
tions are in use. Here, we will define it in similar way to that of a smooth manifold:
supermanifolds bear the same relation to the superspace Rp|q = Rpc × Rqa as ordinary
manifolds bear to Rp. Small regions of a supermanifold look like small regions of
Rpc × Rqa. They are said to have the same local topology.

A supermanifold of dimension (m,n) is a space M, together with a collection of
ordered pairs (UA, ϕa), where each UA is a subset of M and each ϕa is a one-to-one
mapping of UA onto an open subset of Rm|n. The collection is required to satisfy the
following conditions:

1.
⋃
A UA =M .

2. ϕA · ϕ−1
B is differentiable for all nonempty intersections UA ∩ UB.

If p is a point in UA and ϕA(p) = (x1c , . . . , x
m
c , . . . , x

1
a, . . . , x

n
a) then the xi are called

the coordinates of p defined by ϕA. The pair (UA, ϕA) is called a chart, or a local
coordinate patch, or simply a coordinate system. Property (2) says that every pair
of overlapping coordinate systems is related by a differentiable transformation. A
collection of charts (UA, ϕA) satisfying properties (1) and (2) is called an atlas. A
given supermanifold may have more than one atlas. A second atlas is said to be
compatible with the first one if the union of the two atlases is again an atlas. One
may form the union of all atlases compatible with a given atlas. This is the complete
atlas of the supermanifold. It is the set of all possible coordinate systems.

B.3 Lie Superalgebras

A Lie superalgebra g over R1 is a direct sum of two R vectorspaces: the even subspace
g0 and the odd subspace g1, together with a gradation function | · |, such that

|t| =
{

0 if t ∈ g0
1 if t ∈ g1

, (B.4)

and a bilinear map [ · , · ] : g×g → g, called the supercommutator, having the following
properties:

1One can give this definition over a general field F. However, for the scope of this thesis we will
restrict to the real case.
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• [t1, t2] = (−1)|t1||t2| [t2, t1] (graded antisymmetry),

• [gi, gj] ⊂ gi+jmod 2,

• [t1, [t2, t3]] = [[t1, t2] , t3] + (−1)|t1||t2| [t2, [t1, t3]] (graded Jacobi identity).

The basic supergroup structure is defined by its superalgebra generators ta with
structure constants f cab:

[ta, tb] = f cabtc (B.5)

The even elements in g0 correspond to the bosonic generators, the odd elements
in g1 correspond to the fermionic generators. The product of two bosonic or two
fermionic operators is bosonic, and the product of a fermionic with a bosonic operator
is fermionic. The subspace g0 spans an ordinary Lie algebra, while the subspace g1 is
not closed under the commutator brackets, so it is not a subalgebra. Note that g is
also not a Lie algebra, since the product of two elements in g1 is symmetric and not
antisymmetric.

For the purpose of this thesis, we are only interested in superalgebras of matrices
acting on a mod 2 graded vector space V (M |N) over R. The vector space V (M |N)
has N bosonic and M fermionic dimensions, and an element in V can be represented
ad a column vector with N +M entries. A generic M ∈ g is thus represented as the
following matrix:

M =

(
A B
C D

)
. (B.6)

A maps bosons into bosons, D maps fermions into fermions and are square matrices.
On the other hand, B maps fermions into bosons, and C maps bosons into fermions.
They are both in general rectangular matrices, and they are elements that behave as
Grassmann numbers.

B.3.1 Supertrace and superdeterminant

We will give here some definitions that will be useful in the following sections.
The supertrace of the matrix M in eq. (B.27) is defined as

strM = trA− trD. (B.7)

The supertrace is a symmetric bilinear form which is cyclic, i.e. str(M1M2) =
str(M2M1) and str(M1M2M3) = str(M2M3M1) = str(M3M1M2).

The superdeterminant of the supermatrix M is defined by

sdetM = exp (str logM) . (B.8)

The following product rule holds for the superdeterminant:

sdet(M1M2) = sdetM1sdetM2. (B.9)

The superdeterminant can be expressed in terms of ordinary determinants by the
following formulae

sdetM =
det(A− BD−1C)

detD
= detA det(D − CA−1B)−1. (B.10)
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B.4. Lie supergroups

B.3.2 Simple Lie superalgebras

A Lie superalgebra g is simple if any sub-superalgebra h, such that [h, g] ∈ h is trivial,
i.e. either h = g or h = 0. This Lie superalgebra identified by the set of matrices
of the form in eq. (B.27) is called gl(M |N). While the superalgebra gl(M |N) is not
simple, the special linear superalgebra sl(M |N), which is the subset of matrices M in
gl(M |N) with vanishing supertrace, i.e.

sl(M |N) = {M ∈ gl(M |N)|strM = 0} , (B.11)

is a simple algebra for M ̸= N . In physics, the most important Lie superalgebras
are the finite simple superalgebras. These are completely classified in [188]. We will
consider two examples of simple Lie superalgebras and the corresponding supergroups
in the next section.

B.4 Lie supergroups

Consider a Grassmann algebra GN with N = dim g1. The Grassmann algebra nat-
urally decomposes into a direct sum of even (c-numbers) G0 and odd (a-numbers)
elements G1. Given a Lie superalgebra g, we take {tai } to be a basis of the spaces
gi and define the Grassmann envelope G(g) as the Lie algebra spanned by the linear
combinations

t =

dim g0∑
a=1

xat
a
0 +

dim g1∑
α=1

yαt
α
1 , xa ∈ G0 , yα ∈ G1. (B.12)

We define a Lie supergroup as the group generated by the elements et, where t is an
element of the Grassmann envelope G(g). This definition is only strictly valid if g is
a real-compact Lie superalgebra, as otherwise the whole group will not be covered.
Generally, Lie supergroups can be defined more rigorously as supermanifolds with a
group structure as following [89,107]:
A Lie supergroup is a set G endowed with a binary operation, called multiplication,
that satisfies the following properties:

1. (xy)z = x(yz) = xyz for all x, y, z ∈ G.

2. There exists an element e ∈ G such that ex = xe = x for all x ∈ G.

3. For each x ∈ G there exists an element x−1 ∈ G, called the inverse of x, such
that xx−1 = x−1x = e.

4. It is a supermanifold, the points of which are the group elements.

5. The multiplication mapping is differentiable.

If, in the last two sentences, one replaces "supermanifold" by "manifold", and "differ-
entiable" by "C∞" one has the definition of an ordinary Lie group. The supergroups
of main interest in theoretical physics are the orthosymplectic and the unitary ones.
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B.4.1 Orthosymplectic supergroup

Given some real Grassmann algebra, we denote by V (P |2Q) the set of vectors

Φ = (ϕ1, . . . , ϕP , χ1, . . . , χ2Q) = (ϕ1, . . . , ϕP , ψ1, . . . , ψQ, ψ1, . . . , ψQ) (B.13)

with (P +2Q) components in the Grassmann algebra, with the property that the first
P components are bosonic (i.e. Grassmann even) and the remaining 2Q components
are fermionic (i.e. Grassmann odd). In the space of such vectors, we introduce the
scalar product in RP |2Q

Φ · Φ′ = ϕTϕ′ + χTJχ = ϕTϕ′ + ψψ′ + ψ
′
ψ , (B.14)

where J is the canonical symplectic form

J =

(
0 1Q

−1Q 0

)
. (B.15)

The orthosymplectic supergroup OSp(P |2Q) can be defined as the set of (P + 2Q)×
(P + 2Q) matrices U with elements in the Grassmann algebra such that:

1. U maps GP |2Q into itself,

2. U preserves the scalar product, i.e. (UΦ) · (UΦ′) = Φ ·Φ′ for every Φ and Φ′ in
GP |2Q.

Equivalently, the Lie supergroup can also be defined as

OSp(P |2Q) =
{
U ∈ GL(P |2Q)|UST ·H · U = H

}
, (B.16)

where GL(P |2Q) is the group of non-singular (P + 2Q)× (P + 2Q) matrices (whose
algebra is gl(P |2Q)) and

H =

(
1 0
0 J

)
. (B.17)

UST is the supertranspose of U , meaning

U =

(
A B
C D

)
, UST =

(
AT −CT

BT DT

)
. (B.18)

Taking the superdeterminant of both sides we get

sdetU = ±1. (B.19)

Let’s analyze more in detail the form of a generic element of OSp(P |2Q). From (B.16)
we get the following conditions between the elements of U

ATA = 1

DTJD = J

BTB = CTJC = 0

B = ACTJD

(B.20)
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From these relations we see that A and D are arbitrary elements of the fundamental
representations of O(P ) and Sp(2Q) respectively.

Notice that the super Lie group OSp(P |2Q) is generally not compact because the
component Sp(2Q) is not compact. If P > 0 the supergroup OSp(P |2Q) contains two
connected components, and in particular the parity matrix Π = diag (−1, 1, 1, . . . , 1)
does not belong to the connected component of the identity. The connected component
of OSp(P |2Q) containing the identity is a subgroup of SL(P |2Q), the supergroup of
superdeterminant one whose superalgebra is sl(P |2Q). If we confine ourselves to the
connected component, the Lie superalgebra of OSp(P |2Q), osp(P |2Q), is a subalgebra
of sl(P |2Q), and an element U ∈ OSp(P |2Q) can be written as U = eX with

X =

(∑
p t
pTp θ

−JθT
∑

q s
qSq

)
, (B.21)

where T p with p = 1, . . . , P (P − 1)/2 are generators of O(P ) represented as real
P ×P matrices, Sq with q = 1, . . . , Q(2Q+1) are generators of Sp(2Q) represented as
real 2Q× 2Q matrices, tp and sq are bosonic elements of some Grassmann algebra of
parameters, and finally θ is an P × 2Q matrix with fermionic entries. The eq. (B.20)
implies the following conditions on X

XST H +H X = 0. (B.22)

B.4.2 Unitary supergroup U(P |2Q)
The unitary supergroup U(P |2Q) is defined as the set of (P +2Q)×(P +2Q) complex
matrices that preserve in the scalar product in the superspace CP |2Q

Φ · Φ′ = ϕ†ϕ′ + χ†Jχ. (B.23)

Or, equivalently

U(P |2Q) =
{
U ∈ GL(P |2Q,C)|(U⋆)ST ·H · U = H

}
, (B.24)

where
(U⋆)ST =

(
A† −C†

B† D†

)
. (B.25)

At the algebra level, we have the following conditions

(X⋆)ST ·H +H ·X = 0. (B.26)

The superalgebra su(P |2Q) is obtained by retaining only the elements with vanishing
supertrace.

B.4.3 The supergroup PSU(2, 2|4)
The supergroup PSU(2, 2|4) plays an important role in the Ads/CFT correspondence,
as it is the group of superisometries of the AdS5 × S5 superspace. Since PSU(2, 2|4)
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does not have a realization in terms of supermatrices, we use SU(2, 2|4) instead. Its
superalgebra su(2, 2|4) can be represented by 8× 8 supermatrices

X =

(
A θ
η B

)
, (B.27)

where A and B are bosonic 4×4 matrices, whereas θ and η are fermionic. The matrix
X has to satisfy

strX = 0 , H†X +H X = 0 , (B.28)

The matrix H here carries information about the signature of the target space

H =

(
η 0
0 14

)
, η =

(
12 0
0 −12

)
. (B.29)

Note that in particular the unit matrix 18 is part of the algebra su(2, 2|4). Since 18

commutes with all other generators of su(2, 2|4), it may be projected out, which yields
psu(2, 2|4). The even part of su(2, 2|4) is composed of the sum of the algebra su(2, 2) ≃
so(4, 2), which is the isometry algebra of AdS5, and the algebra su(4) ≃ so(6), which
is the algebra of S5. Being a superconformal algebra, it is usually represented as

X =

(
Pµ, Kµ, Jµν , D Qαa, S̄α̇a

S āα, Q̄
ā
α̇ RIJ

)
. (B.30)

On the diagonal blocks, we have the generators for two bosonic subsectors, so(4, 2)
and so(6), while on the off-diagonal blocks we have the fermionic generators. The gen-
erators for the conformal algebra so(4, 2) are the Lorentz transformation generators,
which consist of three boosts and three rotations Jµν , the four translation generators
Pµ, coming from the Poincaré symmetry, the four special conformal transformation
generators Kµ and the dilatation generator D. Hence in total there are fifteen gener-
ators. The so(6) algebra is spanned by the 15 generators J ij .

The supersymmetry charges Qa
α, Q̄āα̇, which transform under R-symmetry in the

four-dimensional representations of SU(4) (4 and 4̄ respectively), commute with the
Poincaré generators Pµ. They do not commute with the special conformal transfor-
mation generators Kµ. However, their commutation relations give rise to a new set
of supercharges. We denote this new set of supercharges with S āα and S̄aα̇. They
transform in the 4̄ and 4 representation of SU(4). Thus, we have in total 32 real
fermionic generators. commutation relations are

[Pµ, Jνρ] = ηµνPρ − ηµρPν , [Kµ, Jνρ] = ηµνKρ − ηµρKν , (B.31)
[Pµ, Kν ] = −2 ηµνD + 2 Jµν , [Jµν , Jρσ] = ηµ[ρJσ]ν − ην[ρJσ]µ , (B.32)
[D,Pµ] = −Pµ , [D,Kµ] = Kµ . (B.33)

In the light-cone coordinates (4.10) one can introduce the following generators:

P± =
P 3 ± P 0

√
2

, P =
−P 2 + i P 1

√
2

, P̄ =
−P 2 − i P 1

√
2

, (B.34)

K± =
K3 ±K0

√
2

, K =
−K2 + iK1

√
2

, K̄ =
−K2 − iK1

√
2

. (B.35)

112



B.4. Lie supergroups

J+− = J03, J+x =
−J02 − J32 + i J01 + i J31

2
, J+x̄ =

−J02 − J32 − i J01 − i J31

2
,

(B.36)

Jxx̄ = −i J12 , J−x =
J02 − J32 − i J01 + i J31

2
, J−x̄ =

J02 − J32 + i J01 − i J31

2
.

(B.37)

The commutation relations of the new generators are given by (B.31), (B.32) and
(B.33) provided that η+− = η−+ = ηxx̄ = ηx̄x = 1. The su(4) commutation relations
read

[J ij, J
k
l] = δilJ

k
j − δkj J

i
l . (B.38)

The 32 supercharges of psu(2, 2|4) are chosen to be diagonal under the action of
D, J+− and Jxx̄, i.e.

[D,Q± i] = −1

2
Q± i [D,Q±

i ] = −1

2
Q±
i [D,S± i] =

1

2
S± i [D,S±

i ] =
1

2
S±
i

(B.39)

[J+−, Q± i] = ±1

2
Q± i [J+−, Q±

i ] = ±1

2
Q±
i [J+−, S± i] = ±1

2
S± i [J+−, S±

i ] = ±1

2
S±
i

(B.40)

[Jxx̄, Q± i] = ±1

2
Q± i [Jxx̄, Q±

i ] = ∓1

2
Q±
i [Jxx̄, S± i] = ∓1

2
S± i [Jxx̄, S±

i ] = ±1

2
S±
i .

(B.41)

They carry an SU(4) index and they rotate under the action of su(4) generators

[Q±
i , J

j
k] = −δjiQ±

k +
1

4
δjkQ

±
i , [Q± i, J jk] = δikQ

± j − 1

4
δjkQ

± i, (B.42)

and similarly for the S supercharges. The action of translations and conformal boosts
are given by

[S±
i , P

∓] = ±i
√
2Q∓

i , [S+
i , P̄ ] = i

√
2Q+

i , [S−
i , P ] = i

√
2Q−

i , (B.43)

[Q± i, K∓] = ∓i
√
2S∓ i, [Q+ i, K̄] = i

√
2S+ i, [Q− i, K] = i

√
2S− i, (B.44)

whereas Lorentz transformations act as

[Q− i, J+x] = Q+ i, [Q+ i, J−x̄] = −Q− i, [S− i, J+x̄] = −S+ i, [S+ i, J−x] = S− i.
(B.45)

Finally, the anticommutation relations of two supercharges are given by

{Q± i, Q±
j } = ∓i P±δij, {Q+ i, Q−

j } = i Pδij, {Q+ i, S+
j } =

√
2 J+xδij, (B.46)

{S± i, S±
j } = ∓iK±δij, {S− i, S+

j } = −iKδij, {Q− i, S−
j } = −

√
2 J−x̄δij, (B.47)

{Q± i, S∓
j } =

√
2

(
∓1

2
(J+− + Jxx̄ ∓D)δij − J ij +

1

4
1δij

)
. (B.48)
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C. Field parametrization on the su-
persphere

For P = 1, one can choose the following parametrization for the supersphere

Φ = (sr, χ) , s ∈ {−1, 1} , r =
√

1− χTJχ , (C.1)

in terms of which the integral over the supersphere reads∫
S(0|2Q)

dΩ(0|2Q)(Φ) f(Φ) =
∑
s=±1

∫
d2Qχ r−1f(Φ) . (C.2)

For P ≥ 2, one can parametrize the supersphere as

Φ = (ru, χ) , |u| = 1 , r =
√

1− χTJχ , (C.3)

which amounts to using spherical coordinates for the bosonic components. By inte-
grating the bosonic radial coordinate in the r.h.s. of eq. (2.20), one readily finds

dΩ(P−1|2Q)(Φ) = (2π)−Q r
P−2
2 dΩP−1(u) d2Qχ . (C.4)

where dΩP−1(u) is the solid-angle measure on the sphere SP−1. For P ≥ 1, the solid
superangle is given by

Ω(P−1|2Q) =

∫
dΩ(P−1|2Q)(Φ) =

ΩP−1

(2π)Q

∫
d2Qχ

(
1− χTJχ

)P−2
2 , (C.5)

where ΩP−1 is the solid angle of the sphere SP−1 for P ≥ 2, and we simply set Ω0 = 2
(which is the number of possible values for the variable s in the case P = 1). The
integral over the Grassmann variable χ is given by∫

d2Qχ
(
1− χTJχ

)α
=

2QΓ(α + 1)

Γ(α−Q+ 1)
. (C.6)

This can be calculated by using the Taylor expansion of
(
1− χTJχ

)α and by noticing
that only the Q-th order contributes to the integral. The r.h.s. of the above equation
is defined at all values of α by analytic extension. The final formula for the solid
superangle is

Ω(P−1|2Q) =
2π

P
2
−Q

Γ
(
P
2
−Q

) . (C.7)
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Notice that the solid superangle vanishes for even values of P satisfying P < 2Q.
We want to show that both measures d(P |2Q)Φ and dΩ(P−1|2Q)(Φ) are invariant

under the transformation Φ → UΦ. In fact, the invariance of the latter follows
trivially from the invariance of the former and eq. (2.20). Then, we only need to
prove that ∫

d(P−1|2Q)Φ f(UΦ) =

∫
d(P−1|2Q)Φ f(Φ) (C.8)

for every U ∈ OSp(P |2Q) and every smooth function f(Φ) with compact support in
the bosonic variables. The invariance under parity transformations U = Π is trivial
to check. We focus on the case U = eX . In this case, the transformation Φ → UΦ
cannot be used as a change of variables in the integral since the entries of U are not
numbers but elements of the Grassmann algebra of parameters. To circumvent this
issue, we use the identity

d

dτ
f(eτXΦ) =

∑
A

sA
∂

∂ΦA

{
[XΦ]Af(e

τXΦ)
}
−
∑
A

sAXAAf(e
τXΦ) , (C.9)

where sA = +1 if ΦA is a bosonic field and sA = −1 otherwise. The quantity∑
A sAXAA appearing in the r.h.s. is usually called supertrace of X and is readily

calculated ∑
A

sAXAA =
∑
p

tp TrT
p −

∑
q

sq TrS
q = 0 , (C.10)

since the generators of O(P ) and Sp(2Q) are traceless. Dropping the supertrace in
eq. (C.9) and integrating both sides over Φ, one gets

d

dτ

∫
dΦ f(eτXϕ, η) =

∑
A

sA

∫
dΦ

∂

∂ΦA

{
[XΦ]Af(e

τXΦ)
}
= 0 , (C.11)

where we have used the fact that f has compact support in ϕ. Therefore, the integral∫
dΦ f(eτXΦ) does not depend on τ . By equating the integrals for τ = 1 and τ = 0,

we obtain ∫
dΦ f(eXΦ) =

∫
dΦ f(Φ) , (C.12)

which is nothing but eq. (C.8) for the choice U = eX .
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D. Asymptotic expansions of relevant
integrals

D.1 Cusp anomaly

We want to calculate the small-a expansion of the following integral

F (a) =

∫ π/a

−π/a

d2q

(2π)2
log

{
a2

[∑
i

αi|p̂i|2 +M2

]}

=
1

a2
log(aM)2 +

∫ π/a

−π/a

d2q

(2π)2
log

∑
i αi|p̂i|2 +M2

M2
. (D.1)

Using the Schwinger-time representation of the logarithm, i.e.

log

∑
i αi|p̂i|2 +M2

M2
= −

∫ ∞

0

ds

s

{
e−s[a

2
∑

i αi|q̂i|2+(aM)2] − e−s(aM)2
}
, (D.2)

and the change of variable z = aq, we obtain

F (a) =
1

a2
log(aM)2 − 1

a2

∫ ∞

0

ds

s
e−s(aM)2 {K(α1s)K(α2s)− 1} , (D.3)

with the definition

K(s) =

∫ π

−π

dz

2π
e−4s sin2 z

2 =
1√
4πs

+O(s−2) . (D.4)

The function K(s) is infinitely differentiable in [0,∞), and its large-s asymptotic
behavior is obtained by means of a standard saddle-point analysis. We split the
integral in eq. (D.3) in two regions, and we write

F (a) =
1

a2
log(aM)2 − 1

a2

∫ 1

0

ds e−s(aM)2K(α1s)K(α2s)− 1

s

− 1

a2

∫ ∞

1

ds

s
e−s(aM)2K(α1s)K(α2s) +

1

a2
Γ(0, (aM)2) , (D.5)

We also introduce the auxiliary function

G(s) =

∫ ∞

s

dσ

σ
K(α1σ)K(α2σ) =

1

4π
√
α1α2s

+O(s−1) . (D.6)
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D.1. Cusp anomaly

Thanks to the asymptotic behaviour (D.4), the above integral is finite and its large-
s asymptotic behavior easily follows. In terms of the auxiliary function, and after
integration by parts, the integral in the large-s region in eq. (D.5) reads

− 1

a2

∫ ∞

1

ds

s
e−s(aM)2K(α1s)K(α2s) =

1

a2

∫ ∞

1

ds e−s(aM)2G′(s) =

= − 1

a2
G(1) +M2

∫ ∞

1

ds e−s(aM)2G(s) =

= −e
−(aM)2

a2
G(1) +

M2

4π
√
α1α2

Γ(0, (aM)2)

+M2

∫ ∞

1

ds e−s(aM)2
{
G(s)− 1

4π
√
α1α2s

}
. (D.7)

In the last step, we have added and subtracted the leading asymptotic behavior (D.6).
Bringing together eqs. (D.5) and (D.7), and expanding for small a, we obtain

F (a) =
1

a2
I−2(α)−

M2

4π
√
α1α2

log(aM)2 +M2I0(α) +O(a2 log a) , (D.8)

with the definitions

I−2(α) = −γ −
∫ 1

0

ds
K(α1s)K(α2s)− 1

s
−G(1) , (D.9)

I0(α) = − γ

4π
√
α1α2

+

∫ 1

0

dsK(α1s)K(α2s) +G(1) +

∫ ∞

1

ds

{
G(s)− 1

4π
√
α1α2s

}
.

(D.10)

By using the definition of G(s) and after some straightforward algebra, one also ob-
tains the representation

I−2(α) = −γ −
∫ 1

0

ds
K(α1s)K(α2s)− 1

s
−
∫ ∞

1

ds

s
K(α1s)K(α2s) , (D.11)

I0(α) =
1− γ

4π
√
α1α2

+

∫ 1

0

dsK(α1s)K(α2s) +

∫ ∞

1

ds

{
K(α1s)K(α2s)−

1

4π
√
α1α2s

}
.

(D.12)

We are interested in eq. (D.8) with the special choice αi = 1+aδi. By Taylor expanding
eq. (D.8) in aδi, we obtain

F (a) =
1

a2
I
(0,0)
−2 +

δ1 + δ2
a

I
(1,0)
−2 +

δ21 + δ22
2

I
(2,0)
−2 + δ1δ2I

(1,1)
−2

−M
2

4π
log(aM)2 +M2I0(1, 1) + O(a log a) , (D.13)
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Asymptotic expansions of relevant integrals

with the definitions

I
(0,0)
−2 = I−2(1, 1) = −γ −

∫ 1

0

ds
[K(s)]2 − 1

s
−
∫ ∞

1

ds

s
[K(s)]2 , (D.14)

I
(1,0)
−2 =

∂I−2

∂α1

(1, 1) = −
∫ ∞

0

dsK ′(s)K(s) = −1

2

∫ ∞

0

ds
d

ds
[K(s)]2 =

1

2
, (D.15)

I
(1,1)
−2 =

∂2I−2

∂α1∂α2

(1, 1) = −
∫ ∞

0

ds s[K ′(s)]2 = − 1

2π
, (D.16)

I
(2,0)
−2 =

∂2I−2

∂α2
1

(1, 1) = −
∫ ∞

0

ds sK ′′(s)K(s) =

∫ ∞

0

dsK ′(s)
d

ds
[sK(s)]

=

∫ ∞

0

ds [K ′(s)]2 +

∫ ∞

0

dsK ′(s)K(s) =
1

2π
− 1

2
, (D.17)

I
(0,0)
0 = I0(1, 1) =

1− γ

4π
+

∫ 1

0

ds [K(s)]2 +

∫ ∞

1

ds

{
[K(s)]2 − 1

4πs

}
. (D.18)

The unknowns integrals can be calculated numerically, yielding I
(0,0)
−2 ≃ 1.166 and

I
(0,0)
0 ≃ 0.355.

D.2 1-point function

By taking the derivative with respect to M2 of both sides of eq. (D.8), and by using
the definition (D.1), we obtain

∫ π/a

−π/a

d2q

(2π)2
1∑

i αi|p̂i|2 +M2
= − 1

4π
√
α1α2

log(aM)2

− 1

4π
√
α1α2

+ I0(α) +O(a2 log a) , (D.19)

Specializing to αi = 1 + aδi and Taylor-expanding in aδi, we obtain

∫ π/a

−π/a

d2q

(2π)2
1∑

i(1 + aδi)|p̂i|2 +M2
= − 1

4π
log(aM)2 − 1

4π
+ I

(0,0)
0 +O(a log a) .(D.20)

By applying the differential operator
∑

i βi
∂
∂αi

to both sides of eq. (D.8), and by using
the definition (D.1), we obtain

∫ π/a

−π/a

d2q

(2π)2

∑
i βi|p̂i|2∑

i αi|p̂i|2 +M2
=

1

a2

∑
i

βi
∂I−2

∂αi
(α) +

M2(β1α2 + β2α1)

8π(α1α2)3/2
log(aM)2

+M2
∑
i

βi
∂I0
∂αi

(α) +O(a2 log a) . (D.21)
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D.3. Calculation of ∆Π0

Specializing to αi = 1 + aδi and Taylor-expanding in aδi, we obtain∫ π/a

−π/a

d2q

(2π)2

∑
i βi|p̂i|2∑

i(1 + aδi)|p̂i|2 +M2
=
β1 + β2
a2

I
(1,0)
−2 +

β1δ1 + β2δ2
a

I
(2,0)
−2

+
β1δ2 + β2δ1

a
I
(1,1)
−2 +

β1δ
2
1 + β2δ

2
2

2
I
(3,0)
−2 +

β1δ
2
2 + β2δ

2
1 + 2(β1 + β2)δ1δ2

2
I
(2,1)
−2

+
M2(β1 + β2)

8π
log(aM)2 +M2(β1 + β2)I

(1,0)
0 +O(a log a) , (D.22)

with the following definitions

I
(2,1)
−2 (α) =

∂3I−2

∂α2
1∂α2

(1, 1) = −
∫ ∞

0

ds s2K ′′(s)K ′(s) = −1

2

∫ ∞

0

ds s2
d

ds
[K ′(s)]2

=

∫ ∞

0

ds s[K ′(s)]2 =
1

2π
, (D.23)

I
(3,0)
−2 (α) =

∂3I−2

∂α2
1

(1, 1) = −
∫ ∞

0

ds s2K ′′′(s)K(s) =

∫ ∞

0

dsK ′′(s)
d

ds
[s2K(s)]

= 2

∫ ∞

0

ds sK ′′(s)K(s) +

∫ ∞

0

ds s2K ′′(s)K ′(s)

= −2

∫ ∞

0

dsK ′(s)
d

ds
[sK(s)]− 1

2π

= −2

∫ ∞

0

dsK ′(s)K(s)− 2

∫ ∞

0

ds s[K ′(s)]2 − 1

2π
= 1− 3

2π
, (D.24)

I
(1,0)
0 = −1− γ

8π
+

∫ 1

0

ds sK ′(s)K(s) +

∫ ∞

1

ds

{
sK ′(s)K(s) +

1

8πs

}
= −1− γ

8π
+

1

2

∫ 1

0

ds s
d

ds
[K(s)]2 +

1

2

∫ ∞

1

ds s
d

ds

{
[K(s)]2 − 1

4πs

}
=

γ

8π
− 1

2

∫ 1

0

ds [K(s)]2 − 1

2

∫ ∞

1

ds

{
[K(s)]2 − 1

4πs

}
= −1

2
I
(0,0)
0 +

1

8π
, (D.25)

in addition to the definitions given in the previous section.

D.3 Calculation of ∆Π0

The finite, continuum integral defined in the main text for the 2-point function in
equation 4.89 can be rewritten as the dimensionless integral

∆Π0(p) =− 8

∫
d2q

(2π)2

(
q21 + 1

(q2 + 2)((p̃+ q)2 + 4)
− 1

2

1

q2 + 4

)
− 8

∫
d2q

(2π)2

(
q20 + p̃0q0

(q2 + 1)((p̃+ q)2 + 1)
− 1

2

1

q2 + 1

)
− 1

π
(D.26)
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Asymptotic expansions of relevant integrals

by rescaling the momenta p̃ = m
2
p and manipulating the integrals. Using standard

Feynman parametrisation, this can be recast as the integral

∆Π0(p) =
−1

π

∫ 1

0

dx

(
(p20 − p21)x

2 + 2p̃21x− (p̃2 + 1)

1 + p̃2x(1− x)
+

(p̃21 − p̃20)(1− x)2

4− 2x+ p̃2x(1− x)

)
− 1

π
.

(D.27)

Reverting to p = 2
m
p̃ and evaluating this at the on-shell value, we obtain

∆Π0

(
p; p2 =

m2

2

)
=

−1

m2

(
p21 +

m2

4

)
− 1

π
(D.28)

Notice that for the choice c± = 1 where Π0(0) =
1
π
, we recover the continuum limit

found in [186],

Π0

(
p; p2 =

m2

2

)
|c±=1 =

−1

m2

(
p21 +

m2

4

)
(D.29)
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