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1. Introduction

Recent discoveries by Belle and BESIII Collaborations of charged
and neutral exotic quarkonium-like resonances, which do not
fit into a traditional quark-antiquark interpretation, have driven
new interest in theoretical and experimental searches for exotics.
Charged states, like Z.(3900) [1,2], Z:(4025) [3], Z,(10610) and
Z1(10650) [4], have similar features and must be made up of four
valence quarks because of their exotic quantum numbers. There
are also several examples of neutral exotic quarkonium-like reso-
nances, the so-called X states, whose unusual properties do not fit
into a quark-antiquark classification [5].

A famous example is the X(3872) [6,7], whose quark struc-
ture is still an open puzzle. This resonance is characterized by
JP€ = 1++ quantum numbers, a very narrow width, and a mass
50-100 MeV lower than quark model (QM) predictions [5]. The
charmonium interpretation of the X(3872) as a xc1(23P;) state
is incompatible with the present experimental data, because the
difference between the calculated [8-10] and experimental [5] val-
ues of the meson mass is larger than the typical error of a QM
calculation, of the order of 30-50 MeV. Because of these discrep-
ancies between theory and data, several alternative interpretations
for X states have been proposed in addition to quarkonium, includ-
ing: I) Meson-meson molecules [11-17]; II) The result of kinematic
or threshold effects caused by virtual particles [18-25]; III) Com-
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pact tetraquark (or diquark-antidiquark) states [26-34]; IV) Hadro-
quarkonia (hadro-charmonia) [35-45]; V) The rescattering effects
arising by anomalous triangular singularities [46-48]. For a review,
see Refs. [49-51]. Here, we focus on the hadro-charmonium pic-
ture.

The hadro-charmonium is a tetraquark configuration, where
a compact cc state (¢) is embedded in light hadronic matter
(X) [35]. The interaction between the two components, i and X,
takes place via a QCD analog of the van der Waals force of molec-
ular physics. It can be written in terms of the multipole expansion
in QCD [52,53], with the leading term being the E1 interaction
with chromo-electric field E®.

The hadrocharmonium picture was motivated by the observa-
tion that several charmonium-like states are only found in spe-
cific charmonium-light hadron final states. Some examples include
X(4260), observed in the J/Wmm channel [54], Z.(4430) discov-
ered in ¥ (2S)m [55], X(4360) and X (4660), observed in ¥ (2S)wm
[56,57]. The recent BESIII observation of similar cross sections for
J/Wr T~ and her T~ at 4.26 and 4.36 GeV in ete~ collisions
[1,58] stimulated Li and Voloshin to extend the hadrocharmo-
nium model by including also heavy-quark spin-symmetry break-
ing. As a result, X(4260) and X(4360) were described as a mix-
ture of two hadrocharmonia, [y1) ~ [177). ® |0_+>qr'1 and 3 ~

177): ® |O++>qc'1’ with a large mixing angle, Opnix =~ 40° [40,42].
Recently, the hadro-charmonium model was also used to discuss
the emergence of ¢ — ¢ (2S) bound states, including the principal
decay modes [45]. According to the previous study, the ¢ — ¥ (25)

bound state is a good candidate for a tetraquark with hidden
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Fig. 1. Hidden-flavor amplitude ¥ — ¥»h in the QCD multipole expansion ap-
proach. Here, ¥ and v, are the initial and final charmonium states, h light
hadron(s). The two vertices are those of the multipole gluon emission (MGE) and
hadronization (H).

charm and strangeness. See also Refs. [36,37], where the Y (4660)
is interpreted as a W(2S) — fo bound state, with spin partner
Nc(2S) — fo, and Ref. [39], where a hadro-charmonium assignment
for the Z.(3900) is discussed.

In the present manuscript, we calculate the spectrum of
ne- and J/y-isoscalar meson bound states under the hadro-
charmonium hypothesis. The ggcc masses are computed by solving
the Schrodinger equation for the hadro-charmonium potential [35].
This is approximated as a finite well whose width and size can be
expressed as a function of the chromo-electric polarizability, ayy,
and the light meson radius. The chromo-electric polarizability is
estimated by considering the charmonium core as a pure Coulom-
bic system [59-61]. Finally, the hadro-charmonium masses and
quantum numbers are compared with the existing experimental
data. Some tentative assignments are also discussed.

The hypothesis of charmed pentaquarks as light baryon-charmo-
nium bound states will also be investigated [62-66].

2. A mass formula for the hadro-charmonium

The hadro-charmonium is a tetraquark configuration, where
a compact cc state (y) is embedded in light hadronic matter
(X)) [35]. The interaction between the charmonium core, ¥, and
the gluonic field inside the light-meson, X, can be written in
terms of the QCD multipole expansion [52,53,59], considering as
leading term the E1 interaction with chromo-electric field E“
[35,64].

The effective Hamiltonian we consider is the same describing a
Y — v transition in the chromo-electric field. It can be written
as [67]

1 12
Heff = —506,-(]-] VESES, (1
where

1
aff? = 2= W& Tarig 1) 2)

is the chromo-electric polarizability. It is expressed in terms of the
Green function G of the heavy-quark pair in a color octet state
(having the same color quantum numbers as a gluon), the relative
coordinate between the quark and the antiquark, r, and the dif-
ference between the color generators acting on them, £ =t{ —tJ.
A schematic representation of a hidden-flavor vy — v + h tran-
sition in the QCD multipole expansion approach is given in Fig. 1.
Here, v¥/1 and v, are the initial and final charmonium states, h light
hadron(s). The two vertices are those of the multipole gluon emis-
sion (MGE) and hadronization (H).

In order to calculate the hadrocharmonium masses, we have
to compute the expectation value of Eq. (2) on the charmonium

state [y), i.e. the diagonal chromo-electric polarizability oy, and
also the diagonal matrix elements (X'| E{EY | X).

2.1. Diagonal chromo-electric polarizability

In the following, we discuss three possible prescriptions for the
diagonal chromo-electric polarizabilities, cyy .

1. It is possible to provide an estimation of the off-diagonal
chromo-electric polarizability, oy, from the decay rate
¥(2S) — J/yata~; the resulting value is [67,68]:

oyy ~2GeV (3)

After introducing final-state interactions, oy from Eq. (3) is
reduced to about % of its value [69]. Even if we expect diag-
onal o parameters, ayy, to be larger than off-diagonal ones,
otyys, one possibility is to take ayy = ayy =2 GeV~>. Be-
cause of the smallness of (3), this prescription only gives rise
to a few weakly-bound states, like 1c(25) ® f; and ¥ (25) @ f;,,
with masses of 4981 and 5027 MeV, respectively. Thus, this
first possibility is neglected.

2. Alternately, one can calculate the chromo-electric polariz-
ability by considering quarkonia as pure Coulombic systems.
While this is a very good approximation in the case of bb
states, one may object that it is questionable in the case of
charmonia.

The perturbative result in the framework of the 1/N. expan-
sion is [59,65]

@) 167 n*cqa} )
(04 n = —

" 3g2N¢

Here, n is the radial quantum number; ¢; = % and c; = £1;

N¢ = 3 is the number of colors; gc = +/4mas >~ 2.5, with o
being the QCD running coupling constant; finally,

2
ag =
mcCrors

(5)

is the Bohr radius of nonrelativistic charmonium [43], with

N2—1
Cp= 3N and m. = 1.5 GeV.

A nonperturbative calculation of the chromo-electric polariz-
ability was carried out in Refs. [60,61]. The result is

0 2n8epne
Uy (NE) =

m¢ g
where 8 = %(xs and €p's are numerical coefficients, with
€10 = 1.468. The use of Eqgs. (4), (5) or (6) is almost equiva-
lent. One obtains

, (6)

oy (1S) = 4.1 GeV 3 (7)
and
0ty (2S) = 296 GeV 3 . (8)

As discussed in the following, the value of ayy (1S) gives rise
to hadro-charmonium states with binding energies
O(10 — 100) MeV. On the contrary, the largeness of oy (25)
gives rise to unphysical states. A possible explanation is the
following: 2S are larger than 1S cc states; thus, the QCD mul-
tipole expansion, where one assumes the quarkonium size to
be much smaller than the soft-gluon wave-length, is not ap-
plicable anymore.
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In the bottomonium case, considering os >~ 0.35 and myp =~
5.0 GeV [43], one gets: oy (15) ~ 0.47 GeV—3 and arr(2S) >~
33 GeV 3. oyy(1S) may be too small to generate bound
states; on the contrary, ayy(2S) may give rise to hadro-
bottomonia with large binding energies, O(1) GeV, which may
be unphysical.

3. The third possibility is to calculate the expectation value
of Eq. (2) on charmonia by inserting string-vibrational or
continuum-octet intermediate states [43,70-74] in the matrix
element of Eq. (2).

Specifically, Eq. (2) can be re-written as [53,75,76]

1
Qyy =7 (Y| riGsri|y) . (9)

Here, the condition (singlet| %" |singlet) = 259 is used, be-
cause the operator &% turns a singlet state into an octet one,
and vice-versa (only the octet states contribute), and

C 1 Z |[vke) (vke|
8 = =
Ey, — Eg m Ey — Ep,

(10)

is the color-octet Green’s function. Here, E, and E}, are char-
monium and string-vibrational state [77,78] energies. After
introducing the propagator of Eq. (10) in (9), the chromo-
electric polarizability calculation essentially reduces to evalu-
ating dipole matrix elements between quarkonium and string-
vibrational states.

2.2. E{E{ product
The product E{E{ in Eq. (1) can be re-written using the

anomaly in the trace of the energy-momentum tensor 6, in
QCD [75],

" 9
O = — 552 Gy G (11)
= 1o (EJE{ — B{BY)

where B{ is the chromo-magnetic field. If we neglect the contri-
bution due to the chromo-magnetic fields, which is expected to
be smaller than the chromo-electric one [67], Eq. (11) can be re-
written as:

1672
ESEd ~ R (12)

The expectation value of the operator GI’f on a generic state X is
given by [35]

(X16},(q=0)|X) =Mx, (13)

where a non-relativistic normalization for X, (X|X) =1, is as-
sumed.

2.3. An Hamiltonian for the hadro-charmonium

The effective potential Vy, describing the coupling between
and X, can be approximated as a finite well [35]

Rx

/d3r thw—¥ Oll/“/,M‘;y, (14)
0
where
o0
Ry :/d3r\11’5((r)r\llx(r) (15)

0

is the radius of the light meson X’ [9]. Thus, we have:

—2”0;"};7‘4’1‘/1* for r < Ry
vhc(r)= X . (16)
0 for r> Ry

By analogy with calculations of the interaction between heavy
quarkonia and the nuclear medium [64,67,68], we get a potential
that is a constant square well inside the light meson X and null
outside. We can estimate the order of magnitude of the strength
of Ve by introducing into Eq. (16) typical values for Ry and M x.
If we take Ry =0.5 fm, My =1 GeV and oy from Eq. (3), we
get a potential well with a depth of the order of 250 MeV. The
Hamiltonian of the hadro-charmonium system also contains a ki-
netic energy term,

k2
:E’

where Kk is the relative momentum (with conjugate coordinate r)
between ¥ and X, and w the reduced mass of the ¢ X system.
The total hadro-charmonium Hamiltonian is thus:

The (17)

Hpe =My +Mx + Vi (r) + The - (18)
3. Results and discussion

Below, we calculate the spectrum of 7.- and J/i-isoscalar
meson bound states in the hadro-charmonium picture by solv-
ing the eigenvalue problem of Eq. (18). The time-independent
Schrodinger equation is solved numerically by means of both
Multhopp method, see [79, Sec. 2.4] and [80, Sec. I1.D], and finite
differences algorithm [81, Vol. 3, Sec. 16-6] as a check. The theo-
retical predictions are extracted by using the prescription 2. for the
chromo-electric polarizability of Sec. 2.1.

The calculated hadro-charmonium spectrum is reported in the
fifth column of Table 1; here, we also try some tentative assign-
ments to experimental X states. See [50, Table I]. The hadro-
charmonium quantum numbers are shown in the third column of
Table 1. They are obtained by combining those of the charmonium
core, ¥, and light meson, X, as

[®ne) = |(Ly La)Lie, (Sy S)Shes ) (19)

where the hadro-charmonium P- and C-parity are given by: P =
(_])Lhc and C = (_])L11c+shc_

Starting from the lowest part of the spectrum, the X(3915), ob-
served by Belle and BaBar in B — K + (Jyw) [82] and ete™ —
ete™ + (Jyw) [83], is interpreted as a 7 ® n’ hadro-charmonium
state. The X(3940), discovered by Belle in eTe~ — J/W+ anything
[84] and later observed in ete™ — J/W + (D*D) [85], is here in-
terpreted as a 7 ® fp state. The X(4160), observed by Belle in
ete™ — J/W4 (D*D*) [85], may be interpreted as a n. ® f; state
with 0~F quantum numbers. The X(4260), observed by BaBar
[54,86], CLEO [87] and Belle [2,88] in ete™ — y + (J/¥n 7 ™),
and X(4360), observed by BaBar [57,89] and Belle [56,90] in
ete™ — y + [WQS)x 7], and BESII [91] in J/¥m Tz~ and
her =, are both characterized by 17~ quantum numbers.
According to our results, X(4260) and X(4360) may be de-
scribed in terms of J/¥ ® f; and J/v ® fy states, respectively. In
Refs. [40-42], they are interpreted as a mixture of two hadrochar-
monia, [¢1) ~ [117); ® ‘0*“)@ and ¥3~[177):® |0++)q(j' with a
large mixing angle, Onix =~ 40°. The mixing is due to the exchange
of one chromo-electric and one chromo-magnetic gluon between
the hadro-charmonium cc cores.
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Table 1

Hadro-charmonium model predictions (fourth and fifth columns), calculated by solving the Schrédinger equation (18) with the chromo-electric polarizability of Eq. (4). The
fi, mass used in the calculations, M(o = 1359 MeV, is calculated in the relativized quark model [9].

Composition Quark content ]Iﬁ’cc Binding [MeV] Mass [MeV] Assignment
ne@n cess o+t 12 3929 X(3915)
ne®fo ctqq o~t+, 17+ 27+ 28 3946 X(3940)
Ne® ¢ ccss 1+ 20 3983 -

I en ctss 1+ 13 4042 -

I/ ®fo céqq 0=, 17—, 17F, 27+, 27,3~ 29 4058 -
J/v®é ctss o+, 1+, 2+ 21 4096 -

Ne ® hy ccqq 1 37 4116 -

ne ®f ccss o+, 17+, 27+F 151 4191 -
Ne®fi ctqq 0+, 17+, 27+ 61 4204 X(4160)
1/ ®h ccqq ot 17+, 2=+ 38 4229 -
Ne®h céqq 0+, 1+, 2=+ 25 4234 -

ne ® h) ccss 1 105 4285 -

N ®f) ccss o+, 17+, 27+ 118 4292 -

I/ ®f, ctss 0, 17—, 17,27+, 27— 3~ 153 4303 -
J/Yy®f ccqq 0=+, 17—, 17+,27+, 27,37~ 62 4317 Y (4260)
J/Ivefh ccqq 0+, 17—, 17+, 27+, 27,37~ 26 4346 Y (4360)
J/¥ ®h] ccss 0+, 17+, 27+ 107 4397 -

1/ ef cess 0=t 17—, 17F, 27+, 27,3~ 120 4404 -
neef ccss 0, 17+, 27+ 85 4423 -

/v of) cCss ot 17—, 17t 27+, 27,37~ 87 4535 -

Finally, it is worth noticing that: I) The quantum number as-
signments in Table 1 for several states are not univocal. A pos-
sible way to distinguish between them is to calculate the hadro-
charmonium main decay amplitudes and compare the theoreti-
cal results with the data; II) The results strongly depend on the
chromo-electric polarizability, oy . Up to now, the value of oy
cannot be fitted to the experimental data; it has to be estimated
phenomenologically. Because of this, it represents one of the main
sources of theoretical uncertainty on the results; III) In the calcu-
lation of (Xl@[f(q =0)|X) matrix elements on light mesons, X,
the contributions due to the chromo-magnetic field, B?, are ne-
glected. This may represent another source of theoretical uncer-
tainties; IV) By combining ¢ and X quantum numbers, several
]{]’CC configurations are obtained. Thus, once the value of the /¢
and n. chromo-electric polarizability is measured (and thus the
main source of theoretical uncertainties removed), it would be in-
teresting to introduce spin-orbit and spin-spin corrections in order
to split the degenerate configurations.
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