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Abstract
We prove a genus zero Givental-style mirror theorem for all complete intersections in toric Deligne-Mumford stacks,
which provides an explicit slice called big I-function on Givental’s Lagrangian cone for such targets. In particular,
we remove a technical assumption called convexity needed in the previous mirror theorem for such complete
intersections. In the realm of quasimap theory, our mirror theorem can be viewed as solving the quasimap wall-
crossing conjecture for big I-function [13] for these targets. In the proof, we discover a new recursive characterization
of the slice on Givental’s Lagrangian cone, which may be of self-independent interests.
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1. Introduction

In the past few decades, following predictions from string theory [6], a series of results known as
mirror theorems has been proven; an incomplete list is [17, 18, 20, 24, 25, 28, 34, 44]. These theorems
reveal elegant patterns and deep structures encoded in the collection of Gromov-Witten invariants of
a given symplectic manifold or orbifold X. However, the scope of these results, and much of Gromov-
Witten theory in general, is closely related to the world of toric geometry1; in all cases above, X is a
toric variety/orbifold or certain complete intersection (see the discussion of convexity below) in a toric

1By using the abelian-nonabelian correspondence, one can further extend the scope to include partial flag varieties [12, 4] and
other nonabelian GIT quotients like Nakajima quiver variety [42].
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variety/orbifold. The essential reason for this is that one of most efficient way to compute Gromov-
Witten invariants is to utilize the technique of the localization theorem [3, 27], which requires the targets
to be carried with a good torus action.

Smooth hypersurfaces (or complete intersections in general) in toric Deligne-Mumford stacks2 are
the next class of spaces to consider, but much less is known in this situation. The main difficulty
comes from that a hypersurface in a toric stack does not have any nontrivial torus action in general.
Hence, one cannot directly apply localization theorem to compute the Gromov-Witten invariants of the
toric hypersurface. Alternatively, the usual way to compute the Gromov-Witten invariants of a given
hypersurface is to use quantum Lefschetz principle [33], which relates the Euler-twisted virtual cycle of
an ambient space X to the virtual cycle of its hypersurface Y which is the zero locus of a section of a
given line bundle L on X. However, there is a technical assumption called convexity for the line bundle
L to apply the quantum Lefschetz principle. The convexity says, for any stable map 𝑓 : 𝐶 → 𝑋 of fixed
genus and degree, one has

𝐻1 (𝐶, 𝑓 ∗𝐿) = 0,

which holds, for example, when the ambient space X is a projective variety, the source curve C is of
genus zero and L is a positive line bundle on X, and which does not hold, for example, when the ambient
space X is a weighted projective space P(𝑤1, · · · , 𝑤𝑛) and the line bundle 𝐿 � O(𝑑) satisfies that d is
a positive integer which is not divided by all 𝑤𝑖 . Hence, it is natural to ask whether we can relax the
condition from convexity to positivity to ensure the quantum Lefschetz principle to hold. Unfortunately,
a counterexample was found in [21] that quantum Lefschetz principle can fail for positive hypersurfaces
in orbifolds. As a result, there are limited methods to compute the genus zero Gromov-Witten invariants
of orbifold hypersurfaces where the convexity fails (see [29] for a recent update for certain hypersurfaces
in weighted projective spaces), and a genus zero mirror theorem3 for these targets has been lacking for
a long time in the literature.

Quasimap theory, developed by Ciocan–Fontanine-Kim [10, 13] together with Maulik [14] and
Cheong [9], is a variation of Gromov-Witten theory, and it is adapted to a wide class of GIT targets
including complete intersections in toric orbifolds, Grassmanian and so on. Quasimap theory depends
on an additional datum of a stability parameter 𝜖 varying over positive rational numbers. When 𝜖 → ∞,
one recovers the Gromov-Witten theory, and when 𝜖 → 0+, one can often calculate an explicit formula
called big I-function, which is related to Gromov-Witten invariants by the so-called genus zero quasimap
wall-crossing conjecture [9, 13, 14], which states the big I-function is a slice on the Lagrangian cone
[26]. Therefore, we can use the big I-function to help calculate about Gromov-Witten invariants of
toric complete intersections in the non-convex case once we solve the genus zero quasimap wall-
crossing conjecture in such cases. The wall-crossing conjecture for big 𝐼−function has been proved for
GIT targets with a good torus action including toric orbifolds or complete intersections for which the
convexity holds in [13]. We will prove new cases of this conjecture to extend the validity to all toric
complete intersections in this paper.

1.1. Main results and ideas of proof

1.1.1. Big I−function
Let X be a proper toric Deligne-Mumford stack constructed by a GIT data (𝑊 = ⊕𝜌∈[𝑛]C𝜌,
𝐺 = (C∗)𝑘 , 𝜃), and 𝑌 ⊂ 𝑋 is a complete intersection with respect to a direct sum of line bundles
⊕𝑐
𝑏=1𝐿𝜏𝑏 on X (see §3 for more details). Now we introduce the following cohomology-valued series

called big I-function (or I-function in short) of the toric stack complete intersections:

2We treat orbifold and Deligne-Mumford stack as synonyms.
3In Givental’s formalism, a mirror theorem usually means to construct an explicit slice on the Lagrangian cone.
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I(𝑞, 𝑡, 𝑧) = I(𝑞, 𝑡1, · · · , 𝑡𝑙 , 𝑧)

=
∑

𝛽∈Eff(𝑊 ,𝐺,𝜃)
𝑞𝛽exp

(1
𝑧

𝑙∑
𝑖=1

𝑡𝑖𝑢𝑖 (𝑐1 (𝐿 𝜋1 ) + 𝛽(𝐿 𝜋1 )𝑧, · · · , 𝑐1 (𝐿 𝜋𝑘 ) + 𝛽(𝐿 𝜋𝑘 )𝑧)
)

·
∏

𝜌:𝛽 (𝐿𝜌)<0
∏

𝛽 (𝐿𝜌)<𝑖<0(𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)∏
𝜌:𝛽 (𝐿𝜌)>0

∏
0≤𝑖<𝛽 (𝐿𝜌) (𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)

·
∏

𝑏:𝛽 (𝐿𝜏𝑏 )>0
∏

𝑖:0≤𝑖<𝛽 (𝐿𝜏𝑏 )
(𝑐1 (𝐿𝜏𝑏 ) + (𝛽(𝐿𝜏𝑏 ) − 𝑖)𝑧)∏

𝑏:𝛽 (𝐿𝜏𝑏 )<0
∏

𝑖:𝛽 (𝐿𝜏𝑏 )<𝑖<0(𝑐1 (𝐿𝜏𝑏 ) + (𝛽(𝐿𝜏𝑏 ) − 𝑖)𝑧)
𝑖∗(𝑠!

𝐸𝛽 ,𝑙𝑜𝑐
([𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)])).

(1.1)

We remark here 𝑖∗(𝑠!
𝐸𝛽 ,𝑙𝑜𝑐

([𝑍𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)])) and 𝐷𝜌 are elements of the cohomology 𝐻∗(𝐼𝜇𝑌,Q),∑𝑙
𝑖=1 𝑡𝑖𝑢𝑖 (𝑐1 (𝐿 𝜋1 ) + 𝛽(𝐿 𝜋1 )𝑧, · · · , 𝑐1 (𝐿 𝜋𝑘 ) + 𝛽(𝐿 𝜋𝑘 )𝑧) is an element in 𝐻∗(𝑌,Q) [𝑧] [𝑡1, · · · , 𝑡𝑙] where

𝑢𝑖 ∈ Q[𝑥1, . . . , 𝑥𝑘 ] are l (arbitrary) polynomials depending on 𝑘 (= rk(𝐺)) variables. See Definition 3.5
for more details about the terminology appearing in I(𝑞, 𝑡, 𝑧).

Now we state our main theorem:

Theorem 1.1 (Main theorem). −𝑧I(𝑞, 𝑡,−𝑧) is a slice on Givental’s Lagrangian cone of the toric
complete intersection Y. More explicitly, let 𝜇(𝑧) := [𝑧I(𝑞, 𝑡, 𝑧) − 𝑧1𝑌 ]+ be the truncation in nonnegative
z powers. Then we have the following identity:

I(𝑞, 𝑡, 𝑧) = 𝐽 (𝑞, 𝜇(𝑧), 𝑧). (1.2)

Here, 𝐽 (𝑞, 𝜇(𝑧), 𝑧) is defined by the 𝐽−function

𝐽 (𝑞, t, 𝑧) :=1𝑌 + t(𝑧)
𝑧

+
∑

𝛽∈Eff(𝑊 ,𝐺,𝜃)

∑
𝑚≥0

𝑞𝛽

𝑚!
𝜙𝛼〈t(−𝜓̄1), · · · , t(−𝜓̄𝑚),

𝜙𝛼

𝑧(𝑧 − 𝜓̄★)
〉0, [𝑚]∪★,𝛽 ,

where the input t is an element in (𝑞, 𝑡)𝐻∗(𝐼𝜇𝑌,Q) [𝑧] [[𝑡1, · · · , 𝑡𝑙]] [[Eff(𝑊,𝐺, 𝜃)]],4 and t(−𝜓̄𝑖) means
that we replace the variable z in t by −𝜓̄𝑖 .

Note that here for any degree 𝛽 ∈ Eff(𝑊,𝐺, 𝜃) of X (cf. Definition 2.4), we will denote the Gromov-
Witten invariant

𝜙𝛼〈t(−𝜓̄1), · · · , t(−𝜓̄𝑚),
𝜙𝛼

𝑧(𝑧 − 𝜓̄★)
〉0, [𝑚]∪★,𝛽

to be ∑
𝑑∈Eff(𝐴𝑌 ,𝐺,𝜃)

𝑖∗ (𝑑)=𝛽

𝜙𝛼〈t(−𝜓̄1), · · · , t(−𝜓̄𝑚),
𝜙𝛼

𝑧(𝑧 − 𝜓̄★)
〉0, [𝑚]∪★,𝑑 ,

where Eff(𝐴𝑌, 𝐺, 𝜃) is semigroup of degrees of Y.

Remark 1.2. The term 𝜇(𝑧) above is closely related to the procedure of Birkohoff factorization is the
literature, from which we can recursively get a 𝐽−function 𝐽 (𝑞, 𝜏, 𝑧) up to arbitrary order on 𝑞, 𝑡1, · · · , 𝑡𝑙 ,
where 𝜏 ∈ 𝐻∗(𝐼𝜇𝑌,Q) [[𝑡1, . . . , 𝑡𝑙]] [[Eff(𝑊,𝐺, 𝜃)]] having no 𝑧−terms; see, for example, [19] for more

4It means that t admits an expression as
∑

(𝛽,𝑖1 ,··· ,𝑖𝑙 )≠0 𝑞
𝛽 𝑡
𝑖1
1 · · · 𝑡𝑖𝑙

𝑙
𝑓𝛽,𝑖1 ,··· ,𝑖𝑙 , where 𝑓𝛽,𝑖1 ,··· ,𝑖𝑙 ∈ 𝐻 ∗ (𝐼𝜇𝑌 ,Q) [𝑧 ]. This

choice of input t gives a much less general definition of Givental’s 𝐽−function in the usual literature, but it suffices for the need
in this paper.
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details. Actually the term 𝜏, which is usually called a mirror map in the literature, is uniquely determined
by 𝜇(𝑧) by the so-called Dijkgraaf-Witten formula [22].

The reader may also wonder how to apply this mirror theorem to calculate GW invariants (e.g,.
small quantum product); we present one example in §7, which recovers an early result of Alessio Corti.
In the calculation, we imitate the idea used in [19] of computing GW invariants for toric stacks using
extended variables from 𝑆−extended fan (Although the fan language for toric stacks is not used in this
paper, we instead use the GIT setting. But these two approaches are equivalent. Further discussion of
this equivalence can be found in [39]).

1.1.2. Sketch of the proof of the main theorem
Before sketching the proof of the main theorem, let’s analyze the term 𝜇(𝑧) appearing in our main
theorem. Write 𝑧I(𝑞, 𝑡, 𝑧) as a formal Laurent series in variable 𝑧, 𝑧−1:

· · · + I−1(𝑞, 𝑡)𝑧2 + I0(𝑞, 𝑡)𝑧 + I1(𝑞, 𝑡) +O(𝑧−1),

then 𝜇(𝑧) can be expressed as

𝜇(𝑧) := [𝑧I(𝑞, 𝑡, 𝑧) − 𝑧1𝑌 ]+ = · · · + I−1(𝑞, 𝑡)𝑧2 + (I0(𝑞, 𝑡) − 1𝑌 )𝑧 + I1(𝑞, 𝑡).

By the definition of I(𝑞, 𝑡, 𝑧), 𝑧I(𝑞, 𝑡, 𝑧) admits an asymptotic expansion in 𝑞, 𝑡:

𝑧I(𝑞, 𝑡, 𝑧) = 𝑧1𝑌 +O(𝑞) +O(𝑡),

which implies that 𝜇(𝑧) belongs to the space (𝑞, 𝑡)𝐻∗(𝐼𝜇𝑌,Q) [𝑧] [[𝑡1, · · · , 𝑡𝑙]] [[Eff(𝑊,𝐺, 𝜃)]].
Let I(𝑞, 𝑧) := I(𝑞, 0, 𝑧). We can expand I(𝑞, 𝑧) as

I(𝑞, 𝑧) =
∑

𝛽∈Eff(𝑊 ,𝐺,𝜃)
𝑞𝛽I𝛽 (𝑧),

where I𝛽 (𝑧) ∈ 𝐻∗(𝐼𝜇𝑌,Q) [𝑧, 𝑧−1]. Then we can decompose I(𝑞, 𝑡, 𝑧) as a formal sum

I(𝑞, 𝑡, 𝑧) =
∑

𝛽∈Eff(𝑊 ,𝐺,𝜃)

∞∑
𝑝=0

𝑞𝛽
t𝑝

𝑝!𝑧𝑝
I𝛽 (𝑧),

where t =
∑𝑙

𝑖=1 𝑡𝑖𝑢𝑖 . For nonzero pair (𝛽, 𝑝), set 𝜇𝛽,𝑝 (𝑧) := [𝑧 t𝑝I𝛽 (𝑧)
𝑝!𝑧𝑝 ]+ as the truncation in nonnegative

z powers. We note that 𝜇𝛽,𝑝 (𝑧) is a polynomial in 𝐻∗(𝐼𝜇𝑌,Q) [𝑡1, · · · , 𝑡𝑙 , 𝑧] of homogeneous degree p
in variables 𝑡1, · · · , 𝑡𝑙 . Then we can write 𝜇(𝑧) as a sum

𝜇(𝑧) =
∑

𝛽∈Eff(𝑊 ,𝐺,𝜃)

∑
𝑝∈Z≥0

𝑞𝛽𝜇𝛽,𝑝 (𝑧), (1.3)

where 𝜇 (0,0) = 0, which we will also denote to be 𝜇0.
Multiply by z on both sides of (1.2). We observe that, to prove the main theorem, it suffices to prove

that, for arbitrary pair (𝛽, 𝑝) ∈ Eff(𝑊,𝐺, 𝛽) × N and any nonnegative integer c, one has

[𝑧 t𝑝

𝑝!𝑧𝑝
I𝛽 (𝑧)]𝑧−𝑐−1 =

∞∑
𝑚=0

∑
𝛽★+𝛽1+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

1
𝑚!

𝜙𝛼〈𝜇𝛽1 , 𝑝1 (−𝜓̄1), · · · , 𝜇𝛽𝑚 , 𝑝𝑚 (−𝜓̄𝑚), 𝜙𝛼𝜓̄
𝑐
★〉0, [𝑚]∪★,𝛽★ .

(1.4)
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The idea to prove (1.4) is to show that both sides of (1.4) satisfy the same recursive relations
(see Theorem 6.5 and Theorem 6.7) by induction on the nonnegative integer 𝛽(𝐿 𝜃 ) + 𝑝. This is done
by considering two master spaces carried with C∗−actions (see §4.1 and §5.1), which are root-stack
modifications of the twisted graph spaces. Then we apply virtual torus localization to express two
auxiliary cycles (see (6.2) and (6.9)) corresponding to the two master spaces in graph sums and extract
𝜆−1 coefficients (𝜆 is an equivariant parameter). Finally, the polynomiality of the two auxiliary cycles
implies that the coefficients for 𝜆−1 terms must vanish, from which they yield the same type of recursive
relations (see also Theorem 6.5 and Theorem 6.7) which finish the proof of the main theorem.

1.2. Why we take roots in the master space

Our master spaces used in the proof are inspired by the twisted graph space in [15, 16]. In loc. cits, the
twisted graph space is defined as a certain P1−bundle over a toric complete intersection and can be also
represented as a GIT quotient. By carefully choosing a stability condition, moduli of stable quasimaps
to the twisted graph space contains both 𝜖-(quasimap) theory and ∞-(quasimap) theory of the toric
complete intersection as C∗−fixed loci corresponding to two divisors of the twisted graph space. Thus
it is natural to expect that we can find relations5 between 𝜖−theory and ∞−theory by applying torus
localization to (some suitable auxiliary cycles of) this moduli.

However, when we apply torus localization formula to this moduli, we need to cap the (inverse of)
Euler class of the (virtual) normal bundle of fixed-loci, from which we actually obtain the twisted
versions of 𝜖-theory and ∞-theory from the localization. Ideally, we hope to work with the 𝜖−(or ∞−)
theory directly rather than the twisted theory. Here, one important observation is that if we take roots of
certain divisors of the twisted graph space, certain parts of the Euler class of the normal bundle becomes
trivial (see Remark 5.3 and Lemma 6.8). This makes it possible for us to work with the untwisted theory
directly; actually, we only need the untwisted ∞−theory in the proof.

Taking roots in the proof has additional advantages in terms of creating more twisted sectors in
Chen-Ruan cohomology. By evaluating a marking of a quasimap or stable map in these twisted sectors,
we can naturally impose restrictions requiring the marking to lie on the corresponding root divisor.
Typically, without taking roots, such restrictions are achieved by means of the localized equivariant
class (see [15, equation (26)]). But this method involves negative 𝜆-powers, which is incompatible with
the polynomiality required in this paper.

1.3. Relation to other works

The quasimap wall-crossing conjecture for the big I-function was proven in [13] for GIT targets
possessing a good torus action or their complete intersections that fulfill convexity. Having a good
torus action is described as having finite torus-fixed points and all one-dimensional torus-fixed orbits
being isolated. The requirement of having a good torus action is essential in the previous proof of the
big I-function since it allows for the characterization of a slice on the Lagrangian cone (or the twisted
Lagrangian cone6). This characterization is established on the basis of having good torus action (cf.
[5, 11, 24]). Consequently, it is natural to inquire whether it is possible to characterize a slice on the
Lagrangian cone for targets lacking a good torus action. In this paper, we present one characterization
(see Theorem 6.7) which can be adapted to general targets. This new result is expected to provide
insights into other questions in Gromov-Witten theory as well.

The first version of this paper, available on arXiv, contains a section on explaining how to compute
I-functions using quasimap theory, which was later realized by the author to be unnecessary in proving
the mirror theorem. This highlights a unique aspect of our method: we find a new recursive relation,

5In the paper, we also need some (recursive) relations between ∞−theory and ∞−theory. In this case, we only consider the
moduli of usual stable maps to the (root-stack modification) of twisted graph space; see §5.

6By leveraging the quantum Lefschetz principle, we can utilize the twisted analogue of the I-function quasimap wall-crossing
to establish the I-function quasimap wall-crossing for complete intersections for which the convexity holds.
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detailed in Theorem 6.7, used to characterize the slice on the Lagrangian cone. To apply this new
characterization, a suitable master space7 together with a suitable auxiliary cycle is required to provide
a recursive relation of the same type. From this, the explicit expression of the J-function can be obtained
from a specific subgraph sum of the localization contribution. This naturally raises the question of
whether other auxiliary master spaces can be found to prove a mirror theorem that was previously
inaccessible. Further elaboration on this topic will be presented elsewhere.8 For readers interested in the
source of these I-functions, the first version of this paper on arXiv (which applies only to semi-positive
hypersurfaces but can be extended to all complete intersections) or Rachel Webb’s work [41] may be
consulted. In her work, Webb obtains I-functions for all complete intersections in GIT quotients with
possible non-abelian group actions using the quasimap graph space directly and avoiding the p-fields
method used in the author’s first version.

During the preparation of this work, the author learns that Yang Zhou has used a totally different
method to prove the quasimap wall-crossing conjecture for all GIT quotients and all genera [43], which
in particular implies the mirror theorem proved in this paper without exponential factor (but his formula
is in less explicit form). The author also learns that Felix Janda, Nawaz Sultani and Zhou computed the
(S-extended) I-function for some Calabi-Yau hypersurface in weighted projective spaces and uses it to
calculate Gromov-Witten invariants.

1.4. Outline

The rest of this paper is organized as follows. In §2, we will recall the quasimap theory. The author
wants to draw readers’ attention to the language of 𝜃 ′-stable quasimaps (see Remark 2.3), where 𝜃 ′ can
be a rational character, because it is more suitable than the language of 𝜖-stable quasimaps for the later
construction of the master space in §4. In §3, we collect some important facts about (rigidified) inertia
stacks of toric complete intersections and compare them with the rigidified inertia stacks of toric stacks.
Some special cycles in the inertia stacks will be discussed as they will be appeared in our big 𝐼−function.
In §4 and §5, we will construct two master spaces which carryC∗-actions. A very explicitC∗-localization
computation which is based on localization computations [15, 30] will be presented. This part is
technical, and we encourage the reader to skip to go to §6 first and to refer back when needed. In §6, we
will calculate two auxiliary cycles corresponding to the two master spaces via localization. They provide
recursive relations to prove the genus zero quasimap wall-crossing conjecture for toric stack complete
intersections. In §7, we calculate the small quantum product of a cubic hypersurface in P(1, 1, 1, 2).
Finally, we include an Appendix in the end which gives a list of key notations appearing in §6.
Notations: In this paper, we will always assume that all algebraic stacks and algebraic schemes are
locally of finite type over the base field C. Given a GIT target (𝑊,𝐺, 𝜃), we will use symbols
𝔛,𝔜. . . to mean the quotient stack [𝑊/𝐺], symbols 𝑋,𝑌 . . . to mean the corresponding GIT stack quo-
tient [𝑊 𝑠𝑠 (𝜃)/𝐺], 𝐼𝜇𝑋 , 𝐼𝜇𝑌 . . . to mean the corresponding inertia stacks, and 𝐼𝜇𝑋 , 𝐼𝜇𝑌 . . . to mean the
corresponding rigidified inertia stacks.

We will use the following construction a lot throughout this paper.
Definition 1.3 (Borel construction). Let G be a linear algebraic group and W be a variety. Fix a right
G-action on the variety W. For any character 𝜌 of G, we will denote 𝐿𝜌 to be the line bundle on the
quotient stack [𝑊/𝐺] defined by

𝑊×𝐺 C𝜌 := [(𝑊×C𝜌)/𝐺],

where C𝜌 is the 1-dimensional representation of G via 𝜌 and the action is given by

(𝑥, 𝑢) · 𝑔 = (𝑥 · 𝑔, 𝜌(𝑔)𝑢) ∈ 𝑊×C𝜌

7In our case, this corresponds to the space constructed in §4.
8See the author’s recent preprint [40].
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for all (𝑥, 𝑢) ∈ 𝑊×C𝜌 and 𝑔 ∈ 𝐺. For any linear algebraic group T, if we have a left T-action on W which
commutes with the right action of G, we will lift the line bundle 𝐿𝜌 defined above to be a T-equivariant
line bundle, which is induced from the (left) T action on 𝑊×C𝜌 in the way that T acts on C𝜌 trivially.
By abusing notations, we will use the same notation 𝐿𝜌 to mean the corresponding invertible sheaf (or
𝑇−equivariant invertible sheaf) over [𝑊/𝐺] unless stated otherwise.

2. Background on quasimaps

We first recall the definition of a quasimap to a GIT target. Our main reference is [9, 13, 14]. By a
GIT target, we mean a triple (𝑊,𝐺, 𝜃), where W is an irreducible affine variety with locally complete
intersection (l.c.i) singularity, G is a reductive group equipped with a right 𝐺−action on W and 𝜃 is an
(integral) character of G. Denote by 𝔛 := [𝑊/𝐺] the quotient stack. Denote by 𝑊 𝑠𝑠 (or 𝑊 𝑠𝑠 (𝜃)) the
semistable locus in W, and by 𝑊 𝑠 (or 𝑊 𝑠 (𝜃)) the stable locus. Throughout this paper, for a GIT target
(𝑊,𝐺, 𝜃), we will always assume that 𝑊 𝑠𝑠 (𝜃) = 𝑊 𝑠 (𝜃) and the GIT stack quotient

𝑋 := [𝑊 𝑠𝑠 (𝜃)/𝐺]

is a smooth Deligne-Mumford stack, under which condition, X is always semi-projective; that is, it is
proper over the affine GIT quotient Spec(C[𝑊]𝐺) by the proj-construction of GIT quotient [9, §2.2][37]:

𝑋 = Proj ⊕∞
𝑛=0 Γ(𝑊,𝑊×C𝑛𝜃 )𝐺 .

Let e be the least common multiple of the exponents |Aut(𝑥) | of automorphism groups Aut(𝑥) of all
geometric points 𝑥 → 𝑋 of X. Then, for any character 𝜌 of G, the line bundle 𝐿⊗e

𝜌 is the pullback of a
line bundle from the coarse moduli 𝑋 of X. Here, the line bundle 𝐿𝜌 is defined by the Borel (mixed)
construction 1.3.

Definition 2.1. Given a scheme S over 𝑆𝑝𝑒𝑐(C), 𝑓 = ((𝐶, 𝑞1, · · · , 𝑞𝑚), 𝑃, 𝑥) is called a quasimap over
S (alternatively 𝜃-quasimap over S) of class (𝑔, 𝑚, 𝛽) if it consists of the following data:

1. (𝐶, 𝑞1, · · · , 𝑞𝑚) is a flat family of genus g twisted curves with balanced nodes over S [1, §4], and m
gerbe marked sections 𝑞1, · · · , 𝑞𝑚 over S. Here, we do not require the gerbe sections to be trivialized;

2. P is a principal G-bundle on C;
3. x is a section of the affine𝑊−bundle (𝑃×𝑊)/𝐺 over C so that it determines a representable morphism

[𝑥] : 𝐶 → 𝔛 = [𝑊/𝐺] as the composition

𝐶
𝑥 �� (𝑃 ×𝑊)/𝐺 �� [𝑊/𝐺] .

We say that the quasimap f is of degree 𝛽 ∈ 𝐻𝑜𝑚Z (𝑃𝑖𝑐(𝔛),Q) if 𝛽(𝐿) = 𝑑𝑒𝑔([𝑥]∗𝐿) for every line
bundle 𝐿 ∈ 𝑃𝑖𝑐(𝔛);

4. The base locus of [𝑥] defined by [𝑥]−1 (𝔛\𝑋) is purely of relative dimension zero over S.

Sometimes, we may also use the notation 𝑓 : (𝐶, 𝒒 = (𝑞𝑖)) → 𝔛 to mean a quasimap (or 𝜃-quasimap).
A quasimap f is prestable (or 𝜃-prestable) if the base locus are away from nodes and markings.

Remark 2.2. We can extend the definition of 𝜃-prestable quasimap to allow any rational character 𝜃 ′
such that 𝜃 ′-prestable quasimap is same as 𝛼𝜃 ′-prestable quasimap for any 𝛼 ∈ Q>0.

Consider a prestable quasimap f, since the base point is away from nodes and marking points, for
each 𝑞 ∈ 𝐶, as in [14, Definition 7.1.1]. We define the length function 𝑙𝜃 (𝑞) as follows:

𝑙𝜃 (𝑞) = 𝑚𝑖𝑛{
([𝑥]∗𝑠)𝑞

𝑛
| 𝑠 ∈ Γ(𝑊,𝑊×C𝑛𝜃 )𝐺 , [𝑥]∗𝑠 ≠ 0, 𝑛 ∈ Z>0}, (2.1)
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where ([𝑥]∗𝑠)𝑞 is the coefficient of the divisor ([𝑥]∗𝑠) at q. Note that here the length function 𝑙𝜃 depends
on the integral character 𝜃. We have the following important observation about the length function
𝑙𝜃 : choose 𝛼 ∈ Q>0 such that 𝜃 ′ = 1

𝛼 𝜃 is another integral character. Then

𝑙𝜃 = 𝛼𝑙𝜃′ .

Then the length function 𝑙𝜃 can be defined for any rational character 𝜃 ′. That is, choose 𝛼 ∈ Q>0 and
an integral character 𝜃 such that 𝜃 ′ = 𝛼𝜃. Then we define

𝑙𝜃′ := 𝛼𝑙𝜃

as in [13, Definition 2.4], Note that the definition of 𝑙𝜃′ is independent of decomposition of 𝜃 ′ as a
product of positive rational number 𝛼 and an integral character 𝜃 by the above observation.

Fix a positive rational number 𝜖 ∈ Q>0. Given a prestable quasimap f over 𝑆𝑝𝑒𝑐(C), we say f is a
𝜖-stable quasimap to X if f satisfies the following stability condition:

1. the Q−line bundle (𝜙∗([𝑥]∗𝐿e𝜃 ))
𝜖
e ⊗ 𝜔

𝑙𝑜𝑔
𝐶 on the coarse moduli curve 𝐶 of C is ample. Here,

𝜙 : 𝐶 → 𝐶 is the coarse moduli map. Note that the line bundle [𝑥]∗𝐿e𝜃 on C is a pullback of a line
bundle on the coarse curve𝐶 by the choice of e and the prestable condition. Here,𝜔𝑙𝑜𝑔

𝐶 = 𝜔𝐶 (
∑𝑚

𝑖=1 𝑞𝑖)
is the log dualizing invertible sheaf of the coarse moduli 𝐶;

2. 𝜖𝑙𝜃 (𝑞) ≤ 1 for any 𝑞 ∈ 𝐶.

Definition 2.3 (𝜃 ′-quasimap). Using the above generalization of length function 𝑙𝜃′ for a ratio-
nal character 𝜃 ′, we can give the definition of 𝜃 ′-stable quasimap: given a 𝜃 ′-prestable quasimap
𝑓 = ((𝐶, 𝑞1, · · · , 𝑞𝑚), [𝑥]), we say f is a 𝜃 ′-stable quasimap to 𝔛 if

1. the Q−line bundle (𝜙∗([𝑥]∗𝐿be𝜃′ ))
1

be ⊗ 𝜔
𝑙𝑜𝑔
𝐶 on the coarse moduli curve 𝐶 of C is ample. Here,

𝜙 : 𝐶 → 𝐶 is the coarse moduli map, and b is a positive integer which makes b𝜃 ′ an integral
character. Note that the ampleness is independent of choice of the positive integer b.

2. 𝑙𝜃′ (𝑞) ≤ 1 for any 𝑞 ∈ 𝐶.

Given a GIT target (𝑊,𝐺, 𝜃), following [13, Propsition 2.7], an essentially equivalent definition
about 𝜖-stable quasimaps to X is, but from a different point of view, the concept of a 𝜖𝜃-stable quasimap
to 𝔛. The concept of 𝜃 ′-stable quasimap will play an important role in the construction of master space
in Section 4. For a rational character 𝜃 ′ of G, we will use the notation 𝑄 𝜃′

𝑔,𝑚 (𝔛, 𝛽) to mean the moduli
stack of 𝜃 ′-stable quasimaps to the quotient stack 𝔛 of class (𝑔, 𝑚, 𝛽). If we choose 𝜃 ′ = 𝜖𝜃, then the
space 𝑄 𝜃′

𝑔,𝑚(𝔛, 𝛽) is same as the space 𝑄 𝜖
0,𝑚 (𝑋, 𝛽) of 𝜖-stable quasimaps we introduced before.

We call a prestable quasimap f over a scheme 𝑆 𝜖-stable if for every C-point s of S, the restriction of
f over s is 𝜖-stable. We call 𝑓 0+stable if f is 𝜖−stable for every positive rational number 𝜖 ∈ Q>0.

Definition 2.4. A group homomorphism 𝛽 ∈ HomZ(Pic𝔛,Q) is called 𝐿 𝜃 -effective if it is realized as a
finite sum of classes of some quasimaps to X. Such elements form a semigroup with identity 0, denoted
by Eff(𝑊,𝐺, 𝜃), and we call it a degree.

We will need the following lemma proved in [9, Lemma 2.3].

Lemma 2.5. If ((𝐶, 𝒒), [𝑥]) is a quasimap of degree 𝛽, then 𝛽(𝐿 𝜃 ) ≥ 0. Moreover, 𝛽(𝐿 𝜃 ) = 0 if and
only if 𝛽 = 0, if and only if the quasimap is constant (i.e., [𝑥] is a map into X, factored through an
inclusion BΓ ⊂ 𝑋 of the classifying groupoid BΓ of a finite group Γ).

In the following, we will give an explicit description of quasimaps to toric Deligne-Mumford stacks.

Example 2.6 (Quasimaps to toric stack). Recall the construction of a (semi-projective) toric Deligne-
Mumford stack (or toric stack in short) by a GIT data (𝑊,𝐺, 𝜃). Let 𝐺 = (C∗)𝑘 , and 𝑊 := ⊕𝑛

𝑖=1C𝜌𝑖 be
a direct sum of 1-dimensional representations of G given by the characters 𝜌𝑖 ∈ 𝜒(𝐺) for 1 ≤ 𝑖 ≤ 𝑛.
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We will denote [𝑛] to be the tuple of (not necessarily distinct) characters 𝜌𝑖 of G for 1 ≤ 𝑖 ≤ 𝑛. The
toric stack X is defined to be the GIT stack quotient

[𝑊 𝑠𝑠 (𝜃)/𝐺] .

Since we always assume that𝑊 𝑠𝑠 (𝜃) = 𝑊 𝑠 (𝜃), then X is a semi-projective Deligne-Mumford stack (i.e.,
proper over an affine scheme).

Then in the definition of quasimaps to the toric stack X, we can replace the principal𝐺−bundle P by k
line bundles (𝐿 𝑗 : 1 ≤ 𝑗 ≤ 𝑘) on C and replace the section x in the definition of quasimap by n sections

�𝑥 = (𝑥𝑖 : 1 ≤ 𝑖 ≤ 𝑛) ∈ ⊕𝜌∈[𝑛]Γ(𝐶, 𝐿𝜌),

where 𝐿𝜌 is a line bundle on C defined by

𝐿𝜌 = ⊗𝑘
𝑗=1𝐿

⊗𝑚 𝑗
𝑗 ,

where the numbers (𝑚 𝑗 : 1 ≤ 𝑗 ≤ 𝑘) are determined by the unique relation

𝜌 =
𝑘∑
𝑗=1

𝑚 𝑗𝜋 𝑗

in the character group 𝜒(𝐺) of G. Here, (𝜋 𝑗 : 1 ≤ 𝑗 ≤ 𝑘) are the standard characters of 𝐺 = (C∗)𝑘 by
projecting to coordinates.

One novel application of 𝜃 ′−stable quasimap for a rational character 𝜃 ′ is the use of the notion of
(𝜃 ′, 𝜺)−stable quasimap introduced in [13].

Definition 2.7. [(𝜃 ′, 𝜺)-stable quasimap] Given a tuple 𝜺 = (𝜀1, · · · , 𝜀𝑝) ∈ (Q>0) 𝑝, we will call
a prestable quasimap 𝒇 := (𝐶, 𝒒, 𝑓 : 𝐶 → [𝑊/𝐺] × [C/C∗] 𝑝) a (𝜃 ′, 𝜺)-stable quasimap to 𝔛
of type (𝑔, 𝑚 |𝑝, 𝛽) if 𝒇 defines a 𝜃 ′ ⊕

⊕𝑝
𝑖=1 𝜀𝑖idC∗-stable quasimap to [𝑊/𝐺] × [C/C∗] 𝑝 of type

(𝑔, 𝑚, (𝛽, 1, · · · , 1)). We will denote 𝑄 (𝜃′,𝜺)
𝑔,𝑚 |𝑝 (𝔛, 𝛽) to be the moduli stack of (𝜃 ′, 𝜺)-stable quasimaps

to 𝔛 of type (𝑔, 𝑚 |𝑝, 𝛽). We call 𝒇 (𝜃 ′, (0+) 𝑝)-stable if 𝒇 is (𝜃 ′, 𝜺)-stable for all 𝜺 ∈ Q𝑝
>0, and we will

denote 𝑄 𝜃′,0+
𝑔,𝑚 |𝑝 (𝔛, 𝛽) to be the moduli stack of (𝜃 ′, (0+) 𝑝)-stable quasimaps to 𝔛 of type (𝑔, 𝑚 |𝑝, 𝛽).

Remark 2.8. It is shown in [13] that a (𝜃 ′, 𝜺)-stable map to 𝔛 is equivalent to a 𝜺-weighted 𝜃 ′-stable
map to 𝔛 (i.e. the source curve is allowed to be a Hassett-stable curve with additional 𝑝𝜺−weighted
markings). Thus, the moduli stack𝑄 𝜃′,𝜺

𝑔,𝑚 |𝑝 (𝔛, 𝛽) is equipped with p additional universal evaluation maps
to 𝔛 (not only to X). We will denote them by

𝑒𝑣 𝑗 : 𝑄 (𝜃′,𝜺)
𝑔,𝑚 |𝑝 (𝔛, 𝛽) → 𝔛, 1 ≤ 𝑗 ≤ 𝑝.

2.1. Quasimap invariants

We define the quasimap invariants in this section following [1, 9, 11, 14]. Consider an algebraic torus
T action on W, which commutes with the given 𝐺−action on W. Here, T can be the identity group.
Assume further that the 𝑇−fixed loci 𝑋𝑇

0 of the affine quotient 𝑋0 = Spec(C[𝑊]𝐺) is 0−dimensional.
We also denote 𝐾 := Q({𝜆𝑖}) by the rational localized T-equivariant cohomology of SpecC, with
{𝜆1, . . . , 𝜆rank(𝑇 ) } corresponding to a basis for the characters of T. Denote

Λ𝐾 := 𝐾 [[Eff(𝑊,𝐺, 𝜃)]]

to be the corresponding Novikov ring. We write 𝑞𝛽 for the element corresponding to 𝛽 in Λ𝐾 so that
Λ𝐾 is the q-adic completion.
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Given any two elements 𝛼1, 𝛼2 in the 𝑇−equivariant Chen-Ruan cohomology of X,

𝐻∗
CR,𝑇 (𝑋,Q) := 𝐻∗

𝑇 (𝐼𝜇𝑋,Q),

we can define the Poincaré pairing in the non-rigidified cyclotomic inertia stack 𝐼𝜇𝑋 of X:

〈𝛼1, 𝛼2〉orb :=
∫

∑
𝑟∈N≥1 𝑟

−1 [𝐼𝜇𝑟 𝑋 ]
𝛼1 · 𝜄∗𝛼2.

Here, 𝜄 is the involution of 𝐼𝜇𝑋 obtained from the inversion automorphisms. Therefore, the diagonal
class [Δ 𝐼𝜇𝑟 𝑋

] obtained via pushforward of the fundamental class by (id, 𝜄) : 𝐼𝜇𝑟 𝑋 → 𝐼𝜇𝑟 𝑋 × 𝐼𝜇𝑟 𝑋 can
be written as

∞∑
𝑟=1

𝑟 [Δ 𝐼𝜇𝑟 𝑋
] =

∑
𝛼

𝜙𝛼 ⊗ 𝜙𝛼 in 𝐻∗(𝐼𝜇𝑋 × 𝐼𝜇𝑋,Q),

where {𝜙𝛼} is a basis of 𝐻∗
CR,𝑇 (𝑋,Q) with {𝜙𝛼} the dual basis with respect to the Poincaré pairing

defined above.
Denote by 𝜓̄𝑖 the first Chern class of the universal cotangent line whose fiber at ((𝐶, 𝑞1, ..., 𝑞𝑚), [𝑥])

is the cotangent space of the coarse moduli 𝐶 of C at i-th marking 𝑞
𝑖
. For nonnegative integers 𝑎𝑖 and

classes 𝛼𝑖 ∈ 𝐻∗
𝑇 (𝐼𝜇𝑋,Q), 𝛿 𝑗 ∈ 𝐻

∗
𝑇 (𝔛,Q), we write

〈𝛼1𝜓̄
𝑎1 , ..., 𝛼𝑚𝜓̄

𝑎𝑚 ; 𝛿1, · · · , 𝛿𝑝〉𝜃
′,𝜺

0,𝑚 |𝑝,𝛽 :=
∫
[𝑄𝜃′,𝜺0,𝑚|𝑝 (𝔛,𝛽) ]

vir

∏
𝑖

𝑒𝑣∗𝑖 (𝛼𝑖)𝜓̄
𝑎𝑖
𝑖

∏
𝑗

𝑒𝑣∗𝑗 (𝛿 𝑗 ).

When 𝜀 is empty, 𝜃 ′ = 𝜖𝜃 for a integer character 𝜃, we will also write this as

〈𝛼1𝜓̄
𝑎1 , ..., 𝛼𝑚𝜓̄

𝑎𝑚〉 𝜖 ;

when 𝜖 is sufficiently large, the above formula recovers the usual Gromov-Witten invariants, in which
case, we simply write this as

〈𝛼1𝜓̄
𝑎1 , ..., 𝛼𝑚𝜓̄

𝑎𝑚〉.

We will also need the morphism

(𝑒𝑣 𝑗 )∗ = 𝜄∗(𝒓 𝑗 (𝑒𝑣 𝑗 )∗), (2.2)

where 𝒓 𝑗 is the order function of the band of the gerbe structure at the marking 𝑞 𝑗 . Define a class in
𝐻𝑇

∗ (𝐼𝜇𝑋) � 𝐻∗
𝑇 (𝐼𝜇𝑋) by

〈𝛼1, ..., 𝛼𝑚,−〉 𝜖0,𝑚+1,𝛽 := (�𝑒𝑣𝑚+1)∗
(
(
∏

𝑒𝑣∗𝑖𝛼𝑖) ∩ [𝑄 𝜖
0,𝑚+1 (𝑋, 𝛽)]

vir
)

(2.3)

=
∑
𝛼

𝜙𝛼〈𝛼1, ..., 𝛼𝑚, 𝜙𝛼〉 𝜖0,𝑚+1,𝛽 . (2.4)

3. Geometry of complete intersections in toric Deligne-Mumford stacks

From now on, we will fix a GIT data (𝑊 = C𝑛, 𝐺 = (C∗)𝑘 , 𝜃), which represents a proper toric
Deligne-Mumford stack (or toric stack in short) 𝑋 := [𝑊 𝑠𝑠 (𝜃)/𝐺] as in example 2.6. We will also
fix a vector bundle E over 𝔛 := [𝑊/𝐺] which is a direct sum of line bundles ⊕𝑐

𝑏=1𝐿𝜏𝑏 associated to
characters (𝜏𝑏)𝑐𝑏=1 of G. Let 𝑠𝑏 ∈ Γ(𝑊,𝑊 ×C𝜏𝑏 )𝐺 be sections such that they cut off an irreducible
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complete intersection in W which is smooth in 𝑊 𝑠𝑠 := 𝑊 𝑠𝑠 (𝜃). Denote by 𝐴𝑌 the zero loci of the
section 𝑠 := ⊕𝑐

𝑏=1𝑠𝑏 and by 𝐴𝑌 𝑠𝑠 := 𝐴𝑌 𝑠𝑠 (𝜃) the corresponding semistable loci. Note that we have that
𝐴𝑌 𝑠𝑠 = 𝐴𝑌 𝑠 (𝜃) = 𝐴𝑌 ∩𝑊 𝑠𝑠. Then (𝐴𝑌, 𝐺, 𝜃) determines a GIT quotient 𝑌 := [𝐴𝑌 𝑠𝑠 (𝜃)/𝐺], which is
a complete intersection in X. We will denote 𝔜 := [𝐴𝑌/𝐺] to be the quotient stack corresponding to Y.

It is well known that the rigidified inertia stacks of Y and X are

𝐼𝜇𝑌 =
⊔
𝑔∈𝐺

[𝐴𝑌 𝑠𝑠 (𝜃)𝑔/(𝐺/〈𝑔〉)], 𝐼𝜇𝑋 =
⊔
𝑔∈𝐺

[𝑊 𝑠𝑠 (𝜃)𝑔/(𝐺/〈𝑔〉)] .

For each 𝑔 ∈ 𝐺, denote by 𝐼𝑔𝑌 := [𝐴𝑌 𝑠𝑠 (𝜃)𝑔/(𝐺/〈𝑔〉)] and 𝐼𝑔𝑋 := [𝑊 𝑠𝑠 (𝜃)𝑔/(𝐺/〈𝑔〉)] the rigidified
inertia components of X and Y, respectively. We note that 𝐼𝑔𝑌 or 𝐼𝑔𝑋 is nonempty only if g is torsion as
Y(and X) are Deligne-Mumford stacks.

To describe the relationship between 𝐼𝜇𝑋 and 𝐼𝜇𝑌 , we will need the following lemma:

Lemma 3.1. For any torsion element 𝑔 ∈ 𝐺, the inclusion of 𝑔−fixed subspaces 𝐴𝑌 𝑠𝑠 (𝜃)𝑔 ⊂ 𝑊 𝑠𝑠 (𝜃)𝑔
is a complete intersection with respect to the sections {𝑠𝑏 |𝑏 : 𝜏𝑏 (𝑔) = 1}.

Proof. For any point 𝑝 ∈ 𝑊 𝑠𝑠 (𝜃)𝑔 such that s vanishes on p, we have the following short exact sequence
of tangent spaces:

0 → 𝑇𝑝𝐴𝑌
𝑠𝑠 (𝜃) → 𝑇𝑝𝑊

𝑠𝑠 (𝜃) → ⊕𝑐
𝑏=1C𝜏𝑏 → 0,

which is also exact as representations of the finite group generated by g. Taking the g-invariant subspace
of the above exact sequence, we get

0 → 𝑇𝑝𝐴𝑌
𝑠𝑠 (𝜃)𝑔 → 𝑇𝑝𝑊

𝑠𝑠 (𝜃)𝑔 → ⊕𝑏:𝜏𝑏 (𝑔)=1C𝜏𝑏 → 0,

which implies the lemma. �

For any degree 𝛽 ∈ Eff(𝑊,𝐺, 𝜃), we will define an element 𝑔𝛽 ∈ 𝐺, and two special sub-varieties
𝑌 𝑠𝑠
𝛽 ⊂ 𝐴𝑌 𝑠𝑠 , 𝑍𝑠𝑠

𝛽 ⊂ 𝑊 𝑠𝑠 needed in the statement of the mirror theorem:

𝑔𝛽 := (e2𝜋
√
−1𝛽 (𝐿𝜋1 ) , · · · , e2𝜋

√
−1𝛽 (𝐿𝜋𝑘 ) ) ∈ 𝐺 = (C∗)𝑘 ,

𝑌 𝑠𝑠
𝛽 := (𝐴𝑌 𝑠𝑠)𝑔𝛽 ∩ {(𝑥𝑖) ∈ 𝑊 |𝑥𝑖 = 0 ∀𝑖 : 𝛽(𝐿𝜌𝑖 ) ∈ Z<0},
𝑍𝑠𝑠
𝛽 := (𝑊 𝑠𝑠)𝑔𝛽 ∩ {(𝑥𝑖) ∈ 𝑊 |𝑥𝑖 = 0 ∀𝑖 : 𝛽(𝐿𝜌𝑖 ) ∈ Z<0}.

(3.1)

In the end of this section, we will prove Lemma 3.2, which relates the geometry of 𝑌 𝑠𝑠
𝛽 and 𝑍𝑠𝑠

𝛽 .
The geometrical significance of introducing 𝑌 𝑠𝑠

𝛽 and 𝑍𝑠𝑠
𝛽 is that the quotient stacks [𝑌 𝑠𝑠

𝛽 /𝐺] and
[𝑍𝑠𝑠

𝛽 /𝐺] describe important classes in the stacky loop spaces for X and Y which we now describe.
First of all, let’s recall the definition of stacky loop space into the toric stack X (cf. [9]). Set

𝑈 = C2\{0}. For any positive integer a, denote P𝑎,1 to be the quotient stack [𝑈/C∗] defined by the
C∗-action on U with weights [𝑎, 1] so that 0 := [0 : 1] is a non-stacky point and ∞ := [1 : 0] � B𝜇𝑎 is
a stacky point. The stacky loop space into X

𝑄P𝑎,1 (𝑋, 𝛽) ⊂ 𝐻𝑜𝑚𝑟𝑒𝑝
𝛽 (P𝑎,1,𝔛)

is defined to be the moduli stack of representable morphisms from P𝑎,1 to 𝔛 of degree 𝛽 such that the
generic point of P𝑎,1 is mapped into X. By [9, Lemma 4.6], for such a representable morphism to exist,
a must be the order of the finite cyclic group generated by 𝑔𝛽 . We note that a is also the minimal positive
integer making 𝑎𝛽(𝐿𝜏) an integer for all character 𝜏 of G. We can define the stacky loop space into Y
in a similar manner, and denote

𝑄P𝑎,1 (𝑌, 𝛽) ⊂ 𝐻𝑜𝑚𝑟𝑒𝑝
𝛽 (P𝑎,1,𝔜)
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by the moduli stack of representable morphisms from P𝑎,1 to 𝔜 of degree 𝛽 such that the generic point
of P𝑎,1 is mapped into Y.

Let a be the integer associated to 𝑔𝛽 as above. Now we give a GIT representation of the stacky
loop space 𝑄P𝑎,1 (𝑋, 𝛽). Let C[𝑧1, 𝑧2] be the polynomial ring on variables 𝑧1 and 𝑧2 with weights a and
1, respectively. For any integer n, denote by C[𝑧1, 𝑧2]𝑛 the vector subspace of C[𝑧1, 𝑧2] consisting of
homogeneous polynomials of degree n. Consider the finite dimensional vector space

𝑊𝛽 :=
⊕
𝜌∈[𝑛]

C[𝑧1, 𝑧2]𝑎𝛽 (𝐿𝜌)

equipped with the G-action given by the direct sum of the diagonal G-actions where G on acts on the
component C[𝑧1, 𝑧2]𝑎𝛽 (𝐿𝜌) by the character 𝜌 so that C[𝑧1, 𝑧2]𝑎𝛽 (𝐿𝜌) �

⊕
C𝜌. Given any element of

𝑊𝛽 , we can naturally associate a morphism from P𝑎,1 to 𝔛 of degree 𝛽. Then we have the equivalence
of the following two stacks:

Homrep
𝛽 (P𝑎,1,𝔛) � [𝑊𝛽/𝐺],

under which equivalence, we have

𝑄P𝑎,1 (𝑋, 𝛽) � [𝑊 𝑠𝑠
𝛽 (𝜃)/𝐺],

where 𝑊 𝑠𝑠
𝛽 (𝜃)(= 𝑊 𝑠

𝛽 (𝜃)) is the semistable loci of 𝑊𝛽 under the 𝐺−action.
Consider the C∗−action on P𝑎,1 defined by

𝑡 (𝑧1, 𝑧2) = (𝑡𝑧1, 𝑧2),

for all (𝑧1, 𝑧2) ∈ 𝑈 and 𝑡 ∈ C∗. This induces a C∗−action on 𝑄P𝑎,1 (𝑋, 𝛽) as well as on 𝑄P𝑎,1 (𝑌, 𝛽).
Denote 𝐹𝛽 (𝑋) (resp. 𝐹𝛽 (𝑌 )) to be the subspace of 𝑄P𝑎,1 (𝑋, 𝛽)(resp. 𝑄P𝑎,1 (𝑌, 𝛽)) which consists of
representable morphisms 𝑓 : P𝑎,1 → 𝔛 (resp. 𝑓 : P𝑎,1 → 𝔜) with [0 : 1] as the only base point. More
explicitly, 𝐹𝛽 (𝑋) (resp. 𝐹𝛽 (𝑌 )) is comprised of the morphisms in the following form:

𝑓 : P𝑎,1 → 𝔛 (resp. 𝔜), (𝑧1, 𝑧2) ↦→ (𝑎𝜌𝑧
𝛽 (𝐿𝜌)
1 )𝜌∈[𝑛] ,

where the coefficients (𝑎𝜌) satisfy that (𝑎𝜌𝑧
𝛽 (𝐿𝜌)
1 : 𝜌 ∈ [𝑛]) ∈ 𝑊 𝑠𝑠

𝛽 (𝜃). Note that for such a map to be
well defined, 𝑎𝜌 must be 0 when 𝛽(𝐿𝜌) ∉ Z≥0. This implies that the tuple (𝑎𝜌)𝜌∈[𝑛] ∈ 𝑍𝑠𝑠

𝛽 .
We can see that 𝐹𝛽 (𝑋) (resp. 𝐹𝛽 (𝑌 )) is a component of the C∗−fixed loci of 𝑄P𝑎,1 (𝑋, 𝛽) (resp.

𝑄P𝑎,1 (𝑌, 𝛽)), and we have a quotient stack description as follows:

𝐹𝛽 (𝑋) � [𝑍𝑠𝑠
𝛽 /𝐺], and 𝐹𝛽 (𝑌 ) � [𝑌 𝑠𝑠

𝛽 /𝐺] .

It is clear that 𝑌 𝑠𝑠
𝛽 is cut off by the sections {𝑠𝑏 |𝑏 : 𝛽(𝐿𝜏𝑏 ) ∈ Z} on 𝑍𝑠𝑠

𝛽 , but this may not be a
complete intersection. Indeed, one can show the following:
Lemma 3.2. For any b such that 𝛽(𝐿𝜏𝑏 ) ∈ Z<0, the section 𝑠𝑏 vanishes on 𝑍𝑠𝑠

𝛽 . Thus, 𝑌 𝑠𝑠
𝛽 is merely the

vanishing loci of sections {𝑠𝑏 |𝑏 : 𝛽(𝐿𝜏𝑏 ) ∈ Z≥0} in 𝑍𝑠𝑠
𝛽 .

Proof. For b with 𝛽(𝐿𝜏𝑏 ) ∈ Z<0 and any point �𝑥 = (𝑎𝜌)𝜌∈[𝑛] ∈ 𝑍𝑠𝑠
𝛽 , the corresponding morphism in

𝐹𝛽 (𝑋) is in the form

[�𝑥] : P𝑎,1 → 𝔛 : [𝑧1, 𝑧2] → (𝑎𝜌𝑧
𝛽 (𝐿𝜌)
1 )𝜌∈[𝑛] .

Then the pullback of section 𝑠𝑏 to P𝑎,1 becomes 𝑠𝑏 (�𝑥)𝑧
𝛽 (𝐿𝜏𝑏 )
1 . However, as the pullback line bundle

[�𝑥]∗𝐿𝜏𝑏 is of degree 𝛽(𝐿𝜏𝑏 ) < 0 on P𝑎,1, there is no nonzero section in the line bundle [�𝑥]∗𝐿𝜏𝑏 , which
implies that 𝑠𝑏 (�𝑥) = 0. Now the lemma follows. �
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Definition 3.3. Denote 𝐸𝛽 := ⊕𝑏:𝛽 (𝐿𝜏𝑏 ) ∈Z≥0𝐿𝜏𝑏 and 𝑠𝛽 = (𝑠𝑏)𝑏:𝛽 (𝐿𝜏𝑏 ) ∈Z≥0 . We will also use the
notations 𝐸𝛽 and 𝑠𝛽 to mean the vector bundle and the section for [𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)] by restriction and

descent. Using the above lemma, we have the following Cartesian diagram:

[𝑌 𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)]
� �

��

� � �� [𝑍𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)]

𝑠𝛽

��
[𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]

0𝐸𝛽 �� 𝐸𝛽 ,

where 0𝐸𝛽 is the zero section, and the first horizontal arrow and the first vertical arrow are the natural
inclusion. Then we have a Gysin pullback 0!

𝐸𝛽
: 𝐴∗([𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]) → 𝐴∗([𝑌 𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]),which

is also denoted by 𝑠!
𝐸𝛽 ,𝑙𝑜𝑐

, known as the localized top Chern class [23, §14.1] with respect to the vector
bundle 𝐸𝛽 over [𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)] and the section 𝑠𝛽 .

Let 𝑖 : [𝑌 𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)] → 𝐼𝑔−1
𝛽
𝑌 and 𝑗 : [𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)] → 𝐼𝑔−1

𝛽
𝑋 be the natural inclusions. Now

we can summarize all the spaces we have introduced into the following cube:

[𝑌 𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)]
� �

��

𝑖

����
���

���
���

� � �� [𝑍𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)]

𝑠𝛽

��

𝑗

�����
���

���
���

���
�

𝐼𝑔𝛽−1𝑌� �

��

� � �� 𝐼𝑔−1
𝛽
𝑋

𝑠′:=(𝑠𝑏)𝑏:𝛽 (𝐿𝜏𝑏 )∈Z

��

[𝑍𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)]
� �

����
���

���
���

0𝐸𝛽 �� 𝐸𝛽

��
𝐼𝑔𝛽−1 𝑋

0𝐸′
𝛽 �� 𝐸 ′

𝛽 :=
⊕

𝑏:𝛽 (𝐿𝜏𝑏 ) ∈Z
𝐿𝜏𝑏 ,

(3.2)

where all faces are Cartesian and all arrows in the above digram with no indicated names are understood
as natural inclusion maps. Note here the base of the vector bundle 𝐸𝛽 is [𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)] while the

base of vector bundle 𝐸 ′
𝛽 is 𝐼𝑔−1

𝛽
𝑋 .

Corollary 3.4. Fix a degree 𝛽 ∈ Eff(𝑊,𝐺, 𝜃). If the set {𝑏 | 𝛽(𝐿𝜏𝑏 ) ∈ Z} is exactly the set {𝑏 | 𝛽(𝐿𝜏𝑏 ) ∈
Z≥0}, then we have that

𝑖∗(𝑠!
𝐸𝛽 ,loc([𝑍

𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)])) = (
∏

𝜌∈[𝑛]:𝛽 (𝐿𝜌) ∈Z<0

𝐷𝜌) · 1𝑔−1
𝛽

in 𝐴∗(𝐼𝑔−1
𝛽
𝑌 ), where 1𝑔−1

𝛽
is the fundamental class of 𝐼𝑔−1

𝛽
𝑌 , 𝐷𝜌 = 𝑐1 (𝐿𝜌) is the class of the coordinate

hyperplane given by 𝑥𝜌 = 0. In particular, when the set {𝑏 | 𝛽(𝐿𝜏𝑏 ) ∈ Z} is empty, then we have
𝑌 𝑠𝑠
𝛽 = 𝑍𝑠𝑠

𝛽 , and 𝐼𝑔−1
𝛽
𝑌 = 𝐼𝑔−1

𝛽
𝑋 , and 𝑠!

𝐸𝛽 ,loc is the identity morphism.

Proof. In this case, the bottom square in (3.2) is a fibre diagram where the horizontal arrows are regular
embeddings of the same codimension. Then we have (see [23, Theorem 6.2(c)])

0!
𝐸′
𝛽
([𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]) = 𝑠!

𝐸𝛽 ,loc([𝑍
𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)]).
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Applying the commutativity of pushforward and Gysin pullback (see [23, Theorem 6.2(a)]) to the joining
of top square and front square of (3.2), we have

𝑖∗(0!
𝐸′
𝛽
([𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)])) = 0!

𝐸′
𝛽
( 𝑗∗ [𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]))

= 0!
𝐸′
𝛽

(
(

∏
𝜌∈[𝑛]:𝛽 (𝐿𝜌) ∈Z<0

𝐷𝜌) · [𝐼𝑔−1
𝛽
𝑋]

)
= (

∏
𝜌∈[𝑛]:𝛽 (𝐿𝜌) ∈Z<0

𝐷𝜌) · 0!
𝐸′
𝛽
([𝐼𝑔−1

𝛽
𝑋])

= (
∏

𝜌∈[𝑛]:𝛽 (𝐿𝜌) ∈Z<0

𝐷𝜌) · 1𝑔−1
𝛽
𝑌 .

Here, the last line follows from the fact that the two horizontal arrows in the front square of diagram
(3.2) are both regular embedding of the same dimension. �

Now we are ready to explain the notations appearing in (1.1).

Definition 3.5. Let (𝑊 = ⊕𝜌∈[𝑛]C𝜌, 𝐺 = (C∗)𝑘 , 𝜃) be a GIT data defining a proper DM toric stack X
with 𝑌 ⊂ 𝑋 a complete intersection associated with the split vector bundle ⊕𝑐

𝑏=1𝐿𝜏𝑏 on X as in the
beginning of this section. Let l be a nonnegative integer and 𝑢1, · · · , 𝑢𝑙 ∈ Q[𝑥1, · · · , 𝑥𝑘 ] be l polynomials
depending on 𝑘 (= rk(𝐺)) variables. We define the big 𝐼−function of Y to be

I(𝑞, 𝑡, 𝑧) =
∑

𝛽∈Eff(𝑊 ,𝐺,𝜃)
𝑞𝛽exp

(1
𝑧

𝑙∑
𝑖=1

𝑡𝑖𝑢𝑖 (𝑐1 (𝐿 𝜋1 ) + 𝛽(𝐿 𝜋1 )𝑧, · · · , 𝑐1 (𝐿 𝜋𝑘 ) + 𝛽(𝐿 𝜋𝑘 )𝑧)
)

·
∏

𝜌:𝛽 (𝐿𝜌)<0
∏

𝛽 (𝐿𝜌)<𝑖<0(𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)∏
𝜌:𝛽 (𝐿𝜌)>0

∏
0≤𝑖<𝛽 (𝐿𝜌) (𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)

·
∏

𝑏:𝛽 (𝐿𝜏𝑏 )>0
∏

𝑖:0≤𝑖<𝛽 (𝐿𝜏𝑏 )
(𝑐1 (𝐿𝜏𝑏 ) + (𝛽(𝐿𝜏𝑏 ) − 𝑖)𝑧)∏

𝑏:𝛽 (𝐿𝜏𝑏 )<0
∏

𝑖:𝛽 (𝐿𝜏𝑏 )<𝑖<0(𝑐1 (𝐿𝜏𝑏 ) + (𝛽(𝐿𝜏𝑏 ) − 𝑖)𝑧)
𝑖∗(𝑠!

𝐸𝛽 ,𝑙𝑜𝑐
([𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)])).

(3.3)

Some explanations of the notations are in order:

1. The summation range Eff(𝑊,𝐺, 𝜃) is the semigroup of degrees as defined in 2.4.
2. 𝑞𝛽 stands for the Novikov variable corresponding to the degree 𝛽 in the Novikov ring; see §2.1.
3. 𝑡1, · · · , 𝑡𝑙 are formal variables. Sometimes we also use the notation 𝑢𝑖 (𝑐1 (𝐿 𝜋 𝑗 )+𝛽(𝐿 𝜋 𝑗 )𝑧) to simplify

𝑢𝑖 (𝑐1 (𝐿 𝜋1 ) + 𝛽(𝐿 𝜋1 )𝑧, · · · , 𝑐1 (𝐿 𝜋𝑘 ) + 𝛽(𝐿 𝜋𝑘 )𝑧),

where 𝜋1, · · · , 𝜋𝑘 are standard characters of G (see Example 2.6) and 𝐿 𝜋𝑖 (similarly 𝐿𝜌) is the line
bundle associated with the character 𝜋𝑖 by Borel construction as in Definition 1.3.

4. Here, 𝜌 ranges over the n characters appearing in the GIT data (𝑊,𝐺, 𝜃); see Example 2.6. We
denote 𝐷𝜌 = 𝑐1 (𝐿𝜌).

5. For each degree 𝛽 ∈ Eff(𝑊,𝐺, 𝜃), the term 𝑖∗(𝑠!
𝐸𝛽 ,𝑙𝑜𝑐

([𝑍𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 )])) is applying the push-
forward morphism 𝑖∗ induced from the inclusion 𝑖 : [𝑌 𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)] → 𝐼𝑔−1

𝛽
𝑌 to the class

𝑠!
𝐸𝛽 ,𝑙𝑜𝑐

([𝑍𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 )]) defined in Definition 3.3.
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Recall that the Euler-twisted I-function [19, §4] for toric stack X with respect to the split vector
bundle ⊕𝑏𝐿𝜏𝑏 is

𝐼 𝑡𝑤𝑋 =
∑

𝛽∈Eff(𝑊 ,𝐺,𝜃)
𝑞𝛽exp

(1
𝑧

𝑛∑
𝑖=1

𝑡𝑖 (𝑐1 (𝐿𝜌𝑖 ) + 𝛽(𝐿𝜌𝑖 )𝑧)
)

·
∏

𝜌:𝛽 (𝐿𝜌)<0
∏

𝛽 (𝐿𝜌) ≤𝑖<0(𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)∏
𝜌:𝛽 (𝐿𝜌)>0

∏
0≤𝑖<𝛽 (𝐿𝜌) (𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)

·
∏

𝑏:𝛽 (𝐿𝜏𝑏 )>0
∏

𝑖:0≤𝑖<𝛽 (𝐿𝜏𝑏 )
(𝜅 + 𝑐1 (𝐿𝜏𝑏 ) + (𝛽(𝐿𝜏𝑏 ) − 𝑖)𝑧)∏

𝑏:𝛽 (𝐿𝜏𝑏 )<0
∏

𝑖:𝛽 (𝐿𝜏𝑏 ) ≤𝑖<0(𝜅 + 𝑐1 (𝐿𝜏𝑏 ) + (𝛽(𝐿𝜏𝑏 ) − 𝑖)𝑧)
1𝑋
𝑔−1
𝛽

.

(3.4)

Here, we discard the factor z of the twisted I-function in [19]. 1𝑋
𝑔−1
𝛽

is the fundamental class of 𝐼𝑔−1
𝛽
𝑋

and 𝜅 is an equivaraint parameter corresponding to C∗−action of weight one.
Now we set 𝑙 = 𝑛 and choose polynomials 𝑢𝑖 in (1.1) as follows: let 𝑢𝑖 (𝑥1, · · · , 𝑥𝑘 ) =

∑𝑘
𝑗=1 𝑚𝑖 𝑗𝑥 𝑗 ,

where 𝑚𝑖 𝑗 are integers satisfying that 𝜌𝑖 =
∑
𝑚𝑖 𝑗𝜋 𝑗 . Then we have that

𝑢𝑖 (𝑐1 (𝐿 𝜋1 ), · · · , 𝑐1 (𝐿 𝜋𝑘 )) = 𝑐1 (𝐿𝜌𝑖 )

and

𝑢𝑖 (𝑐1 (𝐿 𝜋1 ) + 𝛽(𝐿 𝜋1 )𝑧, · · · , 𝑐1 (𝐿 𝜋𝑘 ) + 𝛽(𝐿 𝜋𝑘 )𝑧) = 𝑐1 (𝐿𝜌𝑖 ) + 𝛽(𝐿𝜌𝑖 )𝑧.

Now we can show the following relation between our big I-function and the twisted I-function.

Corollary 3.6. Take 𝑢𝑖 = 𝑐1 (𝐿𝜌𝑖 ) + 𝛽(𝐿𝜌𝑖 )𝑧 in (1.1) as explained above. Expand the twisted I-function
𝐼 𝑡𝑤𝑋 in Novikov variables

𝐼 𝑡𝑤𝑋 =
∑
𝛽

𝑞𝛽 𝐼
𝛽,𝑡𝑤
𝑋 .

Note that 𝐼𝛽,𝑡𝑤𝑋 belongs to 𝐻∗(𝐼𝑔−1
𝛽
𝑋) [𝑧−1, 𝑧] [[𝑡1, · · · , 𝑡𝑛]]. Define 𝐼 𝑡𝑤𝑋

∏
𝑏

(
𝜅 + 𝑐1 (𝐿𝜏𝑏 )

)
to be∑

𝛽

𝑞𝛽 𝐼
𝛽,𝑡𝑤
𝑋

∏
𝑏:𝛽 (𝐿𝜏𝑏 ) ∈Z

(
𝜅 + 𝑐1(𝐿𝜏𝑏 )

)
.

Note that
∏

𝑏:𝛽 (𝐿𝜏𝑏 ) ∈Z
𝑐1 (𝐿𝜏𝑏 ) is the Euler class of the normal bundle of inertia component 𝐼𝑔−1

𝛽
𝑌 in

𝐼𝑔−1
𝛽
𝑋 . Then 𝐼 𝑡𝑤𝑋

∏
𝑏

(
𝜅+𝑐1 (𝐿𝜏𝑏 )

)
has a limit as 𝜅 goes to zero, and it is equal to pushforward 𝜄∗I(𝑞, 𝑡, 𝑧)

along the inclusion 𝜄 : 𝐼𝜇𝑌 → 𝐼𝜇𝑋 .

Proof. Notice that the limit lim𝜅→0 𝐼
𝑡𝑤
𝑋

∏
𝑏

(
𝜅 + 𝑐1 (𝐿𝜏𝑏 )

)
is equal to

∑
𝛽∈Eff(𝑊 ,𝐺,𝜃)

𝑞𝛽exp
(1
𝑧

𝑛∑
𝑖=1

𝑡𝑖 (𝑐1 (𝐿𝜌𝑖 ) + 𝛽(𝐿𝜌𝑖 )𝑧)
)

·
∏

𝜌:𝛽 (𝐿𝜌)<0
∏

𝛽 (𝐿𝜌) ≤𝑖<0(𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)∏
𝜌:𝛽 (𝐿𝜌)>0

∏
0≤𝑖<𝛽 (𝐿𝜌) (𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)

·
∏

𝑏:𝛽 (𝐿𝜏𝑏 )>0
∏

𝑖:0≤𝑖<𝛽 (𝐿𝜏𝑏 )
(𝑐1 (𝐿𝜏𝑏 ) + (𝛽(𝐿𝜏𝑏 ) − 𝑖)𝑧)∏

𝑏:𝛽 (𝐿𝜏𝑏 )<0
∏

𝑖:𝛽 (𝐿𝜏𝑏 )<𝑖<0(𝑐1 (𝐿𝜏𝑏 ) + (𝛽(𝐿𝜏𝑏 ) − 𝑖)𝑧)
1𝑔−1

𝛽
·

∏
𝑏:𝛽 (𝐿𝜏𝑏 ) ∈Z≥0

𝑐1 (𝐿𝜏𝑏 ).

(3.5)
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Then the conclusion follows from a tedious but straightforward comparison between 𝜄∗I(𝑞, 𝑡, 𝑧) and the
above limit by using the relation

𝜄∗
(
𝑖∗(𝑠!

𝐸𝛽 ,loc([𝑍
𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)]))
)
= 1𝑋

𝑔−1
𝛽

·
∏

𝜌:𝛽 (𝐿𝜌) ∈Z<0

𝑐1 (𝐿𝜌) ·
∏

𝑏:𝛽 (𝐿𝜏𝑏 ) ∈Z≥0

𝑐1 (𝐿𝜏𝑏 ). (3.6)

To prove the relation (3.6), first observe that the composition 𝜄 ◦ 𝑖 : [𝑌 𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)] → 𝐼𝑔−1
𝛽
𝑋 is

also the composition of the two natural inclusions 𝑖𝛽 : [𝑌 𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)] ⊂ [𝑍𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)] and
𝑗 : [𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)] → 𝐼𝑔−1

𝛽
𝑋 . Then we have

𝜄∗
(
𝑖∗(𝑠!

𝐸𝛽 ,loc([𝑍
𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)]))
)
= 𝑗∗(𝑖𝛽)∗(𝑠!

𝐸𝛽 ,loc([𝑍
𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)]))

= 𝑗∗𝑐𝑡𝑜𝑝 (𝐸𝛽)

= 𝑗∗ 𝑗
∗(

∏
𝑏:𝛽 (𝐿𝜏𝑏 ) ∈Z≥0

𝑐1 (𝐿𝜏𝑏 ))

= 𝑗∗(1𝑍 𝑠𝑠𝛽
) ·

∏
𝑏:𝛽 (𝐿𝜏𝑏 ) ∈Z≥0

𝑐1 (𝐿𝜏𝑏 )

= 1𝑋
𝑔−1
𝛽

·
∏

𝜌:𝛽 (𝐿𝜌) ∈Z<0

𝑐1(𝐿𝜌) ·
∏

𝑏:𝛽 (𝐿𝜏𝑏 ) ∈Z≥0

𝑐1 (𝐿𝜏𝑏 ),

(3.7)

where 1𝑧𝑠𝑠𝛽
is the fundamental class of [𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)] in 𝐻∗([𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]). �

3.1. Two special cases of the mirror theorem

Using Corollary 3.4, we consider two interesting special cases of the I-function. The first case is when
Y is a hypersurface with respect to a line bundle 𝐿 := 𝐿𝜏 for some character 𝜏. The mirror formula (1.1)
becomes

I(𝑞, 𝑡, 𝑧) =
∑

𝛽∈Eff (W,G, 𝜃)
𝛽 (𝐿) ≥0

𝑞𝛽exp ·
∏

𝜌:𝛽 (𝐿𝜌)<0
∏

𝛽 (𝐿𝜌) ≤𝑖<0(𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)∏
𝜌:𝛽 (𝐿𝜌)>0

∏
0≤𝑖<𝛽 (𝐿𝜌) (𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)

×
∏

0≤𝑖<𝛽 (𝐿)

(
𝑐1 (𝐿) + (𝛽(𝐿) − 𝑖)𝑧

)
1𝑔−1

𝛽

+
∑

𝛽∈Eff (W,G, 𝜃)
𝛽 (𝐿) ∈Z<0

𝑞𝛽exp ·
∏

𝜌:𝛽 (𝐿𝜌)<0
∏

𝛽 (𝐿𝜌)<𝑖<0(𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)∏
𝜌:𝛽 (𝐿𝜌)>0

∏
0≤𝑖<𝛽 (𝐿𝜌) (𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)

×
∏

𝛽 (𝐿)<𝑖<0

1(
𝑐1 (𝐿) + (𝛽(𝐿) − 𝑖)𝑧

) [
[𝑌 𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]

]
+

∑
𝛽∈Eff (W,G, 𝜃)
𝛽 (𝐿) ∈Q<0\Z<0

𝑞𝛽exp ·
∏

𝜌:𝛽 (𝐿𝜌)<0
∏

𝛽 (𝐿𝜌) ≤𝑖<0(𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)∏
𝜌:𝛽 (𝐿𝜌)>0

∏
0≤𝑖<𝛽 (𝐿𝜌) (𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)

×
∏

𝛽 (𝐿)<𝑖<0

1(
𝑐1 (𝐿) + (𝛽(𝐿) − 𝑖)𝑧

) 1𝑔−1
𝛽
.

(3.8)

Here, exp is short for exp
( 1
𝑧

∑𝑙
𝑖=1 𝑡𝑖𝑢𝑖 (𝑐1 (𝐿 𝜋 𝑗 ) + 𝛽(𝐿 𝜋 𝑗 )𝑧)

)
, and

[
[𝑌 𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]

]
is the fundamental

class of [𝑌 𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)] in 𝐻∗(𝐼𝑔−1
𝛽
𝑌 ). Note that we only use Corollary 3.4 in the first and third
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summand of (3.8), while in the second summand, we use the fact that the Gysin pullback 𝑠!
𝐸𝛽 ,𝑙𝑜𝑐

is just
the identity morphism, as the vector bundle 𝐸𝛽 is of rank zero when 𝛽(𝐿) ∈ Z<0.

Remark 3.7. The reader may wonder whether we can express the cohomology class
[
[𝑌 𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]

]
as the product of 1𝑔−1

𝛽
and 𝐷𝜌 like in other cases. Note that this will in particular imply that[

[𝑌 𝑠𝑠
𝛽 /(𝐺/〈𝑔−1

𝛽 〉)]
]

is an ambient cohomology class (i.e., a cohomology class pulled back from the
Chen-Ruan cohomology 𝐻∗(𝐼𝜇𝑋) of the ambient toric stack). However,

[
[𝑌 𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]

]
is not an

ambient cohomology class in general. For example, let 𝑋 = P3 and Y be a quadratic hypersurface of
X. We will choose a GIT presentation of X and degree 𝛽 such that

[
[𝑌 𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]

]
can be the line

{[0, ∗, ∗, 0] ∈ P3}. To achieve this, we choose a non-standard GIT presentation of P3: Let 𝑊 = C5,
𝐺 = (C∗)2 so that G acts on W via the right action

(𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5) · (𝑡1, 𝑡2) = (𝑡1𝑥1, 𝑡1𝑡2𝑥2, 𝑡1𝑡2𝑥3, 𝑡1𝑥4, 𝑡2𝑥5),

where (𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5) ∈ 𝑊 and (𝑡1, 𝑡2) ∈ 𝐺. If we choose the stablity condition 𝜃 (𝑡1, 𝑡2) = 𝑡1𝑡
2
2 ∈

𝜒(𝐺), we have𝑊 𝑠𝑠 (𝜃) = (C4\{0}) ×C∗. Let Y be the quadratic hypersurface cut off by the polynomial
𝑥1𝑥2 − 𝑥3𝑥4, and we choose degree 𝛽 ∈ Eff(𝑊,𝐺, 𝜃) defined by 𝛽(𝐿𝑡1 ) = −1 and 𝛽(𝐿𝑡2 ) = 1. It is
a very interesting question to use this to calculate the GW invariants with insertion of non-ambient
cohomology classes, and we will explain how to do it elsewhere.

The second case is when all the line bundles 𝐿𝜏𝑏 are all semi-positive (i.e., 𝛽(𝐿𝜏𝑏 ) ≥ 0 for all
𝛽 ∈ Eff(𝑊,𝐺, 𝜃) and b). Then the I-function specializes to

I(𝑞, 𝑡, 𝑧) =
∑

𝛽∈Eff (W,G, 𝜃)
𝑞𝛽exp

(1
𝑧

𝑙∑
𝑖=1

𝑡𝑖𝑢𝑖 (𝑐1 (𝐿 𝜋 𝑗 ) + 𝛽(𝐿 𝜋 𝑗 )𝑧)
)

×
∏

𝜌:𝛽 (𝐿𝜌)<0
∏

𝛽 (𝐿𝜌) ≤𝑖<0(𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)∏
𝜌:𝛽 (𝐿𝜌)>0

∏
0≤𝑖<𝛽 (𝐿𝜌) (𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖)𝑧)

×
∏
𝑏

∏
0≤𝑖<𝛽 (𝐿𝜏𝑏 )

(
𝑐1 (𝐿𝜏𝑏 ) + (𝛽(𝐿𝜏𝑏 ) − 𝑖)𝑧

)
1𝑔−1

𝛽
.

(3.9)

The above formulae match the formula for positive hypersurfaces in toric stacks for which the convexity
holds [18, §5] and the formula for a ray divisor (given by a coordinate function corresponding to the
ray) of a toric stack for which the convexity may fail [18, 9]. See §7 for a non-positive example where
the convexity fails.

4. Master space I

4.1. Construction of master space I

In this section, we will construct a master space which is a root stack modification of the twisted graph
space considered in [15]. Let (𝐴𝑌, 𝐺, 𝜃) be the GIT data which gives rise to a complete intersection in
the toric stack 𝑋 = [𝑊 𝑠𝑠 (𝜃)/𝐺] as in previous sections. Since a positive rational scaling of the stability
character 𝜃 will not change the GIT quotient. Without loss of generality, let’s assume that the line bundle
𝐿 𝜃 on 𝑌 = [𝐴𝑌 𝑠𝑠 (𝜃)/𝐺] is the pullback of an ample line bundle on the coarse moduli space 𝑌 of Y.
First, we will consider the following quotient stack

P𝔜
1
𝑟 , 𝑝 = [(𝐴𝑌×C𝑝×C2)/(𝐺×(C∗) 𝑝×C∗)]
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defined by the following (right) action

(�𝑥, �𝑦, 𝑧1, 𝑧2) · (𝑔, ℎ, 𝑡) = (�𝑥 · 𝑔, (ℎ 𝑗 𝑦 𝑗 ) 𝑝𝑗=1, 𝜃 (𝑔)
−1(

𝑝∏
𝑗=1

ℎ−1
𝑗 )𝑡𝑟 𝑧1, 𝑡𝑧2),

where (𝑔, ℎ = (ℎ 𝑗 ) 𝑝𝑗=1, 𝑡) ∈ 𝐺×(C∗) 𝑝×C∗, (�𝑥, �𝑦 = (𝑦 𝑗 ) 𝑝𝑗=1, 𝑧1, 𝑧2) ∈ 𝐴𝑌×C𝑝×C2. For simplicity, we
will write 𝐴𝑌𝑝 := 𝐴𝑌×C𝑝 , and 𝐺 𝑝 := 𝐺×(C∗) 𝑝. Let 𝜃𝑝 be the character of 𝐺 𝑝 defined by

𝜃𝑝 (𝑔, ℎ) = 𝜃 (𝑔)
𝑝∏
𝑗=1

ℎ 𝑗 for all (𝑔, ℎ) ∈ 𝐺 𝑝 .

Fix a positive rational number 𝜖 ∈ Q>0 ∩ (0, 1]. We consider the stability given by the rational
character of 𝐺 𝑝×C∗ defined by

𝜃̃ (𝑔, ℎ, 𝑡) = 𝜃𝑝 (𝑔, ℎ) 𝜖 𝑡3𝑟

for (𝑔, ℎ, 𝑡) ∈ 𝐺 𝑝×C∗. Then the GIT stack quotient [(𝐴𝑌𝑝×C2)𝑠𝑠 (𝜃̃)/(𝐺 𝑝×C∗)] is the root stack of the
P1−bundle P𝑌 (𝐿−𝜃 ⊕ C) over Y by taking r-th root of the infinity divisor 𝐷∞ given by 𝑧2 = 0. We will
denote the GIT stack quotient [(𝐴𝑌𝑝×C2)𝑠𝑠 (𝜃̃)/(𝐺 𝑝×C∗)] to be P𝑌 1

𝑟 , which is equipped with the infinity
section D∞ given by 𝑧2 = 0 and the zero section D0 given by 𝑧1 = 0. Note that this GIT quotient is
independent of the integer p as the semistable(=stable) loci (𝐴𝑌𝑝×C2)𝑠𝑠 (𝜃̃) = 𝐴𝑌 𝑠𝑠 (𝜃)×(C∗) 𝑝×(C2\{0}).
We will take 𝑝 = 0 as our standard GIT quotient reference for P𝑌 1

𝑟 , which will be canonically identified
with other GIT quotients from P𝔜 1

𝑟 , 𝑝 by choosing the embedding 𝐴𝑌 ⊂ 𝐴𝑌𝑝 as 𝐴𝑌 � 𝐴𝑌𝑝 ∩ {𝑦𝑖 =
1|𝑖 = 1, . . . , 𝑝}.

When the integer r is prime to the orders of isotropy groups of all points for X, which happens, in
particular, as r is a sufficiently large prime, the rigidified inertia stack 𝐼𝜇P𝑌

1
𝑟 of P𝑌 1

𝑟 can be decomposed
as the disjoint union

P(𝐼𝜇𝑌 )
1
𝑟︸����︷︷����︸

1

⊔
�𝑟−1

𝑗=1 𝐼𝜇𝑌︸����︷︷����︸
2

.

Let (𝑥, (𝑔, 𝑡)) represent a C−point of 𝐼𝜇P𝑌
1
𝑟 where x is a C−point of P𝑌 1

𝑟 and (𝑔, 𝑡) ∈ 𝐺 × C∗

represents an automorphism of x in the isotropy group of x in P𝑌 1
𝑟 . If (𝑥, (𝑔, 𝑡)) appears in the first

factor of the decomposition above, then the element (𝑔, 𝑡) is in the subgroup 𝐺×{1} ⊂ 𝐺×C∗, and the
space P(𝐼𝜇𝑌 )

1
𝑟 can be further decomposed as P(𝐼𝜇𝑌 )

1
𝑟 = �𝑔∈𝐺P(𝐼𝑔𝑌 )

1
𝑟 , where P(𝐼𝑔𝑌 )

1
𝑟 is defined as

the quotient stack

P(𝐼𝑔𝑌 )
1
𝑟 := [(𝐴𝑌 (𝜃̃)𝑔×(C\{0})2)/((𝐺/〈𝑔〉)×C∗)]

via the action similar to P𝔜 1
𝑟 ,0 as above; if (𝑥, (𝑔, 𝑡)) occurs in the second factor of the decomposition

above, the automorphism (𝑔, 𝑡) lies in 𝐺×{𝜇 𝑗
𝑟 : 1 ≤ 𝑗 ≤ 𝑟 − 1} ⊂ 𝐺×𝝁𝑟 , and the point x belongs

to the infinity section D∞ defined by 𝑧2 = 0. Here, 𝜇𝑟 = exp( 2𝜋
√
−1

𝑟 ) ∈ C∗ and 𝝁𝑟 is the cyclic group
generated by 𝜇𝑟 .

For (𝑔, 𝑡) ∈ 𝐺×𝝁𝑟 , we will use the notation 𝐼 (𝑔,𝑡)P𝑌
1
𝑟 to mean the rigidified inertia stack component

of 𝐼𝜇P𝑌
1
𝑟 corresponding to the isotropy element (𝑔, 𝑡).

Consider the moduli stack of 𝜃̃−stable quasimaps to P𝔜 1
𝑟 , 𝑝:

𝑄 𝜃
0,𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝑑, 1𝑝 ,

𝛿

𝑟
)).
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More concretely,

𝑄 𝜃
0,𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝑑, 1𝑝 ,

𝛿

𝑟
)) = {(𝐶; 𝑞1, . . . , 𝑞𝑚; 𝐿1, · · · , 𝐿𝑘+𝑝 , 𝑁; �𝑥, �𝑦, 𝑧1, 𝑧2)},

where (𝐶; 𝑞1, . . . , 𝑞𝑚) is a m-pointed prestable balanced orbifold curve of genus 0 with possible
nontrivial isotropy only at special points, that is, marked gerbes or nodes, the line bundles (𝐿 𝑗 : 1 ≤
𝑗 ≤ 𝑘 + 𝑝) and N are orbifold line bundles on C with

deg([�𝑥]) = 𝑑 ∈ 𝐻𝑜𝑚(𝑃𝑖𝑐(𝔜),Q), deg(𝑁) = 𝛿

𝑟
, (4.1)

deg(𝐿𝑘+ 𝑗 ) = 1, 1 ≤ 𝑗 ≤ 𝑝, (4.2)

and

(�𝑥, �𝑦, �𝑧) := (𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦𝑝 , 𝑧1, 𝑧2) ∈ Γ
���

𝑛⊕
𝑖=1

𝐿𝜌𝑖 ⊕
𝑝⊕
𝑗=1

𝐿𝑘+ 𝑗 ⊕ (𝐿−𝜃𝑝 ⊗ 𝑁 ⊗𝑟 ) ⊕ 𝑁
���.

Here, for 1 ≤ 𝑖 ≤ 𝑛, the line bundle 𝐿𝜌𝑖 is equal to

⊗𝑘
𝑗=1𝐿

⊗𝑚𝑖 𝑗
𝑗 ,

where (𝑚𝑖 𝑗 ) (1 ≤ 𝑖 ≤ 𝑛,1 ≤ 𝑗 ≤ 𝑘 + 𝑝) is given by the unique relation 𝜌𝑖 =
∑𝑘

𝑗=1 𝑚𝑖 𝑗𝜋 𝑗 .
The same construction applies to the line bundle 𝐿−𝜃𝑝 on C. Note that here 𝛿 is an integer when
𝑄 𝜃

0,𝑚 (P𝔜
1
𝑟 , 𝑝 , (𝑑, 1𝑝 , 𝛿

𝑟 )) is nonempty, as 𝑁 ⊗𝑟 is the pullback of some line bundle on the coarse moduli
curve 𝐶 of C.

We require that the following conditions are satisfied for the above data:

◦ Representability: For every 𝑞 ∈ 𝐶 with isotropy group 𝐺𝑞 , the homomorphism B𝐺𝑞 → B(𝐺 𝑝 ×C∗)
induced by the restriction of line bundles (𝐿 𝑗 : 1 ≤ 𝑗 ≤ 𝑘 + 𝑝) and N to q is representable. Note that
the image of the homomorphism lies in the subgroup 𝐺×C∗ ⊂ 𝐺 𝑝×C∗.

◦ Nondegeneracy: The sections 𝑧1 and 𝑧2 never simultaneously vanish. Furthermore, for each point q
of C at which 𝑧2(𝑞) ≠ 0, the stability condition 2.3

𝑙𝜃 (𝑞) ≤ 1

for 𝜃̃-stable map to P𝔜 1
𝑟 , 𝑝 becomes the stability condition

𝑙𝜖 𝜃𝑝 (𝑞) ≤ 1, (4.3)

for the prestable quasimap [�𝑥, �𝑦] : 𝐶 → 𝔜×[C/C∗] 𝑝 . For each point q of C at which 𝑧2(𝑞) = 0, we
have

ord𝑞 (�𝑥) = ord𝑞 (�𝑦) = 0. (4.4)

We note that this can be phrased as the length condition (2.1) bounding the order of contact of (�𝑥, �𝑦, �𝑧)
with the unstable loci of P𝔜 1

𝑟 , 𝑝 as in [13, §2.1].
◦ Stability: The Q−line bundle

(𝜙∗(𝐿 𝜃 ))⊗𝜖 ⊗
𝑝⊗
𝑗=1

𝜙∗(𝐿𝑘+ 𝑗 )⊗𝜖 ⊗ 𝜙∗(𝑁 ⊗3𝑟 ) ⊗ 𝜔𝑙𝑜𝑔
𝐶
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on the coarse curve 𝐶 is ample. Here, 𝜙 : 𝐶 → 𝐶 is the coarse moduli map. Note that here, the line
bundles 𝐿 𝜃 , (𝐿𝑘+ 𝑗 ) 𝑝𝑗=1 and 𝑁 ⊗3𝑟 are the pullback of line bundles on the coarse moduli of 𝐶.

◦ Vanishing: The image of [�𝑥] : 𝐶 → 𝔛 lies in 𝔜.

Let �𝑚 = (𝑣1, · · · , 𝑣𝑚) ∈ (𝐺×𝝁𝑟 )𝑚. We will denote 𝑄 𝜃
0, �𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝑑, 1𝑝 , 𝛿

𝑟 )) to be

𝑄 𝜃
0,𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝑑, 1𝑝 ,

𝛿

𝑟
)) ∩ 𝑒𝑣−1

1 (𝐼𝑣1P𝑌
1
𝑟 ) ∩ · · · ∩ 𝑒𝑣−1

𝑚 (𝐼𝑣𝑚P𝑌
1
𝑟 ),

where

𝑒𝑣𝑖 : 𝑄 𝜃
0, �𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝑑, 1𝑝 ,

𝛿

𝑟
)) → 𝐼𝜇P𝑌

1
𝑟

are natural evaluation maps by evaluating the sections (�𝑥, �𝑧) at ith marking 𝑞𝑖 . Evaluating the section
�𝑥 at the vanishing loci of the section 𝑦 𝑗 of the degree one line bundle 𝐿𝑘+ 𝑗 for 1 ≤ 𝑗 ≤ 𝑝, which
corresponds to a smooth non-orbifold point on C (as it must be a base point), one has another tuple of
evaluation maps

𝑒𝑣 𝑗 : 𝑄 𝜃
0, �𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝑑, 1𝑝 ,

𝛿

𝑟
)) → 𝔜, (4.5)

for 1 ≤ 𝑗 ≤ 𝑝.

Remark 4.1. The above constructed master space is a generalization of the twisted graph space used
in [15, 16], which they use to prove the high genus quasimap wall-crossing, assuming the genus zero
wall-crossing for quasimap 𝐽−function holds. So it may be surprising that certain modification of the
twisted graph space in loc. cit can be used to prove the genus zero quasimap wall-crossing in this paper.

Because𝑄 𝜃
0, �𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝑑, 1𝑝 , 𝛿

𝑟 )) is the moduli space of stable quasimaps to a proper lci GIT quotient,
it is a proper Deligne-Mumford stack equipped with a natural perfect obstruction theory relative to the
Artin stack 𝔐𝑡𝑤

0,𝑚 of prestable twisted curves by [14]. This relative perfect obstruction theory has the
form

E := 𝑅•𝜋∗( 𝑓 ∗T
P𝔜

1
𝑟 ,𝑝

). (4.6)

Here, we denote the universal family over 𝑄 𝜃
0, �𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝑑, 1𝑝 , 𝛿

𝑟 )) by

C

𝜋

��

𝑓 �� P𝔜
1
𝑟 , 𝑝

𝑄 𝜃
0, �𝑚(P𝔜

1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )).

The obstruction theory (4.6) can be obtained as the cone of the morphism of complexes

𝑅•𝜋∗(OC ⊗ 𝔤𝑟 , 𝑝) → 𝑅•𝜋∗
(
V ⊕ (⊕𝑝

𝑗=1L𝑘+ 𝑗 ) ⊕ (L−𝜃𝑝 ⊗ N ⊗𝑟 ) ⊕ N
)
, (4.7)

which is induced from applying 𝑅•𝜋∗ to the distinguished triangle (see [14, §5.1]) of the tangent complex
T
P𝔜

1
𝑟 ,𝑝

of P𝔜 1
𝑟 , 𝑝

𝐴𝑌𝑟 , 𝑝 ×𝐺𝑟,𝑝 𝔤𝑟 , 𝑝 → 𝐴𝑌𝑟 , 𝑝 ×𝐺𝑟,𝑝 T𝐴𝑌𝑟,𝑝 → T
P𝔜

1
𝑟 ,𝑝
.
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Here, we use the GIT representation P𝔜 1
𝑟 , 𝑝 = [𝐴𝑌𝑟 , 𝑝/𝐺𝑟 , 𝑝] as constructed before, where9 𝐴𝑌𝑟 , 𝑝 :=

𝐴𝑌 × C𝑝 × C2 and 𝐺𝑟 , 𝑝 := 𝐺 𝑝×C∗ (𝔤𝑟 .𝑝 is the Lie algebra of 𝐺𝑟 , 𝑝). Here, L 𝑗 (1 ≤ 𝑗 ≤ 𝑘 + 𝑝) and N
are the universal line bundles over the universal curve C, and

V ⊂ ⊕𝑛
𝑖=1L𝜌𝑖

is the subsheaf of sections taking values in the affine cone 𝐴𝑌 of Y. Somewhat more explicitly, the sub-
obstruction-theory E𝑠𝑢𝑏 := 𝑅•𝜋∗(V) comes from the deformations and obstructions of the sections �𝑥.
Then E𝑠𝑢𝑏 fits into the following distinguished triangle:

E𝑠𝑢𝑏 �� 𝑅•𝜋∗(⊕𝑛
𝑖=1L𝜌𝑖 )

𝑑𝑠 �� 𝑅•𝜋∗(⊕𝑐
𝑏=1L𝜏𝑏 )

+1 �� . (4.8)

Here, 𝑑𝑠 = ⊕𝑐
𝑏=1𝑑𝑠𝑏 , where 𝑑𝑠𝑏 : 𝑅•𝜋∗(⊕𝑛

𝑖=1L𝜌𝑖 ) → 𝑅•𝜋∗L𝜏𝑏 is induced from the vector bundle map

⊕𝑛
𝑖=1L𝜌𝑖 → L𝜏𝑏 ,

which sends �𝑥 = (𝑥𝑖)𝑛𝑖=1 to 𝑠𝑏 (�𝑥). We note that we can interpret 𝑅•𝜋∗(OC ⊗ 𝔤𝑟 , 𝑝) as the deformation
theory of line bundles (𝐿 𝑗 )𝑘+𝑝𝑗=1 and N, and interpret the summand 𝑅•𝜋∗

(
(⊕𝑝

𝑗=1L𝑘+ 𝑗 )⊕(L−𝜃𝑝⊗N ⊗𝑟 )⊕N
)

of E as the deformation theory of sections �𝑦 and 𝑧1, 𝑧2.

4.2. C∗-action and fixed loci

Consider the (left) C∗-action on 𝐴𝑌𝑝×C2 defined by

𝜆(�𝑥, �𝑦, 𝑧1, 𝑧2) = (�𝑥, �𝑦, 𝜆𝑧1, 𝑧2).

This action descends to be an action onP𝔜 1
𝑟 , 𝑝 . We will denote𝜆 to be the equivariant class corresponding

to the C∗-action of weight 1. Let’s first state a criteria for a morphism to P𝔜 1
𝑟 , 𝑝 to be C∗-equivariant

(see also [8, §2.2]), which will be important in the analysis of localization computations.

Remark 4.2. (Equivariant morphism to P𝔜 1
𝑟 , 𝑝) Fix a stack S over 𝑆𝑝𝑒𝑐(C) with a left C∗-action. Then

a C∗-equivariant morphism from S to P𝔜 1
𝑟 , 𝑝 is equivalent to the following data: there exists 𝑘 + 𝑝 + 1

C∗-equivariant line bundles on S

𝐿1, · · · , 𝐿𝑘+𝑝 , 𝑁

together with C∗-invariant sections

(�𝑥, �𝑦, �𝑧) := (𝑥1, . . . , 𝑥𝑛, 𝑦𝑛+1, . . . , 𝑦𝑛+𝑝 , 𝑧1, 𝑧2)

∈ Γ
(
⊕𝑛
𝑖=1𝐿𝜌𝑖 ⊕ (⊕𝑝

𝑗=1𝐿𝑘+ 𝑗 ) ⊕ (𝐿−𝜃𝑝 ⊗ 𝑁 ⊗𝑟 ⊗ C𝜆) ⊕ 𝑁
)C∗

.

Here, 𝐿𝜌𝑖 (1 ≤ 𝑖 ≤ 𝑛) and 𝐿−𝜃𝑝 are constructed from (𝐿 𝑗 )1≤ 𝑗≤𝑘+𝑝 as explained before, and C𝜆 is the
trivial line bundle over S with C∗−linearization of weight 1. These sections should also satisfy the
vanishing condition imposed by the affine cone 𝐴𝑌 of Y as above.

Fix a degree 𝛽 ∈ Eff(𝑊,𝐺, 𝜃) and a tuple of nonnegative integers (𝛿1, · · · , 𝛿𝑚) ∈ N𝑚. Consider
the tuple of multiplicities �𝑚 = (𝑣1, · · · , 𝑣𝑚) ∈ (𝐺 × 𝝁𝑟 )𝑚, where 𝑣𝑖 = (𝑔𝑖 , 𝜇𝛿𝑖

𝑟 ), we will denote
𝑄 𝜃

0, �𝑚 (P𝔜
1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )) to be

9We add the subscript r here to emphasis that the 𝐺𝑟,𝑝−action on 𝐴𝑌𝑟,𝑝 depends on r.
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⊔
𝑑∈Eff(𝐴𝑌 ,𝐺,𝜃)

(𝑖𝔜)∗ (𝑑)=𝛽

𝑄 𝜃
0, �𝑚(P𝔜

1
𝑟 , 𝑝 , (𝑑, 1𝑝 ,

𝛿

𝑟
)),

where 𝑖𝔜 : 𝔜→ 𝔛 is the inclusion morphism. Thus,𝑄 𝜃
0, �𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )) inherits a C∗-action from
the C∗−action on P𝔜 1

𝑟 , 𝑝 .
We can index the components of C∗−fixed loci of 𝑄 𝜃

0, �𝑚 (P𝔜
1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )) by decorated graphs. A
decorated graph Γ consists of vertices, edges and m legs, and we decorate it as follows:

◦ Each vertex v is associated with an index 𝑗 (𝑣) ∈ {0,∞}, a degree 𝛽(𝑣) ∈ Eff(𝑊,𝐺, 𝜃) and a subset
𝐽𝑣 ⊂ {1, · · · , 𝑝}.

◦ Each edge 𝑒 = {ℎ, ℎ′} consists of a pair of half edges, and it is equipped with a degree 𝛽(𝑒) ∈
Eff(𝑊,𝐺, 𝜃), a subset 𝐽𝑒 ⊂ {1, · · · , 𝑝} and 𝛿(𝑒) ∈ Z>0. Each half edge h (or ℎ′) is incident to a
unique vertex.

◦ Each half-edge h and each leg l has an element (called multiplicity) 𝑚(ℎ) or 𝑚(𝑙) in 𝐺×𝝁𝑟 .
◦ The legs are labeled with the numbers {1, . . . , 𝑚}, and each leg is incident to a unique vertex.

By the ‘valence’ of a vertex v, denoted val(𝑣), we mean the total number of incident half-edges and legs.
For anyC∗−fixed stable quasimap 𝑓 : (𝐶, 𝑞1, · · · , 𝑞𝑚) → P𝔜

1
𝑟 , 𝑝 overC in𝑄 𝜃

0, �𝑚 (P𝔜
1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )),
since the base points on C are isolated and away from special points (i.e., nodes or markings), the image
of the generic point of each irreducible component of C under f must lie in

1. the C∗−fixed components of P𝑌 1
𝑟 , which is D0 or D∞;

2. or the generic point of an orbi-P1 fiber of P𝑌 1
𝑟 over Y.

In the second case, the irreducible component is a genus-zero curve with possible base points on it; we
note that if the base point q exists, we have that 𝑧2(𝑞) ≠ 0 by the nondegeneracy condition (4.4) and q is
the unique base point on this component. Based on the above observations, we can associate a decorated
graph Γ to f as follows, where the vertex is either stable or unstable.

◦ Each edge e corresponds to a genus-zero irreducible component 𝐶𝑒 of C such that it maps constantly
to the base Y with possible basepoints on 𝐶𝑒, and the generic point of 𝐶𝑒 maps to the generic point of
a fiber of P𝑌 1

𝑟 over Y. Then the decorated degrees 𝛿(𝑒), 𝛽(𝑒) and 𝐽𝑒 are determined by the conditions
deg(𝑁 |𝐶𝑒 ) =

𝛿 (𝑒)
𝑟 , 𝑑𝑒𝑔(𝐿 𝑗 |𝐶𝑒 ) = 𝛽(𝑒) (𝐿 𝜋 𝑗 ) (1 ≤ 𝑗 ≤ 𝑘), and 𝑑𝑒𝑔(𝐿𝑘+ 𝑗 |𝐶𝑒 ) = 1 if and only if 𝑗 ∈ 𝐽𝑒

and 0 otherwise. We denote 1𝐽𝑒 to be the degree coming from the line bundles (𝐿𝑘+ 𝑗 : 1 ≤ 𝑗 ≤ 𝑝).
There are two distinguished points 𝑞0 and 𝑞∞ on 𝐶𝑒 such that 𝑞∞ is the only point on 𝐶𝑒 at which 𝑧2
vanishes, and 𝑞0 is the only point on 𝐶𝑒 determined by the following conditions:

– if 𝐶𝑒 has base points on it, then 𝑞0 is the only base point on 𝐶𝑒;
– if 𝐶𝑒 does not have base points on it, then 𝑞0 is the only point on 𝐶𝑒 at which 𝑧1 vanishes.

We will also call 𝑞0, 𝑞∞ the ramification points,10 and all of degree (𝛽(𝑒), 1𝐽𝑒 ) is concentrated at the
ramification point 𝑞0. That is,

when 𝑥𝑖 |𝐶𝑒 ≠ 0, we have ord𝑞0 (𝑥𝑖) = 𝛽(𝑒) (𝐿𝜌𝑖 ), and ord𝑞0 (𝑦𝑖) = 1 if 𝑗 ∈ 𝐽𝑒 .

For each ramification point of 𝐶𝑒, we associate a half edge.
◦ Each stable vertex v for which 𝑗 (𝑣) = 0 corresponds to a maximal sub-curve 𝐶𝑣 of C over which
𝑧1 ≡ 0, and each vertex v for which 𝑗 (𝑣) = ∞ corresponds to a maximal sub-curve 𝐶𝑣 of C over
which 𝑧2 ≡ 0. The label 𝛽(𝑣) denotes the degree coming from the restriction map [�𝑥] |𝐶𝑣 . Note that
here we count the degree 𝛽(𝑣) in Eff(𝑊,𝐺, 𝜃), but not in Eff(𝐴𝑌, 𝐺, 𝜃). The subset 𝐽𝑣 is equal to the

10The definition of the ramification point here is different from the definition in [15, Page 13], where they claim that 𝑧1 or
𝑧2 each vanish at exactly one point on 𝐶𝑒 . We find that there is a missing case when 𝑞0 is a base point and 𝑑𝑒𝑔 (𝐿1 |𝐶𝑒 ) =
𝑑𝑒𝑔 (𝐿2 |𝐶𝑒 ) = 𝛿 (𝑒) in their setting. Then 𝑧1 |𝐶𝑒 ≡ 1, which does not vanish anywhere on 𝐶𝑒 . But the author finds this missing
case does not affect their main result in [15].
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set { 𝑗 |𝑑𝑒𝑔(𝐿𝑘+ 𝑗 |𝐶𝑣 ) = 1, 1 ≤ 𝑗 ≤ 𝑝}. We denote 1𝐽𝑣 to be the ordered tuple (𝑑𝑒𝑔(𝐿𝑘+ 𝑗 |𝐶𝑣 ))
𝑝
𝑗=1.

The legs incident to v indicate the marked points on 𝐶𝑣 .
◦ Each unstable vertex v corresponds to a point on 𝐶\(∪𝑣 stable𝐶𝑣 ) which appears as a ramification

point on some edge curve 𝐶𝑒. In this case, the corresponding point q may be a node at which 𝐶𝑒

meets another edge curve11 𝐶𝑒′ , a marked point of 𝐶𝑒, an unmarked point, or a base point on 𝐶𝑒.
Denote 𝑗 (𝑣) = 0 if v corresponds to the ramification point 𝑞0 and 𝑗 (𝑣) = ∞ if v corresponds to the
ramification point 𝑞∞. Note that the base point only appears as a vertex v labeled by 0 due to the
nondegeneracy condition for quasimaps. We always set the decorated degree 𝛽(𝑣) to be zero and
𝐽𝑣 = ∅ if v is unstable.

◦ The index 𝑚(𝑙) on a leg l indicates the rigidified inertia stack component 𝐼𝑚(𝑙)P𝑌
1
𝑟 of P𝑌 1

𝑟 on which
the marked point corresponding to the leg l is evaluated. This is determined by the multiplicity of
𝐿1, · · · , 𝐿𝑘 , 𝑁 at the corresponding marked point.

◦ Let h be a half-edge of an edge e with 𝑞 ∈ 𝐶𝑒 the corresponding ramification point. If q is not
a base point, then 𝑚(ℎ) indicates the rigidified inertia component 𝐼𝑚(ℎ)P𝑌

1
𝑟 of P𝑌 1

𝑟 on which the
ramification point q associated with h is evaluated. If q is a base point, we take𝑚(ℎ) = (1, 1) ∈ 𝐺×𝝁𝑟 .

In particular, we note that the decorations at each stable vertex v yield a tuple

�𝑚(𝑣) ∈ (𝐺 × 𝝁𝑟 )val(𝑣)

recording the multiplicities of 𝐿1, · · · , 𝐿𝑘 , 𝑁 at every special point of 𝐶𝑣 .12 We have the following
remarks:

Remark 4.3. The crucial observation, now, is the following. For a stable vertex v such that 𝑗 (𝑣) = 0,
we have 𝑧1 |𝐶𝑣 ≡ 0, so the stability condition (4.3) implies that 𝑙𝜖 𝜃𝑝 (𝑞) ≤ 1 for each 𝑞 ∈ 𝐶𝑣 . That is,
the restriction of (𝐶; 𝑞1, . . . , 𝑞𝑚; 𝐿1, · · · , 𝐿𝑘+𝑝; �𝑥, �𝑦) to 𝐶𝑣 gives rise to a 𝜖𝜃𝑝-stable quasimap to the
quotient stack 𝔜𝑝 := [𝐴𝑌/𝐺] × [C/C∗] 𝑝 (cf. Definition 2.3) in

𝑄
𝜖 𝜃𝑝
0, �𝑚(𝑣) (𝔜𝑝 , (𝛽(𝑣), 1𝐽𝑣 )) :=

⊔
𝑑∈Eff(𝐴𝑌 ,𝐺,𝜃)
(𝑖𝔜)∗ (𝑑)=𝛽 (𝑣)

𝑄
𝜖 𝜃𝑝
0, �𝑚(𝑣) (𝔜𝑝 , (𝑑, 1𝐽𝑣 )).

In this case, let 𝑗 ∈ 𝐽𝑣 . The evaluation map considered in (4.5) coincides with 𝑒𝑣 𝑗 for
𝑄 (𝜖 𝜃,𝜖 |𝐽𝑣 | )

0, �𝑚(𝑣) | |𝐽𝑣 |
(𝔜, 𝛽(𝑣)) in Remark 2.8.13 However, for a stable vertex v such that 𝑗 (𝑣) = ∞, we have

𝑧2 |𝐶𝑣 ≡ 0, so the stability condition (4.4) implies that ord𝑞 (�𝑥) = ord𝑞 (�𝑦) = 0 for each 𝑞 ∈ 𝐶𝑣 . Thus,
the restriction of (𝐶; 𝑞1, . . . , 𝑞𝑚; 𝐿1, · · · , 𝐿𝑘 ; �𝑥) to 𝐶𝑣 gives rise to a usual twisted stable map in

K0, �𝑚(𝑣) ( 𝑟
√
𝐿 𝜃/𝑌, 𝛽(𝑣)) :=

⊔
𝑑∈Eff(𝐴𝑌 ,𝐺,𝜃)
(𝑖𝔜)∗ (𝑑)=𝛽 (𝑣)

K0, �𝑚(𝑣) ( 𝑟
√
𝐿 𝜃/𝑌, 𝑑).

Here, 𝑟
√
𝐿 𝜃/𝑌 is the root gerbe of Y by taking r-th root of 𝐿 𝜃 .

Remark 4.4. For each edge e, the restriction of (�𝑥, �𝑦) to 𝐶𝑒 defines a constant map to Y (possibly with
an additional basepoint at the ramification point 𝑞0). So if there is no basepoint on 𝐶𝑒, the restriction of
(�𝑥, �𝑦, �𝑧) to 𝐶𝑒 defines a representable map

𝐶𝑒 → B𝐺𝑦 × P𝑟 ,1,

11In this case, 𝐶𝑒′ and 𝐶𝑒 share the same ramification point q, so we only associate a vertex v only once.
12For each node, let h be the incident half-edge and v be the incident vertex. Then the multiplicity at the branch of the node on

𝐶𝑣 is 𝑚(ℎ)−1.
13Here, we use a canonical bijection between the set [ |𝐽𝑣 | ] := {1, · · · , |𝐽𝑣 | } and the index set 𝐽𝑣 using the natural order of

elements in 𝐽𝑣 ⊂ [𝑝].

https://doi.org/10.1017/fms.2025.34 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2025.34


24 J. Wang

where 𝑦 ∈ 𝑌 comes from �𝑥, 𝐺𝑦 is the isotropy group of 𝑦 ∈ 𝑌 . Then we have 𝑚(𝑞0) = (𝑔−1, 1) and
𝑚(𝑞∞) = (𝑔, 𝜇𝛿 (𝑒)

𝑟 ) for some 𝑔 ∈ 𝐺𝑦 . Note that when r is a sufficiently large prime comparing to 𝛿(𝑒),
assuming that the order of g is equal to a, we have 𝐶𝑒 � P1

𝑎𝑟 ,𝑎, and the ramification point 𝑞∞ must be
a special point. Here, P1

𝑎𝑟 ,𝑎 is the unique Deligne-Mumford stack with coarse moduli P1 with isotropy
group 𝝁𝑎 at 0 ∈ P1, isotropy group 𝝁𝑎𝑟 at ∞ ∈ P1, and generic trivial stabilizer.

If 𝑞0 is a basepoint of degree (𝛽, 1𝐽𝑒 ) (we write 𝛽 = 𝛽(𝑒) for short), the ramification point 𝑞0 cannot
be an orbifold point; thus, 𝑚(𝑞0) = (1, 1) ∈ 𝐺× 𝝁𝑟 . When r is a sufficiently large prime, we have
𝑚(𝑞∞) = (𝑔, 𝜇𝛿 (𝑒)

𝑟 ) for some 𝑔 ∈ 𝐺𝑦 . Let a be the order of g. By the representable condition, we have
𝐶𝑒 � P𝑎𝑟 ,1. Note that the restriction of (�𝑥, �𝑦) to 𝐶𝑒 defines an element in the space 𝐹(𝛽,1𝐽𝑒 ) (𝑌 ) of the
stacky loop space 𝑄P𝑎𝑟,1 (𝑌, (𝛽, 1𝐽𝑒 )) (see §3; note that here we use the GIT model [𝐴𝑌𝑝/𝐺 𝑝] of Y.).
Then the restriction of (�𝑥, �𝑦, �𝑧) to 𝐶𝑒 defines a quasimap f which can be explicitly described as follows.
Write P𝑎𝑟 ,1 as the quotient stack [𝑈/𝐶∗], where 𝑈 := C2 \ {0} and C∗ acts on U with weights [𝑎𝑟, 1].
We define a map F from U to 𝐴𝑌𝑝×𝑈 to be

(𝑥, 𝑦) ∈ 𝑈 ↦→( (
𝑥1𝑥

𝛽 (𝐿𝜌1 ) , · · · , 𝑥𝑛𝑥𝛽 (𝐿𝜌𝑛 )
)
, (𝑥) 𝑗∈𝐽𝑒 , 𝑥 𝛿 (𝑒)−𝛽 (𝐿𝜃 )−|𝐽𝑒 | , 𝑦𝑎𝛿 (𝑒)

)
∈ 𝐴𝑌𝑝×𝑈.

Here, (𝑥) 𝑗∈𝐽𝑒 is an element belonging to C𝑝 so that the 𝑗−th component is 1 if 𝑗 ∉ 𝐽𝑒 and the other
component is x. Notice that F is equivariant with respect to the group homomorphism

𝑡 ∈ C∗𝑡 ↦→
(
𝑡𝑎𝑟𝛽 (𝐿𝜋1 ) , · · · , 𝑡𝑎𝑟𝛽 (𝐿𝜋𝑘 )

)
, (𝑡𝑎𝑟 ) 𝑗∈𝐽𝑒 , 𝑡𝑎𝛿 (𝑒)

)
∈ 𝐺 𝑝×C∗.

Then F descends to be the desired morphism f from P𝑎𝑟 ,1 to P𝔜 1
𝑟 , 𝑝 . For F to exist, we must have

𝑔 = 𝑔𝛽 , and (𝑥1, · · · , 𝑥𝑛) must belong to the space 𝑌 𝑠𝑠
𝛽 defined in §3, thus defining a unique point in

the 𝐹(𝛽,1𝐽𝑒 ) (𝑌 ) � [𝑌 𝑠𝑠
𝛽 /𝐺]. Conversely, when given a point in 𝐹(𝛽,1𝐽𝑒 ) (𝑌 ), we can always construct a

unique map in the above way up to 2−isomorphisms.

Remark 4.5. If there is a basepoint on the edge curve 𝐶𝑒, then the degree (𝛽(𝑒), 1𝐽𝑒 , 𝛿 (𝑒)
𝑟 ) on 𝐶𝑒 must

satisfy the relation 𝛿(𝑒) ≥ 𝛽(𝑒) (𝐿 𝜃 )+ |𝐽𝑒 |. Otherwise, we have 𝑧1 |𝐶𝑒 ≡ 0. Given the fact that 𝑧2 vanishes
at 𝑞∞, this will violate the nondegeneracy condition for 𝑧1 and 𝑧2.

4.3. Localization analysis

Fix 𝛽 ∈ Eff(𝑊,𝐺, 𝜃) and 𝛿 ∈ Z≥0. We will consider the space𝑄 𝜃
0, �𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )). The reason why
we assume that the third degree is 𝛿

𝑟 is that 𝑄 𝜃
0, �𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )) corresponds to 𝑄 𝜃
0, �𝑚 (P𝔜, (𝛽, 𝛿)),

here P𝔜 is equal to P𝔜 1
𝑟 , 𝑝 for 𝑟 = 1 and 𝑝 = 0. In the remaining section, we will always assume that r

is a sufficiently large prime.
By virtual localization formula of Graber–Pandharipande [27], we can write

[𝑄 𝜃
0, �𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝛽, 1𝑝 ,

𝛿

𝑟
))]vir,

in terms of contributions from each decorated graph Γ:

[𝑄 𝜃
0, �𝑚 (P𝔜

1
𝑟 , 𝑝 , (𝛽, 1𝑝 ,

𝛿

𝑟
))]vir =

∑
Γ

1
AΓ

𝜄Γ∗

(
[𝐹Γ]vir

𝑒C
∗ (𝑁vir

Γ )

)
. (4.9)
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Here, for each graph Γ, we will associate a space 𝐹Γ which parameterizes14 C∗−fixed quasimaps of
associated graph Γ such that the induced morphism 𝜄Γ : 𝐹Γ → 𝑄 𝜃

0, �𝑚 (P𝔜
1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )) is a finite étale
map from 𝐹Γ into the corresponding open and closed C∗-fixed substack 𝑖Γ (𝐹Γ); [𝐹Γ]vir is obtained via
the C∗-fixed part of the restriction to the fixed loci of the obstruction theory on𝑄 𝜃

0, �𝑚 (P𝔜
1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 ))
and 𝑒C∗ (𝑁vir

Γ ) is the equivariant Euler class of the C∗-moving part of this restriction. Besides, AΓ is the
automorphism factor for the graph Γ, which represents the degree of 𝐹Γ into the corresponding open
and closed C∗-fixed substack 𝑖Γ (𝐹Γ) in 𝑄 𝜃

0, �𝑚 (P𝔜
1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )). In our case, AΓ will be the product
of the size of the automorphism group 𝐴𝑢𝑡 (Γ) of the graph Γ and degrees from each edge moduli M𝑒

over the corresponding fixed loci.
We will do an explicit computation for the contributions of each graph Γ as follows. As for the

contribution of a graph Γ to (4.9), one can first apply the normalization exact sequence

0 → O𝐶 →
⊕

𝑠𝑡𝑎𝑏𝑙𝑒 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠

O𝐶𝑣 ⊕
⊕
𝑒𝑑𝑔𝑒𝑠

O𝐶𝑒 →
⊕
𝑛𝑜𝑑𝑒𝑠

O𝑞𝑛𝑜𝑑𝑒 → 0

to the relative obstruction theory (4.6) and (4.7), which decomposes the contribution from Γ to (4.9)
into contributions from vertex, edge and node factors. This includes all but the automorphisms and
deformations withinM𝑡𝑤

0, �𝑚. The latter are distributed in the vertex, edge and node factors as deformations
of the vertex components, deformations of the edge components and deformations of smoothing the
nodes, respectively. As a result, for each decorated graph Γ, we will associate each stable vertex v (resp.
edge e) a moduli space M𝑣 (resp. M𝑒) over which there is a family of C∗−fixed stable quasimap to
P𝔜

1
𝑟 , 𝑝 with the decorated degree. Let 𝐹Γ be the fiber product∏

𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=0

M𝑣 ×𝐼𝜇D0

∏
𝑒∈𝐸

M𝑒 ×𝐼𝜇D∞

∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=∞

M𝑣 , (4.10)

where the fiber product is taken by gluing the two branches at each nodes; see §4.4 for more details.
And we can associate a virtual cycle [M𝑣 ]vir (resp. [M𝑒]vir) to each stable vertex moduli M𝑣 (resp.
M𝑒). Then we can write [𝐹Γ]vir to be the fiber product:∏

𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=0

[M𝑣 ]vir ×𝐼𝜇𝑌

∏
𝑒∈𝐸

[M𝑒]vir ×
𝐼𝜇
𝑟
√
𝐿𝜃/𝑌

∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=∞

[M𝑣 ]vir

and we can write 𝑒C∗ (𝑁vir
Γ ) as the product:

𝑒C
∗ (𝑁vir

Γ ) :=
∏

stable vertics
𝑒C

∗ (𝑁vir
𝑣 ) ·

( ∏
𝑒𝑑𝑔𝑒𝑠

𝑒C
∗ (𝑁vir

𝑒 )
)
·

∏
𝑛𝑜𝑑𝑒𝑠

𝑒C
∗ (𝑁vir

𝑛𝑜𝑑𝑒),

where we describe 𝑒C
∗ (𝑁vir

𝑣 ), 𝑒C∗ (𝑁vir
𝑒 ) and 𝑒C

∗ (𝑁vir
𝑛𝑜𝑑𝑒) in the subsections §4.3.1, §4.3.2 (see also

§4.3.3) and §4.3.4 respectively.

4.3.1. Vertex contributions
First of all, the vertex moduli M𝑣 for the stable vertex v over ∞ corresponds to the moduli stack
K0, �𝑚(𝑣) ( 𝑟

√
𝐿 𝜃/𝑌, 𝛽(𝑣)), which parameterizes twisted stable maps to the root gerbe 𝑟

√
𝐿 𝜃/𝑌 over Y.

Let 𝜋 : C∞ → K0, �𝑚(𝑣) ( 𝑟
√
𝐿 𝜃/𝑌, 𝛽(𝑣)) be the universal curve over K0, �𝑚(𝑣) ( 𝑟

√
𝐿 𝜃/𝑌, 𝛽(𝑣)). In this

case, on C∞, we have L−𝜃 ⊗ N ⊗𝑟 ⊗ C𝜆 � OC∞ as 𝑧1 |C∞ ≡ 1; hence, we have N � L
1
𝑟

𝜃 ⊗ C− 𝜆𝑟 . Here,

14Here, in the virtual localization formula, 𝐹Γ is not necessarily equal to the corresponding C∗−fixed loci in
𝑄𝜃0, �𝑚 (P𝔜 1

𝑟 ,𝑝 , (𝛽, 1𝑝 , 𝛿𝑟 )) . This brings freedom in the choice of 𝐹Γ , which can help make the localization computation more
concretely; see, for example, §4.3.2 for the very choice of M𝑒 in aiding the computation more explicitly.
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L
1
𝑟

𝜃 is the line bundle over C∞ that is the pullback of the universal root bundle over 𝑟
√
𝐿 𝜃/𝑌 along the

universal map 𝑓 : C∞ → 𝑟
√
𝐿 𝜃/𝑌 . The movable part of the perfect obstruction theory comes from the

deformation of 𝑧2; thus, the inverse of Euler class 𝑒C∗ (𝑁vir
𝑣 ) of the virtual normal bundle is equal to

𝑒C
∗ ((−𝑅•𝜋∗L

1
𝑟

𝜃 ) ⊗ C− 𝜆𝑟 ).

When r is a sufficiently large prime and the multiplicity 𝑚(𝑙) corresponding to each leg l incident to v
is equal to (𝑔𝑙 , 𝜇 𝑓𝑙

𝑟 ) for some prefixed number 𝑓𝑙 ∈ Z≥0 (note this implies 𝑓𝑙 � 𝑟) and 𝑔𝑙 ∈ 𝐺, following
[31] to the orbifold case, the above Euler class has a representation∑

𝑑≥0
𝑐𝑑 (−𝑅•𝜋∗L

1
𝑟

𝜃 ) (
−𝜆
𝑟
) |𝐸 (𝑣) |−1−𝑑 . (4.11)

Here, the virtual bundle −𝑅•𝜋∗L
1
𝑟

𝜃 has virtual rank |𝐸 (𝑣) | − 1, where |𝐸 (𝑣) | is the number of edges
incident to the vertex v. The fixed part of the perfect obstruction theory yields the virtual cycle

[K0, �𝑚(𝑣) ( 𝑟
√
𝐿 𝜃/𝑌, 𝛽(𝑣))]vir.

For the stable vertex v over 0, the vertex moduli M𝑣 corresponds to the moduli space
𝑄

𝜖 𝜃𝑝
0, �𝑚(𝑣) (𝔜𝑝 , (𝛽(𝑣), 1𝐽𝑣 )). Let 𝜋 : C0 → 𝑄

𝜖 𝜃𝑝
0, �𝑚(𝑣) (𝔜𝑝 , (𝛽(𝑣), 1𝐽𝑣 )) be the universal curve over

𝑄
𝜖 𝜃𝑝
0, �𝑚(𝑣) (𝔜𝑝 , (𝛽(𝑣), 1𝐽𝑣 )). In this case, the fixed part of the obstruction theory of the vertex moduli

over 0 yields the virtual cycle

[𝑄 𝜖 𝜃𝑝
0, �𝑚(𝑣) (𝔜𝑝 , (𝛽(𝑣), 1𝐽𝑣 ))]vir.

Note that N |C0 = OC0 as 𝑧2 |C0 ≡ 1; therefore, the virtual normal bundle comes from the movable part
of the infinitesimal deformations of the section 𝑧1, which is a section of the line bundle L−𝜃𝑝 over C0,
whose Euler class 𝑒C∗ (𝑁vir

𝑣 ) is equal to

𝑒C
∗ ((𝑅•𝜋∗L−𝜃𝑝 ) ⊗ C𝜆). (4.12)

4.3.2. Edge contributions: basepoint case
When there is a base point on the edge curve, it has degree (𝛽(𝑒), 1𝐽𝑒 , 𝛿 (𝑒)

𝑟 ) with 𝛽(𝑒) ≠ 0 and
𝛿(𝑒) ≥ 𝛽(𝑒) (𝐿 𝜃 ) + |𝐽𝑒 | by Remark 4.5. We will write 𝛽(𝑒) as 𝛽 only in this subsection for simplicity
unless stated otherwise. Then the multiplicity at 𝑞∞ ∈ 𝐶𝑒 is equal to (𝑔, 𝜇𝛿 (𝑒)

𝑟 ) ∈ 𝐺×𝝁𝑟 , where 𝑔 = 𝑔𝛽
is defined in §3. Let a (or 𝑎𝑒) be the minimal positive integer associated to 𝛽 as in §3, which is also the
order of 𝑔𝛽 . When r is a sufficiently large prime, due to Remark 4.4, 𝐶𝑒 must be isomorphic to P1

𝑎𝑟 ,1
where the ramification point 𝑞0 for which 𝑧1 = 0 is an ordinary point, and the ramification point 𝑞∞ for
which 𝑧2 = 0 must be a special point, which is isomorphic to B𝝁𝑎𝑟 .

Recall that

𝐹𝛽 (𝑌 ) � [𝑌 𝑠𝑠
𝛽 /𝐺] � [(𝑍𝑠𝑠

𝛽 ∩ 𝐴𝑌 )/𝐺]

in §3. We now define the edge moduli M𝑒 to be

𝑎𝛿 (𝑒)
√
𝐿−𝜃/[𝑌 𝑠𝑠

𝛽 /𝐺],

which is the root gerbe over the stack [𝑌 𝑠𝑠
𝛽 /𝐺] by taking 𝑎𝛿(𝑒)th root of the line bundle 𝐿−𝜃 on [𝑌 𝑠𝑠

𝛽 /𝐺].
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The root gerbe 𝑎𝛿 (𝑒)
√
𝐿−𝜃/[𝑌 𝑠𝑠

𝛽 /𝐺] admits a representation as a quotient stack:

[(𝑌 𝑠𝑠
𝛽 ×C∗)/(𝐺×C∗𝑤 )],

where the (right) action is defined by

(�𝑥, 𝑣) · (𝑔, 𝑤) = (�𝑥 · 𝑔, 𝜃 (𝑔)𝑣𝑤𝑎𝛿 (𝑒) ),

for all (𝑔, 𝑤) ∈ 𝐺×C∗𝑤 and (�𝑥, 𝑣) ∈ 𝐴(𝑌 )𝑔×C∗. Here, �𝑥 · 𝑔 is given by the action as in the definition
of [𝐴𝑌/𝐺]. For every character 𝜌 of G, we can define a new character of 𝐺×C∗𝑤 by composing the
projection map pr𝐺 : 𝐺×C∗𝑤 → 𝐺. By an abuse of notation, we will continue to use the notation
𝜌 to name the new character of 𝐺 ×C∗𝑤 . Then the new character 𝜌 will determine a line bundle
𝐿𝜌 := [(𝑌 𝑠𝑠

𝛽 ×C∗ × C𝜌)/(𝐺×C∗𝑤 )] on 𝑎𝛿 (𝑒)
√
𝐿−𝜃/[𝑌 𝑠𝑠

𝛽 /𝐺].

By virtue of its universal property of the root gerbe 𝑎𝛿 (𝑒)
√
𝐿−𝜃/[𝑌 𝑠𝑠

𝛽 /𝐺], there is a line bundle R
called root bundle that is the 𝑎𝛿(𝑒)th root of line bundle 𝐿−𝜃 over the root gerbe. This root line bundle
R can also constructed by the Borel construction; that is, R is associated to the character

prC∗𝑤 : 𝐺×C∗𝑤 → C∗𝑤 (𝑔, 𝑤) ∈ 𝐺×C∗𝑤 ↦→ 𝑤 ∈ C∗𝑤 .

We have the relation

𝐿−𝜃 = R⊗𝑎𝛿 (𝑒) .

Then the coordinate function (�𝑥, 𝑣) ∈ 𝑌 𝑠𝑠
𝛽 ×C∗ descents to be a tautological section of vector bundle⊕𝑛

𝑖=1 𝐿𝜌𝑖 ⊕ (𝐿 𝜃 ⊗ R⊗𝑎𝛿 (𝑒) ) on 𝑎𝛿 (𝑒)
√
𝐿−𝜃/[𝑌 𝑠𝑠

𝛽 /𝐺].

We will construct a universal family of C∗−fixed quasimaps to P𝔜 1
𝑟 , 𝑝 of degree (𝛽, 1𝐽𝑒 , 𝛿 (𝑒)

𝑟 ) over
the edge moduli M𝑒, which takes the form

C𝑒 := P𝑎𝑟 ,1(R⊗𝑎 ⊕ OM𝑒 )
𝑒𝑣 ��

𝜋

��

P𝔜
1
𝑟 , 𝑝

M𝑒 := 𝑎𝛿 (𝑒)
√
𝐿−𝜃/[𝑌 𝑠𝑠

𝛽 /𝐺] .

The universal curve C𝑒 over the edge moduli M𝑒 is constructed as a quotient stack:

C𝑒 = [(𝑌 𝑠𝑠
𝛽 ×C∗×𝑈)/(𝐺×C∗𝑤×C∗𝑡 )],

where the right action is defined by

(�𝑥, 𝑣, 𝑥, 𝑦) · (𝑔, 𝑤, 𝑡) = (�𝑥 · 𝑔, 𝜃 (𝑔)𝑣𝑤𝑎𝛿 (𝑒) , 𝑤𝑎𝑡𝑎𝑟𝑥, 𝑡𝑦),

for all (𝑔, 𝑤, 𝑡) ∈ 𝐺×C∗𝑤×C∗𝑡 and (�𝑥, 𝑣, (𝑥, 𝑦)) = ((𝑥1, · · · , 𝑥𝑛), 𝑣, (𝑥, 𝑦)) ∈ 𝑌 𝑠𝑠
𝛽 ×C∗×𝑈.

The universal map 𝑒𝑣 from C𝑒 to P𝔜 1
𝑟 , 𝑝 can be presented as follows: define the morphism

𝑒𝑣 : 𝑌 𝑠𝑠
𝛽 ×C∗×𝑈 → 𝐴𝑌𝑝×𝑈
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by

(�𝑥, 𝑣, (𝑥, 𝑦)) ∈ 𝑌 𝑠𝑠
𝛽 ×C∗×𝑈 ↦→( (

𝑥1𝑥
𝛽 (𝐿𝜌1 ) , · · · , 𝑥𝑛𝑥𝛽 (𝐿𝜌𝑛 )

)
, (𝑥) 𝑗∈𝐽𝑒 , 𝑣−1𝑥 𝛿 (𝑒)−𝛽 (𝐿𝜃 )−|𝐽𝑒 | , 𝑦𝑎𝛿 (𝑒)

)
∈ 𝐴𝑌𝑝×𝑈.

(4.13)

Here, (𝑥) 𝑗∈𝐽𝑒 is an element belonging to C𝑝 so that the 𝑗−th component is 1 if 𝑗 ∉ 𝐽𝑒 and all the other
components are x. Note that when 𝛽(𝐿𝜌𝑖 ) ∉ Z≥0 for some i, we must have 𝑥𝑖 = 0 as �𝑥 ∈ 𝑌 𝑠𝑠

𝛽 , so 𝑒𝑣
is well defined. Then 𝑒𝑣 is equivariant with respect to the group homomorphism from 𝐺×C∗𝑤 ×C∗𝑡 to
𝐺 𝑝×C∗ defined by

(𝑔, 𝑤, 𝑡) ∈ 𝐺×C∗𝑤×C∗𝑡 ↦→(
𝑔 ·

(
𝑡𝑎𝑟𝛽 (𝐿𝜋1 )𝑤𝑎𝛽 (𝐿𝜋1 ) , · · · , 𝑡𝑎𝑟𝛽 (𝐿𝜋𝑘 )𝑤𝑎𝛽 (𝐿𝜋𝑘 )

)
, (𝑤𝑎𝑡𝑎𝑟 ) 𝑗∈𝐽𝑒 , 𝑡𝑎𝛿 (𝑒)

)
∈ 𝐺 𝑝×C∗.

(4.14)

Here, (𝑤𝑎𝑡𝑎𝑟 ) 𝑗∈𝐽𝑒 is the element belonging to (C∗) 𝑝 so that the 𝑗−th component is 1 if 𝑗 ∉ 𝐽𝑒 and all
the other components are 𝑤𝑎𝑡𝑎𝑟 . This gives the universal morphism f from C𝑒 to P𝔜 1

𝑟 , 𝑝 by descent.
There is a tautological line bundle O𝐶𝑒 (1) on 𝐶𝑒 associated to the character prC∗𝑡 of 𝐺×C∗𝑤×C∗𝑡 by

the Borel construction. Here, prC∗𝑡 is the projection map from 𝐺×C∗𝑤×C∗𝑡 to C∗𝑡 .
We will define a (quasi15-left) C∗−action on C𝑒 such that the map 𝑒𝑣 constructed above is

C∗−equivariant. Define a (left) C∗−action on C𝑒 which is induced from the C∗−action on 𝑌 𝑠𝑠
𝛽 ×C∗×𝑈:

𝑚 : C∗ × 𝑌 𝑠𝑠
𝛽 ×C∗×𝑈 → 𝑌 𝑠𝑠

𝛽 ×C∗×𝑈,

𝑡 · (𝑥, 𝑣, (𝑥, 𝑦)) = (𝑥, 𝑣, (𝑥, 𝑡
−1

𝑎𝑟 𝛿 (𝑒) 𝑦)).

Note that the morphism 𝜋 is also C∗-equivariant, where M𝑒 is equipped with the trivial C∗-action. By
the universal property of the projectivized bundle C𝑒 over M𝑒, the line bundle OC𝑒 (1) is equipped with
a tautological section

(𝑥, 𝑦) ∈ 𝐻0 ( (OC𝑒 (𝑎𝑟) ⊗ 𝜋∗R⊗𝑎 ) ⊕ (OC𝑒 (1) ⊗ C −1
𝑎𝑟 𝛿 (𝑒)

)
)
,

which is also a C∗−invariant section.
Now we can check that 𝑒𝑣 is a C∗−equivariant morphism from C𝑒 to P𝔜 1

𝑟 , 𝑝 with respect to the
C∗−actions for C𝑒 and P𝔜 1

𝑟 , 𝑝 . According to Remark 4.2, 𝑒𝑣 is equivalent to the following data:

1. 𝑘 + 𝑝 + 1 C∗-equivariant line bundles on C𝑒:

L 𝑗 := 𝜋∗𝐿 𝜋 𝑗 ⊗ OC𝑒 (𝑎𝑟𝛽(𝐿 𝜋 𝑗 )) ⊗ 𝜋∗R⊗𝑎𝛽 (𝐿𝜋𝑗 ) , 1 ≤ 𝑗 ≤ 𝑘,

L𝑘+ 𝑗 := 𝜋∗R⊗𝑎 ⊗ OC𝑒 (𝑎𝑟), 𝑗 ∈ 𝐽𝑒, and L𝑘+ 𝑗 := C, 𝑗 ∉ 𝐽𝑒

and

N := OC𝑒 (𝑎𝛿(𝑒)) ⊗ C −𝜆
𝑟
,

where the line bundles 𝐿 𝜋 𝑗 , R are the standard C∗-equivariant line bundle on M𝑒 by the Borel
construction;

15This means we allow C∗−action on 𝐶𝑒 with fractional weight. See a similar discussion in [8, §2.2].
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2. a universal section(
�𝑥, �𝑦, (𝜁1, 𝜁2)

)
:=

(
(𝑥1𝑥

𝛽 (𝐿𝜌1 ) , · · · , 𝑥𝑛𝑥𝛽 (𝐿𝜌𝑛 ) ), (𝑥)𝐽𝑒 , (𝑣−1𝑥 𝛿 (𝑒)−𝛽 (𝐿𝜃 )−|𝐽𝑒 | , 𝑦𝑎𝛿 (𝑒) )
)

∈ 𝐻0 (C𝑒, (⊕𝑛
𝑖=1L𝜌𝑖 ) ⊕ (⊕𝑝

𝑗=1L𝑘+ 𝑗 ) ⊕ (L−𝜃𝑝 ⊗ N ⊗𝑟 ⊗ C𝜆) ⊕ N
)C∗
,

(4.15)

where the line bundles L−𝜃𝑝 and L𝜌𝑖 are induced from line bundles L 𝑗 as before.
Assume that 𝑗 ∈ 𝐽𝑒, analogous to the definition of 𝑒𝑣 𝑗 in (4.5). We can define a morphism

𝑒𝑣 𝑗 ,𝑒 : M𝑒 → 𝔜

by evaluating [�𝑥] at the ramification point 𝑞0. More explicitly, use the setting in §4.3.2. Denote 𝑒𝑣 :=
pr𝑟 , 𝑝 ◦ 𝑒𝑣 : C𝑒 → 𝔜, where pr𝑟 , 𝑝 : P𝔜 1

𝑟 , 𝑝 → 𝔜 is the natural projection map. Let 𝐷0 be the zero
section of C𝑒 over M𝑒 given by 𝑥 = 0. Then 𝑒𝑣 𝑗 ,𝑒 = 𝑒𝑣 |𝐷0 .

However, the restriction morphism 𝑒𝑣 𝑗 |𝐹Γ to 𝐹Γ (see (4.10)) coming from the whole space
𝑄 𝜃

0, �𝑚 (P𝔜
1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )) factors through the projection 𝔭 : 𝐹Γ → M𝑒 from 𝐹Γ to the factor M𝑒.
Then we have that

𝑒𝑣 𝑗 ,𝑒 ◦ 𝔭 = 𝑒𝑣 𝑗 |𝐹Γ .

Let u be a polynomial on 𝑘 (= rk(𝐺)) variables. Write 𝑢(𝑐1 (𝐿 𝜋𝑖 )) for

𝑢
(
𝑐1 (𝐿 𝜋1 ), · · · , 𝑐1 (𝐿 𝜋𝑘 )

)
for simplicity. Thus, when we want to apply virtual localization to compute 𝑒𝑣∗𝑗 (𝑢(𝑐1 (𝐿 𝜋𝑖 ))), we only
need to compute (𝑒𝑣 𝑗.𝑒)∗(𝑢(𝑐1 (𝐿 𝜋𝑖 ))). More explicitly, we have the following:
Proposition 4.6. Using the above notation, we have that

(𝑒𝑣 𝑗 ,𝑒)∗(𝑢(𝑐1 (𝐿 𝜋𝑖 ))) = 𝑢
(
𝑐1 (𝐿 𝜋𝑖 ) +

𝛽(𝐿 𝜋𝑖 ) (𝜆 − 𝐷 𝜃 )
𝛿(𝑒)

)
.

Here, 𝑢
(
𝑐1 (𝐿 𝜋𝑖 ) +

𝛽 (𝐿𝜋𝑖 ) (𝜆−𝐷𝜃 )
𝛿 (𝑒)

)
is short for

𝑢

(
𝑐1 (𝐿 𝜋1 ) +

𝛽(𝐿 𝜋1 ) (𝜆 − 𝐷 𝜃 )
𝛿(𝑒) , · · · , 𝑐1 (𝐿 𝜋𝑘 ) +

𝛽(𝐿 𝜋𝑘 ) (𝜆 − 𝐷 𝜃 )
𝛿(𝑒)

)
for simplicity and 𝐷 𝜃 = 𝑐1 (𝐿 𝜃 ).
Proof. Note that we have

𝑒𝑣∗(𝐿𝜏) = 𝜋∗(𝐿𝜏 ⊗ R𝑎𝛽 (𝐿𝜏 ) ) ⊗ OC𝑒 (𝑎𝑟𝛽(𝐿𝜏))

for any character 𝜏 of G, OC𝑒 (1) |𝐷0 = C 𝜆
𝑎𝑟 𝛿 (𝑒)

and R𝑎𝛿 (𝑒) = 𝐿−𝜃 . Then we have 𝑐1 (𝑒𝑣∗𝑗 ,𝑒 (𝐿𝜏)) =

𝑐1 (𝐿𝜏) + 𝛽 (𝐿𝜏 ) (𝜆−𝐷𝜃 )
𝛿 (𝑒) . Then the claim follows. �

From the description of M𝑒 with the associated family map 𝑒𝑣, we see that M𝑒 allows a finite
étale map of degree16

1
𝑎 into the corresponding fixed loci in 𝑄 𝜃

0,1 (P𝔜
1
𝑟 , 𝑝 , (𝛽(𝑒), 1𝐽𝑒 , 𝛿 (𝑒)

𝑟 )) where the

16This can be seen by comparing the order of the isotropy group of a C−point x of M𝑒 with the order of the isotropy group of
the corresponding point in 𝑄𝜃0,1 (P𝔜

1
𝑟 ,𝑝 , (𝛽 (𝑒) , 1𝐽𝑒 , 𝛿 (𝑒)𝑟 )) . The former is equal to the product of the number 𝑎𝛿 (𝑒) and the

order of the isotropy group of the corresponding point in [𝑌 𝑠𝑠𝛽 /𝐺 ], while the later is equal to the product of the number 𝛿 (𝑒)
(as it represents the order of the group of cyclic coverings of P𝑎𝑟,1 of degree 𝛿 (𝑒); see Remark 4.4), and the order of isotropy
group of the corresponding point in [𝑌 𝑠𝑠𝛽 /𝐺 ].
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marking corresponds to the ramification point 𝑞∞. Then the fixed part of the restriction of the prefect
obstruction theory of 𝑄 𝜃

0,1 (P𝔜
1
𝑟 , 𝑝 , (𝛽(𝑒), 1𝐽𝑒 , 𝛿 (𝑒)

𝑟 )) to M𝑒 yields the virtual cycle [M𝑒]𝑣𝑖𝑟 of M𝑒,
while the movable part yields the virtual normal bundle 𝑁vir

𝑒 whose C∗−equivariant class is 𝑒C∗ (𝑁vir
𝑒 ).

Let 𝜔 : M𝑒 → 𝐼𝑔𝛽𝑌 be the composition

M𝑒 → 𝐼 (𝑔𝛽 ,𝜇𝛿 (𝑒)𝑟 )P𝑌
1
𝑟 → 𝐼𝑔𝛽𝑌,

where the first arrow is the evaluation map at the ramification point 𝑞∞ and the second arrow induced
form the projection map from P𝑌 1

𝑟 to Y; in particular, the second map is an isomorphism when r is a
sufficiently large prime. We also note that 𝜔 can be obtained as the composition of the following three
maps:

M𝑒 → [𝑌 𝑠𝑠
𝛽 /𝐺] → 𝐼𝑔𝛽𝑌 → 𝐼𝑔𝛽𝑌 .

where the first map (denoted by 𝑖M𝑒 on Lemma 4.9) is obtained by forgetting root structure of M𝑒, the
second map is taking inclusion [𝑌 𝑠𝑠

𝛽 /𝐺] → [𝐴𝑌 𝑠𝑠 (𝜃)𝑔𝛽/𝐺] � 𝐼𝑔𝛽𝑌 and the third map is the rigidified
map.

We will show that the localization contribution from the edge moduli with basepoints yields the
following:
Lemma 4.7. With the above notations, we have

𝜔∗
( [M𝑒]vir

𝑒C
∗ (𝑁vir

𝑒 )
)
=

1
𝑎2𝛿(𝑒)

𝜄∗

( 𝑧
𝑧 |𝐽𝑒 |
I𝛽 (𝑧)

)
|
𝑧=
𝜆−𝐷𝜃
𝛿 (𝑒)∏𝛿 (𝑒)−𝛽 (𝐿𝜃 )−|𝐽𝑒 |

𝑚=1
𝑚

𝛿 (𝑒) (−𝐷 𝜃 + 𝜆)
,

where I𝛽 (𝑧) is the coefficient of 𝑞𝛽 of I(𝑞, 0, 𝑧) defined in the introduction 1.1.2 and 𝜄∗ : 𝐻∗(𝐼𝑔−1
𝛽
𝑌 ) →

𝐻∗(𝐼𝑔𝛽𝑌 ) is the isomorphism induced by inverting the bang structure of 𝐼𝜇𝑌 .
Moreover, let 𝑢1, · · · , 𝑢𝑙 be l polynomials depending on k first chern class 𝑐1 (𝐿 𝜋1 ), · · · , 𝑐1 (𝐿 𝜋𝑘 ) and

𝑡 =
∑𝑙

𝑖=1 𝑡𝑖𝑢𝑖 . Denote 𝐶𝑜𝑛𝑡M𝑒

( ∏𝑝
𝑗=1 𝑒𝑣

∗
𝑗 𝑡
)

:=
( ∏

𝑗∈𝐽𝑒 𝑒𝑣
∗
𝑗 ,𝑒𝑡

)
∩ [M𝑒 ]vir

𝑒C
∗ (𝑁 vir

𝑒 ) to be the edge contribution of
the cohomology class

∏𝑝
𝑗=1 𝑒𝑣

∗
𝑗 𝑡 in the localization computation. By the discussion in Proposition 4.6,

we have that

𝜔∗
(
𝐶𝑜𝑛𝑡M𝑒 (

𝑝∏
𝑗=1

𝑒𝑣∗𝑗 𝑡)
)
=

1
𝑎2𝛿(𝑒)

𝜄∗

( 𝑧t|𝐽𝑒 |
𝑧 |𝐽𝑒 |
I𝛽 (𝑧)

)
|
𝑧=
𝜆−𝐷𝜃
𝛿 (𝑒)∏𝛿 (𝑒)−𝛽 (𝐿𝜃 )−|𝐽𝑒 |

𝑚=1
𝑚

𝛿 (𝑒) (−𝐷 𝜃 + 𝜆)
,

where t =
∑𝑙

𝑖=1 𝑡𝑖𝑢𝑖
(
𝑐1 (𝐿 𝜋1 ) + 𝛽(𝐿 𝜋1 )𝑧, · · · , 𝑐1 (𝐿 𝜋𝑘 ) + 𝛽(𝐿 𝜋𝑘 )𝑧

)
.

The above lemma is based on the computation of the virtual cycle [M𝑒]vir (see Lemma 4.9) and the
C∗−equivariant Euler class 𝑒C∗ (𝑁vir

𝑒 ) (see (4.16)), for which we now explain.
Based on the perfect obstruction theory (4.6) for quasimaps in 𝑄 𝜃

0,1 (P𝔜
1
𝑟 , 𝑝 , (𝛽(𝑒), 1𝐽𝑒 , 𝛿 (𝑒)

𝑟 )), the
restriction of the prefect obstruction theory to M𝑒 decomposes into three parts: (1) the deformation
theory of source curve C𝑒; (2) the deformation theory of the lines bundles (L 𝑗 )1≤ 𝑗≤𝑘+𝑝 and N ; (3) the
deformation theory for the section

(�𝑥, �𝑦, (𝜁1, 𝜁2)) ∈ Γ
(
⊕𝑛
𝑖=1L𝜌𝑖 ⊕ (⊕𝑝

𝑗=1L𝑘+ 𝑗 ) ⊕ (L−𝜃𝑝 ⊗ N ⊗𝑟 ⊗ C𝜆) ⊕ N
)
.

The virtual normal bundle comes from the movable part of the three parts, and the fixed part will
contribute to the virtual cycle of M𝑒. First, every fiber curve 𝐶𝑒 in C𝑒 is isomorphic to P𝑎𝑟 ,1, which is
rational. Then the infinitesimal deformations/obstructions of𝐶𝑒 and the line bundles 𝐿 𝑗 := L 𝑗 |𝐶𝑒 , 𝑁 :=
N |𝐶𝑒 are zero. Hence, their contribution to the perfect obstruction theory solely comes from infinitesimal
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automorphisms. The infinitesimal automorphisms of 𝐶𝑒 come from the space of vector field on 𝐶𝑒 that
vanishes on special points. Thus, the C∗−fixed part of the infinitesimal automorphisms of 𝐶𝑒 comes
from the 1−dimensional subspace of vector fields on 𝐶𝑒 which vanish on the two ramification points,
which, together with the infinitesimal automorphisms of line bundle N, will be canceled with the fixed
part of infinitesimal deformation of sections (𝑧1, 𝑧2) := (𝜁1, 𝜁2) |𝐶𝑒 . The movable part of infinitesimal
automorphisms of 𝐶𝑒 is nonzero only if at least one of ramification points on 𝐶𝑒 is not a special point.
By Remark 4.4, the ramification 𝑞∞ must be a special point since it has nontrivial stacky structure when
r is sufficiently large, and the ramification point 𝑞0 is not a special point. Then the movable part of
infinitesimal automorphisms of 𝐶𝑒 contributes

𝛿(𝑒)
𝜆 − 𝐷 𝜃

to the virtual normal bundle.
Now let’s turn to the localization contribution from sections. As for the deformations of 𝑧2, we

continue to use the tautological section (𝑥, 𝑦) in (4.3.2). Sections of N are spanned by monomials
(𝑥𝑚𝑦𝑛) |𝐶𝑒 with 𝑎𝑟𝑚 + 𝑛 = 𝑎𝛿(𝑒) and 𝑚, 𝑛 ∈ Z≥0. Note that 𝑥𝑚𝑦𝑛 may not be a global section of N
but always a global section of the line bundle 𝑅⊗𝑎𝑚 ⊗ N ⊗ C 𝑚

𝛿 (𝑒) 𝜆
. Then 𝑅•𝜋∗N will decompose as a

direct sum of line bundles. Each corresponds to the monomial 𝑥𝑚𝑦𝑛, whose first chern class is

𝑐1 (R⊗−𝑎𝑚
⊗
C −𝑚
𝛿 (𝑒) 𝜆

) = 𝑚

𝛿(𝑒) (𝐷 𝜃 − 𝜆).

So the total contribution is equal to

� 𝛿 (𝑒)𝑟 �∏
𝑚=0

(
𝑚

𝛿(𝑒) (𝐷 𝜃 − 𝜆)
)
.

The term corresponding to 𝑚 = 0 in the above product is the C∗−invariant part of 𝑅•𝜋∗N . It will
contribute to the virtual cycle of M𝑒. The rest contributes to the virtual normal bundle as

� 𝛿 (𝑒)𝑟 �∏
𝑚=1

(
𝑚

𝛿(𝑒) (𝐷 𝜃 − 𝜆)
)
.

Note that when r is sufficiently large, the above product becomes 1.
For the deformation of 𝑧1, arguing in the same way as 𝑧2, the Euler class of 𝑅•𝜋∗(L−𝜃𝑝 ⊗N ⊗𝑟 ⊗C𝜆)

is equal to

𝛿 (𝑒)−𝛽 (𝐿𝜃 )−|𝐽𝑒 |∏
𝑚=0

(
𝑚

𝛿(𝑒) (−𝐷 𝜃 + 𝜆)
)
.

The factor for 𝑚 = 0 appearing in the above product is the C∗−fixed part of 𝑅•𝜋∗(L−𝜃 ⊗N ⊗𝑟 ⊗ C𝜆). It
will contribute to the virtual cycle of M𝑒. The rest contributes to the virtual normal bundle as

𝛿 (𝑒)−𝛽 (𝐿𝜃 )−|𝐽𝑒 |∏
𝑚=1

(
𝑚

𝛿(𝑒) (−𝐷 𝜃 + 𝜆)
)
.

Finally, let’s turn to the localization contribution from the sections �𝑥 and �𝑦. Before that, using the
same argument above, one can prove the following lemma:
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Lemma 4.8. When 𝑛 ∈ Z≥0, we have

𝑒C
∗ (
𝑅•𝜋∗(OC𝑒 (𝑛))

)
=

� 𝑛𝑎𝑟 �∏
𝑚=0

(
𝑚

𝛿(𝑒) (𝐷 𝜃 − 𝜆) +
𝑛

𝑎𝑟𝛿(𝑒)𝜆
)
.

When 𝑛 ∈ Z<0, we have

𝑒C
∗ (
𝑅•𝜋∗(OC𝑒 (𝑛))

)
=

∏
𝑛
𝑎𝑟 <𝑚<0

1
𝑚

𝛿 (𝑒) (𝐷 𝜃 − 𝜆) + 𝑛
𝑎𝑟 𝛿 (𝑒) 𝜆

.

Using the above lemma, we have the following description of 𝑒C∗ (𝑅•𝜋∗L𝜌𝑖 ) for 1 ≤ 𝑖 ≤ 𝑛. Then for
each 𝜌𝑖 , we have the following:

1. If 𝛽(𝐿𝜌𝑖 ) ∈ Q≥0, one has

𝑒C
∗ (
𝑅•𝜋∗(L𝜌𝑖 )

)
= 𝑒C

∗ (
𝑅•𝜋∗(𝜋∗(𝐿𝜌𝑖 ) ⊗ OC𝑒 (𝑎𝑟𝛽(𝐿𝜌𝑖 )) ⊗ 𝜋∗(R⊗𝑎𝛽 (𝐿𝜌𝑖 ) ))

)
= 𝑒C

∗ (
𝐿𝜌𝑖 ⊗ R⊗𝑎𝛽 (𝐿𝜌𝑖 ) ⊗ 𝑅0𝜋∗(OC𝑒 (𝑎𝑟𝛽(𝐿𝜌𝑖 )))

)
=

�𝛽 (𝐿𝜌𝑖 ) �∏
𝑚=0

(
𝐷𝜌𝑖 +

𝛽(𝐿𝜌𝑖 ) (−𝐷 𝜃 )
𝛿(𝑒) + 𝑚

𝛿(𝑒) (𝐷 𝜃 − 𝜆) +
𝛽(𝐿𝜌𝑖 )
𝛿(𝑒) 𝜆

)
=

�𝛽 (𝐿𝜌𝑖 ) �∏
𝑚=0

(
𝐷𝜌𝑖 +

𝛽(𝐿𝜌𝑖 ) − 𝑚
𝛿(𝑒) (𝜆 − 𝐷 𝜃 )

)
.

Hence, we have

𝑒C
∗ ((𝑅•𝜋∗L𝜌𝑖 )mov) =

∏
0≤𝑚<𝛽 (𝐿𝜌𝑖 )

(
𝐷𝜌𝑖 +

𝛽(𝐿𝜌𝑖 ) − 𝑚
𝛿(𝑒) (𝜆 − 𝐷 𝜃 )

)
.

Note that the invariant part of 𝑅•𝜋∗L𝜌𝑖 is nonzero only when 𝛽(𝐿𝜌𝑖 ) ∈ Z≥0.
2. If 𝛽(𝐿𝜌𝑖 ) ∈ Q<0, one has

𝑒C
∗ (
𝑅•𝜋∗L𝜌𝑖

)
= 𝑒C

∗ (
𝑅•𝜋∗

(
𝜋∗𝐿𝜌𝑖 ⊗ OC𝑒 (𝑎𝑟𝛽(𝐿𝜌𝑖 )) ⊗ 𝜋∗R⊗𝑎𝛽 (𝐿𝜌𝑖 )

) )
=

1
𝑒C

∗ (
𝐿𝜌𝑖 ⊗ R⊗𝑎𝛽 (𝐿𝜌𝑖 ) ⊗ 𝑅1𝜋∗(OC𝑒 (𝑎𝑟𝛽(𝐿𝜌𝑖 )))

)
=

∏
𝛽 (𝐿𝜌𝑖 )<𝑚<0

1

𝐷𝜌𝑖 +
𝛽 (𝐿𝜌𝑖 ) (−𝐷𝜃 )

𝛿 (𝑒) + 𝑚
𝛿 (𝑒) (𝐷 𝜃 − 𝜆) +

𝛽 (𝐿𝜌𝑖 )
𝛿 (𝑒) 𝜆

=
∏

𝛽 (𝐿𝜌𝑖 )<𝑚<0

1

𝐷𝜌𝑖 +
𝛽 (𝐿𝜌𝑖 )−𝑚

𝛿 (𝑒) (𝜆 − 𝐷 𝜃 )
,

which implies that

𝑒C
∗ ((𝑅•𝜋∗L𝜌𝑖 )mov) = 𝑒C∗ (𝑅•𝜋∗L𝜌𝑖

)
=

∏
𝛽 (𝐿𝜌𝑖 )<𝑚<0

1

𝐷𝜌𝑖 +
𝛽 (𝐿𝜌𝑖 )−𝑚

𝛿 (𝑒) (𝜆 − 𝐷 𝜃 )
.
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The movable part of the deformations of �𝑦 contributes

𝑒C
∗
(
⊕𝑝

𝑗=1𝑅
•𝜋∗(L𝑘+ 𝑗 )mov

)
= (𝜆 − 𝐷 𝜃

𝛿(𝑒) ) |𝐽𝑒 |

to the virtual normal bundle, and the fixed part of the deformations of �𝑦 will be canceled with the
automorphisms of line bundles (𝐿𝑘+ 𝑗 : 1 ≤ 𝑗 ≤ 𝑝).

Recall that the complete intersection Y is cut off by the section 𝑠 := ⊕𝑐
𝑏=1𝑠𝑏 of the direct sum of the line

bundles 𝐸 = ⊕𝑐
𝑏=1𝐿𝜏𝑏 on X associated to the characters 𝜏𝑏 . There is also an obstruction corresponding

to the infinitesimal deformations of �𝑥 being moved away from [𝐴𝑌 𝑠𝑠 (𝜃)/𝐺] ⊂ [𝑊 𝑠𝑠 (𝜃)/𝐺], which
contributes to the virtual normal bundle as the movable part of

𝑒C
∗ ( − (⊕𝑏𝑅

•𝜋∗L𝜏𝑏 )
)
=
𝑒C

∗ (
𝑅1𝜋∗ ⊕𝑏:𝛽 (𝐿𝜏𝑏 )<0 L𝜏𝑏 )

)
𝑒C

∗ (
𝑅0𝜋∗ ⊕𝑏:𝛽 (𝐿𝜏𝑏 ) ≥0 L𝜏𝑏

)
=

∏
𝑏:𝛽 (𝐿𝜏𝑏 )<0

∏
𝛽 (𝐿𝜏𝑏 )<𝑚<0

(
𝑐1 (𝐿𝜏𝑏 ) +

𝛽 (𝐿𝜏𝑏 )−𝑚
𝛿 (𝑒) (𝜆 − 𝐷 𝜃 )

)∏
𝑏:𝛽 (𝐿𝜏𝑏 ) ≥0

∏
0≤𝑚≤𝛽 (𝐿𝜏𝑏 )

(
𝑐1 (𝐿𝜏𝑏 ) +

𝛽 (𝐿𝜏𝑏 )−𝑚
𝛿 (𝑒) (𝜆 − 𝐷 𝜃 )

) .
Here, m are all integers.

Now we have the expression of virtual normal bundle from the movable part of curves, line bundles
and sections as follows:

𝑒C
∗ (𝑁vir

𝑒 ) =
∏

𝜌:𝛽 (𝐿𝜌)>0
∏

0≤𝑖<𝛽 (𝐿𝜌) (𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖) 𝜆−𝐷𝜃𝛿 (𝑒) )∏
𝜌:𝛽 (𝐿𝜌)<0

∏
�𝛽 (𝐿𝜌)+1�≤𝑖<0 (𝐷𝜌 + (𝛽(𝐿𝜌) − 𝑖) 𝜆−𝐷𝜃𝛿 (𝑒) )

· (𝜆 − 𝐷 𝜃

𝛿(𝑒) ) |𝐽𝑒 | 𝛿(𝑒)
𝜆 − 𝐷 𝜃

·
∏

𝑏:𝛽 (𝐿𝜏𝑏 )<0
∏

𝛽 (𝐿𝜏𝑏 )<𝑚<0
(
𝑐1 (𝐿𝜏𝑏 ) +

𝛽 (𝐿𝜏𝑏 )−𝑚
𝛿 (𝑒) (𝜆 − 𝐷 𝜃 )

)∏
𝑏:𝛽 (𝐿𝜏𝑏 ) ≥0

∏
0≤𝑚<𝛽 (𝐿𝜏𝑏 )

(
𝑐1 (𝐿𝜏𝑏 ) +

𝛽 (𝐿𝜏𝑏 )−𝑚
𝛿 (𝑒) (𝜆 − 𝐷 𝜃 )

) ·
𝛿 (𝑒)−𝛽 (𝐿𝜃 )−|𝐽𝑒 |∏

𝑚=1

(
𝑚

𝛿(𝑒) (−𝐷 𝜃 + 𝜆)
)
.

(4.16)

However, we can see that the fixed part of the perfect obstruction theory only comes from the summand
corresponding to the terms b with 𝛽(𝐿𝜏𝑏 ) ∈ Z≥0, for which there is one-dimensional C∗−fixed piece to
each −𝑅•𝜋∗L𝜏𝑏 , which contributes to the virtual cycle of M𝑒.

Now let’s move to the virtual cycle of M𝑒 coming from the C∗−fixed part of the restriction
of perfect obstruction theory. Let 𝐸𝛽 := ⊕𝑏:𝛽 (𝐿𝜏𝑏 ) ∈Z≥0𝐿𝜏𝑏 be the vector bundle over [𝑍𝑠𝑠

𝛽 /𝐺] and
𝑠𝛽 := ⊕𝑏:𝛽 (𝐿𝜏𝑏 ) ∈Z≥0 𝑠𝑏 be the section inside 𝐸𝛽 . Using Lemma 3.2. We can define the Gysin morphism

𝑠!
𝐸𝛽 ,𝑙𝑜𝑐

: 𝐴∗([𝑍𝑠𝑠
𝛽 /𝐺]) → 𝐴∗([𝑌 𝑠𝑠

𝛽 /𝐺])

as the localized top Chern class [23, §14.1]. This Gysin morphism commutes with the one defined
in 3.3 by the flat pullback 𝐴∗([𝑌 𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]) → 𝐴∗([𝑌 𝑠𝑠

𝛽 /𝐺]) on the target and the flat pullback
𝐴∗([𝑍𝑠𝑠

𝛽 /(𝐺/〈𝑔−1
𝛽 〉)]) → 𝐴∗([𝑍𝑠𝑠

𝛽 /𝐺]) on the source.

Lemma 4.9. We have the following:

[M𝑒]vir = 𝑖∗M𝑒

(
𝑠!
𝐸𝛽 ,𝑙𝑜𝑐

([𝑍𝑠𝑠
𝛽 /𝐺])

)
.

Here, 𝑖∗M𝑒
: 𝐴∗([𝑌 𝑠𝑠

𝛽 /𝐺]) → 𝐴∗(M𝑒) is the isomorphism induced by the natural 𝑒𝑡𝑎𝑙𝑒 morphism
𝑖M𝑒 : M𝑒 → [𝑌 𝑠𝑠

𝛽 /𝐺] by forgetting root structure.
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Proof. By the previous discussion, the perfect obstruction theory of M𝑒 solely comes from automor-
phisms of line bundles (L 𝑗 )𝑘𝑗=1, the fixed part of deformations/obstructions of the section �𝑥. Note that the
fixed part of the deformations of �𝑦 cancels with the automorphisms of line bundles (L𝑘+ 𝑗 : 1 ≤ 𝑗 ≤ 𝑝),
so we do not count. Using the distinguished triangle (4.8) and (4.7) in §4.2, the C∗−fixed part of the
obstruction complex Efix over M𝑒 is quasi-isomorphic to the complex

T[𝑍 𝑠𝑠𝛽 /𝐺 ] |M𝑒

𝑑𝑠𝛽 �� 𝐸𝛽

with the first term sitting in degree 0 and the second term sitting in degree 1, which also fits into the
following distinguished triangle (from cone construction)

Efix �� T[𝑍 𝑠𝑠𝛽 /𝐺 ] |M𝑒

𝑑𝑠𝛽 �� 𝐸𝛽 .

Here, 𝑑𝑠𝛽 is the differential induced the section 𝑠𝛽 (cf. (4.8)), and T[𝑍 𝑠𝑠𝛽 /𝐺 ] |M𝑒 is the pullback of the
tangent bundle T[𝑍 𝑠𝑠𝛽 /𝐺 ] along the composition of morphisms

M𝑒 → 𝑎𝛿 (𝑒)
√
𝐿−𝜃/[𝑍𝑠𝑠

𝛽 /𝐺] → [𝑍𝑠𝑠
𝛽 /𝐺],

where the first arrow is the inclusion and the second arrow is the natural 𝑒tale morphism by forgetting
root.

When we replace Y by X, and repeat the same localization analysis as above, we see the fixed part of
the restriction of the obstruction theory to the edge moduli M𝑒 (𝑋) := 𝑎𝛿 (𝑒)

√
𝐿−𝜃/[𝑍𝑠𝑠

𝛽 /𝐺] of X is equal
to the tangent complex of M𝑒 (𝑋), which is a locally free sheaf sitting in degree zero as M𝑒 (𝑋) is a
smooth Deligne-Mumford stack. Then we can view M𝑒 as the zero loci of the section 𝑠𝛽 of the vector
bundle 𝐸𝛽 over M𝑒 (𝑋) by Lemma 3.2. One has the following Cartesian diagram:

M𝑒

𝑖

��

𝑖 �� M𝑒 (𝑋)

𝑠𝛽

��
M𝑒 (𝑋)

0 �� 𝐸𝛽 ,

where the bottom arrow is the zero section. Then we have a morphism of two distinguished triangles in
𝐷𝑏

𝑐𝑜ℎ (M𝑒) where all terms in the first low are perfect complexes with amplitude in [−1, 0]

T∨[𝑍 𝑠𝑠𝛽 /𝐺 ] |M𝑒
�� (Efix)∨ ��

��

𝐸∨
≥0 [1]

𝑑𝑠∨𝛽 ��

𝑖∗

��

T∨[𝑍 𝑠𝑠𝛽 /𝐺 ] |M𝑒 [1]

ΩM𝑒 (𝑋 ) |M𝑒
�� 𝑡≥−1LM𝑒

�� IM𝑒/M𝑒 (𝑋 ) /I2
M𝑒/M𝑒 (𝑋 ) [1]

𝑑 �� ΩM𝑒 (𝑋 ) |M𝑒 .

Here, the first and the second vertical maps are the dual perfect obstruction theory for M𝑒 (𝑋) and
M𝑒 (both restricted to M𝑒), respectively, while the third vertical map is an obstruction theory for
C∗−fixed quasimaps in M𝑒 with the section �𝑥 moving away from Y into X. A standard deformation
theory argument (cf. [7, Proposition 2.5]) shows the third vertical map 𝑖∗ is induced from the pullback
of the conormal sheafs for the horizontal arrows in the above Cartesian square along the left arrow i.
Then virtual cycle [M𝑒]𝑣𝑖𝑟 with respect to the dual perfect obstruction theory (Efix)∨ → 𝑡≥−1LM𝑒 can
be obtained by Manolache’s virtual pullback [35, Construction 3.6], which is also identical to Gysin
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pullback 0! = 𝑠!
𝐸𝛽 ,𝑙𝑜𝑐

(by the very of definition of localized top Chern class). Now the Lemma is
immediate by flat pullback along 𝑖M𝑒 . �

4.3.3. Edge contributions: without basepoint case
The contribution from an edge without basepoint will not appear in the later analysis in §6. However,
we include the discussion for this case here for completeness. The reader is encouraged to skip this
part in the first reading. In this case, 𝐽𝑒 is empty. Assume that the multiplicity at 𝑞∞ ∈ 𝐶𝑒 is equal to
(𝑔, 𝜇𝛿 (𝑒)

𝑟 ) ∈ 𝐺×𝝁𝑟 and 𝑎𝑒 (or a for simplicity) is the order of g. When r is a sufficiently large prime,
due to Remark 4.4, 𝐶𝑒 must be isomorphic to P1

𝑎𝑟 ,𝑎 where the ramification point 𝑞0 for which 𝑧1 = 0
is isomorphic to B𝝁𝑎 and the ramification point 𝑞∞ for which 𝑧2 = 0 must be a special point and
is isomorphic to B𝝁𝑎𝑟 . The restriction of degree (𝛽, 𝛿

𝑟 ) from C to 𝐶𝑒 is equal to (0, 𝛿 (𝑒)
𝑟 ), which is

equivalent to

𝑑𝑒𝑔(𝐿 𝑗 |𝐶𝑒 ) = 0 for 1 ≤ 𝑗 ≤ 𝑘, 𝑑𝑒𝑔(𝑁 |𝐶𝑒 ) =
𝛿(𝑒)
𝑟

.

Recall that the inertia stack component 𝐼𝑔𝑌 of 𝐼𝜇𝑌 is isomorphic to the quotient stack

[𝐴𝑌 𝑠𝑠 (𝜃)𝑔/𝐺] .

We construct the edge moduli M𝑒 as

M𝑒 := 𝑎𝛿 (𝑒)
√
𝐿−𝜃/𝐼𝑔𝑌,

which is the root gerbe over the stack 𝐼𝑔𝑌 by taking the 𝑎𝛿(𝑒)th root of the line bundle 𝐿−𝜃 .
The root gerbe 𝑎𝛿 (𝑒)

√
𝐿−𝜃/𝐼𝑔𝑌 admits a representation as a quotient stack:

[(𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗)/(𝐺×C∗𝑤 )], (4.17)

where the (right) action is defined by

(�𝑥, 𝑣) · (𝑔, 𝑤) = (�𝑥 · 𝑔, 𝜃 (𝑔)𝑣𝑤𝑎𝛿 (𝑒) ),

for all (𝑔, 𝑤) ∈ 𝐺×C∗𝑤 and (�𝑥, 𝑣) ∈ 𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗. Here, �𝑥 · 𝑔 is given by the action as in the definition
of [𝐴𝑌/𝐺], and the torus C∗𝑤 is isomorphic to C∗ with variable w. For any character 𝜌 of G, define a
new character of 𝐺×C∗𝑤 by composing the projection map pr𝐺 : 𝐺×C∗𝑤 → 𝐺. By an abuse of notation,
we will continue to use the notation 𝜌 to mean the new character of 𝐺×C∗𝑤 . Then 𝜌 will determine a
line bundle 𝐿𝜌 := [(𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×C𝜌)/(𝐺×C∗𝑤 )] on 𝑎𝛿 (𝑒)

√
𝐿−𝜃/𝐼𝑔𝑌 by the Borel construction.

By virtue of the universal property of root gerbe, on M𝑒 = 𝑎𝛿 (𝑒)
√
𝐿−𝜃/𝐼𝑔𝑌 , there is a universal line

bundle R that is the 𝑎𝛿(𝑒)th root of the line bundle 𝐿−𝜃 . The root bundle R is associated to the character

prC∗ : 𝐺×C∗𝑤 → C∗𝑤 , (𝑔, 𝑤) ∈ 𝐺×C∗𝑤 ↦→ 𝑤 ∈ C∗𝑤

by the Borel construction. We have the relation

𝐿−𝜃 = R𝑎𝛿 (𝑒) .

The coordinate functions �𝑥 and v of 𝐴𝑌 𝑠𝑠 (𝜃)𝑔 × C∗ descent to be universal sections of line bundles
⊕𝜌∈[𝑛]𝐿𝜌 and 𝐿 𝜃 ⊗ R⊗𝑎𝛿 (𝑒) over M𝑒, respectively.
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We will construct a universal family ofC∗−fixed quasimaps toP𝔜 1
𝑟 , 𝑝 of degree (0, 1∅, 𝛿 (𝑒)

𝑟 ) overM𝑒:

C𝑒 := P𝑎𝑟 ,𝑎 (R ⊕ OM𝑒 )
𝑓 ��

𝜋

��

P𝔜
1
𝑟 , 𝑝

M𝑒 := 𝑎𝛿 (𝑒)
√
𝐿−𝜃/𝐼𝑔𝑌 .

Then the universal curve C𝑒 over M𝑒 can be represented as a quotient stack:

C𝑒 = [(𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈)/(𝐺×C∗𝑤×𝑇)],

where 𝑇 = {(𝑡1, 𝑡2) ∈ (C∗)2 | 𝑡𝑎1 = 𝑡𝑎𝑟2 }. The (right) action is defined by

(�𝑥, 𝑣, 𝑥, 𝑦) · (𝑔, 𝑤, (𝑡1, 𝑡2)) = (�𝑥 · 𝑔, 𝜃 (𝑔)𝑣𝑤𝑎𝛿 (𝑒) , 𝑤𝑡1𝑥, 𝑡2𝑦),

for all (𝑔, 𝑤, (𝑡1, 𝑡2)) ∈ 𝐺×C∗𝑤×𝑇 and (�𝑥, 𝑣, (𝑥, 𝑦)) ∈ 𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈. Then C𝑒 is a family of orbifold
P𝑎𝑟 ,𝑎 parameterized by M𝑒.

There are two standard characters 𝜒1 and 𝜒2 of T:

𝜒1 : (𝑡1, 𝑡2) ∈ 𝑇 ↦→ 𝑡1 ∈ C∗, 𝜒2 : (𝑡1, 𝑡2) ∈ 𝑇 ↦→ 𝑡2 ∈ C∗.

We can lift them to be new characters of𝐺×C∗𝑤×𝑇 by composing the projection map pr𝑇 : 𝐺×C∗𝑤×𝑇 → 𝑇 .
By an abuse of notation, we continue to use 𝜒1, 𝜒2 to denote the new characters. Then 𝜒1, 𝜒2 defines
two line bundles

𝑀1 := (𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈) ×𝐺×C∗𝑤×𝑇 C𝜒1

and

𝑀2 := (𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈) ×𝐺×C∗𝑤×𝑇 C𝜒2

on C𝑒 by the Borel construction, respectively. We have the relation 𝑀 ⊗𝑎
1 = 𝑀 ⊗𝑎𝑟

2 on C𝑒. The universal
map f from C𝑒 to P𝔜 1

𝑟 , 𝑝 can be constructed as follows: let

𝑓 : 𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈 → 𝐴𝑌×𝑈

be the morphism defined by

(�𝑥, 𝑣, 𝑥, 𝑦) ∈ 𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈 ↦→
((𝑥1, · · · , 𝑥𝑛), 𝑣−1𝑥𝑎𝛿 (𝑒) , 𝑦𝑎𝛿 (𝑒) ) ∈ 𝐴𝑌×𝑈.

(4.18)

Then 𝑓 is equivariant with respect to the group homomorphism from 𝐺×C∗𝑤×𝑇 to 𝐺×C∗ defined by

(𝑔, 𝑤, (𝑡1, 𝑡2)) ∈ 𝐺×C∗𝑤×𝑇 ↦→

(𝑔 · ((𝑡−1
1 𝑡𝑟2 )

𝑝1 , · · · , (𝑡−1
1 𝑡𝑟2 )

𝑝𝑘 ), 𝑡𝑎𝛿 (𝑒)2 ) ∈ 𝐺×C∗,
(4.19)

where the tuple (𝑝1, · · · , 𝑝𝑘 ) ∈ N𝑘 satisfies that 𝑔 = (𝜇𝑝1
𝑎 , · · · , 𝜇𝑝𝑘

𝑎 ) ∈ 𝐺. Note that 𝑓 is well defined,
for 𝜒−1

1 𝜒𝑟2 is a torsion character of T of order a. The above construction gives the universal morphism f
from C𝑒 to P𝔜 1

𝑟 , 𝑝 by descent.
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Now we define a (quasi left) C∗−action on C𝑒 such that f is C∗−equivariant. The C∗-action on C𝑒 is
induced by the C∗−action on 𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈:

𝑚 : C∗ × 𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈 → 𝐴𝑌 𝑠𝑠 (𝜃)×C∗×𝑈,

𝑡 · (�𝑥, 𝑣, (𝑥, 𝑦)) = (�𝑥, 𝑣, (𝑥, 𝑡
−1

𝑎𝑟 𝛿 (𝑒) 𝑦)).

Note that then 𝜋 is C∗-equivariant map, where M𝑒 is equipped with the trivial C∗-action. By the
universal property of the projectivized bundle C𝑒 over M𝑒, one has a tautological section

(𝑥, 𝑦) ∈ 𝐻0(C𝑒, (𝑀1 ⊗ 𝜋∗R) ⊕ (𝑀2 ⊗ C −1
𝑎𝑟 𝛿 (𝑒)

)),

which is also a C∗−invariant section.
Now we can check that f is a C∗−equivariant morphism from C𝑒 to P𝔜 1

𝑟 , 𝑝 with respect to the
C∗−actions for C𝑒 and P𝔜 1

𝑟 , 𝑝 . Using Remark 4.2, f is given by the following data:

1. 𝑘 + 𝑝 + 1 C∗−equivariant line bundles C𝑒:

L 𝑗 := 𝜋∗𝐿 𝜋 𝑗 ⊗ (𝑀∨
1 ⊗ 𝑀 ⊗𝑟

2 ) 𝑝 𝑗 , 1 ≤ 𝑗 ≤ 𝑘,

L𝑘+ 𝑗 := C, 1 ≤ 𝑗 ≤ 𝑝

and

N := 𝑀𝑎𝛿 (𝑒)
2 ⊗ C −𝜆

𝑟
,

where (𝐿 𝜋 𝑗 )1≤ 𝑗≤𝑘 are the standard C∗-equivariant line bundles on M𝑒 by the Borel contribution,
𝑀1, 𝑀2 are the standard C∗-equivariant line bundles on 𝐶𝑒 by the Borel construction;

2. a universal section

(�𝑥, �𝑦, (𝜁1, 𝜁2)) :=((𝑥1, · · · , 𝑥𝑛), 1𝑝 , (𝑣−1𝑥𝑎𝛿 (𝑒) , 𝑦𝑎𝛿 (𝑒) ))
∈ 𝐻0 (C𝑒, ⊕𝑛

𝑖=1L𝜌 𝑗 ⊕ (⊕𝑝
𝑗=1L𝑘+ 𝑗 ) ⊕ (L−𝜃𝑝 ⊗ N ⊗𝑟 ⊗ C𝜆) ⊕ N )C∗ .

(4.20)

Using a similar analysis as in the previous subsection, we have the following:

Lemma 4.10. With the above notations, [M𝑒]𝑣𝑖𝑟 = [M𝑒], and the Euler class of virtual normal bundle
from the sections is equal to

𝛿 (𝑒)∏
𝑚=1

(
𝑚

𝛿(𝑒) (−𝐷 𝜃 + 𝜆)
)
, (4.21)

when r is a sufficiently large prime. Besides, the movable part of infinitesimal automorphisms of 𝐶𝑒

contributes

𝛿(𝑒)
𝜆 − 𝐷 𝜃

(4.22)

to the Euler class of virtual normal bundle when 𝑎 = 1. Therefore, 𝑒C∗ (𝑁vir
𝑒 ) is equal to

𝛿 (𝑒)∏
𝑚=1

(
𝑚

𝛿(𝑒) (−𝐷 𝜃 + 𝜆)
)
, (4.23)
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when 𝑎 ≠ 1 and is equal to

𝛿(𝑒)
𝜆 − 𝐷 𝜃

·
𝛿 (𝑒)∏
𝑚=1

(
𝑚

𝛿(𝑒) (−𝐷 𝜃 + 𝜆)
)
, (4.24)

when 𝑎 = 1.

4.3.4. Node contributions
The deformations in 𝑄 𝜃

0, �𝑚 (P𝔜
1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )) smoothing a node contribute to the Euler class of the
virtual normal bundle as the first Chern class of the tensor product of the two cotangent line bundles at
the branches of the node. For nodes at which a component 𝐶𝑒 meets a component 𝐶𝑣 over the vertex 0,
this contribution is

𝜆 − 𝐷 𝜃

𝑎𝛿(𝑒) − 𝜓̄𝑣

𝑎
(4.25)

for nodes at which a component 𝐶𝑒 meets a component 𝐶𝑣 over the vertex ∞, this contribution is

−𝜆 + 𝐷 𝜃

𝑎𝑟𝛿(𝑒) − 𝜓̄𝑣

𝑎𝑟
(4.26)

for nodes at which two edge components 𝐶𝑒 and 𝐶𝑒′ meet with a vertex v over 0, the node-smoothing
contribution is

𝜆 − 𝐷 𝜃

𝑎𝛿(𝑒) + 𝜆 − 𝐷 𝜃

𝑎𝛿(𝑒′) . (4.27)

The nodes at which two edge components 𝐶𝑒 and 𝐶𝑒′ meet with a vertex v over ∞ will not occur using
a similar argument in [30, Lemma 6] when r is sufficiently large. To simplify notation, we summarize
the above situations by writing the contribution in either case as

−𝜓 − 𝜓 ′,

where 𝜓 and 𝜓 ′ indicate the (equivariant) cotangent line classes at the two branches of the node.
As for the node contributions from the normalization exact sequence of relative obstruction theory

(4.6), each node q (specified by a vertex v) contributes the inverse of Euler class of

(𝑅0𝜋∗(L∨
𝜃 ⊗ N ⊗𝑟 ⊗ C𝜆) |𝑞)mov ⊕ (𝑅0𝜋∗N |𝑞)mov (4.28)

to the Euler class of the virtual normal bundle. Note that here we use the fact that the node cannot be a
base point, which implies that L𝜃𝑝 |𝑞 = L𝜃 |𝑞 .

In the case where 𝑗 (𝑣) = 0, 𝑧2 |𝑞 = 1 gives a trivialization of N at q. Thus, the second factor in (4.28)
is trivial, while the inverse of the Euler class of the first factor equals

1
𝜆 − 𝐷 𝜃

. (4.29)

In the case where 𝑗 (𝑣) = ∞, 𝑧1 |𝑞 = 1 gives a trivialization of the fiber (L∨
𝜃 ⊗ N ⊗𝑟 ⊗ C𝜆) |𝑞 . Hence,

we have N |𝑞 � L
1
𝑟

𝜃 |𝑞 ⊗C− 𝜆𝑟 . This implies that 𝑅0𝜋∗(N |𝑞) = 0 because of the nontrivial stacky structure
when r is sufficiently large. Thus, there is no localization contribution from the normalization sequence
at the node over ∞.
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4.4. Total localization contributions

Recall that for each decorated graph Γ, we denote the moduli 𝐹Γ to be the fiber product∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=0

M𝑣 ×𝐼𝜇𝑌

∏
𝑒∈𝐸

M𝑒 ×𝐼𝜇
𝑟
√
𝐿𝜃/𝑌

∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=∞

M𝑣 .

Note that 𝐹Γ also fits into the following fiber diagram:

𝐹Γ ��

��

∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=0

M𝑣 ×
∏
𝑒∈𝐸

M𝑒 ×
∏

𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=∞

M𝑣

∏
𝑛𝑜𝑑𝑒 𝑒𝑣𝑛𝑜𝑑𝑒

��∏
nodes
over 0

𝐼𝜇𝑌 ×
∏

nodes
over∞

𝐼𝜇D∞
Δ
𝑛0
0 ×Δ𝑛∞∞ �� ∏

nodes
over 0

(𝐼𝜇𝑌 )2 ×
∏

nodes
over∞

(𝐼𝜇D∞)2,

where Δ0 = (𝑖𝑑, 𝜄) (resp. Δ∞ = (𝑖𝑑, 𝜄)) is the diagonal map of 𝐼𝜇𝑌 (resp. 𝐼𝜇 𝑟
√
𝐿 𝜃/𝑌 ) and 𝑛0 (resp. 𝑛∞)

is the number of nodes over 0 (resp. ∞). The right-hand vertical map is the product of the evaluation
maps at the two branches of each gluing node. Then we can write [𝐹Γ]𝑣𝑖𝑟 as(

Δ𝑛0
0 × Δ𝑛∞

∞
) ! ( ∏

𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=0

[M𝑣 ]vir ×
∏
𝑒∈𝐸

[M𝑒]vir ×
∏

𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=∞

[M𝑣 ]vir) .
Let t be the notation as same as in Lemma 4.7. By the localization analysis (see §4.3), we can write

the contribution from the decorated graph Γ to the virtual localization as

𝐶𝑜𝑛𝑡Γ
( 𝑝∏
𝑗=1

𝑒𝑣∗𝑗 (𝑡)
)
=

∏
𝑒∈𝐸 𝑎𝑒

|Aut(Γ) | (𝜄Γ)∗
���

𝑝∏
𝑗=1

𝑒𝑣∗𝑗 (𝑡) ∩
[𝐹Γ]vir

𝑒C
∗ (𝑁vir

Γ )
���, (4.30)

where
∏𝑝

𝑗=1 𝑒𝑣
∗
𝑗 (𝑡) ∩

[𝐹Γ ]vir

𝑒C
∗ (𝑁 vir

Γ ) is equal to

(
Δ𝑛0

0 × Δ𝑛∞
∞

) !
�����

∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=0

[𝑄 𝜖 𝜃𝑝
0, �𝑚(𝑣) (𝔜𝑝 , (𝛽(𝑣), 1𝐽𝑣 ))]vir ∩

∏
𝑗∈𝐽𝑣 𝑒𝑣 𝑗 (𝑡)

𝑒C
∗ ((𝑅•𝜋∗L−𝜃𝑝 ) ⊗ C𝜆)

·
∏

𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=∞

[K0, �𝑚(𝑣) ( 𝑟
√
𝐿 𝜃/𝑌, 𝛽(𝑣))]vir

𝑒C∗ ((𝑅•𝜋∗L
1
𝑟

𝜃 ) ⊗ C− 𝜆𝑟 )∏
𝑒∈𝐸

t |𝐽𝑒 | (𝑧) |
𝑧=
𝜆−𝐷𝜃
𝛿 (𝑒)

∩ [M𝑒]vir

𝑒C
∗ (𝑁vir

𝑒 )
·

∏
𝑛𝑜𝑑𝑒𝑠

1
−𝜓 − 𝜓 ′ ·

∏
nodes over 0

(𝜆 − 𝐷 𝜃 )
���,

where t is equal to

𝑙∑
𝑖=1

𝑡𝑖𝑢𝑖 (𝑐1 (𝐿 𝜋1 ) + 𝛽(𝑒) (𝐿 𝜋1)𝑧, · · · , 𝑐1 (𝐿 𝜋𝑘 ) + 𝛽(𝑒) (𝐿 𝜋𝑘 )𝑧),

[M𝑒]vir is defined in Lemma 4.9 (base-point case) and Lemma 4.10 (without base-point case), and
𝑒C

∗ (𝑁vir
𝑒 ) is the Euler class of virtual normal bundles from edge contributions as in (4.16) (base-point

case) and Lemma 4.10 (without base-point case).
We also analyze a special class of localization graph Γ which will be the only case we only need to

consider in §6.1 and give some hint on simplifying the localization computation.

https://doi.org/10.1017/fms.2025.34 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2025.34


40 J. Wang

Remark 4.11. (An important special case) Let’s assume that the graph Γ has only one vertex labeled
by ∞ (denoted by 𝑣★) and all edges have base points. Note that this implies that there is no node over 0
and there is no stable vertex over 0. Now when we want to apply the localization formula to calculate
GW invariants, as the computation is topological, we can pretend M𝑒 as 𝐼𝑔𝛽 (𝑒)𝑌 and push the edge
contribution to 𝐼𝑔𝛽 (𝑒)𝑌 using 𝜔 as in Lemma 4.7. For instance, with the help of Lemma 4.7,

𝐶𝑜𝑛𝑡Γ
( ∫

[𝑄𝜃0,𝑚 (P𝔜 1
𝑟 ,𝑝 , (𝛽,1𝑝 , 𝛿𝑟 )) ]vir

𝑝∏
𝑗=1

𝑒𝑣∗𝑗 (𝑡)
)

is equal to ∏
𝑒∈𝐸 𝑎𝑒

|Aut(Γ) |

∫
[K0, �𝑚(𝑣★) ( 𝑟

√
𝐿𝜃/𝑌 ,𝛽 (𝑣★)) ]vir

∞∑
𝑑=0

𝑐𝑑 (−𝑅•𝜋∗L
1
𝑟

𝜃 ) (
−𝜆
𝑟
)−1+|𝐸 |−𝑑

∩
∏
𝑒∈𝐸

𝑒𝑣∗𝑞𝑒
( 1
𝑎2
𝑒 𝛿 (𝑒)

𝑧 ·t|𝐽𝑒 |
𝑧 |𝐽𝑒 |
I𝛽 (𝑒) (𝑧) |𝑧= 𝜆−𝐷𝜃𝛿 (𝑒)

)
(
− 𝜆−𝑒𝑣∗𝑞𝑒𝐷𝜃

𝑎𝑒𝑟 𝛿 (𝑒) − 𝜓̄𝑞𝑒
𝑎𝑒𝑟

) ∏𝛿 (𝑒)−𝛽 (𝑒) (𝐿𝜃 )−|𝐽𝑒 |
𝑚=1

𝑚
𝛿 (𝑒) (−𝐷 𝜃 + 𝜆)

,

(4.31)

where 𝑞𝑒 is the marking associated to the stable vertex 𝑣★ appearing as one branch of the node incident
to the edge e and 𝑎𝑒 is the integer associated to 𝛽(𝑒) (or 𝑔𝛽 (𝑒) ) as in §3. Note here we treat I𝛽 (𝑒) (𝑧) as
an element in 𝐻∗(𝐼 (𝑔−1

𝛽 (𝑒) ,𝜇
−𝛿 (𝑒)
𝑟 )

𝑟
√
𝐿 𝜃/𝑌,Q) [𝑧, 𝑧−1] using the natural isomorphism

𝐼 (𝑔−1
𝛽 (𝑒) ,𝜇

−𝛿 (𝑒)
𝑟 )

𝑟
√
𝐿 𝜃/𝑌 � 𝐼 (𝑔−1

𝛽 (𝑒) ,𝜇
−𝛿 (𝑒)
𝑟 )P𝑌

1
𝑟 � 𝐼𝑔−1

𝛽 (𝑒)
𝑌

when r is a sufficient large prime. By canceling out the coefficients 𝑎𝑒 everywhere, (4.31) is further
simplified to

1
|Aut(Γ) |

∫
[K0, �𝑚(𝑣★) ( 𝑟

√
𝐿𝜃/𝑌 ,𝛽 (𝑣★)) ]vir

∞∑
𝑑=0

𝑐𝑑 (−𝑅•𝜋∗L
1
𝑟

𝜃 ) (
−𝜆
𝑟
)−1+|𝐸 |−𝑑

∩
∏
𝑒∈𝐸

𝑒𝑣∗𝑞𝑒
( 1
𝛿 (𝑒)

𝑧 ·t|𝐽𝑒 |
𝑧 |𝐽𝑒 |
I𝛽 (𝑒) (𝑧) |𝑧= 𝜆−𝐷𝜃𝛿 (𝑒)

)
(
− 𝜆−𝑒𝑣∗𝑞𝑒𝐷𝜃

𝑟 𝛿 (𝑒) − 𝜓̄𝑞𝑒
𝑟

) ∏𝛿 (𝑒)−𝛽 (𝑒) (𝐿𝜃 )−|𝐽𝑒 |
𝑚=1

𝑚
𝛿 (𝑒) (−𝐷 𝜃 + 𝜆)

.

(4.32)

5. Master space II

5.1. Construction of master space II

Let 𝑟, 𝑠 be two different primes, let 𝜃 be a character of G as in the previous section, and let P𝑌𝑟 ,𝑠 be the
root stack of the P1-bundle P𝑌 (𝐿−𝜃 ⊕ C) over Y by taking the s-th root of the zero section P𝑌 (0 ⊕ C)
and r-th root of the infinity section P𝑌 (𝐿−𝜃 ⊕ 0). Then the zero section D0 ⊂ P𝑌𝑟 ,𝑠 is isomorphic to the
root stack 𝑠

√
𝐿−𝜃/𝑌 , and the infinity section D∞ ⊂ P𝑌𝑟 ,𝑠 is isomorphic to the root stack 𝑟

√
𝐿 𝜃/𝑌 .

We give a more concrete presentation of P𝑌𝑟 ,𝑠 as a quotient stack:

P𝑌𝑟 ,𝑠 = [(C∗×𝐴𝑌 𝑠𝑠 (𝜃)×𝑈)/(𝐺×C∗𝛼×C∗𝑡 )],

where the (right) 𝐺×C∗𝛼×C∗𝑡 -action on C∗×𝐴𝑌 𝑠𝑠 (𝜃)×𝑈 is given by

(𝑢, �𝑥, 𝑧1, 𝑧2) · (𝑔, 𝛼, 𝑡) = (𝛼−𝑠𝜃 (𝑔)−1𝑡𝑟𝑢, �𝑥𝑔, 𝛼𝑧1, 𝑡𝑧2),

for (𝑔, 𝛼, 𝑡) ∈ 𝐺×C∗𝛼×C∗𝑡 , and (𝑢, �𝑥, 𝑧1, 𝑧2) ∈ C∗×𝐴𝑌 𝑠𝑠 (𝜃)×𝑈. Here,𝑈 = C2\{0}. This quotient stack
presentation ofP𝑌𝑟 ,𝑠 comes from the root stack construction in [1, Appendix B] after some simplification.
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When the integers r and s are prime to the orders of isotropy groups of all points of X, which happens,
in particular, when r and s are a sufficiently large prime, the rigidified inertia stack 𝐼𝜇P𝑌𝑟 ,𝑠 of P𝑌𝑟 ,𝑠 is
isomorphic to the disjoint union

P(𝐼𝜇𝑌 )𝑟 ,𝑠︸�����︷︷�����︸
1

�
𝑠−1⊔
𝑖=1

𝐼𝜇𝑌︸��︷︷��︸
2

�
𝑟−1⊔
𝑗=1

𝐼𝜇𝑌︸��︷︷��︸
3

.

Let (𝑥, (𝑔, 𝛼, 𝑡)) be a C−point of the rigidified inertia stack 𝐼𝜇P𝑌𝑟 ,𝑠 where x is a C−point of P𝑌𝑟 ,𝑠
and (𝑔, 𝛼, 𝑡) ∈ 𝐺×C∗𝛼×C∗𝑡 represents an automorphism element in the isotropy group of x in P𝑌𝑟 ,𝑠 .
If the point (𝑥, (𝑔, 𝛼, 𝑡)) appears in the first factor of the decomposition above, then the automorphism
𝜇 = (𝑔, 𝛼, 𝑡) lies in 𝐺×{1}×{1}, and the space P(𝐼𝜇𝑌 )𝑟 ,𝑠 can be further decomposed as the disjoint
union

⊔
𝑔∈𝐺 P(𝐼𝑔𝑌 )𝑟 ,𝑠 , where P(𝐼𝑔𝑌 )𝑟 ,𝑠 is defined as the quotient stack

P(𝐼𝑔𝑌 )𝑟 ,𝑠 := [(C∗×𝐴𝑌 𝑠𝑠 (𝜃)𝑔×𝑈)/((𝐺/〈𝑔〉)×C∗𝛼×C∗𝑡 )],

with the action similar to P𝑌𝑟 ,𝑠 as above, Note that this action is well defined as the character 𝜃 is trivial
on the subgroup 〈𝑔〉 of G; if the point (𝑥, (𝑔, 𝛼, 𝑡)) occurs in the second factor of the decomposition
above, then the automorphism (𝑔, 𝛼, 𝑡) lies in 𝐺×{𝜇𝑖𝑠 : 1 ≤ 𝑖 ≤ 𝑠 − 1}×{1} ⊂ 𝐺×C∗𝛼×C∗𝑡 , and the point
x is in the zero section D0 defined by 𝑧1 = 0; finally, if the point (𝑥, (𝑔, 𝛼, 𝑡)) belongs to the third factor
of the decomposition above, then the automorphism (𝑔, 𝛼, 𝑡) lies in 𝐺×{1}×{𝜇 𝑗

𝑟 : 1 ≤ 𝑖 ≤ 𝑟 − 1} ⊂
𝐺×C∗𝛼×C∗𝑡 , and x is in the infinity section D∞ defined by 𝑧2 = 0. Here, 𝜇𝑟 = exp( 2𝜋

√
−1

𝑟 ) ∈ C∗ and
𝜇𝑠 = exp( 2𝜋

√
−1

𝑠 ) ∈ C∗. In what follows, we will always assume that r and s are sufficiently large primes
unless otherwise mentioned.

Fix (𝑔, 𝛼, 𝑡) ∈ 𝐺 × 𝝁𝑠 × 𝝁𝑟 . We will use the notation 𝐼 (𝑔,𝛼,𝑡)P𝑌𝑟 ,𝑠 to mean the rigidified inertia
stack component of 𝐼𝜇P𝑌𝑟 ,𝑠 which has automorphism (𝑔, 𝛼, 𝑡). Note that if 𝛼 and t are not equal to 1
simultaneously, then the corresponding rigidified inertia stack component is empty.

Let K0,𝑚 (P𝑌𝑟 ,𝑠 , (𝑑, 𝛿
𝑟 )) be the moduli stack of m-pointed twisted stable maps to P𝑌𝑟 ,𝑠 of degree

(𝑑, 𝛿
𝑟 ). More concretely,

K0,𝑚 (P𝑌𝑟 ,𝑠 , (𝑑,
𝛿

𝑟
)) = {(𝐶; 𝑞1, . . . , 𝑞𝑚; 𝐿1, · · · , 𝐿𝑘 , 𝑁1, 𝑁2; 𝑢, �𝑥 := (𝑥1, . . . , 𝑥𝑛), 𝑧1, 𝑧2)},

where (𝐶; 𝑞1, . . . , 𝑞𝑚) is a m-pointed prestable balanced twisted curve of genus 0 with nontrivial
isotropy only at special points, (𝐿 𝑗 : 1 ≤ 𝑗 ≤ 𝑘) and 𝑁1, 𝑁2 are orbifold line bundles on C with

𝑑𝑒𝑔([�𝑥]) = 𝑑 ∈ 𝐻𝑜𝑚(𝑃𝑖𝑐(𝔜),Q), deg(𝑁2) =
𝛿

𝑟
,

and

(𝑢, (�𝑥, �𝑧)) := (𝑢, 𝑥1, . . . , 𝑥𝑛, 𝑧1, 𝑧2) ∈ Γ

((
(𝑁∨

1 )
⊗𝑠⊗𝐿−𝜃 ⊗𝑁 ⊗𝑟

2
)
⊕

𝑛⊕
𝑖=1

𝐿𝜌𝑖 ⊕ 𝑁1 ⊕ 𝑁2

)
.

Here, for 1 ≤ 𝑖 ≤ 𝑛, the line bundle 𝐿𝜌𝑖 is equal to

⊗𝑘
𝑗=1𝐿

𝑚𝑖 𝑗
𝑗 ,

where (𝑚𝑖 𝑗 )1≤𝑖≤𝑛, 1≤ 𝑗≤𝑘 is given by the relation 𝜌𝑖 =
∑𝑘

𝑗=1 𝑚𝑖 𝑗𝜋 𝑗 . The same construction applies to the
line bundle 𝐿−𝜃 on C. Note that here, 𝛿 is an integer when K0,𝑚 (P𝑌𝑟 ,𝑠 , (𝑑, 𝛿

𝑟 )) is nonempty as 𝑁 ⊗𝑟
2 is

the pullback of some line bundle on the coarse moduli curve 𝐶.
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We require this data to satisfy the following conditions:

◦ Representability: For every 𝑞 ∈ 𝐶 with isotropy group𝐺𝑞 , the homomorphismB𝐺𝑞 → B(𝐺×C∗𝛼×C∗𝑡 )
given by the restriction of line bundles (𝐿 𝑗 : 1 ≤ 𝑗 ≤ 𝑘) and 𝑁1, 𝑁2 on q is representable.

◦ Nondegeneracy: The sections 𝑧1 and 𝑧2 never simultaneously vanish, and we have

ord𝑞 (�𝑥) = 0 (5.1)

for all 𝑞 ∈ 𝐶. Furthermore, the section u never vanishes, so we have (𝑁∨
1 )

⊗𝑠⊗𝐿−𝜃 ⊗𝑁 ⊗𝑟
2 � O𝐶 .

◦ Stability: the map [𝑢, �𝑥, �𝑧] : (𝐶, 𝑞1, · · · , 𝑞𝑚) → P𝑌𝑟 ,𝑠 satisfies the usual stability condition defined
by a twisted stable map;

◦ Vanishing: The image of [�𝑥] : 𝐶 → 𝔛 lies in 𝔜.

Let �𝑚 = (𝑣1, · · · , 𝑣𝑚) ∈ (𝐺×𝝁𝑠×𝝁𝑟 )𝑚. We will denote K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝑑, 𝛿
𝑟 )) to be

K0,𝑚 (P𝑌𝑟 ,𝑠 , (𝑑,
𝛿

𝑟
)) ∩ 𝑒𝑣−1

1 (𝐼𝑣1P𝑌𝑟 ,𝑠) ∩ · · · ∩ 𝑒𝑣−1
𝑚 (𝐼𝑣𝑚P𝑌𝑟 ,𝑠),

where

𝑒𝑣𝑖 : K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝑑,
𝛿

𝑟
)) → 𝐼𝜇P𝑌𝑟 ,𝑠

are natural evaluation maps as before, by evaluating the sections (𝑢, �𝑥, �𝑧) at 𝑞𝑖 .

5.2. C∗-action and fixed loci

Define a (left) C∗-action on C∗×𝐴𝑌 𝑠𝑠 (𝜃)×𝑈 given by

𝑡 · (𝑢, �𝑥, (𝑧1, 𝑧2)) = (𝑡𝑢, �𝑥, (𝑧1, 𝑧2)).

This action descends to be a (left)C∗-action on P𝑌𝑟 ,𝑠 , which induces aC∗-action on K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝑑, 𝛿
𝑟 )).

The reason why we define this action is that this definition lifts the C∗-action on P𝑌 defined in §4.1
along the canonical de-root map 𝜋𝑟 ,𝑠 : P𝑌𝑟 ,𝑠 → P𝑌 . We will denote 𝜆 to be the equivariant parameter
corresponding to theC∗−action of weight 1. In what follows, 𝑟, 𝑠will always be assumed to be sufficiently
large primes.

We will describe the virtual localization for K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽, 𝛿
𝑟 )) similar to𝑄 𝜃

0, �𝑚 (P𝔜
1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )),
but the edge contribution is easier to analyze, as there is no basepoint occurring for twisted stable maps.

We index the components of C∗−fixed loci of K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽, 𝛿
𝑟 )) by decorated graphs. A decorated

graph Γ consists of vertices, edges and m legs with the following decorations on it:

◦ Each vertex v is associated with an index 𝑗 (𝑣) ∈ {0,∞} and a degree 𝛽(𝑣) ∈ Eff(𝑊,𝐺, 𝜃).
◦ Each edge 𝑒 = {ℎ, ℎ′} is equipped with a degree 𝛿(𝑒) ∈ N. Here, we call h and ℎ′ half edges, and

each half-edge is incident to a unique vertex.
◦ Each half-edge h and each leg l has an element 𝑚(ℎ) or 𝑚(𝑙) in 𝐺×𝝁𝑠 × 𝝁𝑟 .
◦ The legs are labeled with the numbers {1, . . . , 𝑚}, and each leg is incident to a unique vertex.

By the ‘valence’ of a vertex v, denoted val(𝑣), we mean the total number of incident half-edges and legs.
For each C∗−fixed stable map 𝑓 : (𝐶, 𝑞1, · · · , 𝑞𝑚) → P𝑌𝑟 ,𝑠 in K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽, 𝛿

𝑟 )), we can associate
a decorated graph Γ where a vertex is either stable or unstable in the following way.

◦ Each edge e corresponds to a genus-zero irreducible component 𝐶𝑒 which maps onto a fiber of P𝑌𝑟 ,𝑠
over Y. Then we have 𝑑𝑒𝑔(𝐿 𝑗 |𝐶𝑒 ) = 0 for all 1 ≤ 𝑗 ≤ 𝑘 . Then the decorated degree 𝛿(𝑒) is given
by the condition deg(𝑁2) = 𝛿 (𝑒)

𝑟 for some integer 𝛿(𝑒) ∈ Z>0. There are two distinguished points
𝑞0 and 𝑞∞ on 𝐶𝑒 satisfying that 𝑧2 |𝑞∞ = 0 and 𝑧1 |𝑞0 = 0, respectively. We also call 𝑞0 and 𝑞∞ the
‘ramification points’.
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◦ Each vertex v for which 𝑗 (𝑣) = 0 (with unstable exceptional cases noted below) corresponds to a
maximal sub-curve𝐶𝑣 of C over which 𝑧1 ≡ 0. Then the restriction of (𝐶; 𝑞1, . . . , 𝑞𝑚; 𝐿1, · · · , 𝐿𝑘 ; �𝑥)
to 𝐶𝑣 defines a twisted stable map in

K0,𝑣𝑎𝑙 (𝑣) ( 𝑠
√
𝐿−𝜃/𝑌, 𝛽(𝑣)) :=

⊔
𝑑∈Eff(𝐴𝑌 ,𝐺,𝜃) (𝑖𝔜)∗ (𝑑)=𝛽 (𝑣)

K0,𝑣𝑎𝑙 (𝑣) ( 𝑠
√
𝐿−𝜃/𝑌, 𝑑).

Each vertex v for which 𝑗 (𝑣) = ∞ (again with unstable exceptions) corresponds to a maximal sub-
curve for which 𝑧2 ≡ 0. Then the restriction of (𝐶; 𝑞1, . . . , 𝑞𝑚; 𝐿1, · · · , 𝐿𝑘 ; �𝑥) to 𝐶𝑣 defines a twisted
stable map in

K0,𝑣𝑎𝑙 (𝑣) ( 𝑟
√
𝐿 𝜃/𝑌, 𝛽(𝑣)) :=

⊔
𝑑∈Eff(𝐴𝑌 ,𝐺,𝜃)
(𝑖𝔜)∗ (𝑑)=𝛽 (𝑣)

K0,𝑣𝑎𝑙 (𝑣) ( 𝑟
√
𝐿 𝜃/𝑌, 𝑑).

The label 𝛽(𝑣) denotes the degree coming from the restriction [𝑥] |𝐶𝑣 : 𝐶𝑣 → 𝔛. Note that here, we
count the degree 𝛽(𝑣) in Eff(𝑊,𝐺, 𝜃), but not in Eff(𝐴𝑌, 𝐺, 𝜃).

◦ Each unstable vertex corresponds to a point on 𝐶\(∪𝑣 stable𝐶𝑣 ) which appears as a ramification point
on some edge curve 𝐶𝑒. In this case, the corresponding point q may be a node at which 𝐶𝑒 meets
another edge curve 𝐶𝑒′ , a marked point of 𝐶𝑒, or an unmarked point. We always set 𝛽(𝑣) = 0 for
unstable vertex.

◦ The index𝑚(𝑙) on a leg l indicates the rigidified inertia stack component 𝐼𝑚(𝑙)P𝑌𝑟 ,𝑠 of P𝑌𝑟 ,𝑠 on which
the marked point corresponding to the leg l is evaluated. This is determined by the multiplicity of
𝐿1, · · · , 𝐿𝑘 , 𝑁1, 𝑁2 at the corresponding marked points.

◦ Let h be a half-edge of an edge e with 𝑞 ∈ 𝐶𝑒 the corresponding ramification point. Then 𝑚(ℎ)
indicates the rigidified inertia component 𝐼𝑚(ℎ)P𝑌𝑟 ,𝑠 of P𝑌𝑟 ,𝑠 on which the ramification point q
associated with h is evaluated.

In particular, we note that the decorations at each stable vertex v yield a vector

�𝑚(𝑣) ∈ (𝐺 × 𝝁𝑠 × 𝝁𝑟 )val(𝑣)

recording the multiplicities of 𝐿1, · · · , 𝐿𝑘 , 𝑁1, 𝑁2 at every special point of 𝐶𝑣 .

Remark 5.1. For each edge e, the restriction of �𝑥 to 𝐶𝑒 defines a constant map to Y. So the restriction
of (𝑢, �𝑥, �𝑧) to 𝐶𝑒 defines a representable map

𝑓 : 𝐶𝑒 → B𝐺𝑦 × P1
𝑟 ,𝑠 ,

where 𝑦 ∈ 𝑌 comes from �𝑥 and𝐺𝑦 is the isotropy group of 𝑦 ∈ 𝑌 . Then we have𝑚(𝑞0) = (𝑔−1, 𝜇𝛿 (𝑒)
𝑠 , 1)

and 𝑚(𝑞∞) = (𝑔, 1, 𝜇𝛿 (𝑒)
𝑟 ) for some 𝑔 ∈ 𝐺𝑦 . Denote a to be the order of element 𝑔 ∈ 𝐺. Note that

when r and s are sufficiently large primes comparing to 𝛿(𝑒), we must have 𝐶𝑒 � P1
𝑎𝑟 ,𝑎𝑠 , and 𝑞0 and

𝑞∞ are special points, as they are nontrivial stacky points. Here, P1
𝑎𝑟 ,𝑎𝑠 is the unique Deligne-Mumford

stack with coarse moduli P1, isotropy group 𝝁𝑎𝑠 at 0 ∈ P1, isotropy group 𝝁𝑎𝑟 at ∞ ∈ P1, and generic
trivial stabilizer. We can write down the morphism f more precisely. First, 𝐶𝑒 can be represented as the
quotient stack:

[𝑈/𝑇𝑎𝑟 ,𝑎𝑠],

where 𝑈 = C2\{0}, 𝑇𝑎𝑟 ,𝑎𝑠 is a subtorus of (C∗)2 defined by the equation 𝑡𝑎𝑠1 = 𝑡𝑎𝑟2 , and 𝑇𝑎𝑟 ,𝑎𝑠 acts on
U in the standard way as (C∗)2 does. Then f can be constructed explicitly from descent data ( 𝑓̃ , 𝛽): Let
𝑓̃ be the morphism
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𝑓̃ : 𝑈 → C∗ ×𝑈 (𝑥, 𝑦) → (1, 𝑥 𝛿 (𝑒) , 𝑦 𝛿 (𝑒) ),

which is equivariant with respect to the group homomorphism

𝛽 : 𝑇𝑎𝑟 ,𝑎𝑠 → 𝐺𝑦 × 𝑇𝑟 ,𝑠; (𝑡1, 𝑡2) → (𝜏(𝑡−𝑠1 𝑡𝑟2 ), 𝑡
𝑎𝛿 (𝑒)
1 , 𝑡𝑎𝛿 (𝑒)2 ),

where 𝜏 is the morphism from the cyclic group 𝝁𝑎 to 𝐺𝑦 which sends the generator 𝜇𝑎 to g.

5.3. Localization analysis

Fix 𝛽 ∈ Eff(W,G, 𝜃), 𝛿 ∈ Z≥0 and �𝑚 = (𝑣1, · · · , 𝑣𝑚) ∈ (𝐺×𝝁𝑠×𝝁𝑟 )𝑚. We will consider the space
K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽, 𝛿

𝑟 )). The reason why we assume that the second degree is 𝛿
𝑟 is that K0,𝑚 (P𝑌𝑟 ,𝑠 , (𝛽, 𝛿

𝑟 ))
admits a natural morphism to K0,𝑚 (P𝑌, (𝛽, 𝛿))(cf.[2, 38]). Here, P𝑌 is equal to P𝑌𝑟 ,𝑠 for 𝑟 = 𝑠 = 1. In
this section, we will always assume that r and s are sufficiently large primes.

Parallel to the discussion in §4.3, now we can do the C∗−localization computation for
K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽, 𝛿

𝑟 )) as follows. For each decorated graph Γ, we will associate each stable vertex v
(resp. edge e) a moduli space M𝑣 (resp. M𝑒) over which there is a family C∗−fixed stable map to P𝑌𝑟 ,𝑠
with the decorated degree. Denote by 𝐹Γ the fiber product∏

𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=0

M𝑣 ×𝐼𝜇D0

∏
𝑒∈𝐸

M𝑒 ×𝐼𝜇D∞

∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=∞

M𝑣 , (5.2)

where the fiber product is taken by gluing the two branches at each nodes. We can associate a virtual
cycle [M𝑣 ]vir (resp. [M𝑒]vir) to each stable vertex moduli M𝑣 (resp. M𝑒). Then [𝐹Γ]vir is the fiber
product: ∏

𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=0

[M𝑣 ]vir ×𝐼𝜇𝑌

∏
𝑒∈𝐸

[M𝑒]vir ×
𝐼𝜇
𝑟
√
𝐿𝜃/𝑌

∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=∞

[M𝑣 ]vir,

and we can write the 𝑒C∗ (𝑁vir
Γ ) as the product

𝑒C
∗ (𝑁vir

Γ ) :=
∏

stable vertics
𝑒C

∗ (𝑁vir
𝑣 ) ·

( ∏
𝑒𝑑𝑔𝑒𝑠

𝑒C
∗ (𝑁vir

𝑒 )
)
·

∏
𝑛𝑜𝑑𝑒𝑠

𝑒C
∗ (𝑁vir

𝑛𝑜𝑑𝑒),

where we describe 𝑒C
∗ (𝑁vir

𝑣 ), 𝑒C∗ (𝑁vir
𝑒 ) and 𝑒C

∗ (𝑁vir
𝑛𝑜𝑑𝑒) in subsections §5.3.1, §5.3.2 and §5.3.3,

respectively. Finally, the virtual localization formula of Graber–Pandharipande [27] expresses

[K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽,
𝛿

𝑟
))]vir

in terms of contributions from each fixed-loci graph Γ:

[K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽,
𝛿

𝑟
))]vir =

∑
Γ

1
AΓ

𝜄Γ∗

(
[𝐹Γ]vir

𝑒C∗ (𝑁vir
Γ )

)
. (5.3)

For each graph Γ, [𝐹Γ]vir is obtained from the C∗-fixed part of the restriction to the fixed loci of the
obstruction theory on K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽, 𝛿

𝑟 )), and 𝑁vir
Γ as the equivariant Euler class of the C∗-moving part

of this restriction. Besides, AΓ is the automorphism factor for the graph Γ, which represents the degree
of 𝐹Γ into the corresponding open and closed C∗-fixed substack in K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽, 𝛿

𝑟 )).
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5.3.1. Vertex contributions
The analysis of localization contribution for the stable vertex v is similar to the analysis in §4.3.1.

For each stable vertex v over ∞, the vertex moduli M𝑣 corresponds to the moduli stack
K0, �𝑚(𝑣) ( 𝑟

√
𝐿 𝜃/𝑌, 𝛽(𝑣)), which parameterizes twisted stable maps to the root gerbe 𝑟

√
𝐿 𝜃/𝑌 over Y.

Let

𝜋 : C∞ → K0, �𝑚(𝑣) ( 𝑟
√
𝐿 𝜃/𝑌, 𝛽(𝑣))

be the universal curve over K0, �𝑚(𝑣) ( 𝑟
√
𝐿 𝜃/𝑌, 𝛽(𝑣)). Follow the same discussion in §4.3.1. The inverse

of the Euler class of the virtual normal bundle for the vertex moduli M𝑣 over ∞ is equal to

𝑒C
∗ ((−𝑅•𝜋∗L

1
𝑟

𝜃 ) ⊗ C− 𝜆𝑟 ).

When r is a sufficiently large prime and the multiplicity 𝑚(𝑙) corresponding to each leg l incident to v
is equal to (𝑔𝑙 , 1, 𝜇 𝑓𝑙

𝑟 ) for some prefixed 𝑓𝑙 ∈ Z≥0 (note this implies 𝑓𝑙 � 𝑟) and 𝑔𝑙 ∈ 𝐺, following a
generalization of [31] to the orbifold case. The above Euler class has a representation∑

𝑑≥0
𝑐𝑑 (−𝑅•𝜋∗L

1
𝑟

𝜃 ) (
−𝜆
𝑟
) |𝐸 (𝑣) |−1−𝑑 . (5.4)

Here, the virtual bundle −𝑅•𝜋∗L
1
𝑟

𝜃 has virtual rank |𝐸 (𝑣) | − 1, where |𝐸 (𝑣) | is the number of edges
incident to the vertex v. The fixed part of the obstruction theory contributes to the virtual cycle

[K0, �𝑚(𝑣) ( 𝑟
√
𝐿 𝜃/𝑌, 𝛽(𝑣))]vir.

For the stable vertex v over 0, the vertex moduli M𝑣 corresponds to the moduli space
K0, �𝑚(𝑣) ( 𝑠

√
𝐿−𝜃/𝑌, 𝛽(𝑣)).

Let

𝜋 : C0 → K0, �𝑚(𝑣) ( 𝑠
√
𝐿−𝜃/𝑌, 𝛽(𝑣))

be the universal curve over K0, �𝑚(𝑣) ( 𝑠
√
𝐿−𝜃/𝑌, 𝛽(𝑣)), and 𝑓 : C0 → 𝑠

√
𝐿−𝜃/𝑌 be the universal map. In

this case, the fixed part of the perfect obstruction theory for the vertex moduli over 0 yields the virtual
cycle

[K0, �𝑚(𝑣) ( 𝑠
√
𝐿−𝜃/𝑌, 𝛽(𝑣))]vir.

Note that N2 |C0 � OC0 as 𝑧2 |C0 ≡ 1; the virtual normal bundle comes from the movable part of the
infinitesimal deformations of 𝑧1, which is a section of the line bundle L

1
𝑠

−𝜃 over C0, which is the pullback
of the universal 𝑠−th root line bundle on 𝑠

√
𝐿−𝜃/𝑌 via the universal map f. Then the inverse of the Euler

class of the virtual normal bundle is equal to

𝑒C
∗ ((−𝑅•𝜋∗L

1
𝑠

−𝜃 ) ⊗ C 𝜆𝑠 ). (5.5)

We will simplify the above presentation when 𝛽(𝑣) ≠ 0. First, we will state a simple vanishing lemma
regarding a line bundle of negative degree on a genus zero twisted curve, of which the proof is proceeded
by induction on the number of irreducible components.

Lemma 5.2. Let L be a line bundle of negative degree on a genus zero twisted curve C. Assume that the
degree of the restriction of the line bundle 𝐿 |𝐶𝑖 to every irreducible component 𝐶𝑖 is non-positive. Then
we have 𝐻0 (𝐶, 𝐿) = 0.
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Remark 5.3. For every fiber curve 𝐶0 of the universal curve C0 over M𝑣 , the degree of the restricted
line bundle L

1
𝑠

−𝜃 |𝐶0 to 𝐶0 is non-positive. Indeed, L
1
𝑠

−𝜃 is the pullback of the s-th root of the line bundle
𝐿−𝜃 on 𝑠

√
𝐿−𝜃/𝑌 , where 𝐿−𝜃 is the pullback of an anti-ample line bundle from the coarse moduli of

𝑠
√
𝐿−𝜃/𝑌 . Now assuming 𝛽(𝑣) ≠ 0, we have the degree of the restricted line bundle L

1
𝑠

−𝜃 |𝐶0 is negative
by Lemma 2.5. By the above lemma, one has

𝑅0𝜋∗L
1
𝑠

−𝜃 = 0.

Then we have

−𝑅•𝜋∗L
1
𝑠

−𝜃 = 𝑅1𝜋∗L
1
𝑠

−𝜃 ,

which implies that 𝑅1𝜋∗L
1
𝑠

−𝜃 is a vector bundle. When s is sufficiently large, and the multiplicity 𝑚(𝑙)
corresponding to each leg l incident to v is equal to (𝑔𝑙 , 𝜇 𝑓𝑙

𝑠 , 1) for some prefixed number 𝑓𝑙 ∈ Z≥0 (note
this implies 𝑓𝑙 � 𝑠) and 𝑔𝑙 ∈ 𝐺, it has rank |𝐸 (𝑣) | − 1 where |𝐸 (𝑣) | is the number of edges incident to
the vertex v. Especially when |𝐸 (𝑣) | = 1, it has rank 0; thus, the Euler class becomes 1. This case will
be important in the later simplification of the localization contribution in §6.2.

5.3.2. Edge contributions
Assume that the multiplicity at 𝑞∞ ∈ 𝐶𝑒 is equal to (𝑔, 1, 𝜇𝛿 (𝑒)

𝑟 ), and a (or 𝑎𝑒) is the order of 𝑔 ∈ 𝐺.
When 𝑟, 𝑠 are sufficiently large primes, due to the Remark 5.1, 𝐶𝑒 must be isomorphic to P1

𝑎𝑟 ,𝑎𝑠 , where
the ramification point 𝑞0 for which 𝑧1 = 0 is isomorphic to B𝜇𝑎𝑠 , and the ramification point 𝑞∞ for
which 𝑧2 = 0 is isomorphic to B𝜇𝑎𝑟 . The restriction of the degree (𝛽, 𝛿

𝑟 ) from C to 𝐶𝑒 is equal to
(0, 𝛿 (𝑒)

𝑟 ), which is equivalent to

𝑑𝑒𝑔(𝐿 𝑗 |𝐶𝑒 ) = 0, for 1 ≤ 𝑗 ≤ 𝑘, 𝑑𝑒𝑔(𝑁2 |𝐶𝑒 ) =
𝛿(𝑒)
𝑟

.

When we fix the multiplicity (𝑔, 1, 𝜇𝛿 (𝑒)
𝑟 ) at 𝑞∞, due to the Remark 5.1,17 the evaluation map

𝑒𝑣𝑞∞ : K𝑞0�𝑞∞ (P𝑌𝑟 ,𝑠 , (0,
𝛿(𝑒)
𝑟

))C∗ → 𝐼 (𝑔,1,𝜇𝛿 (𝑒)𝑟 )P𝑌𝑟 ,𝑠 � 𝐼𝑔𝑌

coming from the moduli KC∗ := K0,𝑞0�𝑞∞ (P𝑌𝑟 ,𝑠 , (0,
𝛿 (𝑒)
𝑟 ))C∗ of C∗−fixed maps of degree (0, 𝛿 (𝑒)

𝑟 ) with
the decorations at two markings as above induces the identity on the their coarse moduli. Moreover, it is
finite étale of degree 1

𝑎𝛿 (𝑒) . To compute the edge contribution, which is topological in nature, it suffices
to do a localization analysis over a finite étale cover of KC∗ . In general, KC∗ is hard to describe explicitly.
In the following, we will construct a explicit space called M𝑒 which is finite étale over KC∗ of degree
1
𝑎𝑠 and carries a family of C∗−fixed stable maps. This will help us calculate the edge contribution.

Recall that the inertia stack component 𝐼𝑔𝑌 of 𝐼𝜇𝑌 is isomorphic to

[𝐴𝑌 𝑠𝑠 (𝜃)𝑔/𝐺] .

We define the edge moduli M𝑒 to be

𝑎𝑠𝛿 (𝑒)
√
𝐿−𝜃/𝐼𝑔𝑌 = 𝑎𝑠𝛿 (𝑒)

√
𝐿−𝜃/[𝐴𝑌 𝑠𝑠 (𝜃)𝑔/𝐺],

which is the 𝑎𝑠𝛿(𝑒)th root gerbe over the inertia stack component 𝐼𝑔𝑌 of 𝐼𝜇𝑌 by taking the 𝑎𝑠𝛿(𝑒)th
root of the line bundle 𝐿−𝜃 .

17This will imply the multiplicity at 𝑞0 is (𝑔−1 , 𝜇𝛿 (𝑒)𝑠 , 1)
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The root gerbe 𝑎𝑠𝛿 (𝑒)
√
𝐿−𝜃/𝐼𝑔𝑌 admits a representation as a quotient stack:

[𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗/(𝐺×C∗𝑤 )],

where the (right) action is defined by

(�𝑥, 𝑣) · (𝑔, 𝑤) = (�𝑥𝑔, 𝜃 (𝑔)−1𝑣𝑤−𝑎𝑠𝛿 (𝑒) ),

for all (𝑔, 𝑤) ∈ 𝐺 ×C∗𝑤 and (�𝑥, 𝑣) ∈ 𝐴𝑌 𝑠𝑠 (𝜃)𝑔 ×C∗. For every character 𝜌 of G, we can define a
new character of 𝐺×C∗𝑤 by composing the projection map pr𝐺 : 𝐺×C∗𝑤 → 𝐺. We will still use 𝜌
to name the new character of 𝐺×C∗𝑤 by an abuse of notation. Then 𝜌 will determines a line bundle
𝐿𝜌 := [(𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×C𝜌)/(𝐺×C∗𝑤 )] on 𝑎𝑠𝛿 (𝑒)

√
𝐿−𝜃/𝐼𝑔𝑌 by the Borel construction.

By virtue of the universal property of root gerbe, on M𝑒 = 𝑎𝑠𝛿 (𝑒)
√
𝐿−𝜃/𝐼𝑔𝑌 , there is a universal line

bundle R that is the 𝑎𝑠𝛿(𝑒)th root of the line bundle 𝐿−𝜃 . The root bundle R is determined by the
character prC∗ :

prC∗ : 𝐺×C∗𝑤 → C∗𝑤 (𝑔, 𝑤) ∈ 𝐺×C∗𝑤 ↦→ 𝑤 ∈ C∗𝑤 .

We have the relation

𝐿−𝜃 = R𝑎𝑠𝛿 (𝑒) .

The coordinate functions �𝑥 and v of 𝐴𝑌 𝑠𝑠 (𝜃)𝑔 × C∗ descent to be universal sections of line bundles
⊕𝜌∈[𝑛]𝐿𝜌 and 𝐿−𝜃 ⊗ R−⊗𝑎𝑠𝛿 (𝑒) over M𝑒, respectively.

We will construct a universal family of C∗−fixed twisted stable maps to P𝑌𝑟 ,𝑠 of degree (0, 𝛿 (𝑒)
𝑟 )

over M𝑒:

C𝑒 := P𝑎𝑟 ,𝑎𝑠 (R ⊕ OM𝑒 )
𝑓 ��

𝜋

��

P𝑌𝑟 ,𝑠

M𝑒 := 𝑎𝑠𝛿 (𝑒)
√
𝐿−𝜃/𝐼𝑔𝑌 .

Then the universal curve C𝑒 over 𝑎𝑠𝛿 (𝑒)
√
𝐿−𝜃/𝐼𝑔𝑌 can be represented as a quotient stack:

C𝑒 = [(𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈)/(𝐺×C∗𝑤×𝑇)],

where 𝑇 = {(𝑡1, 𝑡2) ∈ (C∗)2 | 𝑡𝑎𝑠1 = 𝑡𝑎𝑟2 }. The right action is defined by

(�𝑥, 𝑣, 𝑥, 𝑦) · (𝑔, 𝑤, (𝑡1, 𝑡2)) = (�𝑥𝑔, 𝜃 (𝑔)−1𝑣𝑤−𝑎𝑠𝛿 (𝑒) , 𝑤𝑡1𝑥, 𝑡2𝑦),

for all (𝑔, 𝑤, (𝑡1, 𝑡2)) ∈ 𝐺×C∗𝑤×𝑇 and (�𝑥, 𝑣, (𝑥, 𝑦)) ∈ 𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈. Then C𝑒 is a family of orbifold
curves parameterized by M𝑒 with all fibers isomorphic to P𝑎𝑟 ,𝑎𝑠 .

There are two standard characters of T

𝜒1 : (𝑡1, 𝑡2) ∈ 𝑇 ↦→ 𝑡1 ∈ C∗ 𝜒2 : (𝑡1, 𝑡2) ∈ 𝑇 ↦→ 𝑡2 ∈ C∗,

and we can lift them to be characters of𝐺×C∗𝑤×𝑇 by composing the projection map pr𝑇 : 𝐺×C∗𝑤×𝑇 → 𝑇 .
By an abuse of notation, we continue to use 𝜒1, 𝜒2 to denote the new characters. These two new characters
define two line bundles

𝑀1 := (𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈) ×𝐺×C∗𝑤×𝑇 C𝜒1

https://doi.org/10.1017/fms.2025.34 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2025.34


48 J. Wang

and

𝑀2 := (𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈) ×𝐺×C∗𝑤×𝑇 C𝜒2

on C𝑒 by the Borel construction, respectively. We have the relation 𝑀 ⊗𝑎𝑠
1 = 𝑀 ⊗𝑎𝑟

2 over C𝑒. The universal
map f from C𝑒 to P𝑌𝑟 ,𝑠 can be described as follows: Let

𝑓 : 𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈 → C∗×𝐴𝑌 𝑠𝑠 (𝜃)×𝑈

be the morphism defined by

(�𝑥, 𝑣, 𝑥, 𝑦) ∈ 𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈 ↦→
(𝑣, (𝑥1, · · · , 𝑥𝑛), 𝑥𝑎𝛿 (𝑒) , 𝑦𝑎𝛿 (𝑒) ) ∈ C∗×𝐴𝑌 𝑠𝑠 (𝜃)×𝑈.

(5.6)

Then 𝑓 is equivariant with respect to the group homomorphism from𝐺×C∗𝑤×𝑇 to𝐺×C∗𝛼×C∗𝑡 defined by

(𝑔, 𝑤, (𝑡1, 𝑡2)) ∈ 𝐺×C∗𝑤×𝑇 ↦→(
𝑔 ·

(
(𝑡−𝑠1 𝑡𝑟2 )

𝑝1 , · · · , (𝑡−𝑠1 𝑡𝑟2 )
𝑝𝑘

)
, (𝑤𝑡1)𝑎𝛿 (𝑒) , 𝑡𝑎𝛿 (𝑒)2

)
∈ 𝐺×C∗𝛼×C∗𝑡 ,

(5.7)

where the tuple (𝑝1, · · · , 𝑝𝑘 ) ∈ N𝑘 satisfies that 𝑔 = (𝜇𝑝1
𝑎 , · · · , 𝜇𝑝𝑘

𝑎 ) ∈ 𝐺. Note that 𝑓 is well defined,
for 𝜒−𝑠1 𝜒𝑟2 is a torsion character of T of order a. The above construction gives the universal morphism f
from C𝑒 to P𝑌𝑟 ,𝑠 by descent.

We will define a (quasi left)C∗−action on C𝑒 such that the map f constructed above isC∗−equivariant.
Define a C∗-action on C𝑒 induced by the C∗−action on 𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈:

𝑚 : C∗ × 𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈 → 𝐴𝑌 𝑠𝑠 (𝜃)𝑔×C∗×𝑈,

𝑡 · (�𝑥, 𝑣, (𝑥, 𝑦)) = (�𝑥, 𝑣, (𝑥, 𝑡
−1

𝑎𝑟 𝛿 (𝑒) 𝑦)).

Note that the morphism 𝜋 is also C∗-equivariant, where M𝑒 is equipped with trivial C∗-action. By the
universal property of the projectivized bundle C𝑒 over M𝑒, one has a tautological section

(𝑥, 𝑦) ∈ 𝐻0 ((𝑀1 ⊗ 𝜋∗R) ⊕ (𝑀2 ⊗ C −𝜆
𝑎𝑟 𝛿 (𝑒)

)
)
, (5.8)

which is also a C∗−invariant section.
Now we can check that f is a C∗−equivariant morphism from C𝑒 to P𝑌𝑟 ,𝑠 with respect to the

C∗−actions for C𝑒 and P𝑌𝑟 ,𝑠 . Similar to 4.2, f is equivalent to the following data:

1. 𝑘 + 2 C∗-equivariant line bundles on C𝑒:

L 𝑗 := 𝜋∗𝐿 𝜋 𝑗 ⊗ (𝑀−⊗𝑠
1 ⊗ 𝑀 ⊗𝑟

2 ) 𝑝 𝑗 , 1 ≤ 𝑗 ≤ 𝑘

and

N1 := (𝑀1 ⊗ 𝜋∗R)⊗𝑎𝛿 (𝑒) N2 := 𝑀𝑎𝛿 (𝑒)
2 ⊗ C −𝜆

𝑟
.

Where 𝐿 𝜋 𝑗 are the standard C∗-equivariant line bundles on M𝑒 by the Borel construction, 𝑀1, 𝑀2
are the standard C∗-equivariant line bundles on 𝐶𝑒 by the Borel construction.
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2. a universal section

(𝑢, �𝑥, (𝜁1, 𝜁2)) :=(𝑣, 𝑥1, · · · , 𝑥𝑛, (𝑥𝑎𝛿 (𝑒) , 𝑦𝑎𝛿 (𝑒) ))

∈ Γ
( (
(N ∨

1 )⊗𝑠 ⊗ L−𝜃 ⊗ N ⊗𝑟
2 ⊗ C𝜆

)
⊕

⊕
1≤𝑖≤𝑛

L𝜌𝑖 ⊕ N1 ⊕ N2
)C∗

. (5.9)

Here, one only needs to check 𝑣 ∈ Γ((N ∨
1 )⊗𝑠 ⊗ L−𝜃 ⊗ N ⊗𝑟

2 ⊗ C𝜆), which is easy to be verified.

Now we compute the localization contribution from M𝑒. Based on the perfect obstruction theory for
stable maps in K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽, 𝛿

𝑟 )), the restriction of the perfect obstruction theory to M𝑒 decomposes
into three parts: (1) the deformation theory of source curve C𝑒; (2) the deformation theory of the lines
bundles (L𝑖)1≤ 𝑗≤𝑘 and N ; (3) the deformation theory for the section

(𝑢, �𝑥, (𝜁1, 𝜁2)) ∈ Γ
( (
N −⊗𝑠

1 ⊗ L−𝜃 ⊗ N ⊗𝑟
2 ⊗ C𝜆

)
⊕

⊕
1≤𝑖≤𝑛

L𝜌𝑖 ⊕ N1 ⊕ N2
)
.

The C∗−fixed part of three parts above will contribute to the virtual cycle of M𝑒. We will show that
[M𝑒]vir = [M𝑒]. The virtual normal bundle comes from the C∗−moving part of the above three parts.

First, every fiber curve𝐶𝑒 in C𝑒 over a geometrical point inM𝑒 is isomorphic to P𝑎𝑟 ,𝑎𝑠 , which is ratio-
nal. There are no infinitesimal deformations/obstructions for𝐶𝑒, line bundles 𝐿 𝑗 := L 𝑗 |𝐶𝑒 , 𝑁1 := N1 |𝐶𝑒
and 𝑁2 := N2 |𝐶𝑒 . Hence, their contribution to the perfect obstruction theory comes from infinitesimal
automorphisms. The infinitesimal automorphisms of 𝐶𝑒 come from the space of vector fields on 𝐶𝑒 that
vanish on special points. Thus, the C∗−fixed part of infinitesimal automorphisms of 𝐶𝑒 comes from the
1−dimensional subspace of vector fields on 𝐶𝑒 which vanish on the two ramification points. The mov-
able part of infinitesimial automorphisms of 𝐶𝑒 is nonzero only if one of ramification points on 𝐶𝑒 is
not a special point. By Remark 5.1, the ramifications on 𝐶𝑒 are both nontrivial stacky points when r and
s are sufficiently large; hence, they must be special points. So there is no movable part for infinitesimal
automorphisms of 𝐶𝑒.

Now let’s turn to the localizations from sections. First, the infinitesimal deformations of sections
(𝑢, �𝑥) are fixed, which, together with fixed part of infinitesimal automorphisms of 𝐶𝑒 and line bundles
𝐿 𝑗 , 𝑁1, 𝑁2, as well as fixed parts of infinitesimal deformations of sections (𝑧1, 𝑧2) := (𝜁1, 𝜁2) |𝐶𝑒 ,
contribute to the virtual cycle [M𝑒]vir, which is equal to the fundamental class of M𝑒. The localization
contribution from the infinitesimal deformations of sections (𝑧1, 𝑧2) to the virtual normal bundle is

(𝑅•𝜋∗(N1 ⊕ N2))mov.

We first come to the deformations of 𝑧2. We continue to use the tautological section (𝑥, 𝑦) as in
(5.8). For each fiber 𝐶𝑒, sections of 𝑁2 are spanned by monomials (𝑥𝑎𝑠𝑚𝑦𝑛) |𝐶𝑒 with 𝑎𝑟𝑚 + 𝑛 = 𝑎𝛿(𝑒)
and 𝑚, 𝑛 ∈ Z≥0. Note that 𝑥𝑎𝑠𝑚𝑦𝑛 may not be a global section of N2 but always a global section of
R⊗𝑎𝑠𝑚 ⊗N2 ⊗C 𝑚

𝛿 (𝑒) 𝜆
. Then 𝑅•𝜋∗N2 will decompose as a direct sum of line bundles. Each corresponds

to the monomial 𝑥𝑎𝑠𝑚𝑦𝑛, whose first chern class is

𝑐1 (R⊗−𝑎𝑠𝑚
⊗
C −𝑚
𝛿 (𝑒) 𝜆

) = 𝑚

𝛿(𝑒) (𝐷 𝜃 − 𝜆).

So the total contribution is equal to

� 𝛿 (𝑒)𝑟 �∏
𝑚=0

(
𝑚

𝛿(𝑒) (𝐷 𝜃 − 𝜆)
)
.

The factor for 𝑚 = 0 appearing in the above product is the C∗−fixed part of 𝑅•𝜋∗N2. It will contribute
to the virtual cycle of M𝑒. The rest contributes to the virtual normal bundle as
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� 𝛿 (𝑒)𝑟 �∏
𝑚=1

(
𝑚

𝛿(𝑒) (𝐷 𝜃 − 𝜆)
)
.

Note that when r is sufficiently large, the above product becomes 1.
For the deformations of 𝑧1, arguing in the same way as 𝑧2, the Euler class of 𝑅•𝜋∗N1 is equal to

� 𝛿 (𝑒)𝑠 �∏
𝑛=0

(
𝑛

𝛿(𝑒) (−𝐷 𝜃 + 𝜆)
)
.

The factor for 𝑛 = 0 appearing in the above product is the C∗−fixed part of 𝑅•𝜋∗N1. It will contribute
to the virtual cycle of M𝑒. The Euler class of virtual normal bundle of M𝑒 comes from the movable
part of deformations of section 𝑧1:

� 𝛿 (𝑒)𝑠 �∏
𝑛=1

(
𝑛

𝛿(𝑒) (−𝐷 𝜃 + 𝜆)
)
. (5.10)

Note that when s is sufficiently large, the above product becomes 1.
In summary, when 𝑟, 𝑠 are sufficiently large primes, we have [M𝑒]𝑣𝑖𝑟 = [M𝑒] and 𝑒C∗ (𝑁 𝑣𝑖𝑟 ) = 1.

5.3.3. Node contributions
The deformations in K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽, 𝛿

𝑟 )) smoothing a node contribute to the Euler class of the virtual
normal bundle as the first Chern class of the tensor product of the two cotangent line bundles at the
branches of the node. For nodes at which a component 𝐶𝑒 meets a component 𝐶𝑣 over the vertex 0, this
contribution is

𝜆 − 𝐷 𝜃

𝑎𝑠𝛿(𝑒) − 𝜓̄𝑣

𝑎𝑠
. (5.11)

For nodes at which a component 𝐶𝑒 meets a component 𝐶𝑣 at the vertex over ∞, this contribution is

−𝜆 + 𝐷 𝜃

𝑎𝑟𝛿(𝑒) − 𝜓̄𝑣

𝑎𝑟
. (5.12)

The type of node at which two edge components 𝐶𝑒 and 𝐶𝑒′ meet with a vertex v over 0 or ∞ will
not occur using a similar argument in [30, Lemma 6]. To simplify notation, we summarize the above
situations by writing the contribution in either case as

−𝜓 − 𝜓 ′,

where 𝜓 and 𝜓 ′ indicate the (equivariant) cotangent line classes at the two branches of the node.
As for the node contributions from the normalization exact sequence, each node q (specified by a

vertex v) contributes the Euler class of(
𝑅0𝜋∗N1 |𝑞

)mov ⊕
(
𝑅0𝜋∗N2 |𝑞

)mov (5.13)

to the virtual normal bundle. In the case where 𝑗 (𝑣) = 0, 𝑧2 |𝑞 ≡ 1 gives a trivialization of the fiber
N2 |𝑞 . Note that (N ∨

1 )⊗𝑠 ⊗ L−𝜃 ⊗ N ⊗𝑟
2 ⊗ C𝜆 � C. We have N2 |𝑞 � C and N1 |𝑞 � 𝐿

1
𝑠

−𝜃 ⊗ C 𝜆
𝑠
, and

this implies that (𝑅0𝜋∗N2 |𝑞)mov = 0 and 𝑅0𝜋∗N1 |𝑞 = 0. The later vanishes because of the nontrivial
stacky structure of the line bundle N1 at q when s is sufficiently large. Hence, there is no localization
contribution from the normalization at the node q over 0. Similarly, for each node q incident to a vertex
v with 𝑗 (𝑣) = ∞, there is no localization contribution from the normalization at the node over ∞.
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5.4. Total localization contributions

Recall that, for each decorated graph Γ, we denote 𝐹Γ to be the fiber product∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=0

M𝑣 ×𝐼𝜇
𝑠
√
𝐿−𝜃/𝑌

∏
𝑒∈𝐸

M𝑒 ×𝐼𝜇
𝑟
√
𝐿𝜃/𝑌

∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=∞

M𝑣 .

𝐹Γ also fits into the following fiber diagram:

𝐹Γ ��

��

∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=0

M𝑣 ×
∏
𝑒∈𝐸

M𝑒 ×
∏

𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=∞

M𝑣

∏
𝑛𝑜𝑑𝑒 𝑒𝑣𝑛𝑜𝑑𝑒

��∏
nodes
over 0

𝐼𝜇D0 ×
∏

nodes
over∞

𝐼𝜇D∞
Δ
𝑛0
0 ×Δ𝑛∞∞ �� ∏

nodes
over 0

(𝐼𝜇D0)2 ×
∏

nodes
over∞

(𝐼𝜇D∞)2,

where Δ0 = (𝑖𝑑, 𝜄)(resp. Δ∞ = (𝑖𝑑, 𝜄)) is the diagonal map of 𝐼𝜇D0 (resp. 𝐼𝜇D∞) and 𝑛0 (resp. 𝑛∞) is
the number of nodes over 0 (resp. ∞). The right-hand vertical map is the product of the evaluation maps
of the two branches at each gluing node.

By the localization analysis, the virtual cycle [𝐹Γ]vir is equal to(
Δ𝑛0

0 × Δ𝑛∞
∞

) ! ( ∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=0

[M𝑣 ]vir ×
∏
𝑒∈𝐸

[M𝑒] ×
∏

𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=∞

[M𝑣 ]vir) ,
and the contribution of decorated graph Γ to the virtual localization is

𝐶𝑜𝑛𝑡Γ =
∏

𝑒∈𝐸 𝑠𝑎𝑒
|Aut(Γ) | (𝜄Γ)∗

(
[𝐹Γ]vir

𝑒C
∗ (𝑁vir

Γ )

)
, (5.14)

where [𝐹Γ ]vir

𝑒C
∗ (𝑁 vir

Γ ) is equal to

(Δ𝑛0
0 × Δ𝑛∞

∞ )!
�����

∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=0

[M𝑣 ]vir

𝑒C∗ ((𝑅•𝜋∗L
1
𝑠

−𝜃 ) ⊗ C 𝜆𝑠 )
·

∏
𝑣 𝑠𝑡𝑎𝑏𝑙𝑒
𝑗 (𝑣)=∞

[M𝑣 ]vir

𝑒C∗ ((𝑅•𝜋∗L
1
𝑟

𝜃 ) ⊗ C− 𝜆𝑟 )

∏
𝑛𝑜𝑑𝑒𝑠

1
−𝜓 − 𝜓 ′

�����
Here, 𝜄𝐹 : 𝐹Γ → K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽, 𝛿

𝑟 )) is a finite 𝑒tale map of degree |Aut(Γ) |∏
𝑒∈𝐸 𝑠𝑎𝑒

into the corresponding
C∗-fixed loci in K0, �𝑚 (P𝑌𝑟 ,𝑠 , (𝛽, 𝛿

𝑟 )). The virtual normal bundle 𝑒C
∗ (𝑁vir

Γ ) is the product of virtual
normal bundles from vertex contributions (5.4), (5.5), edge contributions (5.10) and node contributions
(5.11), (5.12).

6. Recursion relations from auxiliary cycles

Let’s first fix some notations in this section. For any 𝛽 ∈ Eff(𝑊,𝐺, 𝜃), for simplicity, we will denote

K0, �𝑚 (•, 𝛽) :=
⊔

𝑑∈Eff(•)
(𝑖•)∗ (𝑑)=𝛽

K0, �𝑚 (•, 𝑑),
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where • can be Y, 𝑟
√
𝐿 𝜃/𝑌 or 𝑠

√
𝐿−𝜃/𝑌 , and 𝑖• is the natural structure map from • to 𝔛 which factors

through the inclusion 𝑖𝔜 : 𝔜→ 𝔛.
For any 𝛽★, 𝛽1, · · · , 𝛽𝑚 in Eff(𝑊,𝐺, 𝜃) and 𝑝1, · · · , 𝑝𝑚 inZ≥0, write 𝛽 = 𝛽★+

∑𝑚
𝑖=1 𝛽𝑖 and 𝑝 =

∑
𝑖 𝑝𝑖 .

We will denote �𝑚𝑠 ∪★ to be(
(𝑔−1

𝛽1
, 𝜇

𝛽1 (𝐿𝜃 )+𝑝1
𝑠 ), · · · , (𝑔−1

𝛽𝑚
, 𝜇

𝛽𝑚 (𝐿𝜃 )+𝑝𝑚
𝑠 ), (𝑔𝛽 , 𝜇−𝛽 (𝐿𝜃 )−𝑝𝑠 )

)
∈ (𝐺×𝝁𝑠)𝑚+1,

and define −→𝑚𝑟 ∪★ to be(
(𝑔−1

𝛽1
, 𝜇

−𝛽1 (𝐿𝜃 )−𝑝1
𝑟 ), · · · , (𝑔−1

𝛽𝑚
, 𝜇

−𝛽𝑚 (𝐿𝜃 )−𝑝𝑚
𝑟 ), (𝑔𝛽 , 𝜇𝛽 (𝐿𝜃 )+𝑝𝑟 )

)
∈ (𝐺×𝝁𝑟 )𝑚+1.

Then we have two natural structural morphisms

𝜖 : K0, �𝑚𝑟∪★(
𝑟
√
𝐿 𝜃/𝑌, 𝛽★) → K0, �𝑚∪★(𝑌, 𝛽★)

and

𝜖 ′ : K0, �𝑚𝑠∪★(
𝑠
√
𝐿−𝜃/𝑌, 𝛽★) → K0, �𝑚∪★(𝑌, 𝛽★)

induced from the morphisms from 𝑟
√
𝐿 𝜃/𝑌 and 𝑠

√
𝐿−𝜃/𝑌 to Y by forgetting roots. Here, the tuple −→𝑚 ∪★

for K0,−→𝑚∪★(𝑌, 𝛽★) is

(𝑔−1
𝛽1
, · · · , 𝑔−1

𝛽𝑚
, 𝑔𝛽) ∈ 𝐺𝑚+1.

We note that the right-hand side of (1.4) can be written as

∞∑
𝑚=0

∑
𝛽★+𝛽1+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

1
𝑚!

𝜙𝛼〈𝜇𝛽1 , 𝑝1 (−𝜓̄1), · · · , 𝜇𝛽𝑚 , 𝑝𝑚 (−𝜓̄𝑚), 𝜙𝛼𝜓̄
𝑐
★〉0, �𝑚∪★,𝛽★

as 𝜇𝛽𝑖 , 𝑝𝑖 (𝑧) ∈ 𝐻∗(𝐼𝑔−1
𝛽𝑖

𝑌,Q) for 1 ≤ 𝑖 ≤ 𝑚.
We will also need the two following definitions.

Definition 6.1. Let 𝑚, 𝑝 be two nonnegative integers, and let 𝛽 be a degree in Eff(𝑊,𝐺.𝜃). We denote
Λ𝛽,𝑝,𝑚 to the set of tuples(

𝛽★, ((𝛽1, 𝑝1), · · · , (𝛽𝑚, 𝑝𝑚))
)
∈ Eff(𝑊,𝐺, 𝜃) × (Eff(𝑊,𝐺, 𝜃) × Z≥0)𝑚,

where we require that 𝛽★ +
∑𝑚

𝑖=1 𝛽𝑖 = 𝛽,
∑

𝑖 𝑝𝑖 = 𝑝 and 𝛽𝑖 (𝐿 𝜃 ) + 𝑝𝑖 > 0 for 1 ≤ 𝑖 ≤ 𝑚. We call an
element of Λ𝛽,𝑝,𝑚 stable if 𝛽★ ≠ 0 or 𝑚 ≥ 2 when 𝛽★ = 0.

Remark 6.2. We note thatΛ𝛽,𝑝,𝑚 is a finite set as𝑄 𝜖
0,𝑚 (𝑋, 𝛽) is finite type overC, and hence Noetherian.

Definition 6.3. For any degree 𝛽 and nonnegative integers c and p, we define the function

𝐺𝛽,𝑝,𝑐 :
⊕

𝛽′ ∈Eff(𝑊 ,𝐺,𝜃) , 𝑝′ ∈Z≥0
𝛽′ (𝐿𝜃 )+𝑝′<𝛽 (𝐿𝜃 )+𝑝

𝐻∗(𝐼𝜇𝑌 ) [𝑧, 𝑧−1]] → 𝐻∗(𝐼𝑔−1
𝛽
𝑌,Q),

which sends the tuple (
𝑓(𝛽′, 𝑝′) (𝑧) : 𝛽′(𝐿 𝜃 ) + 𝑝′ < 𝛽(𝐿 𝜃 ) + 𝑝

)
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to [ ∞∑
𝑚=0

∑
Γ∈Λ𝛽,𝑝,𝑚
Γ is stable

1
𝑚!

(𝑒𝑣★)∗
( ∞∑
𝑑=0

𝜖∗
(
𝑐𝑑 (−𝑅•𝜋∗L

1
𝑟

𝜃 ) (
𝜆

𝑟
)−1+𝑚−𝑑 (−1)𝑑

∩ [K0, �𝑚𝑟∪★(
𝑟
√
𝐿 𝜃/𝑌, 𝛽★)]vir) ∩ 𝑚∏

𝑖=1

𝑒𝑣∗𝑖 (
1
𝛿𝑖
( 𝑓𝛽𝑖 , 𝑝𝑖 (𝑧)) |𝑧= 𝜆−𝐷𝜃𝛿𝑖

)

𝜆−𝑒𝑣∗𝑖 𝐷𝜃
𝑟 𝛿𝑖

+ 𝜓̄𝑖
𝑟

∩ 𝜓̄𝑐
★

)]
𝜆−1
.

(6.1)

Here, 𝛿𝑖 = 𝛽𝑖 (𝐿 𝜃 ) + 𝑝𝑖 for 1 ≤ 𝑖 ≤ 𝑚, r is a sufficient large prime. We will write
(
𝑓(𝛽′, 𝑝′) (𝑧) :

𝛽′(𝐿 𝜃 ) + 𝑝′ < 𝛽(𝐿 𝜃 ) + 𝑝
)

as 𝑓< (𝛽,𝑝) (𝑧) for short.

6.1. Auxiliary cycle I

We will use the notations from §4 in this subsection. Fix a nonzero pair (𝛽, 𝑝) ∈ Eff(W,G, 𝜃) ×Z≥0
and a positive rational number 𝜖 and the tuple 𝜺 = (𝜖, · · · , 𝜖) ∈ (Q>0) 𝑝 such that 𝜖 𝛽(𝐿 𝜃 ) + 𝑝𝜖 ≤ 1. Set
𝛿 = 𝛽(𝐿 𝜃 ) + 𝑝. For simplicity, we will denote

𝑄 𝜃
0,★(P𝔜

1
𝑟 , 𝑝 , (𝛽, 1𝑝 ,

𝛿

𝑟
)) :=

⊔
𝑑∈Eff(𝐴𝑌 ,𝐺,𝜃)

(𝑖𝔜)∗ (𝑑)=𝛽

𝑄 𝜃
0,1 (P𝔜

1
𝑟 , 𝑝 , (𝑑, 1𝑝 ,

𝛿

𝑟
)) ∩ 𝑒𝑣−1

1 (𝐼 (𝑔𝛽 ,𝜇𝛿𝑟 )P𝑌
1
𝑟 ),

where 𝑔𝛽 ∈ 𝐺 is defined in §3. We will always assume that r is a sufficiently large prime in this
subsection.

For any nonnegative integer c, we will first consider the following auxiliary cycle:

1
𝑝!

(𝐸𝑉★)∗
���𝜓̄𝑐

★ ∩
𝑝∏
𝑗=1

𝑒𝑣∗𝑗 ( 𝑡 ) ∩ [𝑄 𝜃
0,★(P𝔜

1
𝑟 , 𝑝 , (𝛽, 1𝑝 ,

𝛿

𝑟
))]vir���. (6.2)

Here, an explanation of the notations is in order:
1. The morphism 𝐸𝑉★ is a composition of the following maps:

𝑄 𝜃
0,★(P𝔜

1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 ))
𝑒𝑣★ �� 𝐼𝜇P𝑌

1
𝑟

pr𝑟 �� 𝐼𝜇𝑌,

where pr𝑟 : 𝐼𝜇P𝑌
1
𝑟 → 𝐼𝜇𝑌 is the morphism induced from the map from P𝑌 1

𝑟 to Y forgetting 𝑧1, 𝑧2.
(𝐸𝑉★)∗ is defined by

𝜄∗(𝑟★(𝐸𝑉★)∗)

as in (2.2). Note that here, 𝑟★ is the order of the band from the gerbe structure of 𝐼𝜇𝑌 but not 𝐼𝜇P𝑌
1
𝑟 .

2. Recall that the morphism 𝑒𝑣 𝑗 is defined in (4.5) with target 𝔜. The input 𝑡 ∈ 𝐻∗(𝔜,Q) [𝑡1, · · · , 𝑡𝑙] is
of the form

𝑙∑
𝑖=1

𝑡𝑖𝑢𝑖 (𝑐1 (𝐿 𝜋1 ), · · · , 𝑐1 (𝐿 𝜋𝑘 )),

where 𝑡1, · · · , 𝑡𝑙 are formal variables, and 𝑢1, · · · , 𝑢𝑙 ∈ Q[𝑥1, · · · , 𝑥𝑙] are l polynomials. Here, line
bundles 𝐿 𝜋 𝑗 are associated to the standard characters 𝜋 𝑗 of 𝐺 = (C∗)𝑘 defined in 2.6. We will also
write

𝑢𝑖 (𝑐1 (𝐿 𝜋1 ), · · · , 𝑐1 (𝐿 𝜋𝑘 ))

as 𝑢𝑖 (𝑐1 (𝐿 𝜋 𝑗 )) for short.
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Apply virtual localization to 𝑄 𝜃
0,★(P𝔜

1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )). We first prove the following vanishing result,
where the idea is borrowed from [32].
Lemma 6.4. Assume r is a sufficiently large prime. If localization graph Γ has more than one vertex
labeled by ∞, then the corresponding fixed loci moduli 𝐹Γ is empty; therefore, it will contribute zero to
(6.2).

Proof. First, we show that for any quasimap 𝑓 : 𝐶 → P𝔜
1
𝑟 , 𝑝 in 𝑄 𝜃

0,★(P𝔜
1
𝑟 , 𝑝 , (𝛽, 1𝑝 , 𝛿

𝑟 )), we have
𝐻1 (𝐶, 𝑁∨) = 0 (recall that the line bundle N is introduced in the definition of 𝜃̃−stable quasimap in
§4.1). Indeed, using orbifold Riemann-Roch, we have

𝜒(𝑁∨) = 1 + 𝑑𝑒𝑔(𝑁∨) − 𝑎𝑔𝑒(𝑁∨|𝑞★) = 0,

as 𝑑𝑒𝑔(𝑁∨) = − 𝛽 (𝐿𝜃 )+𝑝
𝑟 , and 𝑎𝑔𝑒(𝑁∨|𝑞★) = 1 − 𝛽 (𝐿𝜃 )+𝑝

𝑟 , then showing 𝐻1 (𝐶, 𝑁∨) = 0 is equivalent
to show 𝐻0(𝐶, 𝑁∨) = 0. By Lemma 5.2, it remains to show that the degree of the restriction of the line
bundle 𝑁∨ to every irreducible component E of C is non-positive. Observe that 𝑁∨ is equal to the line
bundle 𝑓 ∗O(−D∞), so the degree is equal to the intersection number of [𝐸] and the divisor −[D∞].
If the image of an irreducible component of C via f is not contained in D∞, the restricted degree is
obviously non-positive. If the image of an irreducible component of C under f is contained in D∞,
observe that O(−D∞) is isomorphic to (𝐿

1
𝑟

𝜃 )
∨ over

D∞ �
𝑟
√
𝐿 𝜃/𝑌,

then the O(−𝑟D∞) is a line bundle pullback of an anti-ample line bundle over Y; thus, the degree is also
non-positive. This finishes the proof that 𝐻1(𝐶, 𝑁∨) = 0.

Now assume by contradiction that the moduli of fixed-loci 𝐹Γ is nonempty; by the connectedness of
the graph Γ, there is at least one vertex of the graph Γ labeled by 0 with at least two edges attached.
Suppose 𝑓 : 𝐶 → P𝔜 1

𝑟 , 𝑝 belongs to the C∗−fixed loci 𝐹Γ. Assume that 𝐶0 ∪𝐶1 ∪𝐶2 is part of curve C,
where 𝐶0 is mapped by f to D0 (given by 𝑧1 = 0) and 𝐶1, 𝐶2 are edges meeting with 𝐶0 at 𝑏1 and 𝑏2.
Then in the normalization sequence for 𝑅•𝜋∗𝑁

∨, it contains the part

𝐻0 (𝐶0, 𝑁
∨) ⊕ 𝐻0 (𝐶1, 𝑁

∨) ⊕ 𝐻0 (𝐶2, 𝑁
∨)

→𝐻0 (𝑏1, 𝑁
∨) ⊕ 𝐻0 (𝑏2, 𝑁

∨)
→𝐻1 (𝐶, 𝑁∨) .

Hence, there is one of the weight-0 pieces in 𝐻0(𝑏1, 𝑁
∨) ⊕ 𝐻0 (𝑏2, 𝑁

∨) that is canceled with a weight-
0 piece of 𝐻0 (𝐶0, 𝑁

∨), and the other is mapped injectively into 𝐻1 (𝐶, 𝑁∨), but this contradicts that
𝐻1 (𝐶, 𝑁∨) = 0. So 𝐹Γ is empty. �

Recall that we can write I(𝑞, 𝑡, 𝑧) =
∑

𝛽,𝑝 𝑞
𝛽I𝛽,𝑝 as in §1.1.2, where I𝛽,𝑝 := 𝒕 𝑝

𝑝!𝑧𝑝 I𝛽 (𝑧) is a Laurent
polynomial in 𝑧, 𝑧−1 with coefficients in the homogeneous degree p (in variables 𝑡1, · · · , 𝑡𝑙) part of
𝐻∗(𝐼𝜇𝑌,Q) [𝑡1, · · · , 𝑡𝑙]. We will prove the following recursion relation by applying localization to (6.2).
Theorem 6.5. For any nonnegative integer c, [𝑧I𝛽,𝑝]𝑧−𝑐−1 satisfies the following relation:

[𝑧I𝛽,𝑝]𝑧−𝑐−1 = 𝐺𝛽,𝑝,𝑐
(
𝑧I< (𝛽,𝑝) (𝑧)

)
, (6.3)

where 𝐺𝛽,𝑝,𝑐 is defined in 6.3.
Proof. By Lemma 6.4, only decorated graph Γ, which has only one vertex labeled by ∞, may have
nonzero localization contribution to the (6.2). We will denote the vertex labeled by ∞ to be 𝑣★. Note
that the marking 𝑞★ can only be incident to the vertex 𝑣★ due to the choice of the multiplicity at 𝑞★.
Furthermore, for such graph Γ, we claim there is no stable vertex labeled by 0. Indeed, for any vertex
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v over 0, its decorated degree (𝛽(𝑣), 1𝐽𝑣 ) satisfies that 𝛽(𝑣) (𝐿 𝜃 ) + |𝐽𝑣 | ≤ 𝛽(𝐿 𝜃 ) + 𝑝 ≤ 1
𝜖 , and it has

valence 1, as no legs can attach to it and at most one edge is incident to it by Lemma 6.4. Then the
vertex v must be unstable. So the decorated graph Γ has only one vertex over ∞ with possible several
edges (can be empty) attached, and each vertex labeled by 0 corresponds to an edge in the graph Γ
and appears as an unmarked point (actually a base point as we will see). In the following, we analyze
the localization contribution to (6.2) from the graph Γ described just before. We have two cases which
depend on whether the vertex 𝑣★ on the graph Γ is stable or unstable.

1. If the only vertex 𝑣★ over ∞ is unstable, then it is a vertex with valence 2 (i.e, it is incident to a leg
and an edge). In this case, the degree (𝛽, 1𝑝 , 𝛿

𝑟 ) is concentrated on the ramification point over 0 on
the edge as a base point. Then it contributes

1
𝛿
(𝑧I𝛽,𝑝 (𝑧)) |𝑧= 𝜆−𝐷𝜃𝛿 · (𝜆 − 𝐷 𝜃

𝛿
)𝑐

to (6.2)(cf. Lemma 4.7). Here, we use the fact that the restriction of 𝜓̄★ to M𝑒 is equal to 𝜆−𝐷𝜃
𝛿 .

2. If the vertex 𝑣★ is stable, then 𝑣★ is incident to only one leg and possible several edges (can be none).
We assume that the vertex 𝑣★ has degree (𝛽∗, 𝛿∗

𝑟 ) with 𝛿∗ = 𝛽∗(𝐿 𝜃 ). If there are no edges in the
graph Γ, which happens if and only if 𝛽★ = 𝛽 and 𝑝 = 0, the corresponding graph has contribution

(𝑒𝑣★)∗
( ∞∑
𝑑=0

𝜖∗(𝑐𝑑 (−𝑅•𝜋∗L
1
𝑟

𝜃 ) (
−𝜆
𝑟
)−1−𝑑 ∩ [K0,★( 𝑟

√
𝐿 𝜃/𝑌, 𝛽★)]vir) ∩ 𝜓̄𝑐

★

)
. (6.4)

to (6.2). Otherwise, we label all the edges attached to the vertex 𝑣★ from 1 to m such that the edge
𝑒𝑖 corresponding to the index i has degree (𝛽𝑖 , 1𝐽𝑒𝑖 , 𝛿𝑖

𝑟 ). Note that the index is not unique. We will
divide by𝑚! to offset the labeling. Since we assume that the total degree is (𝛽, 1𝑝 , 𝛿

𝑟 ), and the degree
on every edge satisfies the relation 𝛿𝑖 ≥ 𝛽𝑖 (𝐿 𝜃 ) + 𝑝𝑖 by Remark 4.5, where 𝑝𝑖 = |𝐽𝑒𝑖 |, then we must
have 𝛿𝑖 = 𝛽𝑖 (𝐿 𝜃 ) + 𝑝𝑖 for every edge 𝑒𝑖 . It follows that all the edge has a base point and (𝛽𝑖 , 𝑝𝑖) is
nonzero.

Equipped with these notations, by Remark 4.4, the vertex moduli M𝑣★ over ∞ is
K0, �𝑚𝑟∪★(

𝑟
√
𝐿 𝜃/𝑌, 𝛽★). Using the localization analysis in §4.3 (cf. Remark 4.11), the localization

contribution of the graph Γ to (6.2) is equal to

1
𝐴𝑢𝑡 (Γ) (𝑒𝑣★)∗

( ∞∑
𝑑=0

𝜖∗
(
𝑐𝑑 (−𝑅•𝜋∗L

1
𝑟

𝜃 ) (
−𝜆
𝑟
)−1+𝑚−𝑑 ∩ [K0, �𝑚𝑟∪★(

𝑟
√
𝐿 𝜃/𝑌, 𝛽★)]vir)

∩
𝑚∏
𝑖=1

𝑒𝑣∗𝑖 (
1
𝛿𝑖
(𝑧 t𝑝𝑖

𝑧𝑝𝑖 I𝛽𝑖 (𝑞, 𝑧) |𝑧= 𝜆−𝐷𝜃𝛿𝑖
))

−𝜆−𝑒𝑣∗𝑖 𝐷𝜃
𝑟 𝛿𝑖

− 𝜓̄𝑖
𝑟

∩ 𝜓̄𝑐
★

)
,

(6.5)

where t =
∑
𝑡𝑖𝑢𝑖 (𝑐1 (𝐿 𝜋 𝑗 ) + 𝛽(𝐿 𝜋 𝑗 )𝑧) and 𝜖 : K0, �𝑚𝑟∪★(

𝑟
√
𝐿 𝜃/𝑌, 𝛽★) → K0, �𝑚∪★(𝑌, 𝛽★) is the natural

structure map. Now varying over all 𝛽∗, 𝛽1, · · · , 𝛽𝑚 and 𝑝1, · · · , 𝑝𝑚 and m, and labeling of edges.
The sum of (6.5) coming from all possible decorated graphs which has stable ∞−vertex 𝑣★ yields∑

𝛽★+𝛽1+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

(𝛽𝑖 , 𝑝𝑖)≠0 for 1≤𝑖≤𝑚

1
𝑚!

(𝑒𝑣★)∗
( ∞∑
𝑑=0

𝜖∗
(
𝑐𝑑 (−𝑅•𝜋∗L

1
𝑟

𝜃 ) (
−𝜆
𝑟
)−1+𝑚−𝑑

∩ [K0, �𝑚𝑟∪★(
𝑟
√
𝐿 𝜃/𝑌, 𝛽★)]vir) ∩ 𝑚∏

𝑖=1

𝑒𝑣∗𝑖 (
1
𝛿𝑖
(𝑧I𝛽𝑖 , 𝑝𝑖 (𝑧)) |𝑧= 𝜆−𝐷𝜃𝛿𝑖

)

−𝜆−𝑒𝑣∗𝑖 𝐷𝜃
𝑟 𝛿𝑖

− 𝜓̄𝑖
𝑟

∩ 𝜓̄𝑐
★

)
.

(6.6)
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In summary, the auxiliary cycle (6.2) is equal to

1
𝛿
(𝑧I𝛽,𝑝 (𝑧)) |𝑧= 𝜆−𝐷𝜃𝛿 · (𝜆 − 𝐷 𝜃

𝛿
)𝑐

+
∞∑

𝑚=0

∑
𝛽★+𝛽1+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

(𝛽𝑖 , 𝑝𝑖)≠0 for 1≤𝑖≤𝑚

1
𝑚!

(𝑒𝑣★)∗
( ∞∑
𝑑=0

𝜖∗
(
𝑐𝑑 (−𝑅•𝜋∗L

1
𝑟

𝜃 ) (
−𝜆
𝑟
)−1+𝑚−𝑑

∩ [K0, �𝑚𝑟∪★(
𝑟
√
𝐿 𝜃/𝑌, 𝛽★)]vir) ∩ 𝑚∏

𝑖=1

𝑒𝑣∗𝑖 (
1
𝛿𝑖
(𝑧I𝛽𝑖 , 𝑝𝑖 (𝑧)) |𝑧= 𝜆−𝐷𝜃𝛿𝑖

)

−𝜆−𝑒𝑣∗𝑖 𝐷𝜃
𝑟 𝛿𝑖

− 𝜓̄𝑖
𝑟

∩ 𝜓̄𝑐
★

)
.

(6.7)

Observe that (6.2) does not have negative 𝜆 powers. Then the 𝜆−1 coefficient in the equation (6.7) is
equal to zero. Note that the 𝜆−1 coefficient in (6.7) is equal to

[𝑧I𝛽,𝑝 (𝑧)]𝑧−𝑐−1 − 𝐺𝛽,𝑝,𝑐 (𝑧I< (𝛽,𝑝) (𝑧)). (6.8)

Now (6.8) immediately implies the formula (6.3). �

6.2. Auxiliary cycle II

We will use the notations from §5 in this subsection. Let 𝜇(𝑧) =
∑

𝛽,𝑝 𝑞
𝛽𝜇𝛽,𝑝 (𝑧) as in (1.3). For any

nonzero pair (𝛽, 𝑝), denote 𝛿 = 𝛽(𝐿 𝜃 ) + 𝑝. Assume that 𝑟, 𝑠 are sufficiently large primes, we will also
compare (6.2) to the following auxiliary cycle:

∞∑
𝑚=0

∑
𝛽★+𝛽1+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

1
𝑚!

(𝐸𝑉★)∗
( 𝑚∏
𝑖=1

𝑒𝑣∗𝑖
(
pr∗𝑟 ,𝑠 (𝜇𝛽𝑖 , 𝑝𝑖 (−𝜓̄𝑖))

)
∩ 𝜓̄𝑐

★ ∩ [K0, �𝑚∪★(P𝑌𝑟 ,𝑠 , (𝛽★,
𝛿

𝑟
))]vir

)
.

(6.9)

Here, an explanation of the notations is in order:

1. For any nonnegative integers 𝑝1, · · · , 𝑝𝑚, and degrees 𝛽★, 𝛽1, · · · , 𝛽𝑚 in Eff(𝑊,𝐺, 𝜃), we denote
the tuple of multiplicities �𝑚 ∪★ to be(

(𝑔−1
𝛽1
, 𝜇

𝛽1 (𝐿𝜃 )+𝑝𝑖
𝑠 , 1), · · · , (𝑔−1

𝛽𝑚
, 𝜇

𝛽𝑚 (𝐿𝜃 )+𝑝𝑚
𝑠 , 1), (𝑔𝛽 , 1, 𝜇𝛿

𝑟 )
)

to define K0, �𝑚∪★(P𝑌𝑟 ,𝑠 , (𝛽★, 𝛿
𝑟 )).

2. The morphism 𝐸𝑉★ is a composition of the following maps:

K0, �𝑚∪★(P𝑌𝑟 ,𝑠 , (𝛽★, 𝛿
𝑟 ))

𝑒𝑣★ �� 𝐼𝜇P𝑌𝑟 ,𝑠
pr𝑟,𝑠 �� 𝐼𝜇𝑌,

where pr𝑟 ,𝑠 : 𝐼𝜇P𝑌𝑟 ,𝑠 → 𝐼𝜇𝑌 is the morphism induced from the natural structure map from P𝑌𝑟 ,𝑠 to
Y forgetting u and 𝑧1, 𝑧2, and (𝐸𝑉★)∗ is defined by

𝜄∗(𝑟★(𝐸𝑉★)∗)

as in 2.2. Note that here, 𝑟★ is the order of the band from the gerbe structure of 𝐼𝜇𝑌 but not 𝐼𝜇P𝑌𝑟 ,𝑠 .

First, we have a similar vanishing result as Lemma 6.4 by an analogous argument.
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Lemma 6.6. Assume r is sufficiently large. If the localization graph Γ has more than one vertex labeled
by ∞, then the corresponding fixed loci moduli 𝐹Γ is empty; therefore, it will contribute zero to (6.9).

For any pair (𝛽, 𝑝) ∈ Eff(𝑊,𝐺, 𝜃) × Z≥0, we define 𝐽𝛽,𝑝 (𝑧) in (6.11) to be

𝐽𝛽,𝑝 (𝑧) := 𝜇𝛽,𝑝 (𝑧) +
∞∑

𝑚=0

∑
𝛽★+𝛽1+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

1
𝑚!

(𝑒𝑣★)∗
(
[K0, �𝑚∪★(𝑌, 𝛽★)]vir ∩

𝑚⋂
𝑗=1

𝑒𝑣∗𝑗 (𝜇𝛽 𝑗 , 𝑝 𝑗 (−𝜓̄ 𝑗 )) ∩
1

𝑧 − 𝜓̄★

)
.

(6.10)

We will prove the following recursion relation by applying localization to (6.9).

Theorem 6.7. For any nonnegative integer c, we have the following relation:

[𝐽𝛽,𝑝]𝑧−𝑐−1 = 𝐺𝛽,𝑝,𝑐
(
𝐽< (𝛽,𝑝) (𝑧)

)
, (6.11)

where 𝐺𝛽,𝑝,𝑐 is defined in 6.3.

Proof. By Lemma 6.6, only decorated graph Γ that has only one vertex labeled by ∞ may have nonzero
localization contribution to the (6.9). Let’s denote the unique vertex over ∞ by 𝑣★ with decorated degree
𝛽★. Note that the leg ★ must be incident to the vertex 𝑣★ due to the choice of multiplicity at the leg ★.
Thus, the vertex 𝑣★ cannot be a node linking two edges. Note that we can assume that all the other legs
should be incident with the vertexes labeled by 0 due to the choice of multiplicity on the other legs and
the fact 𝜇0 = 0. Then there are only two types of graph Γ depending on whether 𝑣★ is stable or unstable.

1. If the vertex 𝑣★ in Γ is unstable. In this case, v is of valence 2 (i.e. it is incident to an edge and a leg
corresponding to the marking 𝑞★). Then Γ has only one edge with decorated degree 𝛿, and has only
one vertex over 0, which is incident to the edge. The vertex over 0 can be stable or unstable. If the
vertex over 0 is unstable, it must be a marked point with input 𝜇𝛽,𝑝 . Then the graph Γ contributes

𝜇𝛽,𝑝 ( 𝜆−𝐷𝜃𝛿 )
𝛿

· (𝜆 − 𝐷 𝜃

𝛿
)𝑐

to (6.9). Otherwise, this type of graphs contributes

∞∑
𝑚=0

∑
𝛽★+𝛽1+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

1
𝑚!

(𝑒𝑣★)∗
( ∞∑
𝑑=0

𝜖 ′∗
(
𝑐𝑑 (−𝑅•𝜋∗L

1
𝑠

−𝜃 ) (
𝜆

𝑠
)−𝑑

∩ [K0, �𝑚𝑠∪★(
𝑠
√
𝐿−𝜃/𝑌, 𝛽★)]vir) ∩ 𝑚⋂

𝑖=1
𝑒𝑣∗𝑖 (𝜇𝛽𝑖 , 𝑝𝑖 (−𝜓̄𝑖)) ∩

1
𝛿 (

𝜆−𝑒𝑣∗★𝐷𝜃
𝛿 )𝑐

𝜆−𝑒𝑣∗★𝐷𝜃
𝑠𝛿 − 𝜓̄★

𝑠

)
to (6.9). By Lemma 6.8 proved below, the above formula is equal to

∞∑
𝑚=0

∑
𝛽★+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

1
𝑚!

𝜙𝛼〈𝜇𝛽1 , 𝑝1 (−𝜓̄1), · · · , 𝜇𝛽𝑚.𝑝𝑚 (−𝜓̄𝑚),
1
𝛿 (

𝜆−𝐷𝜃
𝛿 )𝑐𝜙𝛼

𝜆−𝐷𝜃
𝛿 − 𝜓̄★

〉0, �𝑚∪★,𝛽★ .

In summary, the localization contribution from the decorated graphs of which the vertex 𝑣★ is
unstable contributes
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𝜇𝛽,𝑝 (
𝜆 − 𝐷 𝜃

𝛿
) · (𝜆 − 𝐷 𝜃

𝛿
)𝑐

+
∞∑

𝑚=0

∑
𝛽★+𝛽1+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

1
𝑚!

𝜙𝛼〈𝜇𝛽1 , 𝑝1 (−𝜓̄1), · · · , 𝜇𝛽𝑚 , 𝑝𝑚 (−𝜓̄𝑚),
1
𝛿 (

𝜆−𝐷𝜃
𝛿 )𝑐𝜙𝛼

𝜆−𝐷𝜃
𝛿 − 𝜓̄★

〉0, �𝑚∪★,𝛽★
(6.12)

to the (6.9).
2. If the vertex 𝑣★ in Γ is stable, 𝑣★ is incident to only one leg (corresponding to the marking 𝑞★) and

m edges (m can be 0). Let’s assume that the vertex 𝑣★ is decorated by the degree 𝛽★. If there are no
edges in the graph Γ, which happens if and only if 𝛽★ = 𝛽 and 𝑝 = 0, then this has contribution

(𝑒𝑣★)∗
( ∞∑
𝑑=0

𝜖∗
(
𝑐𝑑 (−𝑅•𝜋∗( 𝑓 ∗L

1
𝑟

𝜃 )) (
−𝜆
𝑟
)−1−𝑑 ∩ [K0,★( 𝑟

√
𝐿 𝜃/𝑌, 𝛽)]vir) ∩ 𝜓̄𝑐

★

)
(6.13)

to (6.9). Otherwise, there are m (𝑚 ≥ 1) edges attached to the vertex v. Let’s index them by
[𝑚] := {1, · · · , 𝑚}. Let 𝛿𝑖 be the degree associated with the ith edge 𝑒𝑖 . On each edge 𝑒𝑖 there is
exactly one vertex 𝑣𝑖 over 0 incident to it, which cannot be an unstable vertex of valence 1 (see
Remark 5.1) or a node linking two edges by Lemma 6.6. So 𝑣𝑖 corresponds to either a marking or a
stable vertex. There are possible l marked points (l can be zero) on it. Let’s label the legs incident to
𝑣𝑖 by {𝑖1, · · · , 𝑖𝑙} ⊂ [𝑛] (n is the total number of legs on Γ). Note that when 𝑣𝑖 is unstable, 𝑙 = 1.

Assume that the vertex 𝑣𝑖 is decorated by the degree 𝛽𝑖0. Since the insertion at the marking 𝑞𝑖 𝑗
on the curve18 𝐶𝑣𝑖 corresponding to 𝑣𝑖 is of the form 𝜇𝛽𝑖 𝑗 , 𝑝𝑖 𝑗 (−𝜓̄𝑖 𝑗 ) in (6.9), let’s say the leg for 𝑞𝑖 𝑗
has virtual degree (𝛽𝑖 𝑗 , 𝑝𝑖 𝑗 ) contribution to the vertex 𝑣𝑖 , denote 𝛽𝑖 to be summation of 𝛽𝑖0 and the
degrees 𝛽𝑖 𝑗 from the markings on 𝐶𝑣𝑖 , and 𝑝𝑖 to be the summation of 𝑝𝑖 𝑗 from the markings on 𝑐𝑣𝑖 .
We call (𝛽𝑖 , 𝑝𝑖) the total degree at the vertex 𝑣𝑖 . From the (6.9), one has

𝛽★ + 𝛽1 + · · · + 𝛽𝑚 = 𝛽, 𝑝1 + · · · + 𝑝𝑚 = 𝑝.

Note that to ensure such a graph Γ exists, one must have

𝛽𝑖 (𝐿 𝜃 ) + 𝑝𝑖 = 𝛿𝑖 . (6.14)

Indeed, by Riemann-Roch Theorem, one has

𝑑𝑒𝑔(𝑁1 |𝐶𝑣𝑖 ) = − 𝛽𝑖0(𝐿 𝜃 )
𝑠

= (1 − 𝛿𝑖
𝑠
) +

𝑙∑
𝑗=1

𝛽𝑖 𝑗 (𝐿 𝜃 ) + 𝑝𝑖 𝑗
𝑠

𝑚𝑜𝑑 Z.

Here, the first term on the right-hand is the age of 𝑁1 at the node of 𝐶𝑣𝑖 , and the second term on the
right is the sum of the ages of 𝑁1 at the marked points on𝐶𝑣𝑖 . As s is sufficiently large, one must have

𝛿𝑖
𝑠
=
𝛽𝑖0(𝐿 𝜃 )

𝑠
+

𝑙∑
𝑗=1

𝛽𝑖 𝑗 (𝐿 𝜃 ) + 𝑝𝑖 𝑗
𝑠

,

which implies that 𝛽𝑖 (𝐿 𝜃 ) + 𝑝𝑖 = 𝛿𝑖 .
Now we can group the decorated graphs by elements of Λ𝛽,𝑝,𝑚. For each element

(𝑚, 𝛽★, ((𝛽1, 𝑝1), · · · , (𝛽𝑚, 𝑝𝑚))) in Λ𝛽,𝑝,𝑚, denoted by Λ(𝑚,𝛽★, ( (𝛽1 , 𝑝1) , · · · , (𝛽𝑚 , 𝑝𝑚))) , the collection
of all the edge-labeled decorated graphs such that the vertex incident to the edge labeled by i has total
degree (𝛽𝑖 , 𝑝𝑖), and the decorated data for each vertex and incident half-edge over 0 satisfies (6.14).

18When v is unstable, we just take v to be 𝑞𝑖1.
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Figure 1. The ellipse dubbed gray on the right means the vertex labeled by ∞ with a leg attached, and
the two big circles on the left mean vertexes labeled by 0. The text inside the vertex means the decorated
degree for this vertex. On the upper left vertex, texts near the legs mean the insertion terms. On the
bottom left vertex, we assume that there are no legs attached to it. The three grey dots in the middle
mean the other edges (together with its incident vertexes and legs on them) besides edges indexed by 1
and m.

Note that our definition of the edge-labeled decorated graph has more decorations than the decorated
graph introduced in Section 5, as we also label the edges. Then the automorphism group of an ad-
missible decorated graph Γ is identity, which is usually smaller than the automorphism group of the
corresponding decorated graph without labeling the edges. If we want to use admissible decorated
graphs to compute the localization contribution, we need to divide 𝑚! to offset the labeling as shown
below.

Now we use the localization formula in §5.4 to compute the contribution from
Λ(𝑚,𝛽★, ( (𝛽1 , 𝑝1) , · · · , (𝛽𝑚 , 𝑝𝑚)) to (6.9). Summing over the contribution of the vertex 𝑣𝑖 together with
node ℎ𝑖 at 𝑣𝑖 from all graphs in Λ(𝑚,𝛽★, ( (𝛽1 , 𝑝1) , · · · , (𝛽𝑚 , 𝑝𝑚)) , and pushing forward to 𝐼𝑔−1

𝛽
𝑌 �

𝐼
(𝑔−1
𝛽 ,e

𝛿𝑖
𝑠 )

𝑠
√
𝐿−𝜃/𝑌 along 𝜄 ◦ (𝑒𝑣ℎ𝑖 )∗, it yields

𝜇𝛽𝑖 , 𝑝𝑖 (
𝜆 − 𝐷 𝜃

𝛿𝑖
) +

∞∑
𝑙=0

∑
𝛽★+𝛽1+···+𝛽𝑙=𝛽𝑖
𝑝1+···+𝑝𝑙=𝑝𝑖

1
𝑙!
(𝑒𝑣★)∗

( ∞∑
𝑑=0

𝜖 ′∗
(
𝑐𝑑 (−𝑅•𝜋∗L

1
𝑠

−𝜃 ) (
𝜆

𝑠
)−𝑑

∩ [K0,�𝑙∪{0} (
𝑠
√
𝐿−𝜃/𝑌, 𝛽★)]vir) ∩ 𝑙⋂

𝑗=1
𝑒𝑣∗𝑗 (𝜇 (𝛽 𝑗 , 𝑝 𝑗 ) (−𝜓̄ 𝑗 )) ∩

1
𝜆−𝑒𝑣∗★𝐷𝜃

𝛿𝑖𝑠
− 𝜓̄0

𝑠

)
,

which, by Lemma 6.8 below, is equal to 𝐽𝛽𝑖 , 𝑝𝑖 (𝑧) | 𝜆−𝐷𝜃
𝛿𝑖

. Note that all decorated graphs Γ in
Λ(𝑚,𝛽★, ( (𝛽1 , 𝑝1) , · · · , (𝛽𝑚 , 𝑝𝑚)) have the same localization contribution for the unique vertex 𝑣★ labeled
by ∞, the edge 𝑒𝑖 and the node over ∞ incident to 𝑒𝑖 . As the localization formula for any graph in
Λ(𝑚,𝛽★, ( (𝛽1 , 𝑝1) , · · · , (𝛽𝑚 , 𝑝𝑚)) depends multi-linearly on the contributions of vertexes over 0. Now go
over all possible triples (𝑚, 𝛽★, ((𝛽1, 𝑝1), · · · , (𝛽𝑚, 𝑝𝑚))). It yields the summation

∞∑
𝑚=1

∑
𝛽★+𝛽1+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

1
𝑚!

(𝑒𝑣★)∗
( ∞∑
𝑑=0

𝜖∗
(
𝑐𝑑 (−𝑅•𝜋∗L

1
𝑟

𝜃 ) (
−𝜆
𝑟
)−1+𝑚−𝑑 ∩ [K0, �𝑚𝑟 ∪★( 𝑟

√
𝐿 𝜃/𝑌, 𝛽★)]vir)

∩
𝑚∏
𝑖=1

𝑒𝑣∗𝑖 (
1
𝛿𝑖
( 𝑓𝛽𝑖 , 𝑝𝑖 (𝑧) |𝑧= 𝜆−𝐷𝜃𝛿𝑖

)

−𝜆−𝑒𝑣∗𝑖 𝐷𝜃
𝑟 𝛿𝑖

− 𝜓̄𝑖
𝑟

∩ 𝜓̄𝑐
★

)
.

(6.15)
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Combing (6.16) and (6.15), we can write (6.9) as the following:

𝜇𝛽,𝑝 ( 𝜆−𝐷𝜃𝛿 )
𝛿

· (𝜆 − 𝐷 𝜃

𝛿
)𝑐 +

∞∑
𝑚=0

∑
𝛽★+𝛽1+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

1
𝑚!

(𝑒𝑣★)∗

(
[K0, �𝑚∪★(𝑌, 𝛽★)]vir ∩

𝑚⋂
𝑖=1

𝑒𝑣∗𝑖 (𝜇𝛽𝑖 , 𝑝𝑖 (−𝜓̄𝑖))
⋂ 1

𝛿 (
𝜆−𝑒𝑣∗★𝐷𝜃

𝛿 )𝑐
𝜆−𝑒𝑣∗★𝐷𝜃

𝛿 − 𝜓̄★

)
+

∞∑
𝑚=0

∑
𝛽★+𝛽1+···+𝛽𝑚
𝑝1+···+𝑝𝑚=𝑝

(𝛽𝑖 , 𝑝𝑖)≠0 for all1≤𝑖≤𝑚

1
𝑚!

(𝑒𝑣★)∗
( ∞∑
𝑑=0

𝜖∗(𝑐𝑑 (−𝑅•𝜋∗L
1
𝑟

𝜃 ) (
−𝜆
𝑟
)−1+𝑚−𝑑

∩ [K0, �𝑚𝑟∪★(
𝑟
√
𝐿 𝜃/𝑌, 𝛽★)]vir) ∩

𝑚∏
𝑖=1

𝑒𝑣∗𝑖 (
1
𝛿𝑖
(𝐽𝛽𝑖 , 𝑝𝑖 (𝑧) |𝑧= 𝜆−𝐷𝜃𝛿𝑖

)

−𝜆−𝑒𝑣∗𝑖 𝐷𝜃
𝑟 𝛿𝑖

− 𝜓̄𝑖
𝑟

∩ 𝜓̄𝑐
★

)
.

(6.16)

As (6.9) lies in 𝐻∗(𝐼𝜇𝑌,Q) [𝜆] [𝑡1, · · · , 𝑡𝑙], the coefficient of 𝜆−1 term in (6.16) must vanish. Note
that the coefficients before 𝜆−1 in the first two terms in (6.16) yield

∞∑
𝑚=0

∑
𝛽★+𝛽1+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

1
𝑚!

𝜙𝛼〈𝜇𝛽1 , 𝑝1 (−𝜓̄1), · · · , 𝜇𝛽𝑚 , 𝑝𝑚 (−𝜓̄𝑚), 𝜙𝛼𝜓̄
𝑐
★〉0, �𝑚∪★,𝛽★ ,

which is the left-hand side of equality in (6.11). Then we extract the coefficient of the 𝜆−1 term in the
third term in (6.16). This yields the term on the right-hand side of (6.11) up to a minus sign, where we
note if (𝛽𝑖 , 𝑝𝑖) ≠ 0, then 𝛽𝑖 (𝐿 𝜃 ) + 𝑝𝑖 < 𝛽(𝐿 𝜃 ) + 𝑝. This completes the proof of (6.11). �

Lemma 6.8. For any 𝛽★, 𝛽1, · · · , 𝛽𝑚 in Eff(𝑊,𝐺, 𝜃) and 𝑝1, · · · , 𝑝𝑚 in Z≥0 with (𝛽𝑖 , 𝑝𝑖) ≠ 0, write
𝛽 = 𝛽★ +

∑𝑚
𝑖=1 𝛽𝑖 and 𝑝 =

∑
𝑖 𝑝𝑖 . When s is sufficiently large, one has

𝜖 ′∗
( ∞∑
𝑑=0

𝑐𝑑 (−𝑅•𝜋∗L
1
𝑠

−𝜃 ) (
𝜆

𝑠
)−𝑑 ∩ [K0, �𝑚𝑠∪★(

𝑠
√
𝐿−𝜃/𝑌, 𝛽★)]vir) = 1

𝑠

(
[K0, �𝑚∪{★} (𝑌, 𝛽★)]vir, (6.17)

Here, 𝜖 ′ : K0, �𝑚𝑠∪★(
𝑠
√
𝐿−𝜃/𝑌, 𝛽★) → K0, �𝑚∪★(𝑌, 𝛽★) is the natural structural map as defined in the

beginning of §6.

Proof. We will first show that 𝑅0𝜋∗L
1
𝑠

−𝜃 = 0 onK0, �𝑚𝑠∪★(
𝑠
√
𝐿−𝜃/𝑌, 𝛽★), which implies that 𝑅1𝜋∗L

1
𝑠

−𝜃 = 0

as 𝑅•𝜋∗L
1
𝑠

−𝜃 has virtual rank 0 when s is sufficiently large. By Remark 5.3, when 𝛽★ ≠ 0, we have

𝑅0𝜋∗L
1
𝑠

−𝜃 = 0. So it remains to prove the case when 𝛽★ = 0. Assume now that 𝛽★ = 0, and as the
corresponding moduli consists of stable maps, we have 𝑚 ≥ 2. Let 𝑓 : 𝐶 → 𝑠

√
𝐿−𝜃/𝑌 be a stable map

in K0, �𝑚𝑠∪★(
𝑠
√
𝐿−𝜃/𝑌, 𝛽★). Assume 𝑞𝑖 is one of the marked points. Note that we have

𝑎𝑔𝑒𝑞𝑖 ((L
1
𝑠

−𝜃 ) |𝐶 ) =
𝛽𝑖 (𝐿 𝜃 ) + 𝑝𝑖

𝑠
≠ 0.

Then the restricted line bundle 𝐿
1
𝑠

−𝜃 := (L
1
𝑠

−𝜃 ) |𝐶 cannot have any nonzero section on C. Indeed, the

degree of the restriction of 𝐿
1
𝑠

−𝜃 to every irreducible component is zero by Lemma 2.5 as the total degree

𝛽★ is zero. Then a nonzero section of 𝐿
1
𝑠

−𝜃 will trivialize the line bundle 𝐿
1
𝑠

−𝜃 . This contradicts the fact

that 𝐿
1
𝑠

−𝜃 has nontrivial stacky structure at 𝑞𝑖 .
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Now as −𝑅•𝜋∗L
1
𝑠

−𝜃 = 𝑅1𝜋∗L
1
𝑠

−𝜃 = 0, (6.17) follows immediately from the identity

𝜖 ′∗ ( [K0, �𝑚𝑠∪★(
𝑠
√
𝐿−𝜃/𝑌, 𝛽★)]vir) = 1

𝑠
[K0, �𝑚∪★(𝑌, 𝛽★)]vir,

which is proved in [38, Theorem 5.16]. �

6.3. Proof of main theorem

Using the notation in the introduction, now we prove the main theorem 1.1:

Proof. According to the analysis in the introduction, it suffices to prove the following:

[𝑧I𝛽,𝑝 (𝑧)]𝑧−𝑐−1

=
∞∑

𝑚=0

∑
𝛽★+𝛽1+···+𝛽𝑚=𝛽
𝑝1+···+𝑝𝑚=𝑝

1
𝑚!

𝜙𝛼〈𝜇𝛽1 , 𝑝1 (−𝜓̄1), · · · , 𝜇𝛽𝑚 , 𝑝𝑚 (−𝜓̄𝑚), 𝜙𝛼𝜓̄
𝑐
★〉0, �𝑚∪★,𝛽★ ,

(6.18)

for any nonnegative integer c and nonzero pair (𝛽, 𝑝). Consider the set

𝑅 := {𝛽(𝐿 𝜃 ) + 𝑝 | (𝛽, 𝑝) ≠ 0, 𝛽 ∈ Eff(𝑊,𝐺, 𝜃), 𝑝 ∈ Z≥0}.

Then 𝑅 ⊂ R>0 (cf. Lemma 2.5). We claim that inf𝑅 > 0. Indeed, this follows the fact for any positive
number f, {𝛽 | 𝛽(𝐿 𝜃 ) < 𝑓 } is a finite set (cf. Remark 6.2). Then we can choose a positive number e
which achieves the minimum of R. For any nonzero pair (𝛽, 𝑝) such that 𝛽(𝐿 𝜃 ) + 𝑝 = 𝑒, the (6.18)
immediately follows from Theorem 6.5 and 6.7 by observing that the function 𝐺𝛽,𝑝,𝑐 only depends on
the set of inputs 𝐼𝛽′, 𝑝′ with 0 < 𝛽′(𝐿 𝜃 ) + 𝑝′ < 𝑒, which is empty as there is no nonzero pair19 (𝛽′, 𝑝′)
satisfying 𝛽′(𝐿 𝜃 ) + 𝑝′ < 𝑒. Now do induction on the number 𝛽(𝐿 𝜃 ) + 𝑝. Now (6.18) holds by using
Theorem 6.5 and 6.7 again. �

Remark 6.9. The proof of the mirror theorem here is quite robust; the main geometrical construction
including twisted graph space and root stack construction, and recursive relations, can be directly
generalized to all proper GIT targets considered in quasimap theory. Hence, we expect the method
developed here can be used to prove the genus zero quasimap wall-crossing conjecture for all proper
GIT targets considered in quasimap theory.

7. An example

In this section, we will recover the (small) quantum product computation by Corti for a cubic hypersurface
Y which is cut off by the polynomial 𝑥3

1 + 𝑥3
2 + 𝑥3

3 + 𝑥4𝑥1 in P(1, 1, 1, 2). The following is the table for
(small) quantum product of Y obtained by Corti (see [36]),

Table 1. Small quantum product of Y..

1 p 𝑝2 1 1
2

1 1 p 𝑝2 1 1
2

p 𝑝2 + 12𝑟2 + 3𝑟1 1
2

12𝑟2𝑝 r p
𝑝2 108𝑟4 + 36𝑟31 1

2
12𝑟3

1 1
2

1
3 𝑝

2 − 3𝑟1 1
2

19Note that a pair (𝛽′, 𝑝′) in Eff(𝑊 ,𝐺, 𝜃) × Z≥0 is zero if and only if 𝛽′ (𝐿𝜃 ) + 𝑝′ = 0; see Lemma 2.5.
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where20 𝑟 = 1
2𝑞, p is the hyperplane class of Y and 1 1

2
is the fundamental class of the unique nontrivial

twisted sector of 𝐻∗(𝐼𝜇𝑌,Q). Due to the discussion in [36], the usual (O(3), 𝐸𝑢𝑙𝑒𝑟)-twisted I-function
ofP(1, 1, 1, 2) only recovers the first two rows, and the remaining two rows rely on Corti’s key calculation

(1 1
2
◦ 1 1

2
,1 1

2
) = −3

2
𝑟. (7.1)

Here, ◦ is the small quantum product defined by the specialization of the big quantum product★𝑡 to 𝑡 = 0.
In the following, we will recover Corti’s key calculation using the I-function by choosing a different

GIT presentation of P(1, 1, 1, 2).
Choose the matrix

𝜌 =

(
1 1 1 2 0
0 0 0 1 1

)
: Z2 → Z5,

which gives the action of 𝐺 := C∗𝑡 × C∗𝑦 on 𝑊 := C5 so that the GIT (stack) quotient is still P(1, 1, 1, 2)
(with the choice of stability condition 𝜃 = 𝑡2𝑦3; this also corresponds to the S-extended data 𝑆 = { 1

2 } in
the sense of [19, 18]). Consider the polynomial 𝑥5𝑥

3
1 + 𝑥5𝑥

3
2 + 𝑥5𝑥

3
3 + 𝑥4𝑥1. Then it cuts off a hypersurface

isomorphic to Y in the new GIT stack quotient [𝑊 𝑠𝑠 (𝜃)/𝐺]. Note that Y comes from the line bundle
𝐿𝑡3𝑦 on [𝑊/𝐺], which is not semi-positive as the following matrices (7.2) show.

The semigroup Eff(𝑊,𝐺, 𝜃) is generated by 𝛽1, 𝛽2 ∈ 𝐻𝑜𝑚(𝜒(𝐺),Q) such that(
𝛽1 (𝐿𝑡 ) 𝛽1 (𝐿𝑦)
𝛽2 (𝐿𝑡 ) 𝛽2 (𝐿𝑦)

)
=

( 1
2 0
− 1

2 1

)
. (7.2)

Then we can think 𝑞 := 𝑞𝛽1 generates the semigroup of degrees of stable maps to the hypersurface Y
and 𝑥 := 𝑞𝛽2 is a formal variable.
By §3.1, the small I-function of Y using this new GIT presentation of P(1, 1, 1, 2) is

𝐼 (𝑞, 𝑥, 𝑧) =
∑

(𝑙,𝑘) ∈N2
3𝑙−𝑘

2 ≥0

𝑞𝑙𝑥𝑘

𝑧𝑘 𝑘!

∏
𝑖<0(𝑝 + ( 𝑙−𝑘2 − 𝑖)𝑧)3∏

𝑖< 𝑙−𝑘2
(𝑝 + ( 𝑙−𝑘2 − 𝑖)𝑧)3

1∏
0≤𝑖<𝑙 (2𝑝 + (𝑙 − 𝑖)𝑧)

∏
0≤𝑖< 3𝑙−𝑘

2

(
3𝑝 + ( 3𝑙 − 𝑘

2
− 𝑖)𝑧

)
1 𝑘−𝑙

2

+
∑

(𝑙,𝑘) ∈N2
3𝑙−𝑘

2 ∈Z<0

𝑞𝑙𝑥𝑘

𝑧𝑘 𝑘!

∏
𝑙−𝑘

2 <𝑖<0(𝑝 + ( 𝑙−𝑘2 − 𝑖)𝑧)3∏
0≤𝑖<𝑙 (2𝑝 + (𝑙 − 𝑖)𝑧)

1∏
3𝑙−𝑘

2 <𝑖<0

(
3𝑝 + ( 3𝑙−𝑘

2 − 𝑖)𝑧
) 1

3
𝑝2

+
∑

(𝑙,𝑘) ∈N2
3𝑙−𝑘

2 ∈𝑄<0\Z<0

𝑞𝑙𝑥𝑘

𝑧𝑘 𝑘!

∏
𝑙−𝑘

2 <𝑖<0 (𝑝 + ( 𝑙−𝑘2 − 𝑖)𝑧)3∏
0≤𝑖<𝑙 (2𝑝 + (𝑙 − 𝑖)𝑧)

1∏
3𝑙−𝑘

2 <𝑖<0

(
3𝑝 + ( 3𝑙−𝑘

2 − 𝑖)𝑧
) 1 𝑘−𝑙

2
,

(7.3)

20In [36], they use 𝑟 = 1
2𝑞

1
2 ; their 𝑞

1
2 corresponds to our q here.
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where 1 𝑘−𝑙
2

= 1 1
2

if 𝑘 − 𝑙 is odd; otherwise, 1 𝑘−𝑙
2

= 1. We can show the following fact about 𝐼 (𝑞, 𝑥, 𝑧):

𝐼 (𝑞, 𝑥, 𝑧) = 1 +
𝑥1 1

2
+ 𝑞𝑥1
𝑧

+O(𝑥3) +O( 1
𝑧2 ), (7.4)

𝜕𝐼 (𝑞, 𝑥, 𝑧)
𝜕𝑥

=
1 1

2
+ 𝑞1
𝑧

+
𝑥(𝑞21 + 1

3 𝑝
2 +

𝑞1 1
2

2 )
𝑧2 +O(𝑥2) +O( 1

𝑧3 ), (7.5)

and

𝜕2𝐼 (𝑞, 𝑥, 𝑧)
𝜕2𝑥

=
𝑞21 + 1

3 𝑝
2 +

𝑞1 1
2

2
𝑧2 +O(𝑥) +O( 1

𝑧3 ). (7.6)

Since −𝑧𝑒
𝑞𝑥
𝑧 𝐼 (𝑞, 𝑥,−𝑧) is a slice on the Givental’s cone by string flow and have the asympotic following

expansion

𝑧𝑒
−𝑞𝑥1
𝑧 𝐼 (𝑞, 𝑥, 𝑧) = 𝑧1 + 𝑥1 1

2
+O(𝑥3) +O( 1

𝑧
). (7.7)

Then

𝑧𝑒
−𝑞𝑥1
𝑧 𝐼 (𝑞, 𝑥, 𝑧) = 𝐽𝐺𝑖𝑣 (𝑞, 𝑥1 1

2
, 𝑧) +O(𝑥3), (7.8)

where 𝐽𝐺𝑖𝑣 (𝑞, 𝑡, 𝑧) is Givental’s 𝐽−function which has an asymptotic expansion

𝑧1 + 𝑡 +O( 1
𝑧
), (7.9)

and 𝑡 =
∑
𝑡𝛼𝜙𝛼 ∈ 𝐻∗(𝐼𝜇𝑌,Q). We have the following standard fact about Givental’s 𝐽−function (cf.

[26]):

𝑧
𝜕

𝜕𝑡𝛼
𝜕

𝜕𝑡𝛽
𝐽𝐺𝑖𝑣 (𝑞, 𝑡, 𝑧) = 𝜙𝛼 ★𝑡 𝜙𝛽 +O(𝑧−1). (7.10)

Now consider the function

𝑧
𝜕2

𝜕𝑥2

(
𝑧𝑒

−𝑞𝑥1
𝑧 𝐼 (𝑞, 𝑥, 𝑧)

)
. (7.11)

A direction computation using product rule yields

𝑞2𝑒
−𝑞𝑥1
𝑧 𝐼 (𝑞, 𝑥, 𝑧) − 2𝑧𝑞𝑒

−𝑞𝑥1
𝑧

𝜕

𝜕𝑥
𝐼 (𝑞, 𝑥, 𝑧) + 𝑧2𝑒

−𝑞𝑥1
𝑧

𝜕2

𝜕𝑥2 𝐼 (𝑞, 𝑥, 𝑧). (7.12)

Applying (7.4), (7.5), (7.6) to the first term, second term and third term in (7.12), respectively, we have
the following asymptotic expansion of (7.11):

𝑞21 − 2𝑞(1 1
2
+ 𝑞1) + (𝑞21 + 1

3
𝑝2 +

𝑞1 1
2

2
) +O(𝑥) +O(𝑧−1). (7.13)

However, using equation (7.8), (7.10), one has another asymptotic expansion about (7.11):

1 1
2
★𝑥 1 1

2
+O(𝑥) +O(𝑧−1). (7.14)
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Compare (7.13) and (7.14). After evaluating 𝑥 = 0 and ignoring all negative z powers, we have

1 1
2
◦ 1 1

2
=

1
3
𝑝2 − 3

2
𝑞1 1

2
,

which recovers Corti’s calculation(7.1)!

A. List of symbols

Since the proof of the recursive relations in Theorem 6.5 and Theorem 6.7 have parallel arguments, we
list a comparison of notations appearing in the proof for reader’s convenience.

Table A1. A comparison of symbols..

Auxiliary cycle I (6.2) Auxiliary cycle II (6.9)

master space P𝔜
1
𝑟 ,𝑝 §4.1 P𝑌𝑟,𝑠 §5.1

moduli space 𝑄𝜃0, �𝑚 (P𝔜 1
𝑟 ,𝑝 , (𝛽, 1𝑝 , 𝛿𝑟 )) Def 2.3, §4.1 K0,𝑚 (P𝑌𝑟,𝑠 , (𝛽, 𝛿𝑟 )) §5.1

stale vertex over 0 𝑄
𝜖 𝜃𝑝
0, �𝑚(𝑣 ) (𝔜𝑝 , (𝛽 (𝑣) , 1𝐽𝑣 )) §4.3.1 K0, �𝑚(𝑣 ) ( 𝑠

√
𝐿−𝜃/𝑌 , 𝛽 (𝑣)) §5.3.1

stale vertex over ∞ K0, �𝑚(𝑣 ) ( 𝑟
√
𝐿𝜃/𝑌 , 𝛽 (𝑣)) §4.3.1 K0, �𝑚(𝑣 ) ( 𝑟

√
𝐿𝜃/𝑌 , 𝛽 (𝑣)) §5.3.1

edge moduli M𝑒
𝑎𝛿 (𝑒)

√
𝐿−𝜃/[𝑌 𝑠𝑠𝛽 /𝐺 ] §4.3.2 𝑎𝑠𝛿 (𝑒)

√
𝐿−𝜃/𝐼𝑔𝑌 §5.3.2

Acknowledgements. First, I want to express my deep gratitude to my advisor Hsian-Hua Tseng for his support and guidance. I
want to especially thank his excellent talk on relative Gromov-Witten invariants and orbifold Gromov-Witten invariants at OSU,
which drew my attention to double ramification cycles, which eventually lead to the birth of this paper. I would like to thank the
organizers of the 2017 FRG workshop ‘Crossing the Walls in Enumerative Geometry’ at Columbia, which exposed me to the
most recent process in the subject as well as many inspiring ideas. Part of the paper is based on the author’s thesis at OSU. I
also want to thank Yang Zhou and Cristina Manolache for discussions on quasimap theory and Honglu Fan and Fenglong You
for discussions on Givental’s formalism. I want to thank Felix Janda on the presentation of the big I-function. Finally, I want to
thank the anonymous referees for the valuable comments which greatly improved this paper.

Competing interest. The author has no competing interests to declare.

Funding statement. The author has no funding sources to declare.

References

[1] D. Abramovich, T. Graber and A. Vistoli, ‘Gromov-Witten theory of Deligne-Mumford stacks’, Amer. J. Math. 130 (2008),
1337–1398. http://doi.org/10.1353/ajm.0.0017

[2] E. Andreini, Y. Jiang and H. Tseng, ‘Gromov-Witten theory of root Gerbes I: Structure of genus 0 moduli spaces’,
J. Differential Geom. 99 (2015), 1–45. http://doi.org/10.4310/jdg/1418345536

[3] M. Atiyah and R. Bott, ‘The moment map and equivariant cohomology’, Topology 23 (1984), 1–28.
[4] A. Bertram, I. Ciocan-Fontanine and B. Kim, ‘Gromov-Witten invariants for abelian and nonabelian quotients’, J. Algebraic

Geom. 17 (2008), 275–294.
[5] J. Brown, ‘Gromow-Witten invariants of toric fibrations’, Int. Math. Res. Not. IMRN 2014 (2013), 5437–5482. http://doi.

org/10.1093/imrn/rnt030
[6] P. Candelas, X. De La Ossa, P. Green and L. Parkes, ‘A pair of Calabi-Yau manifolds as an exactly soluble superconformal

theory’, Nuclear Physics B 359 (1991), 21–74. http://doi.org/10.1016/0550-3213(91)90292-6
[7] H. Chang and J. Li, ‘Gromov-Witten invariants of stable maps With fields. Int. Math. Res. Not. IMRN 2012 (2011),

4163–4217. https://doi.org/10.1093/imrn/rnr186
[8] H. Chang, J. Li, W. Li and C. Liu, ‘An effective theory of GW and FJRW invariants of quintics Calabi-Yau manifolds’,

Preprint, 2016, http://arxiv.org/abs/1603.06184v2.
[9] D. Cheong, I. Ciocan-Fontanine and B. Kim, ‘Orbifold quasimap theory’, Math. Ann. 363 (2015), 777–816. http://doi.org/

10.1007/s00208-015-1186-z
[10] I. Ciocan-Fontanine and B. Kim, ‘Moduli stacks of stable toric quasimaps’, Adv. Math. 225 (2010), 3022–3051.
[11] I. Ciocan-Fontanine and B. Kim, ‘Wall-crossing in genus zero quasimap theory and mirror maps’, Algebr. Geom. 1, (2014),

400–448. https://doi.org/10.14231/ag-2014-019

https://doi.org/10.1017/fms.2025.34 Published online by Cambridge University Press

http://doi.org/10.1353/ajm.0.0017
http://doi.org/10.4310/jdg/1418345536
http://doi.org/10.1093/imrn/rnt030
http://doi.org/10.1093/imrn/rnt030
http://doi.org/10.1016/0550-3213(91)90292-6
https://doi.org/10.1093/imrn/rnr186
http://arxiv.org/abs/1603.06184v2
http://doi.org/10.1007/s00208-015-1186-z
http://doi.org/10.1007/s00208-015-1186-z
https://doi.org/10.14231/ag-2014-019
https://doi.org/10.1017/fms.2025.34


Forum of Mathematics, Sigma 65

[12] I. Ciocan-Fontanine, B. Kim and C. Sabbah, ‘The abelian/nonabelian correspondence and Frobenius manifolds’, Invent.
Math. 171 (2008), 301–343.

[13] I. Ciocan-Fontanine and B. Kim, ‘Big I-functions’ in Development of moduli theory–Kyoto, volume 69 of Adv. Stud. Pure
Math., Math. Soc. Japan, [Tokyo], 2016, 323–347.

[14] I. Ciocan-Fontanine, B. Kim and D. Maulik, ‘Stable quasimaps to GIT quotients’, J. Geom. Phys. 75 (2014), 17–47. http://
doi.org/10.1016/j.geomphys.2013.08.019

[15] E. Clader, F. Janda and Y. Ruan, ‘Higher-genus quasimap wall-crossing via localization’, Preprint, 2017,
http://arxiv.org/abs/1702.03427v1.

[16] E. Clader, F. Janda and Y. Ruan, ‘Higher-genus wall-crossing in the gauged linear sigma model’, Duke Math. J. 170 (2021),
697–773. https://doi.org/10.1215/00127094-2020-0053, With an appendix by Yang Zhou

[17] T. Coates and A. Givental, ‘Quantum Riemann-Roch, Lefschetz and Serre’, Ann. of Math. 165 (2007), 15–53. https://doi.
org/10.4007/annals.2007.165.15

[18] T. Coates, A. Corti, H. Iritani and H. Tseng, ‘A mirror theorem for toric stacks’ Compos. Math. 151 (2015), 1878–1912.
http://doi.org/10.1112/s0010437x15007356

[19] T. Coates, A. Corti, H. Iritani and H. Tseng, ‘Some applications of the mirror theorem for toric stacks’, Adv. Theor. Math.
Phys. 23 (2019), 767–802.

[20] T. Coates, A. Corti, Y. Lee and H. Tseng, ‘The quantum orbifold cohomology of weighted projective spaces’, Acta Math.
202 (2009), 139–193. http://doi.org/10.1007/s11511-009-0035-x

[21] T. Coates, A. Gholampour, H. Iritani, Y. Jiang, P. Johnson and C. Manolache, ‘The quantum Lefschetz hyperplane prin-
ciple can fail for positive orbifold hypersurfaces’, Math. Res. Lett. 19 (2012), 997–1005. http://doi.org/10.4310/mrl.2012.
v19.n5.a3

[22] R. Dijkgraaf and E. Witten, ‘Mean field theory, topological field theory, and multi-matrix models’, Nuclear Physics B 342
(1990), 486–522.

[23] W. Fulton, Intersection Theory (Springer-Verlag, Berlin,1984). https://doi.org/10.1007/978-3-662-02421-8
[24] A. Givental, ‘Equivariant Gromov-Witten invariants’ Int. Math. Res. Not. IMRN 1996 (1996), 613. http://doi.org/10.1155/

s1073792896000414
[25] A. Givental, ‘A mirror theorem for toric complete intersections’, in Topological field theory, primitive forms and related

topics (Kyoto, 1996), Progr. Math., 160, Birkhäuser Boston, Boston, MA, 1998, 141–175.
[26] A. Givental, ‘Symplectic geometry of Frobenius structures’, in Aspects Math., E36, Friedr. Vieweg, Wiesbaden (2004),

91–112.
[27] T. Graber and R. Pandharipande, ‘Localization of virtual classes’, Invent. Math. 135 (1999), 487–518. http://doi.org/10.

1007/s002220050293
[28] S. Guo, F. Janda and Y. Ruan, ‘A mirror theorem for genus two Gromov-Witten invariants of quintic threefolds’, Preprint,

2017, http://arxiv.org/abs/1709.07392v1.
[29] J. Guéré, ‘Hodge–Gromov–Witten theory’, Preprint, 2019, http://arxiv.org/abs/1908.11409.
[30] F. Janda, R. Pandharipande, A. Pixton and D. Zvonkine, ‘Double ramification cycles on the moduli spaces of curves’, Publ.

Math. Inst. Hautes Études Sci. 125 (2017), 221–266. https://doi.org/10.1007/s10240-017-0088-x
[31] F. Janda, R. Pandharipande, A. Pixton and D. Zvonkine, ‘Double ramification cycles with target varieties’, Preprint, 2018,

http://arxiv.org/abs/1812.10136v1.
[32] P. Johnson, R. Pandharipande and H. Tseng, ‘Notes on local P1−orbifolds’, Available at https://people.math.

ethz.ch/~rahul/lPab.ps.
[33] B. Kim, A. Kresch and T. Pantev, ‘Functoriality in intersection theory and a conjecture of Cox, Katz, and Lee’, J. Pure Appl.

Algebra 179 (2003), 127–136. https://doi.org/10.1016/s0022-4049(02)00293-1
[34] B. Lian, K. Liu and S. Yau, ‘Mirror Principle I’, Surv. Differ. Geom. 5 (1999), 405–454. http://doi.org/10.4310/sdg.1999.

v5.n1.a5
[35] C. Manolache, ‘Virtual pull-backs’, J. Algebraic Geom. 21 (2011), 201–245. https://doi.org/10.1090/s1056-3911-2011-

00606-1
[36] G. Martin and S. Hironori, ‘Orbifold quantum D-modules associated to weighted projective spaces’, Comment. Math. Helv.

89 (2014), 273–297.
[37] D. Mumford, J. Fogarty and F. Kirwan, Geometric Invariant Theory (Springer-Verlag, Berlin,1994). https://doi.org/10.1007/

978-3-642-57916-5
[38] X. Tang and H. Tseng, ‘A quantum Leray-Hirsch theorem for banded gerbes’, J. Differential Geom. 119 (2021), 459–511.
[39] J. Wang, ‘I-functions for toric stack hypersurfaces’, Available at https://junmathwang.github.io/notes.
[40] J. Wang, ‘Quantum Lefschetz Theorem revisited’, CoRR., 2023, http://arxiv.org/abs/2305.04906v2.
[41] R. Webb, ‘Abelianization and Quantum Lefschetz for orbifold quasimap I-functions’, CoRR., 2021,

http://arxiv.org/abs/2109.12223v1.
[42] R. Webb, ‘The abelian-nonabelian correspondence for I-functions’, Int. Math. Res. Not. IMRN 2023 (2023), 2592–2648.
[43] Y. Zhou, ‘Quasimap wall-crossing for GIT quotients’, Invent. Math. 227 (2022), 581–660.
[44] A. Zinger, ‘The reduced genus 1 Gromov-Witten invariants of Calabi-Yau hypersurfaces’, J. Amer. Math. Soc. 22 (2008),

691–737. https://doi.org/10.1090/s0894-0347-08-00625-5

https://doi.org/10.1017/fms.2025.34 Published online by Cambridge University Press

http://doi.org/10.1016/j.geomphys.2013.08.019
http://doi.org/10.1016/j.geomphys.2013.08.019
http://arxiv.org/abs/1702.03427v1
https://doi.org/10.1215/00127094-2020-0053
https://doi.org/10.4007/annals.2007.165.15
https://doi.org/10.4007/annals.2007.165.15
http://doi.org/10.1112/s0010437x15007356
http://doi.org/10.1007/s11511-009-0035-x
http://doi.org/10.4310/mrl.2012.v19.n5.a3
https://doi.org/10.1007/978-3-662-02421-8
http://doi.org/10.1155/s1073792896000414
http://doi.org/10.1155/s1073792896000414
http://doi.org/10.1007/s002220050293
http://doi.org/10.1007/s002220050293
http://arxiv.org/abs/1709.07392v1
http://arxiv.org/abs/1908.11409
https://doi.org/10.1007/s10240-017-0088-x
http://arxiv.org/abs/1812.10136v1
https://people.math.ethz.ch/~rahul/lPab.ps
https://doi.org/10.1016/s0022-4049(02)00293-1
http://doi.org/10.4310/sdg.1999.v5.n1.a5
http://doi.org/10.4310/sdg.1999.v5.n1.a5
https://doi.org/10.1090/s1056-3911-2011-00606-1
https://doi.org/10.1090/s1056-3911-2011-00606-1
https://doi.org/10.1007/978-3-642-57916-5
https://doi.org/10.1007/978-3-642-57916-5
https://junmathwang.github.io/notes
http://arxiv.org/abs/2305.04906v2
http://arxiv.org/abs/2109.12223v1
https://doi.org/10.1090/s0894-0347-08-00625-5
https://doi.org/10.1017/fms.2025.34

	1 Introduction
	1.1 Main results and ideas of proof
	1.1.1 Big I-function
	1.1.2 Sketch of the proof of the main theorem

	1.2 Why we take roots in the master space
	1.3 Relation to other works
	1.4 Outline

	2 Background on quasimaps
	2.1 Quasimap invariants

	3 Geometry of complete intersections in toric Deligne-Mumford stacks
	3.1 Two special cases of the mirror theorem

	4 Master space I
	4.1 Construction of master space I
	4.2 C*-action and fixed loci
	4.3 Localization analysis
	4.3.1 Vertex contributions
	4.3.2 Edge contributions: basepoint case
	4.3.3 Edge contributions: without basepoint case
	4.3.4 Node contributions

	4.4 Total localization contributions

	5 Master space II
	5.1 Construction of master space II
	5.2 C*-action and fixed loci
	5.3 Localization analysis
	5.3.1 Vertex contributions
	5.3.2 Edge contributions
	5.3.3 Node contributions

	5.4 Total localization contributions

	6 Recursion relations from auxiliary cycles
	6.1 Auxiliary cycle I
	6.2 Auxiliary cycle II
	6.3 Proof of main theorem

	7 An example
	A List of symbols
	References

