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Abstract

Quantum noise fundamentally limits the performance of fiber-optic systems beyond the
standard quantum limit (SQL), restricting long-distance quantum key distribution, quan-
tum communication, and precision quantum sensing. To overcome these limitations,
quantum-squeezed states enable quadrature-dependent noise suppression, yet their bene-
fits rapidly degrade under fiber attenuation, necessitating low-noise amplification. Since
conventional phase-insensitive amplifiers (PIAs) impose a minimum 3 dB noise figure (NF)
penalty and disrupt quantum correlations, phase-sensitive amplification (PSA) becomes
essential. In this work, we propose a PSA based on dual-pump frequency-degenerate
four-wave mixing (FWM) to amplify weak coherent squeezed states. Here, the PSA is
seeded by an information-carrying single-mode squeezed state, where the information is
encoded in the displacement degree of freedom, rather than in the squeezing itself. By
optimizing the relative phases among the squeezed state, pump fields, and weak signal, the
scheme maintains proper squeezing alignment and preserves the encoded quantum corre-
lations during propagation. Under low-loss conditions, it is shown that the effective NF
reaches —7.787 dB, demonstrating that the scheme enables quantum-limited amplification
suitable for long-haul transmission and offering a viable path toward scalable fiber-based
quantum technologies.

Keywords: quantum squeezed states; four-wave mixing; noise figure; phase-sensitive
amplifiers

1. Introduction

In recent years, progress in quantum optics has underscored the standard quantum
limit (SQL) as a fundamental quantum barrier in contemporary optical systems, persist-
ing as a dominant constraint amid other noise sources [1-11]. In quantum precision
metrology, the SQL constrains sensitivities in applications such as magnetometry and
interferometry [1], where quantum noise reduces phase sensitivity to the SQL at approxi-
mately 60% loss rates [1]. Similarly, in quantum sensing and measurement, particularly in
interferometers for gravitational wave detection, SQL restricts precision due to inherent
quantum noise such as photon-counting and radiation-pressure errors [3-5], exacerbated
by fiber losses and conventional phase-insensitive amplifiers that add at least 3 dB of
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noise [6], leading to gain degradation. In quantum communication, SQL-imposed quan-
tum noise fundamentally limits the performance of fiber-optic systems [7], particularly in
long-distance and high-capacity scenarios such as quantum key distribution (QKD) [8] and
other high-fidelity quantum protocols [9,10]. In these regimes, waveguide losses rapidly
diminish the quantum advantages of squeezed states and disrupt the correlations essen-
tial for secure long-distance transmission [11]. In particular, in continuous-variable (CV)
QKD with homodyne detection, a phase-locked PSA can be placed before Bob’s coherent
receiver as a low-noise optical pre-amplifier to selectively enhance the information-bearing
quadrature, thereby compensating for detector limitations and reducing the input-referred
detection noise, which in turn increases the achievable secret key rate [12]. These limitations
ultimately highlight the need for advancements in scalable quantum technologies for secure
networks and precision sensing.

Squeezed states enable noise squeezing in specific quadratures via nonlinear optics.
However, they face two primary challenges in fiber systems: degradation due to losses,
which couple to vacuum fluctuations, and disruption of quantum correlations during
amplification. Ye et al. optimized gain-loss equilibria in integrated waveguides to sustain
squeezing under high-loss regimes, with recent advances enabling arbitrary time-frequency
mode squeezing in fiber via self-conjugated modes, achieving up to 7.50 dB [11,13]. Com-
plementing these, Giovannetti and Lloyd’s quantum metrology framework demonstrated
that coding in lossy channels mitigates noise and underpins anti-attenuation strategies [4],
with foundational reviews by Braunstein and van Loock [14] and Paris’s quantum estima-
tion theory [15] delineating noise-suppression protocols and parameter bounds in noisy
channels. Frascella and colleagues showed that such losses can be mitigated to preserve
sub-shot-noise performance at 13% detection efficiency (equivalent to 87% loss) via PSA
in second-order parametric systems [3]. To effectively counter these amplification-related
disruptions, PSA offers a promising approach by minimizing added noise during signal
enhancement. Hansryd, Andrekson, and colleagues demonstrated PSA’s superiority over
phase-insensitive (PI) counterparts—which incur a 3 dB noise penalty due to quantum
limits—whereas fiber-based PSAs, leveraging nonlinear Kerr interferometry, achieve NFs
below 3 dB and approaching 0 dB [6]; Tong et al. further validated this in lossy opti-
cal links, enabling quantum-noise-limited amplification for long-distance high-fidelity
communication [16]. Caves’ seminal work established the theoretical basis for PSAs to
transcend quantum limits via the amplifier uncertainty principle in optical systems [17].
Collectively, these advances illuminate strategies for generating, transmitting, and am-
plifying squeezed states in lossy media with minimal noise, with the synergy between
squeezed states and PSAs pivotal to preserving quantum correlations against fiber losses
and amplifier noise, enabling scalable quantum technologies—such as secure long-haul
communication and ultra-precise sensing—to surpass the SQL and advance robust, inte-
grated photonic systems for real-world applications.

PSA of squeezed states enhances weak-signal transmission in optical fibers by counter-
ing attenuation and mitigating distortions from quantum noise and losses. By leveraging
squeezed-state noise suppression, PSA achieves NFs below classical limits, improving
signal fidelity and range. The process first generates a single-mode squeezed state through
non-degenerate four-wave mixing (NDFWM) in a self-conjugate scheme [13], followed by
amplification using PSA based on dual-pump frequency-degenerate FWM, which in this
configuration is implemented as a degenerate four-wave-mixing (DFWM) process, in a
polarization-maintaining high-nonlinearity fiber (PM-HNLF). Optimized phase alignment
boosts gain while preserving information integrity. This system scheme yields an effective
NF as low as —7.87 dB under optimized conditions, enabling quantum-enhanced fiber
communications and compact devices.
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2. System Design and Theoretical Derivation
2.1. Low-Noise Single-Mode Squeezed States Amplification System Solution

Figures 1 and 2 illustrate the squeezing and amplification sections of a weak-signal
low-noise amplification system, respectively, where the former reduces quantum noise and
the latter achieves ultra-low-noise amplification.
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Figure 1. Schematic of the setup for generating information-carrying coherent squeezed states.
EDFA: Erbium-Doped Fiber Amplifier; BS1: 50:50 beam splitter; BS2: 10:90 coupler (90% pump port,
10% seed port); BS3: 10:90 coupler (90% pump port, 10% seed port); BS4: 50:50 balanced homodyne
detection couple.
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Figure 2. Schematic of the setup for amplifying information-carrying coherent squeezed states. The
red dashed box indicates the amplified output of the information-carrying single-mode squeezed
state. BS: optical coupler.

The squeezing process illustrated in Figure 1 employs a two-arm configuration, com-
prising a squeezing arm and a reference arm, to generate coherent single-mode squeezed
states that carry encoded information [13]. The signal and idler fields maintain phase-
conjugate symmetry throughout the process. The pump beam is generated by modulating
a continuous-wave laser into pulses using an electro-optic amplitude modulator (Keyang

https://doi.org/10.3390/photonics13010051


https://doi.org/10.3390/photonics13010051

Photonics 2026, 13, 51

40f19

Photonics, Beijing, China; Optilab, USA, Phoenix), followed by amplification via an erbium-
doped fiber amplifier (EDFA) and filtering with a fiber Bragg grating to suppress amplified
spontaneous emission noise. The purified pump is split by a 50:50 coupler into two paths.
In the squeezing arm, the pump is routed through a 1.5 km fiber and combined, via a
10:90 coupler (90% pump port, 10% seed port), with an input weak coherent signal at
—60 dBm carrying information, generating a coherent squeezed state via NDFWM, where
the weak signal approximates vacuum input for theoretical feasibility. The other path enters
the reference arm and is combined with classical seed light at —30 dBm via a 10:90 coupler
(90% pump port, 10% seed port), yielding classical amplification to produce a balanced
self-conjugated (SC)-mode local oscillator (LO) after power tuning with a tunable bandpass
filter. The coherent squeezed state from the squeezing arm interferes with the SC-mode
LO at a 50:50 balanced homodyne detection coupler, with the output detected by a bal-
anced photodetector. Spectral filters isolate the idler branch for independent homodyne
detection as heralding, enabling computation of the signal mode’s random displacement
from the heralding outcome, followed by compensation through linear interference or
data processing. This non-deterministic process yields a coherent single-mode squeezed
state that retains the original weak coherent information and demonstrates quantum noise
suppression, albeit constrained by the heralding penalty. Overall, this all-fiber design offers
low-loss operation and high flexibility [13].

The amplification setup illustrated in Figure 2 uses a high-nonlinear polarization-
maintaining fiber (PM-HNLF) with the length of approximately 500 m to amplify the
squeezed signal power for transmission. The output from the squeezing section serves
as the input, with dual pumps polarization-matched to the signal and phase-adjustable
for PSA. The squeezed state and pumps are coupled into the HNLF via an optical coupler,
where DFWM, performed under phase-locked conditions between the pumps and the
squeezed state, enables efficient amplification by leveraging nonlinear interactions to
boost the signal. The output is separated by a polarization beam splitter and filtered with
a fiber Bragg grating, yielding an amplified squeezed light field that meets the power
requirements essential for long-distance transmission and detection, while preserving
information integrity.

2.2. Mechanism of Single-Mode Squeezing in the Lossless Case

SC mode squeezed states are generated via NDFWM [13], producing single-
mode squeezed states. Where the pump, signal, and idler fields are represented by
quantum operators [18]:

E, = Vhwi,, E; = Vhwis, E; = Vhwa;, (1)

here, v/fiw is the normalization factor for field quantization. The left-hand side represents
the Fourier amplitude, where the subscripts p, s, and i denote the pump, signal, and idler,
respectively. 4; and 4] are the bosonic annihilation and creation operators for the signal
field (satisfying [4s, 4] = 1).

Under the broadband phase-matching approximation with a continuous-wave pump,
the SC mode squeezing solution [13] and squeezing parameter r [19] are defined as:

UTCU = cosh(r)C — sinh(r)C™. (2)
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In Equation (2), C and C" are placeholders for the input operators, U and U™ are
process evolution operators and the conjugate form of the evolution operator.

3w
"= %/ﬂaP‘ZL,,Y - 8C1’lAiffX(3) (3)
In Equation (3), the value of the squeezing parameter r reflects the degree of squeezing
of the orthogonal components, while L represents the interaction length. The a, being
the normalized complex amplitude (complex envelope) of the pump field such that the
instantaneous pump power is Py(t) = |a,(t) ‘2. The nonlinear coefficient v within the
squeezing parameter is defined by the speed of light ¢ in vacuum, the refractive index n,
the third-order polarizability x(®) of the fiber, and the effective core area A, 7 of the fiber.
In addition to the squeezing parameter 7, the squeezing angle 6, is introduced to fully
specify the spatial squeezing geometry.

6, = 29, + B — 71/2. (4)

In Equation (4), this coefficient characterizes the strength of nonlinear effects within
the fiber. Here B is the intentional phase difference between the signal phase ¢s (which
encodes the arbitrary information) and the squeezing angle 8, of the first squeezing stage.
Both ¢s and the pump phase ¢, used to generate this squeezing angle 6, are physical
quantities determined solely by the initial single-mode squeezing process, allowing j
to be continuously tuned to simulate various information-loading and phase-alignment
scenarios. The —7r/2 term compensates the intrinsic 90° phase shift from the imaginary
unit 7 in the DFWM Hamiltonian, optimizing alignment for maximum gain and minimum
noise in amplification [20].

Next, we calculate the orthogonal quadrature fluctuations of the single-mode squeezed
state in the aforementioned SC-mode squeezing scheme:

Cout = cosh(r)C;y, — sinh(r)C;;, 5)
Ci = cosh(r)C;l — sinh(r)Cy,.

out —

So then
+ Cin+C;t
X = % = (coshr — sinhr)% = (coshr — sinhr)X;,,,
(6)
.Cout - Co+ut . Cin - C;, .
Y, = —i— = (coshr + smhr)T = (coshr + sinhr)Yj,,

here, X, Yj is the operator for the two components of the single-mode squeezed state, and
Xin, Yin is the operator for the two components of the input weakly coherent state. The
resulting orthogonal component variance is [13]:

1 1
(AX3) = E[coshr — sinhr]? = Ee’zr, -
7

1 1
(AY?) = E[coshr + sinhr]? = Eezr.
For weak coherent inputs with information, Poisson noise from displacement redis-

tributes onto quadratures based on orientation between signal phase ¢ and squeezed angle
6,, impacting final fluctuations. The phase difference ¢ is defined as 6 = ¢s — 6,/2 + 2m,
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accounting for the quadrature rotation in the Bogoliubov transformation [14]. The quadra-
ture variances are ,

(AXZ) = > [cosh 7 — cos dsinhr]?,
(8)
1
(AY?) = 5 [coshr + cos Ssinhr]?.

2.3. Decomposition of the Amplified Output Field for a Single-Mode Squeezed State in the
Lossless Case

Following the generation of the single-mode squeezed state, PSA based on dual-pump
frequency-degenerate FWM is employed to increase the signal intensity while preserving
the squeezing in the aligned quadrature and maintaining quantum correlations, in contrast
to phase-insensitive amplification. The quantum interaction Hamiltonian is given by [21]

A
H = hwyiy 4y + hw,,la;la,,l + hwpza;Zapz + hv(;c[zzﬁzﬁ;;ld;z + k"5 43 Ay ) + H.c., (9)

here, @ and 4™ denote the bosonic annihilation and creation operators, respectively. The
subscript 2 denotes the signal light, whereas the subscripts p; and p; refer to the two pump
beams, « is the nonlinear coupling coefficient, v is the propagation velocity in the optical
medium, and H.c. represents Hermitian conjugation. The amplification process employs
the single-mode squeezed state from Section 2.1 is SC mode as input. The simplified
Equation (2) for the SC mode solution equates to the standard quantum operator form,
with C and C™ as placeholders for input operators, equivalent to the weakly coherent state
signal field 45 and 47 input.

From a quantum-information perspective, the interaction Hamiltonian in Equation (9)
governs the quadrature-selective transformation of the input quantum state during the
amplification process. When the pumps are treated as strong classical fields, Equation (9)
reduces to an effective quadratic, phase-sensitive Hamiltonian whose phase defines the
amplified and de-amplified quadratures. Consequently, the optimal operating condition in
this work is obtained by aligning the Hamiltonian-defined amplified quadrature with the
squeezed quadrature of the injected SC-mode state.

Thus, the initial state of signal light 4, in the modified Hamiltonian is

2(0) = var (0) + uas(0),
(0) (0) L (0) 10)
# = cosh(r),v = e¥rsinh(r).

Under the condition of non-depleted pumps [13], the signal field operator satisfies

% = — [a2, H]. (11)
As the injected seed power is extremely weak (—60 dBm), and even for a small-signal
parametric gain of 25 dB over a 500 m PM-HNLE, the amplified signal remains at the
sub-uW level. Here, the value of 25 dB corresponds to dual-pump powers on the order
of a few hundred milliwatts (~0.5 W per pump) in typical high-nonlinearity fibers, which
means that the pumps operate in a strong continuous-wave fields and can be treated as
non-depleted [22].
In DFWM amplification, classical phase matching relies on momentum conservation,
enabling efficient energy transfer from the pumps to the signal field. Under nondepleted
pumps approximation, the gain is derived from Bogoliubov transformation. The wave-
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vector mismatch Ak between pumps and signal, and the gain factor g satisfying the DFWM
Hamiltonian in Equation (9) are

Ak = kpl + kpz — 2ks,

: (AkL) 27wy (12)
smec T =

K= xB Ay Ay
Maximum gain is achieved when Ak = 0, thereby eliminating destructive interference

g= x|

cn

caused by phase mismatch [22].
Under the condition of classical wave-vector phase matching, substituting the Hamil-
tonian and neglecting higher-order terms (due to strong pump coherence) yields

day

Gr = iRerpls (0),Kepp = Kaprage” 0702, (13

where @1 and ¢ are the phases of two pumps. By introducing hyperbolic function
integrals into the aforementioned linear differential equation, the solution 4;(L) for the
amplified signal light after DFWM amplification, with an initial input state of a single-mode
squeezed state, is

a2(L) = cosh(gL)a(0) + ie'?sinh(gL)ay (0), (14)

here, ¢ denotes the phase difference between the pumps and the squeezed state signal.
Based on the output field decomposition, optimizing signal-to-noise (SNR) ratio and
minimizing noise in amplification requires precise phase alignment, as detailed in
subsequent subsections.

3. Results
3.1. Noise Figure, and Gain of Single-Mode Squeezed States in Lossless DFWM Amplification

We first analyze the ideal lossless case to discuss the fundamental noise and gain
properties of the squeezed-state-seeded PSA. In this subsection, we derive the NF
and gain of a single-mode squeezed coherent state amplified by a lossless dual-pump
frequency-degenerate FWM based PSA. Starting from the output field decomposition in
Equations (8) and (14), we analyze the influence of the relative phase ¢ between the PSA
pumps and the input squeezed state on the gain Gpsy, the phase difference J on the NF,
as well as the effects of compression parameters » and PSA gain Gpsa on noise figure and
overall gain. As will be shown below, the optimal phase condition directly follows from
the structure of the interaction Hamiltonian introduced in Equation (9).

Under this optimal phase condition, the amplified quadrature is aligned with the
displacement direction of the input field, such that the encoded information evolves as
« — Ga without mixing with vacuum noise, in contrast to phase-insensitive amplification.
Accordingly, the mean photon number N = | a |? is introduced only as a convenient
measure of the displacement strength for evaluating the signal-to-noise ratio and noise
figure, and does not imply that the input is information-free.

Specifically, the PSA gain Gpgy4 is expressed as

Gpsa = [cosh(gL) + cos gsinh(gL)]?. (15)

To achieve optimal gain performance in a PSA, the maximum amplification axis must
be precisely aligned with the orthogonal component of the injected squeezed coherent
state. This optimal condition is satisfied when the relative phase difference ¢ = 2m. The
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relationship between the phase difference ¢ and the squeezed angle 6, of the input state
can be derived from the interaction Hamiltonian in Equation (9):

Hiy = ho (Kﬁzﬁzﬁ;lﬁ;a + H.c.),
‘ ' (16)
ﬁpl = ap1elq’1"1,ﬁp2 = aple’q’l’z,

here 4,1, 4 and 45 are the annihilation operators for the two pump modes and the signal
mode, respectively, and « is the complex nonlinear coupling coefficient.

Treating the pump fields as strong classical fields, we replace the pump operators with
Ap1 = ap| e apy = apzei")ﬂ, yielding the effective phase-sensitive Hamiltonian:

A, T Kaplapze_i("’P1+¢P2>ﬁ§ +H.c, (17)

and the total effective pump phase (multiple definitions: the second-stage amplification
process) as

®p = @p1 + @p2 +arg(x). (18)

The Gpsa.¢f is maximum when the quadrature experiencing amplification coincides
with the squeezed quadrature of the injected squeezed vacuum state. This optimal align-
ment requires the phase of the quadratic term in Equation (17) to satisfy

¢ = @p—0r = ¢p1 + @p2 +arg(x) — 0, +2m, (19)

with this standard definition, the condition for optimal gain performance simplifies to
¢ = 2mr, which directly gives the required phase relationship:

Pp1 + @2 = 0, — arg(x) + 2mrr. (20)

In most experimental configurations where the nonlinear coupling is real and positive
(arg(x) = 0), this reduces to the particularly simple alignment condition [23]:

Pp1+ @p2 = 0 +2mm. (21)

When the relative phase ¢ is (2m + 1)7, the Gpsaf approaches zero irrespective of
the classical wave-vector mismatch Ak. Under optimal phase conditions (¢ = 2m7m with
the squeezed quadrature perfectly aligned to the signal direction), the output quadrature
evolution is derived from Equation (14). Following heralding, the mean displacement
of the amplified squeezed quadrature approximately recovers that of the input coherent
state [13]. The SNR is evaluated using balanced homodyne detection, which directly mea-
sures the mean square (X )% and the variance (AX?) of the selected quadrature [24]. First,
the following expressions represent the mean (X5) and variance (AX3) of the single-mode
squeezed state after amplification:

(Xz) = cosh(gL)[a5 (L) +aa(L)] + cos gsinh(gL) [a2(L) + a5 (L)]

(22)
= V/2|a|[cosh(gL) + cos psinh(gL)],
Then, the variance of the output is
<AX%> = [cosh(gL) 4 cos gsinh(gL)]? - %[coshr — cos dsinhr]?. (23)
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Thus, the SNR ratio is obtained as

4N

SNRout = N
[cosh ¥ — cos dsinhr]

. (24)

The NF measures the additional noise introduced during amplification. Compared to
the initial coherent input state, the NF is defined as

2
(v2lal)
SNRjy = ~——— = 4N,
5 (25)
_ SNRy;, _ B o2
NF = SNRyy [coshr — cos dsinhr|”.

Equation (25) clearly shows that NF is minimized when é = 2ms and degrades
rapidly with increasing misalignment due to projection of the strongly anti-squeezed
quadrature (variance e?") onto the measurement axis. At § = (2m + 1)7, the squeezing
benefit vanishes completely.

The total gain of the light field measures the amplification factor of the field’s total
energy. We first derive the mean photon number of the single-mode squeezed state.
For a single-mode field, the photon number operators 4, and 4, are related to the
orthogonal components [25]:

(m2(0)) = (a5 (0)a(0)) = 5 ((£) + (¥2) 1), 26)

Additionally, when the phase difference 6 = 2m, the second moment of the two
components in the single-mode squeezed state can be expressed as

2
(X3) = (ﬁ|o¢|) + 1[coshr — sinhr]?,
2 @)
(Y?) = %[coshr + sinhr]?.

Substituting Equation (27) into Equation (26) gives the photon number for the single-
mode squeezed state:

(np(0)) = % <2N + %[coshr — sinhr]? + %[coshr + sinhr]? — 1), (28)

further simplify this expression to
(n2(0)) = N + sinh?r. (29)
The total number of photons after amplification is

(ny(L)) = (a5 (L)ap(L)) = [cosh(gL) + cos gsinh(gL)]? - (N+sinh2r> + sinh?(gL). (30)

Thus, the total gain of the light field is obtained as

[cosh(gL) + cos gsinh(gL)]? - (N + sinhzr) + sinh?(gL)
N

Gout = (31)

which reaches its maximum value at ¢ = 2mm and drops to zero at ¢ = 2m+1)m,
independent of the classical wave-vector mismatch Ak.
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Figure 3 shows the NF versus phase difference J for different input squeezing levels
(r =4, 8, and 12 dB) at a fixed parametric gain Gps4 of 25 dB (a realistic high-gain value
within the range experimentally demonstrated for degenerate FWM-based PSAs [26]).
The minimum NF is achieved strictly at § = 2m, with performance enhanced at higher
squeezing levels, confirming Equation (25). Thus, the SNR can be optimized by tuning the
squeezing level and enforcing proper phase alignment, while the PSA gain can subsequently
be increased to boost the signal without introducing additional noise.

r=4.34dB
== r=8.69dB
= 13.03 dB

0 ™2 ™ 31/2 21
A (rad)

Figure 3. NF as a function of the phase difference J between the signal phase and the squeezing phase
for different input squeezing levels (r = 4, 8, and 12 dB) at a fixed Gps4 gain of 25 dB under lossless
conditions. The minimum NF is achieved at § = 2m, with performance degrading symmetrically
with increasing phase difference.

Figure 4 presents the output gain G as a function of phase difference ¢ for r = 8 dB and
several values of Ak. Maximum gain occurs at ¢ = 2m and Ak = 0, whereas G, approaches
its minimum value at ¢ = (2m + 1) irrespective of Ak, conforms to Equation (31).

ry \
3 S .’
< 15F -—--
o
(]
10
= A k =0 rad/m
L == = Ak=2rad/m| =
5 Ak =4rad/m
0 /2 ™ 3m/2 2w
Ag (rad)

Figure 4. Output gain Gout as a function of the relative phase ¢ between the pump and the squeezed
state under lossy conditions for different classical wave-vector mismatches Ak = 0, 2, and 4 rad/m.
Maximum gain is achieved at ¢ = 2m7 with Ak = 0, while the gain profile broadens and decreases
with increasing Ak.
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To further illustrate the unique advantage of the squeezed-state seeded PSA in the
ideal case, Figure 5 presents the output NF and the gain G,y as functions of the PSA gain
for different input squeezing levels r = 0, 4, 8, and 12 dB under lossless and perfectly
phase-matched conditions.

25 r T
— = () dB 4 40
20} ——r=4dB -
= § dB - 30
15} ——r=12a8 "::::—:
- - - - 420
10} -=ZZz-ZzZ-7
_-zZzZzZz:Z°F 10
a - - - - - a
L -~ §
Z 0 -10¢
-5 F =20
-10 4-30
-4
-15 } 0
i L i L L 3 _50
10 15 20 25 30
CpsaldE)

Figure 5. NF (solid lines, left axis) and Gy (dashed lines, right axis) as a function of the Gpgy for
different input squeezing levels (r = 0, 4, 8, and 12 dB) in the ideal lossless and perfectly phase-
matched case. The NF depends exclusively on the squeezing level r and remains constant irrespective
of the Gpga, while arbitrarily high gain can be achieved without degrading the noise performance.

As clearly illustrated in Figure 5, in the ideal lossless and perfectly phase-matched
regime, the NF (solid lines, left axis) depends solely on the squeezing parameter » and
remains completely independent of the PSA gain Gpss. This occurs because the PSA stage
amplifies the already-squeezed quadrature, scaling both signal and (reduced) noise by
exactly the same factor, thereby preserving the input squeezing without adding excess noise.

In contrast, the total power gain relative to the original coherent-state seed (dashed
lines, right axis) increases exponentially and without limit as Gpgy4 is raised, while NF stays
constant. This unique decoupling enables arbitrarily large low-noise amplification simply
by increasing the PSA gain once the desired r is achieved—a fundamental advantage over
any classical or phase-insensitive amplifier.

In summary, the proposed squeezed-state-seeded degenerate four-wave mixing ampli-
fier effectively combines pre-squeezing and phase-sensitive amplification. Precise control of
the relative phase difference ¢ and J are essential to approach the quantum limit. In the ideal
lossless regime, the NF is determined solely by the input squeezing level r and remains con-
stant irrespective of the PSA gain Gpgy, enabling arbitrary low-noise power amplification
of the signal. These findings underscore the potential of the scheme for realizing practical
ultra-low-noise quantum amplifiers and high-fidelity quantum information processing.

In realistic experiments, distributed fiber loss, inter-stage and output insertion losses,
imperfect quantum coupling efficiency, residual phase fluctuations, and background noise
cannot be neglected. The following subsection includes these practical imperfections in the
model and assesses the achievable performance.

3.2. Single-Mode Squeezing State Under Lossy Conditions via DFWM Amplification Mechanism
3.2.1. Ideal Phase-Matched DFWM Amplification Under Lossy Conditions

Based on the phase sensitivity of 6 and ¢ discussed earlier and the idealized analysis
described above, we now extend the model to account for actual loss conditions. To
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highlight the fundamental quantum advantage while keeping the treatment tractable, we as-
sume perfect phase difference and phase locking throughout (§ = 2mm, ¢ = 2mm, N > 1),
under which the squeezed quadrature variance reduces to e =", the anti-squeezed quadra-
ture is fully de-amplified, and the PSA gain along the squeezed axis simplifies to ¢?8’.
Using the effective interaction length L,rr = [1 — exp(2asL)]/2ay [11,27], where & is the
loss coefficient of the fiber, we quantitatively evaluate the impact of input squeezing level
r and PSA gain parameter Gpss on the achievable NF and gain, as well as the optimal
performance across a wide range of input SNR ratios.

Under loss conditions, the output field evolution incorporates distributed transmission
losses through segment efficiencies 171 = e?flieff and N = e?%fla—eff (Ly—eff and Ly off
represent the effective lengths of the two fiber segments, respectively). The result is the
transmission loss of the two fiber segments, together with the associated vacuum noise con-
tributions (<faf;r> = 1). Under the perfect phase difference condition (6 = 2mr, ¢ = 2mm)
adopted here, these effects modify the single-mode squeezed-state statistics, the expression
for the single-mode squeezed state under loss conditions is modified as follows:

By 10ss(0) = cosh(rgff)ﬁs(O) 1 sinh(reff)ﬁ;"(O), (32)
here, 7. represents the effective squeezing parameter influenced by the effective interaction
length, defined as

1 2
refr = 57|ap| Laesy: (33)

Under loss conditions, the single-mode squeezed state’s orthogonal component
(X1_10ss) can be approximated as the input weakly coherent state’s orthogonal compo-
nent (Xj,) [13]. Then, the modified single-mode squeezed state’s orthogonal component
(X1_10ss) and variance (AX3_, ) of the single-mode squeezed state are expressed as

1 _
<Xl—loss> ~ <Xz'n>/ <AX2 > = EE 2Veff. (34)

1—loss

After accounting for fiber loss during both the generation and amplification stages in
the squeezed state, the corrected second-stage output light field 4, j,ss(L) is obtained by
adjusting the effective length, transmission efficiency, and vacuum noise effects:

ﬁZ—loss(L) = COSh(gLeff)ﬁZ—loss(O) + Sinh(gLeff)ﬁ;ngss (0) (35)

Subsequently, the orthogonal component and orthogonal component variance correc-
tions are further completed, where the expression for the corrected orthogonal component is

<X27loss> = engieff<Xin>- (36)

Accounting for additional insertion loss 1 (primarily from isolators, filters, and
coupling between the two fiber segments or at the system output), as well as detector
quantum efficiency 7, and residual phase jitter 77,45, the final output quadrature mean

(Xo—total) = \/WTﬂqﬂghaseengf"ff<Xin>, (37)

where typical values of 7 & 0.85, 17, ~ 0.94, and 77,45 = 0.97, are readily achievable in

value <X27total > is

experiments [13,28-30].
The corresponding noise variance on the amplified squeezed quadrature is then

1 _
(X yat) = 5 [0S 7700) 4 (1= 77115) + 2Nowo). 39)
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The term (1 — 5j777,) represents vacuum noise introduced by ultimate optical loss and
detection loss, while Ny, accounts for the environmental thermal background (typically
satisfying N, < 0.02 in well-shielded laboratory settings) [31]. This study employs the
definition N,;,;, = 0.02 in simulations.

Under lossy conditions, the SNR expression is derived as follows:

(Xatotar) § 4N’7T”qﬂghﬂ5€engﬁﬁ
SNRss = o= SRRl P — . (39)
<(Ax2totul) > 77T’7q77phasee e 4 (1 - 77T17‘1) + 2Neno
The NF expression considering losses is
anqnihuseez(gLHff*reff) + (1= 7114) + 2Neno
NF,ss = L . (40)
77T;7‘717phasee
The total gain formula with loss is revised as follows:
2 28Lo—eff N _ —
1T phase® +11q(L—1r) + (1 —1g) + N
Gloss = q phase q ( ‘7) env (41)

N ,
the additional term #,(1 — #7) accounts for the vacuum noise from insertion loss that
remains coupled via 775, while (1 — 7,) represents the irreducible vacuum noise injected
by imperfect quantum coupling efficiency at the fiber output (e.g., mode-matching and
collection losses).

To demonstrate the performance of the theoretical model under actual experimental
conditions (77 ~ 0.85, 7y ~ 0.94, Nphase = 0.97, Nepp = 0.02).

Figure 6a shows the NFj,; as a function of the PSA gain Gpg Aeff for two representative
pre-squeezing levels: r = 0 dB (coherent-state seeding) and r = 8 dB. Compared with the non-
squeezed signal, the system performance is improved by 7.85 dB at a squeezing parameter
of 8 dB (ref = 7.936 dB, representing the effective squeezing achievable solely under fiber
optic attenuation conditions). This further corroborates that the NFj,s; derived in Figure 5
under lossless conditions depends solely on the squeezing parameter.

a _Inlem;lr=0dB - ;odE b 25} s Internal GPSA.=0dB - Gpsmn=‘°"313"3
2 F|l= =Intemalr=8dB ~ r::=7.935 dB o = mInternal G, =25dB ~ Gpg, . =22.042dB
e | | Y | — = e
0 ! 4 20t 1
it I |
-2 —_
3 I Q 15t I
§-4 : 3 ! (ac=2230a8]
™ y 10
Z -6 1 = |
| 1
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|
-10 } gl .
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Figure 6. (a) NFy5s versus PSA gain Gpg . for fixed squeezing levels 0 dB and 8 dB, under realistic
losses. (b) Total gain G5 vs. pre-squeezing 7,4 for PSA gain 0 dB and 25 dB under realistic losses.

Figure 6b shows the total power gain Gy, as a function of the pre-squeezing pa-
rameter 74 for fixed PSA gains Gpss of 0 dB and 25 dB under realistic loss conditions
(Gpsa-f =—0.318 dB and Gps ¢ = 22.042 dB represent the effective PSA gain under fiber
loss conditions only). In typical applications where the input mean photon number satisfies
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IN |2 > 1, Gjpss is essentially independent of 7,4, confirming that the PSA stage dominates
the overall gain, consistent with the lossless analysis in Figure 5. The observed ~3 dB
penalty for Gpsy = 25 dB originates from the distributed nature of the fiber loss: in the
high-gain regime, photons generated early in the fiber are heavily attenuated in the later
section, resulting in significantly reduced effective parametric interaction length. The
slight upward trend observed for Gps ¢ = 0 dB arises from residual parametric photons
generated in the first stage as 7. increases. Nevertheless, within the currently achievable
squeezing range (7,4 < 8 dB), the contribution remains modest, underscoring the necessity
of the PSA stage for attaining substantial gain.

To optimize the DFWM squeezed-state amplification system, we define a comprehen-
sive score function that maximizes both squeezing noise suppression and signal gain:

Score = 0.5 x SNR — 0.5 x NF, (42)

Here, the score function is defined as an equally weighted linear combination of
SNRjyss and NF,, following the standard weighted-sum method in multi-objective
optimization [32], which is use to balance SNR enhancement and NF reduction and to
identify a representative Pareto-optimal operating point. The function computes a linear
weighted sum of the core parameters SNRj,5; and NFj s in dB, where absolute values and
negative signs are introduced to consistently maximize SNR;,s; while minimizing NF,;.
Combined with boundary conditions from Table 1, Figure 7 analyzes their synergistic
effects. By maximizing this optimal evaluation function, the optimization algorithm suc-
cessfully identifies the synergistically optimal operating point: Combining the constraints
in Table 1 [13,33,34], under low-loss conditions, the combination of Teff A 7.838 dB and
Gpsa-ff ~ 22.192 dB achieves SNR)y5; = 13.808 dB (corresponding to a 7.79 dB improvement
relative to the input) and Gj,ss = 20.961 dB, NF,5s = —7.787 dB. This demonstrates that the
model can synergistically optimize the squeezing and amplification processes, achieving
performance beyond the quantum limit. Equal weights are chosen here for simplicity;
alternative weightings would correspond to prioritizing either SNR or NF, depending on
the specific application requirements.

w
o

N
a

4 5 6 7 8 9
(dB)

reff

Figure 7. Effect of effective squeezing parameter r,¢ and PSA gain Gpga e on SNR)ps under
lossy conditions.
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Table 1. Parameters and constraints set in the simulation as above.

Parameters Constraint Value Theoretical Basis
. Balancing high gain levels and
PSA Gain Gpsa-of <25dB nonlinear noise effects in PSA
Squeezing parameters 7,4 <8dB Loss tolerance limit
Noise Figure NF,s5 <3dB Classical Amplifier Quantum Limit

Figure 8 demonstrates the robustness of the proposed scheme by plotting the rela-
tionship curve between output SNR),; and input SNR;, under optimal operating point
parameters. Across an input SNR of —5 to 10 dB—from shot-noise-limited weak coherent
states to highly noisy signals—the proposed amplifier consistently maintains an NF of
approximately —7.78 dB (small +0.02 dB fluctuation arising from numerical precision), far
superior to an ideal phase-insensitive amplifier.

25 T I !
|—@=—Research Methodology 1
=0 =No change
20 F
o 15}
g A
7]
ANF=-7.78dB
310 ' »” -
= I o®
h y
5 » 1
y )
> ¥
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¥y
¥
la : . ;
-10 -5 0 3 10
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Figure 8. Output SNR;, versus initial input SNR;,, under lossy conditions (—5 to 10 dB), showing a
7.78 dB improvement in SNR,,; compared to the reference line (SNR;;, = SNRyyt).

Overall, we provide a quantitative validation of the proposed theoretical framework,
demonstrating that the DFWM-based PSA can simultaneously deliver high gain and a
noise figure as low as —7.787 dB under ideal phase matching, while maintaining strong
tolerance to realistic non-idealities, including residual phase deviations and variations
in the input noise level. This combined performance supports the feasibility of practical
quantum-enhanced fiber-optic communication systems and low-noise quantum networks.

3.2.2. Impact of Phase Deviations on Noise Performance

In the above analysis, the optimal operating condition is obtained when the squeezing
phase and the pump-signal phase are perfectly aligned, i.e., 6 = 2mm and ¢ = 2m7. In
practical fiber systems, however, small phase deviations are unavoidable. In this sub-
section, we quantitatively evaluate the robustness of the proposed scheme against such
phase deviations.
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According to Equation (40), under phase-sensitive amplification the NF is fundamen-
tally independent of the PSA gain when amplification is aligned with the information-
bearing in-phase quadrature. We discuss a small deviation of the squeezing alignment by
writing § = 2m7m + Ad with | Ad | < 10°. Under this condition, the effective quadrature
variance is given by [35,36]

AX?(A8) = Vs cos®(AS) + V, sin?(Ad) (43)

which follows from the standard covariance-matrix description of a single-mode squeezed
state under a rotated measurement quadrature. Here, Vs = e 2" and V, = ¢?" denote
the squeezed and anti-squeezed quadrature variances, respectively. The corresponding
definition of degraded NF is as follows:

AX2(A9)

ANF(A8) = ==,
S

(44)
Figure 9 shows that ANF increases rapidly with the squeezing-phase deviation AJ,
yielding 1 dB NF degradation with | Ad |~ 4.69° for 8 dB squeezing and | A |~ 1.84° for
12 dB squeezing [35]. We further consider the impact of the pump-signal phase deviation
A on the G performance. The gain G is given by Equation (41), and the corresponding gain
degradation is defined as AG = |G(¢ + A¢) — G(¢)|. As also shown in Figure 10, the gain
degradation exhibits a comparatively weak dependence on A near the optimal operating
point ¢ = 2myr. It is clear that phase deviations have a significant impact on the robustness
of the noise figure NF, while its impact on the robustness of the gain G is relatively minor.

2 \ L] L] | | l
1.5} \\ / .
\ 1/dB degradadtion

,-.1'0_____\______' —_—— -
:
L 05} \ // )
Z N\ /s

ok N .
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-0.5F 12 dB squeezing| A
== == ANF =1dB

-10 -5 0 5 10
Phase deviation A§(°)

Figure 9. Relative NF degradation ANF versus squeezing-phase deviation AJ for 8 dB and 12 dB
squeezing. The horizontal line indicates a 1 dB NF degradation threshold.
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Figure 10. Total gain degradation AG versus pump-signal phase deviation A for Gpgy = 25 dB and
Gpsa = 5 dB. The horizontal line indicates a 1 dB gain degradation threshold.

4. Conclusions

In this work, we show that the squeezing quantum limit impacts the minimum achiev-
able noise figure and the maximum SNR gain in fiber links, thereby determining the
ultimate performance of quantum communication in our proposed scheme. In this study,
we established a PSA model based on dual-pump frequency-degenerate FWM to enable
low noise amplification of weak single-mode squeezed states in fiber. Through studies
conducted under both lossless and low-loss conditions, the model elucidates how the
phase relationships among the squeezed state, pump fields, and weak signal govern the
preservation of quantum correlations during PSA. A central result of this work is that,
under optimal phase alignment, the minimum achievable noise figure is fundamentally
determined by the effective squeezing parameter and remains independent of the PSA
gain. The analysis shows that maintaining phase locking between the dual pumps and the
weak squeezed input, together with precise control of the signal pump relative phase, is
essential for suppressing excess noise and sustaining stable parametric gain [37]. Under
low loss conditions, with effective squeezed parameter r,4 = 7.838 dB and effective PSA
gain Gpsa o = 22.192 dB, the optimal results of NFjys = —7.787 dB and Gjyss = 20.961 dB are
obtained. These results confirm that the model supports quantum-limited amplification
capable of preserving encoded information over lossy fiber channels. This noise reduction
is expected to be particularly beneficial for CV-QKD, where information is encoded in
optical field quadratures and retrieved by homodyne detection. In this setting, preserving
quadrature squeezing and lowering the effective excess noise enhances the Alice-Bob mu-
tual information I 45 while suppressing Eve’s accessible information x pg, thereby extending
the secure transmission distance and improving the secret key rate at a given channel loss.
These findings provide a practical and scalable foundation for long-distance quantum key
distribution, secure quantum communication, distributed quantum sensing, and future
classical-quantum hybrid optical networks.
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