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ABSTRACT

Massive binary evolution models are needed to predict massive star populations in star-forming galaxies, the supernova diversity,
and the number and properties of gravitational wave sources. Such models are often computed using so-called rapid binary evolution
codes, which approximate the evolution of the binary components based on detailed single star models. However, about one-third of
the interacting massive binary stars undergo mass transfer during core hydrogen-burning (Case A mass transfer), whose outcome is
difficult to derive from single star models. For this work, we used a large grid of detailed binary evolution models for primaries in
the initial mass range 10—40 M, with a Large and Small Magellanic Cloud composition, to derive analytic fits for the key quantities
needed in rapid binary evolution codes, that is, the duration of core hydrogen-burning, and the resulting donor star mass. We find
that systems with shorter orbital periods produce up to 50% lighter stripped donors and have a lifetime up to 30% larger than wider
systems. Both quantities strongly depend on the initial binary orbital period, but the initial mass ratio and the mass-transfer efficiency
of the binary have little impact on the outcome. Our results are easily parameterisable and can be used to capture the effects of Case A

mass transfer more accurately in rapid binary evolution codes.
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1. Introduction

Massive stars are key constituents of the Universe, as they pro-
duce heavy elements, drive the cosmic matter cycle in galax-
ies, and are the origin of supernovae, black holes, and other
spectacular phenomena (e.g. Langer 2012). It has become clear
that most massive stars are born in binary or multiple systems
(Vanbeveren et al. 1998; Sanaet al. 2012; Moe & Di Stefano
2017; Banyard et al. 2022). Since stars tend to increase their
radius during their lives, most binary stars are expected to inter-
act sooner or later, drastically altering the course of their evolu-
tion (Podsiadlowski et al. 1992; de Mink et al. 2013).

Stellar evolution codes have been constructed, which
are capable of predicting the progression of the proper-
ties of both stellar components and of the binary orbit
in detail — despite using various physical approxima-
tions (Vanbeveren & De Loore 1994; Nelson & Eggleton 2001;
Wellstein et al. 2001; Eldridge et al. 2008). This includes the
mass-transfer phases, as long as mass transfer does not become
dynamically unstable. In particular, the numerically robust
MESA code, which can compute highly resolved models of both
stars in a binary simultaneously, has been extended to include
a large spectrum of binary physics (Paxton et al. 2011, 2013,
2015).

In order to derive population synthesis predictions, several
of these codes have been used to produce large grids of massive
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binary evolution models (Vanbeveren et al. 1997; de Mink et al.
2007; Langer et al. 2020; Wang et al. 2020; Fragos et al. 2023,
see also Han et al. 2020 for a review also considering low- and
intermediate mass binary system). In these efforts, as also in
the BPASS code (Eldridge et al. 2008, 2017), synthetic popula-
tions are produced by interpolating in grids of detailed binary
evolution models, and by applying weight factors that account
for the birth probability and lifetime of individual binary mod-
els. The latter code has also been used to obtain the spectra
of synthetic populations (Stanway & Eldridge 2018; Byrne et al.
2022). Because their initial parameter space is so much larger
than that of single star models, comprehensive grids sufficiently
dense to produce well-resolved population predictions need
to include 10*-10° individual detailed binary evolution mod-
els (e.g. Langer et al. 2020), constituting a considerable effort.
While these efforts have been successful in providing new and
important predictions (e.g. Wang et al. 2020; Sen et al. 2022),
they are hampered by assumptions on weakly constrained essen-
tial physics parameters, for single star and binary evolution
physics. It is currently still prohibitively time-consuming to per-
form the required parameter studies with such large detailed
binary model grids.

For this reason, so-called rapid binary evolution codes
have been developed. In most of these, a star has just been
resolved by two grid points, representing the stellar core and
the envelope, and their properties as a function of time have
been approximated from single star models, either analyti-
cally or interpolated from detailed single star models (e.g.
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Lipunov et al. 1996; Hurley et al. 2000, 2002; Izzard et al. 2006;
Stevenson et al. 2017; Vigna-Gémez et al. 2018; Kruckow et al.
2018; Shao & Li 2021; Riley et al. 2022; Romero-Shaw et al.
2023). While this cannot describe the short-term thermally
unstable evolutionary phases of stars, including phases of mass
transfer, it may capture the essential result of mass transfer well
enough in most cases, that is, when the mass donor is essentially
stripped of its complete envelope.

However, mass transfer during core hydrogen-burning
(Case A mass transfer, e.g. Pols 1994) is particularly unruly,
since a clear division of the donor star into a core and an envelope
is only possible after core hydrogen exhaustion. While Case A
mass transfer occurs only in rather short period binaries, those
are favoured by the initial orbital period distribution, such that it
concerns about one-third of all interacting massive binary stars
(Sana et al. 2012, 2013; de Mink et al. 2014), or even the major-
ity above about 40 M, (Sen et al. 2023). While many rapid codes
treat Case A mass transfer as if core hydrogen-burning was
already over at the onset of mass transfer, we show below that
this can lead to large errors in the predicted donor masses and
ages after the mass transfer. In particular, the post-mass trans-
fer donor properties in Case A binaries are known to strongly
depend on the initial orbital period of the binary (cf., Fig. 14 of
Wellstein et al. 2001) and cannot be easily derived from single
star models. This has important implications for the final fate
of the donor stars, as one can see in Fig. B.1 of Langer et al.
(2020), where Case A models produce neutron stars and Case B
(mass transfer after central hydrogen exhaustion) models pro-
duce black holes. This directly effects the predicted number of
black holes and neutron stars.

To remedy this problem, we made use of existing large
binary evolution model grids computed with MESA, to derive
analytic predictions for the key quantities of donor stars directly
after Case A mass transfer, as a function of the initial binary
parameters. We briefly discuss the key physics and initial param-
eters of these grids in Sect. 2. In Sect. 3, we explore the depen-
dencies of the donor properties on the initial binary parameters,
and explain how we derived analytic fits to our main results.
We discuss caveats and uncertainties in Sect. 4, before we give
our conclusions in Sect. 5. In this paper, we neither investi-
gate the properties of the accretor, as they were covered by
Renzo & Gotberg (2021) and Renzo et al. (2023), for example,
nor contact binaries, as contact alters the course of evolution and
they are expected to merge sooner or later (Menon et al. 2021).

2. Detailed binary model grids

We used the grids of detailed binary models calculated by
Marchant (2017, see also Langeretal. 2020 and Sen et al.
2022) with Large Magellanic Cloud (LMC) metallicity and by
Wang et al. (2020) with Small Magellanic Cloud (SMC) metal-
licity, using MESA version 8845 (Paxtonetal. 2011, 2013,
2015). The LMC grid contains models with initial primary
(i.e. the initially heavier component of the binary) masses from
10 My, to 40 M, with initial orbital periods from 10°1°d = 1.4d
to 10°3d = 3162d and initial mass ratios (mass of the initially
less massive star over the mass of the primary) from 0.25 to
0.975. The SMC grid contains initial primary masses from 5 M,
to 100 M, with initial orbital periods from 1 d to 103 d = 3162d
and mass ratios from 0.3 to 0.95. We used all models of these
grids that undergo Case A mass transfer with donor masses
between 10 My to 40 M, as the models outside of this range
tend not to yield a stripped donor star, either due to physical (no
stable mass transfer) or numerical reasons, see Marchant (2017).
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An extension of the LMC grid by Pauli et al. (2022) was used in
Sect. 3.2 to test if our results are applicable outside the adopted
mass range. The upper initial period limit for Case A is a func-
tion of donor mass as discussed in Sect. 3.2.

The initial chemical composition of the models is as
in Brottetal. (2011), and custom-built OPAL opacities
(Iglesias & Rogers 1996) were used to match the initial abun-
dances. The models were computed using the standard mixing-
length theory with @, = 1.5, the Ledoux criterion for convec-
tion and step-overshooting with a4, = 0.335 (Brott et al. 2011).
We assumed thermohaline mixing following Cantiello & Langer
(2010) with ay, = 1 and apply semiconvection with @, =
0.01 for the LMC (Langer 1991) and ay = 1 for the SMC
(Langer et al. 1983). The effect of the difference in semiconvec-
tion is small during hydrogen burning in the considered donor
models (Schootemeijer et al. 2019).

The initial spin of both stars was assumed to be syn-
chronous with the orbit (Langer et al. 2020) and the tides were
treated as in Detmers et al. (2008). Differential rotation, rota-
tional mixing (with the ratio of the ratio of the turbulent vis-
cosity to the diffusion coefficient f, = 1/30, Chaboyer & Zahn
1992) and angular momentum transport were modelled as in
Heger et al. (2000, 2005) including the Spruit-Tayler dynamo
(Spruit 2002). During Roche-lobe overflow (RLO), the sec-
ondary star accretes matter either ballistically or from a Kep-
lerian disk (Petrovic et al. 2005) based on the results from
Lubow & Shu (1975) and Ulrich & Burger (1976). Rotation-
ally enhanced mass loss (Langer 1998) stops accretion when
the accretor reaches critical rotation (Langer 2012). The mate-
rial that has not been accreted leaves the system with the
specific orbital angular momentum of the accretor following
Soberman et al. (1997). If the combined luminosity of both stars
did not provide enough energy to unbind the excess material
from the system, the calculations were stopped (see Eq. (2) of
Sen et al. 2022, in particular). Models, in which overflow at the
outer Lagrange point or reverse mass transfer occurred, were ter-
minated, too. The remaining models were calculated at least up
to central helium depletion.

3. Results

Case A mass transfer is rather complex, in that it is composed of
three distinct phases (Pols 1994; Wellstein et al. 2001). It starts
with a phase of rapid mass transfer (fast Case A), which pro-
ceeds on the Kelvin-Helmholtz timescale of the mass donor, dur-
ing which the donor is stripped of a large fraction of its enve-
lope mass. For shorter initial orbital periods, this rapid mass
transfer happens earlier during the core hydrogen-burning evo-
lution of the donor. It is followed by a nuclear timescale mass-
transfer phase, driven by the slow expansion of the donor star
(slow Case A), which ends due to its overall contraction of the
donor near core hydrogen exhaustion. Immediately thereafter,
another rapid mass transfer occurs, driven by the expansion of
the remaining hydrogen-rich envelope due to the ignition of shell
hydrogen-burning.

This third mass transfer episode (often called Case AB),
which concludes Case A mass transfer, strips the donor star so
much that its envelope mass becomes very small, and it can
be approximated for many purposes as a helium star (see how-
ever Laplace et al. 2020, 2021). This is analogous to the situa-
tion after Case B mass transfer, which occurs in binaries that
have sufficiently large orbital periods that the donor star avoids
mass transfer during core hydrogen-burning. However, while in
Case B systems the mass of the stripped helium star closely
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follows the relation between initial mass and helium core mass of
single stars, the helium stars emerging from Case A binaries do
not obey this relation. Similarly, the age of a donor star at the end
of the Case B mass transfer is very close to the core hydrogen-
burning lifetime of a single star of the same initial mass. How-
ever, since Case A donors undergo part of their core hydrogen-
burning with a significantly reduced mass, their ages at the end
of Case A mass transfer are larger than those of corresponding
single stars. Both effects are shown in detail in the following.

3.1. Analysis of the MESA models

For this analysis, we defined the beginning of a Case A RLO as
the moment where the donor fills more than 99.9% of its Roche
lobe during core hydrogen-burning. As the end of Case AB we
used the time when the donor star becomes smaller than 99% of
its Roche lobe after central helium ignition (central carbon abun-
dance surpasses 0.1%). We find that these assumptions ensured
the best tracking of the RLO in our models.

Figure 1 shows the post-Case AB donor masses Mg of all
donors in the considered binary model grids, for LMC and SMC
metallicities, as functions of their initial mass M;,; and initial
orbital period Pj,;. In this figure, we depict the median values of
the post-Case AB masses across different mass ratios for binaries
with the same initial donor mass and orbital period, to enhance
the clarity. One can see from the top panels, where we display
the interquartile range (i.e. first to third quartile of the mass ratio
distribution), that the scatter in post-Case AB donor masses (for
a fixed initial donor mass and initial orbital period) from differ-
ent initial mass ratios is very limited. Around an orbital period
of roughly 10%° d ~ 3 d the interquartile range is for both metal-
licities slightly larger than elsewhere. See Sect. 4.1 for a further
discussion.

The top and middle panels of the figure show that, as
expected, the post-Case AB donor masses strongly depend on
the initial donor mass. However, on top of that, a clear depen-
dence on the initial orbital period can also be seen. The latter
effect is largest for the largest initial donor mass (~40 M), for
which the LMC post-Case AB donor masses cover the range
from 14.8 Mg to 20.9 M. For 10 M, donors, the post-Case AB
donor masses are found to range from 1.7 Mg to 2.8 M, such
that the relative variation is as large as it is for the 40 M, donors.
For SMC metallicity we find slightly different masses. The post-
Case AB masses of the 40 M donors are 14.6 M, to 21.8 M,
and for the 10 M, donors only 2.8 M, to 2.9 M, due to a smaller
number of models surviving the RLO. For all models a small
hydrogen-rich layer remains on the donor. In the middle panels,
we also indicate the convective core mass at be beginning and the
end of core hydrogen-burning for single stars of the same initial
mass. For a given initial donor mass, the largest post-Case AB
mass is always clearly smaller than the initial convective core
mass and the convective core mass at central hydrogen exhaus-
tion is only loosely related to the smallest post-Case AB mass,
since central hydrogen exhaustion in single star evolution and
Case AB evolution have followed different evolutionary paths.
The donor mass after Case B mass transfer with same initial
donor mass is a much better indicator for the behaviour of the
post-Case AB mass. It is either equal (upper end of the initial
donor mass range) or slightly smaller (lower end) than the largest
post-Case AB mass at same initial donor mass. For the SMC
models this difference between post-Case B mass and largest
post-Case AB mass is larger.

Inspired by this, in the bottom panels of Fig. 1, we have
scaled the post-Case AB donor mass to the post-Case B mass

of a model with same initial mass. Interestingly, this ratio shows
a very high (but non-linear) correlation with the initial orbital
period. This behaviour is more pronounce for the LMC models
than for the SMC models. The larger scatter for the SMC mod-
els may arise from the post-Case B mass of the lighter models
being heavier than the heaviest post-Case AB models of the same
initial mass. This causes those models to deviate from the curve.
Towards smaller initial orbital periods, the ratio of post-Case AB
to post-Case B mass decreases and, as expected, the ratio con-
verges towards unity for large orbital period. The main difference
between the two metallicities is that Case A occurs at slightly
lower initial orbital periods for the lower metallicity. This shift
causes the post-Case AB mass to be higher for the lower metal-
licity at the same orbital periods. The underlying reason is that
for the same initial orbital period the SMC donor fills its Roche
lobe later into core hydrogen-burning than a corresponding LMC
donor, because SMC models are more compact. Thus the SMC
donor resembles to a LMC donor at higher initial orbital period.

The period dependence of the post-Case AB donor masses
can be understood as follows. For a given initial donor mass both
the mass of the initial convective core! and the donor mass after
fast Case A mass transfer barely depend on the initial orbital
period (Fig. E.3 of Sen et al. 2022). This can be seen in Fig. 2,
where we find for an initial donor mass of 20 M a donor mass
after fast Case A of 10.9 My for a small initial orbital period
(top panels) and for a wider Case A system (bottom panels) we
get 10.5 M. In both models the initial convective core mass is
11.0 M and the convective core masses just before the onset
of mass transfer are 8.5 My and 7.0 M, as expected since the
extend of the convective core shrinks during main-sequence evo-
lution and the mass transfer happens later during core hydrogen-
burning for the wider system. During the fast Case A phase
the mass of the convective core decreases abruptly, namely by
2.6 M, for the close system and by 1.1 M for the wide sys-
tem. The extent of the abrupt shrinking (in mass) depends on
how early the Case A mass transfer occurs, that is, on the ini-
tial orbital period of the binary. The shorter the initial orbital
period, the greater is the shrinking in terms of mass. This period-
dependent jump in the convective core mass is the first reason
for the period dependence in the post-Case AB mass. Over the
whole model set, it takes values from 0.8 M, to 2.6 M

Since the remaining core hydrogen-burning time is larger for
the donor in the closer system 3.3 but only (0.4 - 10° years for the
wide system), the mass of the donor’s convective core decreases
even more. During the slow Case A phase, the donor transfers
mass on a nuclear timescale, wherefore the donor in the close
system loses more mass. In the example in Fig. 2, the donor mass
at central hydrogen depletion is 9.6 M, for the close and 10.3 Mg
for the wide system. This causes the mass of the convective core
to become even smaller, which forms the second reason for the
period dependency. At central hydrogen depletion, the convec-
tive cores has shrunken by 1.4 M, since end of fast Case A for
the close system and by only 0.2 M, for the wide system. Over
the whole model set, this effect can shrink the convective core
up to 5 My, for the closest and heaviest systems. For light donors,
both effect are equally important, since for close and wide sys-
tems the difference in mass change of the convective core for the
first effect is about 1 M, as it is for the second one, while for
heavier donors, the second one dominates. Finally, the mass of
the convective core at hydrogen exhaustion determines the mass

' This includes the overshooting region above and not just the MESA
output mass_conv_core.
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Fig. 1. Donor mass immediately after Case AB mass transfer (Mp) in units of the solar mass (top and middle) and in units of the donor mass after
Case B mass transfer (Mg, bottom), as a function of the initial orbital period Pj,, with the initial donor mass M;,; colour-coded (top and bottom).
The middle panel shows Map as a function of the initial donor mass, where models with the same initial orbital period are indicated with the
same colour. Each cross represents the median of Mg across different initial mass ratios and in the top plots we indicted in black its interquartile
range (distance from first to third quartile of the mass ratio distribution). In the middle plots the black lines show the mass of the convective cores
of single stars at the beginning (M73}is) and the end (M{3}is) of core hydrogen-burning, as well as the mass after Case B mass transfer, as a
function of the initial stellar mass. Grey lines indicate our best fit to the data. The panels on the left show LMC models, and on the right SMC
show models.

of the helium core, which then determines the mass of the donor
after Case AB mass transfer.

Figure 3 shows in its top and middle panels the duration of
Case A mass transfer as a function of initial donor mass and ini-
tial orbital period. We find that the duration is larger for initially
closer orbits, since donor stars in close orbits fill their Roche
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lobe earlier and thus more of the core hydrogen-burning time
remains for the donor in its mass-reduced state. Furthermore, the
duration of Case A mass transfer increases weakly with increas-
ing initial mass for initial orbital periods above about 10%3-06 d
and decreases for lower initial periods. This means a stronger
decrease in duration of mass transfer with initial orbital period
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Fig. 2. Evolution of the total mass, the convective core mass, and the
helium core of the donor model with an initial mass of 20 M, with a
companion of initially 14 M, and an initial orbital period of 10°*°d =
2.2.d (top panels) and 10°7>d = 5.6d (bottom panels). We indicate the
mass of the convective core at the onset of mass transfer, just after the
fast Case A, and at central hydrogen depletion by grey lines.

for smaller initial donor masses. For our lowest masses (10 M)
with the closest orbits, we find durations for Case A mass trans-
fer of about 107 years. Interestingly, for both metallicities the
Case A duration is about 10° years around initial orbital periods
around 10%3-96 d, independently of initial donor mass. From the
middle plots one can see that the differences in Case A duration
between the two metallicities are small and mainly arise from the
initial masses and periods where Case A mass transfer is stable.
In particular, the upper left corner of the middle panel of Fig. 3
contains models for the LMC grid, but not for the SMC grid. It
also shows through the interquartile range that the impact of the
initial mass ratio is very small.

In the bottom plot of Fig. 3, we show the ratio of the core
hydrogen-burning lifetime of the Case A donor f} ¢ in units of the
core hydrogen-burning lifetime of a single star of the same initial
mass fys. We find that in this representation a strong non-linear
correlation to the initial orbital period. The lifetime increases for
smaller initial orbital period. This is not unexpected as systems
with lower initial orbital period undergo RLO earlier, have thus a
larger hydrogen fraction in the core after the fast part of the mass
transfer and are less massive and therefore keep core hydrogen-
burning for a longer time. We find increases in lifetime of up
to 30% for the closest systems. For larger initial orbital periods,
the lifetime increase becomes zero as the upper orbital period
for Case A mass transfer is reached. For the 10 My-models this
happens around an initial period of 10%°d and for the 40 M-
models around 10'*d (LMC) and 10'?d (SMC), respectively.
The bottom panels show that for the same initial orbital period,
the lifetime increase is larger for the larger metallicity.

We find that if we would normalise the data so that we would
show the lifetime increase as a function between minimum and
maximum of period where Case A mass transfer occurs, they
would not lie as neatly on one curve as shown here. Using the
orbital period as the independent quantity for Figs. 1 and 3 may
seem to be an arbitrary choice, but we find that only with that
the data fall onto one single curve. Using the relative age of
the donor at beginning of the mass transfer compared to the age
of central hydrogen exhaustion of a single star of same initial
mass or the central hydrogen content at beginning of the mass
transfer as the independent quantity does not yield such unique

curves. For practical application, we provide these data with fits
in Appendix A.

3.2. Analytic fits

Before we provide fits for the donor mass after Case AB mass
transfer and the duration of Case A mass transfer, we give mass-
dependent boundaries of initial periods, in which Case A occurs
and within which our fits are valid. We find that the lower period
limit P, for a Case A mass transfer that leads to donor stripping
is well described by a parabola

108 Proin = a + b - (log Miy; — )’ (0

with (a, b, ¢) = (0.240+0.001,0.270+0.134, 1.04 £ 0.13) for the
LMC and (a,b,c) = (0.114 £0.012,1.72 + 0.27,1.37 £ 0.02) for
the SMC. On the other hand, the upper period limit for Case A
mass transfer Pp,ax, which is also the boundary towards Case B,
is also well described by a parabola

108 Prnax = a + b - (log Miy; — ¢’ )

with (a, b, ¢) = (0.619+0.022,1.87+0.21,0.957 +0.039) for the
LMC and (a, b, ¢) = (0.535 £ 0.019,1.31 +£ 0.13,0.897 + 0.040)
for the SMC.

We find third-order polynomials f well fitting to describe the
dependency of the donor mass Mg after Case AB mass transfer
and its duration Az, on the initial donor mass Mj,; and the initial
orbital period Pj,;. We define m = log Miyi/ My and p = Pjyi/d.
With that the polynomials can be written as

3 2
f(m, p) = azom” + axom” + ajom +

3

3 2
apsp” +appp” +app+
2 2
aym-p +ajppomp” +ajpmp + aopp.

The coeflicients a;; of the fit are given in Table 1 for both metal-
licities. The root-mean-square relative deviation between model
data and fit is in all cases smaller than 3% and the maximum
relative deviation reaches about 15% for the worst outlier. We
conclude that our fit describes the data well. We indicate the fits
in Figs. 1 and 3 (top and middle) with grey lines for selected
values of the colour coordinate, which confirms that they match
well.

Next, we consider the donor mass after Case AB (Map) in
units of the donor mass after Case B (Mp). We find a power law
of the form

Mag
4
Mpg “)

well fitting. We find (a, b) = (0.841 £ 0.007, —1.253 + 0.007) for
the LMC and (a,b) = (0.657 + 0.008,—1.487 + 0.016) for the
SMC. The root-mean-square relative deviation between data and
fit are 3% and 4% for LMC and SMC, respectively. The maxi-
mum relative deviation has relative high values of 15% and 24%.
They can be explained with the neglection of mass dependence
and the wavy structure in the period dependence (consider e.g.
the purple sequence in Fig. 1, bottom). For the SMC data the
deviation is so strong as they do not fall so well on a single
curve due to the jump between post-Case B mass and highest
post-Case AB mass. The fit is shown in Fig. 1 (bottom) in grey.

Finally, we give a fit for the relative increase in core
hydrogen-burning lifetime #,,;/fms again in form of a power
law

f Pini \}
ﬂ=1—i—a~( m).
s d

&)
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Fig. 3. Duration of Case A mass transfer (Az,) in logarithmic years as functions of initial orbital period P;,; with the initial donor mass M;;
colour-coded (top) and as functions of the initial donor mass, where models with the same initial orbital period are indicated with the same colour
(middle). The bottom panels show the ratio of the Case A donor core hydrogen-burning lifetime 7}, to the core hydrogen-burning lifetime tys of
a single star of the same initial mass, as a function of the initial orbital period and in the top plots we indicted in black its interquartile range. Each
cross represents the median value of At across different initial mass ratios. In the top plot we indicted in black the first and third quartile. Grey
lines indicate our best fit to the data. The panels on the left show LMC models and on the right is SMC.

We find (a,b) = (1.003 = 0.010,-2.779 + 0.011) for the LMC
and (a, b) = (0.577+0.005, -2.741 +0.015) for the SMC best fit-
ting. The root-mean-square relative deviation between data and
fit are 0.6% and 0.7% and the maximum relative deviation has
values of 5% and 7% for LMC and SMC, respectively. The lat-
ter is impacted by the three outliers around Pj,; ~ 10°3d. A
visual inspection of the fit in Fig. 3 (bottom, grey line) shows
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that it does not trace the mass dependence perfectly, meaning
that donors with lower initial mass reach unity at lower orbital
periods, but such small deviations can safely be disregarded.
The fits for the post-Case AB mass and the lifetime increase
are independent of initial donor mass. This suggests that our
results may be applicable outside of the considered donor mass
range. To test this, we compared our fits to additional detailed
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Table 1. Fit coeficients g;; found for Eq. (3).

LMC SMC
f(m’p) :logAtA f(m’l’) :MAB f(m’P) :logAtA f(m’l’) :MAB

aso 0.958 +0.187 20.5+1.2 0.356 +0.212 18.8 +1.7
ay 1.95 +0.67 -56.1+4.2 1.83 £ 0.80 -53.0+6.5
ao —8.84 +0.81 532 +5.1 -6.30+1.03 51.1+84
aps -2.14 +0.04 9.83 +0.27 -3.27 £ 0.06 259+0.5
ap -18.8+0.3 8.46+1.6 -15.0+0.3 252 +23
aol —-6.27+0.32 6.03 +2.02 -5.71 £ 0.42 10.0+34
as) -114+0.3 19.1+1.8 -7.88 +0.29 36.7+24
ap 149+ 0.2 -244+1.3 13.3+£0.23 -557+1.9
ap 19.0 £ 0.6 —-135+3.8 13.1+£0.7 -323+5.5
ago 129 +£0.3 —-18.0+2.1 11.3+0.5 -16.8 £ 3.7
Orms 0.7% 2.0% 0.6% 2.7%
Omax 5.6% 11.0% 5.3% 14.4%

Notes. The last rows show root-mean-square relative deviation d,,s and the maximum relative deviation d,,,x between fit and data.

Table 2. Test of our fits against models outside the used mass range (10-40 M,,).

Z Mii/Mo  gimi  Pii/d  Mp/Mo  tus/a Mas/Mo  tyg/a  Map/Mo  fyg/a
(detailed models) (our fit)

LMC 50 0.7 10%% 28 45-10° 22 4.6-10° 22 4.8-10°
LMC 70 0.65 10%% 45 3.7-10° 32 3.8-10° 37 3.8-10°
SMC 5.0 0.85 10%3 1.3 1.0-108 1.0 1.8-108 1.0 1.1-108
SMC 6.3 0.8 10012 1.8 6.1-107 0.9 8.2-107 1.0 7.8 - 107
SMC 6.3 0.8  1094% 1.8 6.1-107 1.5 6.2 - 107 1.5 6.3-107
SMC 50 0.7 10%» 29 45-10° 26 4.6-10° 26 4.6-10°
SMC 50 0.7 1007 29 4.5-10° 27 4.5-10° 27 4.5-10°
SMC 80 0.7 10! 56 3.5-10° 52 3.5-10° 55 3.5-10°

Notes. Columns 7 and 8 give the post-Case AB mass and the core hydrogen-burning lifetime from the detailed models, while Columns 9 and 10
show the results of our fits (Egs. (4) and (5)) calculated from Columns 1 to 6.

models. For the LMC we used models from the extensions of the
LMC grid by Pauli et al. (2022), and for the SMC models of our
grid outside of the adopted mass range. We show in Table 2 the
parameters of the models and compare the outcomes of Case A.
We find that the typical deviation between fit and detailed model
is less then 10%. Only the lifetime of the 5 My SMC model and
the post-Case AB mass of the 70 M, LMC model deviate more
than this. The typical deviation is comparable with the deviations
within the analysed models in Sect. 3.1 and thus we conclude
that our fits are also applicable outside of their original mass
range, at least as long the models have similar structure (i.e. a
convective core and a radiative envelope).

4. Discussion

4.1. Impact of the initial mass ratio and the accretion
efficiency

We have seen in Sect. 3.1 that the post-Case AB mass and the
duration of Case A mass transfer are nearly independent of the
initial mass ratio (Fig. 1 top panels and Fig. 3 middle panels).
This result is further reinforced by the small deviation between
data and fits in Sect. 3.2, since the fits do not consider the initial
mass ratio and are still very good. We can explain the insen-
sibility of our results to the initial mass ratio by considering
each of the three phases of the RLO individually. The onset of
interaction at a fixed orbital period happens more or less at the

same donor radius, and thus donor age, nearly independent of
mass ratio (about a factor of 2 in orbital period over the rele-
vant regime, Eggleton 1983; Marchant & Bodensteiner 2023).
The end of the first fast phase of mass transfer is determined
by the interplay between the radius evolution of the donor star
and the evolution of its Roche radius. The former is a question
of stellar physics and the latter mainly depends on the orbital
period and is again only a weak function of mass ratio. This is in
opposition to Giannone et al. (1968), who predicted larger mass
loss from the donor for smaller initial mass ratios (their Fig. 6 in
particular). The slow Case A phase is determined by the nuclear
evolution of the donor star, on which the accretor star has no
impact. Finally, in Case AB mass transfer, which is very similar
to Case B, the donor loses mass until its helium core ignites, on
which the companion has also no impact. All this is in agreement
with Figs. F.3-F.5 of Sen et al. (2022).

It may appear that our model grid could have the shortcom-
ing that we may lose generality by assuming a certain mass trans-
fer evolution during RLO. As the secondary star accretes matter
until it reaches critical rotation, tidal forces cause a wide range of
mass-transfer efficiencies (Sen et al. 2022, Fig. F.2). The mass-
transfer efficiency controls the orbital evolution of the binary
through the scheme of isotropic re-emission (Soberman et al.
1997) and thus the size of the donor’s Roche lobe. Thus one
wonder whether our results are only valid for these assumptions.
It turns out, however, that the accretion efficiency only has a lim-
ited effect on the outcome of Case A mass transfer. Consider
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the 40 My-models of the LMC grid. They show a clear struc-
ture in accretion efficiency (Sen et al. 2022, Fig. F.2). When we
consider an initial period of 10°6d, we find for an initial mass
ratio of 0.9 an overall accretion efficiency of about 80%, and
for an initial mass ratio of 0.55 an accretion efficiency of 30%.
Yet in both cases the donor mass after the mass transfer about
18 My, (18.6 M, for the first and 17.5 My, for the latter), which is
a strong indication that the accretion efficiency is a subdominant
factor. In fact, it turns out that in Fig. 1 (top) the slightly larger
interquartile range due to different initial mass ratios in the mid-
period regime is caused by the transition from high to low accre-
tion efficiency. (Compare the periods with a larger interquartile
range to Fig. F2 of Sen et al. 2022.) This should also cause the
light wiggle in the model data in, for example, Fig. 1 around a
period of about 10%° d. Thus we can quantify the impact of vary-
ing accretion efficiency and argue that its effect is small for the
whole of both model grids.

4.2. Metallicity dependence

In Sect. 1, we have found that the exponent b of the power law
describing the ratio of post-Case A mass to post-Case B mass
is smaller for the smaller metallicity. This means that this ratio
increases slower with initial orbital periods for the smaller metal-
licity. However, the smaller offset a in the power law causes the
curve of the smaller metallicity to lie on top of the other in the
considered period range. Therefore, we conclude that the donor
mass after Case A compared with the mass after Case B is larger
for smaller metallicities, given the same initial orbital period,
and thus models with Galactic metallicity might be even lighter
after Case A mass transfer. This can be qualitatively understood
by the fact that donor radii at zero-age main-sequence are larger
and at higher metallicities and fill their Roche lobe earlier during
core hydrogen-burning. Thus they deviate stronger from Case B
evolution.

For the increase in the core hydrogen-burning lifetime, we
find for both metallicities about same exponent in the power-law
fit, namely about —2.8, and that the offset a is larger for the larger
metallicity. Therefore, the lifetime increase for the same initial
orbital period is larger for the larger metallicity. This fits with
the smaller post-Case AB mass for the larger metallicity. Again,
we can extrapolate to Galactic metallicity and expect an even
stronger lifetime increase.

4.3. Other work

The models we analysed in this work were already compared
to observations. Sen et al. (2022) analyse LMC and Milky-Way
Algol binaries, which are believed to be a product of Case A
mass transfer, with the LMC grid and find a good agreement.
Sen et al. (2023) use an extension of the LMC grid by Pauli et al.
(2022) to explain so-called revered Algols in the Tarantula Neb-
ula. Wang et al. (2020, 2022) and Wang et al. (2023) find a
good agreement of their SMC models with the morphology of
Hertzsprung—Russell diagrams, in which systems in slow Case A
mass transfer contribute to an extended main-sequence turnoff
and blue stragglers.

To calculate the outcome of Case AB mass transfer,
several schemes have been adopted in the literature. The
BSE-code (Hurley et al. 2002) and its derivatives binary_c
(Izzard et al. 2004, 2006, 2009; Schneider et al. 2015) and
COMPAS (Stevenson et al. 2017; Riley et al. 2022) determine
the post-Case AB donor mass by removing the minimal mass
necessary to keep the donor within its Roche-lobe. This pro-
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cess seems to be based on single star models, which neglects
the more complex structure (in particular the large helium
enriched layer) of a model undergoing Case A mass transfer.
Romero-Shaw et al. (2023) propose a simple approximation for
the post-Case AB donor mass by multiplying the post-Case B
donor mass by the relative age of the donor at the beginning
of mass transfer. We show in Fig. A.l that their method can
lead to mismatches of up to 60%. Giannone et al. (1968) fol-
lows a more sophisticated approached using generalised main-
sequences (stationary models with a particular total mass, cen-
tral helium abundance and core mass). However, their Fig. 6
shows a clear dependency of the donor mass after fast Case A on
the initial mass ratio, which is in contradiction with our results
from detailed models. The COMBINE-code of Kruckow et al.
(2018) uses the same approach as for Case B to evaluate Case A.
They assume that the donor is reduced to its helium core mass.
We show in this work that this assumption can be inaccurate
to varying degrees, as for core hydrogen-burning models, no
helium core can be defined and therefore rely on the helium
mass in the convective core. For the duration of Case A they
use the thermal timescale, which strongly underestimates its real
duration.

5. Conclusions and outlook

In this study we analyse large grids of detailed massive binary
evolution models to provide simple recipes for the donor mass
after Case AB mass transfer and for the duration of Case A mass
transfer. We find that these two quantities are nearly independent
of the initial mass ratio of the binary. For the post-Case AB donor
mass relative to the post-Case B donor mass, and for the ratio of
core hydrogen-burning lifetime compared to that of a single star,
we find that power laws (Egs. (4) and (5)) describe the mod-
els well. The main-sequence lifetime of Case A donors exceed
that of single stars or Case B donors of the same initial mass by
up to 30%. This extension depends on the initial orbital period,
but is insensitive to the initial donor mass (Fig. 3, bottom). The
donor mass after Case AB can be up to 50% smaller than after a
corresponding Case B mass transfer (Fig. 1, bottom). We predict
lighter donors after mass transfer and a larger lifetime increase at
higher metallicities for given initial orbital periods. We find that
our results are independent of the employed mass-transfer effi-
ciency, and find evidence that our results are also valid outside
the considered mass range.

The significance of these corrective effect of our new method
will be strongly dependent on the specific considered binary pop-
ulation. It will naturally be pronounced for a predicted Algol
population, as these objects are undergoing slow Case A mass
transfer, which is usually neglected in rapid binary evolution
codes. While the overall supernova rate in the nearby Universe is
perhaps not significantly affected, the occurrence of these events
will be delayed by up to 30% due to the longer core hydrogen-
burning lifetime and a longer lifetime of the lighter stripped
donor.

The predicted lower donor masses may have an even stronger
effect, in particular for initial orbital period distributions that are
skewed towards short initial orbital periods. As favoured by the
initial mass function, of all supernova progenitors our mass cor-
rection will strongly affect that part of the parameter space where
most neutron stars are born. Even donor stars with initial masses
as high as 16 M may form white dwarfs (Wellstein et al. 2001).
In essence, the number of electron capture supernovae will be
reduced. The same applies to black holes, but the vicariously
generated neutron stars will not compensate the loss to white



Schiirmann, C., et al.: A&A, 690, A282 (2024)

dwarfs. Consequently, the number of high mass X-ray binaries
is expected to decrease, but only for supergiant X-ray binaries,
which reside in close orbits, in contrast to Be/X-ray binaries,
which tend to be the outcome of Case B evolution. The corrected
mass of the supernova progenitor might affect the predicted neu-
tron star birth kick, which may change the fate of the binary. The
impact on the predictions for gravitational wave sources is non-
trivial, but the reduced donor masses could lead to less stellar
remnant mergers.

While the qualitative effects of Case A mass transfer are
described in the literature, this work quantifies them such that
they can be implemented into rapid binary population syn-
thesis codes. They can be used to update the predictions of
gravitational-wave event rates for different classes of stellar rem-
nants, and they could also be important for the predicted number
of double white dwarf binaries in the Milky Way that LISA can
detect. In a forthcoming paper we will use our recipe in a rapid
binary population synthesis of the population of massive stars
after mass transfer in the SMC.
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Appendix A: Fits as a function of main-sequence lifetime

For the application of our results, it may be more practical to use the ratio of the time fg; o when the RLO begins to the main-
sequence lifetime #ys of the donor as the independent quantity instead of the initial orbital period. We show this in Fig. A.1. The
ratio of the post-Case AB mass to the post-Case B mass increases and the core hydrogen-burning lifetime decreases with frp.o/#us.
In this representation the two quantities become mass-dependent again. For the mass after Case AB, we find a rational function of

the form

a+
Mg logMini  tms  tus log Mig
well fitting. We find (a, b, c,d) = (2.76 £ 0.03,-3.75 £ 0.05,—-1.60 + 0.04,3.47 + 0.05) for the LMC and (a,b,c,d) = (2.03 =

0.07,-2.50 + 0.10,-0.86 + 0.08,2.21 + 0.11) for the SMC. The root-mean-square relative deviations are 2% and 4%, and the

maximum relative deviations are 12% and 21%, respectively.
For the increase in core hydrogen-burning lifetime, we find a power law of the form

Mg b o dirLo (A.1)

t’ t C
;‘“—S=1+a-Mi;};-(1—%) (A2)
MS MS

well fitting. We find (a, b, ¢) = (116.8+1.7,1.618+0.004, 1.465+0.003) for the LMC and (a, b, ¢) = (80.5+4.7,1.438+0.016, 1.649+
0.012) for the SMC. The root-mean-square relative deviations are 0.3% and 0.9%, and the maximum relative deviations are 4% and
6%, respectively.
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Fig. A.1. Same as Fig. 1 (top, also top here) and 3 (top, here bottom), but as a function of the fraction in the donor core hydrogen-burning lifetime
when the RLO begins. Grey lines indicate our best fit to the data and the dashed black line shows the approach of Romero-Shaw et al. (2023), i.e.
Map = MygtrLo/tus- The panels on the left show LMC models, and on the right SMC show models.
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