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Abstract

This thesis investigates two distinct classes of gapless, strongly correlated quantum
systems. In the first part of this thesis, we examine quantum spin-1 systems, which
allow for non-geometric frustration between bilinear and biquadratic interactions.
For these systems, frustration leads to a rich phase diagram hosting exotic spin
nematic phases with highly entangled ground states near SU (3)-symmetric
points. We use tensor network renormalisation group methods to study the phase
diagram of the spin-1 bilinear biquadratic Heisenberg model with focus on the
phase transitions near SU (3)-symmetric points. Tensor network renormalisation
methods are helpful in the study of both non-critical and critical phases and give
insight to new mechanisms of spin-nematic phases and exotic ground states. In
the second part of this thesis, we study non-Fermi liquids, characterised by the
absence of quasiparticles and unusual symmetries. Based on the recent assumption
that non-Fermi liquids have an emergent loop-U(1) group at the IR, we show the
essential tools to quantise a loop-U(1) group. Using coadjoint orbits and their
quantisation as the technology of choice, we propose a modest approach that might
be helpful in the more profound problem of understanding the phenomenology of
non-Fermi liquids.
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Introduction

This thesis focuses on two primary areas: higher-spin insulators and quantum
critical metals. These represent opposing ends of a broader spectrum within
the realm of strongly correlated gapless systems. Strong correlations underpin a
wide array of fascinating physical phenomena. Our specific interest lies in spin-1
systems at critical points and non-Fermi liquids.

Historically, these two areas share a common origin in the Hubbard model.
This model, a fundamental tool in the study of strongly correlated systems,
describes both insulating and metallic behaviour. At half-filling with strong
on-site repulsion (U > t), the Hubbard model becomes an insulator with localised
electrons possessing only spin degrees of freedom, leading to the Heisenberg model—
the first part of this thesis explores a generalisation of the original Heisenberg
model for spin-1 by adding a biquadratic term. In contrast, the weak coupling limit
(U < t) yields a metallic state described by itinerant electrons. While Fermi liquid
theory provides a qualitative framework for this metallic regime, the emergence
of non-Fermi liquid behaviour near quantum critical points, characterised by
anomalous properties such as linear-in-temperature resistivity and the absence of
quasiparticles, challenges this conventional picture.

Higher-spin systems, particularly spin-1 systems, offer a unique opportunity
to explore enhanced symmetries and novel phases of matter near critical points.
In contrast to spin-1/2 systems, spin-1 systems can exhibit SU(3) symmetry,
potentially leading to exotic spin liquid behaviour not possible in spin-1/2 systems.
Non-Fermi liquids raise questions on possible uncommon renormalisation group
flows and effective field theories where our best theories break down.

Both higher-spin insulators and quantum critical metals arise from strong corre-
lations, providing fertile ground for the emergence of intriguing and unconventional
phenomena.

Plan of the thesis

Spin-1 Systems

In Chapter 1 we introduce the basic notions of spin-1 systems, such as quadrupolar
orders, the emergent SU(3) symmetry and its most useful representations. We
describe quadrupolar states and compare them to spin coherent states. In Chap-
ter 2.1, we introduce the basic background of phases of matter and tensor networks.
Specific emphasis is made on the tensor renormalisation group methods which will
be used in further chapters. Chapter 3 starts by setting the background of spin-1



chains, where the existence of a controversial critical nematic phase exists near an
SU(3) critical point. We use tensor network renormalisation group methods to
study this systems directly at criticality. Chapter 4 studies the analogous spin-1
systems but in 2D square lattices. We study the controversial Haldane phase
residing near a critical SU(3) point. Again we propose a method for isotropising
the tensor network and then renormalising it.

Non-Fermi liquids

This part introduces both Fermi liquids and non-Fermi liquids. The aim of this
part of the thesis is to propose a way to quantise via the orbit method a conjectured
loop-U(1) symmetry in the infrared in non-Fermi liquids. Chapter 5.1 introduces a
relatively up-to-date revision of Fermi-liquid theory and it’s main advances in the
last decades, mostly focusing on renormalisation group methods. In Chapter 77 we
introduce the abstract mathematical machinery of the orbit method, together with
notions of general notions on how to obtain relevant information using symmetry
arguments and making connections between representation theory and geometry.
Chapter 8 is the formal proposition on how to quantise loop-U(1) groups using the
orbit method or more general quantisation schemes and how to extract information
relevant to the non-Fermi liquid phenomenology.
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Part 1

Spin-1 systems
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The concept of matter organising into different phases is both familiar and
profound. It might organise into ordinary liquids or conductors, as well as exotic
states like quantum spin liquids or strange metals. The latter, however, are many-
body phases of matter that lack successful theoretical explanations and often do
not conform to classical notions of order parameters. Classical phase transitions
involve a symmetric disordered phase transforming into an ordered phase that
breaks symmetry, defined by local order parameters. However, some phases, such
as topologically ordered phases, are not locally distinguishable and still undergo
phase transitions. Quantum magnetism also offers numerous examples where
strongly correlated systems exhibit non-classical phase transitions.

In this first part, our focus is on many-body spin-1 systems with emphasis
on strongly interacting systems that cannot be reduced to effective one-particle
systems. While one-particle systems approximate some real systems well, many
strongly correlated materials lack an accurate free theory. In spin systems, strong
interactions reveal the underlying quantum mechanics on large scales. Spin
systems, central to much condensed matter theory, require advanced theoretical
methods like renormalization groups, tensor networks, generalised symmetries,
anomalies, among many more.

Spin-1 systems are quantum magnetic systems that, unlike classical magnets
where magnetic order arises from dipolar interactions, exhibit a different type
of magnetism. While dipolar interactions in classical magnets are more akin to
a liquid crystallisation driven by thermal fluctuations, magnetic interactions in
spin-1 systems are governed by quantum fluctuations. These fluctuations can be
amplified by factors such as frustration and dimensionality. They can disrupt the
magnetic order, leading to entirely new quantum states known as spin liquids.
In lower dimensions, quantum fluctuations become more pronounced, potentially
reducing or eliminating the ordering of a phase that would be stable in classical
physics. For example, frustrated interactions—beyond just geometric ones—can
contribute to this behaviour.

Spin-1 systems have been extensively studied [1, 77, 94, 58, 24] due to their po-
tential to exhibit quantum phases with unique characteristics such as the Haldane
phase [18], the anomalous magnetic and nematic ordering in iron superconduc-
tors [131], and various quantum spin liquid phenomena related to higher spins |70,
42, 82]. Experimental observations of spin liquids in spin-1 materials have been
reported as well in [91, 20], including those with triangular and honeycomb
antiferromagnets.

A significant challenge remains in that both larger spins exhibit reduced
quantum fluctuations, and geometric frustration alone is insufficient to disrupt
conventional magnetic order. This indicates that multiple forms of frustration may
be necessary to stabilise novel quantum phases, making this somewhat intriguing
area for further research. In spin-1 systems, the inclusion of biquadratic interac-
tions alongside bilinear ones introduces another form of frustration, particularly
when these interactions have comparable strengths, resulting in an enhanced sym-
metry. This leads to degeneracy of magnetic and non-magnetic orders, potentially
giving rise to new phases. A central question would be if SU(3) symmetry enables
spin liquid phenomena. Thus far, evidence for spin liquid phases in these systems
is scarce, and research incorporating SU(3) symmetry has predominantly yielded

13



conventional ordered states. Nonetheless, the precise nature of phases near the
SU(3) points within the bilinear-biquadratic model remains an open question in
both one and two dimensions.

The first part of this thesis is organised as follows. The first chapter introduces
the formalism for studying quadrupoles, along with the notation and general
aspects of spin systems. The focus will then shift to the quadrupolar character of
spin-1 wave functions, comparing quadrupolar states of spin-1 with spin coherent
states of spin-1/2. Next, we explore the bilinear biquadratic Hamiltonian, a
model that includes quadrupolar interactions as well as the typical interactions
in spin systems. The subsequent chapters examine spin-1 chains using tensor
renormalisation group methods around the controversial SU(3) points where a
critical nematic phase remains controversial. The next chapter studies spin-1
systems on square lattices, again with the use of tensor network methods again
near the critical SU(3) points where a Haldane phase is controversial.

14



Chapter 1

Spin-1 Systems

1.1 General aspects of spin-1 systems

This section shows general aspects of spin-1 systems, in particular, that a spin-1
wave function has quadrupoles, which are obtained through quadratic operators
in the typical spin operators. Consequently, we may describe a state that has no
magnetic moment that preserves time reversal invariance. After showing how to
parametrise these states, we will see how an SU(3) symmetry arises naturally
and describe some useful representations. One of the most useful tools to study
spin-1 lattices is the bilinear biquadratic model. After discussing its fundamental
properties, we will explain different ansatze to make it more manageable. Finally
we will comment on general ideas and conjectures that may appear in spin-1
many-body systems.

An efficient description of quadrupoles uses the following standard basis [73]

<|1> ),
) = —(|1) + [T)), (L.1)
|2) = —i|0).

By fixing a phase we can now characterise a wavefunction using four parameters,

{0, ¢} € [0,7/2] and {«, 5} € [0,27), as follows

|z) =

S5

[9) = € sin cos ¢|x) + e sin @ sin ¢|y) + cos 6]2). (1.2)
In this basis, the time-reversal operator T leaves (1.2) invariant since it inter-

changes |1) for |1), it also flips the sign of |0), and it complex conjugates the
amplitudes:

<|1> 1) =~ (1) — 1)) = |x)
Tly) = <rl>+|1>> 1v) (13)
Tz = —<—z’><—|o>> = 2).

Tlz) =

&IN



We can write the action of the spin operators on this basis as follows

Sy =i Y cule) (1)

C=T,Y,z

and thus

Say =0, a=ux,y,-z. (1.5)

In general, any self-adjoint operator X may be expressed as X = Zz =1 Magla) (B]
where {|a)} is a basis and M5 = Mp,. We can parametrise this three-dimensional
self-adjoint matrix with nine real parameters, three of these are the S components,
and five non-trivial components will have the spin operators to quadratic orders.
Now following the typical construction, the components of a rank-I operator O
satisfy the following commutation relations

5°.0{'] = 0}

q ?
(1.6)
[5%,00] = VU1 +1) —a(a £ 1)Op,
giving a total of 2/ + 1 components for all ¢ in [—[,1]. The [ = 1 case gives
57,04 = +oll,
(1.7)

57.0"| =0,

thus obtaining the ladder operators and S*, respectively, while for [ = 2 we get

0% =575, 0¥ ={s~,5°},

2
OF =VB(S) =385 +1),  OfF =—{s7,5°}, (1:8)
O = §+5+,

Therefore obtaining a trace, which is the trivial scalar form, a rank-1 tensor with
the three spin antisymmetric components (1.7), and a rank-2 tensor (1.8) which
is a symmetric and traceless tensor which we can write as Q% = S*S# + S8 5> —
25(S+1)dap and composed of the above five independent components. The latter
can be writen in a convenient way by taking the appropriate linear combinations
of (1.8) as follows [73]

Q™ {57, 5%}

Qv {sv, 5%}
Q" (5% — (5%)°
Q' — 5 (5 + (87 = 2(57))

with { , } an anticommutator and where now each component is a quadrupolar
order parameter. Therefore, in addition to spin ordering, a system of spin-1
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particles inherently exhibits the potential for quadrupolar order. Furthermore, the
interplay between the two order parameters S and Q, for any spin-1 wavefunction,
is (S)* 4+ (Q)° = 2 and the anticommutators give a hint to why the algebra is
interesting.

Now, |, S?) is an eigenstate of Q?
Q?%|8,5%) = (352(5 +1)* - 1) 1S, 5%, (1.10)
and consequently
(Q* +8%)18,5%) = 352(s+1)2|5, 57, (1.11)

we may therefore view (S)? + (Q)? as a constraint for the possible local order
parameters.

The Lie group SU(3) is the group of 3 X 3 unitary matrices with determinant
one. The elements of this group may be obtained in the typical way: given a
traceless, hermitian matrix A, we exponentiate iA. By applying the algorithm
presented in Appendix A for N = 3, we obtain the well-known generators

0 0

-t 0 1

0 =10 -1 0
0 0

—1

)\1 - )\2 =
0 0
Ay = 0 (1.12)
0
0

0
0
-2

)\6 == —1 )\8 =

0

1
V3

cCoorRroOoOo~O
HOoO OO0 0O OO K
O~ ocoOoORrROoOOO
>
(@28
I
N i e I N i A =
SO0 o0 o

o O =
O = O

The first three matrices are a clear embedding of an SU(2) subalgebra, meaning
they are Pauli matrices with added zero rows and columns. The third and eighth
matrices are diagonal and when combined appropriately, i.e., ‘/73)\8 — %)\3 and

‘/75)\8 + %)\3 we obtain o3 for two sectors different than the one in A\3. We thus
obtain three different embeddings of su(2) subalgebras. These three interrelated
subalgebras make the su(3) non-trivial.

Bosonic representation

This is a useful representation where we can see how the SU(3) symmetry is
related to quadrupolar degrees of freedom. The bosonic representation of SU(3)
is constructed by defining the generators via bosonic annihilation and creation
operators, obeying

[ai7a;] = 61’]’7 [ai,aj] = O, 1= 1,2,3. (113)
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We define the operator
Loy .
Qo = §aT>\aa, a=1,...8, (1.14)
where A are the Gell-Mann matrices (1.12) and af = (a{, alb, a;g) thus

Aoy Ag]l = 20 fap Ay, a,B,7y=1,2,...8 1.15
B By My

with structure constants f,3,. We can work with the @), operators and show that
they obey the following

1

(Qa, Qp] :ZaiTajakTal (Aaij A8kt — AgijAakt)

=1 fapy Q-

thus, they obey an su(3) algebra (1.15).

(1.16)

The constraint [Qa, N ] — 0 with N = afa, is fixing the number of bosons.

Thus all representations of the group are obtained and they are in bijection with
the integers. Now, the states |nj,ns,ng) form a basis of occupation numbers
satisfying

TL1+TL2+7’L3:N (117)

where N is the number of bosons, and |ny,ns,n3) is an eigenstate of Q,Q, with
cigenvalue & (N + 3).

In this representation a single spin-1, with N = 1, is thus

S 2Q5
S=1 SY | = —20Q; |. (1.18)
S* —20),
and
Q™ —20Q,
Q¥ —2Q4
Q= Q7 | =] —2Q |- (1.19)
Qv 203
Q322—T2 2@8

It is not too hard to see that
(Q2 + SZ) = 4QaQa (120)

and also that QuQa = F(N + 3) |n1, n2,n3), and S*|ny,no,n3) = 2|n1, no, ng).
Also, it is straightforward to see that (1.18) and (1.19) satisfy (1.10) and (1.11).

18



Given an appropriate basis in which they are represented, both the operators are

ilal, a,]

)

S=| ilal,a.] (1.21)
z'[a;g,ax]

and

B {alvay}
—1aj,
Q= —{a},a.} (1.22)
agay — ala,
\/Lg (aijam + alay — QaEaZ)

for the spin part and the quadrupolar part, respectively. The generalised Gell-
Mann matrices for N = 2 produce the Pauli matrices and the method described
above automatically produces an analogue of Schwinger bosons. Thus, for N = 2

1
S = éauaa, a=1,23, (1.23)
but now A\ satisfy an su2 algebra, i.e. they are the Pauli matrices satisfying
(A N] = 2icap, N7, B,y =1,2,3. (1.24)

Finally, for the general SU(NN) case, the above procedure is also applicable. In
particular one can obtain all the generators of the su(N) Lie algebra, this is done
in the same way by using the the generalised Gell-Mann matrices.

Quadrupolar states

A spin coherent state |€2) is a maximally polarised state i.e., ((Q[S|€2))* = 1 for
a spin-1. It is parametrised by the unit vector € = (sin cos ), sin  sin ¢, cos 0)
with polar angles {6, ¢}. Two important facts are that |€2) is describing a spin
parallel to € [4]:

(QS|N2) = SO (1.25)
with 6 € [0, 7] and ¢ € [0,27). Additionally, |€2) satisfies the following
(©2-9)|Q) = S|Q). (1.26)

i.e., the state |€2) is an eigenstate of the spin component that points in the direction
of 2.

Using the general formula [4]

uSerUSfm

<2S)!; \/(S—i- m)!(S —m)!

2) = 1S, m) (1.27)
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with u = cos £e7%9/2 and v = sin £¢'*/2. One gets, for spin-1, the following:

sin 6 — cosf

7 0) +—

Provided with a Haar integration measure Z‘Z—:ldﬂ = 2‘3—:1619 sin #d¢, we can build
the resolution of identity

s 2
[ = i/ / dfde sin 0|Q2) (€.
T Jo=0J¢=0

Applying I to an arbitrary spin-1 state |¢) gives

1+ cosb
2

€2) = e?|1) + e|1).

o) = I|)) = 47r/9 0/¢ dfde sin 0(Q2)|2), (1.28)

which expresses [1)) in a spin coherent representation, which is an overcomplete
basis.

The director, |d), denotes a quadrupolar state if ((d|S|d))* = 0. Spin fluctua-
tions are perpendicular to |d) and quadrupoles are parametrised, again, by a unit
vector d = (sin 0 cos ¢, sin 0 sin ¢, cos #); using (1.3) as follows [73]

d) = ) dale), (1.29)

a=2,Y,%

This shows that these states, characterised by d and —d, are physically equivalent
and now it should be obvious that |d) is an eigenstate of of the spin component

(d-S)|d) = 0.
As a remark, recall that it is not possible to have time-invariance for spin-1/2,

due to Kramer’s theorem. This generalises to any non integer spin S = n/2.
However, as an example notice how a spin-3/2 state with zero spin length can be

written as
o-s@R)

This state |O) is neither a dipole nor a quadrupole, indicating an octupolar
character.

Now we turn to the question of parametrisation. A general spin-1 state exhibits
both spin and quadrupolar characteristics, and its physically relevant properties
are determined by four independent real parameters (1.2). While various methods
can be used to characterise spin-1 wavefunctions, a suitable parametrisation
involves a pair of three-dimensional vectors. We express a general spin-1 state |1))
as

) = > (ta + iva) |a) (1.31)

a=T,Y,z

20



where the vectors satisfy a normalisation condition
w+v?i=1 (1.32)
and if one fixes a phase then

u-v=0. (1.33)

Now the expectation value of an arbitrary state is given by the cross product
(Y|S|y) =2u x v, (1.34)

with length
(([S[¥))* = 4u?v®. (1.35)

For spin coherent states both u? and v? equal 1/2. On the other hand, for
quadrupoles, only one of them will be zero, while the other, non-zero vector,
will be the director. For 0 < ((1|S[¥))* < 1, the larger vector can be called the
director. This will be clarified in the next paragraph.

Assume a normalised spin-1 state can be written as in (1.31) with condi-
tions (1.32) and (1.33) satisfied. We explore which {u, v} pairs are equivalent
under a phase transformation. A restricted phase transformation of the state |)
gives:

[¥') = [y)
with new vectors u’ and v’ satisfying (1.32) and (1.33)

u\  [cosy —sinvy) (u
(V’) - (sin7 cos 7y ) (V) (1.36)

then, their scalar product becomes

u v =cos’yu-v—sin*yu-v+ Sm227 (u* —v?), (1.37)
which leads to sinycos~y (u? — v?) = 0. Now, If u? = v2, correspond to simul-
taneous rotations of both vectors around an axis with lengthy/1/2. If u? # v,
v takes only some specific values: v = 0 (identity), v = m (opposite vectors),
and v = 7/2, —7/2 (opposite of one vector and changing order). We can choose
{u, v} so that v?> < u? and in this case we can use u as the director (recall that

spin coherent states lack a director).

To prove this, consider a normalised spin-1 wavefunction with {u, v} satisfy-
ing (1.32) but not (1.33). A phase transformation will produce a state |¢") with
vectors satisfying both conditions. These vectors u’ and v’ satisfy (1.32) and their
scalar product vanishes if:

(cos?y —sin®y)u-v+ sin22'y (u* —v?) =0. (1.38)
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When u? # v?, then the angle is defined by:

sin2y  2u-v

cos2y v2—u?’ (1.39)

with v € (=7 /4,7/4). Outside this interval, the choices correspond to equivalent
sets of {u/,v'}. If u?> = v2, one may choose v = 7/4.
This parametrisation distinguishes between wavefunctions with the same (S)

and less than full spin. The director u lies perpendicular to S, and its length is
determined by:

w =g (10 1= (wsn?). (1.40)

The director rotates freely in this plane, leading to different quadrupole moments,
with configurations related by a 7 rotation being equivalent.

Biquadratic Interaction

We start with the fundamental formula:

m-+n
omeom = @ oV, (1.41)

j=|m—n]

where OU) are irreducible representations of SU(2) parametrised by j. For spin-1
particles, if m = 1 and n = 1, the above expands into O© & O™ & 0P | indicating
possible singlet, triplet, and quintuplet states.

Applying (1.41) iteratively categorises operators in the Hilbert space:

(O & (0W) =300 & 60% & 60? @& 30® ¢ OW, (1.42)

yielding the following operators: three scalars, six dipoles, six quadrupoles, three
octupoles, and one hexadecupole.

Contrasting this with spin-half particles, where S; - Sy, S; £ So, S; X So,
and a quadrupolar operator suffice. Formula (1.42) shows that there are three
scalar operators of which two are non-trivial. To find a general SU(2) invariant
Hamiltonian for spin-1, we need to rely on these scalar operators, which can
be built either from spin operators or quadrupolar ones, i.e., the Hamiltonian
should depend on the scalar product of S; - Sy and of Q; - Q. The familiar
bilinear-biquadratic takes the form

H = JcosfS;-Sy+ Jsinf(S; - S,)7, (1.43)

where the angle 6 € [0,27) sets the relative contributions between the bilinear
and the biquadratic terms (and will be relevant in the next chapters when both
terms are similar). This is because higher-order scalar products S; - So preserve
the Hamiltonian form (1.43). A brief examination of (1.42), leads us to the fact
that all independent scalar operators for spin-S pairs arise from on-site order
parameter scalar products. This allows re-expressing (S - 82)2 in terms of Sy - Sy

22



and Q; - Q2 giving
2
Qi Qo =2(S1-85)" +81 -8 = 25%(S +1)" (1.44)

which is the most elementary isotropic quadrupolar interaction. Substituting (1.44)
into (1.43) we get

sin @
2

sin 6

H:J(COSH— ) S182+J Q1Q2+§S2(S+1)2 (145)

and setting spin length to one refines the bilinear-biquadratic Hamiltonian to

sin 6 4sin 6

5 Qu Qb J——. (1.46)

sin 8

H:J<cosﬁ— )Sl-Sg—i-J

Or in its general form

sin 6 sin 0 J.
(6,9)

1.2 Introduction to Spin-1 chains and the Hal-
dane phenomena

Quantum spin chains are one-dimensional arrays of interacting quantum spins,
where each spin can be viewed as a quantum mechanical magnetic moment.
These systems are described by Hamiltonians that dictate how spins interact with
each other and with external fields. Understanding their behaviour is crucial for
various applications in condensed matter physics, including magnetic materials
and quantum information processing. Spin-1 chains, are interesting among other
things because they harbour Haldane phenomena, in particular Haldane gaps
and Haldane phases. Introduced in [18, 19] the existence of a gap in integer spin
chains challenged conventional wisdom about the nature of quantum spin systems,
particularly those with integer spin. Before Haldane’s proposal, it was widely
believed that one-dimensional spin chains with integer spins would behave similarly
to those with half-integer spins, where gaps were absent or different in nature.
This gap, arises due to the unique topological properties and quantum fluctuations
inherent in integer spin systems. Theoretical investigations into the Haldane gap
typically employ models such as the Heisenberg model and its variants. This idea
has been confirmed numerically and mathematically through the AKLT model [1].
This was somehow unexpected and led to further discoveries like Haldane phases,
which are a type of symmetry protected topological phase (SPT).

Central to understanding the Haldane gap is its relation to symmetries and
topological phases in quantum spin systems. Integer spin chains possess internal
symmetries that differ from those in half-integer spin chains, leading to distinct
topological phases and ground state degeneracies. These symmetries are crucial
for characterising the nature of the Haldane gap and its robustness against per-
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turbations. Experimental verification of the Haldane gap has also been achieved
in various magnetic materials and quantum systems. Techniques such as neutron
scattering, NMR spectroscopy, and magnetisation measurements have provided
evidence for the predicted gaps and ground state properties in real materials.
These experiments corroborate theoretical predictions and highlight the relevance
of the Haldane gap in practical applications. Numerical methods are a further way
of verifying this affirmations, and several methods exist such as exact diagonaliza-
tion and the density matrix renormalization group (DMRG), or more generally
tensor networks. These simulations allow us to study finite-size effects, boundary
conditions, and quantum phase transitions associated with the Haldane phase.
Exact results from these simulations provide benchmarks for theoretical models
and insights into the nature of the Haldane gap. Several works have studied
higher-dimensional spin systems, spin liquids, and exotic quantum phases aim
to deepen our understanding of quantum spin dynamics and topological orders.
Moreover, interdisciplinary efforts in quantum information theory and materials
science promise new applications and discoveries related to the Haldane gap.

We can discuss the general idea by Haldane by using the one-dimensional
antiferromagnetic Heisenberg model for general spin of length N with periodic
boundary conditions. The Hamiltonian is given by

N
H = Z Sj . Sj+1. (148)
J=1

The Lieb-Mattis theorem [81] forces a unique ground state with total spin zero.
The particular case of the spin-1/2 Heisenberg chain is well known for its exact
solvability through the Bethe ansatz. Briefly, we know that this system has a
unique ground state independent of system size, has gapless excitations, and has
a power-law decay of correlations.

While the uniqueness of the ground state for finite systems is rigorously
established by the Lieb-Mattis’ theorem, its extension to infinite systems is closely
related to the absence of long-range order. The gapless nature implies a continuum
of excited states above the ground state in the thermodynamic limit, although
a finite gap exists for finite systems and closes as the system size increases.
The power-law decay of correlations, while strongly supported by numerical and
analytical studies, remains a conjecture.

The ground state two-point correlation function is conjectured to exhibit the
following asymptotic behaviour for large distances:

(—1yr-vyoslz =yl (1.49)

|z —y|

The dominant term, (—1)*7Y/|z —y|, reflects the antiferromagnetic correlations,
while the logarithmic correction is a subtle effect. This power-law decay with
logarithmic correction is reminiscent of critical phenomena, suggesting that the
ground state of the S = 1/2 Heisenberg chain represents a quantum critical point.

From a quantum field theory perspective, the properties of a unique ground
state, gapless excitations, and power-law correlations indicate a massless theory
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without spontaneous symmetry breaking. This suggests that low-energy excitations
can be described by a massless particle.

The exponential decay of correlations in the case of integer spin leads to the
following asymptotic behaviour:

_1\r—y ey
(D)™ e

This rapid, exponentially decaying correlation function, is in strong contrast
to the power-law behaviour of the half-integer spin chain. The existence of a
finite energy gap and exponentially localised correlations clearly differentiates the
integer spin Heisenberg chain from its half-integer counterpart, and established
the Haldane gap as a fundamentally new phase of matter.

Haldane’s prediction of this dramatic difference between integer and half-
integer spin chains was a groundbreaking discovery that has stimulated extensive
theoretical and experimental investigations in the field of quantum magnetism.

For length scales significantly larger than the correlation length, the correlation
function exhibits the following asymptotic behaviour (1.50) The power-law factor
of |z — y|7'/? is a common feature of one-dimensional disordered systems, while
the exponential decay with characteristic length scale ¢ is a signature of gapped
systems. The overall behaviour resembles the Ornstein-Zernike form observed in
classical two-dimensional systems above the critical temperature. This unexpected
similarity between a ground state and a high-temperature state highlights the
concept of "quantum disorder” induced by strong quantum fluctuations in the
integer spin chain.

The gapped behaviour of the integer spin chain can be attributed to a massive
field theory, where the energy gap corresponds to the mass of the particle. This
interpretation is supported by the exponential decay of correlations, akin to the
short-range interactions mediated by massive particles.

Haldane’s seminal work established the qualitative difference between integer
and half-integer spin chains through two complementary approaches. The first
approach involved analysing quantisation conditions in a nonlinear sigma model,
while the second focused on semiclassical quantisation of solitons. Both methods
pointed to a critical, gapless phase for half-integer spins and a gapped, disordered
phase for integer spins.
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Chapter 2

Tensor networks

The quantum many-body problem is an overarching concept referring to the
complexity of interactions among quantum particles. Systems from nearly every
field in physics consist of numerous particles interacting under quantum mechanics
sometimes resulting in exotic phenomena. Arguably, in many cases, this complexity
is based on entanglement!, meaning that the state of a many-particle system cannot
be understood by examining individual particles. Information is distributed non-
locally among particles, causing the number of possible states to grow exponentially
with the number of particles, making it impossible to describe even an ungenerous
number of particles.

On the bright side, many quantum systems like some spin chains or spin lattices
have limited and structured entanglement near ground states, allowing for rela-
tively efficient descriptions using specific quantum information methods. Roughly
stated, quantum information involves understanding, describing, quantifying, and
utilising entanglement. Techniques like tensor networks and quantum circuits
enable representations of quantum systems that distribute this entanglement in-
crementally, extending traditional mean-field approaches that avoid entanglement.
These representations express many-body quantum states compactly and allow
direct analysis of their entanglement structure, crucial for understanding emergent
phenomena.

Quantum phases of matter are the typical examples of entangled many-body
systems. Here, entanglement is essential. Unlike conventional phases characterised
by local order parameters and the conventional notions of symmetry, quantum
phases are much more complicated for different reasons. For example topological
orders have ground states with a long range entanglement structure. Thus
classifying different phases becomes a problem of understanding the entanglement
structure. Quantum computation is another example where entanglement is a
resource. Again, entanglement becomes crucial, and it is here where the whole
area of quantum advantage thrives.

The theory of quantum information and of quantum phases of matter have
matured and evolved together in the past decades. Quantum phases of matter
are practical and natural ways of storing and processing quantum information.
A notable example is topological quantum computation, based on topologically

Entanglement is not the only measure of complexity see [114] and other measures like magic
or negativity can be measured with tensor networks [126]
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ordered systems based on anyon physics or the connection between symmetry-
protected topological phases and quantum circuits.

The concept of symmetry itself is undergoing a generalisation. We now have
the notions of generalised symmetries, non-invertible symmetries, categorical sym-
metries, subsystem symmetries, among others. The relation between symmetries
and the different quantum information methods are becoming clearer and clearer.
Among others, this has come with a mathematical enrichment, for example, the
use of category theory is a natural language for tensor networks and most of
topological orders, critical phases, topological field theories, among others.

2.1 Tensor Networks

Tensor Networks (TNs) may be roughly defined as mathematical representations
of quantum states of many-body systems. They are theoretical and computa-
tional technology that provide a natural language of the complexity of physical
systems [98]. Today, the use of tensor networks is widespread in physics including
their use in topological order [28, 43], topological field theory [63], holography [35],
quantum gravity [22], gauge theory [115, 15, 23], quantum cellular automata [102]
and conformal field theory [89] among many more. However, their most prevalent
use is still in estimating ground states and excitation spectra of many-body sys-
tems. Rather than having some coefficients in a certain basis, a state is described
by a network of tensors which depict the entanglement structure of a system. In
that way we can speak of tensor network states as quantum states given in a
specific entanglement representation. Furthermore, similar to Feynman diagrams,
tensor networks have a useful and intuitive graphical representation as shown in
Fig. 2.1.

In general, quantum Hamiltonians are difficult to simulate due to an expo-
nentially large number of degrees of freedom. For example, it is of order 2% for
N spin-1/2 systems—while only 2N for classical spin systems. Therefore, the
complete solution of (1.47) is a formidable problem and almost always intractable
even for supercomputers. Formally, the complexity of both the Hubbard and
the Heisenberg models is summarised by saying that they are QMA-complete
problems (these represent the quantum extension to NP-complete problems in
complexity theory) which are problems with very difficult solutions, but given a
solution, it should be easy to verify that the solution is correct using a quantum
computer [65, 12, 21]. However, in many calculations we don’t need to explore
the gigantic Hilbert space of states, we only need to explore a subset of physically
relevant states exhibiting low entanglement or, in other words, satisfying an area
law. This is where tensor networks shine: low-entanglement states can be well
approximated by using tensor network methods, and the reason for them being
ubiquitous is the fact that ground states satisfy area laws.
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Figure 2.1: Graphical representation of common mathematical objects.
Each amplitude C' has a diagrammatic representation: A scalar C' with no indices
has a representation with no legs; a vector Cy has one index and a diagrammatic
representation with one leg. In general an amplitude Cj, . is an N-index tensor
represented by an N-leg diagram.

SN

2.2 Matrix Product States (MPS)

Matrix product states [101, 109] are one-dimensional tensor networks and accurate
representations of many-body ground states [122]. These states can be described
as a quantum system with N sites which can be seen as identical subsystems in a
finite Hilbert space of dimension d. Quantum states of the system are therefore
defined by vectors in the Hilbert space Hy = C?® --- ® C?. A basis of product
states is defined by |s) = [s1)q ® |s2), - ® |sn)a, Where s; = 1,...,d is an
orthonormal basis for C?. A state in this basis may be seen as

D D (2.1)
~——
S1SN N _tensor

The MPS ansatz for this state reduces a problem with size growing exponentially
as ~ exp N to a problem of polynomial size (see Fig. 2.2)

wsl...sN ~ 1/;81...SN = E ASI A221 ag * AZ,]]\\][ ;a]\] IAZ]]\\]] 1° (22>
A1, AN —1
exp(N) poly(N)

In this last equation ~ means that the exponentially large tensor is well approx-
imated by a polynomially large one. Simplifying notation, we can rewrite the
components (s|t)) = 1. 1) is now regarded as a rank-N tensor with components
1s. Thus, an MPS is a tensor of the form

¢8:A;1A;2...A§VN:... (2.3)

where each A has dimension y X x X d where y is the bond dimension and d the
Hilbert space dimension. In graphical representation the squared norm of a state
is

(Wly) = Zwsws = (2.4)




Figure 2.2: Graphical representation of the MPS tensor network ansatz.

From (2.3) we see that if each one of the A; has bond dimension y, we would
still have yV coefficients, however these new coefficients are not independent
anymore, rather they are related to each other by the contraction of the tensor
network. In other words, we decomposed our big tensor v into tensors of smaller
rank. While doing so, the tensor network is also giving a good approximation to
the entanglement structure of the problem (which is a precise object related to
entanglement entropy of the system), and the final tensor network state depends
only on a polynomial number of parameters.

This is explained by the Schmidt decomposition—this is the formal step where
the state is reduced to its final form—which relies on a singular value decomposition
(SVD). Very generally we can divide our system into two subsystems A and B
and describe a general pure state [¢)) = > .. Cy;lia)|jp), by its reduced density
matrices

pa=TrplY)(|  pp=Tralt) (Y| (2.5)
By taking an SVD of Cj;, we obtain a Schmidt decomposition
min(N,Np) min(N4,Ng)
W= Y UuSuVilidlisi = Y sdaalas) (26
i a=1 a=1
This is the von Neumann entanglement entropy
Sap([¢) = —Trpalogy pa = — > 2 log, s2, (2.7)
a=1

which is an upper bound to the area law, and where s? are the singular values
of the SVD. The set {s?} determines an entanglement structure P,(s?,s3,...,s?)

) <r
which characterises the entanglement of the system.

For example, in 2D, if we consider a lattice arrangement of our tensors (this
tensor network is called Projected Entangled Pair States), one subsystem may be
the inside of a square of N x N bonds, and the second subsystem the complement
of it. For each side we would have our square crossing N bonds of dimension
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X, therefore we would have x*V, by (2.7) S = —Trps—in 10y pa—in < 4N log(x).
Therefore the entanglement structure is related to both the geometry of the tensor
network (tells us how many Ns) and to the bond dimension. Here it is clear that
if x = 1 we have no entanglement entropy.

2.3 Finite-depth circuits

Finite-depth circuits are a natural extension of matrix product states into quantum
circuits [101, 9]. From the discussion above, there are some important things to
notice. The MPS representation shows gauge freedom, meaning that under certain
transformations Afi) — Ti_1AfZ-)Tfl for i = 2,... N — 1 the tensor 1, of eq. (2.3)
remains invariant. Here we are concerned with canonical transformations of the
form

doAdAL=1= | (2.8)

and general contractions of the form

== Ai—l = ZA?lAZAZLST ==

S

(2.9)

Where A%, = A%%v°, and v° are spinor components of the vector state [v). We
will interpret .A(b7 5)) as a quantum circuit because it makes sequential unitary maps
that preserve the canonical transformations (2.8). Formally, an m-local unitary
circuit of depth D is a unitary operator [9]

)_l

m—

U=1I1I W Ui, @ Uy @),

i=1 j=0

where U! is a unitary operator that acts on at most m consecutive sites starting
at site n. This unitary transformation is what takes product states into entangled
states, i.e., it is constructing a tensor network with finite depth and variable
(possibly infinite) width. Fig. 2.3 shows a finite depth circuit for the case of
spinless fermions. In that image it is shown how an SVD leads to a decomposition
of the tensor network similar to that seen for MPS. In this case, however unitary
circuits correspond to matrix product states in canonical form. This representation
still follows an area law and can modulate the entanglement structure very easily.
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Figure 2.3: Example of a finite-depth circuit. The blue dots represent a product
state |¢). This image shows how the state becomes entangled by an (m = 2)-local
finite-depth circuit transformation of depth D = 3. The red dashed line represents
the location of the partition that is being used to calculate the entanglement
entropy, it is directly related to the amount of operators it crosses (in this
representation, the maximum entanglement is 3). The right side of the figure
shows an SVD of the operators to the left. Image reproduced from [9]

2.4 Feynman Path Integrals over Tensor Net-
works

The path-integral approach to quantum mechanics is a generalisation of the prin-
ciple of stationary action, where a quantum amplitude is obtained by performing
a weighted sum over all possible trajectories. The partition function in this
formalism is represented by an integral of the field configurations and provides
both important insight into the physical system and powerful approximations by
means of saddle points, instantons, solitons, perturbation methods, among others.
The partition function reads as follows

Z=Tre "= /Dw(T)e_SM, (2.10)

where the field integral is constructed in the usual way by breaking the time
interval of the imaginary time evolution operator into infinitesimal steps, and
taken over coherent states to attain a general many-body Hamiltonian. The
over-complete basis of coherent states allows us to include resolutions of the
identity in the form

1= [avio)l 2.11)

where |1) is a product state and di) is a gauge invariant measure. This approach,
however, shows no entanglement at the saddle-point. The main purpose to include
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entanglement to the functional integral is to take product states [i4) with a
general form as in (2.2) (in this case (2.2) represents matrix product states,
but the general idea is generalisable to other types of tensor networks), which
already include an entanglement structure. To define the path integral over tensor
networks, we must redefine our resolution of identity to

1- / dARDA) (Y], (2.12)

where the new gauge-invariant measure dA and states |¢4) form a new over-
complete basis. To make it consistent with both tensor network and with the
functional integral we reinterpret our product states as quantum circuits, 45

ai,Qi+17
defined by introducing a reference state |v) = v°|§) in an appropriate basis and
by defining a matrix product operator A; .. = Ajjamv‘s. As shown in [11], the

quantum circuit AEZ:E)) makes sequential unitary maps from the reference space +
auxiliary space to a physical space + auxiliary space at the following site. This
quantum circuit now lives in SU(xd) where the gauge-invariant measure may be
now formally constructed. The contraction of the tensor network follows now as a
series of matrix multiplications

=N = Z Af’lAiA}’ST =

s

(2.13)

for which the field integral takes the final form of a path integral constructed over
the contraction A and the SU(xd) elements A

Ay = DA NART| S (2.14)

s

Zz = /D.ADA(5

As mentioned above, this new formulation is convenient because it includes
entanglement and offers some notable conceptual differences from other formula-
tions: (1) This provides a semiclassical description of the field integral in the sense
that new collective coordinates emerge (in this case the product states of the
tensor network). It is semiclassical because the number of states escalates polyno-
mially as the size of the system (a classical property) but it shows entanglement
(a quantum property).(ii) In this formulation, there is a remarkable connection
between saddle points and ground states. This is seen through the bond order
where a low-bond order is adiabatically connected to the actual saddle points.
This extends even to quantum critical points where entanglement diverges. (7ii)
A tensor network path integral captures naturally the proliferation of instantons.
This is possible because tensor networks include by construction an entanglement
structure which translates as classical trajectories transferring weight to other
classical ones (i.e., tunneling achieved through instantons in the coherent-state
theory).
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2.5 MPS in the thermodynamic limit

In this section we introduce theoretical representations of tensor network states
as differential manifolds where a geometrical analysis of its tangent space gives
insights into a unified version of stationary and time-dependent approaches. These
methods work in the thermodynamic limit by applying Dirac’s time-dependent
variational principle (TDVP) [27] and construct efficient variational ansétze for
elementary excitations on top of tensor network ground states [118, 45, 128
119]. Moreover, these methods are a natural language for the application of
field-theoretical techniques over tensor networks [41] where, for example, Berry
phases emerge effortlessly. In particular, the combination of path integrals and
tangent spaces render these methodologies a generalisation suitable to describe
strongly correlated systems and non-trivial topological excitations—e.g., anyons.
Here we only focus on MPS.

The application of the TDVP to MPS provides an efficient method to obtain
time-evolution, bulk excitations, and other quantities without the use of a Lie-
Trotter-Suzuki (LTS) decomposition. In contrast with the time-evolving block
decimation method (TEBD), the TDVP involves no LTS error while truncating
the bond dimension (which breaks the symplectic structure of the manifold of
states). Therefore the TDVP preserves symmetries and conservation laws as well
as the symplectic structure of the manifold [15, 47, 55, 121]. The excitations turn
out to be related to the tangent space of the manifold and all the calculations can
be performed in the thermodynamic limit of systems with infinite size.

For space and clarity reasons, most of the results shown are not rigorous but
heuristical. In turn this lets us write every result both in mathematical form as
well as in diagrammatic form. Assuming the definitions of 2.2 we now take the
limit N — oo of infinite size where now the system is defined as a lattice with
magnitude equal to the cardinality of the integers |Z|.

A translation invariant or uniform uMPS state (in the thermodynamic limit)
is defined as

(T(A) =) v [] A vrl{s}) =... ... (2.15)
{s} meZ

where each A® is a xy X y matrix. A may be viewed as a tensor of dimensions
X X d X x, with d the physical dimension at every site in the chain and y the bond
dimension. In an infinite system—and in particular for the so-called injective
MPS— the vectors ’UE and vg are irrelevant.

States (2.15) are gauge invariant and form a differential manifold M C H. By
taking a specific subset of states from an open set called injective MPS (see [55]
for rigorous definition of these manifolds), this space is diffeomorphic to M and
thus it inherits the properties of a smooth complex manifold. This manifold is
symplectic and the problem of finding expectation values or excitations reduces
to the solution of non-linear differential equations, in similar fashion to that of
classical mechanics.
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The transfer matrix operating on the space of y X y matrices, defined as

d
E:Z/P@AS:

s=1

: (2.16)

will be the workhorse for the TDVP. E has precisely one eigenvalue equivalent to
the spectral radius of E, \! = p(F) which upon normalisation may be taken as
unity, and the corresponding left and right eigenvectors (I| and |r) of length 2
(or by “reshaping”, x x x matrices [ and r). The fact that the transfer matrix has
only one eigenvalue is a consequence of working in the space of injective MPS. The
spectral radius of F — |r)({| is smaller than 1 and will be relevant when obtaining
overlaps between MPS and tangent states. The eigenvectors (I| and |r) may be
written as positive-semidefinite Hermitian matrices. Given the normalisation
condition Tr(lr) = 1 these may be written in the following representation

Diagrammatically, the norm of a uMPS state is written as

[T+ [T+

meZ mezZ

vrt ({s}] ) v}
B)

vg [{s})

(U(A)T(A) = v
)

(2.19)

(2.20)

where in the last step we are assuming that the MPS is normalised and that the
boundary vectors are irrelevant in the infinite limit. Therefore, in the infinite
limit EY — [N — oo]|r)(I| becomes a projector. Now we want to obtain the
overlaps of two different states. Given two normalised MPS |¥(A)) and |V (B)),
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the overlap is given by

(U(B)[w(A)) =" (2.21)

where we now define the quantity

;

Ep=) A®B = . (2.22)

0

Eq. (2.21) shows that the maximum eigenvalue Ayax of E4 is the one determining
the value of the overlap. If it is less than unity it vanishes, if it is unity it stays as
unity. This result will repeat again when obtaining overlaps with tangent vectors.
Following this logic the expectation values of operators O = % > 0,18

[1 4

nez

nez

[T+

meZ

(WA O[E(A) =l S0, @ )

neL {s}

(2.23)

(2.24)

By taking into account that the complement of the projector C' =1 — |r)(l], we
first note that a general two-point connected correlation function of two local
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operators O% and O” may be computed

Q% (n) = (I|Ega E" ' Eps|r) — ({|Eoa|r) (| Eos|r)
(U[Eoe [E"™ = |r)(Il] Eos|r)

(l|Eoa [CE™'C] Eps|r)
(

l|Eoe [C(CEC)"™C] Eps|r)

(2.25)

2.6 Tangent space

The tangent space of the manifold My ps is formed by the generalised tangent
vectors [17]

Bp(B; A)) =D ™ > o] [(H ASm) B (H Asw)

nez {sn}=1 m<n m/>n

vr|s). (2.26)

The above is well defined because tangent spaces are linear vector subspaces
of Hilbert space, but are now parametrised by linear combinations of (derivatives
of) B. The tangent space however includes both translationally invariant states
and site-dependent ones. In the expression above we restrict to the tangent space
sector where translation invariance is made explicit by including the momentum-
dependent prefactors e?". By setting p = 0 we obtain the translationally invariant
sector of tangent states that are not orthogonal to the original state |¢)(A))

d
| B(B; A)) = B'0; [U(A) =Y > o] [(H A3m> B*" (H Asm’> vg |s)
neL {sp}=1 m<n m’>n
=> - (B) (2.27)

Note that
(@(B'; A)[0(B; A)) = B (0,0(A)|0;0(A)) B = B'Gy(A, A)B!,  (2.28)

where Gj; is called the Gram matrix and may be interpreted as a norm matrix,
and more specifically when p = 0 it is the norm of the uMPS manifold.

Now we can evaluate the overlap between MPS and tangent states

(U(A)@(B; A)) =Y " (I|ER|r) = 276 (p) (| E|r)

nez

229 275(0) (1| EB|r) (2.29)
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where 276(0) = |Z|. And the overlap among tangent states

(@,(B; A) | &,(B Z Z ¢+’ =i [5n,n,(z|E§’|y~)

n=—oon/=—oco

0y U EAE)" ™ B )] (2.30)

00 (LIEE (B B

+oo +o0

DI e (1747

ng=—00 An=—00

+0(An > 0)(I|[EACEA"'CES |r) (2.31)
+0(An < O)(l]EA'CE*A””CEg‘\r)]

+ (UEZ|r) U ES |r) Z Z e iwn

n=—oo n'=—o0

+ (UEY | (U EZ|r ZOO Z e =ien

n=—oo n’=n-+1
= 278y — p) [(l|E§/ r) + (|BAC(L — e?CEC) ' CE® |r
+UEFC1 - e*iPCEC)*loEg\r) (2.32)
+(2r(p) = DUIEE |r) (1 ERIr)] (2.33)

Where in the last equation, we used (2.25) and the geometric series expan-
sion y ¢ ClePE)"'C = Z?C"(G*ZY"E)”*IC” = > C(Ce?EC)"'C =
C(1— e*"pC'EC')flC. This is true because the operator’s spectral radius is less
than one.?

2.7 Time-dependent variational principle (TDVDP)

The main idea behind the TVDP is to approzimate the solution to the Schrodinger
equation for a uMPS

i, [U(A)) = H|T(A)). (2.34)

This equation has no exact solution because i 2 [W(A)) = |®(A, A)) lives in the
tangent space manifold, which is not the manifold where H |V(A)) lives, and
it is not possible to integrate exactly the equation. However, by orthogonally
projecting H |¥(A)) onto the tangent space, we can obtain the best approximation
to the time evolution of a uMPS. This implies that solving the equation for the

2Here we use the power theorem [56] which tells us that A € C"*™ has p(A4) < 1iff AF == Ny
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projected Hamiltonian
.0
15y V(A1) = Pr, H [Y(A(1)) (2.35)

is the same as minimising the expression (i2 |¥(A)) — H [¥(A))). First we note
that the tangent vector takes the form

at W(A(t))) = atAiaAi

¥(A)) (2.36)

and the projector may be defined in terms of the Gram matrix of tangent vec-
tors (2.28)

P, = (04, W (A))) (G (94, (¥(A)]) (2.37)

Therefore our projected Schrodinger equation now reads

0, A0, [0(A)) = —iPr, H [W(A(2))) = —i (94, [U(A))) (G (94, (U(A)]) H [T (A))

(2.38)
or, using (2.36)
G0 A; = —idy (U(A)| H|U(A)). (2.39)
Before evaluating
(O(B; A)[ H [W(A)) (2.40)

we note that whenever the tensor B is to the right of the two-site Hamiltonian
we may ‘contract” using the pseudo inverse operator, which was obtained as the
geometric series expansion in (2.33)

(2.41)
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The analogous happens when evaluating B to the left of the two-site Hamiltonian.
Hence, (2.40), takes the form

The projection onto the tangent space is obtained by taking Jp, of (2.42), giving
in turn a three-index tensor -@- by removing each tensor B from the equation
above while leaving the legs open. To completely solve the problem we must
obtain the three-index tensor A in terms of the new tensor F' by solving a set of
non-linear differential equations. Tensor F' has the form [15]

d
F =Y (V)2estr(Al) 12

s,t=1

d d
+) ()it (Z(At)wcts + KA5> rt/?

t=1

s=1

(2.43)

—

where V, represents the null space of A i.e. LVy, = 0 for L, (55 = [A*11Y%], 4,
and C* = Y~ (st|h|uv) A*A’. With this equation we can now minimise the
expression

1B()0; [¥(A)) — H [ (A)) | (2.44)
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where the parametrisation B*(z) = [~/2V*zr=1/2 is used, giving as a result

- =0

This equation may be solved by noting that the gauge-fixing (/| Ef(x) = 0 (because
V7, contains only null vectors) and B (0;¥(A)|0;¥(A)) B! = B” = |Z|tr[x'y] = 1.

(2.45)

2.7.1 Path integrals over uMPS

Now we want to relate the equations above to the Berry phase by realising a
parametrisation of the MPS manifold in terms of spin-coherent states [128, 41].
The projection of the Hamiltonian onto tangent space provided us a solution
of time-evolution in Eq. (2.45), which is an operator containing the information
of both the MPS and the tangent space. To understand this, we may start by
considering small paths about some state ¢ as in (2.15). A tangent vector in this
case is obtained by replacing a tensor on site i, say A7), (z) = A7, ;) + dAg, ;) ()

i)

by dAg, ., (x), which should be chosen orthogonal to the MPS manifold. dAf,, ()

is then parametrised by tensors a:ZZZl) of x x (d—1) x x size.

Now we can use MPO notation (a tensor with four indices) and represent the
variation of a tangent vector as follows [41]

dAg (x) = AP 0P A, (2.46)

The convenience of this MPO notation is that it contains both the reference MPS
and information about the tangent space orthogonal to the MPS manifold. With
this in mind, the Berry phase in terms of those tensors is

Sp = Z/dt;Tr[xsl ] (2.47)

When the time-dependent parameters = (with simplified notation) are defined as
a representation of spin-coherent states, the Berry phase generalises the notion of
a spinor representation, for example, for y = 1 it reduces to the coherent state
Berry phase. A simple example is the MPS representation of the SU(2)spinor
x [128, 41], taking the simple form

|A(z)) = exp [a:iA’l/za*xIA’l/Qa’ ) (2.48)
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where [41]

0 L) | =1)(1T |
Ai(x) = | nui—a|L)(T | 0 0
nai-1| =)t 0 0
0 0 0
+ | Pl 0  |=L)dl |,
Mgt — L) L) 0

(2.49)

Sp = Z > / dt e[zl i), (2.50)

The results above show that tangent-space methods of tensor networks may
serve as a formalism for developing field theories on lattice systems. This is highly
extendable to other types of tensor networks [120].

Sketch of the problem: Path integral over MPS for the spin-1 BBH
model in 1D

Here we give a brief sketch on how to formulate and which phases are relevant of
the BBH model. Just as before, for this model we need to determine a suitable
coherent-state basis that captures the entanglement of bonds

|A) = (H Ai> |v). (2.51)

From (1.47)

H = cos(0)S; - S; +sin()(S; - S;)
(4,9

This Hamiltonian reduces to the Heisenberg and the AKLT Hamiltonians for
6 =0 and 0 = sin~*(—1/3), respectively. This model presents no AFM order but
it does present FM. The ground state or Haldane phase is in a gapped symmetry
protected topological phase with its lowest excitation in a spin-1 triplet. At
§ = /4 the transition is of the Berezinskii-Kosterlitz—Thouless (BKT) type. Just
as before, for this model we need to determine a suitable coherent-state basis that
captures the entanglement of bonds.

The general problem of finding a path integral reduces in part to finding an
appropriate measure, where given [[, dQ2; = [DA],

/[DA]|A><A| = Tyn g, (2.52)
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The time-evolution amplitude over an infinitesimal time interval J¢ may be written
as

(A(t + 6t)|e @H|A(t))
(A(t)A(®R))

s oxp (11 SADIAD) _ (BOUHIAG),),

(AWIA®)  (ADIA®D)
(2.53)

with |A(t)) denoting the entangled coherent state (2.51) at time t.

We will need to find the quantities |0;A) and H|A) and show the properties of
over-completeness of the MPS states. These properties will be needed to find an
explicit form of the expectation value of the spin-1 bilinear-biquadratic Heisenberg
Hamiltonian (2.52), namely

(A|H,|A)
E = 2.54
Z TAJA] (2.54)
and the Berry phase term
_(OAIA)
(2.55)
"(AA)

The representation in which the MPS can be depicted is crucial to compute
the above quantities. One such representation is that of Schwinger bosons where
the singlet and triplet operators take simple forms.

2.8 Tensor Renormalisation Group (TRG)

This section covers general tensor renormalisation group methods. These are
useful in the understanding of emergent phenomena, strong correlations, and
entanglement, which are some of the major challenges and concepts in theoretical
physics. Ideally, knowing the microscopics of a many-body system would allow to
write its path integral containing all the information about the system’s collective
properties. However, calculating these functions is notoriously difficult. The
spin-blocking procedure by lattice coarse-graining was the first nonperturbative
attempt to address this problem [62]. Forty years later, Levin and Nave [30]
improved this with a versatile real-space coarse-graining method called the tensor
renormalisation group (TRG) for 2D classical partition functions and 1D quantum
systems.

In general, real-time correlations can be computed using tensor network meth-
ods. In 1D, for instance, the real-time evolution of a matrix product state (MPS)
is achieved by various methods. One approach involves applying the evolution
operator et to an MPS, where e~ can be decomposed using a Suzuki-Trotter
expansion. Key methods using this decomposition include time-evolving block
decimation (TEBD) [123], which truncates the evolved state via singular value
decomposition (SVD), and time-dependent density matrix renormalisation group
(tDMRG) [127], which updates the state using the variational principle. Another
class of time evolution methods are tangent-space methods [46, 132], which project
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the evolved state onto the MPS manifold. The most relevant schemes are the time-
dependent variational principle (TDVP) [46] and the variational uniform matrix
product state (VUMPS) [132]. Additional algorithms for time evolution include
Krylov-based methods [61], which approximate the state using linear combinations
of Krylov vectors, and methods based on Chebyshev expansions [125].

Both MPS-based and TRG methods come with their own challenges. For MPS
methods, the entanglement entropy of a (14+1)D quantum state grows linearly
with time, necessitating an exponential increase in bond dimension to describe
the evolved state. In contrast, TRG-based algorithms offer a direct approach to
dealing with partition functions in (1+1)D, enabling physical measurements like
equal-time correlation functions using the ensemble method. However, the original
TRG scheme fails to eliminate some short-range correlations (entanglement) in
the partition function (path integral), leaving the coarse-grained system with
unwanted microscopic information. This conflicts with the renormalisation group
(RG) concept and results in an RG flow with incorrect noncritical fixed points.
Computationally, accumulating short-range entanglement over successive TRG
coarse-graining transformations leads to TRG’s breakdown at criticality.

The limitations of the tensor renormalization group (TRG) method were solved
by the tensor network renormalization (TNR) [36]. TNR is a renormalization
group (RG) transformation that delivers accurate RG flows and significantly
more precise observables than TRG, albeit at a higher computational cost. The
key difference between TRG and TNR lies in the refinement of the renormaliza-
tion process, where TNR incorporates additional optimisation steps to capture
more detailed information, leading to improved accuracy and control over the
renormalisation group flow of the system at the cost of increased computational
complexity.Subsequent techniques, including Loop-TNR, [129], TNR+ [6], and
GILT-TNR [52], have also proposed similar solutions to the limitations of TRG,
effectively eliminating all the microscopic information during the coarse-graining
procedure.

2.8.1 Graph-Independent Local Truncations (GILT)

To overcome the limitations of TRG in coarse-graining, it is essential to implement
additional local truncations. These adjustments, which eliminate short-range
information, must retain the network’s geometry and uniformity to ensure the
tensor space flow remains consistent. Several methods, including tensor network
renormalisation (TNR) [34], loop-TNR [129], and TNR+ [7], have been developed
to address TRG’s shortcomings and establish accurate RG flows. A recent method
known as GILT (graph-independent local truncations) [52] offers a new approach.

GILT is a simple algorithm that allows to locally—at each bond or edge of the
network— truncate the bond dimension of a network while preserving the overall
geometry. By truncating the selected legs, GILT effectively removes short-range
information surrounding these legs. For instance, consider a network plaquette
with a particular leg of bond dimension x. The GILT algorithm replaces this leg,
initially represented by an identity matrix, with a low-rank matrix. This matrix
is then split and contracted with neighbouring tensors, thereby reducing the bond
dimension of the original leg, as shown in Fig.2.4 and Fig.2.5.
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To determine this low-rank matrix, the network is analysed without the leg to
be truncated, followed by a singular value decomposition (SVD), as depicted in
Fig.2.5. In this process, the vector ¢ represents the partial trace of the three-index

tensor U.
/
X X _X X
~ svd _

Figure 2.4: SVD of a single leg. The A tensor is decomposed into two tensors
followed by a truncation in bond dimension. The new bond dimension x’ is less
than the original bond dimension y

t/
o

GILT matrix

Figure 2.5: GILT matrix. For a given plaquette, we apply an singular value
decomposition (SVD) to a single leg. The idea is that one can define a vector ¢ to
approximate the original tensor A using the spectrum of the SVD.

The GILT matrix depends on defining the following;:

Sy S
TN
i GILT

where S; denotes the singular values obtained from the SVD in Fig.2.5. This
formula applies a gentle truncation to the singular values of S. This approach
is considered optimal for a cost function that prefers low-rank matrices [52], i.e.
it minimises the rank of the matrix while maximising the similarity between the
original and the modified network. The parameter egrr is chosen manually based
on model variables and simulation settings, such as the maximum bond dimension.
Although selecting eqir manually is not ideal, it balances rank reduction with

(2.56)
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accuracy. A larger eqir leads to more significant rank reduction but may introduce
larger local errors, whereas a smaller egrr results in less rank reduction, similar
to TRG, where irrelevant information persists across scales.

Choosing an appropriate eqrr involves heuristic considerations and monitoring
the truncation extent to identify an optimal range relative to bond dimensions.
For example, [52] suggests egrr = 8 x 1077 for bond dimensions ranging from 10
to 100, though more precise values are preferable. This parameter should ensure
that the algorithm’s error is mainly due to the coarse-graining step, implying
that € should decrease as x increases. Minor deviations around the optimal e
generally have little impact on the renormalisation flow, with the optimal € usually
found at a stationary point. Near this value, a smaller € tends to favour the
symmetry-broken phase, while a larger € favours a disordered phase.

The GILT algorithm effectively solves the issue of the original tensor renormal-
isation group which couldn’t establish a proper renormalisation group flow due to
its inability to eliminate short-range information. In Ref. [52] it was demonstrated
that applying the GILT algorithm along the bonds of a tensor network they
could obtain a proper renormalisation group flow. Specifically, iterating the GILT
algorithm on all surrounding legs of such a plaquette removes the correlation loop
within.

Figures 2.5 and 2.6 illustrate the GILT procedure when applied to a tensor
network.

Figure 2.6: GILT procedure 1
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Figure 2.7: GILT procedure 2
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Chapter 3

Tensor renormalisation of
quantum spin-1 systems in 1D

3.1 Ceritical ferromagnetic SU(3) point of the
spin-1 chain

The spin-1 bilinear-biquadratic model in 1D is described by the Hamiltonian

H=> Jcos#S; S+ Jsinf(S; - Si1)”. (3.1)

This model has been studied profusely from very different perspectives [1, 48, &,
38, 24]. The phase diagram is depicted in Fig. 3.1. Probably the most remarkable
phases to notice here are the Haldane phase, which is an example of a symmetry
protected topological phase, with a Haldane gap as mentioned in 1.2; notoriously,
the antiferromagnet at 8 = 0 is adiabatically connected to the the Affleck-Kennedy-
Lieb-Tasaki (AKLT) [1] point at # = arctan(1/3), an example of a ground state
with valence-bond solid (VBS) state and very relevant to the development of
tensor networks. To this date the most controversial point in the phase diagram
is maybe the point § = 57/4, where the model has an enhanced SU(3) symmetry,
where there is no decisive evidence of what type of phase transition is happening.

The existence of a nematic phase near the SU(3) point has been a subject of
extensive theoretical and experimental investigations. Early analytic studies [3]
predicted a gapped nematic phase, while subsequent numerical works [38] suggested
a direct, first-order, gapless transition (not nematic). Further studies by Buchta,
Fath, Legeza, and Sélyom [14] using DMRG found a dimerised phase prevailing
down to the SU(3) point. Lauchli, Schmid, and Trebst [77] employed numerical
methods to propose a possible crossover to a critical nematic phase. However,
analytic work by Grover and Senthil and more recent numerical studies by Rakov
and Weyrauch [107] and Dai, Shi, Zhou, and McCulloch [24] consistently indicate
the absence of a critical nematic phase near the SU(3) point. However, as shown
in Ref. [24], when using tensor networks one must tread softly, for there are
several numerical artefacts that arise when studying this model near the SU(3)
points. The two main artefacts proposed in that article are a conformal regime
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Figure 3.1: Ground state phase diagram for the one-dimensional spin-1 bilinear-
biquadratic model. The parameter 6 varies from 0 to 27, with particular emphasis
on the region around the SU(3) ferromagnetic point at § = 57/46. The dotted
line indicates a potentially critical nematic phase, which is a controversial point
in the diagram.

and a fractal scale-invariant regime, both of them are due to enhanced entangled
ground states and the SU(3) point. Two different techniques may be used in
characterising them, namely, the counting of Nambu-Goldstone modes [124] and
a fractal dimension [18]:

d
S(n) = Eflnnqtb.

Where, dy is the fractal dimension, and b is an additive constant.

As of now, the controversy mostly persistent between Ref. [8] and Ref. [38] is
that the former—predicting a gapped nematic phase—may be dismissed, but has
still some truth to it in the following sense. There are two critical nematic phases
with central charge ¢ = 1 that are nearly adjacent to the SU(3) ferromagnetic
point. The proximity to these critical nematic phases explains the small gap that
opens exponentially away from the SU(3) ferromagnetic point. This results in an
essential singularity. Furthermore, the transition from the ferromagnetic phase
to the dimerised phase is direct, aligning with Ref. [38]. The transition occurs
at the SU(3) ferromagnetic point and features scale-invariant ground states with
a fractal dimension of 2. SU(2) ferromagnetic states smoothly evolve into SU(3)
ferromagnetic states within the ferromagnetic phase. In contrast, approaching the
SU(3) ferromagnetic point from the dimerised phase reveals an essential singularity,
indicating that the transition is not first-order, contrary to Ref. [38]. Finally,
according to Ref. [24], rather than a simple crossover, the phenomena involve a
pseudo first-order phase transition and pseudo critical points, proving to be more
complex than initially expected.

In this chapter, we analyse the critical behaviour of the spin-1 chain using
tensor renormalisation methods. These results are partial, but contrary to previous
methods work directly at criticality, and extracting universal features should be
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easier.

3.2 Tensor Renormalisation Group for 1D Spin-1
Systems

The core procedure for applying a tensor renormalisation group to spin systems is
illustrated in Fig. 3.2.

Trotterised Tensor network
imaginary-time evolution representation

L1 N
I I I 1,

%__e

M
lim Tr (e‘éTH‘e"i"m)
Imaginary time evolution

M—o0

1 g B~
1
i
1
Ii
HH

\_ /NS
Contract and filter short range Isotropise tensor network
f AG)

Figure 3.2: Steps of tensor network renormalisation for a spin chain. [44, 33]

For a quantum system with Hamiltonian H in 1D, the time evolution opera-
tor e ## can be represented using a tensor network via Trotter decomposition.
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Assuming H is a sum of local terms h,

H=> hyi, (3.2)

we can now write the evolution operator as a product over small time steps 7:
e*ﬁH — (677H>B/T ) (33)

The evolution e~™# for a small time step 7 is approximated by

—TH ~ efTHoddefTHeven

e , (3.4)

where Hyqq and Heyen denote contributions from odd and even bonds, respectively.
This approximation introduces an error of order O(7). Higher-order Suzuki-Trotter
decompositions can improve this error to O(7"), where n > 1.

Since H,qq consists of commuting terms acting on different sites, e~ "oad

simplifies to a product of two-site gates, and similarly for e even:
e THoad — H e Thrrtt (3.5)
odd r
e~ THeven — H e T, (3.6)
even r
—7h

Thus, by considering each gate e™™" as a tensor Tjj; and substituting into the
equations above, we obtain a tensor network representation of the Euclidean path
integral e ¥ on a square lattice. Note that this representation introduces an
error of order O(f7), which can be mitigated by reducing the time step 7.

Isotropisation Step

Although this network serves as a starting point for tensor network renormalisation,
preliminary manipulations can enhance its utility. This initial manipulation
involves transforming the network to a new square lattice that is tilted by 45
degrees relative to the original, followed by a renormalisation in the time direction.
Since e™™ ~ 1 when 7 — 0 the initial tensor network is highly anisotropic. The
step of renormalising or coarse-graining in the time direction yields a more isotropic
tensor network representation of e=## | making it more suitable for renormalisation.
This process we call the isotropisation step and is depicted in Fig. 3.2.

Coarse Graining Step

Consider a tensor network G composed of identical tensors T;;,; arranged in a
square lattice with periodic boundary conditions. We want to compute the scalar
expectation value (G), which involves contracting the network or calculating the
system’s partition function. Given the exponential scaling of exact contraction
with system size L, approximate methods become crucial for large-scale networks.
We first provide an overview of general local approximation methods suitable for
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such contractions, then examine the truncated singular value decomposition (SVD)
used within the tensor renormalisation group (TRG) framework, and finally discuss
specific local approximation classes in various tensor renormalisation algorithms.

Let F denote a subset of tensors, or equivalently a subnetwork, within G.
Coarse-graining methods for tensor networks rely on local approximations, where
a subset F can be replaced by a different network of tensors F if their difference
e = ||F — F|| is sufficiently small. For simplicity, || F|| = 1 is often assumed. The
scalar (G) from contracting network G should only differ by a small amount O(¢)
when substituting F with F. The norm

IT|| = V/tTr (T @ T), (3.7)

represents the typical Hilbert-Schmidt norm, where we are taking the trace, i.e.,
we are contracting all indices between tensors of equal dimensions. Tensor network
renormalisation schemes, including TRG and its more advanced variants, iteratively
apply local approximations across the tensor network, alongside contractions, to
produce coarser tensor networks.

In principle, any local approximation method that achieves a sufficiently small
error € can be incorporated into a coarse-graining scheme. The original Tensor
Renormalisation Group (TRG) [80] and its subsequent refinements heavily rely
on the truncated singular value decomposition (SVD) of individual tensors or its
generalisation, the higher-order SVD (HOSVD).

Consider a tensor Tj;; with four indices, each of dimension x. By reshaping 7'
into a x? x x? matrix, we apply the standard SVD:

X2

T;jk:l = Z Uiijmmekl (38)

m=1

Here, U and V' are unitary matrices—with an appropriate reshaping—- and S
is a diagonal matrix with positive singular values A arranged in descending order.
Truncating the SVD to the x’ largest singular values (where ' < x?) provides an
approximation:

/

X
Ejkl ~ Z Uijmsmmvmkl (39)

m=1

The truncation error ¢ is given by the square root of the sum of the squares of
the discarded singular values:

(3.10)

To simplify computations, we usually normalise the tensor 7" so that its norm
equals unity, meaning the sum of the squares of its singular values is one. The
SVD is particularly helpful in this context because it offers the optimal low-
rank approximation of a tensor, a universal property in many tensor network
renormalisation methods.
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3.3 Isotropisation and tensor renormalisation for
spin-1 systems: results

Isotropisation and tensor renormalisation for different angles

In Fig. 3.3 we see the results of the isotropisation and renormalisation steps done in
different regions of the phase diagram for a bond dimension of xy = 50. This image,
is obtained by applying the procedure explained before, i.e., an isotropisation
step followed by a renormalisation step using TNR. The results are produced by
plotting the tensors at each coarse-graining (or RG) step, thus we can see how the
structure of the tensors evolves when flowing to a fixed point. To create the plots
shown, the tensors are reshaped into a matrix and graphed as heatmaps. The
brighter colours represent larger values of elements of the matrix. For example,
as seen Fig. 3.3 at the ferromagnetic phase with angle 8 = 7w the renormalisation
scheme would flow very fast leaving only two, faint yellow points. At the critical
point and in the dimerised phases the tensors preserve much more structure. At
the critical point we see scale-invariant tensors, while deep in the dimerised phases
we see tensors preserving some structure, but not as much as at criticality.

Isotropisation and tensor renormalisation at the critical point

At the critical point we can see that the tensors clearly preserve the structure
when the bond dimension goes up to y = 70. All the structure is mainly preserved
which is what one would expect at the critical point. See Fig. 3.4

Isotropisation and tensor renormalisation near the critical point

In Fig. 3.5 it is shown the critical phase up to bond dimension x = 72. In particular
one can see a point near the critical phase on the dimerised side. This procedure,
at this limited bond dimension shows that all tensors preserve a structure, very
similar to that at the critical point. This might suggest that the critical phase is
extended near § = 57/4. This method at this sstem sizes cannot make a clear
distinction between the critical point and this near points.

Discussion

This chapter introduced a novel method for isotropisation followed by a proper
tensor renormalisation of a quantum spin-1 chain in 1D. The method is effective
in identifying fixed points in ordered phases, and allows for the visualisation
of the critical behaviour of the system, i.e., we can visualise how the tensor
structure is preserved even with a relatively small bond dimension. However, the
current results are limited due to the heuristic nature of the presented results
Further testing with larger clusters and higher bond dimensions is required for
more conclusive results. In a way, significant computational limitations hinder
further exploration. Some advancements also depend on developing appropriate
algorithms and computational technology to extract features like the number of
Nambu-Goldstone bosons, which would be helpful in distinguishing between fractal
and conformal regimes near SU(3) points. This includes obtaining universality
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Ferromagnetic phase 0 = 7 Critical Point § = 57 /4 Dimerised phase § = 37/2
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BIBq, 0=3.9269908169872414, RG step: 2 of 20 BIBq, 6=4.71238898038469, RG step: 2 of 20

Figure 3.3: Isotropisation and tensor renormalisation of a spin-1 bilinear bi-
quadratic model for fixed bond dimension x = 50. The top three images show the
initial tensors before coarse-graining. The lower images show the coarse grained
tensors for 20 iterations of the TNR method. The first column shows the case
for the ferromagnetic phase at an angle § = m, with two fixed points, one at the
top left corner and one in the middle diagonal; the middle column shows the
critical point at § = 57/4, which flows to no fixed point, preserving quite a lot of
structure; and the third column shows the dimerised phase at § = 5 /4, where the
tensors preserve quite a lot of structure but not as much as in the critical point.
The image shows plotted tensors, the color code helps find fixed points, which
usually appear in yellow (higher values). All the results were obtained using the
CDT cluster in Edinburgh.

data from renormalised tensors, such as scaling dimensions, topological operators,
and defects.

Another promising avenue for exploration is studying non-invertible symmetries
or generalised topological operators with scaling properties which one would
expect to persist in the renormalised tensors. Whether these symmetries exist in
the bilinear biquadratic spin-1 model remains an open question. Furthermore,
these methods could be leveraged to formally extract fixed points, owing to the
straightforward theoretical method found in Refs. [67, G6].
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Critical Point 6 = 57 /4
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Figure 3.4: Isotropisation and tensor re%%rmalisation at the critical point for fixed
coarse-graining iterations and angle 6 = 5w /4. We can see in this image that even
when greatly increasing the bond dimension the tensors preserve their structure
no matter the bond dimension.
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Chapter 4

Tensor renormalisation of Spin-1
systems in 2D

4.1 Bilinear Biquadratic Heisenberg Model

Just as in 1D, the study of spin-1 systems in 2D has also been a very active
research area in the last decades [37, 127, 77, 131, 94], showing promise in
describing difficult quantum phases like iron-based superconductors or nematic
orders [3, 39, 113, 74, 58] and of particular recent interest, due to their relation
with non-Abelian chiral spin-1 liquids as candidates for quantum computation
[82]. Just as before, we start with the bilinear-biquadratic Hamiltonian

H=Jcos#S; Sy + Jsinf(S; - S,)°. (4.1)
where S; = (S¥,57,57) is the spin-1 operator at site 1.

The phase diagram of the bilinear biquadratic Heisenberg in 2D model has
been studied with classical and semiclassical methods [99, 116, 96], but due to a
sign problem in the top right quadrant of the phase diagram (see Fig. 4.1) the use
of tensor network methods [95] is sensible. Interesting phenomena take place at
specific values of #, where we see a rich phase diagram showing classically ordered
phases (FM, AFM, etc.) and a top right quadrant with inaccessible phases for
classical, semiclassical or even quantum Monte Carlo methods. For example, a
Haldane-AFM phase transition was seen only recently using the iPEPS tensor
network [95]. Also, for § = m/4 an emergent analogue of the SU(3) Heisenberg
model emerges, showing a sign-problem [83]. Experimental realisations of this
model include ultra-cold atom experiments [19; 40], where it may be useful in the
construction of quantum clocks and in quantum information processing. On the
other hand, it may describe exotic phases of matter that can be readily verified
experimentally such as spin-nematic phases in NiGagS, [117]. These phases still
have open questions which may be understood by applying the methods proposed
in this project.
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Figure 4.1: Phase diagram of the S =1 BBH model on the square lattice.
a) The inner circle shows a variational approach, while the outer one a numerical
result by exact diagonalisation. Ferromagnetic and antiferromagnetic are ferro- and
antiferromagnetic, FQ is ferroquadrupolar, while SO stands for semiordered. Shown
in the outer circle are the three-sublattice ordered antiferromagnetic (AFM3) and
antiferroquadrupolar (AFQ3) phases between 6 ~ 0.27 and 7 /4 and between 7 /4 and
7/2, respectively (Figure reproduced from [116]). b) Phase diagram using the iPEPS
tensor network. Two new phases are shown, a gapped Haldane phase and a partially
nematic and partially magnetic phase m = 1/2 in the region near § = 7/2. (Figure
reproduced from [94]).

4.2 Phase diagram for the spin-1 bilinear-biquadratic
Heisenberg model in 2D

In 1988, Papanicolaou [99] examined the spin-1 bilinear-biquadratic Heisenberg
(BBH) model by analysing its product states. The bipartite property of the square
lattice guarantees some simplification. The results of Ref. [99], similar to those of
1D, revealed distinct ordered or semi-ordered phases. To minimise the energy of
two interacting particles, one sublattice state must be quadrupolar while the other
could be quadrupolar with a perpendicular director, magnetic with a moment
aligned to the first sublattice’s director, or a combination of both.

The phase diagram (see Fig.4.1) shows several SU(3) points when the sine and
cosine have the same value. A notable finding is that at each SU(3) point, the
product ground states on either side are simultaneously valid. These states may be
rotated into each other using elements of the SU(3) group. The significant possible
quantum fluctuations on the top right quadrant near these points suggests high
degeneracy of the product ground state. The discovery of diverse ground states
opens up intriguing possibilities for various types of ordering. For example, the
ability for neighbouring directors to be perpendicular in three orientations enables
a three-sublattice ground state—a surprising feature given the nearest-neighbour
interactions on a bipartite lattice.
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Energy per site

Figure 4.2: Energy per site for the product ground state, showing distinct jumps at
the SU(3)-symmetric points, suggests that phase transitions are of first order.[116]

In 2002, Harada and Kawashima [51] studied the lower half of the phase
diagram (—7 < 6 < 0) using quantum Monte Carlo methods, noting the absence
of sign problems. Their findings confirmed and matched Papanicolaou’s phase
diagram. The main observations were the existence of kinks in the quadrupolar
order parameter near the SU(3) points § = 57/4 and 37/2, consistent with the
results and analysis of Ref. [99]. This, at least partially, confirmed that the phase
transitions from the AFM phase to the FM phase, and from the FQ phase to the
FM phase are first order.

Building on this, [116] used exact diagonalisation and linear-flavour-wave
methods to study the SU(3)-symmetric point § = 7/4 in 2010. They found that
the ground state prefers a three-sublattice configuration over a two-sublattice
one due to its lower zero-point energy. This three-sublattice order was further
validated by DMRG and iPEPS simulations.

In Ref. [116] the investigation was extended to understand if the three-sublattice
phase persists beyond § = /4. They identified a three-sublattice antiferro-
quadrupolar (AFQ3) state within the semi-ordered phase, where neighbouring
sites have perpendicular directors. Interestingly, they also observed that the AFQ3
state extends into the AFM region, where, for 0.2 < 6 < /4, a 120° magnetic
order emerges instead of the conventional antiferromagnetic order. This result
was later corroborated by series expansion techniques.

4.3 Phases and phase transitions

This discussion of the phases in the 2D case uses Fig.?? as reference. We begin
by exploring the established boundaries of the phase diagram for 6 € [0, 7 /4].
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Antiferromagnetic Phase.

At 0 = 0, we obtain the familiar spin-1 Heisenberg model, exhibiting antiferromag-
netic order. Unlike for 6§ > 0, Quantum Monte Carlo simulations do not encounter

sign problems here. The sublattice magnetisation m = \/<Sm>2 +(S,)* + (S.)*
has been accurately measured as m = 0.805, with tensor network results closely

agreeing at m = 0.802. States in the antiferromagnetic phase display U(1)
symmetry.

Three-sublattice antiferromagnetic phase.

At 0 = /4, the SU(3) Heisenberg model is regained, with a three-sublattice
ordered state. Slightly below 6 = /4, this order manifests as 120° magnetic order
on three sublattices, as shown in Fig. (4.1). Magnetisation per site ranges from
m = 0.4 at = 0.227 to m ~ 0.1 — 0.3 near § = /4. AFM3 states lack residual
spin-rotation symmetry.

Intermediate paramagnetic phase.

Ref. [116] suggests a phase transition between the antiferromagnetic and the 120°
magnetically ordered states which is direct around 6 ~ 0.27, based on exact
diagonalisation and series expansion. Further attempts using tensor networks[94],
determined the critical value at 6. ~ 0.217 (for bond dimension D = 10), match-
ing previous antiferromagnetic predictions. However, a systematic analysis [94]
indicates that the antiferromagnetic order actually vanishes before 6., remaining
stable only up to # = 0.189(2)7. This suggests a paramagnetic phase between the
two ordered phases [116].

Region Around 6 = 0.27.

iPEPS simulations [94] reveal that a weakly magnetised state and a non-magnetised
state with no rotational symmetry. In [94] it is proposed that the observed breaking
of rotational symmetry may be due to an effect similar to coupled one-dimensional
chains. In other words, given that the ground state of the bilinear biquadratic
chain for § € (—m/4,7/4) is in the Haldane phase, one may wonder whether the
intermediate two-dimensional phase could connect smoothly to the Haldane phase
by taking the coupling to zero. Initial indications supporting this idea come from
simulations where the iPEPS is initialised as a product of 1D chains.[94]

Anisotropic Spin-1 Model.

In studying the anisotropic spin-1 model, we set coupling strengths in the x and y
directions across the (6, J,) plane, with J, = 1. For J, = 0, the system reduces to
independent spin-1 chains, which exhibit the Haldane phase for 6 € (—7/4,7/4).
The aim is to determine the critical coupling J; () that separates the Haldane
phase from the antiferromagnetic or 120° magnetically ordered phases at higher 6.

To estimate Jg(0) at fixed 0, Ref. [94] used iPEPS simulations initialised in
the Haldane phase and the antiferromagnetic or 120° ordered phase, varying J,
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with a fixed bond dimension D = 10 using simple update optimisation. The
resulting phase diagram provides an approximate boundary due to computational
constraints, though less precise than extrapolated full update simulations used in
isotropic cases.

At 0 =0, Jg(0) is determined as 0.042, aligning closely with Quantum Monte
Carlo results. This value deviates significantly from the isotropic limit J, = 1.
Notably, J¢(0) increases monotonically with ¢, confirming continuity from the
one-dimensional Haldane phase to the isotropic two-dimensional limit beyond
6. = 0.2007.

For 0.2137 < 0 < 7/4, J;(0) marks the critical transition value between
the Haldane and 120° magnetically ordered phases, decreasing with increasing
0. Comparisons with full update simulations suggest slight underestimation of
the Haldane phase extent at the isotropic point, within a margin of 0.017 or
less for # = 0, but still supporting a continuous phase transition between the
two-dimensional and one-dimensional phases.

For the isotropic case (J, = 1), precise determination of the transition from
the supposed Haldane phase to the 120° magnetically ordered phase was achieved,
identifying 6. = 0.217(4)7 where the Haldane phase state energy crosses that of
the 120° state.

Claims regarding the existence of a Haldane phase remain contentious. While
[94] proposed a Haldane phase in a limited region, there is no conclusive evidence
of its presence within the narrow regime between the Néel magnetic order phase
and the nematic spin liquid phase suggested by [58]. State-of-the-art DMRG
results do not decisively support the existence of such a phase [58].

Nature of the Phase Transition from antiferromagnetic to Haldane

At 0 = 0.1897, a transition occurs between the AFM and Haldane phases. In the
antiferromagnetic phase, magnetisation per site decreases as it approaches the
alleged Haldane phase, this indicates a possible second-order phase transition.[94]
This is atypical as both phases break different lattice translation, rotation, and spin-
rotation symmetries. Although no clear hysteresis behaviour was observed, [94]
indicating a second-order transition, the uncertainty in magnetisation near the
transition leaves open the possibility of a weakly first-order transition. Ref. [108]
first described this transition for general SU(V) of the Hamiltonian and for large V.
Theoretically these phases can be described by non-linear sigma models at large

distances, with the order parameter n representing the staggered magnetisation
(_1)I+ys(~’v7y)'

Haldane to antiferromagnetic3

At 6 = 0.217(4)7, the transition from the Haldane to the three-sublattice 120°
magnetically ordered phase shows hysteresis effects,[91] allowing simulations on
both sides of the transition. The sublattice magnetisation remains positive
throughout the AFM3 phase, even at § = 0.217, indicating it remains the lowest
energy state. This contrasts sharply with the Haldane phase, where magnetisation
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is zero, demonstrating a clear first-order transition with a jump to zero at the
critical point.

Isotropisation Step

We propose an isotropisation step similar to that of the 1D case. Here, however,
the main idea is that by using a series of SVDs we can isotropise a tensor network
in 2D. This is the main result of this chapter. The main idea is shown in figure 4.3
where an SVD of the following form is performed. This step as far as we know
has not been published anywhere.

A — BX.C¥ (4.2)
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Figure 4.3: This image shows the way in which the isotropisation is done on a 3D
lattice, or a 2D quantum system. The main idea is that with a series of SVDs one
can isotropise the lattice and then we can work with it just as in the 1D case.
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4.4 Discussion

In this section we showed an overview of the different phases that happen in the
2D spin-1 bilinear biquadratic model. The main scientific questions remain near
several enhanced SU(3) symmetric points, where highly entangled ground states
provide no shortage of interesting possible phases. The idea that a Haldane phase
may exist near one of this points is still controversial, and as in the 1D case, the
best approaches have been made using tensor networks, but not using tensor
renormalisation techniques.

4.5 Conclusion of first part

In this first part, we have explored the quantum phase diagram of the spin-1
bilinear-biquadratic model on 1D and on 2D on the square lattice. We have
shown the basic theoretical as well as the mathematical tools to explore these
systems. For the case of the 1D spin-1 system we showed a method to renormalise
quantum spin chains, meaning that we developed a two-step method consisting of
a so-called isotropisation step, bringing the tensor network into a more isotropic
form, which is better for computations; the second step consists of a series of
iterations using the tensor renormalisation network method. With this method,
one can obtain proper renormalisation group flows to fixed points. As showed,
the method can distinguish the different phases in the 1D case, both at criticality
and ordered phases. For the 2D case we presented only the methodology and the
appropriate isotropisation step.

These findings suggest exciting experimental avenues for exploring novel mag-
netic phases. While naturally occurring spin-1 systems with the requisite strong
biquadratic interactions remain elusive, ultracold atomic systems offer a promising
platform for realising the predicted phases both in 1D and 2D. Among others,
the study of Mott-insulating states in optical lattices provide a strong founda-
tion for this pursuit. Crucially, the N-independence of the exchange integral in
SU(N) systems suggests that achieving the relevant exchange energy scale for
SU(3) fermions should be feasible, given current progress with SU(2) systems.
Experimentally, careful selection of the Mott insulating regime is essential: it must
be large enough to realise the SU(3) Heisenberg model, yet sufficiently small to
allow access to the exchange energy scale.
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Part 11

Non-Fermi liquids
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Chapter 5

Introduction

This second part of the thesis studies the problem of non-Fermi liquids (NFLs).
The objective is to better understand the macroscopic behaviour of interacting
fermions, particularly their Fermi surfaces and associated instabilities. These
phenomena are fundamental and manifest across various contexts and scales, such
as in metals, neutron stars, and quark-gluon plasmas. Here, we aim to develop
a formalism based on the hypothesis of a loop U(1) symmetry in the infrared
(IR) regime of non-Fermi liquids [32]. By quantising this group via the orbit
method [69] and describing its representations, the aim is to develop a framework
that aligns with observed non-Fermi liquid behaviour. This approach, while
abstract, may provide some insight to these complex systems.

Non-Fermi liquids are metallic states with unconventional properties not
described by the weakly coupled Fermi liquid theory. They arise from strong
interactions involving soft fluctuations at the Fermi surface coupled to massless
bosons. A key challenge in studying them is the absence of a clear organising
principle [79]. Naively, to identify the roots of these difficulties in NFLs one can
start by framing them into the broad classification of gapped and gapless systems.

Gapped systems typically exhibit topological order with no low-energy exci-
tations, with the exception of fracton excitations [106, 110]. Gapless systems
can possess either finite or infinite low-energy degrees of freedom. The former
often characterise phase transitions or topological phase boundaries, while the
latter, typically systems with Fermi surfaces, have a finite density of states at
zero energy (e.g., conventional metals, half-filled Landau level, among others).
Classifying matter within Fermi surfaces remains challenging due to their potential
instabilities.

Fermi liquid theory remains the starting point in discussing non-Fermi liquids—
among other reasons because Fermi-surface physics, or generalisations thereof,
are crucial to understanding fundamental properties like Luttinger’s theorem.
The initial idea of Fermi liquid theory was to consider a free Fermi gas and
introduce interactions among fermions [76, 10]. Fermi liquid theory says that
these interactions do not change the excitations of a free Fermi gas, leading to the
concept of quasiparticles. These low-energy quasiparticles occupy a codimension-1
surface in momentum space, which is known as the Fermi surface. Despite its
success in describing dense, interacting fermions, the theory stood out among
other effective theories for not using renormalisation group (RG) methods and for
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being classical and phenomenological in nature. This is surprising in part because
Fermi liquid theory is not a free field theory, i.e., a low-energy effective field theory
governed by a kinetic equation. Nonetheless it paved the way for subsequent field
theories using the renormalisation group, for example, Refs. [11, 104, 112] made
possible the modern formalism. Working examples of these theories are simpler
but lose spatial locality, making it not a true effective field theory as it cannot
systematically list irrelevant corrections to the scale-invariant fixed point [2, 92].
An alternative local effective field theory inspired by bosonisation [50, 17, 57],
also faces issues in classifying irrelevant corrections. These formalisms are thus
incomplete and require further refinement [26]. The other type of interactions
among fermions are long range interactions, associated with gapless modes, cannot
be ignored at any energy scale and must be tracked alongside the excitations of
the Fermi surface. These interactions, often strong, can unpredictably alter Fermi
surface physics.

As mentioned above, non-Fermi liquids are intricate systems characterised
by gapless modes that couple to the Fermi surface, inducing instabilities akin to
superconductivity [30]. However, in contrast to conventional superconductivity,
these instabilities arise from interactions mediated by gauge fields and their critical
fluctuations. The renormalisation group flow of these systems remains poorly
understood, leaving the ultimate fate of the system an open question: does it evolve
into a metallic phase, a Mott insulator, or an unconventional superconducting
state?

From a practical standpoint, understanding non-Fermi liquid physics is essential
for comprehending materials such as the cuprates, which often exhibit a quantum
critical point that drives the system towards a superconducting instability. Unlike
typical renormalisation group flows between two fixed points with conformal
symmetry or just scale invariance, NFLs possess a scale. In any case, given
this anomalous behaviour, it is plausible to conjecture that non-Fermi liquids
might harbour unconventional renormalisation group flows, different but perhaps
analogous to those proposed for fractonic systems [110, 75].

Finally, a remaining theoretical question in the study of NFLs is how to
construct a suitable effective field theory. Recent attempts at building effective
field theories rely on sophisticated methods such as geometric quantisation [26] or
holographic methods[31]. Some questions remain, however, because the scaling
properties of non-Fermi liquids deviate substantially from those of their Fermi
liquid counterparts. Briefly, developing a classification of irrelevant corrections
both for Fermi liquids and non-Fermi liquids with well-defined scaling dimensions is
crucial for advancing our understanding of them. Another question in formulating
these effective theories is how to include a proper matching of UV and IR matching
constraints, e.g., Luttinger’s theorem, charge filling constraints, as well as more
empirical constraints such as compressibility.

5.1 Review of Fermi Liquid theory

Landau introduced the initial description of Fermi liquids through a kinetic
equation framework (see Ref. [76, 10] for a detailed account). The starting
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point is a noninteracting Fermi gas, where Pauli’s exclusion principle forbids two
fermions from occupying the same state. This restricts each momentum state to
accommodate only opposite-spin fermions. At zero temperature, these occupied
states form a codimension-1 surface in momentum space, called the Fermi surface,
below which states are occupied or empty if outside of it. At zero temperature
it takes the form of a step function which depends both on momentum and spin
€(p, o)—we will often disregard the spin component for simplicity:

7’Lo<p, O_) =0 (EF - 6(1), U)) )

this defines a Fermi sea occupied up to the Fermi momentum pp, an associated
Fermi energy ep and €(p, o) represents the dispersion relation and ¢(p) = ep
defines the Fermi surface at |p| = pr.

The semi-classical dynamics of this system is described by a distribution
function

n(t,r,p) = no(p) + dn(t,r,p), (5.1)

obeying the kinetic equation

o+ Vpe(p) - Vin+F - Vn =0, (5.2)

where F is a force applied to the non-interacting Fermi gas. Therefore, the free
Fermi gas dynamics is governed by the dispersion relation. Note that this distribu-
tion function is not enough to describe the dynamics. This is in part because when
including interactions, the occupation is ill-defined. Landau’s approach [76] to
this problem involves starting with a free Fermi gas and adiabatically introducing
interactions, the system then evolves smoothly from a non-interacting free system
to an interacting one. Near the Fermi surface is where all scattering occurs, this
is due to the exclusion principle. Furthermore, the spectrum should smoothly
connect to that of the free Fermi gas. This suggests that particles near the Fermi
surface (either a particle outside or a hole inside) will serve as the building blocks
for the spectrum of the non-interacting system. As this characteristic will persist
both as an effective but modified way in the low energy spectrum of the interacting
theory, they are extremely relevant in writing down a Fermi liquid theory. Landau
called these modified or dressed particles quasiparticles. characteristic persists
as we turn adiabatically on the interactions, and they persist in an effective way
within the spectrum of low energy of the Fermi liquid, These are called quasipar-
ticles. In other words, in the interacting Fermi system, particles are replaced by
quasiparticles which are emergent and which behave effectively as the original
particles in terms of charge and spin, but with a different effective mass.

Quasiparticles in turn obey a different distribution

n(t,r,p) = no(p) + on(t,r,p), (5.3)

where on is the deviation of the distribution function of the quasiparticles from a
system in equilibrium. This makes sense only near the Fermi surface. The disper-
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sion relation of the quasiparticle is the only ingredient necessary for describing
the low-energy dynamics in the interacting regime. Namely, one can write

d,/

(%p)dF (p,p’)on (r,p'), (5.4)

where €(p) is the dispersion relation for free fermions, and F' (p, p’) is a term that
represents the effective interactions exerted on a quasiparticle due to interactions
with its surrounding quasiparticles. This equation is crucial for understanding the
transport properties of Fermi liquids due to its inherent locality.

€ap(T, P) = €(P) +/

A kinetic equation, known as Landau’s kinetic equation, captures the dynamics
of the system:

O + Vpeg(P) - Vin — Vieqp(p) - Vpn =0, (5.5)

where V,e,,(p) is the force term including all the effective contributions and
Vpeqn(P), the quasiparticle velocity which depends on nonlinear deviations in n.

The Landau function, which is the interaction term F' (p,p’) is parametrised
by angles 6, 6" near the Fermi surface. By expanding the the Landau function in
terms of the angle variables

F0,0)~Y RPY0,0), (5.6)
l

we obtain a family of parameters called Landau parameters, where Pl(d) (0,0
are spherical harmonics or more generally they are covariant basis functions that
depend on the symmetries of the system, where the index labels the representation.
From (5.5) and (5.6), one can compute much of the thermodynamical properties.
The theory also predicts stability conditions as lower bounds on F}, violations of
which indicate instabilities in the system, leading to Pomeranchuk instabilities.
Moreover, FLs may exhibit collective excitations, distinguishable from the particle-
hole continuum w < vr|q].

However, despite its successes, the Landau-Fermi liquid theory has limitations.
Its emergence from microscopic models remains unclear, the description based on
the kinetic equation with quantum effects is limited to the Fermi-Dirac statistics
and the exclusion principle. For instance, the existence of quantum critical points
significantly influences the finite-temperature properties of these systems. Near
these points, the conventional Fermi liquid theory breaks down, giving rise to a
non-Fermi liquid state characterised by the absence of well-defined Landau quasi-
particles. This anomalous behaviour stems from the intricate interplay between
electronic excitations and the critical fluctuations of the order parameter. In this
regime, electron-electron interactions are mediated by these critical fluctuations,
leading to pronounced deviations from Fermi liquid behaviour. Ultimately, the
influence of these fluctuations can be so substantial that the quasiparticle concept
itself becomes invalid. To potentially overcome these limitations, a field-theoretic
approach, amenable to the renormalisation group (RG) unlike Landau’s theory,
might provide deeper insights into the quantum aspects of Fermi liquids.

72



Renormalisation Group and Fermi Liquids

The conventional approach, which involves scaling momenta to zero, is inadequate
as it integrates out the modes whose correlation functions are of interest (namely,
those proximate to the Fermi level). Consequently, this method lacks predictive
power as it yields a theory exclusively describing degrees of freedom deep within
the Fermi sea. The Shankar-Polchinski RG scheme [112; 104] scales momenta
towards the Fermi surface, preserving some physical relevance and yielding more
meaningful results for the study of Fermi liquids.

This RG approach, introduced in Refs. [11, 112, 104], however incomplete,
offered a first promising way to explore the quantum aspects of Fermi liquids
beyond Landau’s framework. Landau-Fermi liquid theory says that low-energy
excitations in a Fermi liquid can be described as quasiparticles. We introduce
creation and annihilation operators, ¥ (p) and 1, (p), respectively, where o is
the spin index. The operator ¢ (p) creates a quasiparticle with momentum p
and spin o, while 1, (p) creates a hole in the momentum state p with spin o.
Crucially, a hole at momentum —p and spin ¢ corresponds to a net momentum
of +p for the system. The free action for these quasiparticles is expressed as:

/ dtdpzw* 10k — (e(p, ") — )] Ui (—D). (5.7)

Any momentum vector p can be decomposed into a component pr lying on
the Fermi surface and a perpendicular component k, such that:

p=pr+k (5.8)

Within this renormalisation group (RG) framework, pr remains unchanged under
scaling, whereas k is rescaled by a factor s < 1 to sk. The dispersion relation can
be linearised and expanded, near the Fermi surface as follows

¢(p) —er =k - vp(pr) + O(K?),

The linearisation is only valid below an absolute value of momentum, which is
dependent on the material. To ensure the free action remains scale-invariant,
the following dimensional assignments are necessary: (0] = [k|, [¢] = —1. To
understand the scaling of the system, we write all terms up to loop levels, then
we select the contributions that are permissible by the system’s symmetry, which
leads to an interaction term that allows scattering processes

// V (PF1, Pr2, Pr3, Pra) Ul (P1) Yo (P2) ¥ (P3) ¥ (Pa) 0 (P1 + P2 — P3 — P4) -
t Jp1pP2pP3P4

Due to the scaling dimensions of fermionic fields, all momentum-dependent terms
in the interaction are deemed irrelevant under renormalisation group analysis.
The remaining momentum-independent term is marginal but still exhibits angular
dependence with respect to the Fermi surface for incoming and outgoing particles.
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In other words, the delta function has either trivial or non-trivial scaling. Trivial
scaling means that it shows some scale invariance when the sum of Fermi momenta
is non-zero, while non-trivial scaling occurs when the momenta sum to zero.

That is, for configurations where the sum of Fermi momenta is non-zero, the
delta function is scale-invariant, and the interaction term is irrelevant. On the
other hand, for configurations where the sum of Fermi momenta is zero, then the
delta function has non-trivial scale-invariance under the renormalisation group,
and the quartic term is marginal. After checking that the sum is zero, then we can
see if relevant configurations modify their scaling behaviour with loop corrections.

While Landau-Fermi liquid theory successfully captures forward scattering
interactions, it remains blind to the pairing instabilities crucial for understanding
superconductivity, a phenomenon described by the BCS coupling. The renormali-
sation group (RG) approach surpasses Landau theory in this regard, offering a
framework to incorporate these instabilities, thereby demonstrating the efficacy of
effective field theories.

However, the RG approach faces challenges. Power counting, which assigns
fixed scaling dimensions to terms based on symmetry, breaks down in this con-
text. The quartic interaction term exemplifies this issue, showing complex scaling
behaviour, especially in higher dimensions and intricate Fermi surface geometries.
Consequently, terms often lack well-defined scaling dimensions and need decompo-
sition into sums with fixed scaling properties. Even then, intricate relationships
arise between unrelated terms, such as the equivalence between forward scattering
and BCS couplings under specific conditions. These connections result from the
decomposition process, introducing redundancy into the theory.

Moreover, coupling this effective field theory to background gauge fields,
a fundamental task in many systems, presents a significant challenge. Unlike
Landau-Fermi liquid theory, which operates in real space, the momentum-space for-
mulation of the effective field theory makes standard minimal coupling techniques
inapplicable.

To overcome these limitations, researchers have developed alternative ap-
proaches and formalisms. Additionally, new functional RG schemes, such as those
by Borges et al.[13] and Ma and Lee[84], aim to expand the RG framework beyond
Shankar-Polchinski.

A key insight from the Shankar-Polchinski RG is the importance of particle-hole
interactions at short momentum scales for phenomena beyond superconductivity.
This leads to a strategy of discretising the Fermi surface into patches, providing a
potential solution to the problem of poorly defined scaling dimensions.

The free fermion action, when expressed in spatial coordinates, adopts the
form:

S = Z/ddlr” /dtd?“J_ ‘If;r?(’m_) (8t +UF778“_)\IJ77(’)"J_),
n

where r, is the spatial conjugate of k, the momentum perpendicular to the Fermi
surface, and r|| denotes in-plane coordinates within a specific region.
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Patch-Based Approach and Its Limitations

The Shankar-Polchinski renormalisation group (RG) method partitions the Fermi
surface into discrete segments labelled by 7. Interactions confined to a single
segment (intra-patch) are distinguished from those spanning multiple segments
(inter-patch). By isolating a particular segment, 7, inter-segment influences can be
disregarded. While rescaling momenta towards the Fermi surface simplifies intra-
segment couplings, it distorts the segment shape at low energies. An alternative
RG approach preserves segment curvature by scaling in-plane coordinates as
(r L)l/ ?, maintaining scale invariance of curvature terms but introducing additional
segments at the fixed point.

Despite its utility in revealing non-Fermi liquid behaviour through gapless
mode-mediated interactions, the fermionic patch framework suffers from inherent
limitations. Notably, it lacks a local representation in physical space, is incompat-
ible with BCS interactions, and cannot directly compute physical observables like
transport coefficients without considering all segments collectively. Furthermore,
while it facilitates calculations of scaling dimensions, the scaling behaviour of
correlation functions remains elusive due to complex cancellations influencing
infrared scaling patterns.

Bosonisation and Geometric Approaches

Drawing inspiration from bosonisation in one spatial dimension and one time
dimension, a formalism that maintains locality in physical space maps each patch
fermion to a chiral boson, yielding the effective action:

S = _p%—ii Z / dtd'r (pFn ’ vr¢ﬂ) (at + U, PF, vl‘) ¢77'
n

Although preserving locality, this approach encounters challenges analogous
to patch theory under scaling [112], as it fails to incorporate any nonlinear
contributions. These contributions may occur due to the Fermi surface’s curvature
or due to the dispersion relation. A geometric perspective, inspired by quantum
Hall droplets, has been proposed as a step towards more advanced formalisms.

Deformation Quantisation and the Geometric Framework

This geometric perspective is rooted in the broader domain of geometric and defor-
mation quantisation. Starting from a Poisson algebra, deformation quantisation
constructs an associative algebra equipped with a product defined by:

FxG= ih”Bn(F, Q). (5.9)

n=0

where the B, are differential operators satisfying specific conditions. This
procedure replaces Poisson brackets with commutators. By mapping functions of

75



coordinates and momenta to operators in Hilbert space, deformation quantisation
necessitates an approximation to preserve the commutation relation:

(). F(9)] = F([f. gl.) = ihF({f. g}) + O(*). (5.10)

Applicable to any finite-dimensional Poisson manifold, deformation quantisa-
tion requires a quadratic field dependence in the free action for constructing a
star product akin to the Moyal product in field theory.

The relevant Lie algebra comprises single-particle phase space functions en-
dowed with a Moyal bracket, forming the Weyl algebra. The corresponding Lie
group is constructed via the exponential map. While the orbit method may be
applied to this algebra to describe Fermi surfaces, the Moyal bracket’s power series
nature limits its applicability to specific functions. To circumvent this limitation,
one has to cut off the algebra which now gives the Poisson bracket

{{F7 G}} = {F, G} + 0O (vra VP)B,
(F,G} = V,F -V,G — V,F - V.G,

providing a semi-classical description of Fermi liquids through the truncated Lie
algebra equipped with the Poisson bracket g = ({F'(r,p)};{.,.})

An arbitrary element F(r,p) generates a canonical transformation, with
transformed coordinates /,p’ forming canonical pairs. This transformation
corresponds to Hamiltonian evolution under F(r,p), thus {F, G}(r,p) acts now
as the commutator of two such transformations. The Lie group of Hamiltonian
symplectomorphisms, denoted GG, encompasses canonical transformations arising
from time evolution under F'.

State Space and Coadjoint Orbits

In quantum mechanics, states are represented by density matrices, which yield
expectation values when acting on operators. By focusing on charge-neutral
fermion bilinears, states can be distinguished based on identical expectation values
for all such bilinears.

A state can be expressed using a basis T'(r,p) for fermion bilinears and a
dual basis W (r, p), with coefficients determined by a function f(r,p). In this
language (f, F'), is the expectation value of any fermionic operator. This collection
of states constitutes the dual space of the Moyal algebra, denoted g*, which is
dual simultaneously to the Moyal and the Poisson algebras.

The coadjoint orbit method, as applied in [26], utilises the Lie algebra g and
its dual space g* to derive an action. This approach leads to Landau’s kinetic
equation for interacting Fermi liquids and higher-order corrections.

Obtaining an action through a Legendre transform necessitates restricting g* to
states with values of 0 or 1, representing the Fermi surface and complying with Lut-
tinger’s theorem. This constraint is both physically justified and mathematically
essential for describing well-defined Fermi surfaces at zero temperature.

Consequently, the formalism presented in [26] portrays Fermi liquid dynamics
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as a fluctuating codimension-1 surface in phase space, resembling a sphere at each
spatial point r. This method is a type of bosonisation which among other things
facilitates the solution of interacting fermionic problems in 1D. However for higher
dimensions the bosonisation method might not be completely appropriate since
the cancelations in fermion loops don’t happen, except approximately. The flip
side is that these near cancellations of n-point function are transparent in the
bosonic picture, meaning the scaling is transparent. This is because the bosonic
theory has small irrelevant interactions (rather than being a free theory in 1D)
but will give the leading contributions to non-linear response.

Bosonisation in 2D establishes an isomorphism between fermionic and bosonic
Fock spaces, implying a one-to-one correspondence of operators, though local
operators map to non-local ones. In higher dimensions, this correspondence fails
because fermionic states cannot be replicated by bosonic operators. However,
in certain scenarios where fermionic fields lack gauge invariance and fermionic
states are absent from the Fock space, a one-to-one correspondence might exist.
Generally, though, such a correspondence is unreliable, limited by symmetry
constraints. Consequently, the bosonic effective field theory can only match
correlation functions of bosonic operators, and cannot, even in principle, reproduce
single-particle correlation functions of fermionic operators.

Our approach diverges from [26] by centering on loop U(1) groups instead of
the employed space of transformations. With this in mind an effective field theory
is possible in which we are not constraining by hand the possible operators that
might occur.

7
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Chapter 6

Non-Fermi liquids

Landau’s Fermi liquid theory provides a successful framework for understanding
most metallic phases by describing them in terms of quasiparticles and their
interactions. However, certain metallic states, known as non-Fermi liquids (NFLs),
exhibit unconventional properties that defy this model. These states typically
emerge from strong interactions involving soft fluctuations at a Fermi surface
or point, combined with massless bosonic fluctuations. Ongoing research aims
to develop controlled approximations for NFL phases with a well-defined Fermi
surface [92, 78, 90, 60].

Often referred to as strange metals, these states are observed in strongly
correlated quantum materials such as cuprate and iron-based superconductors and
heavy fermion systems [97, 5, 53, 16]. Unlike the expected quadratic temperature
dependence, these materials frequently display linear resistivity across a wide
temperature range, challenging conventional theories. NFL behaviour also encom-
passes unconventional scaling of optical conductivity and increased susceptibility
to superconducting transitions [100, 29, 87].

In these systems, which maintain a well-defined Fermi surface but lack Landau
quasiparticles, NFL characteristics arise from interactions between finite-density
fermions and massless bosons or gauge fields at a quantum critical point [86, 25,
85]. Such states are sometimes termed critical Fermi surface states [111].

The Hertz-Millis approach models non-Fermi liquids as Fermi liquids coupled
to a gapless mode, with an effective action formulated for the bosonic degrees of
freedom after integrating out the fermions [54, 88]. The upper critical dimension
for this coupling is d = 3, making the two-dimensional case particularly intriguing,
as one-dimensional systems lack an extended Fermi surface and can be described
using either exact or perturbative bosonisation methods, depending on dynamical
exponents.

Hertz initially proposed integrating out the Fermi surface to obtain a non-local
effective action for the gapless mode, but this approach lacked control. Subsequent
progress was made using the Shankar-Polchinski renormalisation group (RG)
scheme, employing both fermionic effective field theory [103, 2, 92, 93, 86] and
bosonisation [68, 72, 78]. However, these methods are limited by the absence
of a systematic expansion in fermionic theories or incompleteness in traditional
bosonisation [85, 130].

A bosonised theory [26] offers advantages, capturing essential features of non-
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Fermi liquids from a Gaussian theory. In two dimensions, the Gaussian truncation
of the effective field theory couples to a bosonic field ®(¢,x) through the linearised
density Sl(\IQPZL, representing a Gaussian theory tuned to criticality. The coupling
includes a spin-l harmonic by multiplying with cos(l6).

This Gaussian action allows for an exact solution. The ® propagator, exhibiting
Landau damping, is given by:
i

(2P)(w,q) = ¢* + kg — {pp)(w,q)’

where (pp) is the tree-level density two-point function. For w < vpgq, setting

k2 = —BE2 af criticality yields:
1
(CI)CI)>(w,q) ~ m, w L Vr(q,
q 227'('1)% vEq

from which the dynamical critical exponent z = 3 is derived.

The specific heat and its scaling in temperature can be obtained from the
partition function,

Z(B) = / D¢DPe™ 5",

where Sg is the Euclidean action, with imaginary time 7 spanning [0, 5]. In-
tegrating over ¢ and then ® shows that the partition function factorises into
contributions resembling a Fermi liquid and a Landau-damped critical boson
component and a Fermi liquid component:

~1/2

PrN? |wh|

2TUR w,% + vnq

Z =det |¢® + det [qn (—iwg + vpga)] 2 (6.1)

where wy, = 27Tk are Matsubara frequencies with k taking integer values.

The free energy is

T
F = VlogZ (6.2)
T / pF)\2 \wk| T / .
- log | ¢* + - = log [, (—iwk, + vran)] -
2 ; q 27T'UF1/CUI%+U%~(]2 2 ; q,0 [ ( ]

(6.3)

In this effective field theory, the Fermi liquid component requires appropriate
ultraviolet / infrared regularisation. Its scaling behaviour can be estimated as
Fy, ~ prT?,

The critical boson contribution at low temperature is then controled by infrared
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frequencies wy, ~ ¢ < vpq, simplifying the integral to:

N |Wk:|> T
log [ ¢? + N2 ) = B2 6.4
/q g( q 2v/3 (64)

which is obtained afteg addressing a temperature-independent ultraviolet diver-

gence. Here, \? = %. There is one other divergent term, i.e., the Matsubara
F

sum, which one can control by introducing an exponential term e~ with € > 0,

wiith the objective of suppressing large k contributions. Now, expanding for small

¢ and removing divergent terms gives:

Ek: 23~ ¢ (—g) : (6.5)

Therefore, the critical boson contribution to the pressure is:

__S(=2/3) 54/3 7873
P ST (6.6)

As T — 0, the T%? term overwhelms the T2 term, allowing us to neglect
the Fermi liquid contribution. This resolves UV /IR mixing issues as the critical
boson contribution remains unaffected. Consequently, the specific heat for, low
temperature, should read

ds d*P 5¢(—2/3)

T =T = — \Y/32/3 6.7

consistent with the 7%% scaling observed in other studies [79)].
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Chapter 7

Coadjoint Orbits, Character
Formulas, and Related Topics

Here’s a more readable and polished version of your text:

As is well known in classical mechanics, systems with symmetries are modeled
by symplectic manifolds. However, this framework is not limited to classical
systems. As seen in Chapter 2.5, the time-dependent variational principle (TDVP)
preserves symmetries and conservation laws by maintaining a symplectic structure.

In the following chapters, we will use these mathematical tools to propose a
quantization method for loop groups. This chapter begins with an overview of
Lie groups and their adjoint and coadjoint representations. For a more in-depth
study of Lie groups and Lie algebras, we refer to [71, 69]. We then examine the
fundamental principles of Poisson and symplectic structures, along with their
realization in coadjoint orbits. Finally, we explore momentum maps and their
connection to the symmetries of symplectic manifolds.

This chapter is primarily abstract, focusing on mathematical concepts.

7.1 Lie Groups

A Lie group G is a topological group that is also a smooth manifold, where
group operations (multiplication and inversion) are smooth mappings:

g Li(g9) = fg
gr— Ry(g9) =gf (7.1)

Here, Ly and R; are diffeomorphisms, and e denotes the identity element of
G.

We can define a vector field £ as follows. A left-invariant vector field is such
that (Ly), £ =& for every f € G.

Remark 1. The differential of a smooth map F' : N — P at p € N is
Fo : TN — Tr) P, where Fo,(7(0)) = L [F(y(t))] ‘t:o’ with y(t) a path in N
such that v(0) = p.
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Each left-invariant vector field on the group is given by &, = (L), X for some
tangent vector X € T,G. Hence, the tangent space at the identity element of G
is isomorphic to the space of vector fields. We denote the invariant vector field
associated with X € T.G as px, so that (px), = (L), X.

We can define the Lie algebra of GG in terms of the tangent space, i.e., as a
vector space g = T.G, equipped with the Lie bracket

(X, Y] = [ex, ¢v] (7.2)

where the bracket on vector fields should be evaluated at the identity. The
Lie algebra satisfies two basic properties, namely, [X, X] = 0, which implies
[X,Y] = —[Y, X] and the Jacobi identity

[(X, Y], Z]+ [V, Z], X] + [[Z, X],Y] = 0. (7.3)
For any g we get a linear map ad : g — End; g given by
(ad X)(Y) = [X, Y] (7.4)

and thus, every (ad X) is a derivation. A homomorphism of Lie algebras is a
linear map ¢ : g — b such that

Pxy] = [Sﬁxa SOY]- (7-5)

In general any smooth homomorphism of Lie groups induces a homomorphism
of Lie algebras via its derivative at the identity. In the context of symmetries,
elements of g represent infinitesimal symmetries near the identity. Now, as was
mentioned for the case of SU(3) in the chapters above, a general Lie algebra g
may be expressed in terms of a basis {t, | a = 1,...,dim g} of generators obeying

[taa tb] = fgbtc- (7~6)

Here, f¢, € R are the structure constants of g in that particular basis.

7.1.1 Exponential Map

Above we used the tangent space to G to define the Lie algebra g of G. This
concept can be understood as follows: for each vector X € g, there exists a unique
one-parameter subgroup {g},.g in G such that X is the tangent vector at the
identity:

dg,

. 7.7
dat |,_, (7.7)

The group element g, is represented by exp(tX), and the map X +— exp(X)
from g to G is known as the exponential map. This map establishes a one-to-one
correspondence between a neighbourhood of the identity in g and a neighbourhood
of the identity in G, making it one of the preferred coordinate charts. The
key feature of the exponential map is that it reflects many properties of G in
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a neighbourhood around the identity, even though g is concerned only with
infinitesimal information near the identity. For closed linear groups, the Lie
algebra is composed of matrices X = ¢/(0) derived from smooth curves ¢(t) in
G that pass through the identity at t = 0. Among these, the curve exp(tX) is
particularly noteworthy as it is smooth and exhibits the desired behaviour at
t=0.

For our purposes, we define the exponential map as follows. Let yx be the
integral curve of the left-invariant vector field px with vx(0) = e for X € g. The
exponential map is defined by

exp:g — G: X — exp[X] =yx(1). (7.8)

For matrix groups, this reduces to the Taylor series )

exp[X] = e¥.

n .
neN )7(77 often written as

The exponential map satisfies
exp[(s + ) X] = exp[sX] exp[tX]

for all s,t € R.
Furthermore, as hinted before, for any smooth homomorphism 7 : G — H, it
holds that
T 0 €XPg = €XPjyy OT. (7.9)

In other words, this shows the remarkable fact that the infinitesimal behaviour
of a homomorphism near the identity determines the homomorphism in a neigh-
bourhood of the identity. Thus, for any X € g, there exists a subgroup of G
consisting of elements exp[tX] for ¢ € R. Notably, vector fields are complete,
ensuring exp[tX| exists for all £ € R.

7.2 Adjoint and Coadjoint Representations

A representation over a group G over a complex vector space V' is a homomorphism
p: G — GL(V), where GL(V) denotes the general linear group of V| i.e., the
group of automorphisms of V. For a Lie group G with Lie algebra g as a vector
space, the adjoint representation of G is defined as

Ad: G — GL(g) : g — Ad,. (7.10)

i.e., as a homomorphism where Ad, is the linear operator on g given by

d
Ady(X) = 5 (99 ™")

(7.11)

t=0

In this case, ' can be replaced by any path in G with (0) = e and %(0) = X.
For matrix groups, this simplifies to Ad,(X) = gXg !, and it follows that

explAdy(X)] = fexp[X]f . (7.12)
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It follows almost immediately that the adjoint representation of an abelian Lie
group is trivial.

As said before, the adjoint representation of the Lie algebra g is defined as the
differential of (7.10) at the identity:

adx(Y) = 4 (Adx (Y)) =[X,Y]. (7.13)
dt t=0
We now consider dual representations and their application to the adjoint
representation (7.10). The dual of g, denoted by g*, consists of linear functionals
p: g — R defined by p(X) = (p, X). Thus, one can say that the elements of g*
represent conserved vectors associated with the symmetries of a symmetry group
G. In physical terms, given a generator X, (p, X) represents the charge when the
system has conserved vectors p.
For a Lie group G with Lie algebra g, the coadjoint representation of G is the
homomorphism

Ad": G — GL(g") : f = Adj. (7.14)
This is the dual homomorphism, meaning that
Adj(p) =po (Ady) ", (7.15)
or more explicitly,
<Ad}(p)7 X) = (p,Ady-1(X)). (7.16)

As a specific example, take the special orthogonal group SO(3) with Lie algebra
50(3). Then the coadjoint representation corresponds to the rotation of vectors in
R3. If p represents a momentum vector in R3, then for any rotation f in SO(3),
the action of Ad} on p yields the rotated vector Ad%(p) = fp.

7.3 Character Formulas

Character formulas provide a vital link between representation theory and Lie
algebra studies. For a Lie algebra g with a finite-dimensional representation V/,
the character of V' is defined by

xv(g) = Tr(p(g)), (7.17)

where p is the representation of G on V. The character encodes essential informa-
tion about the representation, including the dimensions of its weight spaces and
the multiplicities of irreducible components.

The character of a representation p is the function

Xp:G—=C:g—Tr(p(g)). (7.18)

Character formulas are used to compute characters of irreducible representa-
tions, crucial for understanding the structure of the Lie algebra and its represen-
tations.

To make contact with physics we can see that partition functions or path
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integrals are the objects that give us information about the spectrum of operators
such as the Hamiltonian. This is clear, for example, when we have a system that
is time-invariant, the Hamiltonian is the symmetry generator and the partition
function or path integral may be written as

Z(B) = Tr (e 7). (7.19)

This formula can be generalised to the grand canonical ensembles, by simply
including the appropriate symmetry generators. By working in imaginary time
the trace argument is unitary, and more generally the partition function or
path integral should be a symmetry transformation that depends on the specific
representation that we use. By (7.17) we are guaranteed that the partition function
only depends on the conjugacy classes and not on the basis elements of the Hilbert
space, i.e., it is a class function.

7.4 Symplectic structures

A symplectic manifold is a smooth manifold endowed with a symplectic form, a
non-degenerate, closed two-form. This geometric structure is extremely relevant for
Hamiltonian mechanics, providing a framework for defining canonical coordinates
and the Hamiltonian flow. It is also central to differential geometry and topology,
since symplectic manifolds offer profound insights into both classical and quantum
mechanics. The field of symplectic geometry encompasses the study of their
properties, examples, and applications, including symplectic reduction, moment
maps, and geometric quantisation.

We can define a symplectic manifold as a pair (M,w) where M is a smooth
manifold and w is a symplectic form. The latter is a two-form satisfying dw = 0
(closedness) and the non-degeneracy condition that the map v — (,w is an
isomorphism at every point of M. The Darboux theorem ensures that locally, any
symplectic manifold can be brought into the canonical form of Euclidean space
equipped with the standard symplectic structure.

Within the context of Hamiltonian mechanics, symplectic manifolds provide
a natural arena. A Hamiltonian function on a symplectic manifold induces a
Hamiltonian vector field whose flow preserves the symplectic form, capturing the
dynamics of the system. Moreover, symplectic geometry intersects with topology
through invariants such as the symplectic volume and Gromov-Witten invariants.

More precisely put, the non-degeneracy condition implies that symplectic
manifolds are even-dimensional and admit what is known as a Liouville form

p=wA- - Aw. (7.20)

while the Darboux theorem says that we can describe locally any point using a
canonical form with local coordinates {q, p} written as

w = dq" A dp;. (7.21)
In physical terms, the phase space of a manifold representing the configuration
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space of a classical system is well-known to be a cotangent bundle with a closed
non-degenerate form. Thus any symplectic manifold may be identified, locally, to
a cotangent bundle.

Now we want to describe more precisely some techniques which will be useful
later on. Given a Lie group G, we define the Kirillov-Kostant bracket on g* as
follows: given A, B € C'* from the dual Lie algebra to the real numbers we define
the bracket

{A,B}(p) = (p,[4,,B,]) (7.22)

where the prime denotes a differential at a point in the dual Lie algebra, and
notice that the differential lives in the Lie algebra, i.e., in the dual of the dual
algebra.

We define the Euler equation on g* as follows, let A € g* as before. Let dy be
a Hamiltonian field, i.e., 65 = —{H, -} defined over a Poisson manifold !, where
H is a C*° function on that manifold, and let i5,w = w(d 4, ) = dA define the
Hamiltonian field § (which means that if there exists A € C°°(M) then ¢ = § 4).
Then the Euler equation is

Y1) = )y = adiy  (7(2))- (7.23)

An interesting consequence of this is that the symplectic leaves of the above
bracket are precisely the coadjoint orbits of the group. [69] In other words, it
can be stated that the symplectic leaves of the Poisson manifold (g*, f) where f
defines a Poisson structure, are precisely the coadjoint orbits.

By now, it should be obvious that there are many ways to obtain the symplectic
structure of coadjoint orbits. The main three ways are through Poisson structures,
using cotangent bundles and a third one, by using Maurer-Cartan forms 2.

The symplectic form of the coadjoint orbits of the group are defined simply as
follows

w (adyq,adyq), = (¢, [X, Y]) (7.24)

where ¢ € W, and p € g* is a vector in the dual space with orbit WW,. Note that
in particular this is a closed, non-degenerate form satisfying (Ad’})* (w) = w, thus
each coadjoint orbit is a homogenous symplectic manifold. Also worth remarking
is that the converse is true only up to some algebraic corrections.

'Recall that a Poisson structure on a manifold is an antisymmetric bilinear map
{'v } : AvB = {Aa B}
which satisfies both

{(FAG HIH G {1, FI} + {HAF.G}} =0
{F.GH} = {F,G}H + G{F, H}

2A Maurer-Cartan form is a g valued left-invariant 1 form on the group defined by the
condition #(e)X = X and thus 6(g)X = g~ ' X for X defined on a point of the tangent space of
the group G
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7.5 Momentum maps

Let (N,n) be a symplectic manifold with symplectic form 7, and let H be a Lie
group acting on NN via symplectomorphisms. A momentum map for this action is

a map
J:N—sp* (7.25)

such that for any left-invariant vector field £ on H, the condition

AT,E) = —1en (7.26)

is satisfied, where £ denotes the vector field on N generated by the infinitesimal
action of &, and (-, ) represents the pairing between h* and h. As a remark, note
that the momentum map is unique up to an additive constant. Thus, if J is a
momentum map, then J + C', where C' is a constant, is also a valid momentum
map.

The momentum map connects the symmetries of the manifold to conserved
quantities, translating these symmetries into conserved momenta via the symplectic
structure. Furthermore, the momentum map is related to universal properties of
the Poisson manifolds. This is in the sense that given any homogenous Poisson
manifold, a moment map defines a covering of a coadjoint orbit. Coadjoint orbits
thus have peculiar properties that we are interested in. For example one can show
that there is a momentum map associated with the inclusion of the coadjoint orbit
in g*, given a symplectic form (7.25) then coadjoint orbits have the property of
always being homogenous spaces.
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Chapter 8

Quantising loop groups for NFLs

In this chapter, we demonstrate the process of quantising loop groups, drawing
on formal quantisation ideas [69, 59]. Typically, studying quantum systems
involves extensive use of representation theory to derive geometric objects on
which functional analysis and other advanced mathematical techniques can be
applied. In contrast, geometric quantisation seeks to derive a representation from
geometric objects by selecting a quantisation method. In the context of this thesis,
the objects of interest are orbits, more specifically coadjoint orbits of a given
group, which applies to various types of groups, including loop groups.

8.1 Loop groups

A loop group LG [105]consists of maps from the circle into a group G, typically a
compact Lie group or its complexification. Composition in LG is defined pointwise
in G. The study of loop groups extends the theory of finite Lie groups to the
infinite-dimensional setting.

The groups Map(X, g) are particularly important. Firstly, the exponential map
from the Lie algebra g of G induces a locally bijective exponential map between
Map(X,g) and Map(X,G), a property uncommon in infinite-dimensional Lie
groups. Secondly, these groups appear in physics in several cases. In quantum field
theory, these groups serve as gauge and current groups, where X often represents
physical space in three dimensions. In our case loop groups seem to parametrise
correctly the symmetry of non-Fermi liquids as suggested in [32]

While not compact or Lie groups, loop groups exhibit properties reminiscent
of compact groups. They are studied through their Lie algebras, known as Kac-
Moody algebras. These infinite-dimensional algebras, characterised by generators
and relations, generalise finite-dimensional semisimple algebras. The theory of
Cartan and Killing associates an algebra to a finite integer matrix satisfying
certain conditions. Relaxing the positivity condition yields affine Kac-Moody
algebras, the Lie algebras of loop groups and their twisted counterparts.

Macdonald identities, generalisations of the Weyl character formula to Kac-
Moody algebras, produce modular functions. Loop groups possess a rich combina-
torial structure. These notes concentrate on the geometric and analytic aspects of
affine Kac-Moody algebras, eschewing a more algebraic or combinatorial approach.
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8.2 Why Loop Groups?

As mentioned before, to-day there is no proper effective field theory of a metal.
Fermi liquid theory was a first attempt at it and several more have followed. On
the other hand solving the many-body Hamiltonian for the Fermi liquid theory is
still intractable. The idea of effective field theories relies on the renormalisation
group flow to inform us on the relevant information to build an effective field
theory. If we start from the ultraviolet, where we have a detailed microscopic
physics. e.g., electrons hopping between atoms and a Coulomb repulsion, then
the renormalisation group can flow to the infrared regime, where the low-energy,
long-wavelength physics inhabits, e.g., we have an effective field theory of the
itinerant electrons. The renormalisation group flow essentially restricts what we
can eventually have at the infrared. We could have in general insulators (described
by a theory with no fields), topological insulators (described by topological field
theories), metals (no effective field theory), or strange metals (no effective field
theory), for example. As mentioned in the sections above, Fermi liquid theory and
Fermi surfaces are extremely important in describing the physics of non-Fermi
liquids. The notion of strange metals has for example the class of doped cuprates
where the known theories break down.

In the case of strange metals, for example, we can see in Fig. 8.1 that by
suppressing the superconducting order we obtain a strange metal phase that
extends all the way to T' = 0, i.e., we have a zero temperature ground state of a
many-body system. In particular we want to understand this state through an
effective field theory. The main consensus about strange metals is that it should
be a strongly coupled field theory which is a difficult task in general.

8.2.1 Constraining the effective field theory

In general, tere exist several types of constraints that we must have. Among the
most important we have filling constraints, the UV symmetry the Lieb-Schultz-
Mattis theorem and Luttinger’s theorem. General statements about symmetry
can be made at the UV level. For example we would expect at the ultraviolet
a symmetry in clean metals consisting of some lattice translation symmetry
and charge conservation, i.e., G = Z% x U(1). Then the effective field theory
has to represent that symmetry subject to some constraints (even if there are
spontaneously broken symmetries). The filling constraint is simply the average
charge per unit cell. Furthermore we have the Lieb-Schultz-Mattis theorem where,
broadly speaking, tells us that if the filling v is not an integer, then the ground
state must be metallic. Luttinger’s theorem is expressed as follows

Vi
(27)?

=vmodl (8.1)

where Vr is the enclosed volume by the Fermi surface and v is the microscopic
filling of charge per unit cell. The main idea behind all of this is that the symmetry
and the filling should provide sufficient constraints to generalise the LSM theorem
by the use of anomalies. [32]
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Very broadly a 't Hooft anomaly is the non-conservation of charge, or more
generally the breaking of the symmetry at the infrared, in upon coupling to a
background gauge field. is that the conservation law corresponding to the GIR
symmetry is broken upon coupling to a background gauge field. Thus the anomaly
of the emergent symmetry in the infrared is a kinematic property of the effective
field theory.

To identify the emergent symmetry group at the infrared we want to derive
the LSM theorem using anomalies. A defining property of Fermi liquids is that
nonforward scattering are irrelevant at low energies, so the quasiparticle number
at each point on the Fermi surface is separately conserved at low energies [32]
. This means that the emergent symmetry group at the infrared is quite large.
In general terms, what is proven in [32] is the following theorem: if d > 2 and
Grr is a compact finite-dimensional Lie group, then the filling v is a rational
number. For irrational v the emergent group Grr must be an infinite dimensional
group, with infinitely conserved quantities. This is a very strong statement for
clean metals where we expect infinite dimensional groups. The question of groups
being finite but non-compact is an open question, but seems unlikely.

To make this precise we want to parametrise the Fermi surface using a periodic
angle variable, i.e. # € S'. Since the infrared cutoff is a short distance cutoff
in momentum space, we expect 6 to take discrete values. To each one of these
we attach an emergent U(1) symmetry generated by an operator Ny, thus we

have [32]
exp (—i > f9N9> (8.2)
0

where fy is periodic in the circle. The main assumption for obtaining a loop group
is that we want the parameters f to become smooth when the cutoff of € is sent
to 0. What this means is that emergent symmetries should be in bijection with
smooth functions from S into U(1), i.e., the symmetry group at the infrared is a
loop-U(1) group.

8.3 General idea of geometric quantisation

Geometric quantisation in its classical form [69] is a formalisation of the transition
from classical to quantum mechanics that focuses on constructing quantum state
spaces. This approach has its roots in [69] and its relation to path integral
quantisation and coherent states is a deep one. The quantisation process begins
with a symplectic manifold representing a classical mechanical system. The
symplectic form w is realised as the curvature of a principal bundle with connection,
known as the prequantum bundle. In the case of a U(1)- principle bundle, this
bundle is equipped with a line bundle obtained by associating the complex numbers
to the U(1)-principal bundle.

A polarisation is then chosen to decompose the phase space into generalised
coordinates and momenta. The Hilbert space of quantum states is constructed
as the space of sections of the line bundle that depend only on the coordinates.
Finally, classical observables, represented by functions on the symplectic manifold,
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Figure 8.1: Phase diagram of the doped high temperature superconductors.
AF stands for antiferromagnetic, d-SC stands for d-wave superconductivity, Tl
for Normal temperature, T, stands for the onset temperatures of spin (S),
charge (C) and superconductivity (SC) fluctuations; T* stands for the crossover
temperature. As can be seen in the diagram there is a strange metal phase, relevant
for our discussion, which overlaps with the superconductivity dome defined by the
critical temperature T¢. By suppressing the superconducting region (by applying
a magnetic field for example), the strange metal region extends all the way to
T = 0. Thus the strange metal seems to have a zero temperature ground state.
[64]
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are mapped to quantum observables, which are operators on the Hilbert space.

We will first focus on the prequantisation problem in geometric quantisation.
The main problem of quantising a set of classical variables, i.e., a phase space with
symplectic structure w, is to find a quantum Hilbert space associated to it, that
also includes an algebra of observables with some minimum structure as shown
in Appendix A that remains related to the Poisson structure. As was mentioned
in 5.10 we want a formalism where the linear operators A preserve some of the
old structure, naively

A, B] = ih{A, B} (8.3)

would be a first attempt, but just as in 5.10 we need to weaken the assumption
and add different terms in order to make (8.3) consistent. In brief, prequantisation
means that we establish some consistency conditions such as mapping identity to
identity, and that the Hamiltonian fields actually satisfy (8.3). The solution relies
in including the momentum map as follows

A —ihdq — (9,04) + A= —ihV;s, + A (8.4)

where w = —d4 is the symplectic structure of Hamiltonian fields and thus appropri-
ately satisfies all the conditions. In particular ) represents the Liouville invariant
form (7.20) when the subjacent manifold is a cotangent bundle. The second
equality tells us that this can be also written in a covariant formulation, where
now 9 is a 1-form representing the connection, which has some straightforward
physical interpretations.

Formally, the polarisation step is reminiscent of a truncation of the prequantum
Hilbert space, i.e., we want to cut down the number of degrees of freedom in
which the wavefunctions are allowed to live. Quite informally by taking any point
in the manifold, we want to pick up specific submanifolds of the tangent space
at that point. This can be viewed for example in the case of cotangent bundles,
where we only choose the coordinates (and not the momenta) in each fibre of the
cotangent bundle. This is very reminiscent to the Schrodinger quantisation. A
generalisation of this might be the all-intresting Bergmann-Segal representation
(related to coherent states) where we have a complexified phase space with a
Kahler polarisation. Now polarisation of course affects the algebra of observables
in the quantum case, and they must also preserve whatever polarisation procedure
we choose, e.g., (8.3). In the general case, observables that may be quantised
should give rise to an algebra of self-adjoint operators, which among others should
contain the sums and products of these operators.

8.4 Path integrals

Let G be a connected Lie group. Let G be such a group, with g denoting its Lie
algebra and g* its dual. The group G acts on g and g* via the adjoint and the
coadjoint action, respectively.

We can assume that G, g, and g* are realised as matrix spaces (which, while
not a general statement, is valid in this context). Consequently, we have Adfx =
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f~lzf and Ad} € = fLEf. For \ € g*, the coadjoint orbit is defined by
Wy={€=f0f| feG)

The projection 7y : G — W, is defined by m\(f) = f~'A\f. Given that
coadjoint orbits are equipped with the Kirillov-Kostant symplectic form (7.25),
we can describe the pullbacks of this form to G under the projection 7y, denoted
by miwa.

Additionally, recall that the Liouville form w in (7.20)—or a normalised
version— serves as an invariant form on W,.

The orbit method [69] may be seen as a correspondence between unitary irreps
of G and coadjoint orbits. This correspondence is realised in several possible ways,
here we’ll show it using a general path integral or, mathematically, a character
formula.

We will restrict the discussion to compact groups, or sometimes even to closed
linear groups G. These will then be extended to loop groups below. Let exp(X)
be the exponential map from the lie algebra to the group G. Let )\ denote the
highest weight of the irreducible representation o from the group to the space of
endomorphisms End(V)), and let xx(f) = Try, ox(f) be the associated character

formula
N

w A
alexp(X) = 7 [ Sk,
W .
Atp

This is also called the Kirillov character formula where p is a sum of positive roots
of G and J(X) represents the Jacobian of X +— exp(X). Notice that the measures
has to be distinguished here. On one side the integration measure on g will be a
Lebesgue measure while for the group this has to be some volume preserving one,
such as the Haar measure.

As an example, let us take SU(2). For SU(2), the highest weights are the
positive half-integers, and p = 1/2. The coadjoint orbits are the two-dimensional
spheres of radius A + 1/2, centred at the origin in 3-dimensional space. It can be
shown that

iB(X) g _ sin((2A +1)X) x
/WAH/2 e tr+1/2(3) X/2 , VX €g,
and in(X/2)
sin
(X)) = ———=

thus yielding the characters of SU(2):

sin((2A + 1) X)
sin(X/2)

xa(exp(X)) =

In the general case, the symplectic form (7.25) will let us act on a coadjoint
orbit with a Hamiltonian system. With A € g* fixed and f : I — G a map from a
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segment of a circle to the group itself, the orbit action is given by the expression:

SOuf) = /I (ndfF) = /I (PN fdf ) = / (€. £,

where £ = fI\f.
To write a path integral, let A be a connection on I. Then, for I = S!, we

have:
A (Pexp/A> = /Df i(SONTIeA), (8.5)
I

Here, we are using the coadjoint orbit W,, but to formulate it correctly, it might
be better to use it as in the Kirillov character formula (including the Jacobian).
For finite intervals, (8.5) should define the elements of the representation o, as

< o (Pexp/A)‘Y> :/ D fei(SON+I6M) (8.6)
I 9(0).f(T)

Here, (X| and |Y) label two vectors in V), with appropriate boundary conditions
corresponding to these vectors.
The action of the orbit is then

S\, f) +/I<f1)\f, A"y = S(X, fh) +/I<(fh)_1)\(fh),A>. (8.7)

under the action of a gauge transformation A > A". Here we note that S(\, f)
is a one-cocycle for the group of paths in general (loops in particular). The fact
that this is a one-cocycle implies that 65 = 0 where 0.5 is defined as follows

SS(A, f.h) =S (£= F'A.h) = SO\, fh) + S\, f).

This cocycle property leads to the following transformation of the path integral

/Dfe SN+, (€ /Dve (Av)+ [ (€ )

where v = fh. We can further refine the interval and choose it to be a closed
loop, i.e., we set I = S'. Also, in particular, for A = 0, the path integral formula
becomes:

/ Df ei(S()\,f)+f1<§»dhh_1>) _ <a ‘O‘A(h(T))O',\(h(()))il‘ b> .
(0),£(T)
Now, we want to understand the idea of the orbit actions for central extensions.

Central extensions

Given a Hilbert space, a symmetry' is a bijective map that preserves probabilities.
This map in general happens between projective spaces, i.e., PH — PH : [V] —

'We are excluding here any type of non-invertible symmetry, categorical symmetry or any
such generalisation where this might not apply.
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S([¥]) where by PH we mean the projective Hilbert space and by S the symmetry
transformation. We can also represent this in terms of lines in ‘H by normalised
vectors. A symmetry transformation S must satisfy

([ W) = [(@ | W) (8.8)

for all normalised vectors ®, ¥ and their images ¢’ € S([®]), ¥’ € S([¥]).

In quantum mechanics, symmetry is understood as a transformation satisfying
the equation above, and acts on states either linearly (antilinearly) and unitarily
(antiunitarily) according to the symmetry representation theorem. In quantum
mechanics there is a crucial subtlety. Let g € G be some symmetry transformation
and let U[g] denote the unitary operator representing it. Since a quantum state
is a line or ray of vectors in reality it determines an equivalence class of vectors
in the Hilbert space, U does not need to be a homomorphism. Instead, what is
required is that the line of U[g] - U[h] - ¢ coincides with that of U[g - h] - ¢ for all
g,h € G and any ® € ‘H. Thus, U must be a unitary representation up to a phase
factor:

Ulg] - UR] = eC9MUY[f - g] for g,h € G, (8.9)

where C is some real function on G x G. This means simply that U defines an
action on the projective Hilbert space, thus the mapping

U] : G —PH: g— [U]g]] (8.10)

is a homomorphism. Here, PH = GL(H)/C* is the projective group of H, the
quotient of the linear group of H by its subgroup of scalar multiples of the identity.
For any operator A in GL(H), [A] denotes its equivalence class in the projective
group. Any mapping U satisfying this condition will be referred to as a projective
representation.

The function C in equation (8.9) is not arbitrary. It must satisfy associativity
conditions, specifically:

C(f,gh)+C(g,h) =C(fg.h) +C(f,g) forall f,g.heG. (8.11)

A function C: G x G — R is called a two-cocycle, with a cocycle condition.
With any such function, one can define a new group

G=GxR (8.12)
where elements are pairs (f, A), equipped with the group operation

(f;A) - (g, 1) = (fg, A+ p+C(f, 9)). (8.13)

The group (8.12) is termed a central extension of the group G.
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Central extensions, loop groups and the path integral

We'll work with G the central extension of the group G by the circle, i.e.,
155" =5G—G—1. (8.14)

Then, the Lie algebra g also has a central extension which is given by the exact
sequence

0—->R—=g—g—0. (8.15)

Assuming the S'-bundle G — G is trivial with a section s : G — (A}', we
define objects derived from this section. The group law in G yields a two-cocycle

a:G x G — S, where for f,h € G:
s(f)s(h) = s(fh)ei @, (8.16)
The section s will give a two-cocycle w(x,y):

[s(2), s(y)] = sz, y]) + w(z,y). (8.17)

and a splitting g — .
Define the 1-form 3(f) as:

B(f) =ds(f)s(f)~ —df f' € Q(G), (8.18)

representing the central part of the Maurer-Cartan form.
It should be clear now that s gives an isomorphism g* = g* @ R. We also have
the following

AdH(O0) = (F7Af + (), o), (8.19)

which means that the coadjoint action of G descends to G and where A € g%,
c € R, and ~(f) € g* accounts for the central extension.

For (), c) € §*, the orbit action for f = s(f)e® is:

-~

Sal(M o), ):/I<(/\,c),dff‘1>:/I(<)\,dff‘1>+c(d9+6(f))). (5.20)

Here, the first term represents the action of the orbit for the group corre-
sponding to the orbit of X\. Also S.() = ¢ [, df denotes the orbit action for the
circle.

Conclusion

The main aim of this part was to propose a path integral that can, in essence,
quantise the coadjoint orbits of loop groups. While this may not yet directly
address specific results related to the phenomenology of NFLs, we believe it offers
a valuable mechanism for achieving such quantisation. Equation (8.8) illustrates
a general method for this process, with the goal of quantising coadjoint orbits.
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Appendix A

Background on quantum spin
systems

Our goal here is to present the basic mathematical framework which might be
useful in the thesis.

Spins

The term “spin” refers to a physical system with a Hilbert space, C?, where d < oo.
This includes physical spin states of particles like electrons, spin—%, represented in
C2. This simplification aids in practical calculations and simulations. For H = C¢,
the standard inner product is

d
(u,v) = Zu_ﬂ}i. (A.1)
i=1
For physical spins, d = 25 4+ 1 where S is the spin quantum number.

Observables

Observables form an algebra A for any quantum system. Given a Hilbert space
H this is denoted by B(H), the set of all bounded linear operators on H. As is
well-known, physically relevant observables are self-adjoint elements of B(H).
For an arbitrary spin, H = C% and A = My(C), the space of d x d complex
matrices. Self-adjoint observables have real spectra.
Observables can use the Hilbert-Schmidt inner product

(A, B)us = Tr(A*B) for A,B e A (A.2)

with trace Tr. The Hilbert-Schmidt norm relates to this product, while the
operator norm is

A
4] = sup 14201 (A3)

w20 (V]|
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For d = 2, we have the Pauli matrices as a basis:

(10 A o (0 —i s (10
(o) (o) (T ) ()

(A.4)
For d = 3, the Gell-Mann matrices form a basis for A = Mj
010 0 —i 0 1 0 0
AM=1100 =117 0 0 A= 0 =10 (A.5)
0 00 0 0 0 0 0 0
0 01 00 —1
AM=1000 =110 0 0 (A.6)
1 00 1 0
0 00 00 1 10 0
=100 1 AM=100 —i d=—1| 01 0 (A.7)
010 0 ¢ 0 V3 00 —2
(A.8)

For general spins, a Gell-Mann basis may be found in general for SU(N), which is
shown below.

Defining representation of SU(N)

The special group of unitary matrices SU(N) is the group of N x N unitary
matrices with determinant one. The generators of its Lie algebra su(/N) are the
N x N traceless hermitian unitary matrices. It is well known, and particularly
useful in physics, that for N = 3 one can use a set of Gell-Mann matrices (1.12),
where the generators are usually called flavours. This is called the defining
representation. We can generalise this construction to arbitrary N and choosing
{\:} to be a basis for su(N) of size N> — 1. These are N x N matrices which can
be embedded into an su(N + 1) Lie algebra by simply adding zero columns and
rows to in the following manner

M:(gg). (A.9)

The dimension of the group SU(N + 1) is (N + 1)> — 1 and for SU(N) is N? — 1
meaning that we need an extra set of 2/V 4+ 1 matrices to actually be able to
generate su(N + 1). These are simply

{AN2420-2}0p = 00,a08,N+1 + 0o, N+108.as (A.10)

{AN2120-1}0p = 0 (—0aadpN+1 + Ga,N+105.4)
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additionally, we need N(N — 1) non-diagonal matrices

MY ) = 85,00 + 05000 4,5 =1,2,3,...,N; i<j (A.11)
NG ) = =1 (04050 — 0i05,) 5 4,5 =1,2,3,...,N; i<j, (A.12)

and N — 1 diagonal matrices

(1 o o0 0 0
01 0 0 0
2 0 0 1) 0 0
A=Al 00 0 —(k—1) 0 (A.13)
0 0 O 0 0 ) N
where k = 2,3,..., N. This is useful when working with qudits, or when we need

to parametrise the unitaries in a quantum circuit.

States

The algebra of bounded linear operators A = B(#H) may be used to define states
of quantum systems. We define a state as a normalised, positive linear functional
w: A — C, satisfying

w(A*A) >0 forall A e Aand w(l) =1

The expectation value of an observable A in state w is w(A). For self-adjoint
observables, w(A*) = w(A), and the variance of A is

Var(A) = w ((A — w(A)1)*(A — w(A)1)) = w (A*A) — |w(A)|*.
Thus, for a unitary vector 1, the vector state wy, is

wy(A) = (¥, Ap)

for all A in the algebra.
Alternatively,

ww = TI(P¢A)
where Py is the projection operator:

Py(¢) = (¢, )1 for ¢ € H.
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