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ABSTRACT: To date, no observational confirmation of dark matter particles has been found.
In this paper, we put forward an alternative approach to inferring evidence for dark matter
through modified gravity, without invoking fundamental dark matter particles. Specifically,
we explore the possibility of extracting signatures of Kaluza-Klein gravity through the
gravitational Aharonov-Bohm effect. Kaluza-Klein theory has recently been proposed as an
alternative to the dark sector, and predicts a tower of particles, including spin-0 and spin-1
gravitons alongside the usual spin-2 graviton, which can gravitationally couple to matter. We
thus analyze a quantum system in free fall around a gravitating body in the presence of a
modified Yukawa-like gravitational potential, and determine the gravitational phase induced
by the additional degrees of freedom introduced by the Kaluza-Klein model. Our results reveal
that, in addition to the usual result from General Relativity, the quantum wave function of
the system exhibits an additional effect: a splitting of the energy levels with a new quantum
number due to the extra vector gravitational degrees of freedom. The energy splitting
difference between general relativity and Kaluza-Klein gravity is found to be of the order of
meV for an atomic system and eV for a nuclear system. Similar values also arise in generic
modified gravity models and can be feasibly tested in the future. Numerical estimates for the
graviton mass are also provided, and potential imprints on gravitational waves are mentioned.
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1 Introduction

The Aharonov-Bohm (AB) effect is a phenomenon that brings to light the non-trivial topology
of quantum vacuum in gauge theories. First predicted in 1959 [1], it shows that when charged
particles, such as electrons, traverse a region with a nonvanishing electromagnetic potential
but zero magnetic field, their quantum-mechanical wavefunction acquires a phase shift. This
effect is typically detected experimentally as a shift in the interference pattern in a double-slit
setup [2] and has been verified in a variety of systems [3-5].

Recently, there has been interest in extending the AB effect to gravitational interactions,
with particular attention to its scalar-gravitational manifestation. In these settings, the
AB phenomenon arises from the proper time differences between freely falling, nonlocal
trajectories, induced by the spacetime curvature. Such an effect was recently observed by
measuring the phase shift between two matter waves that traveled along different paths
in a gravitational potential, proving that gravitational potentials produce AB phase shifts
analogous to those of electromagnetic potentials [6]. Moreover, the work of [7] has investigated
the gravitational AB effect by considering a quantum system (such as an atomic or nuclear
system) in a satellite orbiting the Earth, exploring how a time-dependent gravitational
potential influences the quantum states. The gravitational phase shift leads to an oscillatory
term in the energy spectrum, similar to previous work on the scalar-electric AB effect [8].
Interestingly, the scalar AB effect analyzed in refs. [7, 8] induces side bands in the energy
levels of the quantum system (observed via spectrometry), in contrast to an interference
fringe shift seen in the usual vector AB effect (via interferometry).

General Relativity (GR) has been extensively tested and validated in weak-field, low-
velocity, and linear gravity regimes [9-12]. Furthermore, the recent detection of gravitational
waves from coalescing compact binaries provided the unprecedented opportunity to probe
GR (as well as extended theories of gravity, see e.g. refs. [13-18]) also in the highly nonlinear,
strong-field domain [19-25]. Beyond gravitational wave observations, the recent striking
images released by the Event Horizon Telescope collaboration [26-28] have enabled a unique
inspection of the nature of black holes as well as the behavior of matter in near-horizon



regions [29-31]. Another crucial source for strong-gravity analyses comes from the long-term
timing observations of binary pulsars, which allow for precision tests of GR predictions
regarding strongly self-gravitating bodies, including effects of retardation and aberrational
light bending [32]. However, although it accurately describes gravitational interactions in
many contexts, GR fails to account for some low-energy cosmological phenomena [33-35].
The examination of the galaxy rotation curves suggests the presence of additional unseen
mass, thereby leading to the hypothesis of dark matter. Similarly, the accelerated expansion
of the universe, inferred from the observation of distant supernovae, points to a mysterious
force termed dark energy. Recent studies have shown that galaxies in the early Universe
appear to have grown too large too quickly. On one hand, this poses a challenge for the
ACDM model; on the other hand, it suggests a possible resolution to the structure formation
paradigm through modified gravity [36]. These issues indicate that GR may be incomplete
at cosmological scales and have led to the exploration of modified gravity theories (see e.g.
refs. [37-39] for a review), including those involving Yukawa-like potentials [40-49]. Inspired
by quantum field theory, Yukawa-like potentials introduce a gravitational force that decays
exponentially with distance, thus diverging from the ordinary inverse-square law. Such
modifications could explain galactic rotation curves without requiring dark matter and offer
alternative perspectives on dark energy and cosmic expansion, potentially minimizing the
need for exotic components in cosmology.

In this paper, we explore the possibility of applying the AB gravitational effect to
Kaluza-Klein (KK) theory, which has recently been proposed as an alternative to the dark
sector [40]. This model introduces a generalized gravitational potential combining Yukawa
and Newtonian terms, and brings in additional degrees of freedom, namely spin-0 and spin-1
gravitons, which represent the gravitational analogs of gauge fields. The structure of KK
pattern is reminiscent of ultralight axion models where a light scalar field acts as dark energy
by modifying gravity over cosmological scales. Recent cosmological studies have shown that
ultralight axions with masses less than approximately 10732 eV can contribute significantly to
dark energy [50]. This suggests that additional scalar degrees of freedom in modified gravity
theories could provide an alternative explanation for cosmic acceleration.

The main objective of the paper is to identify potential observational signatures arising
from the gravitational AB effect within the context of KK gravity. As we will demonstrate,
this framework leads to intriguing results, such as shifts in the energy levels and the phase
of a quantum system. These findings can potentially open up a new window for testing
modified gravity theories using the gravitational AB effect.

Recent studies have explored the gravitational AB effect as a tool to probe new physics.
For instance, ref. [51] examined how a charged graviton would experience an AB phase
shift due to intergalactic magnetic fields, leading to new constraints from gravitational wave
observations. In contrast, this work investigates the AB effect in a purely gravitational
context, arising from modifications to the gravitational potential in extra dimensions.

The plan of the paper is as follows. After reviewing KK gravity theory in section 2, we
turn in section 3 to the key focus of this paper: studying the gravitational AB effect in a
quantum system in free fall around a gravitating body (e.g., a satellite orbiting Earth). Then,
in section 4, we present numerical estimations on the shift in energy levels and the phase of the



system, and provide some values of the graviton mass. Afterwards, in section 5, we investigate
the AB effect in other modified gravity theories. Finally, we draw our conclusions in section 6.

Throughout the paper, we use signature (— + ++) for the four-dimensional spacetime
metric, and set ¢ = 1, unless otherwise specified.

2 Review of Kaluza-Klein gravity

In this section, we provide a review of KK gravity, closely following the framework outlined
in ref. [40]. As we will see, we deal with an alternative interpretation of KK theory that
does not involve electromagnetism.

For simplicity, we consider a KK model in D = 5 dimensions with a generalized Einstein-
Hilbert action

1
167G

Ssp = /d4$dy\/ —jaBR, (2.1)
where y indicates the compactified dimension, while G,R= JA BRAB and gap denote the
five-dimensional gravitational constant, Ricci scalar, and metric tensor, respectively. The
latter can be written in terms of the four-dimensional spacetime metric g,,,,, the scalar field
¢ and the gauge field A, as

(2.2)

- G + ¢2AuAV ¢2Au
9AB = .
P*A, ¢?

It is known that after performing the dimensional reduction in the case D = 5, we get a
theory similar to a scalar-tensor model with an additional gauge field. By rescaling the field
strength as F),, = d)_S/QFW, and renaming G = Gy /¢, we are led to

Supy — / d'z /=g (m];G _ EFWFW - ;ampa“(p) , (2.3)
where we have employed b — 44/$/\/3, and Newton’s constant has been expressed as
G = Gn(1 + @), a being a parameter.

One crucial point of KK gravity is the analogy with the process of superconductivity,
where photons become massive via the spontaneous symmetry breaking mechanism [40].
This involves the complex scalar field ¢, which is minimally coupled to the gauge field Ay
with gauge coupling constant g. Without going into details (see ref. [40]), we rewrite the
scalar field as ¢ = ¢pe’X, where ¢y is the non-vanishing vacuum expectation value, and
then upon employing the Anderson-Higgs mechanism, one obtains that the gauge invariant
Lagrangian in KK model can be written as

1 1
R— =

o 1 JO ~
L= 167G 4Fﬂ F/“/ - §M2AHAH + V(¢)7 (24)

where the gauge boson mass reads as ;% = g2|¢g|?, V() is the self-interaction potential of the
scalar field ¢, and A, is connected to A,, via the gauge transformation A, = A, — (9,x)/g.

The degrees of freedom can now be counted as follows. A massless graviton in D =5
dimensions has five degrees of freedom, given by the formula D(D — 3)/2|p=5 = 5. Then, in



D = 4 dimensions we end up with two degrees of freedom for the massless spin-2 graviton,
two for the massless spin-1 graviton, and one for the scalar graviton.

The U(1) symmetry breaking mechanism in superconductors is responsible for the
occurrence of the mass term ,uzfluflf‘ /2. This arises from the degree of freedom of the
complex scalar field ¢, which is absorbed by the gauge boson. As a result, we have two
degrees of freedom for the massless spin-2 graviton and three for the massive spin-1 graviton.

The variations of the gravitational Lagrangian with respect to the metric yields the
Einstein field equations [40]

G + Mgy = 87G (T}, +T1) (2.5)

with T}XI, being the matter part of the stress-energy tensor, and T/X, the energy-momentum
tensor for massive spin-1 graviton. It should be noted that, in the strong-gravity regime,
we also expect a contribution from the coupling between the vector field and the space-
time background geometry, resulting in a correction term in the energy-momentum tensor,
Tﬁgrrec'(gw, A,). However, since in this work we focus on the weak-gravity regime, we will
neglect such contributions.

From the Lagrangian (2.4), one finds that the motion of the vector field is governed
by the Proca equation

V, FM — 2 AF =0, (2.6)

which by choosing the Lorenz gauge, VHA“ = 0, and after some calculations, leads to a
wave equation for AH:

(O-p2)ar=o. (2.7)

This particle is usually referred to as the massive spin-1 dark graviton. Its role in the
gravitational AB effect will be explored in the next sections.

The massive spin-1 dark graviton can couple to baryonic matter with a dimensionless
coupling parameter ag. The resulting gravitational force between the baryonic matter fields
stemming from the gauge boson exchange is described in terms of a Yukawa gravitational
potential, which in the static and spherically symmetric case reads as [40]

677“/)\

Pyy (r) = apGNM p_ (2.8)

where the length scale A\ (which in galactic scales is expected to be of kpc order [40]) is
related to the mass of the vector boson via the relation g = 1/A. Since ap should be positive,
eq. (2.8) refers to a repulsive gravitational interaction.

The Yukawa potential (2.8) modifies the usual Newtonian law of gravity and gives rise
to a model that can explain the emergence of the dark sector, both in galaxies and at

cosmological scales, as an apparent effect given by Q](DIK/I o = € o, followed by an additional

contribution term Q](:?ﬁ/[’o = \/2043 QB7OQA’0, where & := o — ap, while QA’(), QDM,Oa and QB,O
are the density parameters for dark energy, dark matter, and baryonic matter, respectively
(see ref. [40] for further details).



The contribution due to the standard gravitational interaction mediated by the massless
spin-2 graviton is described in terms of the potential
GM Gy(l+a)M
ap(r) = S Gl (29)

T T

which, unlike the Yukawa potential (2.8), yields an attractive force. Therefore, the total
potential @ (r) becomes

GNM

r

Dot (1) = Pp(r) + Pyu(r) = — (1 +a-— aBe’g) . (2.10)

In general, we expect the parameters a,ap and X\ to vary and depend on the properties
of individual galaxies and scales.

3 Gravitational Aharonov-Bohm phase in Kaluza-Klein modified gravity

The gravitational AB effect arises from the influence of a time-dependent gravitational
potential ®, on a quantum system, such as an atomic or nuclear system. In general,
the quantum-mechanical wave function of the system can be transformed via a phase as
Y (x,t) = e"¥1h(x,t), where ¢ can be written in terms of the action as

1
=-S5 3.1
b= (3.1)
In terms of the metric, which in KK theory is just the four-dimensional GR metric g,
the action is given by [52]

1
S=—— [ gup'pdr 3.2
m/wpp T (3.2)

where m is the mass of the particle or quantum system under consideration (which, as
we will see, experiences the AB effect), 7 the proper time, and p* = mdz*/dr the four-
momentum. Considering perturbations around the flat Minkowski metric 7,,, we can write
9 = Nuv + hyw, and thus we obtain two terms for the phase

1 y 1 v
p = —ﬁ/nuymv“d:v — ﬁ/hul/p#dx ) (33)

where v#* = dx* /dt. Our particular interest is the second term, namely, the gravitationally
induced phase

1 14
Pg = —?h/hu,,p“dx . (3.4)

As pointed out before, in KK gravity, the presence of an extra dimension introduces an
additional spin-1 gravitational field flu. This affects the motion of test particles, leading to a
modified geodesic equation, which, in the weak-gravity regime, can be written as

A2zt dz¥ dz?
e S 3.5
m<d7'2+”>‘d7' dT) U (3.5)




where f# = ng H dx /dt represents a force analogous to the Lorentz force, but caused by the
additional vector-gravitational interaction in KK gravity theory that acts on a test particle
with mass m. Here, g, plays the role of the gravitational charge due to the vector field
interaction. Henceforth, we take advantage of the Equivalence Principle to set m = ¢, (this
will be justified below). We can thus say that due to the additional interaction with flu,
an extra term in the phase appears:

1 , m [ -
Pg = —ﬁ/hw,p“dx — g/Audx“, (3.6)

where fl“ reads as, for the static and spherically symmetric case,

A,u, = ((I)YUa 07 07 O) ) (37)

with ®yy being the Yukawa potential introduced in eq. (2.8). Now, bear in mind that the
Newtonian scalar potential sourced by baryonic matter can be defined as &5 = —hgo/2, then
by retaining only the first-order terms in the perturbation, we get

0y = %/@Bdwr %/@yudt, (3.8)

where ®p can be read off from eq. (2.9). Thus, we can conclude that the gravitational
potential induces a phase given by

ool = [y (tat. (3.9)

This relation is formally equivalent to the one in ref. [7], with the key difference being
that in this paper the gravitational potential ®, includes both Newtonian and Yukawa-like
corrections, as given by eq. (2.10). This means that, in our framework, the gravitational
phase can be expressed as

m tGnM _r()
gog(t):—g/o ) <1+a—a36 X )dt/. (3.10)

Following the setup in ref. [7], we will explore the gravitational AB effect by considering

a quantum system in free fall around a gravitating body, such as a satellite orbiting the Earth.
In this context, the quantum system refers to atomic or nuclear systems within the satellite,
such as atomic clocks or cold atom interferometers, which exhibit quantum coherence and
phase sensitivity to gravitational potentials. These systems provide a precise way to probe
the gravitational AB effect and investigate potential deviations from GR.

In deriving the gravitational AB phase in eq. (3.10), we assume that the Equivalence
Principle extends to a good precision in KK gravity, meaning that the inertial and passive
gravitational masses effectively remain identical even in the presence of the additional spin-1
graviton and scalar field. However, in general, there is no guarantee that the Equivalence
Principle remains true in KK. The reason is the presence of a spin-1 graviton, which couples
to matter and can cause particles to slightly deviate from geodesic motion. However, in the
case of the solar system experiments, these effects are expected to be very small and can be
neglected. Thus, we expect the Equivalence Principle to hold in our setup. Let us point out



that there are other studies in KK gravity, which show that the presence of extra dimensions
does not necessarily lead to a violation of the weak equivalence principle [53]. Specifically,
it has been shown that modifications to mass ratios in KK gravity would significantly
affect Kepler’s third law, Lagrange points, and orbital polarization in planetary systems.
Observations of the Sun, Moon, Earth, and Jupiter impose limits on such deviations that are
three to six orders of magnitude stronger than previous constraints, indicating that extra
dimensions play a negligible role in solar system dynamics [54]. Therefore, within the regime
of our analysis, assuming equivalence between inertial and gravitational mass remains a
reasonable and well-supported approximation.
The radius 7(t) of the orbit followed by the system can be written as

Tp+ Tq Tp

r(t) = 5 T ; la cos(Qt) = A+ B cos(Qt), (3.11)

where r, and 7, denote the apocenter and pericenter radii, respectively. If we suppose A > B,
then r(t) can be approximated as

1 1 1 B
D = A7 Beos(@) ~ 4 [1 - cos(Qt)] , (3.12)

and hence from eq. (2.10) we find that the total potential takes the form

Dot () = Py(t) =~ —GZM Kl - icos(ﬂt)) X (1 +a—ape” A+B§05(m))]. (3.13)

Since the mass of the spin-1 graviton is expected to be very small, the length-scale param-
eter A = 1/u can be considered large. Therefore, we can employ the approximate result

s e PO A+B+S(Qt>, and the evaluation of the integral (3.10) thus yields
() ~ GymM(1+a&)t  GymMag - B> ; GNmMB(1+ &)
PO = hA ) 247 hAZQ)
Bapcos(Qt)\ .
14 ———F— Q 14
(14 T ) sn), (3.14)

which can be split into a linear contribution in ¢ and a sinusoidal term (p'g(t) as

M(1+a M B?

Py (t) = hA 3 =5
with

GymMB(1+ &) Bagp cos(Qt)) )
() et “Achid s
Pg(t) == PYERY) <1 + 200+ A x sin(Qt). (3.16)

If we let A — oo and a = ap = 0, then formula (3.14) readily gives

GR GymMt  GymM Bsin(Qt)
Y hAZQ

(3.17)

in perfect agreement with the GR case studied in ref. [7].



As we shall see below, the terms linear in ¢ occurring in eq. (3.15) will yield an overall
shift in the base energy of the atomic system, while the sinusoidal contribution (3.16) gives
rise to the gravitational AB phase. We can demonstrate this result by solving the Schrédinger
equation for a quantum system subject to the time-dependent gravitational potential ®,(t) [7]

L Oy
Hjy being the time-independent part of the Hamiltonian. Equation (3.18) can be solved

via the separation-of-variables ansatz
b(x.1) = XT(2), (3.19)

thereby yielding

m%‘: = ihXCf% = (Ho + m®,) XT = THoX + X (m®,) T, (3.20)

which can be further arranged to obtain

1dTl 1
—m® h—— = — HpX. .21
mPg 41 T d X 0 (3.21)
The left-hand side of eq. (3.21) involves functions depending solely on ¢, while the right-hand
side depends only on x, i.e., the equation takes the general form f(t) = g(x). This means
that it necessarily implies that each function is equal to a constant, i.e., f(t) = g(x) = E.

This allows us to write the two separated equations

InT
—m®, + m% = E, (3.22)
HoX = EX. (3.23)

Setting X = ¥;(x) and F = E;, eq. (3.23) amounts to the eigenvalue problem of the
unperturbed time-independent Hamiltonian Hy, i.e., HyW¥;(x) = F;¥;(x). On the other hand,
integrating eq. (3.22) over t yields the following solution for T'(¢):

T(t) = e ' emivst), (3.24)
where

(:=FE; +

. 2
GymM(1+ &) n GymMag (1 B > . (3.25)

A A 242

Therefore, bearing in mind the ansatz (3.19) jointly with the relation X (x) = ¥;(x), we find
that the wave function for the Hamiltonian H = Hy 4+ m®4(t) reads as

Pi(x, 1) = Wy(x)e <N g0 (3.26)

Here, we note that the presence of the AB phase factor exp (—iap;(t)) does not alter the
probability density p = v;(x, t)¢(x,t), which is thus not affected by the modified potential.



It readily follows from eq. (3.16), that the exponential term exp (—iap;(t)) occurring
in the wave function (3.26) takes the form

i ,GNmM(l—i-d)B . ,GNmMBzaB L
e (M) = exp (—z 120 sm(Qt)) X eXp | —i— o pe sin(Zt) |, (3.27)

where we have employed the trigonometric identity 2 sin(Qt) cos(Q2t) = sin(2€¢) along with

the definition = := 2Q. In this way, invoking the Jacobi-Anger expansion [55]

“+o0o
ezzsm@: Z Jn(z)eme’ (3.28)

n=—oo

where J,,(2) indicates the n-th Bessel function of the first kind satisfying J_,(2) = (=1)"Jp(2),
we can write

o 0 GymM(1+&)BY
i (t) n it
i (0 _n;m(_n Jn< o )e
% —io (—1)kJ GymM Bap otkEL (3.29)
Rt "\ aanA2 ' '

Therefore, a comparison with egs. (3.25) and (3.26) shows that each energy level E; can
be split into a multiplet Ei(n), with

Ez'(n) =E; +

GyMm l+a aBA_a332
A TN T 24

1 + (n + 2k)AS2. (3.30)

We thus find from eq. (3.30) that the energy levels are indeed corrected due to the
modification of the law of gravity. Indeed, unlike in GR, an additional energy splitting is
induced by the parameters & and ap. Furthermore, we identify another correction term
proportional to A£2. This splitting term is associated with new quantum numbers stemming
from the interaction between baryonic matter and the spin-1 graviton, which introduces extra
angular momentum states. The presence of the term with k in the energy shift expression (3.30)
suggests that the interaction between a massive graviton and a quantum system induces
spin-dependent effects, analogous to the Aharonov-Casher effect in electromagnetism [56].
In the Aharonov-Casher phenomenon, a particle’s spin interacts with an external field,
leading to a phase shift without experiencing a classical force. Similarly, in the presence of
a massive graviton, the spin of a quantum system can lead to energy splitting, reflecting
a spin-orbit-type interaction within the gravitational sector. This implies that a massive
graviton not only modifies the structure of the gravitational potential, but it also introduces
new quantum effects.

Finally, it should be noted that in the special case where & — 0 and A — oo, we recover
from eq. (3.30) the result consistent with GR

G NM m

ESRM _ B 4 SR £ nh, (3.31)

which agrees with the outcome of ref. [7].



4 Energy and phase shift due to Kaluza-Klein modified gravity

In this section, we will numerically estimate and further elaborate our findings.
In our analysis, one particularly important quantity is the difference between the GR
and Yukawa energy levels

AE™ .= ™ _ pER (M) (4.1)
which using egs. (3.30) and (3.31) yields the following result:
m)y  GNMm |,  apA B apB?
Ap = 2T la+ e ECILY (4.2)

Let us now specialize to almost circular, low-Earth orbit, for which A = 6.805 x 10% m,
B = -5 x 10% m (cf. eq. (3.11)). In addition, the value of m depends on the quantum
system being used for the measurements, and in the present paper we use electron mass, i.e.,
m = 9.1 x 1073! kg. Then, if we set k = 0, we get a shift in the energy expressed in eV units

AE™ = (0.332 x 10734 + 6.437 x 10%7,) eV, (4.3)

with 7, = apmg, measured in kg units. Another choice would involve a nuclear system with
mass m = 1.67 x 10727 kg (i.e., a neutron), as done in ref. [7]. In that case we get

AE™ = (0.6094 + 1.181 x 10%%,) eV 4.4
7 g

In what follows we are going to explain more about the expected range of the graviton
mass. In tables 1 and 2, we present the numerical values for the energy shift using eq. (4.3).
We can see that with the decrease of the graviton mass, AEi(") attains smaller values as &
is fixed. On the other hand, if the graviton mass is fixed, then the increase of & implies
that AEi(n) increases. We can deduce this fact also from figure 1, where we give the density
plot for the energy shift relation (4.3) in terms of & and 7. The typical graviton mass
in galaxy scales is expected to be My ~ 10792 kg! and the energy shift for electron is of
the order AEZ-(n) ~ 0.16 meV for specific value & = 0.5. It is remarkable that our model
is able to reproduce these expected results. In addition, for the nuclear system, the effect
is slightly stronger, namely from eq. (4.4) we get AEi(n) ~ 0.34 eV using the same value
& = 0.5. This should not come as a surprise, as a quantum system with a larger mass gives
a stronger effect for the energy difference. However, we note that the a larger mass leads
to smaller values of the maximum weighting for the Bessel functions J,, (cf. eq. (3.29)); we
refer the reader to ref. [7] for further details.

A possible experimental setup for measuring the gravitationally induced energy dif-
ferences (4.3) and (4.4) might involve the use of atomic clocks, as pointed out in ref. [7].
Moreover, the predicted energy level splitting due to the gravitational AB effect in the
presence of a Yukawa-like potential suggests an avenue for experimental detection via high-

precision atomic interferometry and clock experiments. One particularly promising approach

'This is consistent with the value of the graviton mass found from galactic rotating curves using a total
potential (Yukawa plus the Newtonian contribution) similar to the one considered in eq. (2.10); see ref. [47]
for further details.

,10,



AB[eV] | 1y [ke]
6.437574524 | 1074
0.000230551 | 10~2°
0.000166178 | 1075°
0.000166177 | 10760
0.000166177 | 10765
0.000166177 | 10758

Table 1. Numerical results for the energy shift given by eq. (4.3), with a fixed parameter & = 0.5
and different values of the graviton mass 7.

AE™ev] | &
0.000033235514 | 0.1
0.000166177571 | 0.5
0.000332355142 | 1.0
0.000664710284 | 2.0
0.000997065426 | 3.0
0.001329420569 | 4.0

Table 2. Numerical results for the energy shift given by eq. (4.3), with a fixed mass 1y = 10762 kg
and different values of the parameter &.

1.x10780

8.x107% .
0.0015
6.x1 0—51 _
~ 0.0010
Mg
4.x1078 .
0.0005
2.x10781 .

a

Figure 1. Density plot for the energy shift for an atomic system measured in eV units (see eq. (4.3))
as a function of & (no units) and 7, measured in kg units.
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involves the use of the Space-Time Explorer and Quantum Equivalence Principle Space Test
(STE-QUEST) mission [57], which is designed to test gravitational time dilation and equiva-
lence principle violations using both atom interferometry and ultra-precise atomic clocks. In
this setup, atomic wave packets experience different gravitational potentials along separate
trajectories, accumulating a phase difference that is imprinted on the interference fringes.
The modified gravitational potential in our model introduces an additional time-dependent
phase shift, which could introduce an oscillatory modulation in the observed interference
pattern, potentially serving as a signature of the gravitational AB effect.

Furthermore, since atomic clocks operate by measuring the frequency of well-defined
atomic transitions, the predicted energy level splitting of the order of 0.1 meV due to the spin-1
graviton would lead to a periodic modulation in atomic transition frequencies, potentially
detectable through high-precision clock comparisons. If observed, such an effect would provide
a direct test of modifications to gravity at microscopic scales, complementing astrophysical
constraints from gravitational-wave detections [58]. This highlights the potential of STE-
QUEST and similar future missions to probe quantum gravitational effects beyond GR.

We now turn our attention to the phase shift. Bearing in mind the expressions for
the phase shift in the Yukawa-modified theory and in GR given in eqgs. (3.14) and (3.17),
respectively, we can define the quantity

Aipg(t) = pg(t) — ¢ (D). (4.5)

Then, we express the length scale A occurring in the Yukawa potential (2.8) in terms of the
Compton wavelength, which can be related to the graviton mass my through the formula
A~ - In this way, Ag,(t) becomes

mgc

A _ GymMat  GymMinget B*\  GymMaB
poll) = ==~ 72 “\1~ 2 RAZQ)
Brngccos(Qt)\ |
X (1 + W:L) SlH(Qt). (46)

As h — 0, Ay, blows up, indicating a failure of the classical intuition. Normally, quantum
mechanics reduces to classical mechanics in the regime A — 0. However, in effects that are
purely quantum, like AB interference, the limit A — 0 does not smoothly transition to a
classical counterpart, but rather leads to divergent quantities. Since the AB effect relies
on quantum interference, which disappears in the classical limit, the phase shift becomes
ill-defined when A — 0.

In almost circular, low-Earth orbit setup, the orbital period ¢ ~ 5400 s, which corresponds
to the approximate orbital period of satellites like the International Space Station. This
gives an angular frequency Q = 27/t ~ 10 3rad/s. Using these numbers, from eq. (4.6)
we obtain for the atomic system

|Apy(t)] a2 2.727852 x 10"& + 5.284151 x 10%7,,. (4.7)

The values for the phase shift |Ap,(t)| are displayed in the tables 3 and 4, while its
density plot is showed in figure 2. We can see that |Ap,(t)| decreases as the graviton mass
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Ay (®)] [rad] | 1y [ke]
5.284287686 x 1019 | 1074
1.892341461 x 10*° | 10750
1.363931616 x 10'® | 10755
1.363926332 x 10 | 10760
1.363926332 x 1015 | 10795
1.363926332 x 1015 | 10768

Table 3. Numerical results for the phase shift given by eq. (4.7), with a fixed parameter & = 0.5 and
different values of the graviton mass.

|Ag,(t)] [rad] | @&
2.727852664 x 104 | 0.1
1.363926332 x 10" | 0.5
2.727852664 x 10 | 1.0
5.455705328 x 10'° | 2.0
8.183557992 x 1015 | 3.0
1.091141066 x 10'6 | 4.0

Table 4. Numerical results for the phase shift given by eq. (4.7), with a fixed graviton mass
g = 10752 kg and different values for parameter .

decreases while keeping & fixed, and it increases when & increases and 714 remains fixed.
Again, for galaxy scales we expect the graviton mass to be g ~ 10792 kg, which corresponds
to a phase shift |Ap,(t)| ~ 105 rad. We note that the significant phase shift observed in our
system is primarily attributable to two key factors: the large orbital radius and the extended
time period. Together, these factors result in a greater accumulation of phase change.

5 Aharonov-Bohm effect from other modified gravity theories

Yukawa-type modifications to the gravitational potential emerge in various modified theories of
gravity, including bimetric massive gravity [42], Horndeski scalar-tensor theory [43], extended
or modified f(R) gravity [38], and models equivalent to GR with graviton mass induced by
dark energy [48, 49]. By examining the weak-field limit of extended gravity theories, one can
show the emergence of the gravitational Yukawa-like potential [38, 42, 43, 48, 49]

O(r) = —GTM (1 + aefg) , (5.1)

where, like before, A represents the range of interaction due to the massive graviton. We
point out that there is a sign difference in the Yukawa correction term compared to Yukawa
potential in the KK model, given by eq. (2.8). This is explained by the fact that in KK theory,
the gravity force mediated by the spin-1 graviton is repulsive, while the force stemming from
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Figure 2. Density plot for phase shift measured in rad units (see eq. (4.7)) as a function of & (no
units) and 4, measured in kg units.

the massive scalar graviton in eq. (5.1) is attractive. This additional force can provide an
explanation for dark matter. However, as already noted in ref. [40], KK theory exhibits a
remarkable feature: in the galactic center, the repulsive force from the spin-1 graviton is
suppressed by an additional attractive contribution arising from corrections to Newton’s
constant due to the scalar field, resulting in an almost-Newtonian attractive force. In contrast,
in the galaxy’s outer regions, the repulsive force fades, allowing the attractive force to
dominate. This effect has been attributed to dark matter, making the model similar to
scalar-vector-tensor gravity theory [41].

Another important aspect of the Yukawa potential (5.1) concerns the spin nature of the
massive graviton, which depends on the specific theory under consideration. For example, it
is known that f(R) gravity, under certain conditions, can be reformulated as an equivalent
scalar-tensor gravity theory [38]. In such a case, an additional degree of freedom naturally
emerges in the form of a scalar particle that couples to matter gravitationally. Consequently,
the theory contains a massless graviton, as in GR, along with a massive scalar particle,
sometimes dubbed the scalaron or massive scalar graviton. In other theories, such as bimetric
gravity [42] or more recent models where the graviton mass is induced by dark energy [48, 49],
an additional degree of freedom arises from a massive spin-2 graviton. Despite these differences,
the mathematical formulation of the potential remains similar in all these models.

Starting from eq. (5.1) and performing similar calculations as before, we obtain that the
energy levels E; are split into multiplets Efn) as follows
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Therefore, the difference between the Yukawa and GR energy levels reads as

2) . ) pGRm _ GMm [ oA aB’
L= E; E; = [a 3 + 51N F (2k)hQ2, (5.3)
which upon setting k& = 0 and substituting the various values for the physical constants gives,

for the atomic system, an energy shift in eV units
AE™ = (0.332 x 10~3a — 6.437 x 10%%1,) eV, (5.4)
while for the nuclear system we get
AE™ = (0.6096 — 1.181 x 10“%,) eV, (5.5)

with 7hy, = am,. Basically, the calculations show a similar result for the leading-order
terms with the replacement o — & (cf. eqs. (4.3) and (4.4)). However, compared to the
energy shift relations obtained in KK gravity, an important sign difference appears in the
higher-order factors of egs. (5.4) and (5.5). This variation can be traced to the nature of
particle spin, specifically the spin-1 graviton in our case. As previously noted, in KK gravity
the spin-1 graviton induces a repulsive force. However, within the interior of a galaxy, or
at its center, this force can be suppressed by the additional attractive force from the scalar
field encoded in Newton’s constant. In the outer regions of the galaxy, the repulsive force
diminishes due to its limited range, and the attractive force dominates. This effect is, in
fact, attributed to dark matter.

Returning to the discussion of the energy shift, we note that higher-order corrections are
expected to be small, with only the first term playing a crucial role. Using the expected value
for the graviton mass, Mg, < 10~% kg, the effect remains consistent with that in KK theory.
To illustrate this, we can use the constraint for the Yukawa potential derived from the rotating
curves of our galaxy [47], where it is found that o ~ 0.4 and the graviton mass mg ~ 10762
kg. Using these values, we obtain for the atomic system AEZ-(H) = 0.00013eV=0.13 meV (cf.
eq. (5.4)), while for nuclear system we get AEZ-(n) = 0.24¢€V (cf. eq. (5.5)). This shows that the
effect remains at the meV or eV scale, depending on the system, as predicted by KK theory.

6 Discussion and conclusions

Traditional searches for dark matter typically rely on the direct or indirect detection of its
particles, but have, to date, led to negative results. In this paper, we have proposed an
alternative approach to inferring dark matter evidence through modified gravity. Specifically,
we have investigated the possibility of extracting dark matter signatures using the gravitational
AB effect in the context of KK gravity. This model is particularly intriguing as it provides a
consistent description of the dark sector without invoking fundamental dark matter particles.
In this framework, the gravitational potential exhibits Yukawa-like corrections that introduce
modifications to the gravitational AB phase due to the presence of a scalar spin-0 graviton
and a massive spin-1 graviton, alongside the usual massless spin-2 graviton. Moreover, the
analysis of the quantum-mechanical wave function reveals that Yukawa contributions induce
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a splitting in the energy levels of a system, which is related to a new quantum number tied
to the quantum nature of the gravitons.

In our analysis, we have provided estimates for the graviton mass in galaxy-scale phe-
nomena. We have found that a typical value is 14 ~ 1072 kg, which leads to an energy shift
of the order of meV for an atomic system and eV for a nuclear system. It is thus natural to
ask whether such a result could be experimentally verified. Although this open question lies
beyond the scope of this paper, a potential experimental setup to test or distinguish these
energy differences, particularly for the gravitationally induced effect, could involve the use
of high-precision atomic interferometry and atomic clocks.

It is reasonable to expect that if massive spin-1 gravitons exist, they should leave some
imprints in the spectrum of gravitational waves. This conclusion ties in with the recent
findings of the NANOGrav collaboration, which have disclosed potential contributions of
massive gravitons to gravitational waves in the nHz frequency range [59]. Specifically, there
exists a minimal frequency for the gravitational-wave signal due to the massive graviton, which
can be computed using the relation fy, >~ %, measured in Hz. For the estimated graviton
mass used in this paper, mg ~ 10792 kg, we get fmin ~ 10712 Hz. Remarkably, this aligns
with the predictions presented in ref. [47], as well as with those from Einstein-Cartan theory,
as explored in refs. [60-63]. Moreover, it is likely that, on galactic scales, the constraint for the
graviton mass can be improved, say to my ~ 107°? kg. In this case, we would get a minimal
frequency fmin ~ 107 Hz ~ 1 nHz. However, it should be noted that constraining the
graviton mass can be challenging for two reasons: the mass may depend on the environment
(such as the type of galaxy), and there may be a quantum-mechanical limitation in measuring
the mass due to the uncertainty in momentum and position.
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