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Résumeé

Dans cette thése, nous construisons le modéle de Théorie Quantique des Champs (TQC) P(¢)2 sur des sur-
faces courbes et montrons qu’il satisfait aux axiomes de Segal. Un ingrédient important de cette construction
est 'utilisation d’une procédure de régularisation locale pour définir l'interaction comme une variable aléa-
toire par rapport au Champ Libre Gaussien (GFF). Nous fournissons un contre-exemple montrant que la
régularisation par troncation spectrale viole la localité. Ensuite, nous expliquons en quoi le formalisme de
Segal peut étre étendu au collage de surfaces avec des coupures, ce qui offre une interprétation géométrique de
Ientropie d’intrication. En utilisant cette interprétation, nous exploitons la formule d’anomalie de Polyakov
en théorie des champs conformes (CFT) et appliquons une procédure de renormalisation simple pour définir
une quantité correspondant a ’entropie d’intrication dans cette interprétation géométrique. Nous montrons
alors que cette quantité se comporte comme une fonction de corrélation de CFT. Ceci nous permet de dériver
de fagon rigoureuse un calcul d’entropie de Cardy et Calabrese. Enfin, le formalisme de Segal est également
lié & asymptotique de déterminants zeta sur des surfaces de grand genre, ou le genre tends vers 'infini. Nous
fournissons une démonstration géométrique, indépendante des axiomes de Segal, du résultat correspondant
a l'aide des noyaux de la chaleur, en complément d’une autre preuve reposant sur les axiomes de Segal. Les
deux preuves apparaissent dans la thése.

Abstract

In this thesis, we construct the P(¢)s Quantum Field Theory (QFT) model on curved surfaces and show that
it satisfies Segal’s axioms. An important ingredient in this construction is the use of a local regularization
procedure to define the interaction as a random variable with respect to the Gaussian Free Field (GFF).
We provide a counterexample demonstrating that spectral truncation regularization violates locality. We
then explain how Segal’s formalism can be extended to the gluing of surfaces with slits, which offers a
geometric interpretation of the entanglement entropy. Using this interpretation, we exploit the Polyakov
anomaly formula in Conformal Field Theory (CFT) and apply a simple renormalization procedure to define a
quantity corresponding to entanglement entropy within this geometric interpretation. We then show that this
quantity behaves like a CF'T correlation function. This allows us to rigorously derive an entropy calculation
of Cardy and Calabrese. Finally, Segal’s formalism is also related to the asymptotics of zeta determinants
on surfaces of large genus where the genus tends to infinity. We provide a geometric proof—independent of
Segal’s axioms—of the corresponding result using heat kernels, in addition to another proof based on Segal’s
axioms. Both proofs are presented in the thesis.
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Résumé Détaillé en Francais

La théorie quantique des champs (TQC dans la suite) est un cadre développé en physique théorique pour
décrire et expliquer les phénoménes fondamentaux qui gouvernent la physique a ’échelle nucléaire ou par-
ticulaire. C’est I'un des plus grands succés de la physique du 20iéme siécle dont les résultats théoriques
concordent aussi bien que possible avec les résultats expérimentaux - jusqu’a 14 chiffres significatifs en élec-
trodynamique quantique - ce qui est un exploit inégalé par la physique antérieure. Cependant, on peut dire
que les fondements mathématiques de la TQC ne sont pas tout & fait définitifs. Il n’existe pas encore de
cadre mathématique assez général et riche qui permettrait de décrire de fagon non perturbative toutes les
TQC qui décrivent des phénoménes physiques observés, comme le modéle standard qui est une théorie de
jauge sur l'espace-temps de dimension 4 (ceci fait 'objet de I'un des problémes du Millénium).

Malgré les difficultés, depuis les années 60, de nombreux cadres ont été proposés pour axiomatiser la
théorie quantique des champs. L’une des axiomatiques les plus célébres est due 4 Géarding et Wightman
on se donne un espace de Hilbert H, un vecteur distingué de H appelé le vecteur vide 2y € H, un opérateur
sur ‘H a valeur distributions ® ainsi qu’une repésentation unitaire U du groupe de Poincaré 731 satisfaisant
une certaine liste d’axiomes. Par exemple, 'une des régles les plus importantes est la covariance:

Ula,N)®(2)U(a, \)™" = ®(Az + a).

Suite aux travaux novateurs de Symanzik et Nelson, le sujet a été révolutionné par les travaux profonds
de Osterwalder—Schrader dans les années 70. Ces auteurs ont donné un role fondamental a I'approche
probabiliste reposant sur 'intégrale fonctionnelle Euclidienne. On construit une mesure de probabilité sur
I’espace de configuration des champs et ils ont décrit une méthode permettant de reconstruire la théorie
quantique des champs relativiste & partir d’axiomes venant du monde Euclidien.

Plus précisément, pour les bosons scalaires réels, ’espace des configurations est celui des distributions a
valeur réelles, et la mesure p est définie et reliée aux objets de Garding-Wightman (pour ¢ < --- < t,,) par

eu vy @061, 11) -+ 6, tn)e S D [AL(9)]
EZGD'(R‘*) [$(x1,t1) -+ $(¢n, tn)] += Jor @ e=S@)[dL(¢)]
heu

= (Qo, paw (—itn, %n) - - - daw (—it1,x1)Q0),,- (2)

(1)

Ici, [dL(¢)] est la mesure de Lebesgue formelle (il n’existe pas de telle mesure invariante par translation en
dimension infinie) sur 'espace des champs et S est la fonctionnelle d’action. Autrement dit, les fonctions
de corrélation Euclidiennes sont obtenues a partir des fonctions de corrélation relativistes (Minkowskiennes)
correspondantes en rendant le temps comme imaginaire.

Une des propriétés centrale permettant une la reconstruction de la théorie relativiste est la propriété de
réflection positivité. Cette formulation a permis la construction rigoureuse du premier exemple d’une théorie
quantique des champs en interaction en dimension 2. En combinant avec les travaux antérieurs de Nelson
[GJ8T; Sim74], Glimm—Jaffe sont parvenus a construire une mesure de probabilité chargeant des distributions
de D'(A) pour A une boite de volume fini dans R?. Cette construction correspond au célébre modéle P(y)s.
Notons qu’a priori, une distribution aléatoire tirée au hasard suivant la loi du GFF ou du P(p)2 a une trés
faible régularité, c’est une distribution qui vit dans les espaces de Sobolev strictements négatifs et ni les
puissances ™ de ¢ ni la densité de fonctionnelle |V¢|? ne sont bien définis. L’observation clé est d’isoler la
partie libre (qaudratique) de ’action, au lieu de prendre comme mesure de référence la mesure de Lebesgue en

vi
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dimension infinie qui n’existe pas, on prend comme mesure de référence la mesure du champs libre Gaussien
appelée aussi GFF. La partie non quadratique de la fonctionnelle d’action devient ainsi intégrable contre la
mesure gaussienne aprés une certaine procédure limite de soustraction de contre-termes divergents appelée
renormalisation (ici en 2-diemensions une simple renormalisation de Wick suffit). Récemment grace aux
travaux révolutionnaires de Hairer et Gubinelli, une approche alternative a la construction de la mesure
P(¢)2, différente de celle de Nelson, est apparue, en considérant p comme la mesure invariante d’'une EDP
stochastique de Langevin et cette méthode a permis de donner de nouvelles constructions élégantes des
mesures 3.

Dans les années 90, une approche différente d’axiomatisation a émergé, inspirée par la théorie des cordes
et motivée par des considérations algébro-topologiques [Seg04]. Cette approche, initiée par Atiyah et Segal,
se concentre sur les dimensions 2 = 14 1 mais inclut naturellement comme espaces-temps toutes les surfaces
courbes compactes, Lorentziennes ou Riemanniennes, avec ou sans bord. Rappelons que dans la théorie de
Gérding-Wightman, les translations en temps faisaient partie des symétries du groupe de Poincaré, et que
construire une théorie des champs consistait en partie a construire une représentation unitaire du groupe
de Poincaré incluant ces translations. Dans le cadre d’Atiyah-Segal, cependant, I’évolution temporelle d’une
« tranche » est représentée par la portion de l’espace-temps elle-méme qui relie la tranche & l'entrée et
a la sortie (un cobordisme), et qui a priori peut ne posséder aucune symétrie. Néanmoins, les évolutions
temporelles doivent se « composer » comme dans une représentation lorsque les espaces-temps sont collés.
Le résultat est qu'une théorie quantique des champs (2D) se comprend comme un foncteur de la catégorie
des cobordismes (métrisés) vers la catégorie des espaces de Hilbert o les morphismes correspondent a des
opérateurs de Hilbert—Schmidt.

Le point de vue d’Atiyah-Segal présente I’avantage d’étre étroitement lié & de nombreuses structures
intéressantes en algébre, géométrie et topologie. De plus, la métrique sur I’espace-temps peut varier et joue un
role spécial. En particulier, lorsque les quantités physiques comme (1) se transforment de maniére covariante
sous des changements conformes de la métrique, on obtient une théorie conforme des champs (CFT), dotée
de riches structures du point de vue de la théorie des représentations. Cependant, contrairement au cas de
Nelson-Osterwalder-Schrader, trés peu d’exemples de TQC satisfaisant les axiomes ont été explicitement et
rigoureusement construits |GKR24; KMW21; Lin24|, encore moins si 'on vise une mesure fonctionnelle
définie de fagon non perturbative, comme dans les travaux de Glimm—Jaffe, Nelson. En effet, de nombreuses
techniques développées traditionnellement en théorie constructives reposent sur le fait que la métrique est
plate et que tout est invariant par translation, et ce n’est pas forcément clair comment de telles méthodes
pourraient étre adaptées aux métriques courbes ou au découpage collage de I'espace ambiant. Un défi général
dans la poursuite du programme constructif réside donc dans la fusion des techniques d’analyse fonctionnelles
avec le cadre d’Atiyah-Segal, et dans la déduction, par la suite, de phénoménologies intéressantes (comme
les transitions de phase) ou de conséquences mathématiques a partir de toute construction particuliére.

Description des Contributions Principales de la these

Axiomes de Segal pour la théorie P(y)2 et Conséquences. Dans la prépublication [Lin24], j’obtiens
une théorie quantique des champs P(¢)2 en interaction sur une surface riemannienne périodique de volume et
genre infini. Ceci résulte précisément de la fusion des points de vue d’Atiyah-Segal et de Nelson-Osterwalder-
Schrader, comme discuté ci-dessus. De plus, je montre que cette TQC posséde un gap de masse, un exemple de
phénoménologie découlant de la construction, ce qui implique la décroissance exponentielle des corrélations.

Comme sous-produit, on retrouve également des résultats connus sur 'asymptotique de certains détermi-
nants zéta de surfaces lorsque le genre tend vers 'infini, et le résultat est généralisé aux fonctions de partition
de P(¢)2. Cela éclaire d’un jour nouveau ce type de résultats en analyse globale.

L’argument principal repose sur la vérification des axiomes de Segal & partir de la construction classique de
Nelson des mesures fonctionnelles P(¢)2, qui s’appuie elle-méme sur les mesures du champ libre gaussien. En
fait, une difficulté majeure est déja présente pour démontrer I’axiome de composition de Segal pour le champ
libre, et je propose une nouvelle approche basée sur une idée conceptuelle simple impliquant une symeétrie
dans le conditionnement successif de variables aléatoires. Une seconde difficulté réside dans la définition
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elle-méme des amplitudes de Segal en interaction pour une surface riemannienne avec bord. Un ingrédient
clé pour y parvenir est de montrer que la fonctionnelle d’interaction est locale, pour laquelle aucune analyse
suffisamment précise et explicite n’existait dans la littérature. Ce chapitre fournit un résultat rigoureux basé
sur un renforcement de I'argument de Nelson et montre que la renormalisation de Wick peut étre rendue
compatible avec la localité.

Vérification Explicite que le GFF Régularisé n’est pas Réflexion positif. Un ingrédient clé dans
la renormalisation d’une TQC du point de vue des mesures fonctionnelles est de régulariser le champ, qui est
généralement une distribution de trés faible régularité imposée par le support de la mesure. Cependant, la
plupart des méthodes traditionnelles de régularisation (par exemple, la troncature dans I'espace de Fourier)
ne sont pas compatibles avec la propriété importante de localité, car les supports des distributions devien-
nent fortement délocalisés. Dans cette courte note [BDF 23], nous montrons que I'exigence que certaines
fonctionnelles du GFF spectralement tronqué soient mesurables par rapport & certaines o-algébres locales
les force a étre constantes, et nous construisons des fonctionnelles tests explicites montrant que le GFF
spectralement régularisé n’est pas réflexion positif. Ces deux résultats sont des conséquences du fait que la
régularisation spectrale est non locale.

Entropie d’intrication par Renormalisation de Hadamard. Dans ce travail en collaboration avec B.
Estienne [EL25], nous présentons une construction purement mathématique qui retrouve certains résultats de
Cardy et Calabrese [CC09] sur 'entropie d’intrication. Physiquement, il s’agit d’une quantité décrivant com-
ment des sous-systémes (typiquement localisés dans une région spatiale) d’un systéme quantique s’influencent
mutuellement. Pour les systémes de dimension 1 et en supposant qu’on puisse les décrire par une CFT en
deux dimensions d’espace-temps, cela correspond mathématiquement & des revétements ramifiés de surfaces
de Riemann munies de métriques a singularités coniques. Dans ce travail, nous définissons d’abord la fonction
de partition de la CFT sur une surface avec singularité conique en utilisant une simple renormalisation de
Hadamard de la formule d’anomalie de Polyakov. Ensuite, le résultat principal est que pour un revétement
ramifié de degré d, on peut étudier comment un certain rapport des fonctions de partition se transforme
par changements conformes de la métrique. On montre que le comportement ressemble & une fonction &
deux points d’opérateurs primaires d’'une CF'T avec des poids conformes spécifiques. C’est le résultat clé qui
conduit & des expressions explicites de I'entropie d’intrication retrouvant la formule de Cardy et Calabrese.

Dans un futur travail, nous prévoyons de construire un champs libre & valeurs dans un fibré sur la surface
de base munie d’une connexion plate singuliére. Nous montrons que ce modéle vivant sur la base permet de
décrire de fagon équivalente la théorie conforme vivant sur le revétement ramifié, cette construction donnerait
une justification rigoureuse des champs de twist apparaissant en physique théorique. Mathématiquement, il
s’agit d’une version singuliére des « laplaciens tordus » utilisés par exemple par Phillips et Sarnak [PS87]
pour compter les géodésiques fermées avec contraintes homologiques.

Déterminants Zéta des Laplaciens sur les Revétements Cycliques. Dans ce travail avec Nguyen-
Viet Dang et Frédéric Naud, nous obtenons ’asymptotique des déterminants zéta sur les revétements abéliens
d’une variété riemannienne fermée lorsque le degré du revétement tend vers 'infini. Plus précisément, si
(My — M)y est une suite croissante de revétements cycliques d’une variété riemannienne fermée M qui
converge quand N — oo, dans un sens approprié, vers un certain revétement limite My, sur M, nous
montrons la convergence de la suite logdet¢(An)/Vol(My) quand N — oo ot Ay est lopérateur de
Laplace-Beltrami sur Mpy. Pour ce faire, nous utilisons des résultats sur I’asymptotique du noyau de la
chaleur combinées aux estimations de Li-Yau, ainsi qu'une analyse des « laplaciens tordus » développée par
Phillips et Sarnak [PS87].



Chapter 1

Introduction

1.1 Brief General Introduction

Quantum Field Theory (QFT) is a theoretical framework developed by theoretical physicists for describing
and analyzing the elementary particles and their fundamental interactions. It has been highly successful
in standards of physics and is widely held to be the most accurate theory of nature in terms of producing
experimental predictions. However, the mathematical foundation of QFT is not yet definitive, and there
exists, so far, no mathematical framework which is both general and rich enough to include all existing
models of QFT, particularly the Gauge theory in 4 dimensions (a Millennium problem).

Despite the huge difficulty, there has been numerous attempts since 1960s at axiomatics. One earliest and
most widely accepted axiom system proposed by Garding and Wightman defines a QFT (on the Minkowski
space R13) as the data of a Hilbert space H, a distinguished vector €y € H called the vacuum, an H-acting
operator-valued distribution ¢ on R, and a unitary representation U of the proper Poincaré group 731,
satisfying a certain set of rules [GJ87; Sim74]. One example is Poincaré covariance, that is, for each (a, A) €
731, a € R and A € SO'(1,3), we have formally U(a, A)¢(2)U(a,A)~! = ¢(Az + a). A revolution came
when Osterwalder and Schrader, exploiting the so-called Euclidean path integral approach inspired by
Nelson and Symanazik, obtained another set of axioms which emphasized a probability measure p defined
on the field configuration space, and proved the reconstruction theorem allowing one to go back to the former
system. More precisely, for real scalar bosons the configuration space is the real distributions D’(R*), and
the measure p is defined and related to the Garding-Wightman objects (provided t; < --- < t,) by

" » ew Sty @0c1 1) - @, ta)e O [AL(9)]
B (g [#0c1, 1) -+ @(xn, ta)] +5 Jorny & SOAL (D)
heu

= <Q0, ¢Gw(—itn, Xn) s ¢Gw(—it1, XI)QO>H' (112)

(1.1.1)

Here d£ is the non-existent Lebesgue measure on D'(R*) and S is the action functional. In other words,
the Euclidean correlation functions are obtained from the corresponding relativistic (Minkowskian) correlation
functions by setting time to be imaginary.

Importantly, one may also ask about the reverse direction: starting from a probability measure p on
D'(R?) (for a theory in d dimensions), can one recover from it the Garding-Wightman objects? A crucial
axiom on the measure p which ensures this can be done rigorously is reflection positivity. This formu-
lation allowed the first example of an interacting quantum field theory to be constructed rigorously for
d = 2. It included the case S(¢) := [, 3[Vé(2)|? + 2m?p(z)? + ¢(x)* dz which corresponds to the cel-
ebrated ®3 model. Note that a priori a distribution ¢ has very low regularity and has neither gradient
squared |V¢|? nor products ¢*. The key observation of Nelson was that, after singling out the free field
action So(¢) == [ 5|V (2)|? + 3m%p(x)? dz so that exp(—Sp)[dL(4)] is the well-defined Gaussian Free Field
(GFF) measure, the functional Sx(¢) = [, ¢(x)* dz becomes integrable against the Gaussian measure after
a certain limiting procedure with subtraction of diverging counterterms (Wick renormalization). Recently an

1
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alternative approach to the measure p different from Nelson’s has appeared which views p as the invariant
measure of a Langevin Stochastic PDE [BDFT24b|, particularly effective in 3 dimensions.

Then in the 1990s there arose a different approach to axiomatization from the algebraic-topological point
of view, partly motivated by string theory [Seg04]. This approach, initiated by Atiyah and Segal, focuses
on 2 = 1+ 1 dimensions but naturally includes as space-times all compact curved surfaces, Lorentzian or
Riemannian, with or without boundary. Recall that in the Garding-Wightman theory, time translations were
part of the Poincaré symmetries and having a unitary representation meant U(t; +t2, 1) = U(t2, 1)U (¢1, 1).
In the Atiyah-Segal picture, however, time evolution from an initial to a terminal “time-slice” is represented
by the piece of the space-time itself which connects them (a cobordism), and which a priori may not possess
any symmetry at all. Nevertheless time evolutions must “compose” as in a representation when the space-
times get glued. The upshot is that a (2d) Quantum Field Theory could then be nothing but a functor
from the (metrized) (1,2)-bordism category to the category of Hilbert spaces and special operators.

£
L=a0 U =aD,— Q=0 =0
X1_ zl

Figure 1.1: Segal Gluing

The Atiyah-Segal point of view has the advantage of being closely connected to many interesting structures
in algebra, geometry and topology. Also the metric on the space-time is allowed to vary and plays a special
role (hence making quantum gravity amenable). Especially when the physical quantities like (1.1.1) transform
covariantly under conformal changes of the metric, one obtains a Conformal Field Theory (CFT), having rich
representation theoretical structures. However unlike the case with Nelson-Osterwalder-Schrader, very few
examples have been explicitly and rigorously constructed [GKR24; KMW21; Lin24]|, even less if we aim
“non-perturbatively” for a functional measure p as with Nelson. Indeed, many of the techniques developed
traditionally in CQFT have been “inherently Euclidean” and it remains unclear how they could be adapted
to curved metrics and further to cutting-gluing of space-times. Omne general challenge in continuing the
constructive program lies henceforth in merging the functional measure techniques with the Atiyah-Segal
picture, and in deducing, thereafter, interesting phenomenology (such as phase transition) or mathematical
consequences out of any particular construction.

1.1.1 Description of Main Contributions

Segal Axioms for P(¢); and Consequences (Chapter 2). In the preprint [Lin24| I obtain an in-
teracting P(¢)2 Quantum Field Theory on a curved Riemannian surface with infinite volume and genera.
This is precisely a product of fusing the Atiyah-Segal and the Nelson-Osterwalder-Schrader points of view
as discussed above. Moreover, I show that this QFT possesses a mass gap, an example of phenomenology
that comes out of the construction. As a by-product, one also re-obtains previously known results on the
asymptotic of certain zeta-determinants of surfaces when the genus of the surface goes to infinity, and the
result is generalized to QF'T partition functions. This sheds new light on this type of results of pure geometry.

The main argument lies in verifying Segal’s axioms starting from Nelson’s classical construction of the
P(¢)s functional measures, which in turn builds upon the GFF measures. In fact a major difficulty is already
present in showing Segal’s composition axiom for the free field and I offer a novel approach based on a simple
conceptual idea involving a symmetry in the successive conditioning of random variables. A second difficulty
lies as a matter of fact in defining, in the first place, the P(¢)s-interacting Segal amplitudes for a Riemannian
surface with boundary. A key ingredient in doing so is to show that the interaction functional is local, of
which no sufficiently precise and explicit analysis has been given in the literature. This chapter gives a precise
and rigorous result based on a strengthening of Nelson’s argument and shows that Wick renormalization can
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be made compatible with locality.

Explicit Verification that Regularized GFF is not Reflection Positive (chapter 3). A key ingre-
dient in the renormalization of a QFT from the functional measure point of view is to regularize a typical
field configuration which generally has very low regularity as enforced by the support of the functional mea-
sure. However, most traditional methods for regularization (e.g. Fourier cut-off) are not compatible with
the important property of locality in that supports of distributions become tremendously de-localized. In
this short note [BDF-+23] with many co-authors we argue that requiring certain functionals of the spectrally
cut-off GFF to be measurable against some local g-algebras forces them to be constant, and we construct
explicit test-functionals showing that the spectrally cut-off GFF is not reflection positive. Both of these are
consequences of spectral cut-off regularization being non-local.

Entanglement Entropy from Hadamard Renormalization (Chapter 4). In this work in collabo-
ration with B. Estienne [EL25] we demonstrate a purely mathematical construction which recovers some
results of Cardy and Calabrese [CC09| on the so-called entanglement entropy. Physically this is a quantity
which describes how subsystems (typically localized in a space region) of a quantum system influences each
other. For systems of one spatial dimension and assuming the so-called “replica trick” that views it under a
CFT in two space-time dimensions, it corresponds mathematically to branched covers of Riemann surfaces
and metrics on such covers with conical singularities. In this work we first define the CF'T “partition func-
tion” (denoted Z, cf. denominator of (1.1.1)) on a surface with conical singularity using a simple Hadamard
renormalization (removing disks) of the Polyakov anomaly integral. Then the main result is that for a
branched cover f : ¥y — ¥ of degree d, the ratio Z(Xg4, f*9)/Z(3, g)¢ of partition functions transforms un-
der conformal changes of g like a two-point function of CFT primary operators of specific conformal weights.
This is the key result that leads to explicit expressions of the entanglement entropy from the work of Cardy
and Calabrese.

In a future work, we plan to construct a bundle-valued free field on the base surface with the critical
values of f removed, whose action is given by a canonical flat connection on the bundle. We show that this
is an equivalent way of viewing the model on ¥4 that gives the partition function Z(X4, f*g) (called “twist
fields” in physics). Mathematically this is a singular version of the “twisted Laplacians” used e.g. by Phillips
and Sarnak [PS87] for counting closed geodesics with homological constraints.

Zeta Determinants of Laplacians on Cyclic Covers (Chapter 5). In this work with Nguyen-Viet
Dang and Frédéric Naud we obtain asymptotic of zeta-determinants on Abelian covers of a closed Riemannian
manifold when the degree of the cover goes to infinity. More precisely if (My — M)y is an increasing
sequence of cyclic covers of a closed Riemannian manifold M that converges when N — oo, in a suitable
sense, to some limit Z-cover My, over M, we show the convergence of the sequence logdet¢(An)/Vol(My)
when N — oo where Ay is the Laplace-Beltrami operator on Mpy. To do this we employ certain heat kernel

techniques in combination with Li-Yau bounds, as well as an analysis of “twist Laplacians” as developed by
Phillips and Sarnak [PS87].

1.1.2 Road Map to the Rest of Introduction

In the rest of this introduction, rather than introducing background knowledge in the strict sense chapter-by-
chapter for this thesis, we have chosen to accomplish a certain expository task which may also stand by its
own. Certainly, it will provide enough motivation and background for proceeding to the remaining chapters
of this thesis, each having also its own introduction. In fact, we will describe a main body of ideas which
underlies all individual chapters although these may at first sight appear to belong to different subjects.
We borrow from Sidney Coleman ([CDG-+18] pp. 57) the organizing principle of this exposition—he calls
it the “Method of the Missing Box”. However, we have one more box: the stochastic box. One of the main
efforts in accomplishing our task has hence been to fit the new box(es) into Coleman’s picture, and the result
is roughly depicted in figure 1.2. In section 1.2 we traverse through the first line. In section 1.4 we traverse
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Figure 1.2: Method of the “Missing Box(es)”

through the second line. In section 1.3 we present some necessary materials to deal with the stochastic box
on the second line and to connect it with the quantum box; we refer to the more detailed description at the
beginning of that section.

1.2 The Harmonic Oscillator: Perspectives on Time Evolu-
tion

This section aims to introduce some key concepts in the mathematical treatment of quantum fields which
are already relevant on the level of quantum mechanics. We discuss them in the simpler setting of quantum
mechanics in order to bring conceptual clarity. We also make connections and comparison to probability
theory on this level centering around the Feynman-Kac formula. In the process we illustrate all concepts
with the key example of the harmonic oscillator. Persistent emphasis will be put on time evolution, except
perhaps in subsection 1.2.4 where, loosely speaking, we have taken the limit ¢ — +oc.

1.2.1 Classical Mechanics

We shall start with classical mechanics, recalling briefly the basic concepts of Hamiltonian and Lagrangian
formalisms (both are important in this thesis). The three basic theoretical ingredients of mechanics are: the
states, the observables and the time evolution (dynamics). The last one is our primary focus.

Suppose we want to describe the motion of one particle moving in RY, possibly under some external
potential V : R4 — R. In other words, R? is understood here as the space of all possible positions of the
particle, also called the configuration space. Suppose x : (—¢,&) — R%, ¢ > 0, describes the trajectory of
this particle in a small interval of time. The basic idea of Hamiltonian mechanics is that one should lift the
trajectory to the phase space T*R¢ =2 R2?  that is, to consider

def def

X(t) = (x(t),p(t)) = (x(t),m (X(t), —)ga)- (1.2.1)

Here the 1-form p(t) := m (X(t), —)ga is called the momentum of the particle', and the parameter m > 0 the
mass of the particle. The fundamental ingredients are described as follows.

!The momentum relates to the velocity %(t) in this way only in some cases (though many). In general the relation is given
by the Lagrangian using the Legendre transform, see (1.2.5) below and subsequent references.
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(i) The classical state of the particle at time ¢ is given by the point (x(t),p(t)) € T*R?; thus the phase
space is the space of all possible (classical) states of the particle;
(ii) An observable is given by a real function O € C°°(T*R?); its value at (x, p) corresponds to the outcome
of an experimental observation made of the particle in the state (x,p);
(iii) The time evolution, that is, the phase space trajectory ¢ — X(t), is an integral curve of a vector field
Xy € C°(T*RY, TT*R?) associated to a special observable H called the Hamiltonian, which gives the
energy of each classical state (x,p).

Thus H is thought to specify the physics of any particular mechanical model at hand, and the vector
field Xy, called the Hamiltonian vector field of H, is determined uniquely by H through

d
OH 0 OH 0

where (2!,...,2% p1,...,pq) are standard coordinates on T*R?. An integral curve of Xy, therefore, solves
the system of ODEs
da? oOH dp; oOH
— () = —(x(¢ t —=(t) = —=—(x(¢ t)). 1.2.3
G 0= 5 <0.p0). L0 =~ S50 p(0) (123)

These are called Hamilton's equations of motion.

Next we turn to the Lagrangian formalism. This formalism, while putting less emphasis on states and
observables (traditionally), describes the time evolution by dictating that the full trajectory x : [0, T] — R?
of the particle over any fized time interval [0,T] solves a variational problem. It focuses on a function L,
called the Lagrangian, defined on the tangent bundle TR instead of the cotangent bundle. Precisely, the
least action principle says that among all trajectories with fixed end points x(0) = xg and x(T") = x7p, the
particle chooses the one which minimizes the action

T
Sor(x) & /0 L(x(t),x(t)) dt. (1.2.4)

One could then deduce that the minimizer also satisfy a set of equations of motion, called the Euler-Lagrange
equations [Arn89; Tak08]. Now we point out that in regular? circumstances the Lagrangian and Hamiltonian

formalisms are related as follows. Given a Lagrangian L one can define for each x € R" a map Arx :
TxR? — TrRY so that the coordinates pj, 1 < j < d, of A x(v) are given by

)

pj = @(v), (1.2.5)

where (v7) are standard coordinates on T R?. This pj is sometimes called the canonical momentum conjugate
to the position coordinate 27 (with respect to L). Moreover, the Hamiltonian function H on T*R? is given
by the Legendre transform of L. Now if ¢ — x(¢) is a trajectory minimizing the action given by L, then ¢ —
(x(t), AL x(t)(X(t))) solves Hamilton’s equations for H.?

Example 1.2.1. We look at
IP|7, g
2m

with m > 0 and V : RY — R a function. For this H, we have

H(x,p) = +V(x) (1.2.6)

Xl (xp) = (m™'p, ~VgaV (x)), (1.2.7)

2See [BW19] section 4.1.
3 A vast generalization of “classical mechanics” that deals with general maps between Riemannian manifolds (and sections of
fiber bundles) has been put forward in [Chr00].
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and hence the Hamilton’s equation becomes

Opx(t) = m~'p(t),
{ op(t) = —=VV(x(t)) (1.2.8)

This implies m - %X(t) = —VV(x(t)) which is Newton’s law. The Lagrangian is accordingly
1
L(x,v) = §m\v|%de - V(x). (1.2.9)
In this case indeed Af, x(v) = m (v, —)pa. For a classical 1-dimensional harmonic oscillator we have

Vinw(®) = —mw?z?, for z € R with w > 0. (1.2.10)

The solutions are z(t) = Asin(wt) + B cos(wt).

1.2.2 Quantum Mechanics

Now we come to quantum mechanics, again of the same particle moving in R?. To set the stage, now we
remember that the configuration space R% comes equipped with a measure Lpa, the Lebesgue measure. The
basic framework of quantum mechanics now dictates that, in the so-called Schrédinger picture,

(i) the state of the particle is given by a complex function 1) € Hpos := L2(R?, Lga) with ||[¢0]| ;2 = 1, called
the wave function?; the basic interpretation is that |¢)(x)|? for x € R? gives the probability density that
the particle be found at x € R? in an attempt of observation (on the position of the particle);

(ii) an observable of the mechanical system is given by a (usually unbounded) self-adjoint operator on Hpes.

(iii) the time evolution is represented by the l-parameter unitary group e ¥ generated by a special ob-
servable H called the Hamiltonian operator; in other words, if the system starts with an initial wave
function 1, then the wave function at time ¢ is e #Hg).

The probabilistic interpretation in general says that given an observable O on H and a wave function ¢ € H,
then a large number of independent measurements of O of the system “ideally” prepared in state ¥ will return
results following the probability law

(f,Eo(=)f)y : B — [0,1],

A = (i Eo(A)f)y, (1.2.11)

where Br denotes the Borel o-algebra of R, and Fg the projection valued spectral measure of O. The
interpretation of |1)(x)|? as a probability density mentioned in (i) is indeed a special case of this general
interpretation by taking the multiplication operators X; : ¢+ x; -1, 1 < j < n, as observables (called the
position operators).

As with classical mechanics, the physics of a particular model is specified by giving the Hamiltonian H.
Therefore, in view of the rule (iii) and the probabilistic interpretation, knowing the spectral resolution of H
is especially important. In the sequel, we focus on 3 specific models: the 1D harmonic oscillator, the 1D free
particle, and the 2D harmonic oscillator. To indicate rigor, we state results on the first model as lemmas
1.2.1 and 1.2.2.

Lemma 1.2.1 (|Dim11] theorem 4.5). The harmonic oscillator Hamiltonian

H,, = —— + -mw“z”, m >0, w>0, (1.2.12)

“More precisely, two wave functions ¢ and J deferring by a phase factor, 1; = ¢'%4, represent the same state. Thus the space
of states is the projective Hilbert space PHpos := Hpos/ ~ where 1 ~ Ay for all A € C, A # 0. A wave function specifies and
over-specifies a state. While the projective point of view remains important, we will work with wave functions in this thesis.
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acts on L?(R, Lr) as an unbounded essentially self-adjoint operator with core S(R), the Schwartz functions,
and its spectrum consists of simple eigenvalues

1
E (Hm,w) déf (n + i)w, n e N, (1213)
with a unique ground state
1/4
Qo(z) = (@) ¢ pmws? (1.2.14)
T

corresponding to Ey = %w.

Lemma 1.2.2. Let H,,,, be as in lemma 1.2.1. Define the operators

det 1 d det 1 d
Amw = (—4—777,(,;)3:)7 A;fnw = (———l—mwx), 1.2.15
’ v 2mw \dx ' 2mw dz ( )

Then we have Ay, @ & — Ep—1, n > 1, A;rn’w 1 & — Eny1, En the eigenspace of By,

[Am,UMAIn,w] = :H-a (1216)

1

_ (At 1
Hyno = (Al oAme +5 ). (1.2.17)
AmwQo =0, (1.2.18)

with Qo given by (1.2.14), and that
e ].

Q, & (AL, )" (1.2.19)

Vn!
is the normalized eigenfunction generating the eigenspace of En(Hy, ). Moreover, {Q,}22 o forms a complete
orthonormal basis of L*(R, Lg).

Remark 1.2.1 (anticipating subsections 1.3.3, 1.4.2). Since knowing the spectral resolution of H,, ., already
allows us to describe explicitly the dynamics, of what use are the operators A,, ., ALW in (1.2.15)? While
they could still be dispensed here, they become crucial in QFT in two respects. Firstly (1.2.19) shows that
the finite linear spans of the vectors {(AI,W)”QO} are dense in the Hilbert space; secondly we note that
many important observables can actually be expressed in terms of A, Af, such as the Hamiltonian (1.2.17),
the position and momentum

X = L(AW +Al ), P= 4 T AL = Aw). (1.2.20)
2mw ’ dx 2 ’

In infinite degrees of freedom, we will have an infinite family of operators {A} indexed by some k, as well

as their adjoints. In that case, the above two points combined will tell us that if we know just the vacuum

state Q¢ and how the Aj’s commute with each others (and each other’s adjoints), then essentially we know

the dynamics of the whole system, since the Hamiltonian and the important observables are all expressed in

terms of Ay, A};!

Example 1.2.2 (1D free particle). The free Hamiltonian with mass m > 0 is

def 1 d?

In other words, it is the (positive) Laplacian on R with a coefficient in front. We recall some of its properties:

(i) it is self-adjoint and nonnegative on L?(R, Lg) with domain being the Sobolev space W?2(R) C L*(R)
of order 2 (operator closure of Hy, 0|s(r));
(ii) its spectrum is o(H,, o) = [0, +00);
(iii) none of A € o(H,, ) is an eigenvalue.



8 CHAPTER 1. INTRODUCTION

The spectral properties of H,, o are thus drastically different from those of H,, ., with w > 0. For proofs see
[Lew?22] section 2.7. Although H,, o has no eigenfunctions in L?, the functions & (z) := ef ke R, satisfy

|k[?

2m

H,, 05 = —— & (1.2.22)

These functions could be interpreted as “traveling waves”. Indeed, applying time evolution we find

k

(e Hmog ) (z) = F@amt) = (1,6 (), (1.2.23)

where (7,f)(x) := f(x — y) defines the shift operator and v := k/2m is the (phase) velocity. Therefore,
heuristically, & represents a wave “traveling to the right”. Likewise, £_j “travels to the left”.

Example 1.2.3 (2D harmonic oscillator). The 2-dimensional harmonic oscillator Hamiltonian with mass m > 0
and angular frequency w > 0 is

1

2m

Now by separation of variables we find that it acts on L?(R?, Lp2) = L?(R, Lg) ® L?(R, Lg), the latter being
the completed (Hilbert) tensor product, by

2
HY = Hpw ® Lrog) + Lz © Hi. (1.2.25)
Its spectrum consists again only of eigenvalues En(HELQW) = (n+ 1w, n € N, and one could simply
check that Q,,(z,y) = Q,(2)Q(y), with Q, given by (1.2.19), is now an eigenfunction of Hﬂfiw with

eigenvalue (p4¢+1)w. Since {Q,}72 is a complete orthonormal basis of L?(R, Lg), we know that {2, 4}7° _g
is then a complete orthonormal basis of L?(R?, Lg2). Moreover, we know that the eigenvalue F,, now has
multiplicity d(n) = n + 1, which is the number of (p, ¢) with p + ¢ = n. The ground state

mw

1/2
Qoo(z,y) = (7) e~ 3@ H?) (1.2.26)

will be of particular importance. By separation of variables, we could define similarly as in the 1D case
operators

e 1 0 def 1 0
Alz) def = PN 1.2.27
(g tmer), AL (g, ). (1.2.27)
as well as their adjoints, and we would find
(AL AT = [AD), A =0, fori# ], (1.2.28)
A, ADT] =1, (1.2.29)

where i, 5 € {x,y}. In the 2D case, since R? = C, it turns out useful to also introduce the complex
coordinate z = x + iy. The corresponding position operator is then Z : f +— (z + iy)f. This is no longer
self-adjoint, and Z' : f — (2 — iy) f. The momentum operators are P, = (P, — iP,) = —i0., Pl = —io;,
where 0., 0z are the Wirtinger operators. We thus put accordingly

() def 1 0 1 L@ LA () df 1 (0 1
AL, W((% + 2mwz> ﬁ(Am’w+1Am,M), AL, " (823 + 2mwz). (1.2.30)

Note here that A,(g?w = Kf;)w #+ A,({f,)j, One could check that A%?w, Aq(nz?w and their adjoints would satisfy
the same relations (1.2.28), (1.2.29) now with i, j € {z,Z}.
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1.2.3 Stochastic Processes and Invariant Measures

For this subsection, we refer to appendix A.1 for more background and intuitive discussions on basic proba-
bility theory. Let (X¢)i>0 be a (real-valued) stochastic process indexed by Ry = [0, +00) on the probability
space (@, O,P). That is, let each Xy, ¢t > 0, be a random variable on (Q, O, P). For example, X; could be the
position (in R) of a Brownian particle at time ¢. Given any collection {Y;};csr of random variables defined
on (@, O, P), they generate a sub-cg-algebra of O which is denoted o(Y;|i € I). For any sub-o-algebra A C O,
one could take the conditional expectation of a random variable Y with respect to A which is an .A-measurable
random variable denoted E[Y'|A]. In this thesis, we will focus on the following class of stochastic processes.

Definition 1.2.1. We say that a stochastic process (X;)i>0 on (@, O,P) is Markov if
E[f(X0)|o (X, Ir < )] = E[f(X0)|o(X,)], (1.2.31)
for all s <t and Borel measurable functions f : R — R.

We are interested in describing the evolution of X; through time. For s < ¢, we define the transition
kernel Ps_; : R x Bg — [0, 1], Bg being the Borel o-algebra on R, so that intuitively,

Poi(z, A) " P(X; € A|X, = ), (1.2.32)

namely, Ps_,;(z, A) is the probability for X; to land in A if Xy = 2 ([CM20] pp. 112). This kernel moreover
has the property that for any measurable function A : R — R,

/ h(y) Past (X, dy) = E[R(X)|o(X)] (1.2.33)

almost surely as random variables.’

Example 1.2.4. The transition kernel for Brownian motion (in R) is

def 1 e
Pfg\/[(x,dy) = We 2l y|2'd£R(y), (1.2.34)

where we denote by PE\/I the law PBM 44 for any s > 0.

For a Markov process, there is the slogan that given the present, the future is independent from the past.
Indeed, as one could see from the condition (1.2.31), regarding the future of any particular instant s, knowing
the whole history up-to s amounts to knowing just Xs. This has an important implication which we state
as follows.

Lemma 1.2.3 (Chapman-Kolmogorov). Suppose we have a Markov process (X¢)i=0 on (Q, O,P) and let Ps_st
denote the transition kernels as above. Then for every r < s < t, every x € R and Borel set A C R we have

Pryy(z, A) = / Pyst(y, A P, dy). (1.2.35)

Proof. Indeed, note that o(X,) C o(X,,|r1 <r) C o(X,,|r1 < s). Therefore

E[14(Xy)|o(X,)] = E[ E[1a(Xy)|0(Xp|r1 < 5)] | 0(X0)] (law of total probability, lemma A.1.1)
=E[ E[14(Xy)|0(X5)] | o(X0)] (Markov property)
= E[Psﬁt(Xs, A)}U(XT)] (definition of Ps_)
= /Psﬁt(y,A)Prﬁs(Xr,dy), (property (1.2.33) of P,_,s)

giving the result. O

5We remark that the transition kernel is an object that could be defined for two general random variables X and Y regardless
of whether they come from a stochastic process, see [Dud02] section 10.2.
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Definition 1.2.2. A Markov process is called homogeneous if the transition kernel Ps_,; depends only on ¢t —s.

Like the case of Brownian motion, if the Markov process (X;);>0 is homogeneous, it makes sense then to
define the transition kernel Py to be Ps_ 54y for any s > 0. Now we are ready to introduce two important
evolution operators.

Definition 1.2.3. Let (X;);>0 be a (real-valued) stationary Markov process and denote by Py its transition
kernel.

(i) Define the Feller operator (or backward Kolmogorov), for f € L*°(R), by

(P )() o E[f(Xr—l-t)‘Xr = ()] = / f(y)Pye(-, dy), for any r > 0. (1.2.36)

(ii) Define the Fokker-Planck operator (or forward Kolmogorov), for a Borel probability measure p € Mp(R)
on R, by
def
(Pd(A) ™ [ Pusta, A)dut) (1.2.37)

namely Pjp is the law of X; when p is the law of Xj.

The Chapman-Kolmogorov lemma now translates precisely into saying that both (P;)i=0, (Pi)i>0 form
semi-groups:
P}, = Pf o Py, and Pyt = Py 0 Py, for all t, s > 0. (1.2.38)

One also has straightforwardly Py = 1j0cgr) and Py« = 1y, (r). Before specializing to the main example of
this subsection, we point out one last lemma which results from an iterated application of the proof of the
Chapman-Kolmogorov lemma.

Lemma 1.2.4 (multiple correlation). Let (X¢)i=0 be a stationary Markov process and denote by (Pf)i=0

its Feller semi-group. Then we have, for any sequence of times 0 < t1 < to < --- < t,, and functions
fi € L*R), 0<j <,

E[fi(Xe) - fu(Xe,)|[Xo = 2] = (P fr - P, o fa1Pry, fo)(@),  and (1.2.39)

E[fO(XO)fl(th) e fn(th)] = <f0a P;; fl T P;’:Lfl_tn72fn71P;;’L_tn71fn>L2(’}/0). (1'2'40)

Here 7 denotes the law of Xg.

Example 1.2.5 (Ornstein-Uhlenbeck process). We consider the process (X¢)i>o which solves the stochastic
differential equation (SDE), called the Langevin equation,
dX

d—tt =-X; + &, say, with X def ¢ deterministic, (1.2.41)
where ¢ is a random distribution on R called the Gaussian white noise. Informally, ¢ can be thought of
as the velocity dB;/dt of a standard Brownian motion (Bi);0.° Note also that X; is the value of the
gradient V(32?) at = X;. Thus (1.2.41) also describes a noisy gradient flow. One could verify for (1.2.41)
that the solution is given (up-to negligible modification) by the Duhamel formula

t
X;=¢Ce ! —l—/ e~ =9 4B, for all ¢t > 0. (1.2.42)
0

Here the latter integral, which could also be written as fot e~ (t=s)¢ (s) ds, is interpreted as a Wiener integral.

From this formula we deduce
Xy — . A0, D). (1.2.43)

t—+00

6 Although the law of B; itself evolves with time and depends on an initial condition, & is “uniformly” random through R
(against the Lebesgue measure).
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Now we could also see that if we randomize the initial condition ¢ to have law A(0, %) =: 71,1, then the law
of X; remains vy for all ¢ > 0. In other words, Pyyi,1 = 71,1 for all t > 0. When this happens (X¢)¢>0 is
called the Ornstein-Uhlenbeck process and we say that 71 ; is an invariant measure of the equation (1.2.41).
Equivalently, (X;);>0 is also characterized as the unique Gaussian process (each X; is Gaussian) satisfying

1
EX,]=0, E[X,X/]= 5e—lf—s\, for all t,s > 0. (1.2.44)
By the definition of P} we have, for f, h € L>(R),
E[f(Xo)h(Xy)] = (f, Pt*h>L2(71,1) . (1.2.45)

At this stage a coincidence manifests itself with quantum mechanics. We note that
dy,1(x) = [Qo(x)|? dLr(2), (1.2.46)

where we have taken € to be the ground state of the quantum harmonic oscillator (1.2.14) with mass m = 1
and angular frequency w = 1. We could therefore rewrite the inner product on the r.h.s. of (1.2.45) against
the Lebesgue measure as

(5 PER) o,y = <fQO,ﬁt*(hQO)>L2(£R), (1.2.47)

where ﬁt* = Qo Py ! with Qp interpreted as a multiplication operator. The unitary transformation

Qo: L*(R,m,1) — L*R,Lr),

e o, (1.2.48)

is usually called the ground state transform. The generator of the semi-group (F;);>¢ can be computed (usually
by It6’s formula [CM20] theorem 6.5) for f € C°(R) C L*(R) to be

def . 1., 1.d? d
Lf < tim S((F ) = £ = (50— w3 ) (1.249)

Accordingly, the generator of (é{")gg is exactly €9 L€), 1 and by computation we find,

B 1
QoL = —Hy 1 + 5= ~Hi 1+ Eo(Hy ), (1.2.50)

where Hj 1 is defined as in (1.2.12). Therefore (1.2.45) can be rewritten again as

E[f(Xo)h(X1)] = (fQ0, e H1a=Eo L) (p0q)) (1.2.51)

L2(Lgr)

We find here a precise relation between the Ornstein-Uhlenbeck process (X)¢>0 and the quantum harmonic
oscillator. This relation is going to be exploited again and again throughout the thesis. Finally, we remark
that conjugation by the ground state is the analogue on R of the Witten deformation by a Morse function
on a general manifold. Indeed, since by Morse’s lemma any Morse function ¢ is quadratic in coordinates
near a critical point, e™% is then approximately (square-root of) a “Gaussian density” (assuming the Hessian
positive), and conjugation by e”¥ an “approximate” ground state transform.

1.2.4 Statistical Mechanics and Equilibria

If we drip a few drops of dye into a glass of water, and wait, we see that the dye “diffuses” and after a
while the whole glass becomes evenly colored. Why? One naive attempt is to assume that water and dye
consist in total of V > 1 molecules obeying classical laws of motion, write down the Newtonian equations on
the configuration space R*V (or Hamilton’s equations on the phase space R6Y), and solve for the complete
trajectories. However, usually N ~ 10?% and it’s practically impossible to solve a system of ODEs with 1023
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mutually coupled components. In fact, since the molecules are so small and so many, it is simply impossible
to decide which state in ROV the system is at, for any given instant. It has proved more fruitful, on the
other hand, to consider the motion of the dye particles to be random. Indeed, it turns out that the diffusion
of dye in water could be modeled” by a stochastic process similar to the Brownian motion mentioned in the
previous subsection and, therefore, is now very well-understood (|Lav85], [Set21, section 2.2|).

In the case above, the collection of all the classical states of the individual particles in question (a point
in R%V) gives what is usually called a microstate of the system. The moral of the above story, and of
statistical mechanics, on studying large (macroscopic) systems is thus: one should give up having complete
deterministic descriptions of the system in terms of particular microstates, but instead work with probability
measures over the set of all microstates [F'V17, pp. 19]. Moreover, there might be a particular measure that
would describe the given system when it has “reached equilibrium”.® This is usually called an equilibrium
measure or Gibbs measure (or Gibbs ensemble). Equilibrium statistical mechanics focus on the study of these
measures [FV17, pp. 1].

Example 1.2.6 (Ising Model). One natural phenomenon that the above line of thought has proved particu-
larly successful in explaining is that of magnets. The model starts by assuming that a (solid) magnet consists
of “dipoles” located at the vertices of a finite lattice? A C Z¢, which are themselves “small magnets” each
having two possible orientations denoted +1 and —1 called the spin. Here a microstate of the system will be
specified by the knowledge of the individual spin values at all vertices, namely a function ¢ : A — {£1}, also
called a configuration. It turns out that the Gibbs measure, now a probability measure on the configuration
space which is the space of maps {£1}%, is given by

of 1
dpn,r(9) = rwaiias | EZECON (1.2.52)
7 TEA

where each fi, is taken as the uniform measure on {1} with p,({+1}) = p({-1}) = %, J4, a specific
functional on {#1}* called the Hamiltonian'? giving the “energy” of a configuration, with several parameters
denoted b (e.g. the inverse temperature), and Z, » a normalization constant making pa » a probability
measure, called the partition function. It is important that 7, contains joint expressions of spins over different
sites such as ¢(x)¢(y) for some = # y, so that (1.2.52) is not merely a product measure. This captures the
fact that the spins interact. Having defined j1p s, the macroscopic properties of this magnet in equilibrium
is then reflected in the expected values of various random variables (functionals) defined on {#1}*. One
natural and useful functional is the magnetization density

det 1
AN = 1 > (). (1.2.53)
This measures whether the orientations of the individual atoms add up to an overall orientation of the whole
system. If it happens that for certain values of parameters in b (such as external magnetic field) we have
E,[.#\] > 0, (or <0) (1.2.54)

then it would be reasonable to say that the magnet is “magnetized”.

The recipe given in the form of (1.2.52) is in fact generic and gives the Gibbs measure for a wide class
of lattice spin models. For other models the spin at each vertex may value in spaces other than {+1},
such as R or S*. Accordingly the single spin measures y, are adjusted to be the uniform measures on

"We need to assume, for example, that the dye is dilute and no convection takes place.

8Heuristically and informally, say for a box of gas or a glass of liquid, this corresponds to the “state of affairs” when one has
isolated the system and waited “long enough” (¢t — +00). It could be compared to a limit measure such as (1.2.43). Precise
physical interpretations, however, are irrelevant for us.

9 Assume also that we have normalized the spacing between nearby atoms to be 1.

0The specific Hamiltonian for the Ising model is written on [FV17, pp. 42]. One can also add boundary conditions which are
discussed in [F'V17, section 3.1].
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these spaces. For example, the Lebesgue measure Lr on R. The physics of the model is specified by
the Hamiltonian #,. The general intuition behind (1.2.52) is that the measure would favor “low energy”
configurations and penalize “high energy” ones. In particular, if the measure favors alignment of nearby
spins, then we call the model ferromagnetic [F'V17, pp. 42].'! These include both the (ordinary) Ising model
and the discrete GFF introduced below. Generally, the products of spin values give an important family of
functionals whose expected values

Eulp(z1)---d(xn)l, i €A, mF#x), i ] (1.2.55)

are called correlation functions or n-point functions.

Example 1.2.7 (discrete GFF). Another important model is the discrete (massive) Gaussian Free Field (GFF)
with ¢(z) € R, and with Hamiltonian

GFF, \ def [ _ L 2
Hym' (0) S 5 D 10(0) —oW)P + = Do), (1.2.56)
x,yGA xEA
T~y

where 8 > 0 is the inverse temperature, m > 0 is the mass, A C Z¢ finite, and = ~ y means z and y are
nearest neighbors. In this case p, = Lg.

We end this section with an example which gives a good hint on the relationship between statistical
mechanics and (Euclidean) quantum field theory.

Example 1.2.8 (1d Spring system and Brownian motion). Let (B;):0 be the standard Brownian motion
on R starting from By = 0. We start by recalling the standard cylindrical measure formula for (By);>0, which
can be viewed as a special case of lemma 1.2.4:

—1 (Pjr1—94)>

P(By, € Ar,--- , By, € Ay) = / iy [exp S G )] dprdgy---den,  (1.2.57)
9 i n n) — mns R

' Arx-xA, V27Tt =1 27T(tj+1 - tj)

where 0 < t; < --- < t, and A; C R. For simplicity, we let ¢; := j € N. Formula (1.2.57) then tells us that
the joint distribution of the tuple (By,,...,By,) is

1 _1lswm —hiq 2 L
d,uAmBr(qS) = (277)”/26 2 23:1(% $j-1) HdﬁR((bj)a (1.2.58)
j=1

with ¢9 = 0 and setting ¢; := By;. This measure is otherwise viewed as a Gibbs measure of a lattice spin

system on the 1d finite lattice A, = {1,...,n}, with spin values in R, and Hamiltonian
M (¢) < 3fj<¢- — i) (1.2.59)
2 4 - J J
]:

which is akin to that of the discrete GFF mentioned above. Moreover we have now a “boundary condition”
¢o = 0. This means that if we are only interested in the position of the Brownian motion at the time
points t;, then we would do equally well by simulating it on a discrete system consisting of a “comb” with
beads on it connected by springs (see figure 1.3).

The question thus arises: if one is allowed to “subdivide” the lattice finer and finer, does it make sense
to say that the behavior of the random configuration (discrete field) under a sequence of Gibbs measures
would actually “converge” to that of a random field defined on a continuum domain D C R¢, with a certain
probability law? The answer is yes in the above example as one already has the well-defined Wiener measure.
But the question is highly difficult in general. In fact, in many cases this would prove more difficult than
constructing random fields directly, which we will do later in the thesis. Nevertheless, random fields and
lattice spin models share many phenomena in common, and they benefit from each other in understanding.

11 Although this does not imply that the model behaves like a ferromagnet.
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Djr1

SNy 5.

Figure 1.3: Spring system for Brownian Motion

1.2.5 Path Integrals: Feynman-Hibbs versus Feynman-Kac

So far we have encountered two points of view on describing the time evolution of systems: the “Hamiltonian”
point of view which focuses on “states” of the system at individual instants, and the “Lagrangian” point of
view which considers the whole trajectory over a period of time as a single object. In probability theory
(stochastic processes), these two points of view are in harmony. For example, for the Brownian motion, the
Wiener measure PW is a single probability measure defined on the space C' ([0,00),R) of all possible trajectories,
and the random variable X; at the instant ¢ is realized as the evaluation map sending w € C([0,00),R) to
w(t) € R. The law of X; is accordingly the push-forward of P under this evaluation map. So far, we have
been describing quantum mechanics from the Hamiltonian viewpoint and the Lagrangian description is still
missing. Now we fill this gap by introducing the path integral approach.

Example 1.2.9 (Feynman and Hibbs [FHS10]). We start with the 1D free particle introduced in example

1.2.2. We set m = 1 so that Hy g = —%AR. Using Fourier analysis, we express the unitary evolution e *H1.0
as an integral operator:
. 1 i 2
e tHL0) (2 :/KO x, dy, with K?(x, def e2t#=Vl , 1.2.60
( ¥)) = | Kz y)d(y)dy t(@9) = o= (1.2.60)
called the free propagator. We note that (e~ *H1.0),cp is a 1-parameter group which means
K o(z,y) = / K (z,2)K(2,y)dz, for all t,s € R. (1.2.61)
R
In particular, given a time interval [0,7] we divide it into N equal subintervals and write e 17Hio —
(efi%HlﬂO)N. Then by the composition property (1.2.61) of the kernels we obtain
K¥G) = [ [ Ko on ) K (on-1,on-) -+ Kn(61,) dr -+ o (1.2.62)
——
N—-1
N-1 exp(i(¢j+1—¢j)2)
2(T/N
:// { 2T/ ]d¢1~~d¢N1 (1.2.63)
=0 27i(T/N)
N-1 . 2
i (51— ¢5) dgy - --dén—1
= /... ~ St : 1.2.64
[ fe( 25 @ ) G 200
where 0t := T/N, ¢9 = y and ¢y = x. We remember from quantum mechanics that the value (x)

at x € R of a wave function 1 is interpreted as the “probability amplitude” that the particle be found at x.
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Accordingly, the value of the propagator K{(x,y) at x and y € R gives the “probability amplitude” that
the particle has traveled from y to x over the time interval [0,¢]. Now it is also reasonable to interpret the
integration variables ¢; above as the positions of the particle at t; = Tj/N, 1 < j < N — 1, respectively. We
recognize the term in the exponential of (1.2.64) as a Riemann sum and

i = Qb +1 heu i T
SLC LN R (5t) — s ()t (1.2.65)
]:0 N—+o00 2 0

where t — ¢(t) now denotes the trajectory of the particle over [0, 7], with ¢(0) = y and ¢(T) = x. Since
(1.2.64) is valid for all N, we deduce

heu i [T L1/ 1)12
¢:[0,T]=R | ¢(T)=2

where
hew . dLe(P(t1)) - - - dLr(P(tn-1))
@)= I amn) e

(1.2.67)

is interpreted as the “Lebesgue measure” on the space of all paths (with ¢(0) = y and ¢(T) = z). We have
hence expressed the propagator K%(z,y) in terms of a so-called path integral.

We have a similar (heuristic) formula also in the more general case with an external potential, that is,
for Hy = H; o + V(z). Here V acts as a multiplication operator ¢ — V. The formula is

kY (z.9) heu/ - oI5 (B OP—V @) dt () (1.2.68)
{ OT]—>R‘¢(T }

with K" being the integral kernel of e *Hv. However, due to the non-commutativity between P = —id,

and X (cf. (1.2.20), and hence with V'), much more caution is needed. For instance, generally
o ITHLOTV) £ (o~ Hioe—iF V)N, (1.2.69)

Along these lines, the key rigorous result available is lemma 1.2.6 below.

We now notice the correspondence between (1.2.63) and (1.2.57), where the former becomes precisely the
latter if we substitute ¢t — —it. This is called the Wick rotation which will be discussed in the next subsection.
Indeed, from example 1.2.4 we have

E[h(B;)|Bo = z] = (e7™H10p) (). (1.2.70)
Thus lemma 1.2.4 gives for a sequence 0 < t1 < -+ < tp,

E[f1(By,) - fa(Bt,)|Bo = z] = (e Mo fy .. e tnmitn—2lHio g o=(tn=ta—)Hro £y (5, (1.2.71)

Now let V' : R — R be a potential, [0,7] a time interval and t; := Tj /N as above. Setting f; := e_%v, 1<
J<N—1,and fy:= e~ %V we obtain
E[e~ %Y (Bryy)---e ¥V (Br)h(Br)|Bo = 2] = (" ¥Hroe™ Y ..o~ ¥ H10e NV p)(z), (1.2.72)
that is,
E[e 255 VB b(Br) By = 2] = [(e” W0 % V)N B (). (1.2.73)

Minimizing technicality, we assume now V is bounded and continuous. Since the Brownian path t — B is
(almost surely) continuous, we obtain in combining with lemma 1.2.6,
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Proposition 1.2.5 (Feynman-Kac). Let V, h € L*(R) and let V' be continuous and non-negative. Then
we have the representation

(6t(%AR7V)h)(x) — ]E[@ f V(BS)dSh ’BO = x} (1274)
forallt > 0. -

Lemma 1.2.6 (Lie-Trotter). Let A and B be positive self-adjoint operators on a Hilbert space H with
domains Dom(A), Dom(B) and suppose that A + B is essentially self-adjoint on the domain Dom(A) N
Dom(B). Then fort > 0 we have

s-lim (e AW BN = o HATE) (1.2.75)
N—o00

where “s-lim” denotes the limit in strong operator topology.
Written more suggestively in analogy with (1.2.68), (1.2.74) reads
1A, h HPOIE
o) e [[ 1@ [ | gy IOV AL () dray. (1270)
#:0,T] =R ‘ ¢(T):x}
Proposition 1.2.5 gives a rigorous sense to this equality if we define

def

\V2rT

denotes the Brownian bridge measure on C(]0,7]) with boundary conditions ¢(0) =y, ¢(T") = x.

o3 Jo [9OF A gpg) L e—%lw—yﬁdw%}(@, (1.2.77)

where WZ[/O’ 7]

1.2.6 Wick Rotation

In this subsection we consider H := Hj 1 — Ep, the “shifted Hamiltonian” of the harmonic oscillator, appeared
n (1.2.51). The main concern of this subsection is to relate the unitary group e to the semi-group e~ by
“analytic continuation”. Formally, the former becomes the latter upon a substitution ¢ — —it which is usually
called the Wick rotation. Rigorously, the question could be asked at different levels. Denote H := L?(R, Lg).

(i) For which vectors ¢ € H (and which z € C) does z + e~*Hy) make sense as an H-valued analytic func-

tion of 2?7 Clearly, if 4 is a finite linear combination of the eigenstates (1.2.19), then Z , [H™ ][4,
oo for all z € C and z — e *Hy is entire. In particular these 1) are analytic vectors of H see |[RS75 ]
section X.6;

(ii) For which z € C does z — e~*H define an analytic family of bounded operators (that is, an £(H)-
valued analytic function of z), which then necessarily satisfies e~ (=2 — o=2He=2H {41 admissible z
and 2’ € C? This leads to the notion of a bounded holomorphic semi-group ([RS75| pp. 248), typically
defined on a “right opening” sector in C centered at 0. Now since H is self-adjoint and positive, it is
possible to define e*H as such for 9e(z) > 0 by holomorphic functional calculus (Cauchy integral),
see [RS75] theorem X.52. However we barely miss the imaginary axis.

(iii) The “path measure” of the Ornstein-Uhlenbeck process can more generally be seen as a probability
measure on §’(R), so that w € S'(R) gives a typical path and the “evaluation” w — w(t) gives the
random variable X; (see example 1.3.2). Can we characterize more generally properties of such a
measure which, like our case, enables one to define from it a Hilbert space based on the “law of w(0)”
(cf. L2(R,71,1)), a “stochastic evolution” on this Hilbert space, and extract from it a positive self-
adjoint generator? In this way, we say that we have reconstructed quantum mechanics out of the given
probability measure on S’'(R).

More could be said about question (ii). As the imaginary axis is only “barely missed” by the region of
analyticity of e™*H, it is still reasonable that for (general) fixed ¢, 1 € H, (p,e 1)) can be taken as a
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“boundary value” of the analytic function (¢, e *"1)). Let z = iw so that w +— e~ *H

half-plane C_. Note

is analytic on the lower

(p, e 1ETImMHyy — / e TN 0 dBW(\)y), (1.2.78)
R

where Ey is spectral measure of H. In our case, since (¢, dFEy(e)1) is a complex measure (with finite total
variation) and H is positive (a fortiori bounded from below), (¢, e~ 1)) is indeed the limit of (i, e It=1MHq)
as 7 — 07 by dominated convergence. More generally, the Fourier transform of any tempered distribution
supported on Ry is the boundary value of an analytic function on C_ (|[RS75| theorem IX.16). For example,

1 1 1
= pv (= 12,
i(z—i0) i’ <x> + o, (1.2.79)

F(Lo,00)) =
that is, F(1(,o0)) is the boundary value of 1/iw on C_. In QFT, it is important to make sense of the (higher
dimensional) analogue of

Wi (t1, ... tn) def <QO7 Xe iltn—tn-—)Hx . e—i(tz—t1)HXQ0>’ (1.2.80)
the so-called Wightman distributions, as the boundary value of an analytic function of several variables defined
on the forward tube ([RS75] theorem I1X.32, [Sim74] pp. 60). Here X is the position operator (cf. (1.2.20)). In
that case, WW,, must be taken as a distribution and (1.2.80) is understood formally. Generally, the possibility
of doing the analytic continuation comes from the requirement that the joint spectrum (|Siml15] section
5.6) of the generators of space-time translations'? lie in the closed forward light cone (JRS75] pp. 63), in
particular, that the Hamiltonian be positive. That W,, could be analytically continued to the forward tube
means if s1 < -+ < s, then

Wy (—ist,. .., —isy) = (Q, Xe (n—sn-1HX .. o= (2=s)HxX (), (1.2.81)

The function Sy, (s1,...,5,) := Wy(—is1,..., —is,) is usually called a Schwinger function!®. We observe a

peculiarity of the Schwinger function: let sy > s; > 0, since the semi-group e*H is now self-adjoint we have

Si(—s2, —s1, 51, 89) = (e~ MXe~(275HX Oy e~ s1HX e~ (275X ) > 0. (1.2.82)

This is an instance of a property called reflection positivity which we discuss briefly below.

Question (iii) underlies the so-called Euclidean approach to constructive QFT. It goes the other way
round: start with the Euclidean, or probabilistic, objects, in what circumstances can we recover from them
a “genuine” Minkowski QFT? This leads to the Osterwalder-Schrader (OS) axioms. Let p be a probability
measure on S’(R). Assume that the random variables (X;);er are well-defined by evaluation w — w(t),
giving accordingly the o-algebras Os; = o(X,|s > t), O<; = 0(X4|s < t).'* We present an incomplete and
simplified version for u, referring to [GJ87] chapter 6 for the complete version:

(OS0) The variables X; have finite joint moments.

(0OS2) pis Euclidean (translation and reflection) invariant (e.g. E,[XX;]| = Eu[Xs— o Xi—o] = E [ X_ X _4]).

(OS3) Reflection Positivity (RP). Let F' = F(w(t1),...,w(tn)) be a polynomial functional of finitely many X;’s.
Denote by ©F the “reflection across t = 0” of F, namely (OF)(w) = F(w(—t1),...,w(—tn)). Then we
have

E,[F(OF)] >0, provided F = F(w(t1),...,w(ty)) with ¢; > 0. (1.2.83)

Example 1.2.10 (Ornstein-Uhlenbeck, following 1.2.5). We can characterize the Hilbert space L?(R, (79) )
of the Ornstein-Uhlenbeck process in this new framework. Here (79)«pt = 71,1 is the law of X(. Consider
the map Jo : L?(R, (70)«pt) — L2(S'(R), i) defined by (JoF)(w) := F(w(0)). Then by definition the

12from the unitary representation of the Poincaré group.

13This definition only works for s; < --- < s, by the requirements of analytic continuation. It could be extended symmetrically
to larger domains, see [Sim74] theorem II.12.

14YWe will use the notations X; and w(t) interchangeably to avoid heavy subscripts.
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functionals in ran Jy are o(X()-measurable. In fact, by the Gaussianity of the Ornstein-Uhlenbeck process and
the Wiener Chaos decomposition (proposition 1.3.1), ran Jy are precisely the o(Xp)-measurable functionals
in L2(S'(R), ). Next we note that the latter condition in (1.2.83) says F is Osg-measurable. Accordingly O F
is O¢p-measurable. Applying the Markov property and reflection invariance of the Ornstein-Uhlenbeck
process we have

reflection
Markov

E,[F(OF)] = E,| E,[F|O] - OF | SV E,[ E,[Flo(Xy)] - OF | ™5 g IR, [Flo(Xo)]|* > 0. (1.2.84)

This shows that the Ornstein-Uhlenbeck process is reflection positive and more importantly, that for an O-

measurable functional F', E,[F(OF)] = 0 iff E,[F|o(Xo)] = 0 almost surely and these are precisely the
functionals in (ran Jo)*. From the above discussions we conclude

LA(R, (10)spt) = E4 /N, (1.2.85)

where &, := L*(S'(R), 00, 1), N is the kernel of the semi-definite inner product (1.2.83), and the closure
taken w.r.t. (1.2.83) as well.

The recipe on the r.h.s. of (1.2.85) applies more generally when neither Gaussianity nor Markov property
is available. It gives a general reconstruction of the “quantum mechanical” Hilbert space of a QFT out of
a probability measure on S’(R¥*1) satisfying (0S2-3) (|GJ87] propositions 6.1.1-2). Now following [GJ87]
section 6.1, we indicate how to reconstruct time evolution again with d = 0. The crucial fact to note is that if
a Euclidean transformation 7 '° maps £, — &, and N' — N/, then it descends to H := £, /N . A positive
time translation a — a + t, denoted 7 (t) for t > 0, has this property. We denote by U(t) : H — H the
operator induced by 7 (t). Since 7 (t).7 (s) = T (t+s), (U(t))i=>0 defines a semi-group and more precisely it
will be strongly continuous and self-adjoint (|GJ87] theorem 6.1.3). There will be an extra, most noticeable
feature: each U(t) will be a contraction (i.e. [|[U(t)|| < 1). Indeed, by semi-group property, self-adjointness,
and Cauchy-Schwarz on H,

U )]l = (@, UG < [l 1T OG5 < - < el 2" U@ w2, " (1.2.86)

Now observe (i) the projection II : & — H is itself a contraction, (i) the Euclidean transformations
act unitarily on L?(S’(R)), and (iii) by definition of U(t), if ¥ = II(F) then U(2"t)y = II(T(2")F).
Therefore ||U(2"t)¢[l3; < [|F|lg, and we obtain the result by sending n — oo. This contraction property
of U(t), with self-adjointness, tells that its generator H, the reconstructed Hamiltonian, must be positive. As
discussed above, this is a key fact which suggests that one may proceed to reconstruct a “genuine” quantum
theory out of H and H.

1.3 Fock Space and Gaussian Measures

We start by recalling the formula for a Gaussian density on RY. That is, given a real positive symmetric N x N
matrix C~! on RY, one has

N
2

D=

/R N e 207X gL (x) = (27) 2 (det C)2, (1.3.1)

and the measure ot
duc(x) = (2m)

is a Gaussian probability measure with C' being its covariance matrix, namely C;; = E,, [x;z;]. In the case

_N
2

(det C™V)2e 207 ¥ L0 v (x) (1.3.2)

where C~! is diagonal with entries (eigenvalues) A1, ..., Ay, the expression becomes
NN E]
) 2
duc(x) = “_[1 (%> 2]6_22 M ALy (). (1.3.3)
1=

®Like ©, we define the action of .7 on L?(S'(R*)) by (7 F)(¢) = F(Jus) for ¢ € S'(RY™), and (Zao)(f) = ¢(T*f).
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The purpose of this section is two-fold. In subsection 1.3.1 we motivate the notion of a Gaussian random
field which is the infinite dimensional generalization of a Gaussian random vector, i.e. a random vector in RY
with law (1.3.2). Examples 1.3.1 and 1.3.2 show that these are ubiquitous and natural. Then in subsection
1.3.4 we explain the general characterization of (infinite dimensional) Gaussian measures, i.e. laws of Gaussian
random fields, by their covariance structure and indicate one of their general constructions. They show up
naturally in considerations of both the Quantum and Euclidean free fields discussed in subsections 1.4.2 and
1.4.3. These are the first focus. Subsections 1.3.2 and 1.3.3 constitute the second focus devoted to explaining
one fact, that is, informally, any probability L? space containing a Gaussian variable automatically “contains”
infinitely many Bosons. The precise meaning of this statement is propositions 1.3.1, 1.3.5 and definition 1.3.3
combined.

1.3.1 From the Brownian Motion to the GFF

The Brownian motion (on R) is a family (Bt)¢>¢ of Gaussian random variables defined on some probability
space (@, O, P) such that E[B;] = 0 and E[B;Bs] = min{s, t} for s, t > 0. To construct the Brownian motion
means to find a suitable probability space (Q, O, P) and to define the random variables B;. A natural choice
for @ is the space of all possible trajectories. Below, we construct By up to t = 7/2.

Example 1.3.1 (construction of Wiener measure on C([0,7/2],R)). We start with the Laplacian Ar =
—d?/dz? on the open interval (0, %), initially acting on C2°((0, 5)). Consider its self-adjoint extension Ay
with domain

def

Dom(Aw) = {f € W?((0,3)) | f(0) = f'(3) =0}, (1.3.4)

where W2 denotes the second order Sobolev space ([LCW22] section 2.8.3). This Aw is then positive, has
compact resolvent (|[Lew22] theorem 5.25), and L2-diagonalized by the complete eigenbasis {e,}°°, where

def

en() S Zsin(@n+ 1)), e (0,7), (1.3.5)

LS

corresponding to eigenvalues A, = (2n+1)2. We now define a random distribution ¢ € D'((0, %)) by writing
formally a Fourier series

def
1.3.6
Z 2n + 1 ( )

with the random coefficients {,} i.i.d. following the standard Gaussian A(0,1). What does ¢ look like? We
could compute the covariances. Indeed, since {&,} are i.i.d. we have formally

E[B(H)B(s)] = 3 lenl) _ g~ dsin(@n+ D) sin((2n £ 1)s)

— (2n+1)?  —n (2n+1)
© 4t s
= nz:;) 77/0 cos((2n + 1)x) dac/o cos((2n + 1)y) dy

= <1(0,t)7 1(0,S)>L2((0’ﬂ./2)) = min{t7 8}7

where the second last step is true by Plancherel’s theorem and realizing that €, := 27~ /2 cos((2n + 1))
form another basis'® of L?((0,%)). Therefore we recovered the covariance structure of Brownian motion. In

fact, the expression (1.3.6) also shows that ]EHAS/2BHL2 =>.(2n+1)7?" < 0o if s < 1. Since Ay is an
elliptic positive differential operator, ||A%\/]QB L2 = || Bllyys, and we see that B is almost surely in W* for
all s < 1. By the Sobolev embedding theorem, therefore, B is almost surely in C' 27¢ for all & > 0. We have

'%In fact, a closer scrutiny shows that > f o €n, = min{t, s} for any o.n. basis {e;,} of L*((0,7/2)). This reflects the fact
that the Gaussian white noise B’ =Y &qer, is “1ntr1n51cally defined”, whose law being independent of the basis, and accordingly
so is B when written as >, &n fot e;,. However, our basis {e,} is special in giving the equality (1.3.7).
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refound Brownian motion! We remark that the construction above is adapted form an original construction
by Paul Lévy (1948). See [CM20] section 2.3 and also [Kah85] chapter 16.

Pick f € L*((0,%)). The expression (1.3.6) also enables us to work more generally with the random
variables (B, f);2, and B(t) could be thought of as taking f = d;. Indeed, its variance can be computed as

e}

2 |, en)]® -1
E|(B, f)] _;)(2”“)2 = (£, AW ) 2 (1.3.7)
This a posteriori shows that (B, f) ;. is also the probability L%-limit of the Gaussian variables Eﬁle Enfn(2n+
1)~! where f, := (f,e,), and hence is also Gaussian. Since (f, Aﬁ}f} < |IfII, (B, f) is as well the limit
of (B, py,) for some sequence of test functions ¢, € C°((0,%)) approaching f in L% We will see in
subsection 1.3.4 that this perspective of characterizing Gaussian random distributions, by looking at the
random variables produced by testing against test functions, generalizes.

It is now not difficult to generalize the recipe (1.3.6) and construct Gaussian random distributions on an
arbitrary closed Riemannian manifold (M, g) with the help of the discrete spectrum of A,. Indeed, if {e, }52,
is the o.n. basis (abusing notation) of L?(M) consisting of eigenfunctions of A, with eigenvalues 0 = A\g <
AL < o <o <Ay < -+ - counted with multiplicity, we define

¢ e, (1.3.8)

n=1

with {&,} again being i.i.d. Gaussians following A/(0,1). One could then show that ¢ defines a Gaussian
random distribution with | o @ = 0 almost surely (since we removed the zero eigenvalue), and the random

variables (¢, f) 2, f € C>(M), satisfy

E[(¢, f)pal” = (£ 850f 2 E[8:F) ] =0, (1.3.9)

where A;é = A;l(]l — Piera) denotes the Green operator. This random distribution, or random field (and
accordingly the measure on D’(M)), is called the (massless) Gaussian Free Field (GFF). The bottom eigenvalue
may also be included if we consider A, +m? instead for some m > 0. The result will be called the (massive)
Gaussian Free Field with mass m > 0. Moreover, the almost sure Sobolev regularity of ¢ could also be deduced

from the same argument as in example 1.3.1 by resorting to the Weyl asymptotics.

Example 1.3.2 (Ornstein-Uhlenbeck, continued). We notice the following workhorse formula:

o 2a

1 [ ol 1
/ mdp = 76_0“8‘, a > O, S € R. (1310)
oo

Comparing with (1.2.44), we notice that E[X;X;] = (ds, (—;722 +1)716;). Indeed, (1.2.44) already suggests
that unlike the Brownian motion, the Ornstein-Uhlenbeck process is allowed to go “backwards in time”. By
Minlos’ theorem, one can indeed define a (unique) global Gaussian measure on S’(R) with covariance (—% +
1)~! (playing the role of Agvl above), and the random variables X; realized as evaluation at ¢.

1.3.2 Fock Space and Wiener Chaos

In this subsection we show how Gaussian random variables could be related to a construction in mathematical
physics called the (Boson) Fock space. This elegant relation will be exploited in the next subsection and then
in subsection 1.4.3 to obtain the semi-group of the Euclidean free field as well as its Markov property. We
mention that, among the other references cited below, a detailed development that parallels this subsection
and the next could be found in [Mal97] chapter I, but in a different language.

Any closed linear subspace of L?(Q, O, P) of a probability space (Q, O, P), consisting of centered Gaussian
variables will be called a Gaussian Hilbert space.
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Definition 1.3.1. Let H be a Hilbert space. Then the Boson Fock space I'(#) associated to H is defined to
be the (completed) Hilbert space direct sum

def ~ n def
#) L Dsym™(H), (00, a1,05 )2y ZH il (13.11)
n=0

where Sym®"(#) denotes the n-fold (completed) symmetric tensor product of H with norm |||, and we
put H®% := C (or R), and the unit length generator of H®? is called the vacuum, denoted |0) or Q.

In concrete situations, H is the Hilbert space of wave functions describing 1 particle. If the particle is
a Boson, then Sym®"(H) is the Hilbert space of the joint wave functions of n indistinguishable particles of
the same type. The next two propositions suggest that each probability L? space having Gaussian variables
automatically “contains” infinitely many Bosons.

Proposition 1.3.1 (Wiener Chaos decomposition, [Jan97| theorem 2.6). Let (Q,O,P) be a probability space
and H C L*(Q,O,P) a Gaussian Hilbert space. Then there is an orthogonal decomposition

oo

L*(Q,0(H),P) = PH™, (1.3.12)

n=0

where O(H) is the o-algebra generated by variables in H, H™ = P, (H) N Pp_1(H)*, where P;j(H) denotes
the span of polynomials of random variables in H of degree < j; in particular H'% denotes the constants. O

Proposition 1.3.2 (It6-Wiener-Segal isomorphism). Let (Q, O,P) be a probability space and H C L*(Q, O, P)
a Gaussian Hilbert space. Then the map, denoting by ® the symmetric tensor product,

X100 0X,— X1 Xyt (1.3.13)

gives a Hilbert space isomorphism Sym®™(H) = H™. Moreover, the direct sum of these maps for each n
extends to a Hilbert space isomorphism

I(H) = L*(Q,0(H),P). (1.3.14)
Consequently for X1, ..., Xn € H, X1 © - © X, and : X1 --- X,,: are indistinguishable.

Proof. Tt follows from the observation that the L?(Q) inner product restricted to ™ coincides with the
symmetric one, by Wick’s theorem (1.3.16) which we discuss below. O

If F € P,(H), denote by :F: the projection of F onto H™, and is called a Wick ordered polynomial; for F' €
L?(Q,0(H),P), denote by I,(F) its projection onto H™. Computation rules for Wick ordering generally
go under the name Wick's theorem or Feynman rules. The terms in those formulas can be systematically
represented by Feynman diagrams, and are generally expressed in terms of the Hermite polynomials h,(x),
defined by

1, >
exp (zx — 5% ) = Z —h (). (1.3.15)

n!
=0

We have ho(z) =1, ha(z) = 2% — 1, hy(x) = 2* — 622 + 3, etc. Useful formulas include

E[:X1... Xp: V1. ZHE (1.3.16)

ceB, i=1
X" = IE[XQ]%hn(X/]E[XQ]%), (1.3.17)
YiXpo Xpr =Y X1 X+ Y EYXX1 - X X (1.3.18)
j=1

Here &,, is the symmetric group. Next we indicate how operators correspond under (1.3.14).
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Proposition 1.3.3 ([Jan97] theorem 4.5). Let (Q,O,P) be a probability space and H, K C L*(Q,O,P) two
Gaussian Hilbert spaces. Denote respectively by O(H) and O(K) the sub-o-algebra generated by variables
in H and in KC. Let A:H — K be an operator which is a contraction, namely ||A|| < 1. Then

I(4): L*(Q,0H),P) — L*Q,0(K),P), (1.3.19)
X1 X — GAXY) - A(XG) o

for any X1, ..., X, € H, is a bounded operator with norm 1.
Lastly we point out that the operation “I'” has a nice functoriality property:

Proposition 1.3.4 ([Jan97] page 45). Following the previous proposition let L C L*(Q,O,P) be another
Gaussian Hilbert space and B : I — L another operator with ||B|| < 1. Then

(i) T(BA) =T(B)I'(A) as operators T'(H) — T'(L);
(ii) T(A*) =T(A)" : T'(K) = I'(H), (e)* being the adjoint;
(i4i) T'(1y) = Lpey) for any H.

1.3.3 Fock Representation of the CCR

Let (Q, O, P) be a probability space and H C L?(Q, O, P) a Gaussian Hilbert space. We have seen above that
in the case H generates O, L?(Q, O, P) is naturally identified with the (Boson) Fock space I'(#) over H, and
algebraic operations on Fock spaces are thus carried over to L2(Q, O, P). In this subsection, we present one
of the most important operations. We construct (Boson) creation and annihilation operators acting on L?(Q),
satisfying a set of canonical commutation relations (CCR), that generalizes (1.2.28) and (1.2.29). In example
1.3.3 we apply the construction to the 1D case, rebuilding the operators (1.2.15, with m = w = 1) of the
harmonic oscillator from the invariant measure A/(0, %) of the Ornstein-Uhlenbeck process. This provides
one more link between the two objects, furnishing (1.2.51).
Denote Qo := 1¢g € L*(Q, O,P), and the (abstract) random variable corresponding to f € H by &(f).

Definition 1.3.2 (Fock representation on L?(Q)). For f € H and each n > 0 define!”

n

a(f) (0(f1) -~ S(fn):) LS Fidag 0 (1) - (7 -~ S ), (1.3.20)
j=1
al(f)(:0(f1) - o(fn):) © 0()D(f1) - - b f):- (1.3.21)

Moreover, af(f)Qq := ¢(f) = :6(f): and a(f)Qq := 0.

Example 1.3.3. We will consider @ = R with the Borel o-algebra and P = ;1 = N(0, %), that is

dy11(z) = \/Ze_deﬁR(x), (1.3.22)

here Lr being the Lebesgue measure on R. Set H = Span{x}. Since = generates the Borel o-algebra, we
have L2(R,~1,1) = I'(H). The normalized basis of H consists of X = v/2x and thus by (1.3.17),

X" = hp(X) = ho(V22). (1.3.23)

In this setting, let
A a(X)=a(v2r),  ATEal(X)=al(v2a), (1.3.24)

YOur conventions on the symmetrization operator Sym®™ and inner product on Sym®™(#) are such as to make (1.3.13) an

isometry and the following definitions coincide with the usual one on Fock space. This convention is notably adopted in [Jaf05].
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then [A, A'] = 1 by computing with Hermite polynomials. Indeed, from (1.3.15) we have recurrence formulas

h;L(e) =nhp—1 (9),
L Zoe) o, (13.25)

This, via the prescriptions (1.3.20) and (1.3.21), gives

_ldg
g_\/idl"

1 dg
V2dz’
with g being any finite linear combination of {h,(v/2z)}. To fully recover (1.2.15), we need to conjugate

by the ground state transform defined in (1.2.48) since the natural Hilbert space for quantum mechanics is
L?(R, Lg). Doing this, we find

Alg =V2xg — (1.3.26)

L 14d L, 1, d
Qo AQ;! = ﬁ<@ ta)=An,  Qalg! = E( -— z) = Al (1.3.27)

acting on L?(R, Lg).
In general, by using (1.3.16) and the definitions one can show the following.

Proposition 1.3.5. With the above definitions (1.53.20), (1.3.21) we have
(@l (/)F.G) a0 = (F.alHG) 2 ) (1.3.28)

for F, G € Pn(H) for some N < oo, and

[a(f),a(h)] = [al (f),al(h)] = 0, (1.3.29)
[a(f),al (h)] = (f, h)y s (1.3.30)
for f, h € H. 0

By (1.3.18) the random variable ¢(f) acting as a multiplication operator on each H™ satisfies

¢(f) =al(f) +a(f). (1.3.31)
Using further Wick formulas, one can show ([Sim74] pp. 24) that the multiplication by :¢(f)": is accordingly
n . n n—
oty =3 (0)al s raisy (1.3.32)
p=0

Therefore, the Wick ordering :e: amounts to moving annihilation operators to the right, and creation operators
to the left. In regard to the important remark 1.2.1, we notice that a common domain for all the a, al’s is

Dy def Span {f e L*(Q) ‘ f e HN: for some N < oo}, (1.3.33)
which by proposition 1.3.1 is dense in L?(Q). We end our discussion with the following definition.

Definition 1.3.3 (|GJ87| definition 6.3.2). Let S be a real pre-Hilbert space with inner product (:,-)g
and J# a complex Hilbert space. Then a Fock representation of the CCR over S on J7 is a pair of linear maps

aal:S —o { (Unbounded) }

Operators on 7 (1.3.34)
fo— a(f),al(f).

such that
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(i) there is a unit vector Q € 7 with a(f)Q2? =0 for all f € S;
(ii) all of a(f) and af(f), f € S, have the common domain

Drx = Span{al (f1)---al(f,)Q | fi,- -, fn €S, n € Zxo} (1.3.35)

which is dense in .7;
(iii) we have a(f)Zrk C Zrx, a' (f)Prk C Dy, (1.3.28), (1.3.29), and (1.3.30) for all f, h € S, F, G € Dy,
with 27 in place of L?*(Q) and S in place of H.

Remark 1.3.1. The Fock representation over the same real pre-Hilbert space is unique up to unitary
equivalence ([GJ87] theorem 6.3.4).

Remark 1.3.2. For parallel results on Fermions, see [CHP23| section 2. These are carried out in the context
of non-commutative probability theory.

1.3.4 General Gaussian Measures

In this subsection we discuss general Gaussian measures on (real) separable Fréchet spaces: they are uniquely
determined by their covariance structures (cf. (1.3.9), assuming they are all centered), and on the other hand,
on a special class of spaces we could always construct a Gaussian measure with a given covariance structure
(Minlos’ theorem). Readers focused on quantization may take these two statements for granted and skip this
subsection. The main reference is [Bog98|, but see also [Hai23| section 4 for a shorter and lucid account.

Definition 1.3.4. A Borel probability measure v on a locally convex topological vector space X is called
(centered) Gaussian if every linear functional f € X*, f : X — R, is a (centered) Gaussian random variable
on X.

In the general situation we will also denote the random variable represented by the linear functional f
by ¢(f) or (¢, f), thinking of ¢ as a random vector following v in X. An important tool for identifying
Gaussian measures is the (inverse) Fourier transform, more frequently called the charateristic function, 7 :

X* — C, defined as
A(f) d=ef/ e?Udy(¢). (1.3.36)
X

This is useful because of the following property.

Lemma 1.3.6 ([Bog98] theorem 2.2.4, proposition A.3.18). Let X' be a real separable Fréchet (or Banach)
space, then any two Borel measures on X with equal characteristic functions coincide. In particular, a Borel
probability measure v on X is a centered Gaussian measure if and only if

F(f) = e 2B e (1.3.37)

for all f € X*, where E, is the expectation with respect to .

Corollary 1.3.7. Let X be a real separable Fréchet (or Banach) space, then any two centered Borel Gaussian
measures on X with the same covariance structure must coincide; that is, if

E,[o(f)o(h)] = Ex[o(f)o(h)] (1.3.38)
forall f, h € X*, then v =7. O

Now we turn to the existence result which applies to a class of Fréchet topological vector spaces called
nuclear spaces. While postponing their definition to appendix B.3, we point out that the two most typical
examples of nuclear spaces are S(R?), the Schwartz functions on RY, and C* (M), the smooth functions on
a closed smooth manifold. Their topological duals are accordingly S’'(R%) and D’'(M). The main reference is
[GV64] section IV.3.2 theorem 2 (chapter I for nuclear space). Helpful information can be found in [HL20|
section 1.4.2, [BS18] sections 5.10-11, [GJ87] appendix A.4.
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Proposition 1.3.8 (Minlos). Let Hoo be a nuclear space and H_ its topological dual space. Then given a
continuous positive definite Hermitian bilinear form (indeed, an inner product) C on Heo X Heo, there exists
a unique (centered) Borel Gaussian probability measure puc on H_oo such that

Eulo(f)o(h)] =C(f.h) (1.3.39)
for every f, h € Ho-

Proof. See [HL20| section 1.4.2, [GJ87] appendix A.4. O

1.4 Quantization on the Cylinder R x S!

In this section we traverse through the second line of development in the map 1.2, for the free real scalar
field over the circle, taken as space, and the cylinder, taken as space-time. This is the simplest and most
fundamental type of field theory. Most of subsections 1.4.1 and 1.4.2 are standard introductory graduate-level
materials in the physics department, see e.g. [PS95] and [CDG+18]. Our presentation, however, will have
slightly different flavor and emphasis, oriented towards the aspects that could be mathematically “rigorized”.
In addition, in subsection 1.4.2 (cf. (1.4.22)) we point out a precise relationship between the “ground state”
of the free field on the Minkowski cylinder with a Gaussian measure on D’(S') analogous to the relationship
(1.2.46) in the 1D case.

1.4.1 From Particles to Fields

In this subsection we describe the classical field theory of a free real scalar field over the circle S'. We shall
say that a typical field configuration ¢ belongs to Map(S!,R), where by writing “Map” we mean functions
on which we deliberately do not specify the regularity, as the purpose of this subsection is rather heuristic.
More precisely, we will proceed by the following analogy with the point particle in R¢ described in subsection
1.2.1.

real scalar field particle in R?
configuration space Map(S!, R) R?
pos““g’;‘ézlocmy TMap(S!, R) = Map(St, R) x Map(S?, R) TRY
phase space T*Map(S',R) = Map(St, R) x Map(S!, R) T*R¢?
“ 1nde>i; for N 6 € S! or n € N (see example 1.4.2) 1<i<d
coordinate

Remark 1.4.1. The real scalar field is a simplest type of field that one can consider. The “configuration”
spaces of other types of fields (over some manifold M) include the section space of a complex vector bundle
over M (e.g. for spinor fields), the space Map(M, N) of maps into a certain Riemannian manifold N (o-
models), or space of connections on a principal bundle associated to a compact Lie group G over M (gauge
fields). Moreover, different types of fields can be “coupled” (e.g. spinor field to a gauge field). We refer to
[RS17] chapter 7 for some detailed discussion of modern field theory models in mathematical language.

Now we give the defining data of the real scalar free field as follows.

Lagrangian density : (¢, )(0) % 5 1 (20 = (B92) (0 =m0 (0)%), (1.4.1)

B

i [, (PO = (0op) (0)° =m®(0)") 40 (14.2)

Lagrangian : L(p, ¢ def/ ZL(p, ¢ df =

Action over [0,T] : Sioety(¢) ) £ / ((0:8)? — (9p9)* — m?¢?) O dt. (1.4.3)
Sl
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Here m > 0, 8 > 0 are some fixed parameters, and ¢ : [0, T] — Map(S', R) or equivalently [0, T] xS! — R,
is the trajectory through which a configuration in Map(S!, R) evolves over [0, 7T].

Below, we discuss this model for two choices of m, 8 with different purposes: in example 1.4.1 we let
m > 0, 8 = 2w and obtain the Hamiltonian picture and Newtonian equation of motion, which results in
an analogue of the Klein-Gordon equation on the circle; then in example 1.4.2 we describe this model in a
special set of coordinates on Map(S',R), in the case m = 0, which prepares for the next subsection.

Example 1.4.1 (m > 0, 8 = 27, Klein-Gordon). To transit to the Hamiltonian picture, the first step is to
find an analogue of the “canonical momentum” of the point particle in R%. Before doing that, it would be
beneficial to go back and make the analogy more precise. The convenient point of view here is to treat ¢(6)
as an ordinary coordinate for ¢ just as 2’ is for x € R?, and taking the #-derivative on Map(S',R) could be
compared to a linear map T on R%. Now a precise analogy of our Lagrangian for a particle in R? would be

L(x,v) = %Z ()2 — (Tx)')? — m2(a")?]. (1.4.4)

i

The good news is that whatever T may be, Tx does not involve any v*. So the canonical momentum conjugate
to the coordinate x' is as usual p; = OL/9(v') = v'. Going back to our scalar field, we obtain by direct
analogy the momentum density () = ¢(#). Now by comparing (1.2.6) with (1.2.9), and then with our case,
we also write down by direct analogy the Hamiltonian

o) =5 [ (FOF + 10000 + m?lo(0)) a0 (1.45)

Next, what is the Hamiltonian equation of motion? To continue with our analogy, we now need to find the
infinite dimensional gradient of the potential

1

Vie) =5 [ (00e(O)F +mie(0)) do. (14.6)

To proceed, we notice that the L? inner product on Map(S', R) now plays the role of the standard inner
product on R? (more precisely, the Riemannian metric on the corresponding tangent spaces). Therefore, by
definition of the “gradient”,

def 1
(VV(9), b2y = (DRV)(p) = lim =(V(p +eh) = V(y)), (1.4.7)
where D,V denotes the “directional derivative” in the direction of the “test function” h € Map(S!,R).

Applying the Green-Stokes formula we get

V(e +eh)—V(p) = 5/81 ((—=050)h +mPph) A + O(?). (1.4.8)

Therefore, VV(¢) = (=032 + m?)¢p. We could then proceed to write down the Hamiltonian as well as
Newtonian equations. The Newtonian equation is

0? 0? 9

Z 2 =0 1.4.9

(5 — g2 + )2 =0 (1.4.9)

which is an analogue of the Klein-Gordon equation on the circle. Lastly, we mention that the “value” of VV ()

at 6 € S! corresponds heuristically to the case h = g, the delta function supported at #. The commonly

used notation is sV
def
— = (D . 1.4.1
s = (Da)(®) (1.4.10)

The DV and dV/dp(0) are usually called functional derivatives and could be made rigorous under various
assumptions. See [GJ87] section 9.1, [Dim11] section 12.1.3 or [Fol08| pp. 268-269 for details.
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Example 1.4.2 (m = 0, Fourier coordinates). In the previous example we exploited an analogy with particle
mechanics to analyze the real scalar field, by treating ¢(#) as a “coordinate” for ¢ € Map(S!,R). For the
purpose of quantization which we do in the next subsection, another set of coordinates will prove convenient.
These are given by the Fourier decomposition. For precision we now stress that our circle has perimeter 27,
and 6 is the arc length parameter. Given the trajectory ¢ : [0, 7] — Map(S!,R), we write

D gn(t)e™,  with ¢_p = ¢, (1.4.11)

n=—oo

as ¢ is real-valued'®. Now we make an important observation: thanks to the fact that {€"?},cz is orthogo-
nal'® in L2(S!), the action now also decomposes into a sum:

S (9) B/ |0t |2dt+ﬁ2/ (16 ()12 — n®|¢n(1)[?) dt (1.4.12)

n>0

d_GfSOT] (¢0) +ZS[OT bn), (1.4.13)

n>0

where by the latter relation in (1.4.11) the two terms involving the modes ¢_,, and ¢,, are combined into one

n (1.4.12). Therefore, ¢ minimizes S[fée:%] if and only if each ¢, k > 0, minimizes S[(() )T] individually. This
means that for the classical field ¢, the evolution over time of the space-slice configuration ¢(t, 8) under Sfee
is equivalent to the evolution of the sequence of numbers {¢,(t)},>0 in which each ¢, (t) evolves under S
separately. Note, in comparing with (1.2.9), that S (0) describes a free particle with mass 3 moving in R,

and S n > 1, the harmonic oscillator with mass 23 and angular frequency w, = n on C = R2.

1.4.2 Free Field on the Cylinder = Infinitely Many Harmonic Oscillators

Having described the classical mechanics of the (massless) real scalar free field ¢ on [0, 7] x S!, we will now
try to quantize it. To begin with, we emphasize that we have identified heuristically?°

Fr : Map(S,R) = RxCV,

1.4.14
p (80079017()027"')7 ( )

where ¢; are the Fourier coefficients of ¢ as in (1.4.11). To quantize a system, two basic ingredients are the
Hilbert space and the operators of time evolution. In analogy with the 1D case, the Hilbert space should be

Her & 12(Map(S!, R), zMap(Sl R)) = L2(R x CN, Lp o) (1.4.15)
2R, Lg) ®®L2 (C, Le) & %0®®H (1.4.16)
=1

where L, cn denotes the non-existent Lebesgue measure on R x CN, and L?(C, L¢); is the individual Hilbert
space associated to the component ;. The recipe for time evolution, in one way, is given by the so-called
canonical quantization:

We assume that the coefficient ¢g(t) evolves as a quantum free particle of mass 8 in R, and ¢, (t), n > 1,
as a quantum harmonic oscillator of mass 23 and angular frequency w, = n in C = R?, and that ¢;
evolves independently from ¢; for i # j.

'® Alternatively, we could also write ¢(t,0) = ¢o(t) +23°,,. o (@n(t) cos(nd) — yn(t) sin(nh)) with ¢o(t) € R, zn(t) = Re(dn(t))
and yy () = Jm(pn(1)).

YNote ||| 2 = 27.

2We remark here that pn are not the actual Fourier coefficients, \/ﬂcpn are, and we have (Lp,f)L2(Sl> = (2m)[pofo +
23,51 Re(Pnfn)] for another real “test function” f written in the form (1.4.11).
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In analogy with (1.2.25), we find that the Hamiltonian of ¢ on Hg: should be

def

o
Hip < Hgo+ Y Hogy, (1.4.17)

n=1
where each Hyg,, is defined as in (1.2.12), and its action extended to Hg1 by imposing

def
Hogp = 1o ® - @ Ly, @ (Hogplp,) ® Ly, @ (1.4.18)

and likewise for Hp .

Next, we try to postulate a “ground state” for Hy, g and relate it to a Gaussian measure on Map(S!, R),
preliminarily, in the spirit of (1.2.46). First we consider the components Hag ,, with n > 0. From example
1.2.3 we know that Hog, has the ground state

2
(o) & (220)Eemita® s (1.4.19)

In analogy with the case of finite tensor product, the reasonable “ground state” for Hy, g restricted to &), H.
is therefore

pene ) 2 T CF) it < [T () oo (<5 8wl anf) )

n=1 n=1 nez

-[1

where Dg1 = (AS1)%, and ¢, = x, + iy,. This suggests the following expression for a Gaussian probability
measure on Map(S!, R):

1
<2n6)2:| 7%-%<@,DS1LP)L2(S1) (1.4.21)

||’,:]

H 7 l lﬁ 12D - dﬁc((pn)
dup gt (@) = d[@m@ } — (“det”(48Dg1))?e 2 2x 2P PIr2a) 1:[1 e (1.4.22)
where we write in short hand N (0, (4n8)~1) = 7(2%7%. This measure has covariance?!
2 4m
E‘<<p7 f>L2(S1)| - ,8 <f (2DSI) f>L2(§1)a (1423)

for real test functions f € C°°(S!). Accordingly from example 1.2.2 we know that the “ground state” of the
free Hamiltonian Hg o on the zero mode is simply the function 1. Thus |12 gives nothing but the Lebesgue
measure. Therefore an infinite dimensional analogue of the ground state transform (cf. (1.2.48)) gives a formal
isomorphic representation

o
Mg = L*(R, Lr) © Q) L*(C, 755,,)- (1.4.24)
n=1
Note that unlike (1.4.16), (1.4.24) can actually be given a rigorous meaning since the second component
makes sense as the L? space over CN equipped with a Gaussian measure.
Each L?(C, ’yécﬁyn) now carries a Fock representation of the CCR as suggested by example 1.3.3 in the 1D
case. For conformal purposes it turns out more convenient to write the representation in complex coordinates
as introduced in example 1.2.3. We thus define the (ground state conjugated) operators

azg(n) o +nﬁ<ﬂn) agp(n) def 1 ( 9 —|—n5<pn) (1.4.25)

(8
\/W V280 \0

21The discrepancy of a factor of 2 between what’s in the exponential of (1.4.22) and (1.4.23) as compared to the finite
dimensional version (1.3.2) comes from the fact that the quadratic form (¢, 2Dg1¢) 251 is a priori defined on Map(S*, C), but

only restricted to Map(S', R).
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Then we would have Hag ,, = n(agﬁ(n)agﬁ(n) + ﬁgﬁ(n)ﬁgﬁ(n) +1) and

1 82 >
Qﬁé) 2+Zna2ﬁ

Note here that we have an infinite ground energy Ey = ) 7, n, where it is customary to adopt Y .~ n =:
¢(=1) = =3 ([FMS97] pp. 172). Given a smooth real test function f € C*°(S') written in the form f =
Y onez fn ind” again with f_, = f, we have from (1.4.25) the following representation of the multiplication
operator ¢(f) : F' — (p, f)Lg F on Hg:

Z

Actually, since ¢_,, = @,,, namely x_,, = 2y, Yy—n, = —Yn, we have Azg(n) = agg, . Thus (1.4.27) shows the
operator valued distribution ¢ is also given formally by

Hy 5 = n)ags(n) + aly(n)azs(n) + 1). (1.4.26)

(1.4.27)

o(f) = 2mpofo + —m n(a23(n) +ahs(n)) + folal;(n) +@2s(n))].

0(6) = o + WZ \ﬁ e ays(n) + e al (n)). (1.4.28)

Here {¢(#)}¢ could be thought of as an S!-indexed family of “position operators” Xg : F' + ©(0) - F on Hg.

1.4.3 Dynamics of the Massive Gaussian Free Field

In this subsection we are interested in describing the “slice dynamics” of the massive Gaussian Free Field
(GFF) on the infinite cylinder R x S!. In the previous subsection we have seen that the quantum (massless)
free field on the cylinder consists of infinitely many harmonic oscillators and a free particle; here we will
see that the Euclidean (probabilistic) free field accordingly consists of infinitely many Ornstein-Uhlenbeck
processes, while the counterpart of the free particle disappears due to the mass.

Let S(R x S') denote the space of smooth functions on R x S! which are rapidly decaying (Schwartz)
in the R-direction, and accordingly S’(R x S!) the dual space of distributions tempered in the R-direction.
Let A := Ag,s1 denote the positive Laplacian. We have by Fourier transform??

FA+D )= S /
k _
for f € S(R x S!) and one sees that (A +1)~! extends to a bounded positive self-adjoint operator on L?(R x
S'). By Minlos’ theorem (proposition 1.3.8) there exists a unique Gaussian measure ,ulgﬁil (abb. p) on &' (R x

S') with

|/ (k, B2

dFE
K+E2+1

(1.4.29)

Eu[o(Hoh)] = (f,(A+ 1) h) . Eu[é(f)] =0, (1.4.30)

for all f, h € S(R x S'), ¢ being the random distribution following s, called the massive GFF with mass = 1.
We will proceed by the following (heuristic) analogy with the Ornstein-Uhlenbeck process:

Ornstein-Uhlenbeck on R massive GFF on R x S!
sample path w e S'(R) ¢ € S'(R xS
configuration at time ¢ X:=w(t)eR dlinxst € S'(SY)
covariance E[X X = (05, (—% +1)716) (1.4.30)
invariant measure N(0,3) =, ?
Hilbert space L3R, y11) L3(S'(SY), 7)
Feller semi-group (1.2.45) or (1.2.51) ?

f eflkO

2Now we use x(k) :

0)df on S' and f

= e 'PEF(t)dt on R.
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Our goal now is to find the question marks. Recall that due to the Gaussianity of the Ornstein-Uhlenbeck
process, we were able to read-off the fact that the law of each X; is invariant for all ¢ from the covariance
structure, as all X;’s have the same variance (and are centered). In the GFF case, we are led naturally to
ask: pretend that the restriction map 7; : &'(R x St) — S'(S!), ¢ — Plityxst is well-defined, what would
be the image measure (7;).p living on S’(S!)? Is it still Gaussian? If so, what is the covariance? Is it also
invariant for all ¢?

Many of these questions have simple answers intuitively. Since 7; is linear, it follows from the definition
1.3.4 that (7¢)«p, which is the linear image of a Gaussian measure, should also be Gaussian, provided that we
are allowed to apply the “change of variables” formula?®. Moreover, since the covariance operator (A + 1)~!
commutes with time translations, pgprp is time translation invariant, and therefore (73).p should indeed be
the same for all £, once we are able to define it. Along these lines, the main technical point thus boils down
to making sense of the restriction map 7; in our low regularity scenario where it is ill-defined ordinarily. Note
that in the probabilistic setting we need not make 7 continuous of any sort; all we need is measurability.
This will turn out to allow much more freedom; we leave the details to more specialized discussions (e.g.
[Hai23] section 4.3).

L

-

x5 ZO\d’ 7
ZM (Q) (&3

(a) GFF on a finite piece of Cylinder (b) Sharp-time Test Function

Figure 1.4: GFF on the Cylinder

To actually “know” the measure (7¢)«u, we still need to find the covariance. This, in other words, is to
determine the bilinear form?* E,[(r;¢)(x)(7:#)(n)] for two (real) test functions y, n € C°°(S'). In the first
place, we need to have a good definition of the random variable (73¢)(), and again, the problem is the low
regularity of ¢. However, we see from the covariance structure (1.4.30) that as long as f € W—H(R x S!), the
Sobolev space of order —1, we would be able to define the random variable ¢( f) uniquely as a limit in L?(u).
Now observe that (by definition)

. def
(T, X) r2s1) = (6 TeX) pausty s With J(0) = & @ x, (1.4.31)
and by Fourier transform, §; ® x is actually in W~ (see figure 1.4b)! We thus find by (1.3.10)

_ - _ 1 X (k)7 (k)
E.[(ed) ) (0) ()] = (Jex, (A + 1) 1Jm>L2<RX§1) =5 EI; /R R (1.4.32)
Z ; k2 = (x, (2(Ag1 +1)2)" )7 L2 gs: (1.4.33)

This shows the covariance operator of (7¢).u is (2Dgi,;) ! setting Dgi; = (Agi + 1)% (cf. (1.4.23)).
Moreover, we are reassured that (7;).u is indeed independent of t. Note that the above calculations does not
prevent us from taking two different time instants s and t for x and 7 respectively. Doing that, we find

ef\sfﬂ-DSl+1
E,.[(7:6) 00) () ()] = (x, mm sy (1.4.34)

B That is, [ F(e)d(me)sp = [ F(Te¢) dp.
24 Again having applied the “change of variables” formula above.
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This is the “I-particle” analogue of (1.2.45). If we switch to L?((7)«p) on the r.h.s., that is, we regard x
and 7 as random variables defined by pairing with ¢ € S’(S'), then we get

Eu [(rs0) ) () (m)] = (x,e” Pty (1.4.35)

7'0 *M)

The inner product (1.4.33) suggests that the Gaussian Hilbert space of (10)4p is W2 (S') which corresponds
to the “1-particle” Hilbert space. By proposition 1.3.1 its Fock space is exactly L?((79)«u) and we can further
promote (1.4.35) to general functionals F', G € L?((7p)«u) by applying the “Fock functor” I':

E, [F(r:0)G(11¢)] = (F,T(e”1s=Dstin) G L ((royom)” (1.4.36)

—‘S—t|~DSl

Since e +1 acting on Wfé(Sl) is contracting, further Fock space theory tells that

11(e—|37t\-D51+1) — e*|5*t|'dF(D51+1)’ (1.4.37)

with dI'(Dgi41)|gymen = Dgiy1 ®1® - @1+ +1®---®1®Dgy; called the second quantization
of Dgi,1 (see [Sim74] pp. 32). It seems that we have found the Feller semi-group of the massive GFF,
generated by Hy := dI'(Dg1, 1), and completed the program of determining the question marks!

Actually, we missed the most important point. Namely, we did not show that the GFF has a Markov
property analogous to (1.2.31) and hence we do not yet have the Chapman-Kolmogorov lemma! One - way
to peek into this issue is to put x = n = ¢*?//27 and see from (1.4.34) that the Fourier coefﬁments (bk( )
of ;¢ follow pairwise independent Ornstein-Uhlenbeck processes with E]¢k( 2 = (2VEk2+1)7L As the
Ornstein-Uhlenbeck process is Markov, it is reasonable that the “distribution valued” process t — 71¢ is also
Markov in time. Nelson [Nel73a], nevertheless, found the following beautiful generalization of the Markov
property that is covariant and does not depend on the choice of a time coordinate, or a “foliation” of our
space-time by timelike Cauchy hypersurfaces.

One important ingredient is to define “localized” o-algebras O4 associated to closed subsets A C R x S!
which generalizes the o-algebra O<; = 0(X;|s < t) in 1D. Restricting to the GFF case, we exploit the fact that
the random variable ¢(f) is well-defined for f € W~1(R x S') and put O4 := o(¢(f)|supp f C A, f € W1).

Proposition 1.4.1 (Nelson’s Markov property). Let A, B C R x S! be closed subsets such that A°’N B = &.
Then
E,[F|04] = E,[F|Og4] (1.4.38)

for all functionals F € L*(u) which are Op-measurable. Here OA denotes the boundary points of A.

Idea of proof. First recall that for L? random variables conditional expectation corresponds to orthogonal
projection. For Gaussian variables, we can use the Fock functor I' and see that (1.4.38) boils down to a fact
about projections in the (space-time) “l-particle” Hilbert space, that is, W~!. This is to say, if f € W~!
and supp f C B then supp(Paf) C 0A and hence P4f = Pysf. Here P4 denotes the orthogonal projection
in W~ onto the closed subspace supported in A. This latter property of W~ in turn boils down to the fact
that A + 1, inverse of the covariance which gives the action [ |V|? + ¢? of the GFF, is a local operator. [

With this Markov property in hand, it would be possible to proceed exactly as in the 1D case (using the
Lie-Trotter formula) to derive a generalized “Feynman-Kac” type formula in our setting, modulo technicalities
in defining rigorously the interaction potential, a version of which will be treated in section 2.3. Heuristically,
for a (real) test function y € C*°(S') we define, with ¢ following (7o), the random variable

Vi () () £ /S X(B)i* (0): 0. (1.4.39)

Acting on ‘H™ by multiplication, we have heuristically (|[GRS75] pp. 142), by the slogan below (1.3.32),

_ = (2n\ al(=ki)---al(—kj)a(kjq1) - - alkn)
() = Ey 44 ko , - , 4.
Vint (X) kh;%X( 14+ ko );}(J 23(k2+1) Lk + 1) (1.4.40)
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where af(k) and a(k), like (1.4.25), are the ground state conjugated complex creation and annihilation
operators corresponding to the k-th Fourier mode following the measure N¢(0, %(kzz + 1)_%). We conclude
the present subsection with the 2D analogue of (1.2.76) which summarizes in a sense the probabilistic
interpretation of the Euclidean field theory.

Proposition 1.4.2 (Feynman-Kac-Nelson, [GRS75] Theorem 11.14). Let p = ugpr, and x € C*®(S!) as
above. Then

- t
E, [F(rod) exp ( - /O /S X(0):0%(5,0):40ds ) G(ri) | = (P, AVl o (1441)

for any F, G € L*((10)«p) and t > 0. O

1.5 The Functorial Framework

In the previous sections we have been describing quantum evolution over space-times where there is always a
distinguished time coordinate (space-time = space x time). For general curved space-times this is no longer
the case. To deal with the more general situation Atiyah and Segal [Seg04] proposed the following functorial
framework, motivated partly by gauge theories as well as string theory. In this subsection we describe a very
rough version of this framework (as multiple precise versions exist oriented towards different purposes), and
finally relate it to the more traditional point of view (Feynman-Kac) established in the previous sections.

Let C7, , denote the category whose objects are closed d-dimensional manifolds with a specified “structure”
denoted s (e.g. topological, smooth, Riemannian, conformal, . .. ), and for two such objects X1, ¥ a morphism
from ¥, to ¥g given by an oriented cobordism from 31 to X9 (that is, a compact (d 4+ 1)-manifold 2 with
boundary 02 = ¥ U 3o, with X labelled as “in”, and ¥y “out”) also with the structure s. We shall write
Q : ¥ ~ Yy. The composition of morphisms is concatenation (or sewing/gluing) of cobordisms®. We
denote very loosely by Vectc the category of (topological) complex vector spaces and linear maps (different
subcategories would be considered for different s).

Definition 1.5.1 (Atiyah [Ati88], Segal [KS21; Seg04], Kontsevich [KS21]). A (d + 1)-dimensional QFT
(with structure s) is a monoidal®® functor C3 1 — Vectc. This means effectively that it is a rule which
associates

(a) to each closed d-dimensional manifold ¥ a complex vector space Hsy;, the “space of states”;
(b) to each Q : Xj, ~» Yoyt a linear map Uq : Hy,, — Hy,,,, the “evolution”

satisfying the following azioms:

(i) (finite) disjoint unions are taken to (finite) tensor products (e.g. X1 L% to Hy, ® Hy, ), and the empty
d-manifold @ is taken to Hgy := C;

(ii) let Q19 @ 31 ~» X9 and Qa3 : X9 ~» 33 be two cobordisms, and consider {223 0 {212 := 219 Uy, (a3 the
cobordism obtained by gluing 215 and 223 along ¥5. Then we have

UQQBOQD = Ust o Ung : Hzl — Hzg (151)
as linear maps.

Unfortunately, much more needs to be said to make the above definition precise (and complete, in many
situations). We list a few (far from exhaustive) of these technical points in remark 1.5.1 below, and refer to
[KS21] section 3, [Mnel9| section 1.2, [Seg04| and the introduction of [KMW21] for further discussions.

251f 5 is “topological”, then the identities are finite cylinders; however in other cases the identity might be something degenerate,
e.g. an “empty” cobordism.

26Lo0sely speaking, a monoidal category is a category where tensor products of objects make sense. In Cay1 the “tensor
product” is given by disjoint union. Moreover, there is a “unit” with respect to the tensor product (& and C respectively in Cg,
and Vectc). Therefore, rule (i) is saying simply that our functor respects the monoidal structure, i.e. a monoidal functor. See
[Mac78] chapter XI.
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By
L=al Q=ul — 0 =0 -0
Z*L zl

Figure 1.5: Segal Gluing

In chapter 2 we work with a 2D QFT over the Riemannian category. For us objects of C{lff are finite

disjoint unions of Riemannian circles characterized by perimeters (moreover they need to be “enhanced”
by two-sided collars), morphisms are Riemannian surfaces with geodesic boundaries, Hy, are Hilbert spaces
and Uq are Hilbert-Schmidt operators. See section 2.6.1 for a precise re-statement.

Remark 1.5.1. (1) Regarding rule (ii), when one glues €12 and 33 one must at the same time glue the
geometric structure 5.27 Also, one should appropriately identify cobordisms €, €' : i, — Yoyt which
are “isomorphic” via a boundary-preserving s-isomorphism; equivalently, one requires a “naturality”
condition in terms of a commutative diagram ([Mnel9| section 1.2.2).

(2) As d-manifolds are not a priori embedded in (d + 1)-manifolds, a careful definition of the cobordism
requires the data of the two s-embeddings (a.k.a. parametrizations) &in out : Zin,out — 052, and gluing
cobordisms as in rule (ii) essentially glues the parametrizations of ¥9. With this data, the “in” and “out”
labels on the boundaries are identified by checking whether the induced orientations by the embeddings
agree with the co-orientations coming from 2. The parametrizations naturally go into the definition
of Uy, as we need them to relate things “happening on 2” to the “model” vector spaces Hy, , Hx, -
They are especially important in (2D) CFT regarding the next point below.

(3) The vector space Hy is usually constructed out of ¥ (see path-integral representation below) and hence
carries a natural representation of Diff (), assuming s at least smooth. In 2D CFT the operators Ug
interplay with the representations of Diff(S') on Hy, , Hs., through the parametrizations of X,
and Yoy by copies of St

(4) (unitarity assumption) For unitary QFTs we will make the following assumptions in this thesis: we let Hy,
be real Hilbert spaces;?® if  : 1 ~» X5 is a cobordism, it is seen equally as a cobordism Q* : ¥ ~ 3,
and also Q : @ ~» X7 U Xy (abusing notation), where E;‘f denotes ¥; with an oppositely oriented

in?

parametrization. In this case, we require Ugs = UST), the real adjoint (or transpose) of Ug. This is not
yet entirely precise as ¥ needs to be enhanced by symmetric 2-sided collars, see [KKS21] section 3 under
“unitarity”.

(5) A closed (d + 1)-manifold is considered as a cobordism @ — &. By rule (i) we get in this case an
operator Ups : C — C identified with a single complex number. We denote this number otherwise
by Zas, usually called the partition function. Similarly for a “1-sided” cobordism Q with 92 = Xt we get
a vector Ug in Hy,,, (002 = iy, a dual vector in Hs, ). Often a third axiom is mentioned, that if we glue
a cobordism €2 with itself by identifying 3, with ¥4, getting the closed manifold Q, then tr(Uq) = Zg,.
Technically, this could be implied by rule (ii) using the aforementioned interpretations.?? On the other
hand, rule (ii) is also a special case of a “partial” version of this trace axiom, namely, composition
of linear maps U — V., V. — W of vector spaces corresponds to contracting (tracing) V with V*
nWeVeVeU"

27 A succinct way to say this is that one takes the fiber product Q12 X s, Qa3 in the corresponding category of manifolds with
structure s ([Mnel9] section 1.2.2).

Z8Equivalently, complex Hilbert spaces equipped with an antilinear involution making it the complexification of an underlying
real Hilbert space.

291f one glues two oppositely 1-sided cobordisms with boundaries of both identified with ¥ (one labelled “in”, the other “out”),
then one effectively pairs a vector in Hyx with a dual vector in H3;, and gets the number Zys, M being the resulting closed
manifold. One could then recover the “trace axiom” by taking one of these cobordisms to be a very thin cylinder and taking the
length of the cylinder to zero, through an appropriate limiting procedure. See “foreword and postscript” to section 4 in [Seg04].
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As mentioned by the authors in [KS21] section 3, “the guiding principle of this approach is to preserve as
much as possible of the path-integral intuition”. Let us see now that the path-integral formulation introduced
in subsection 1.2.5 applies without essential modification to this new setting.

A cobordism 2 : 3j, ~ Yoyt is considered as a piece of space-time connecting the two “time slices” i,
and Yout. As explained in section 1.4.1, each field theory comes with specified field configuration spaces over
space and space-time, denoted Cfig(¥) and Cfig(€2). Typically Cfig(X) = Map(X,?’), the space of maps
from X to a spin value space/target space #'. The path-integral formulation gives a recipe for Hy and Uq as
follows. We define

Hy ¥ [2(Chg(D), £), (1.5.2)

where £ denotes the non-existent Lebesgue measure on the configuration space Cfig(¥). Now suppose our
field theory (over Euclidean signature, for definiteness) comes with the action Sq : Cfig(©2) — R. Define

UQ : 7-[Zin Hzout7

def (1.5.3)

F o (UaF)) % /C o Aal () AL(),
g(Zin

with the integral kernel
def

Ao, ) = e %2 4L (¢), (1.5.4)

/ (z)‘in:@:
{¢€Cﬁg(Q)‘¢‘out:w}
where now we integrate against the still non-existent Lebesgue measure on Cfig(X) (with the indicated
boundary conditions). At this level, (1.5.1) reads

AQ13(w790) = / «4923(1#777)-4912(777@) dﬁ(ﬁ% (1'5'5)
Cfig(X2)

and corresponds to a “formal Fubini theorem”. It requires Sq,,(¢) = Sa,,(Pla1s) + Saus(Plass ), namely, the
action is local.

Example 1.5.1 (connection with Feynman-Kac for cylinders). Now we try to connect the Atiyah-Segal
picture to the traditional Feynman-Kac-Nelson picture introduced previously. We consider the massive GFF
in 2D discussed in subsection 1.4.3. This is a unitary QFT so we work under (4) of remark 1.5.1, and since
the massive GFF depends on a metric we work in the Riemannian category. Here the configuration space
for a circle S' is D'(S!) and the formal Hilbert space (1.5.2) can be replaced by the rigorous probabilistic
Hilbert space L?(D'(S!), (70)«u) obtained in subsection 1.4.3 (cf. (1.4.35)). On a naive level, for a flat
cylinder Q = [0,#] x S!, it is natural to impose Uq := e~ *Ho with Hy defined below (1.4.37). On this level
(1.5.1) holds trivially between standard cylinders. Going one step further, the fact that e=Ho is the “Feller
semi-group” of the GFF means that it comes from the underlying path-integral representation for the GFF
in the spirit of (1.2.76). On this level (1.5.1), also for cylinders, is the Chapman-Kolmogorov lemma for GFF
which is a Markov process in the sense of (1.4.38). However, more questions remain to be asked:

(a) How is this definition of Uq for cylinders compatible with gluing other general curved surfaces?

(b) Postulating a definition for Ug that satisfies (1.5.1) gives one possibility for an Atiyah-Segal model for
the (massive) GFF. In general this does not imply necessity. How necessary is this definition of Ug,
even for cylinders?

As an immature attempt at answering these questions (especially (b)), we single out the following assumptions
which would be made for the GFF. In this more general setting the data of the GFF includes a probability
measure )y defined on D/'(M) for every closed manifold M following (1.3.8), which has a Markov property
in the sense of (1.4.38) due to the locality of its action. Moreover denote by p the measure for the infinite
flat cylinder defined in (1.4.30). We postulate that
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(i) for a 1-sided cobordism €2 : @ ~» ¥, the vector or state Ug, is represented by a nonnegative L? function®’,
note that under our unitarity assumption (remark 1.5.1(4)), Uq is identified with Uq~, the dual vector
representing % : ¥ ~» &;

(ii) for 2 oppositely 1-sided cobordisms Q1 : @ ~» ¥ and Q9 : ¥ ~» & such that Q9 0Qy = M with ¥ C M
embedded as a hypersurface, then Ugq,Uq, - (10)«pt = (7)sptar. Here Ugq, Uq, is the product of the 2
functions in L? space, and 7 : D'(M) — D'(X) denotes the restriction.

t=0 t=9

\ \ \ \
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Figure 1.6: The Cylinder Case

From (i) and (ii) one can deduce that for an infinite half-cylinder (—oo, 0] x S', the associated state U_ o gxst
is the function 1, the “ground state”, somehow tautologically since we used (79).u to define the Hilbert space.
Accordingly the operator Uy 44st associated to the finite cylinder [0,] x S! is the one represented by the
Radon-Nikodym density

d(TOIJt)*/J’
d[(70)+p @ (70) 1]

where o is the 2-component restriction map &'(R x S') — D'({0} x St) x D'({t} x St). By (1.4.36), we
justify that Up yxst given by (1.5.6) indeed coincides with e7*Ho. Moreover, one can proceed to show that
(1.5.6) is compatible with gluing other surfaces under assumption (ii), hence answering question (i). For
example, let 1 : @ ~ S' and Qs : S! ~ @ again be two 1-sided cobordism. Put M = Qg 0[0,t] x Sto Q.
Then, following essentially the arguments in section 2.6 using the Markov property, one may show that

U[O,t}XSl = < Hgl & Hgl, (156)

Upp,gxst (U, ® Ugy) - (T0)«p @ (70)xpt = (Tout)« K37 (1.5.7)

where we abused the notation 7o now to denote the restriction map onto the two boundaries of [0,t] x S

seen as embedded in M. Last but not least, we mention that postulate (ii) could be formulated in a “ground-
state-free” manner using the infinite dimensional half-densities introduced by Pickrell [Pic08].

To end this section, we mention that [[KS21] has recently proposed a framework for doing Wick rotation
that fits into the functorial picture, based on the idea of working with complex metrics on curved surfaces.
A remarkable feature of this setting is that for any fixed surface with boundary there’s a space of admissible
metrics where Lorentzian ones are on the boundary and Euclidean ones in the interior. Remembering from
subsection 1.2.6 that Minkowski evolution operators were the boundary value of (complex) Euclidean ones,

39This would mean that Ug could be interpreted as a “perturbed ground state” in view of the Perron-Frobenius theorem (cf.
proposition 2.7.1 and [GJ87] theorem 3.3.2).
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one plausibly imagines that Wick rotation may also be made “functorial”’, accounting for the “boundary-bulk”
correspondence both on the metric side and on the operator side. However, making this statement precise lies
far beyond the scope of the present thesis. We also mention that complex metrics have also been considered
in [Wro20] and [Gér21]. Lastly, see also [Wit22].



Chapter 2

Segal Axioms and Periodic Covers

This Chapter is adapted from [Lin24].

2.1 Introduction

In the classical approach to Quantum Field Theory (QFT), a central role is played by the representations
of the Poincaré group. For example, the Wightman axioms postulate such a representation on a Hilbert
space H and assign operators on H to test functions on Minkowski space-time respecting the representation
(|RS75] X.7). It was later realized by Feynman, Symanzik [Sym69]|, Nelson [Nel73b| in the 60’s that one
could also describe many models of QFT using the functional integral, and considering it in imaginary time
leads to the Euclidean approach to QFT (EQFT). This approach allowed many interesting models to be
constructed rigorously in Minkowski space-time, for which the Wightman axioms were explicitly checked.
They constitute a significant part of the subject of Constructive Quantum Field Theory (CQFT). However,
the traditional techniques relied heavily on the space-time being flat and the results were likewise limited.

In the 80’s, motivated by works of Atiyah and Witten on the relation of QFT with geometry and
topology, there was an attempt to give an axiomatic definition of QFT that would incorporate arbitrary
curved space-times, while still keeping the main properties of the functional integral representation. Atiyah,
Segal, Kontsevich [Seg04; K{S21] then arrived at a functorial framework. Loosely speaking, this framework
defines a QFT as a linear representation of a certain bordism category of “space-times”. At a preliminary
level, a manifest difference between the traditional axiomatics and the functorial approach is the way they
view time evolution. Traditionally time evolution is represented by a symmetry transformation of space-time
(i.e. a Poincaré group element), whereas in the functorial picture it is represented by the piece of space-time
cobordism connecting the initial and final “time-slices”. One important postulate, for example, says that
composition of time evolutions corresponds to gluing of space-time cobordisms.

This paper is an attempt to reconstruct in the new functorial framework a celebrated interacting QFT
model (the P(¢)s-model) previously constructed using traditional CQFT techniques. We give the precise
sense and a rigorous proof that the P(¢)s-model satisfies Segal’s axioms (Section 2.6). Then we apply the
functorial QFT framework to certain purely mathematical questions on surface geometry (Section 2.7).

2.1.1 Example of 1D Spin Chain and its Transfer Operator

Our example illustrates the gluing properties by the transfer operator for discrete spin systems. Consider
ZN = 7/NZ as a 1-dimensional chain of size N, consider the space RV now as the space of maps Zy — R,
namely a discrete path space. The lattice site is denoted by i € {1,..., N} and call & € RY a spin configuration,
whose value at the site i reads o (i) € R. We impose periodic boundary condition, which means o(N+1) = o(1).
Thus the chain could be considered as circular. We are given an action functional on the configuration space

37
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RY that reads

N N
) E N oli+1) —o(@)2+ > P(a(i)) (2.1.1)
=1 i=1

where P is a polynomial bounded from below, the interaction is nearest neighbour. Given a configuration o €
RY, Sy (o) may be thought of as its “energy” and the statistical behaviour of the system is described by the
probability measure called Gibbs measure,

det 1 _ . .
dpp(ey (o) = TN)e NN, with Z(N) = /sze SN()gN & (2.1.2)
called the partition function of the system.
Now we would like to express this partition function Z(N) in terms of elementary building blocks. The
main idea is to slice the action functional as

Z [|a (i+1)— (i) + %(P(a(i +1)) + P(o(i)))

=1
so exponentiating gives
N
exp (=Sn(0)) = [[ K(o(i + 1),0(i)) (2.1.3)
i=1
where
K(z,y) = e [T v’ —2(P@)+P) (2.1.4)

which is the Schwartz kernel of an operator on L?*(R) that is smoothing.

Definition 2.1.1. Define the transfer operator T' to be exactly the operator with kernel K (z,y), that is,

/K x,y)F(y)dy, (2.1.5)

for any function(al) F € L?(R).

Then we see immediately from (2.1.3) that

/H o(i+1),0(i))do(i)] = trpzm) (TV), (2.1.6)

remembering that o(N +1) = o(1), since for a smoothing operator A : L*(R) — S(R) we have try2(g)(A4) =
[ Ka(z,z)dz with K4 being the integral kernel.

More generally we would like to express the kernel of TV in terms of exp(—S(c)) using the relation
(2.1.3). This means instead of letting the boundary condition be periodic we let o(1) = iy, o(N +1) = oout
given two boundary conditions (o, 0out) € R2. Then the kernel Ky of TV is!

N
Kn(oout, 0in) = / K(oout,0(N))--- K(c(2),0in) Hda(i) (2.1.7)
N =2
- / &S (elomom) TT do (i), (2.1.8)
RN-1

=2

!Formula (2.1.7) below is an analogue of what is called in the quantum information context the “replica trick”.
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with the conditioned interaction Sy (o|0in, oout) defined as

N N

(01,00 Do+ 1) ~ 0 + D2 Plo(@)) + 5 (Plow) + Ploow), (2.1.9)

with 0(1) = o1y and o(N+1) = oout. Now if N7, Ny are two integers and we define the kernels Ky, , K, using
(2.1.8) and (2.1.9) with N replaced respectively by N, No, then it follows “trivially” from the composition
property TN2 o TNt = TN2H+N1 that

Kn,+nN, (Oout, Oin) = /KNQ(Uout,U)KNI(O', oin)do. (2.1.10)

However, such a relation becomes remarkable (rather than trivial) if we do not have the “unit” transfer
operator T to start with; that is, if we do not have (2.1.7) but define Ky, and Ky, directly with an expression
of the form (2.1.8) and (2.1.9). This corresponds to the idea of a path integral in quantum mechanics and
quantum field theory. Alternatively one could consider the Gibbs measure (2.1.2) and take Ky as the
transition probability of a certain stochastic process. Then (2.1.10) is the Chapman-Kolmogorov equation
which relies heavily on the fact that the underlying process is Markovian. In a sense, for both interpretations
a crucial condition is that the interaction S(o) be local; that is, very roughly speaking, if one chops the
sites [1, N1+ Na] :={1,2,..., N1+ Ny} into [1, N7JU[Ny +1, N7 + No| then 5[17N1+N2](0') ~ S[LNI](O-HLNI]) +
SINy+1,N1 4+ M) (O | [Ny 1,87+ Vo)) -

The main result of this article concerns a 2-dimensional “continuum” version of this story where lattice
sites are replaced by the continuum of points on a 2D surface (considered as space-time) and a configuration
is replaced by a distribution. See the section below for a more precise description. In the final section, we
also show that when the space-time admits a periodic translation symmetry then a more precise analogy with
the spin chain described above can be restored, in particular, there exists a Gibbs state in the thermodynamic
limit. Further discussion of the above example continues in section 2.7.2.

2.1.2 Main Results

This article will prove three main results whose preliminary versions are stated as theorems 2.1, 2.2, and 2.3
below, among which the first is the main theorem and the second and third are two main consequences.

Theorem 2.1 (Segal Axioms for P(¢)q, partial statement). For each finite disjoint union ¥ of Riemannian
circles (each component circle characterised by its radius) there exists a finite measure pys, on the space D'(X)
of real distributions® over ¥, giving the Hilbert space Hy, := L*(D'(X), ux), such that the following holds:
if Q is a Riemannian surface whose boundary has two components 02 = i, U Yout, denote by fhin, Mout
respectively the measures on D'(Xin), D' (Zou) and put Hiy := L2(D'(Zin), ttin), Hout := L*(D'(Zout), tout ),
then there exists an operator Ug : Hin —> Hout given by

(UQF)(SOOut) = /AQ(QDinaSDOut)F(‘Pin) dﬂin(@in), F e Hip, (2.1.11)

where Aq(pin, Pout) s given by the Radon-Nikodym density between two mutually absolutely continuous finite
measures on D' (X)) X D' (Xout) defined rigorously in Eqn. (2.6.11), Subsection 2.6.3.

Moreover, the correspondence Q2 — Ugq between surfaces and operators satisfy the following compo-
sition/functorial property. Let Qi, Qo be two Riemannian surfaces of the kind as above where the “out”
boundary of Q1 is isometric to the “in” boundary of Qo via an isometry p, we glue them along p and obtain
the surface Q2 U, Q1. Then

UQ2UpQ1 = Ugq, o Uq, (2.1.12)

Jor the operators Uq,u,0,, Ua, and Ug, defined as above.

2By a real distribution ¢ we mean that if we pair ¢ with a potentially complex test function f, then ¢(f) = #(f), the bar
denoting complex conjugation.
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See Subsection 2.6.1, Theorem 1’ for a full statement.
The first application of Theorem 2.1 generalizes to the interacting cases, certain results of Naud [Nau23]
on the asymptotics of the free energy of free bosons on certain large degree covers.

Theorem 2.2 (asymptotics of the partition function on large degree cyclic covers). Let (M,g) denotes a
compact Riemannian surface, Mo — M a Riemannian Z-cover of M and ~y the generator of the deck group.
We can think of My as the infinite composition of some given cobordism 2, which serves as the “fundamental
domain” of the deck transformations on My,. For every N € N, denote by My := Moo/'yN the cyclic cover
of degree N of M and Ap is the Laplace-Beltrami operator on My. Let Zy be the partition function of the
P(¢)y theory on My obtained in Theorem 2.4.

Then the renormalized sequence of free energies % log (Zn) has a limit \g when N — 400, moreover this
limit Ao can be interpreted as the leading eigenvalue of some transfer operator Ugq which is the quantization
of the cobordism ) mentioned in Theorem 2.1.

In subsection 2.7.3, we use the above P(¢)2 measures defined on the towers of cyclic covers My to produce
a P(¢)2-Gibbs state on the periodic surface My, of infinite volume.

Theorem 2.3 (Mass gap for P(¢)2 on My,). In the notations from Theorem 2.2, for compactly supported
bounded observables F on My, one can define expectations with respect to the P(¢)o Gibbs state as

def . 1 / — Jary PO@):dV(2) ;M
E|F] = lim F(¢)e "Mn dpcpr(9),
] N=+oo Zy - dete (AN + mZ)_% D'(My) ) arrl

where the construction of Zy and the sense of the latter integral is made in Theorem 2.4. The generator of
the deck group v acts on My, by diffeomorphism which induces a shift map T on observables which moves
the support by v. The Gibbs state defined above is exponentially mizing under the shift map, for compactly
supported L? observables :

E[r* FG] = E[F]|E[G] + O(a*)

for some oo < 1 (see corollary 2.7.3).

2.1.3 Main Novelties, Organization

We would like to point out four main novelties of this article, regarding the earlier work [Pic0O8] on the
subject as well as the related work [GKRV21]. See the published version of [Lin24| for a more detailed
comparison with literature.

Segal Gluing Gives a Gapped Theory. Firstly, the relationship between theorems 2.2, 2.3 and 2.1 above
offers a new perspective that certain asymptotic results in pure geometry can be viewed as a consequence
of an underlying Segal Quantum Field Theory whose “transfer operators” Ugq satisfy certain nice properties.
Besides, of course, theorem 2.2 itself is new in that the numbers Zy are now partition functions of interacting
field theories instead of regularized determinants of geometric operators, which were studied previously and
in our setting corresponds to free field theories. Moreover, in the process of proving theorem 2.2 one also
obtains an infinite-volume P(¢)o-theory (in one direction) over a curved periodic surface which has never
been considered before in the literature. Moreover, the Segal view point gives a simple conceptual proof of
the mass gap for the P(¢)2 state for any polynomial P of degree > 4 bounded from below on a space of
infinite volume, infinite genus. Theorem 2.3 seems to be one of the first mass gap results for interacting QFT
on curved spaces.

A Conceptual Proof for Gluing GFFs. We also offer a novel treatment on Segal gluing of the GFF
(P = 0), which is natural and based on first principles, but nevertheless has not been followed by existing
literature. We describe it briefly via a finite dimensional analogy: suppose two real random variables X
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and Y have joint probability law Pixyy; then we have two equal expressions for their joint density p(z,y) =
(dP(x,y)/dLE?)(x,y), namely

d(”fP(x,Y)) dPY|X:m d(ﬂ'g{P(X,Y)) dPX\Y:y

p(z,y) = (2.1.13)

where 7%

, ™/ are respectively the projections onto the x- and y-axes, Py x—, denotes the conditional law
of Y knowing “X = z”, and vice versa for Py|y_,. In other words, one could evaluate p(z,y) by conditioning
in two alternative ways: on X or on Y. In Proposition 2.5.12 we prove a version of (2.1.13) for the GFF
measure on D/(M) for M a closed Riemannian surface, where the role of 7% are played by trace maps
(restrictions) onto embedded Riemannian circles. Since the Segal amplitudes (Eqn. (2.6.11)) are related in
a simple way to the trace-image measures on distributions over the circles (corresponding to p(z,y) above),
we may prove Segal’s gluing for the GFF essentially from just the definitions, the Markov property, and
symmetry considerations (Proposition 2.6.10). Then by the locality of the P(¢)s-interaction, the result

extends to the interacting case.

A Transparent Treatment of Locality. To go from P = 0 to P # 0, a key ingredient is to show
that the P(¢)-interaction functional of the field — [}, P(é(z)) dz heuristically — is local, which in fact
enables the amplitude (cf. Eqn. (2.6.11)) to be defined rigorously in the first place. No precise description
of this locality existed in the literature and no explicit construction was given to prove it except for some
remarks in [Abd18; DDJ23]. The present article fills this gap in Subsection 2.5.4, based on a strengthening
of Nelson’s argument presented in Subsection 2.3.2 that allows a freedom in choosing the regulators in the
renormalization process, producing the same measure in the limit (see also the introduction of Section 2.3).
This latter result is also new by itself.

Dirichlet-to-Neumann Operator and Reflection Positivity. As a tool in our treatment of the law of
the restriction of GFF on circles, we exhibit an elementary relation between the operators 7s, Ay +m?, PI%J
and DNY; (see “notations” below):

jn € 7 = (Ap +m?) P, (DNY,) (2.1.14)
where “x” denotes the distributional adjoint. In Lemma 2.4.4 we derive this from integration by parts (Green-
Stokes theorem). Though elementary, we do not find this formula elsewhere. Via similar considerations, one
also has (see Appendix 2.4.4)

PIZY(DNS) "1 (PIG?)* = Cy — Cp, (2.1.15)

where Cp, C respectively are the Green operators (of the massive Laplacian) with Dirichlet and Neumann
conditions. This gives a direct relation between the positivity of the Dirichlet-to-Neumann map and the
reflection positivity (RP) of the GFF on closed Riemannian manifolds with reflection symmetry. It has never
been made explicit previously.

Organisation. In Section 2.2 we recall the preliminaries on which our construction will be based; these
include the definition and properties of the (massive) Gaussian Free Field (GFF) measure on D'(M) (Sub-
section 2.2.1), the functional determinants (Subsection 2.2.2) and a formula computing the Radon-Nikodym
densities between mutually absolutely continuous Gaussian measures on spaces of distributions (Subsection
2.2.3), of which we include a full proof based on the method of [GJ87] section 9.3.

In Section 2.3 we retrace the classical argument of Nelson [Nel66| and construct the interacting P(¢)
functional measure on D'(M) for M a closed Riemannian surface, giving the partition function Zs; the new
result which says the interaction functional (and hence the limiting measure) is independent of the regulator
for the renormalisation process, when the regulator is picked from a specific class, is Proposition 2.3.5.

Section 2.4 aims to derive the behavior of a Gaussian field under the trace map (restriction to hypersur-
face); our method is based on elementary relations between several geometric operators as mentioned above
(Lemma 2.4.4), and as above it leads to the somewhat new perspective on reflection positivity (Subsection
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2.4.4). Section 2.5 discusses the Markov decomposition of the GFF (Subsection 2.5) that culminates in a
“Bayes formula” (Proposition 2.5.12) for the GFF and proving locality of the P(¢) interaction (Subsection
2.5.4).

Section 2.6 formulates precisely and proves theorem 2.1 while Section 2.7 does it for theorem 2.2 and 2.3.

2.1.4 Notations

In this paper unless stated otherwise,

«hes 1 eans “heuristically equal to;

(M, g) = closed Riemannian surface with metric g;

(2, g) = compact Riemannian surface with metric g, boundary 0f2, seen as isometrically embedded in M,
the induced metric on 02 is still denoted g;

¥ = disjoint union of Riemannian circles (of different radii), usually ¥ = 9€; hypersurface in M;

Q° = interior of €;

m = mass parameter, m > 0, fized throughout paper;

D'(M), D'(Q°) = real distributions on M and ;

C®(M), C*(Q°) = smooth functions on M, smooth compact support functions on Q°;

A = Laplacian on (M, g), Af := —div(Vf), therefore it is defined to be nonnegative, the same applies
below;

Ay = Laplacian on X;

Agq p = Laplacian on Q with (zero) Dirichlet boundary condition (see also remark 2.4.1);

Dy = (Ax +m?)V/2;

Ty, = trace operator (restriction) onto the hypersurface 3;

(Q, O) = general probability sample space with o-algebra O;

C = general positive self-adjoint elliptic pseudodifferential operator on M, €2, 3, which is Hilbert-Schmidt
on the corresponding L? spaces;

pged = pend = Gaussian measure on D'(M), D'(Q°), or D'(X), equipped with their Fréchet Borel o-
algebra, with covariance Ec[¢(f)¢(h)] = (f, Ch) 2, under some conditions;

pdlor = massive GFF measure on D'(M); ,ug’FDF = massive Dirichlet GFF measure on D’'(Q°);

Eé = expectation under ug;

(—, =) ;2 = L?-inner product, pairing between D'(M) and C*°(M), or between W*(M) and W ~#(M), or
any other pairing which is an extension of the L?-inner product;

¢(f) = the random variable ¢ — (¢, f) - indexed by f € C>(M ) C’OO(Q ) or C>(X);

W#(M) = the L? Sobolev space on M, with inner product (—, — W (M) = (=, (A +m?

Wi (M), W§(M), W3(U) = see appendix C.1;

pf\;[\A, Panas Pa, and Pj( = Sobolev projections defined in lemma 2.5.1;

U"(M), ¥"(X) = pseudodifferential operators (¥DOs) on M or ¥ with order r;

[L¢] = hypothetical Lebesgue measure on a space of distributions;

Illees II"lligss II-ll2 = trace norm, Hilbert-Schmidt norm, operator norm acting on L? or L:-mnorm on
function;

Plg’B = Poisson integral operator extending from ¥ to  (definition 2.4.1), with boundary conditions B
imposed on boundary components other than ¥ (see also remark 2.4.1);

=) 2

DNg’B = Dirichlet-to-Neumann operator or the jumpy version defined using PIg’B (jumpy version is
understood when ¥ is in the interior of €2 rather than a boundary component);
PI3;, DN, = Poisson integral operator extending from % to M (see (2.4.5)), and jumpy Dirichlet-to-

Neumann operator defined using PIy; (definition 2.4.3).

Mgl\? B — Gaussian measure on D'(X) with covariance (DNE:B)—l,

u§%§ = Gaussian measure on D'(99) with covarlance 2(DN@Q) :

(15 = Gaussian measure on D'(X) with covariance 3(Dy)~;

le\/m =Ty, PIJ%/} is the transition operator defined in section 2.5.3.
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2.2 Gaussian Fields on a Riemannian Manifold

In this and the next section we define rigorously a probability measure on D'(M), as well as certain
variants on D’(2°), which heuristically bears the form

A

dMP(Gb) heu %e— S P(#(x))dVas () e_% S (IVo12+m29?)dViy [£¢]’ (2.2.1)

B

where P is a polynomial bounded from below, such as P(¢) = ¢* —¢?, [L¢] denotes the nonexistent Lebesgue
measure on D'(M) and

7y e / e~ Jus POE)AVa(2) g=F [y, (VGE+m262)aVir [ £ (2.2.2)
/(M)

is the normalization factor, also called the partition function.

The idea is that while [£¢] is nonexistent, together with the factor exp(—3 Ju(IVO[2 +m2¢?)dVay) the
expression B can be given a rigorous meaning as a Gaussian probability measure scaled by a (finite) volume
constant, and the measure (2.2.1) can be constructed if, after defining part A rigorously, one proves that it
is L' with respect to the measure B.

In this section we construct the measure B. In analogy with the expression of Gaussian measures on
R™, one should define heuristically

e~ 2 Jur(IVOG+m? ) dVar (£ g) B ot (A 4 m2) "2 dpdop (6) (2.2.3)

where pp is a Gaussian measure on D'(M) with covariance operator (A +m?)~!, and “det” is an infinite
dimensional generalization of the determinant of a matrix. The Gaussian measure and the determinant are
two issues to be treated separately (in sections 2.2.1 and 2.2.2), both being rather classical, the former called
Gaussian Free Field (measure) and the latter called the (-regularized determinant.

2.2.1 The Massive Gaussian Free Field

Definition and Representations

In this subsection we explain the point of view adopted in this article of the massive Gaussian Free Field
(GFF), and refer to Sheffield [She07] and Powell and Werner [PW21] for more information.

Let (M, g) be a closed Riemannian manifold of dimension d with metric g, and 2 C M an open domain
with smooth boundary 9€2, both equipped with the metric induced from g (same notation). Fix m > 0 as
the mass parameter. We say that the massive Gaussian Free Field (GFF) with mass m on M is the Gaussian
random process indexed by C°° (M), consisting of random variables {¢(f) | f € C°°(M)} such that

E[6(N)6()] = (£.(A+m) ) oy EIS(F)

0, (2.2.4)

for any f, h € C°°(M). Similarly, the Dirichlet massive Gaussian Free Field with mass m on € is the Gaussian
random process indexed by C2°(§2°), consisting of random variables {¢(f) | f € C°(£2°)} such that

E[¢(f)¢(h)] = <fa (AQ,D + m2)_1h>L2(Q) = <P]\%[\Qofa Pﬁ\goh>w—l7 E[Qs(f)]

0, (2.2.5)

for any f, h € C°(2°). See appendix C.1 and in particular lemma C.1.4.

There exist many choices of sample spaces (“Q-spaces” in the terminology of [Sim74]) on which to realize
those Gaussian processes. These realizations are all equivalent in the sense of isomorphism of measure algebras
(see [Sim74] section 1.2). For the sake of concreteness, we point out that one choice for the sample space
is D'(M) (or D'(2°)), as formulated in the following proposition, whose proof parallels the case on Euclidean
space with minor modification.
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Proposition 2.2.1 (Bochner-Minlos, [BHL11] theorem 5.11, page 266). There exists a Borel probability
measure e on the Fréchet space D'(M) such that ¢ — (¢, Drzan = o(f), f € C°(M), realizes the
random variable ¢(f) of the massive GFF on M.

Similarly, there exists a Borel probability measure u%ﬁ; on the Fréchet space D'(Q°) such that ¢
(9, f>L2(Q), f e C(Q°), realizes the random variable ¢(f) of the Dirichlet massive GEFF on Q. O

Notation. Denote by E](\}4FF and E%F[;“ the expectations under MJ\G/[FF and ungF respectively.

Remark 2.2.1. Alternatively, based on the spectral theory of A, let {¢; };’;0 be its complete orthonormal
eigenfunctions with (real nonnegative) eigenvalues {)‘j};io’ 0=MX <A <A <...< )\ < -+, counted
with multiplicity. Then the GFF with mass m on M could also be represented as the random formal series

b= & (2.2.6)
§=0

where the sequence (§;); consists of i.i.d. real-valued random variables with &; being the standard centered
Gaussian on R with variance (\; + m?)~!. Similarly, the Dirichlet GFF on € could also be so represented
using eigenfunctions of Ag p, which are complete for L?(£2). One way to see that this construction is
equivalent to the previous one is by appealing to [Shu01] page 92 proposition 10.2.

We also consider a slightly more general situation where (A +m?)~! is replaced by an operator C.

Definition 2.2.1. We say that a bounded self-adjoint positive elliptic pseudodifferential operator C' of
order —s on M (s > 0) is a Gaussian covariance operator of order —s.

Following similar reasoning as proposition 2.2.1 or remark 2.2.1, one obtains a measure pc on D'(M).

Definition 2.2.2. The Gaussian Field on M with covariance operator C is the Gaussian random process
indexed by C*° (M), consisting of random variables {¢(f) | f € C°°(M)} such that

Elo(f)e(h)] = (f,Ch) paary»  Elo(f)]

0, (2.2.7)

for any f, h € C°°(M). We denote the corresponding measure on D'(M) by uc and the expectation with
respect to this measure by E¢.

Remark 2.2.2. For C satisfying the assumptions, the inner product (f,h) = (f,Ch) 2 defines an
equivalent norm for W—*(M).

Essential Properties

Now we collect some properties of the Gaussian random fields constructed above. We start with the following
classical fact (the proofs are in parallel with the Euclidean case for which one could refer to [She(07]).

Lemma 2.2.2. The Gaussian Hilbert space of up is W=1(M), and that ofug’}% is W=1(2). The Cameron-
Martin space of ip is W1(M), and that of ,ug’FDF is WE(M). O

Remark 2.2.3. There is a tacit assumption in the way we defined our fields: we expected the random vari-
able ¢(f) to come from the distributional pairing (L2-pairing) between D’(M) and C*°(M) (respectively, Q).
Other pairings may also be used. For example, let ¢(f) be (—, f)y1(5y) instead of (=, f) 2(ps). One then
needs to alter the covariances accordingly. Indeed, they are related by

E[(6, £y (0 W] = B[, (A +m2) 1) o (6. (Bt m2n) ] = (FBgay (228

This way of definition is noticeably used by Sheffield [She07]. The Gaussian Hilbert space in this case
is W(M) (respectively, W3(M)), and the Cameron-Martin spaces are the same. See also remark C.1.4.
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Similarly,

Lemma 2.2.3. The Gaussian Hilbert space of pc is W—*(M), equipped with (—,C—) ., and the Cameron-
Martin space is W*(M), equipped with (—, C~1=) . O

Finally we say a word about the supports of the measures in the closed manifold case. This can be proved
either using lemma 2.2.14 and evaluating the expectation of ||qb||‘2/vs (M) OF & spectral representation like in
remark 2.2.1.

Lemma 2.2.4. We have pc(W=°(M)) =1 for any § > 3(d — s). O
Remark 2.2.4. We point out that uc(W=%(M)) = 1 for any 6 > 0 in the following two cases:

(i) dim M = 2 and pc = pdy;
(ii) dim M =1 and C has order —1.

Last but not least, we make the following innocent but useful observation.

Lemma 2.2.5. If Q = Q1 LQy (possibility of non-empty boundary in either or both components), then GFFs
(indeed, Gaussian fields) over 1 and Qg are independent and Mg’ﬁ; = ,uglF’g ®M82F’§ where B = D when the
corresponding 2, 1 or Qo has boundary and B = & when either is closed. O

2.2.2 Determinants

In this section we discuss (two) generalizations of the notion of the determinant (of a matrix) to infinite
dimensional operators. General references include Kontsevich and Vishik [KV94|, Shubin [Shu01] sections
9-13, Simon [Sim05] chapter 3 and finally Gohberg, Goldberg and Krupnik [GGKO00]. See also Dang [Dan22]
for a quick acquaintance of the physical-geometric context and Quine, Heydari and Song [QHS93] for an
interesting discussion of zeta-regularization of infinite products.

Zeta-regularized and Fredholm Determinants

The zeta-regularized determinant was first introduced by Ray and Singer [RS71]. The first step is to define
the zeta function of a (rather special) pseudodifferential operator A over a manifold M with or without

boundary,

Calz) & trpa (A7) (2.2.9)

as a function of the complex variable z and study its meromorphic extension over a region that includes z = 0.
For our purposes A is A + m? (A + m2)1/ 2 or a Dirichlet-to-Neumann operator. These are positive
elliptic YDOs of positive order such that the principal symbol o4(x,&) is strictly positive whenever £ # 0.
In particular their spectra are in Ry and does not intersect B,(0) C C for some p > 0. This enables one to
define the complex power A% using the Cauchy integral representation

Az L / e7los A (4 — \)TLd), (2.2.10)
27 J,
where + is the contour (with parametrization traversing in order)
y={re™ | r>ptU{p? | —m <O <m}U{re ™ | r>p}, (2.2.11)
and log A taken to be the principal branch defined on C\ (—o0, 0] with log1 = 0.

Proposition 2.2.6 (|Shu01] proposition 10.1, theorems 10.1, 13.1, 13.2, also [See67]). We have
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(i) For the operators A under consideration, we have the bound
(A=) <cAT! (2.2.12)

for X € v, and the integral (2.2.10) defines A=% as a holomorphic function valued in bounded L?
operators, for Re(z) > 0. It continues as such a holomorphic operator function to all z € C via

AL (2.2.13)

where k is any integer with Re(z) > —k so that A=*~F is defined by (2.2.10), and the definition (2.2.13)
does not depend on k.

(ii) If A has order s then A™% defined as above is a classical W DO of order —zs. In particular it is trace
class on L?>(M) when Re(2) > d/s, d = dim M, for which (4(z) is well-defined by (2.2.9). Moreover,

for these z,
o

Calz) => A7, (2.2.14)
=0
where {A\;}32 are the eigenvalues of A, and the sum converges absolutely, and uniformly in z over {Re(z) >
d/s+ e} for any e > 0.
(iii) Finally, Ca(z) can be meromorphically continued over C with simple poles possible at {g, d;17 dS;Z, e\
Z<o, and holomorphic elsewhere. In particular, it is holomorphic at z = 0. [l

Definition 2.2.3. For an operator A under consideration, we define its zeta-regularized determinant as

dete A € exp (—0.¢4(0)) , (2.2.15)
where (4(0) is the zeta function of A given by (2.2.9) and (2.2.10).

Remark 2.2.5. An alternative way of defining the zeta function and its meromorphic continuation is to use
the heat kernel and the Mellin transform. See Gilkey [Gil95] section 1.12. This way of definition also gives
(2.2.14) over the same region, defining therefore the same function as ours.

Remark 2.2.6. From (ii) of proposition 2.2.6 we see that if A is self-adjoint and strictly positive, then (4(2)
is real-valued for z € (d/s, +00). But Jm({4) is real analytic and hence (4 remains real-valued on R before
crossing a pole, and by (iii) it is in particular real-valued on an interval around 0. Thus 9,(4(0) is real
and det¢ A is positive.

Now we move on to the second notion of determinant. Let H be a Hilbert space and A € L(H). Denote
by A¥H and A¥ A, respectively, the k-th exterior product of £ and A (see Simon [Sim05] section 1.5).

Proposition 2.2.7 ([Sim05] lemma 3.3). If A is trace class on H, then A¥ A is also trace class on A*H with
bound on trace norm

1 k
IA%A]l,, < 1Al (2.2.16)
In particular, putting
detry (1 + 24) =37 28 tryuy (AFA) (2.2.17)
k=0

for z € C defines an entire function, and
| detm(L + 24)| < exp(l2| [A]l,). O (2.2.18)

Definition 2.2.4. Let A be a trace class operator on the Hilbert space H. Then the determinant detg, (1+A)
given by (2.2.17) for z =1 is called the Fredholm determinant of 1 + A.

Lemma 2.2.8 ([Sim05] theorems 3.4, 3.7, 3.8).

(1) The map A — detp (1 + A) defines a continuous function on the trace ideal J with |-||,,. More
precisely,
| detin (L + A) — detgy(1 + B)| < 14— Blly exp(|All, + Bl + 1. (2.2.19)

(ii) If A, B € L(H) are such that both AB and BA are of trace class, then we have
detpy (1 4+ AB) = detp (1 + BA). O (2.2.20)
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Factorization Lemma

Lemma 2.2.9. Suppose A and K are WDOs such that both A and A(1 + K) satisfy the assumptions of
proposition 2.2.6 and that det¢(A) and det¢(A(1 + K)) are defined. Suppose moreover K is trace class and
there exists smoothing operators {K;}7°, such that AK; — AK in |||, (in particular, AK is also trace
class). Then

det¢ (A(1 + K)) = det¢(A) detp (1 + K). (2.2.21)

Proof. We start from Kontsevich and Vishik [KV94] proposition 6.4 and take for granted that (2.2.21) holds
with K in place of K. Our assumptions are tailor-made so that as i — oo,

det¢(A(L + K;)) — det¢(A(1 + K)). (2.2.22)
Indeed, by (2.2.12) we have
[(A(L+ K) = \)TTA(K; — K)(A(L+ K) = )7, < A2 AK: — K)|,,.» (2.2.23)

with ¢ independent of ¢ since a fortiori AK; — AK under ||-||;2. This in particular shows when fRe(z) > —1
the integral expression for A(1 + K)™* — A(1 + K;)~* is a converging Bochner integral valued in the trace
class ideal J; (note |A~%| < |A|7%¢(®) as A\ — —o0) and since tr2 is a continuous functional on 77,

| trp2 (AL + K) % — A(1+ K;)7%)| / A2 A(K, — K|, A (2.2.24)

Now by (iii) of proposition 2.2.6 there is % > 6 > 0so that (414k,), Ca(1+K) are both holomorphic over B;(0)
(for example, § < 1/|s| where s is the order of A). Thus by (2.2.24) and Cauchy’s estimate

1
}C,/4(]1+K)(0) - C1/4(]1+Ki)(0)‘ < g| l_P(S 1Cac+5)(2) — Cagrrn (2)]
1
S50 |%/|)\| Rl 2| A(K; — K|, AN
<A~ K, |

S HA Kz B K Htr'

This shows \C1’4@+K)(O) - C1’4(1+Ki)(())\ — 0, as we have desired. O

The Gluing Formula of Burghelea-Friedlander-Kappeler

Let (M,g) is a closed Riemannian manifold and ¥ C M an embedded closed hypersurface with induced

metric. Assume proposition 2.5.7 and decompose ¢ = ¢x; + ¢J\%\E corresponding to ,ugFF = ugF\? ) '“123151\/[ .

In view of equation (2.2.3), and in parallel
e~ 2 (PPN 2 L] M det (DNY,) ~2dpnd, (2.2.25)
if we assume a “formal Fubini theorem” with respect to the heuristic expressions involving £, namely
/e—;<¢,(A+m2)¢>L2 o] " //e_;<¢27(A+m2)¢E>L2 o~ 2 (@0 o (A+m*)T o) 2 [Los] ® [&ﬁﬁ\z], (2.2.26)
then we are led to the following relation of the corresponding determinants (volumes) which were first

rigorously proved by Burghelea, Friedlander and Kappeler [BFK92].

Proposition 2.2.10 ([BFK92| theorem B, [Lec97| theorem 1.1). Let (M, g) is a closed Riemannian surface
and ¥ C M an embedded closed hypersurface with induced metric. Then

dete(Anr +m?) = dete(App s, p +m?) dete(DN7;). O (2.2.27)
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The following version where ¥ dissects M such that M \ ¥ = M LU M?® is also useful.

Corollary 2.2.11. In the situation as above, we have
detc(AM + m2) = detC(AMJﬁD + m2) det((AM,,D + m2) detC(DN%/[). [l (2.2.28)

As we base our analysis on background Gaussian probability measures, the formulae (2.2.27) and (2.2.28)
constitute separate ingredients (constants) that needs to be “tuned” for the final gluing result to hold exactly.
In fact, it is also reasonable to consider “projective gluing” which allows the freedom for an arbitrary (nonzero)
constant to appear in the equation (see Segal [Seg04] page 460).

2.2.3 Quadratic Perturbation = Radon-Nikodym Density

Let C be a Gaussian covariance operator of order —s on a closed Riemannian manifold ¥, and denote by pc

the Gaussian measure on D'(X) with covariance (—,C' =) 2(5;). Let V' be another bounded formally self-

adjoint operator on L?(¥) (it could be given by a real symmetric Schwartz kernel). In this section we look

at the Gibbs measure )

du(p) & 20V duc(p)
I e 3eVelizq,

which is a Gaussian measure (see proposition 2.2.13).

From another perspective we consider Radon-Nikodym densities between mutually absolutely continuous
Gaussian measures on D'(X). See Bogachev [Bog98| section 6.4 for a general treatment from this perspec-
tive. We shall reproduce a proof following Glimm and Jaffe [GJ87] section 9.3 for reader’s convenience and
adaptation to the current situation.

A principal corollary of the results of this section is the following.

(2.2.29)

Corollary 2.2.12. Let 3 be the disjoint union of Riemannian circles, embedded in an ambient Riemannian
surface M (with or without boundary). Let ,u%’léw and g be the two Gaussian measures constructed on D'(X)
with covariance operators (DN3,) ™! and (2Dx)~! (if M has boundary, specify the boundary condition to be
B as in section 2.4.1). Then /‘1%1\]1\4 and MQED are mutually absolutely continuous with Radon-Nikodym density
given by

dug, 1 -
dMDEN (¢) = (detc(2D5)) "2 (det DNY;)2 ¢ 2 (PN ~2Dx)¢) 12, (2.2.30)
Z5)»)

The proof is at the end of this section. First we come back to the general case.

Proposition 2.2.13. Let V : L?(%) — L?(X) be as above and moreover assume
C~' 4V is positive, (2.2.31)

and that

[SIE
[

V& c2ves s trace class. (2.2.32)

Then

(i) the random variable (¢, V) 2 can be defined in L'(uc) and Ec[{p, V) 2] = tr(V),
(ii) Z :=Ecle 2 VO)2] = detp (1 + V)2, and
(iii) the Gibbs measure (2.2.29) is Gaussian with covariance (C~1 + V)™1

Note that since C~1 + V is positive and C is also positive, 1 + V= C%(C_l + V)C'% is positive.

Lemma 2.2.14. There exist an orthonormal basis {f] °, of the Gaussian Hilbert space W™*(X) of pc
equipped with (—,C—) 2, such that

o0

(0, V)2 = ZAM )2 (2.2.33)
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for all ¢ belonging to the Cameron-Martin space W*(X), where {\;} are the eigenvalues 0f‘7 on L*(X), and
the series converges absolutely in L' (uc). Thus we define the random variable (¢, V@) 12 with this converging
series. Consequently, (i) of proposition 2.2.13 holds.

Proof. The key is to seek {C% f;} as complete L?-orthonormal eigenfunctions of V with eigenvalues {NT
which exist since V is self-adjoint and trace class on L?(X). Now {f;} C W*(X) and is complete orthonormal
with respect to (—,C'—);2. This also means the random variables {¢(f;)} are mutually independent. Note

for p € W*(3), C*%go € L?(%), and
I RS |
<SO>V()0>L2 = <C 2, Ve 290>L2

STACT2 0,00 f) |
j=

N (fi)?.

o

<
Il
—

Since V is trace class,

D Eo[Nle(f)?] =D 1Nl < oo, (2.2.34)
j=1

j=1

and we obtain the result. O

Remark 2.2.7. We thus defined (p, V) ;2 as a Wiener quadratic form and it lies in the second Wiener chaos
of e, a fortiori in L?(uc). See Bogachev [Bog98] pages 257-261 for more information and in particular
proposition 5.10.16 for the same result in the context of Malliavin calculus. In fact,

VCfj=CT3VCE f; = \ify, (2.2.35)
and hence V' is trace class on W*(X) with eigenbasis {C'f;}.
Remark 2.2.8. We have \; > —1 by the assumption (2.2.31).
To treat (ii) and (iii) of proposition 2.2.13 we adopt some approximations.
Lemma 2.2.15. Proposition 2.2.13 (ii) and (iii) is true in the case V has finite rank.
Proof. In this case the series in (2.2.33) is finite with {j‘}}ﬁil for some N € N. Thus
7 = (27r;N/2 /]RN eT2 XN o3 X e gN
=TIt + )2 = det(L + V)2,
j

N

by projecting onto RY via ¢ + (o(f1),...,0(fn)) =: (21,...,2y). For the covariance, we orthogonally
decompose W™*(X) as

W=%(2) = Span{f; | 1 <j < N} ®Span{f; | 1 <j < N}, (2.2.36)
let Iy and II; be the corresponding orthogonal projections (in order), and for any f € C°°(X) write

o(f) = arp(fi) + -+ ane(fn) + oL f), (2.2.37)
then o(II; f) is independent of both ¢(f;), 1 < j < N, and (p,V);2. It is now clear that (2.2.29) is
Gaussian because we could now express pu({¢(f) € A}) for any Borel set A C R as a Gaussian integral
over RV*1. Apply C?2 to (2.2.36) we get the L?-orthogonal decomposition

L*(%) = C2(Span{f; | 1< j < N}) @ C=(Span{f; | 1 <j < N}). (2.2.38)

=:L2(X)o =:L2(X)1
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Clearly V leaves this decomposition invariant and is zero on L2(X);. Hence (1 + V)~ is block-diagonal,

{ca L2(%):
: _ 1
(1+7V) L= diagl {(A; +1)7'} 0 {C2f;} (2.2.39)
0 1 L?(2),
Thus
Z7'Eclp(f)Pe 29V = 27 Eclp(Tlof)Pe2 20 99U 4 27 Eolp(I f)2|Ecfe2 V)
=> i+ 1)+ (I f,CTL f)
J
= (C2pf, (1 + V) I CElp ) o + (I f, C2 (1 + V) I C3 L f)
=(LCT V)T ) e,
where we perform again a Gaussian integral on RY in the second line. O

Proof of proposition 2.2.13 (ii) and (iii). For general V' we impose spectral cut-off at N,

N
p) € D o Nile i) i (2.2.40)

Then C2VyCz =: Viy — V under the trace norm ||, (acting on L?(X)). Hence (p, V)2 — (¢, Vo) 2
in L'(uc) by lemma 2.2.14 and after passing to a subsequence

e3P VeI 2y o 5(0 V) 2 (2.2.41)

in Ll(,ug) and (i) for V follows, since detg, (14 V) — detpr(ﬂ +V) by lemma 2.2.8. To prove (iii), we note
that Vy — V a fortiori under the operator norm, then ok (1+ V)™ 1oz — Oz (1+V)~ LC? in norm and

Ec[eiw(f)e*%@o,V%)Lz] . Ec[eitp(f)e*%(%VNsz]
Ec[e—%mvwﬂ] T N EC[G—%(@,VN@LQ]
_ _ 1 1
= Jim exp (— (7€ V)L
1 _ _
:exp<—§<f,(C +V) 1f>L2)7
for f € C*°(X), showing that (2.2.29) is Gaussian with the right covariance. O

Proof of corollary 2.2.12. Remember now that dim> = 1. Write for short D := 2Dy, and DN := DN%[.
Setting C = D! and V = DN —D in proposition 2.2.13, we are left to prove the determinant identity

det¢ (D) detp, (1 + D~ 2(DN—D)D"2) = det¢(DN). (2.2.42)
Indeed, this is now immediate as
LHS = det¢ (D) detp (1 + D' (DN —D)) = RHS (2.2.43)

by lemma 2.2.8 (ii) and lemma 2.2.9. We point out DD~!(DN —D) = V can be approximated in [-||, by
smoothing operators (by lemma 2.4.3 (iv), V = DN —D is L?-trace class), so the conditions of lemma 2.2.9
is satisfied. Indeed, as above, {C'f;} C W1(Z) are W!-complete eigenfunctions of V. If the corresponding
eigenvalue A; # 0, then the bootstrap argument shows C'f; € C*(X) since V € ¥<(X). Thus Vi, where Vi
is as in (2.2.40), approximates V in ||-||;, and is smoothing. This concludes the proof. O

Remark 2.2.9. Though it is probably true, we do not claim DN —D is elliptic.
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2.3 Variants of Nelson’'s Argument

The goal of this section is to define part A of (2.2.1) which culminates in Nelson’s theorem. The principal
obstacle in achieving this is the fact that powers of a distribution such as ¢?, ¢* etc., are generally not
defined. Even as a random variable under p¥p, we have (formally) EX.n[¢(2)o(y)] hen G(a4m2)(7,y) from
(2.2.4) for  # y but this implies E¥pp[o(2)d(z)] = G(a+m2)(x,7) = oo. This necessitates a procedure of
renormalization which subtracts away oo and makes EXp[o(z)¢(z)] < oo.

Here the natural renormalization strategy is provided by the Gaussian probability theory. Let {K. | > 0}
be a family of smoothing operators® on M, for which K. — 1 as ¢ — 0 (in a sense to be specified later), and
consider the mollified random field ¢, := K.¢. Instead of ¢.(x)*, say, we look at

def
0(2)": = ¢e(2)" — 6E[¢e(2)?]9: () + 3E[¢:(2)*)?
def
= ¢€(x)4 - 6C€(x)¢€(x)2 + 306(55)2'
It happens that for any x € C°°(M), the integral [, x(2):¢-(x)*:dVis(x) converges as a random variable
in L?(pep) to a definitive limit, and defines [, x(z):¢(2)*:dVis(z) as a random variable in L?(udp). Note
that C.(x) — oo as € — 0, so we have subtracted “infinities”.

Remark 2.3.1. The crucial point in our adaptation of Nelson’s argument is to realize the locality of
the interaction [y, x(x):P(¢(x)):dVas(z) (see section 2.5.4). To this end we must allow a sufficiently large
class of regulators K. (in particular, local ones) and show that they define the same interaction (proposition
2.3.5). In addition, the Wick ordering also needs to be local (see section 2.3.4), so that the interaction on a
domain with boundary could be defined without reference to the ambient closed manifold where this domain
“caps”. See Brunetti, Fredenhagen, Verch [BFV03| and Guo, Paycha, Zhang [GPZ23| for more information
and perspective on locality.

Remark 2.3.2. The method adopted here is restricted to dimension two. In three dimensions, the target
measure bearing the heuristic form (2.2.1) becomes mutually singular with respect to uwp and hence cannot
be expressed as an integrable function multiplied by ,u](‘fFF. A recent phenomenal method to treat this case
is developed in the framework of stochastic PDEs, called stochastic quantization, providing an alternative to
older results outlined in [GJ87] section 23.1. See the introductions in [GH21|, [HS22], [AK20], [MWX17] and
[BDET24a] for reviews of the literature and pedagogical discussions.

2.3.1 Regularizations

In this subsection we describe an admissible class of regulators K. which would eventually produce the
same random variable [, x(2):¢(2)*:dVys(z) as will be proved in the next subsection. Basically, they are
smoothing operators such that K, — 1 in W°(M) in the symbol sense for any § > 0 (see definition below).
A compact notation is to say K. — 1 in WO+ (M).

Definition 2.3.1. Let r € R we say that operators K. — K in W"(M) in the symbol sense if for any coordinate
chart  : U — R? and cut-off y € C°(U), the full symbol of yK.x (considered acting on C®°(x(U))),
converges to that of xKx in the S 5(x(U) x R%) topology.

Now we describe the first candidate for K. satisfying the above assumption (the proof is in appendix
C.2). This was introduced in Dyatlov and Zworski [DZ16] and has the advantage of being local, realizing the
locality of the P(¢) interaction eventually in section 2.5.4. Consider ¢ € C°((—1,1)) with 0 < ¢ < 1 and
equal to 1 near 0. For £ > 0 we define the operator

Fale) ™ [ Elepunavi). with Bulo) = 0 (200 (23.1)

3that is, each K. maps D'(M) — C>®(M).
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Here F.(z) = [¢(d(z,y)/e)dy so that [ E.(z,y)dy = 1, and dy4 denotes the Riemannian distance. One
observes that E.(x,y) is smooth for each ¢ > 0 so E. D’ (M) — C°°(M). Observe also that ¢¢/C <
F.(x) < Ce? for some C > 0, and this C' could be made dependent neither on & nor on 2 as M is compact.

Lemma 2.3.1. For any 6 > 0 we have E. — 1 in WO (M) in the symbol sense.

Proof. See appendix C.2. O

Note that K (z,y) = K:(y,z) for real smoothing operators (and their symbols are related in a simple
manner), K. — 1 in the symbol sense is equivalent to K — 1 in the symbol sense.

Lemma 2.3.2. Let {E/, }.~o be another family of smoothing operators such that E!, — 1 in W' (M) in the
symbol sense for any &' > 0. Then the net EX(A+m?)"Y(EL, —E.), (¢/,e) € Ry xRy (we say (¢/,¢) < (¢}, 21)
iff € > ¢\ and e > 1), converges to zero in W2(M) in the symbol sense for any § > 0.

Proof. Note that following essentially the same arguments as above the W9/ 2(M) seminorms of E. can be
bounded uniformly in €. This said, the result follows essentlally from the continuity of the twisted product
(composition product) of symbols as a map S] 0 X 81 0— Sr+r with respect to the symbol topologies (see
Folland [Fol89] page 105 theorem 2.47). O

We shall consider another set of seminorms on ¥" (M) in the case —d < r < 0 which suits better our
purposes. They are defined as follows. Let M C C>°(M x M,T(M x M)) denote the C*°(M x M)-module
of smooth vector fields tangent to the diagonal in M x M. We fix a finite coordinate cover {Ui}ij\él of M,
with charts r; : U; — R?, and a partition of unity {x;} subordinate to this cover.

Definition 2.3.2. For any K € C*°(M x M \ diag), 1 < i < N and Ly, ..., L, € M, we define the
seminorms

def
PiLrynr, K) = sup | (ki X 6i)i (i ® Xi) L1+ - LK) ()| - dg(2, )™, (2.3.2)
(‘Ivy)EUlXUl

while on U; x Uj, ¢ # j, which does not touch the diagonal, we use the C°°(U; x Uj;) seminorms. By the
kernel topology on ¥" (M), —d < r < 0, we mean the topology induced by these seminorms on the Schwartz
kernels K4 of A € ¥"(M). Here d, is the distance function.

Proposition 2.3.3. In the case —d < r < 0, the above kernel topology is equivalent to the topology induced by
symbols ST o(T*M) on W"(M). In particular, if A- — A ase — 0 in W"(M) in the symbol sense then A — A
also in the above kernel topology.

Proof. Essentially in Taylor [Tay23b| page 6, proposition 2.2, page 7, proposition 2.4 and page 10, proposition
2.7. See also Bailleul, Dang, Ferdinand and T6 [BDFT24b] proposition 6.9 for a more detailed treatment. [J

—e(A+m?2)

Finally, we observe that the heat operator K. = ¢ is also a valid candidate:

Lemma 2.3.4 ([Dan22] lemma 4.15). We have e =(A+m*) — 1 in W3 (M) in the symbol sense for any § > 0.
O

Some properties of the heat operator is summed up in appendix C.2.

2.3.2 Integrability of Interaction and Regularization Independence

Proposition 2.3.5. Let (K.).~o be any family of real smoothing operators such that K. — 1 in WO (M) in
the symbol sense for any § > 0. Define ¢.(x) and :P(ps(x)): as above and let x € C°(M) be a test function.
Put

Suten(é) i= [ X(@)iP(éx(a))idVir. (2.3

M
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This is a random variable on D'(M) equipped with pep. Then {Sn e} converges in L2 (uep) ase — 0, and
the limit is independent of the specific smoothing (K.) chosen, provided they have the convergence property
described above.

More precisely, for any other smoothing family (IN(EI) satisfying the same condition and defining the
random vartable §M,€’,X7 we have a quantitative bound of the form

S 2
E[|Suex — Smeral’] < O(le =€ NCullxllZa,
where O(|e — €'|) is a function going to zero as | — &'| — 0, depending only on M.
A particularity of the dimension two is seen in the following elementary lemma.

Lemma 2.3.6. Ifdim M = 2 and g is a smooth Riemannian metric on M then

// |log(dy(z,y))PdVirsm < Cp < 00 (2.3.4)
MxM
forany 1 <p < oo and
// dg(z,y)” SAVirxar < C5 < 00 (2.3.5)
MxM
for any 0 <6 <1, dy denoting the distance function. O

Consequently, since in two dimensions G(z,y) = O(log(d(x,y))) as y — = (see lemma 2.3.12), a simple
argument with partition of unity shows

/ / @)X W)|G () PAVirar < Coll x|l vol(supp(x))? < 00 (2.3.6)
MxM

for some C), > 0, for all 1 < p < oo. When p = 2 this is the familiar fact that in two dimensions the Green
operator (A +m?)~! is Hilbert-Schmidt, which may also be shown using Weyl’s law.
We will denote

Edop [0=(2)0:(y)] = (80, KX(A + m?) T K.6,) o = Gesla,y), (2.3.7)
IEJ\(;‘r4FF [¢E($)¢a’ (y)] = <6CE7 KS(A + mZ)_IKe’6y> :f Ge@’ (ﬁ, y), (2.3.8)
Edisp [ber (2)er ()] = (60, K5 (A +m?) T KL8,) 10 Gor i, y). (2.3.9)

Note that G, has a different regulator on the second variable! For fixed € > 0, we have by lemma A.3.1,

1
1o (2)?": = Ge (2, 2)"hap (¢e(2)/Gec(z,2)2) 2 —b1Gep(z, 3)", (2.3.10)
for some constant b; > 0 independent of ¢, since the even-degree Hermite polynomial hs,, is bounded below.

Proof of proposition 2.3.5. We shall prove the proposition for the case P(6) = 6", n € N, the general case

is similar. For fixed ¢, &’ > 0, we compute
2 n
L2(ugrr) H/ X: QZ)& 2 [dVy — / X: ¢€ dVM :|

-k U/MXM (@) e (y)*":x(y)AVis @ dVM]
- [/ /]\/[><M (2)°™: e (y)*™:x (y)AVir @ de]
U/MM ()2 2 (1) x(y)dVas © de}

HSM,E - SM,.E’
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=] (B @@ 0P x0)] = 2B @@ o))
E [X(l‘):(f)a/ (3:) RO (y)2":x(y)] )dVMxM (Tonelli)

— (2n)! / /M XEXW) (Geel ) = 26 (2.)*" + Gorar(w. ) AWarsa
X
(lemma A.3.1)

We will control the integral [, x(2)x(y) (Gee(,y)*" — Geor(2,y)*™) AVarxar for x € C°°(M) and x >
0. Indeed,

this integral| < / /M XX [Geel) = G )] - [Gaelo )
X

+Gss(w y)Qn 2Gss :U y)"‘ +GEE (:U y 2n 1}dVM><M

1

1 2 2

2”HXHL4 CSn 4 4 <// ss $ y G575/(:1:,y){ )
MxM

Remember that G, ./(z,y) is the kernel of K*(A+m?2) 1K, and Geer(x,y)—Gee(x,y) is the kernel of K} (A+
m?)~Y (K. — K.). By lemma 2.3.2, definition 2.3.2 and proposition 2.3.3,

|Geer(@,y)| < Chrgdy(m,y) ", (2.3.11)

uniformly in (e,¢’) and by lemma 2.3.2,
|Geer(2,y) = Ge(a,y)] < Oarsle — €'y (,y)~° (2.3.12)
for any 6 > 0. If we restrict moreover to § < 1, then we prove our result, thanks to lemma 2.3.6. O

2.3.3 Integrability of the Exponential of Interaction

In this subsection we will adopt the heat regulator K. = K. = e—e(Atm?),

Lemma 2.3.7. Let deg P = 2n. Then Sy e, € > 0, and hence the resulting limit Sy, is in the (2n)-th
Wiener chaos of the GFF, that is, Pon(H), where H = WY (M) is the Gaussian Hilbert space of the GFF.

Proof. We shall show it for P(§) = 6* and the general case is similar. Here we use the spectral representation

of remark 2.2.1 (using the notations thereof) and take K, := e~¢(A+m%)  Thus we can write
e 4
= (X sens) = (e o)
3=0
= Y et MR o () o () 00 ()0 ()€ Ex e,
Jikstsp

the series converging absolutely in L?(uXwp). Now each individual term is clearly in P4(H). Since
/ loj(@)pr(x)pe(x)pp(x)|dVar(x) S vol(M) - [polynomial in Aj, Ak, Ag, A, with fixed degree] — (2.3.13)

as one has sup,, |¢;] < (1 + Aj)? in two dimensions which follows essentially from the Sobolev embedding
(see Sogge [Sogl4] page 43 equation (3.1.12)), thus

/X($)¢s($)4dVM($) = Y e NN O i ErEelp (2.3.14)

j7k7£7p

with the series converging absolutely in L?(udfr) and the result is in Py(H). O
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Proposition 2.3.8 (hypercontractivity, [Jan97] theorem 5.10, [Sim74] theorem 1.22). Let H C L?*(Q, O,P)
be a Gaussian Hilbert space on some probability space (Q,O,P), and letn > 1, 2 < p < oo. Then

E[XP)r < (p— 1) 3E[X?)? (2.3.15)
for all X € P,(H). O
Combining lemma 2.3.7 and proposition 2.3.8, we have

Corollary 2.3.9. The convergence of {Sury}, as well as the limit Sy, is in LP(ugrr) for all 1 < p < oo.
Moreover, if x — 0 in L*(M) then

lim li =

i i S = 0

as random variable in Lp(,uGFF) for all 1 < p < co. Moreover E[e SM»E»X] remains uniformly bounded along
the limit. In particular Sy, is defined for x € LY(M). O

We single out a calculus computation which will be used in the sequel:

Lemma 2.3.10. Let a, b be positive real numbers. Then the real function a(z) := 20" a® x> 0, attains its

_pe—1lg-1/b 1
be™"a at x = e ta=1/0. O

mintmum value e
Theorem 2.4 (Nelson). We have for x € L*(M),

e Mx € LY (ugrr) (2.3.16)

and hence
1

Zyr = dete(Ay +m?)72 / e~ S @AV g M (6) < oo. (2.3.17)
/(M)

Proof. For any ¢ > 0, by (2.3.6) and (2.3.10),

Smx.e = —bvol(supp(x))|lx| re sup(|Gee(z, z)|"). (2.3.18)

From formula (C.2.7), for ¢ small,

Geelx, x):/;optacxdt (/25 / )pta:x (2.3.19)

Now by (iii) of lemma C.2.1 part A is O(log(2¢)); since our field is massive (m > 0), by (iv) of lemma C.2.1
part B is bounded. Therefore one has overall G, .(x,z) = O(log(2¢)). As a result Sy > —ba|log(2¢)|™
for € small.

Now we compute that

]p( —SMyx > eb2|10g(26)\"+1) P (Sary < —bo|log(2e)[" — 1)
<P (|SM,X - SM7X,€| = )
<

150 — SM,x,sH]Zp(MGFF) (Chebyshev)
< (p-— 1)%05’5% X174 (proposition 2.3.8 and 2.3.5)
n 1
S IXlfzap2?(Cre2)?,

for all 2 < p < co. The last line as a function of p has the form dealt with in lemma 2.3.10 and attains a
minimum of exp ( — Co (52 x| pa) =Y "), with some absorbed constant Cy > 0 which does not depend on Y.

Thus we obtain ) .
]P)(e*S]\/I,X 2 eb2|10g(2€)|n+1) S exp ( — 02 (55 HXHLLL)_E)' (2320)
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Now we may conclude with the formula

00 1
E[e™5Mx] :/ P (e 5Mx > ¢) dt :/ P (e SMx > t) j—z‘da
0 0

where the last integral involves a change of variable ¢ := b2/108(26)["+1 Thig gives

1
E[e_SM»X] <1 —I—/ exp (— Cs (€%||X||L4)_%)03€_1TL| log(e)|" el los@)" ~1qe
0

which is finite since integrable near ¢ = 0. Moreover, we see that the bound is uniform when |||/ 2 < Cy for
some given Cp > 0. O

2.3.4 Change of Wick Ordering

In order for the proof of proposition 2.3.5 to work as it is written one has to insist on the Wick ordering : e:
provided by ué‘[FF, since we desire convergence in L? (,u](\fFF) and with a different Wick ordering the Feynman
rules (lemma A.3.1) are not exact. Nevertheless, in order to define the interaction over a domain §2 indepen-
dently of its embedding in an ambient manifold M, one must employ a Wick ordering independent of M, or
in order words, one that is local.

Let d denote the Riemannian distance function of M. This function is local in the sense that d(z,y)
(as y — z) depends only on the restriction of the Riemannian metric on any geodesic convex neighborhood
containing = and y. The local Wick ordering : e :g is provided by the log-measure uf‘gg which is the Gaussian
measure on D'(M) with covariance

Buelo(1o)] = [ (@) = 5 log(m - dla ) )dVis (@)Var ) (2321)

for f, h € C°°(M), thanks to lemma 2.3.6. Here m is the mass used for (A+m?)~!. We denote —% log(md(z,y)) :=
Co(z,y) and the corresponding operator by Cy. We emphasize here that ,uf\gg is used only as a tool to pro-

duce a linear change of random variables with deterministic coefficients, no random variables will be actually
defined on ,uf\jg.

Lemma 2.3.11. If C, Cy are two covariance operators on M, then

[n/2] nl ' .
D(f)":0, = Z (n—2j)j127 (f: (C2 — Cl)f)iz(M) D)0, (2.3.22)
= 5!
for f e C®(M).
Proof. Follows readily from Wick’s theorem. O

The reason why the new Wick ordering works is the following. Let G(a +m2)(x,y) denote the integral
kernel of (A +m?)~L.

Lemma 2.3.12. For each x € M, the limit

lim (Gagpm?)(7,9) — Colz,y)) & 5G(z) (2.3.23)

y—x
exists, and that 0G € LP(M) for all 1 < p < oc.

Remarks for proof. The function dG is called in our context the (point-splitting) tadpole function (see Kandel,
Mnev and Wernli [KMW21] section 5.4, in particular lemma 5.20 for a precise expression), which can be
seen as a renormalized diagonal value of the Green function G(aqm2)(z,2). The asymptotic of the Green
function along the diagonal is a classical subject and we have in fact G\(a 12 (7, y) —Co(z,y) € CY(M x M).
The function dG is also important in the context of conformal geometry where it is called the mass function,
if more precisely we do not include the constant —logm/27 in Cy but rather in 6G. See Hermann and
Humbert [HH16|, Ludewig [Lud17] or Schoen and Yau [SY81] for more information. O
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It follows that
(Bedo, (A +m*) 7" = Co) Bebo) 12y — 0G(2) (2.3.24)

as € — 0 and through the limiting process of proposition 2.3.5 we find

/M X(@):p (@) 0dVar(2) = ) (211£22%

/ X(x)&G(x)j:¢(x)2"72j:GFFdVM(33), (2.3.25)
=0

which exist as a random variable in LP(uXep) for all 2 < p < oo since each term on the RHS are such by
proposition 2.3.5 and corollary 2.3.9.

2.4 Geometric Operators and Induced Laws

In this section we obtain a series of rather elementary relations between various geometric-analytic operators
on M and on Q. The moral is that, the so-called “sharp-time localization” map jx, (see lemma 2.4.4), induced
probability laws of Gaussian fields under the trace 7y, (see section 2.4.3), and finally the Green-Stokes formula,
are largely different aspects of the same thing.

2.4.1 Summary of Operators Concerned

Let (M, g) be a closed Riemannian manifold, and ¥ C M a smooth embedded hypersurface (codimension
one submanifold). The map
s : C®(M) — C%(%),
fo— [z

is called the trace map from M onto X. If (€2, g) is a compact Riemannian manifold with boundary 992, we
know that for f € C°°(012), the (Helmholtz) boundary value problem

(2.4.1)

(Aq +m?)u=0, inQ,
e on 09, (242)
admits a unique solution u € C°°(Q) which is extendably smooth upto 9§2. The solution operator
o . oo (0O
PIG® : C>®(02) — C=(Q), (2.4.3)

f > wsolving (2.4.2),

is called in this paper the Poisson integral operator from 9Q to Q, with mass m > 0. We also need a
variant of this operator that works for embedded hypersurfaces in closed manifolds, as M and X above.
Pick f € C°°(X). This time we look at the boundary value problem

{ (Ay+m?u=0, in M\,

st . (2.4.4)

Indeed, one views M \ ¥ as a manifold with two boundaries ¥ LI 3, and as a result one obtains a unique
solution u which is smooth on M \ ¥ and one-sidedly smooth upto ¥ respectively on its two sides. In this
case we denote the solution operator by

PIy, : C®(X) — C®(M\YX),

2.4.5
f > wsolving (2.4.4), ( )

also called the Poisson integral operator, from ¥ to M, with mass m > 0.

Lemma 2.4.1 ([Tay23a] page 334, 361, [Eskll]| page 57, example 13.3). Let (M,g), X, Q and 0Q be as
above. Then
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(i) the map T, extends uniquely to a continuous operator s, : W¥(M) — sté(Z) for each s > 3;
(ii) the map 7 : WS(M) — WS_%(Z), s> %, is surjective; 1
(iii) the map P12 extends uniquely to a continuous operator PI&? : W5(9Q) — W*+2(Q) for each s > —3.

Remark 2.4.1. In this paper, a function u € C°°(2) is said to satisfy the Dirichlet condition (respectively
Neumann) if u|gq = 0 (respectively (9,u)|sq = 0, v the outward unit normal). The f appearing in (2.4.2) is
called a Dirichlet datum.

Definition 2.4.1. More generally if {2 has boundaries and 3 is either one component of 9€2 or embedded in
the interior of {2, then we denote by PI%B f the solution with its restriction equal to f on ¥ and boundary
condition “B” (Dirichlet or Neumann) on all components of 92 exzcept ¥. Such notations raise no ambiguity
when the situation is understood from context.

Lemma 2.4.2. Let (M, g) and ¥ be as above. Then P13, extends uniquely to a continuous operator
PL%, : W2 (%) — WE(M). (2.4.6)

Proof. Let f € W%(E) and u := PIy, f. We know that w € W (M \ £) € D'(M \ ¥), this means u €
L*(M\X) = L*(M), and Vu € L?(T(M \ X)), as a distribution over M \ ¥. The problem is to compute Vu
as a distribution over M. For this, one picks a testing vector field X € C*°(M,TM) and applies the
Green-Stokes formula to get

def .
(Vu, X>L2(M,TM) = —(u,div X>L2(M)

- /M\E (Vu, X), dVas — /E FAX, v, dVs — /Z FAX,—v), AV

= / (Vu, X), dVar.
M\S

Here v is any one of the two possible unit normal vector fields along 3. This shows that, nevertheless,
My = vM\Ey, (2.4.7)

and hence HUHWl(M) = ||V“HL2(T(M\2)) + ||U||L2(M) ~ HUHW1(M\E)' o

Definition 2.4.2. Let (€,g) be a compact Riemannian manifold with boundary 09 # @, and PI%Q :

C>*(092) — C*°(Q2) the Poisson operator defined previously. Put

DN . C>®(0Q) — C=(090),

RN 3,,(131?19]"), (2.4.8)

where v = outward unit normal along 0f2, called the Dirichlet-to-Neumann operator on 9f) with respect to (2.

Definition 2.4.3. Let (M,g) be a closed Riemannian manifold, ¥ C M an embedded hypersurface,
and PI}; : C°(99Q) — C°°(M \ ) the hypersurface Poisson operator. Put

DN}, : C®(09) — CO=(99),

fo— 0PI Hls. +0-,(PIF fls,, (2.4.9)

where v is any one of the two unit normal vector fields along ¥, extended over a cylindrical neighborhood
of ¥. Here >_ and X, means that we are taking one-sided derivatives, respectively, from the backward-time
and forward-time directions with regard to the flow of v. We call DN% the jumpy Dirichlet-to-Neumann
operator on ¥ with respect to M.

Definition 2.4.4. Similarly if {2 has boundaries and 3 is either one component of 02 or embedded in the
interior of ), then we denote by DN(ZZ’B the corresponding operator with PI% replaced by PI%B in the
definition (see definition 2.4.1).
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Remark 2.4.2. If we see M \ ¥ as a manifold with boundary ¥ U 3, then DN% f is also the sum over X
of the two outward unit normal derivatives of PIy, f along ¥ LU Y. Intuitively, DN, f describes the “jump”
of VPIy, f across .

We summarize in the following lemma the essential properties of DN and DNY,. Parallel results also
hold for DNg’B (X being either one component of boundary or embedded in interior) but we shall not discuss
them in order to simplify the presentation. The same applies to everything below this section.

Lemma 2.4.3. Under their respective settings, DN and DNY; are such that

(i) their quadratic forms are given respectively by the Dirichlet energies of their harmonic extensions:
(£ DN 1) oy = | (VPIfI3 + m(PI F)2)aVe (2.4.10)
(FDNF; Py = [ (VPTG 7+ (PTs £ )V, (2.4.11)

for f € C>(08);
(ii) they are formally self-adjoint, strictly positive, and L?-invertible;
(ii7) they are elliptic WDOs of order 1, with principal symbols being |£|, and 2|£|, respectively;
(iv) they afford a finer comparison with Dag = (Apq + mz)% or 2Dy, = 2(Ay + mQ)% the operators

DNZ? —Dyg, DN}, —2Ds, D, iDN&?—1, and (2Ds) ! DNy, -1, (2.4.12)

are WDOs of orders at most —2, —2, —3, and —3 respectively. A fortiori, they are all of trace class
when dim Q) = dim M = 2 and dim ¥ = dim 02 = 1.

Proof. See Taylor [Tay| and the references therein. For (iv) see Kandel, Mnev and Wernli [KMW?21] propo-
sition A.3. O

2.4.2 Two Consequences of the Green-Stokes Formula

Let (M, g) be a closed Riemannian manifold and ¥ C M an embedded hypersurface. Formula (2.4.11) in
a slightly more general form allows one to obtain an expression for the “distributional adjoint” of the trace
map onto X.

Lemma 2.4.4. Let s : C®°(M) — C>®(X), ¢ — ¢|x be the trace map. One has, for any ¢ € C>*(M)
and f € C>®(%),
(120, f)12000) = (0, 8F) 12 () (2.4.13)

where js, = (A4+m?) PIy(DNY,) ™. Moreover, this equality can be extended to p € WH(M) and f € Wfé(E).

Proof. First suppose h € C°°(X), then applying the Green-Stokes formula to M \ ¥ with boundary ¥ U X
gives

(T¢, DNy h) = / ((Vo,V Pl h) +m?p(Plys h))dVay

M\X

= / ((Vo,V Pl h) +m2p(Plys h))dVay (lemma 2.4.2)
M

— (¢, (Ap +m®) PTy h>L2(M) . (#)

We remark that step (#) is the definition of the action of (Ay; + m?) on the distribution PI3, k. By
lemma 2.4.1, lemma 2.4.2, and (iii) of lemma 2.4.3, then, this equality can be extended to ¢ € W' (M)
and h € W%(Z) Finally, replacing h by (DN¥;)~'f, with (DN3;)~! being a WDO of order —1, yields the
desired relation (2.4.13) as well as its domain. O
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Remark 2.4.3. One is advised to compare lemma 2.4.4 with the fact in one dimensions that the distributional
derivative of the Heaviside function H, = a - 1(g ) (a € R) is the delta function multiplied by the jump
of H, across 0, that is,

<H(/l7()0>L2(]R) = [Ha(0+) - Ha(o_)] : 90(0) (2'4'14)

for any ¢ € S(R). In our case the role of the Heaviside function is played by the vector field V PI%I (DN%I)_l f.
Indeed, following remark 2.4.2, the “jump” of VPI]ZV[(DN]ZV[)_1 f across X is exactly f, as the directions
tangential to ¥ does not contribute to the jump with (DNJ%I)_lf being smooth. This comparison in mind,
it is also customary to write jx f as f ® Oy, as for example, in Carron [Car02].

Corollary 2.4.5. For f, h € C*(X), we have

(£, (DN3)"'h) oy = (e fs (A +m?) " Hjsh) o (2.4.15)
In other words, (DN%)*1 =7(A+m?) s (= 7(A +m?)~1r%).
Proof. This is immediate by noting that 7x; PIy; is the identity on L?*(X). O

Remark 2.4.4. Indeed, noting that the Schwartz kernel K of 7= is the delta distribution on the diago-
nal {(z,2)} C ¥ x M, and that jy is the distributional adjoint of 7, corollary 2.4.5 allows one to deduce
immediately the Schwartz kernel of (DN%,)~!, denoted GEy:

(5. ONE) ™0 s, = [ /E B / /E @K 96 a4 (2 0) K () h(y)drdzdyc
= /EXE f(@)Gaqrm2) (7, y)h(y)dzdy,

that is, G%N = G(A4m?)|zxx, where G2y is the Helmholtz Green function on M, which is a well-known
result. Of course, assuming this result, one could also work backwards to give lemma 2.4.4 another proof,
using the Poisson integral formula (lemma 2.4.6 below) for PI3;.

Now we move to the second consequence of the Green-Stokes formula. Let (€2, g) be a compact Riemannian
manifold with boundary 0€2. Recall that (Aq, D%—mQ)*1 denotes the Helmholtz Green operator with Dirichlet
conditions on 9f2.

Lemma 2.4.6 ([Tay23b| page 46). We have, for p € C*°(09Q) and f € C(£2°),
< Plgﬂ 2 f>L2(Q) = <§07 _aV(AQ,D + mQ)_lf’89>L2(8Q), (2416)
where v, again, denotes the outward unit normal vector field along OS2. O

Corollary 2.4.7. For (M, g) a closed Riemannian manifold and ¥ C M an embedded hypersurface, for ¢ €
C®(X¥) and f € CX(M\ %),

<PIEM 2 f>L2(M) = <Q07 _(8VU|E_ + a—uu|2+)>L2(E) s (2417)

where u = (Apps,p +m?)7Lf, and the notations ©_ and X have the same meanings as in definition 2.4.3.

Proof. See M \ ¥ as a manifold with two boundaries ¥ LI ¥, and we note
PIY, ¢ = PIHY: m , (2.4.18)

as well as

® 81/”‘2_
< |:90:| . [8 uls :| >L2(Eu2) - <<,0, —(Ouls_ + 8_1’u|2+)>L2(2)7 (2.4.19)
_uls,

while applying lemma 2.4.6. 0l
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2.4.3 Induced Laws

Results of this section rely on the possibility of extending linear functionals or operators measurably from
the Cameron-Martin space, and the (almost sure) uniqueness of such extensions, a detailed treatment of
which we refer to [Bog98] sections 2.10 and 3.7.

Now let (M, g) be a closed Riemannian manifold and ¥ C M an embedded hypersurface. Lemma 2.4.4
then says that, for each f € C°°(X), the random variables

m¢(f) and  ¢(jzf), (2.4.20)

while ¢ ~ ., are (surely) equal on the Cameron-Martin space W (M). By [Bog98| theorem 2.10.11, they
are almost surely equal over D'(M). Subsequently from corollary 2.4.5 we deduce

Edrrlreo(f) s (h)] = Eder(¢(is f)o(jsh)] = (f, (DN%)_1h>L2(E) - (2.4.21)
Taking into account lemma 2.2.3, (iii) of lemma 2.4.3 and [Bog98| theorem 3.7.6, we have proved the following.

Proposition 2.4.8. If ¢ € D'(M) follows the law of p¥sp, then the random field ¢ € D'(X) can equiva-
lently be realized as the (centered) Gaussian field ¢ on ¥ with covariance

for f, h € C*®(X). In other words, the measure image Ty, (uiep) of udep under any measurable linear
extension 7s of s : WH(M) — W%(E) coincides with the measure u%# on any D'(X) for the field ¢
satisfying (2.4.22). O

Next we study induced random fields in the other direction, by the Poisson integral operator. Namely,
for 2, 02 as in lemma 2.4.6, given a Gaussian random field ¢ on 92, what is the law of the field PIgQ ©?
From another perspective one solves the Helmholtz (Laplace) equation with random boundary conditions.
We write in shorthand

(P12 & —0,(Aq.p +m2) " (=)|aa- (2.4.23)
Thus lemma 2.4.6 says
10,9) 9%
(PIG @, )12y = (5 (PI")" ) 1290 (2.4.24)

for ¢ € C®(99), f € C2(Q°). Suppose ¢ has covariance operator C' of order —s (s > 0). Note PIZ? is
always well-defined on the Cameron-Martin space W#(9§2). By the same token as above, for f € C°(Q°),

(PI® @)(f) and  o((PIG?)"f) (2.4.25)

are surely equal on W#(9€). Moreover,

EZ [(PI2 o) (£)(PIZ ) ()] = (£, P C(PIZ)RY 12 . (2.4.26)

We deduce

Proposition 2.4.9. If ¢ € D'(99Q) is a (centered) Gaussian random field with covariance operator C, then
the random field PI?ZQ © € D'(Q°) can equivalently be realized as the (centered) Gaussian field ¢ on Q with
covariance

E[6(f)¢(h)] = (£, P15 C(PIEY)"h) 1 ey (2.4.27)

for f, h € C°°(0). In other words, the measure image Plgﬂ*(u‘gg) of ,u%Q under any measurable linear

extension PI%Q ofPIgQ : W3 (0Q) — WS“'%(Q) cotncides with the measure for the field 5 satisfying (2.4.27).
O

Remark 2.4.5. What is strictly needed for showing Segal axioms is not the full proposition 2.4.9 but rather
this innocent observation: by (2.4.18), if the random field ¢ € D'(X) follows a fixed probability law, then
the induced random fields PI3; ¢ and PI%KEE[@] in D'(M \ X) follows the same law.
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2.4.4 A Remark on Reflection Positivity

As the names would suggest, the positivity of the Dirichlet-to-Neumann map (itself the consequence of the
positivity of the Dirichlet energy) gives an interesting inequality comparing the resolvants of Laplacians
with Dirichlet and Neumann conditions (corollary 2.4.11), via the Poisson integral formula (lemma 2.4.6).
Let Q, 09 be as in lemma 2.4.6. We adopt the shorthand notations

def

def
Cp = <

(Agp+m?)~', On= (Agn +m?) 7, (2.4.28)

where, similar to Cp, Cn f for f € C2°(2°) solves the Neumann boundary value problem

(A+m?)(Cnf)=f, in,
{ au(CNf)IanNz 0, on 9. (2.4.29)

There is the following simple, elementary relation:

Lemma 2.4.10. In the situation as above, we have the operator equality on C°(§2°),
PIZ(DNIH~L(PIZY)* = Cy — Cp. (2.4.30)

Proof. Pick f € C2(Q°), let u := Cpf and put w := PIZ*}(DNZ?)~1(—0,ulsq). Then, by the definition

of DN?ZQ, w solves the following boundary value problem:

(A +m?)w =0, in Q,
{ Oywlan = —0yulaq, on O (2.4.31)
However,
(A+m’u=f, inQ, - ; (A+m?)(u+w)=f, inQ,
{ ulpg =0, on 09, implying D, (1 + w)]o = 0, on 99, (2.4.32)
namely v +w = Cn f, that is, w = Cy f — Cpf. We obtain the result. O

Now the positivity of DNZ? (lemma 2.4.3) implies Cy > Cp, namely (f,(Cy — Cp)f) 2 = 0 for
all f € C(Q°). One step further,

Corollary 2.4.11. We have Cx > Cp as operators on L*(9). O

It is emphasized in Jaffe and Ritter [JRO§| section 3 that Cy > Cp is the crucial relation that leads
to the so-called reflection positivity (RP) of the GFF. The geometric set-up is as follows. Let now 992 C Q
be totally geodesic, Q* a copy of 2 (reversing the coorientation of 9€), |Q? := Q* Ugq Q, the isometric
double which is a closed Riemannian manifold, and © : |Q[> — |Q|? an isometric involution fixing 02, such
that ©(2) = Q* and O(Q*) = Q.

Remark 2.4.6. Such Q2 is named in Gibbons |[Gib98] (in the 4-dimensional case) as a real tunnelling geometry
(see [Gib98] section 4). The isometric double |Q|* and the involution © exist, the latter being a reflection,
dissecting |Q2]? into  and Q, its fixed point set being 9 (see also Ritter [Rit07] section 2.1.1).

The action of © extends in the usual way to C*°(|2|?) and D'(|Q2|?) by pulling-back. This set-up brings

in another resolvant operator which is

C X (Ajgp +m?)7h (2.4.33)

Denote also by I, : L?(|Q|?) — L?(2) the orthogonal projection. Then we have
Lemma 2.4.12 ([JR08] lemma 3). Let |Q?, ©, I and C be as above. Then

1
I,ecC = i(CN —Cp) (2.4.34)

on C(Q°) and L?(S). O
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In summary,

Corollary 2.4.13 (equivalent formulations of RP). In the situation as above, we have
2<f7 @Cf>L2(‘Q|2) = <f7 (CN - CD)f>L2(Q) - <(PIgQ>*f’ (DNgﬂ)il(PIgﬂ)*f>L2(aQ) (2'4'35)
for all f € C(£2°), and all of the above quantities are nonnegative. O

Remark 2.4.7. Note that the 3 quantities in (2.4.35) make sense respectively on the spaces L2(|Q2|?), L?(9)
and L?(99). While the first quantity is the original view of RP, the second quantity offers a one-sided view
and the third provides a view within the boundary 0f). Nevertheless, the map DN‘%Q reflects the geometry
of the bulk, see for example Paternain, Salo and Uhlmann [PSU23]| section 11.5.

2.5 Markov Property and Consequences

Materials in sections 2.5.1, 2.5.2 are largely classical with an excellent source being Dimock [Dim04] which
we follow roughly. See also Simon [Sim74] section II1.3 and see Powell and Werner [PW21] section 4.2 for a
probabilistic point of view.

2.5.1 Decompositions of Sobolev Spaces

Let (M, g) be a closed Riemannian manifold. Recall from Appendix C.1 the definitions of the spaces W3 (M)
and W5 (M) for A C M closed and U C M open. Recall also (lemma C.1.1) that we have the isometric
isomorphism (A + m?) : WY{M) = WY M) as we endow W!(M) and W~1(M) respectively with the
inner products (—, (A +m?)—);2 and (—, (A +m?)~ =) 2.

Lemma 2.5.1. Let A C M be a closed set. Then W' (M) and W=1(M) decompose orthogonally as

piI\A Pm\A

SN

WHM) = Win A (M)F & Wiy 4 (M)
(A+m?2) |~ (A+m?2)|~ (A+m?2) |~ (251)

W M) = Wil (M) & Wil(M)t

o~

A pj‘-

which is preserved by the isometric isomorphism A +m?. In particular, we have
Pa(A+m?) = (A+m*)pap 4, and  Pi(A+m?) = (A+m?)papa, (2.5.2)
where pj\h\A, paa, Pa, and Pj are the corresponding orthogonal projections as indicated in the diagram.

Proof. We just need to show that the image of W]t,\ 4 (M) under A + m? is precisely ng(M )*. Indeed, by
our definition of the inner products we have

(A +mP)u, V)W () = <u,v>L2(M) (2.5.3)

for all w € WH(M), v € W—1(M), where the RHS denotes the duality (distributional) pairing. However, the
annihilator of W !(M) under the duality pairing is exactly WJ\I/I\ 4(M), see lemma C.1.3. This translates as

{ue WHM) | (A +m?)u,v)w -1y = 0 for all v € Wi (M)} = Wyp 4(M), (2.5.4)

which is what we desired. O
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Corollary 2.5.2. (2.5.1) and (2.5.2) holds for A =% C M an embedded closed hypersurface (codimension
one submanifold). O

Indeed, the crucial relation (2.5.3) together with (2.5.2) gives
Corollary 2.5.3 (adjoints). We have

<p]J\_4\Au7U>L2 = <’LL, PAU>L27 and <pM\Au7 U>L2 = <U7PXU>L27 (255)
foru e WHM) and v e W—H(M). O

Remark 2.5.1. Denote U := M \ A. Recall from (C.1.4) that W—1(U) := W' (M)*. In fact, corollary
2.5.3 shows Pﬁ\U coincides with the restriction map py : D'(M) — D'(U), since if already u € W} (M)
then pyu = i, i : WEH(M) — W1(M) being inclusion.

We are thus lead naturally to the following and eventually corollary 2.5.5.

Corollary 2.5.4. Let U C M be an open set and F C U be a closed set. Then WE(M) and W—1(U)
decompose further as

WHM) = Whp(M)*: & W p(M)

(Atm?) |~ (Am2) |~ (At+m?) |~ (2.5.6)

WL U) = Pl (We' (M) & Wg'(M)*+,

where the orthogonal complements are taken respectively inside W(M) and W—1(U), which is preserved by
the isometric isomorphism A +m?. Also, we have commutation relations similar to (2.5.2).

Proof. The only point needing explanation is
(A + m2) (Wi p(M)* VW) = Pih (Wi (M), (25.7)
Indeed, since A + m? is bijective, by (2.5.1) we have
LHS = W} (M)yNW ot (M)*

FU(M\U) M\U
= (Winy (M) & Wit (M) N Wyp (M) (F and M \ U disjoint)
= RHS,
where the direct sum in the second line is non-orthogonal. O

Now let (€2, ¢g) be compact with (smooth) boundary, smoothly and isometrically embedded in closed M
(if Q is a real tunnelling geometry, then one choice for M is the “isometric double”, see remark 2.4.6) and X
be embedded in 2°. Then in particular

Corollary 2.5.5. Corollary 2.5.4 holds for U = Q° and X C Q° an embedded closed hypersurface. O

2.5.2 The Markov Stochastic Decomposition of GFF

Again suppose (M, g) is a closed Riemannian manifold and ¥ C M an embedded closed hypersurface with
induced metric. A probabilistic point of view of the results in this section is provided in Powell and Werner
[PW21] section 4.1.

Lemma 2.5.6. We have
pans = Plyors (2.5.8)

on WL(M), where p]\L/[\E cWHM) — T/VJ\I/I\A(M)L is the orthogonal projection as in lemma 2.5.1.
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Proof. We show that for f € C*>°(M), pf/[\z f solves the boundary value problem

{ (A+m*u=0, in M\%, (2.5.9)

uly =12, on Y.

Indeed, the first condition holds since supp((A + m2)pj/[\2 f) € ¥ by lemma 2.5.1. To show the second,
notice 75; = 0 on W]&\Z(M) by its definition (C.1.3). Hence

TEPJM\E =7s(1 —pans) = T, (2.5.10)
on W1(M). We conclude the proof. O

Proposition 2.5.7. Suppose ¢ € D' (M) follows ,ué/[FF. Then there is a stochastic decomposition

- def

¢ = Pappd +Pand = ¢5 + i (2.5.11)
wnto independent random fields ¢x, and qﬁﬁ\z. More precisely, for f € C°°(M) we define the random variables

def

os(f) € o(Pef), and ¢ s(f) < S(PES). (2.5.12)

Then, gbﬁ,\z follows the law of ué/[F\?’D, while ¢x: solves the boundary value problem
{ (A+m?)ps =0, in M\,

Psly = 50, on X, (2.5.13)

almost surely.
Remark 2.5.2. The term “stochastic decomposition” is borrowed from Bogachev [Bog98| remark 3.7.7.

Proof. Firstly, ¢y and quD/[\E are independent since by (2.5.12) their Gaussian Hilbert spaces are respec-

tively Wy ' (M) and W' (M) = W=1(M \ ¥). The latter also means gi)ﬁ\g follows ugF\E’D. The last fact

about ¢y follows from lemma 2.5.6 and the uniqueness of the measurable linear extension (|Bog98| theorem

3.7.6). 0

In the same vein using corollary 2.5.5, we have also a decomposition for the Dirichlet GFF on a domain 2
with smooth boundary, with respect to a hypersurface ¥ (isometrically) embedded in the interior 2°.

Proposition 2.5.8. Suppose qf)g € D'(Q°) follows N%F[;“' Then there is a stochastic decomposition

- def

o= p$0\2¢ +m¢ - (¢£)Z + ¢£\Ea (2-5'14)

into independent random fields (¢£)2 and qbg\z. More precisely, for f € W=1(Q°) we define the random

variables
(6R)s() = 6B (Pof), and 6B\ 5(f) = 6B (P f). (2.5.15)

Then, gzﬁg\z follows the law of ug}%D, while (gzﬁg)g solves the boundary value problem

(A +m?)(¢5)s =0, inQ°\X,
(¢5)sle = 204, on %, (2.5.16)
(¢8)sloa =0, on 09,

almost surely. O

The following version of proposition 2.5.7 in the case of a dissecting (smooth isometrically embedded)
hypersurface ¥ C M such that M \ ¥ = M$ U M?, will be useful in definition 2.5.2.
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Lemma 2.5.9. We have W' (M)Y C Wy,' (M) and thus Wy (M) = Wyt (M)t @ Wg'(M).  Simi-
larly Wit (M) = Wy\ (M)* @ Wyt (M).
Proof. By lemma 2.5.1 with A = M_ we see that W;;' (M)* = (A + m2)(W]bi(M)) These distributions

are supported in M, since A + m? is local. O]

Corollary 2.5.10. Suppose ¢ € D'(M) follows Mé/[FF' Then there is a stochastic decomposition
¢ =Py p® +Przd + P d = dx + drpe + Ohpe (2.5.17)
into independent random fields. More precisely, for f € C°(M) the random variables are defined by

def

O5() E B(Paf), e (£)Z o(Pig_f), and e (£) = o(Piz, ), (25.18)

M¢$,D M?°,D
and with ¢y, the same as in proposition 2.5.7, ¢AD@ and ¢D3 follows respectively pepp  and pepp - More-

over, (¢x + oo )(f) = 6(Par, f), (65 + &5y () = d(Par_f). 0

2.5.3 The Bayes Principle Applied to GFF

Let now M be a closed Riemannian manifold and 31, ¥o C M mnon-intersecting isometrically embedded

smooth closed hypersurfaces. The goal of this section is to derive the Bayes principle relating the proba-

bility laws of the two random fields 7, ¢ and 7x,¢ where ¢ is the GFF on M. To avoid convolving with

nomenclatures of conditional probabilities we prefer a direct measure theoretic argument, although these are

clearly equivalent. Throughout this section we identify continuous linear maps of Cameron-Martin spaces

with their measurable extensions to distributional Q)-spaces, as well as their induced actions on measures.
To begin with, by proposition 2.5.7 we have a stochastic decomposition

¢ = ds1 + Pins, (2.5.19)

for ¢ ~ ué/[FF, the two components independent of each other. Then, apply 75, we get

TS ® = T, 05, + T5, qb]\%\zl =Ty, Pli} TS, ¢+ ngqﬁj]\j/[\zl (2.5.20)

def
= Mo, 6+ T80 s, (2.5.21)

Here we define

1 def > C=(E) — O%(%),
= PI37 : 2.5.22
MM,Q TS M { W%(El) N W%(Zg), ( )
called the transition operator/propagator. Define accordingly
Ghro: W3(S1) x W3(Ty) — W2(S1) x W3 (), (2.5.23)
(@1,]7/) — (solah_}'M}\LQSDl)'
called the graph operator.
Lemma 2.5.11. We have .
$1,M ,
5,0, (i) = (Ghr2)(HoR" © Hpip"™), (2.5.24)

¥y, M S0, M\E : : , _
where ppN and /AD%\LD\ ' are Gaussian measures on D'(31) and D'(X2) with covariances (DNZ]\}) L and

(DN%’\’% )L, respectively.

Proof. Following (2.5.21), 5, ¢J\€1\21 = ngcZ)—M}M’QTEl ¢ is independent of 7%, ¢, and follows the law ugi}]\g\zl,

while 7y, ¢ follows the law ugi\}M, both by proposition 2.4.8. O
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We could also define the operators M?\/l’l and 9%41 with the roles of 31 and Y9 switched. Note that

lemma 2.5.11 is entirely symmetric under the switching of 31 and 5. Recall the measures MQED from corollary
2.2.12.

Proposition 2.5.12 (Bayes Principle for GFF). Let now M be a closed Riemannian manifold and 31, Yo C
M non-intersecting isometrically embedded smooth closed hypersurfaces. We have equality of Radon-Nikodym
densities

 1,M 1 Yo, M\
drs, s, (Ug) ~ dppy d((Mio01)<tipNp )
— 5w (Pne2) = — 5 —(e1) (p2) (2.5.25)
dpipp dpipp d:“2
31,M\X2
dﬂgf\}M d((M%wJ‘P?) HpN D\ )
= DN (i) (¢1). (2.5.26)
dpop dﬂ2D

Here ()« denotes the shift induced by ¢ on measures defined by ((p)xp)(A) == u(A — ).

Proof. We just need to prove (2.5.25). In other words, (/\/l]lwzgol)*ugf\}]\g\zl is the conditional law of 7x,¢
provided “7s;, = ¢1”. The proof is straightforward. For positive (Borel) measurable functionals F' €

LY (D'(%1)), G € LT(D'(X2)), we have by lemma 2.5.11, the change of variables formula, and Fubini’s
theorem,

o, M\X
[ @G e pdmum i) = [[(F 060 Ghalon o™ o iz ™

— / Flo)di=x (o) / Gl + MYy iz D™ ()

S, M\S
_/F(<P1 )dupy" /G p2)d MMQSOI)*NDf\ID\ E

as F' and G range over all positive measurable functionals, we obtain the result. O

Remark 2.5.3. Applying corollary 2.2.12 and the Cameron-Martin-Girsanov formula (|[Bog98| corollary
2.4.3), one obtains a relation between quadratic forms (the corresponding relation for determinants also
works out by BFK),

< ¥1 DNZluZQ P1 >
x L2(31U%s)

= (¢1,DN}} 1) (2, DNYR )
<801 MSD1 2(21)+ T, M\31 LQ(EQ)

227 1 2
—-2 <x DNy, My 2¢1>L2(22) + </\/lz\4,2901,DNM\21 My 2%01>L2(22)

which, of course, can also be obtained directly noting

DNzl ®1 DNzlLJZg ®1
<(p1’ M¢1>L2(21) <[MM2 1] M le\/1,2801 >L2(21u22)’

0 0
DNEZ’ — DNXhuEg
<$ MA\Z: >L2(22) <[m]’ M T >L2(21u22)’

] w1

et cetera, and expanding the left hand side by writing [%}] = [M}Wﬂ@l] + [az—/\/&,gw ].

Remark 2.5.4. In the case M = ¥ x R with ¥; := ¥ x {0}, ¥ := ¥ x {t}, and Dirichlet condition
at 3 x {£oo} (namely decay at co), we have the explicit expression

Mg =e P2, (2.5.27)

where Dy, = (Ay + m2)1/2. Also, in this case Dy = DN]E\4+, M, =% x [0,+00).
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2.5.4 Locality of the P(¢) interaction and the Restricted GFF

In this subsection we pronounce what is meant by the locality of the P(¢)-interaction and prove it. Let M
be a closed Riemannian surface and Q° C M a domain with smooth boundary 9€2. Denote Q = Q°.
The formulation will be based on the domain o-algebras defined by the GFF random varibales (—, f);2,
f € C®(M). That is, for A C M a closed set, we define the o-algebra

o (o(f) | feW; (M), (2.5.28)

Oa =
Remark 2.5.5. In general one could consider regular domains Q°. A domain is called regular if WS{ol (M) =
Wt (M), the two spaces defined by (C.1.3) and (C.1.2). See also Simon [Sim74] page 267.

Suppose x € C*°(M). We define

Soex(®) € /M X(2):P (66 (%) + o (x)):dVa (2), (2.5.29)

where
def

def
06 (1) F G(PozEedy),  done(r) = ¢(PoaFEels), ¢~ pier. (2.5.30)
Proposition 2.5.13 (locality). Whenever x € C°(Q°), we have, for any fired Wick ordering : e :,

Sux(0) = [ x(@):P(o(@)idVir () = liny So.n(0), (25.31)

and hence Syr is Oq-measurable. In particular,

/ P(g(x)):dVy :/ :P(¢8 () + poa(w)):dVa (2.5.32)
Q Q

and is Oq-measurable.

Proof. Without loss of generality we suppose supp x stays d-away from 92 for some § > 0. Then corollary
2.3.9 and approximation in L* of a general y as well as 1q gives the result. We note that the support of E.6,
is contained in the e-ball around x. Then whenever € < ¢ for = € supp x we have supp(F:d,) C 2, hence

PgE.6, =0, (2.5.33)
and
¢e(2) = ¢(PazE-02) + ¢(Po Bedy), (2.5.34)
both Og-measurable. Thus
:P(6,:(2) + do0,:(2)): = :P(de(2)): (2.5.35)
for € supp x and € < 4, and is Og-measurable. Therefore (2.5.31) holds by proposition 2.3.5. O

We emphasize here that for our purposes we employ the Wick ordering : e :g of section 2.3.4 in defin-
ing Sy, This is to say

o= 3 o Cela) (a2, (25.36)
where
C.(z) = / / B (2, 9)Co(y, ) E- (2, 2)dVas (y)dVas (2). (2.5.37)

Since F.(x, —) is supported in an e-ball around x, and Cy(y, z) depends only on the geometry of M resctricted
to a convex neighborhood of y, z, the term C.(x) depends only on the geometry of M locally near x. This
means that under : e :g, once supp x C £, the limiting (integrated) random variable Sy, in addition to
being Og-measurable, is in fact fully determined with knowledge of the metric g|q restricted to Q. This allows
the freedom of choosing the ambient manifold M where €) isometrically embeds in defining the interaction
over ) (see definition 2.5.2).

Now we repeat proposition 2.5.13 in a different way:
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Corollary 2.5.14. Whenever x € C°(Q°), for any fized Wick ordering : e :,
Eé/[FF[SM,wa] = SM,x (2.5.38)

and Syr is independent of ¢5., that is, of ¢(Pg f) for all f € C®(M) or ¢((A +m?)f) for all f €
C(82°). Moreover, since Q2 is reqular, Sy ts the limit in LQ(/,Lé/[FF) of polynomials of random variables of
the form ¢(f) with f € C°(Q°) via the Ito- Wiener-Segal isomorphism. O

This result motivates

Definition 2.5.1. Let 2° C M be a regular domain. The (massive) Gaussian Free Field over 2° restricted
from M is the centered Gaussian process indexed by C2°(€2°), with covariance

E[¢(f)¢(h)] = (/, h>W51(M) (2.5.39)

for any f, h € C°(2°). We denote it by ¢|q.

Since the inner product of ng(M) depends on M, the restricted GFF does not make sense on 2° alone.
However, by corollary 2.5.10, it is equal in law to ¢gq + ¢g , Where qbg does make sense over 2° and the law
of paq = PIZY(150¢) is determined via PIZ? by that of a boundary data over 9.

Going back to corollary 2.5.14 we see that for xy € C2°(€2°), the interaction S, can now be defined as
a random Varlable of the sample qﬁ\Q € D'(Q2°). Equally, it is also a random variable over D'(2°) x D’'(9)
equipped with MGFF ® ,uC where ,u £ is some probability measure on D’(9€2) mutually absolutely continuous
with respect to TaQ(MGFF) and on the same g-algebra. We consider only a few very specific candidates for ugg.

Now suppose we start with a Riemannian surface (2, g) with totally geodesic boundary 092. With the
help of the isometric double |Q2|? discussed in remark 2.4.6 we define

Definition 2.5.2. The interaction over €2 is
def
Sa(8hle) = Sa(dh + PIS ) = Sjge1, (66 + PIGT 0) (2.5.40)

as an L?-random variable over D’ (QO) x D' (BQ) equipped with NGFF ® ,u2 DN, where the latter is the Gaussian
measure with covariance operator §(DN&?)~!

Remark 2.5.6. We emphasize here that the variable SQ(¢£ |¢) must be understood for qﬁg and ¢ both
random, with the law of ¢ mutually absolutely continuous with respect to /‘2%1{12 (thus u?% is a valid candi-
date). Thus if one asks how much can one “fix” ¢ as one interprets Sq(é5|¢), the answer is that it makes
sense as a random variable of qﬁg alone for almost every fixed ¢ under ugg (but this full-measure set with
respect to ug% is generally unknown). Said from a slightly different perspective, the expression Sq(¢) for
a generic ¢ € D'(2°) makes sense as a random variable only when ¢ follows a law mutually absolutely
continuous with respect to ugFF (PIa )*ugD, where “*” denotes convolution product. Statements involv-

ing Sq (68 ]e) in the sequel should be understood in this sense.
The following result will be useful in lemma 2.6.3.

Proposition 2.5.15. For any fired Wick ordering : e : we have
/ P(op(x)):dVy = / :P(¢8 () + daa(x)):dVa +/ P(¢5:(z) + ¢aa(x)):dVae (2.5.41)

mn LP(NGFF) for all 1 < p < 0o and in particular pointwise almost surely, as a result

e~ Ju P@@):dVar _ = Jq :P(¢f (x)+daq(x)):dVy e~ Jae P (5 (@) +daq (2)):dViae (2.5.42)

pointwise almost surely and thus also in L' (udp).



70 CHAPTER 2. SEGAL AXIOMS AND PERIODIC COVERS

Remark 2.5.7. Note that the equality (2.5.41) says nothing about pointwise almost sure convergence of the
mollified sequences Sire, Sqe, and Sqe .. In fact, only separate subsequences in € will converge pointwise
almost surely to the three respective terms in (2.5.41).

Proof. Consider a smooth partition of unity

1y = xa + Xxo0 + X0, (2.5.43)

where yq and yqc are supported in the interiors of 2 and Q€ respectively and xsqo is supported near 0f2.
Note then that (2.5.43) holds as well in L*(M) so by corollary 2.3.9 we have

/ P(o(x)):dViy = / xa:P(6(2)):dVas + / Xoo:P(é(x)):dVay + / Yoo P(o(z)):dVyy  (2.5.44)
M M M M

in LP(ulp) for 1 < p < oco. Now take
xo = la,  Xae = lge, and xao — 0, (2.5.45)

in L*(M), keeping the equality (2.5.43) in the process. Then

/:P(qb(x)):dVM:/ 1Q:P(q5(x)):dVM—|-/ lge:P(¢(x)):dV
M M M

- /Q PR (@) + donla)sdVa+ [ P68 (@) + donla) Vo

in Lp(ugFF) for 1 < p < oo, and we finish the proof. O]

2.6 Presenting the P(¢); Model as a Segal Theory

2.6.1 Description of Segal’s Rules Tailored to the Model

First we describe the (semi-)category? C3€™ of 2-dimensional Riemannian cobordisms used in this paper.

There is yet no definitive choice for the exact definition of this category in the literature, in the context of
functorial QFTs. Different versions (by all means related) serve different needs. See e.g. [KS21]| Section 3,
[KMW21] Section 7.1, [ST11] Section 2.3, [Frel9] Section 1.1-2, [GKR24| Section 2.6, to name a few. What
we consider in this paper is a special case that can be thought of as lying in the intersection of these more
general versions in the references. It is closest in spirit to the one in [KMW21].

Objects in Cgiem are closed oriented Riemannian 1-manifolds with two-sided collars, ¥ = ¥ x (—¢,¢), i.e.
disjoint unions of thin annuli. We equip ¥ with the product orientation of the one on ¥ and the
positive orientation on (—¢, ), and the flat metric d§? + dt?, with @ being the arc length parameter on
a component of 3. We also include the empty manifold @ as a special object. We identify ¥ with
Y x {0}, called the core, when the context is clear.

Morphisms from ¥; := ¥; X (—&1,€71) to Xg := ¥g X (—e9, £2) are triples (2, lg, Oq) where 2 is an oriented
Riemannian 2-manifold with boundary, lg : ¥1x[0,e1) — Q and Ogq : ¥ax(—&2,0] — €, respectively,
orientation preserving isometries such that lg(X1), Oq(32) C 99 and Ig(X1) U Oq(X2) = 9. In
particular, the metric on 2 is required to be flat at the boundary. If one of 31 and s, or both, is &,
then we formally replace the corresponding lg and/or Og by @. We write (£2, 1, Oq) € Mor(X;, X5)
or simply ©Q € Mor (X1, ¥9) where the parametrizations are implied. Thus Mor (&, &) are simply closed
oriented Riemannian surfaces.

4There are no identity morphisms. We will not discuss this point here. Some discussion can be found on [KS21] pp. 687.
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Composition of Q15 € Mor(X1, ¥y) with Qo3 € Mor(Xs, X3), where ¥o # &, is the surface Qo3 0 Q19
obtained by gluing 212 and {223 along ¥ using Oq,, and lg,,, with lg,, and Ogq,, as its parametrization
data. If 39 = &, then Q930012 := Qa3L1Q42. Moreover if Q € Mor(2, ¥'UX,UE;) and p: B; — X, is
an orientation reversing isometry sending cores to cores, then we obtain 2/p € Mor(@, ¥') by gluing ¥;
with X, along p (see figure 2.1). Possibly ¥’ = @. Note that the Riemannian metric on a3 0 Q12 or
Q/p is automatically smooth since we glued along collars.

The following aspects of this set-up should be understood before proceeding.

Different Collars. Clearly any morphism Q € Mor(X, 32) can be canonically identified with a morphism
from X := ¥y x (=€), €]) to Bf := g x (—&h, b)) for any &} < &;. We will apply this identification when
convenient. Moreover, we define the disjoint union of objects by 31 LI 39 := (31 U X2) X (—Emin, Emin)
where emin = min{ey, e2}. These points are related to the “germs” considered in [[KKS21] Section 3.

Crossing and Reflections. On ¥ = ¥ X (—¢,¢) there is the isometric reflection Ox(0,t) := (6, —t).
Denote by ¥* the same manifold as 3 but with orientation reversed by ©x. Then any morphism {2 €
Mor(31, 39) is identified e.g. with a morphism 2 € Mor(3;\S, 321S™) (same notation), for all S C 3
which is a union of components, in particular with one in Mor(@, 37 U 32) or Mor(X; U 33, @). This
is called crossing in [Seg04]. We use a particular notation for the “adjoint” * € Mor(X35, 37).

Isometry of Morphisms. Two morphisms 2, ' € Mor(X1, 39) are identified if there is an isometry & :
Q — Q' such that ko lg = lg/, k0 Og = Og.

Now we are ready to define Segal’s axioms.
Definition 2.6.1 ([Seg04| page 460). A 2d Riemannian (unitary) QFT is a correspondence where

(i) to each object X in CE°™ we associate a real Hilbert space Hy, such that Hx, s, = Hx, ® Hs,
completed tensor product), and Hy = R; if p : ¥ = is an orientation and core preservin
pleted t product d H R; if p: X >/ tat d p g
isometry, there is a corresponding isometry p, : Hy — Hsy; if p is orientation reversing, then p, :
Hy — My = Hyys
(i) to each € Mor(@, X) we associate an element Aq € Hy; if M € Mor(@, @) is closed, we associate a
real number Zy; € R, called the partition function;
(iii) let Q € Mor(@, X' UX; U3;), p and Q/p be as described in the “composition” item above. Then

AQ/p = tl“p(.AQ), (2.6.1)
where tr, is (formally) the map

tr,: Hy, @ Hs, @ Hsy — My, (2.6.2)
FeGeoH ~— (pF,G)y H, -

with (—, 7>2‘7_ being the (real) inner product on Hs;.

In our construction later, the map tr, must be interpreted differently than (2.6.2). More precisely,
each Hxy will be the L? space over some measure space with measure py;, and tr, should be understood as

tr, : Ao(z,y,2) — /AQ($,{E,Z)d,U,2j (x), (2.6.3)

and we will show in sections 2.6.4 and 2.6.5 that the latter integral converges and indeed gives (2.6.1). On
the other hand (2.6.2) is an algebraic definition which in general may not equal (2.6.3).

In Definition 2.6.1 we focused on morphisms from (or to) @ since the general case can be deduced from
this case via crossing. We re-state this fact as a lemma below, tailored to the case where the Hilbert spaces
are L? spaces and where it follows from Theorem 3.8.4 of [Sim15].
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Figure 2.1: sewing

Lemma 2.6.1. Consider a 2D Riemannian QFT in the sense of Definition 2.6.1 where the Hilbert spaces
are L? spaces of real measurable functions and where tr, is interpreted as (2.6.3). Given Q € Mor(Xq, £2),
we define the Segal transfer operator Uq by

Ug:Hs, — Hs,,

(2.6.4)
F) [ Aa(y. )P () dus, (o)
where Aq € Hy, ® Hyx, viewing 2 € Mor(&, 7 U Xy). Then Uq is Hilbert-Schmidt. Moreover,
(i) if Q12 € Mor(X1,39), Qo3 € Mor(Xg, X3), then
UQZ3OQ12 = UQ23 o UQ12- (265)

(i) If Q@ € Mor(Z,X), X identified with itself along an isometry p, and let Q := Q/p the closed surface,
then

Z, = tr,(Uq). (2.6.6)
(iii) If Q@ € Mor(31, X5), recall from “crossing and reflections” the interpretation Q* € Mor(X5, X7), then

Ug- = U, (2.6.7)
with Ug) denoting the (real) adjoint of Uq. O
All these said, we now restate theorem 2.1 in the introduction in the following precise manner.

Theorem 2.1'. The Hilbert spaces Hr given by (2.6.9), the amplitudes AL given by (2.6.11) and the partition
functions Zyy given by (2.3.17) together gives a 2d Riemannian QFT satisfying the requirements of Definition
2.6.1.

The proof of this theorem constitutes the main body of subsections 2.6.4 and 2.6.5.

Remark 2.6.1 (difference with CFT setting). Segal’s axioms were originally intended to describe Conformal
Field Theories (CFTs), to which the P(¢)2-model does not belong. Compared to Definition 2.6.1, the main
extra ingredient required for a CFT is a transformation rule of the objects Zy; and Agq (resp. Ug) under
conformal change of the underlying metrics on M and §2, written in terms of the so-called Weyl anomaly (see
e.g. |GKR24] Sections 2.4, 2.6). With these rules one is allowed to scale the geometric objects and obtain
relations between the corresponding Ags. See [GKR24| Section 2.7(1)-(2).
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2.6.2 The Hilbert Spaces

Now we define the Hilbert space Hy associated to the object ¥ in C™. In fact, we will define a Hilbert
space Hy for the core ¥ of each X and Hy := Hy. The core X is a closed oriented Riemannian 1-manifold.
Let

Dy & (Ag +m?2)!/2 (2.6.8)

where Ay, 1= —63 is the positive Laplacian on 3 with an arc length parameter 6 on each component. Denote
by t(opy)-1 the Gaussian measure on D'(X) with covariance (2Dyx) ! (for convenience, we just write pop).
Then we define

def

Hs = Lg(D'(3), fi2p)- (2.6.9)

Here we take [iop := pop - detc(2Dg)7%, namely the probability measure scaled by the positive finite
constant detg(QDZ)_%. We observe that

DI(El L 22) = D/(Zl) D DI(EQ) (2.6.10)
and the operator Dy, acts diagonally, and clearly the Gaussian fields on ¥; and s are independent, that
is, o™ = p3ph ® p5d. The real L? space is hence the tensor product ([RS72| page 52).

Finally, if p : ¥ — Y/ is an isometry (of Riemannian 1-manifolds), then define p, : Hy, — Hs to be
the obvious map induced by the correspondence between D'(X) and D’(X'). Up to this point we have verified
(i) of Definition 2.6.1. By the nature of our definitions, in the sequel we do not distinguish Hx from Hsy.

2.6.3 Amplitudes = Schwartz Kernels

Let © € Mor(@,3), now we define Ag € Hy. Consider Q* € Mor(X*, ) as described in the paragraph
“crossing and reflections” of subsection 2.6.1, and let Q|2 := Q* 0 Q, a closed surface. Clearly |Q|? is also
the isometric double of €, equipped with a reflection ©qp with O|g2|s = Ox ([JRO7b] Section 2). Now
suppose we have defined Aq satisfying Definition 2.6.1, then (iii) would imply

Zige = [ 1ol (o) detc(2Ds)

N|=

— //(M) e_S|Q|2(¢)dH|C?]fF(¢) detc(A‘mQ + m2)_

= //(2) drs (e—Smm “QFPF)(‘P) detC(A|Q|2 n mQ)_ '

N|=

In the case Q2 € Mor(X,¥2) we have in other words Z|q)2 = tr,(Uq-Uq). This motivates the following
definition which is also inspired by related considerations in [Pic08].

Definition 2.6.2. Let € Mor(@,X) and P the polynomial defining the interaction. We define the
amplitude associated to 2 to be the quantity

N

1 _ Q2
A () o [ete(Biae )73 d[rs(e710 - i)
detC(QDE)_% dM%:D

)], (2.6.11)

where the second ratio denotes the Radon-Nikodym density.

This is well-defined since 75 (e~ I212 u‘gFIQF) < pdy as s (ugﬁ;) = ,u%:]’?N < pdn by Corollary 2.2.12, and
both are finite positive measures. We see also that Aq > 0 almost surely with respect to ﬁQED. We have
automatically Aq € L3(D'(X), lip) = Hx since |Aq|? € LY(D'(X), liyp) by definition.

Lemma 2.6.2. Let Q, Q' € Mor(2,X) and k : Q — Q' an isometry of morphisms in the sense of Subsection
2.6.1. Then AL = AL,.



74 CHAPTER 2. SEGAL AXIOMS AND PERIODIC COVERS

Proof. The isometry x may be extended to an isometry of the double |Q|?, k* U &, which fixes a collar
of ¥. The lemma follows because all objects involved in the definition (2.6.11) are isometry invariant. In
particular the interaction Sigp2 is so as there exist isometry invariant regularization procedures (e.g. heat or

(2.3.1)). O

Example 2.6.1. Let us derive the amplitude A, for the free field, that is, with Siqiz = 0. Indeed,

Q|2 _1
_ drs (M‘GPLF detg(A‘QP + m2) 2)

A% (o) (). (2.6.12)
" i det(2D)
Since o
2.0
7'2(:“|G1~|“F) = Ko DN> (2.6.13)
namely the Gaussian measure on D’(X) with covariance %(DN%)_l, taking into account the BFK formula
det¢ (A2 + m?) = [det¢(Aqp +m?)]* det¢(2DNg), (2.6.14)
we obtain, by Corollary 2.2.12,
A () = dete(Aq,p + m2)7%e*%<%(DNg —D)elr2s). (2.6.15)
Lemma 2.6.3. We have
S (6P Q
(o) = A(e) [ ST RIGER (o), (2:6.16)

for almost every o under . Here Sq(¢8|) is as defined in Definition 2.5.2.

Proof. Indeed, by definition of the measure image,

AE ()2 = A% ()? // efs‘mz(¢£+¢£*+f>1‘§u2<p)dug,é}(¢£) ® dusD (68.). (2.6.17)

However, by Proposition 2.5.15 which decouples the interaction into a sum over complementary regions,
e S102(8) — o—5Sa(6§l¢) o—Sax (¢£*|e0)’ (2.6.18)
almost surely againt Mg’FDF®ug;’1? ®Tg(u‘éf ), and hence also against u%ﬁ;@ﬂg?g ®@ 5y Thus by reflection
symmetry between 2 and Q* and independence between ¢>g and d>£* we obtain the result. O

2.6.4 Trace Axiom and its Consequences

In this subsection we treat separately (ii) of Lemma 2.6.1 as part of (iii) of Definition 2.6.1. Let Q €

Mor(X, X), not necessarily connected. We will consider two closed surfaces: 2 (from Lemma 2.6.1(ii))
and |Q? := Q* o Q.

Proposition 2.6.4 (pre-trace). We have

= sy L Q)2 1
M&“F) _ det¢(DNg)2 (deuE(Ml(;FF) (¢ @)) 2‘ (2.6.19)
du3p detc(2DNES) T\ duzp™

Proof. This boils down to comparing the explicit expressions for the densities as given by Corollary 2.2.12.
Indeed, the relation that we need is

(o) oo )

This is true for ¢ € W%(Z) because Dy » = Dy @Dy, and ([3], DN%HZ[Z(?DL?(EUE) and (i, DNg ©)2(x) are
both the Dirichlet energy of the harmonic extension over 2 with boundary condition (¢, ). The equality
then extends to ¢ € W~9(X) for small enough § by continuity (see Lemma 2.2.2(iii)). O

= S _
L) 2(¢p, (DNg; —2D5)@) 115 (2.6.20)
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Corollary 2.6.5 (trace for free field). In the situation as above, we have

N[

[ A1) detc(2D5) % = detc(8q + m?) . (2.6.21)

Proof. Indeed,

detc(A|Q|2 + 77712)7i dTEuE(MgZILQF) % . 1
LHS = [ (T ) ) i () det (2Ds)
det¢(2Dy, @ 2Dy) "% dusp

_ dete(2 DNZUE)T dete(Ajgp +m?) 7 / de(uféFF)(cp)

1
dusp () dete (2Dy) "2

det¢(DN%)? det(2Dy) "2 dudp
=1
— det¢(DNZ)~2 dete(Ag,p +m?) "2 (BFK for |Q[2)
= RHS, (BFK for )
finishing the proof. O

Note that we do not insist that €2 be connected. This leads to the following important consequence of
Proposition 2.6.4.

Corollary 2.6.6. Let Q; € Mor(@,X), Qo € Mor(X, @). Denote M := 2y 08 € Mor(&, ). Then

drs (i) det (DNY;)2 (dm(u'&;)( )> ? (GWC%(@O g (2.6.22)

dpip * det(2DNE, )% detc(2DNE, )i\ dudp s

Proof. Indeed, in this case  := Q1 LU Qs = Q1 0 Qy can be seen as an element of Mor(X, X). Then |Q?> =
1Q1]? U [22]? and the GFFs on the two components are independent. In addition, DN§"> is the direct
sum DNg; @ DNg, . Thus (2.6.19) gives (2.6.22). O

Corollary 2.6.7 (dissection gluing). In the same situation as Corollary 2.6.6, we have

[NIES

/ AD (0) AL, (9)dp3p () et (2Ds) "2 = detc(Ays +m?) 2. (2.6.23)

Proof. Again, we apply Corollary 2.6.5 directly to the case Q = Q1 L9 and [Q2]? = [21]? U |Q22]2. We note
that A?Zl(go)A?zQ(cp) = A (p, ¢) because
€2

|21 |22

drsus (Korr) drs(pgrr) , | d7s(kgpr)
—— e (9, 0) = s () 5 () (2.6.24)
d'U’2D dNQD dNQD
and detc(A‘mQ + mz) = detc(Aml‘z + m2) detC(A|Q2|2 + m2). OJ

Next we deal with the trace axiom in the interacting case. Again let Q € Mor(X,X) and consider .
One has in this case the decomposition

9 Q.0 0
HGFF = Herr © Ts(HGEF) (2.6.25)

and against which
So(6) = Sq(08 +PLZ¢) = Sq(¢8lp,¢) and e Sa@EHPIEE) — o=Sal6glow) (2.6.26)

for ¢f ~ Ngif)p and ¢ ~ Tz:(,ugFF) almost surely.
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Corollary 2.6.8 (trace for P(¢) field). In the situation as above, we have

/ AL (g, 9)dpSp () det (2Ds) "2 = Zg,. (2.6.27)

Proof. Indeed,
_ D
(o) = Al ) [ SR eAUE 0F), (2.6.28)

therefore, with the constants involving determinants working out in exactly the same way as Corollary 2.6.5,
one has

_1 [ dn MQ _ D
LHS = det(Ag +m?)~3 / i(ug*‘f‘)w)du%(w) / e~ Sa(0ale@) )il (68)
2D

_1 S (P Q :
= det(Ag +m?) 2 / o5l dpcin ® drs (uGre) (06 ¢)
= det¢(Ag + m?) 2ELpp[e52(?)] = RHS.
We arrive at the proof. O

Corollary 2.6.9 (dissection gluing for P(¢) field). In the same situation as Corollary 2.6.6, we have

_1
[ A (048 (21 () det(2Ds) = Zuy (2.6.29)
Proof. One verifies that for Q = Q; U Qy,

Af (0, 0) = Ab, (9)Af, (). (2.6.30)

This in fact also comes directly from the definition as

QO 2 0 2 [¢) 2
S (06rr) = Sjou2 (G ) + Sioaf2 (S6ep) (2.6.31)
pointwise almost surely with gb‘gF'QF = ¢|(§21;\F2 + ¢|(§2F2§ . One then follows a verbatim reasoning as for Corollary
2.6.7. O

2.6.5 Gluing in the General Case

Now let us put ourselves in the general situation of (iii) of Definition 2.6.1. Suppose © € Mor (&, XoU35LI3)
and that p : ¥y — 35 is an orientation reversing isometry. Recall ©/p from the paragraph “composition”
from subsection 2.6.1. Denote by X4 the reflected copy of X (core) in |Q2/p|?, see top-right picture in figure
2.2.

Notation. In general, for M a closed manifold and 31, ..., ¥y C M finitely many nonintersecting closed
embedded hypersurfaces, we denote
TilijLe-- L the trace map C°(M) — C™(%;) x C*(X;) x ---, and its extensions,
PIé\'j'[jU"' " the Poisson integral operator W%(Ez) X W%(Ej) X o — WH(M),

M © PIY/"", the transition operator D'(%;) x D'(5;) x --- — D'(Zg) x - -+ as in (2.5.22),

We also remind the reader of the notations set up in definitions 2.4.4 and 2.4.1.

Proposition 2.6.10 (Bayes with free ends). We have

2 32,Q/p,D Tl L 2
dT1(N|cS;)1~11€“| ) )(d((MIQ/pQ,Q(pl)*MDT\I ’ )(x)>2 B detC(DN|g22/p|24)2 dTZuQ*ul(M‘(&LF)

- 5 202* 1
dpiygy dpyfs detc (DN %)z dugp’ ™

(z,2,01) (2.6.32)
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Figure 2.2: two ways of taking trace
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Proof. Indeed, by reflection symmetry across X1 where Yo gets identified with ¥4, we have

%9,Q/p,D %4,Q/p,D
Mg eapr = Ml o1, and PP = g PP, (2.6.33)
under the symmetry. Also by symmetry (method of images) , we have
T * | T
MIQS%I/A;PJ L] - M\%B,l L] ) (2.6.34)

because both of them expresses the associated Dirichlet data on 31 of the solution of the Helmholtz boundary
value problem over Q with Dirichlet data equal to z on both 32, 35 and Neumann condition (zero normal
derivative) on ;. Thus,

d 12/ pl?
LHS = TQUSU;EZ&FF )(a:,a;,cpl) (formula (2.5.25) backward)
HoD
Q/p|? d((M24 x %1,Q,D
draa(yl ) (MG 21z )«Ho DN )
= 22555 (z,) \ /P\d - (1) (formula (2.5.26) forward)
HoD Hop
Tolidgy L * g $1,Q,D
B detQ(DN|g§/L,|;|24)2 dTQUQ*(M'GQIfF) d((M‘25|%71[x])*#2f)N )
= AT DREDE (z,z) s (1) (#)
det¢ (DN\Q\Q )z dpgp )]

= RHS.

We see that with the help of Bayes principle we “glued away” the free end and we are reduced to the situation
of Proposition 2.6.4. Indeed, at step (#) we use Proposition 2.6.4 twice with respect to |Q2U; Q*|? which is Q
“reflected twice” by first gluing 2 with a reflected copy along 31 to get 2 U; Q*, and then reflect and glue
again along ¥ L X3 LY, U Y], with ¥4, 3} being the reflected copies of 39, £3 across £1. From this we get

0 2 ol L QU O* 2 1
A7 (pepd )( )= dete(DNG ') drygevanas (g )( ) 2
dM§BUE4 ’ - detC(Z DN2L,2*L|4L|24* )i du%BZ* L414* T, T,T,T
‘QU]_Q*|
DITH) IFRNS S 2
_ dete(DNig5')? draua- (i) (z, )
- ToUns\ L $olix Ul
det¢(DN\j2 *)2  diopy
finishing the proof. O

Corollary 2.6.11 (free-end gluing for free field). We have
_1
[ Abe 000155 o) detc(2D5)E = A ), (2:0.39)

for almost every ¢ ~ ,u?ﬁ.

Proof. The key point is to disintegrate A% (¢, ¢, %) into a part involving only ¢, which one could “integrate
out” cleanly, multiplied by a part independent of ¢, using Proposition 2.6.10. Indeed,
_1 Q|2
detC(A|Q|2 +m2) 2 / (dTQHQ*HI(Mlc;FF)
1
)4

LHS == *
detg(2D22)7% detc(QDzl dlu%]u:)2 -t

(0, 0, ¢)> "y () dete (2Dy,) "3

YolXAi 1 59,0/ p,D
_ detc(DNjg, )7 dete (Ajgpz +m?) 5 (dTl(MQI«Zf;F)(l/J))% / (Mg )otii ™)

_ (e)dpuspy ()
detc (DN ! )i det(2Dy,) " dpiagh duyp "
=1
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/2 !
_ -1 1 1/dr(p 2
= det (DN 51) ™7 dete(Ajap\s,usy,p +m%) 1 det¢(2Dy, )1 <<§m(§F)(¢)>
2D

(BFK for |Q]? and X5 LI X%)
= RHS, (BFK for [©2/p|? and X5 LI 5y)
finishing the proof. O

We proceed to the interacting case.

Lemma 2.6.12. For fized ¢ € W%(Zl), then the random fields

~ def *
PLY,, ¥ + PIG) 7260, and ¢ = PIE e, ¢,y (2.6.36)

with qﬁg/p ~ ug{fP"D and @ ~ (./\/l|19/p|272¢)*u§?\}ﬂ/pp, follow the same law on D'(Q2°).

def

¢ =

Proof. Here Q° is also (©2/p) \ Xs. Indeed, both ¢ and qg solves the stochastic boundary value problem

(A+m*u=0 in °,
1 227Q/p7D *
uly, =u 55~ (M|Q/p|2,2w)*uDN , on Yo or Yo LUIX} (2.6.37)
uls, =1, on ¥y,
with equalities holding almost surely. O

Corollary 2.6.13 (free-end gluing for P(¢) field). In the situation as above, we have
_1
[ Ao 0)dia () detc(2Ds,)F = Al (0), (26.38)

for almost every 1 ~ u?ﬁ.
Proof. Indeed,
8o (6D Q
AL (0, 0,0) = AQ (0, 0,) / e~ SolaleeV)au (68), (2.6.39)

therefore, with the constants involving determinants working out in exactly the same way as Corollary 2.6.11,
one has

2 1
detc(A‘Q/ 2 +m2)_i (dTl(MQ/P ) 5 o /oD . .
LHS = I GFF 1/1) /d M D)2 /ps o /esg(%cp,%w)du D #D

et (2D, ) sy~ W) AMigg o)) ) 22 (68)

_ D D
= A%, () / R TR PR L a[(PI5), 7). (els™)] (@8, (65),)5,) (Lemma 2.6.12)

-8, D Q/p,D
= A?z/pw)/e Q/p(%/”‘w)d'u(;/FpF (¢£/p) = RHS,
where the notation (qbg /p)22 is as in Proposition 2.5.8. We arrive at the proof. O

Now let Q12 € Mor(X1, X3), Q23 € Mor(Z2, ¥3) and consider the double |3 0 Q2|2 =: [Q223Q12/%. In
this case the result could be seen as a special case of the previous one, where 2 = 15 LI Q223 € Mor(@, X7 U
3, U35 L X3) has two disjoint components. We shall re-state these results without proofs.

Corollary 2.6.14. We have
2

2 10U3 ¥0,023012,D
dTlu3(/A|(?1§?1}Qm| ) d(( |§§23912|272[$§D*N2]23N23 " )
U3 ((/717 @3) o ($)
dpop dusp
Yol 1 Q0|2 Qa2
_ detg(DN\923912\2)2 dTEluEQ(H’E}‘l%“ )( X l,)dTEQUES(:uEFQ%‘ )($ os). O
detc(2DNy )7 dete(2DNp2 M)z dppy ™ ’ Az ’
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Corollary 2.6.15 (composition for P(¢) field). In the situation as above, we have

/ Aglg (w17 SD)ASEZ)Q?, (@7 ¢3)dlu§]2)(so) detc(zDEQ)ié = A5230Q12 (1/)17 ¢3)7 (2640)

for almost every (1, 13) ~ sy =2 .

2.7 Periodic Cover = Spin Chain

2.7.1 Geometric setting

Our set-up corresponds to example 1 in Bergeron [Ber17]. Let M be a closed oriented Riemannian surface®
of genus ¢ > 1 and ¥ C M an embedded primitive closed geodesic whose Z-homology class is non-trivial
(exists by a classical theorem of E. Cartan). Necessarily, 3 is nondissecting.® We consider the covering
space M2 — M over M given by a (normal) subgroup ker p of the fundamental group (M) where p is
the map

prm(M) —2 gy (7)) 2P g (2.7.1)

where the first is Abelianization and I(—, [Y]) is the oriented intersection number” with X, which is surjective
(since ¥ is primitive). In other words, we put M2 = ker p\M where M is the universal cover of M and ker p
acts on M as deck transformations. Equip MO% with the covering metric (thus deck transformations act by
isometries).

Geometrically, M2 can be understood as first cutting M along ¥ and obtaining the surface Q := M \ ¥
with boundaries Y, Ll Yoyt where i, =2 Yoy = X, and gluing € periodically where each Yy is glued to the
“next” ¥iy. Indeed, the class [y] € w1 (M) of a loop v is in ker p iff I([7], [E]) = 0; in other words, these loops
are exactly those which are “not cut”, i.e. lifts to a loop on MOZO, and loops which do intersect X are lifted to
segments whose end points are related by a deck transformation, i.e. they are “cut”.

Now, for N € N, compose p further with the mod N map Z — Zy =: Z/NZ and denote it by py,
and let the covering space of M corresponding to ker py be M]% Since ker p C ker py, M2 also covers M]%
Geometrically, this corresponds to closing the surface after gluing IV copies of {2 — loops that intersect ¥ N-
times are now lifted to a “big loop” in ME,

Remark 2.7.1. We also say that the sequence of covers (MX)y converges to MZ.

That © := M \ ¥ should be understood for what follows.

2.7.2 Continued Introduction of Spin Chain Example

Here we continue our discussion of the circular spin chain proposed in section 2.1.1, in particular the equation
(2.1.6). More generally, one can insert “nice” functionals F1, ..., Fj in between at the sites 1 < i3 < -+ <
i, < N, then

/ Fi(o(iy)) -+ Fi(o(i1)e 5N o = trpagy (TN BTt =t | (2.7.2)
RN

5In particular its Z-homology groups are non-torsion.

Tf 33 dissects M into M$ LI M2, then 3 = OM; now closed 1-forms integrate to zero over X by Stokes theorem, thus ¥ is
null-homologous via de Rham’s theorem. Alternatively, note 9 : Ho(M4,%;Z) — H1(3;Z) in the exact sequence of the pair
(M4, ) is surjective, producing the fundamental class.

"I(W],[Z]) = D(D7'[y] — D'[X]) = f,y N € Z, where D™! is the Poincaré dual map and 7s is a smooth bump 1-form

supported in a tubular neighborhood of ¥ such that fz a = fM a A ns for any 1-form a.
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Ty

Figure 2.3: periodic covering and cyclic covering

where F; are thought of as multiplication operators. The evaluation

1
Fre--oh > / Fi(o(ix)) - Fi(o(ir))e ¥ aNeg
Z(N) RN
o , (2.7.3)
trL2(R) (TN+1_ZkaTZk_Zk71 ce FlT“_l)

trL2(R) (TN)

is said to define a Gibbs state of our spin chain on Zpy. Alternatively this is the expected value functional
under the discrete Gibbs measure (2.1.2).

Definition 2.7.1. We say that a Gibbs state exists in the thermodynamic limit if the second expression in
(2.7.3) tends to a limit as N — oo for bounded functionals Fi, ..., Fy € L*°(R).

We can see from (2.1.4) that the operator T is not just bounded, smoothing, but its kernel is strictly
positive. Such an operator has a special property which we call the Perron-Frobenius property, referring to
the consequence of proposition 2.7.1 below. In particular, this would ensure that the thermodynamic limit
does exist, as we shall see in corollaries 2.7.3, 2.7.4, and 2.7.5.

As announced in the introduction, Corollary 2.7.3 could be equivalently understood as saying that for
compactly supported observables (F,G), and (70)(i) := o(i + 1) the shift operator, then

E[F(7%0)G(0)] = E[F|E[G] + O(aF)

with a < 1 the same as in corollary 2.7.3. Here the expected value should be thought of as coming from a
Gibbs measure on the infinite path space RZ over Z. Indeed, by definition 2.7.1, this is exactly the vague
limit of the finite dimensional (periodic) Gibbs measures over Zy. We say that with respect to this Gibbs
measure the shift operator is exponentially mixing which is exactly saying the P(¢)2 Gibbs state constructed
has a mass gap.

With transfer operator being Perron-Frobenius, the partition functions as in (2.1.2) also enjoy explicit
asymptotics. We will explore a consequence in the case of periodic surfaces in the last section.
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Example 2.7.1. In the case P(c) = m?0?, the spin chain is the discrete massive GFF. We have an exact

formula for the partition function Z(N) = ,iV:_Ol(l +m? — cos(27r%))_% hence

.1 I )
NLITOO N log (Z(N)) = —2/0 log(1 4+ m* — cos(2nz))dx.

2.7.3 Perron-Frobenius Property and Gibbs State

A large part of this section follow from the “properties of a Perron-Frobenius operator”. But we include them
here as they form an integral part of the discussion of physical phenomena.

Definition 2.7.2. An operator A on L?(Q, 1) of some measure space (Q, 1) has strictly positive kernel if for
any nonnegative F' € L?(Q, u) such that ||F||;2 # 0 we have AF > 0 almost surely.

Proposition 2.7.1 (Perron-Frobenius, [GJ87] page 51). If A on L*(Q, i) has strictly positive kernel, and A =
IA|| is an eigenvalue of A, then X is simple, and the corresponding eigenvector can be chosen to be strictly
positive almost surely. O

By our definition of the amplitudes Aq as the square-root of the Radon-Nikodym density between two
mutually absolutely continuous positive finite measures (e is almost surely positive since Sq is a real-
valued random variable, recall also remark 2.2.6 that the zeta-determinants are positive), we get immediately

Lemma 2.7.2. For any traceable cobordism 2 € Mor (X, X), the Segal transfer operator Ug : L* (D' (%), usp) —
L?(D'(X), usp) has strictly positive kernel. O

We deduce that Ug has a simple top eigenvalue A\g = ||Uq|| spanned by a normalized, almost surely
strictly positive eigenvector Qo € L2(D'(X), puop). Alternatively speaking Uq has a spectral gap. We get

Corollary 2.7.3. Denote (79 = )\61UQ, let A1 be the eigenvalue of Uq with next largest modulus, thus Ao >
M|, and put o := |A\1]|/Xo < 1. Then for any F, G € L*(D'(X), pap), we have

(F,UYGY — (F,Q0)(Q0,G)| <N |IF| |G- (2.7.4)

Proof. Note (F, ﬁgG) —(F,Q0) (Q0,G) = (I§ F, ﬁgﬂéG) where IIg- is the orthogonal projection onto the
complement of Span{€}, where Uy has norm « < 1. O

The above corollary is exactly stating that the Gibbs state we defined has a mass gap, in perfect analogy
with 1D spin chains with local interactions which are well known to have no phase transitions.

Corollary 2.7.4. We have
A}me % log tr(U) = log Ao. (2.7.5)
Proof. Without loss of generality let NV > 2 so each Uév is trace class. On one hand
(U < U3, U2 < 03, 2 276)
On the other, we decompose Hyx = Span{Q} ® Span{Q}+ where

tr(UKJZV) = )\é\/' + tr(USJ)\r’Span{Qo}J—)
>0 = [[0&Ispangaoy [l P12
=X (1-C1aV72N?) .
This and (2.7.6) gives the result after taking N — oo. O

Corollary 2.7.3 and the proof of corollary 2.7.4 implies
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Corollary 2.7.5. For any bounded operator F € L(Hyx) we have

tr(Uy "F) 1 (Qo, FQo)

hm <QO,FQO> m
Vg

2.7.7
N—o0 tI‘(UéV) )\L ( )

Proof. Remember that N > L. Thus by Hs = Span{Qg} @ Span{Q}+ and [Sim05] theorem 2.14 we have
At (U HE) = (00, TP E0) + t (08 Pl 219

with

| tr (T8 " Flspangoy) | < IFITY Ispangeoy- |l = 0- (2.7.9)
Since (Qo, ﬁg_LFQ@ — (Qo, FQo) by corollary 2.7.3 and tr(Ud) < M) by corollary 2.7.4, we obtain the
result. O

We arrive at the conclusion that, for functionals Fi, ..., Fy € L®(D'(X), pep) and integers 1 < i1 <
- < 4, the evaluation

tr UN+1_ZkF Uikfik—l . F U’L'lfl
Fooof — fm 00 Lhds A L)
N—oo tr (UQ)

. ‘ (2.7.10)
_ <Qo,FkUg€_zk_1 -~-F1Uél_190>
N (Q0,Ugs ™)
defines a Gibbs state in the thermodynamic limit on a D’(3)-valued Z-spin chain.
Remark 2.7.2. In fact, a valid functional F' € L>°(D'(X), uap) could be given by
def Q
F@) Y [ A0, 0) [ F0R b, o) S0 auGh (0R) @.1.11)

for F € L®(D'(Q°), ,uGFF ® pys>), with 35> considered as the induced measure on D'(Q°) via PI5™>.
Hence the Gibbs state actually extends to the continuum MZ.

2.7.4 Asymptotic of Partition Function

Now we assume the surface Q € Mor(X, X) be reflection symmetric, which means © = Q* o Q for some Q €
Mor(X, ¥’), in the notations of Lemma 2.6.1. In other words there is an isometric involution © :  — Q
whose fixed point set is exactly X', and exchanges the two components of 9€2. In this case Ug = Ug, o Uy
and [Sim15] theorem 3.8.5 applies, namely tr(Uq) = tr,(Uq), as well as for UY. From Corollary 2.6.8 and
Corollary 2.7.4 we then deduce that

1
lim — log(Z,=) = log Ao. 2.7.12
Jim 7 log(Zyyz) = log Ag (2.7.12)

Thus we have proved theorem 2.2. This applies in particular to the free case where Z ME = det¢ (A M3+
m2)_%.

Remark 2.7.3. There arises the interesting question of how Ag (or log A\g) would depend on the geometry
of Q. Very crudely one would expect log Ay o vol(2), since in our case the corresponding Ao for NQ (N
copies of €2 glued) is just )\év . A more precise formula in the general, non-periodic case seems desirable.



Chapter 3

Spectral Cut-off, Locality, and Reflection
Positivity

This Chapter is adapted form [BDF+23] joint with Ismael Bailleul, Nguyen Viet Dang, Léonard Ferdinand,
Gaétan Leclerc.

3.1 Introduction and context

3.1.1 Markov property and reflection positivity of a random field

Let (M,g) be a smooth, closed, compact Riemannian manifold or M = R x ¥ where ¥ is a complete
Riemannian manifold endowed with the product metric dt?> + gs. We denote by A, the positive Laplace-
Beltrami operator acting on C°°(M). In case M is compact, we write (ex)xespec(a,) for the L? basis of
eigenfunctions of A, and

Eca & span(ex)aca C C°(M).

The massive Gaussian Free Field (GFF in the sequel) ® of law pugpr is defined on M compact as the random
series

def C)\
d = g ex,
N

A€spec(Ag)
where the coefficients c) are independent, identically distributed, random variables with Gaussian distribution
N(0,1). On a cylinder M = R x ¥ the massive Gaussian free field is defined as the unique Gaussian process
® indexed by H~1(M) with covariance

E[®(£)®(1)] = (B s ary

For every € > 0, one can realize the Gaussian process ® as a random variable with values in H?=9/2=¢(1r).
This follows essentially from the Weyl law by an argument analogous to [BP25] Theorem 1.45. In the sequel,
we thus fix € > 0 and work with the canonical probability space (H(Q_d)/2_5(M), 0, ,LLGFF)v where O stands

for the Borel g-algebra of Q = H?~4/2=¢(M). One can take ®(w) = w for every w € Q.
Definition 3.1.1. In case of M compact or a cylinder, A, : C®(M) C L*(M) — L?*(M) is essentially
self-adjoint, and therefore admits a well-defined functional calculus. For A > 0 we write

def
Iy = 1j0,a1(Ay)

for the sharp spectral projector. In particular, when M is compact, one has I : @'(M) — E<,. Note that

Iy is self-adjoint. Finally, we define the spectrally cut-off GFF &, GFF by
o, I, (D),

which is a random smooth function.

84
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Except in Section 3.3.1, throughout the rest of the article, without loss of generality, in our choice of
cut-off free field we could replace Iy by W(A4/A) where ¥ is smooth and compactly supported.

We will use the notion of smooth functionals on a locally convex space such as @' (M), C°°(M) or on some
Sobolev space H*(M) as discussed in [BDLR21], along with the notion of support of a smooth functional.
Both notions are recalled hereafter, we start with smooth functionals :

Definition 3.1.2. Let E be a locally convex space and U C E an open subset. A function F': U — R is
smooth if for every k € N, z € U, every (hy,...,h) € EF, the limit

3kF(33 + tlhl +---+ tkhk)

e k DY
8151 L 8tk - DIF(hla ) hk)

(t15e--,tk)=0
exists and DFF : U x EF — R is jointly continuous as a function of its arguments and linear in hq, ..., h.
Next, we discuss the notion of support:

Definition 3.1.3. Take E to be C*° (M), @'(M), or some Sobolev space H*(M), and let U C E be an open
subset. The support of some smooth functional F': U — R, denoted by supp(F), is the set containing
those points x € M such that for every neighbourhood A, C M of x, there exists ¢, € U that verify

F(¢) # F(¢) and supp(¢ — ) C Ag.

We next introduce the notion of reflection positive manifold following the work of Jaffe & Ritter [JR07a;
JRO7b; JROS]:

Definition 3.1.4. We say that the d dimensional manifold M is reflection positive if there exists an
isometric involution ©: M — M which admits as invariant subset a submanifold ¥ of dimension d — 1
such that M \ ¥ is the disjoint union of two open manifolds M, and M_ that both verify OM, = OM_ = ..
One can therefore think of M as the disjoint union

M=M,UXUM_,0|%=1Idy, O(Ms) = M.

T
>®§1 o

by

Figure 3.1: A cylinder R x ¥ and a reflection positive manifold M = M, U X U M_.

For clarity we write below M4 for My and refer to Figure 3.1. The spaces of constant curvature R?, S, and
H¢ are reflection positive. In the sequel, we will mostly be interested in the cases M = R x ¥ and M = S¢,
for which we precise the setting. The cylinder R x ¥ is reflection positive with respect to {0} x X. The
sphere S? is reflection positive with respect to any of its equators.

Whenever a manifold M is reflection positive with isometric involution ©, the map © acts via pull-back
on C*°(M) and @'(M) and hence on functionals on M and @’(M)-valued random variables. Note that for
any distribution w € @'(M),

Mp(w) [ M- = (IIp(w) 0 ©) | My =T\ (wo®O) | M, . (3.1.1)
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Let A be a closed subset of M. We denote by ng(M ) the subset of elements in the Sobolev space
W~L(M) which are supported in A. Let ¥ be a random distribution defined on our probability space €2,
with law pg and associated expectation operator Eg[-]. We introduce a sub o-algebra of ©

o(U; 4) € o (U(f); f e Wil (M)).

We implicitly assume here that we only consider those functions f € W' (M) for which W(f) is well-
defined. One can think of o(¥; A) as the o-algebra generated by the observables that are only sensitive to
the fluctuation of the field ¥ on the set A.

Definition 3.1.5. A random process ¥ as above has the Markov property if for any closed subsets A, B
of M such that A° N B = &, namely B does not intersect the interior of A (Figure 3.2 below), and any
random variable F' € L? that is o(¥; B)-measurable, one has

E[F|o(¥; A)] = E[F|o(¥;04)].

<=
~_ /

Figure 3.2: Two closed subsets A and B of M such that A°N B = @.

The Markov property was introduced by Nelson in [Nel73c|, [Nel73a| (pp. 224-225). He also proved that
pcrr verifies this property [Nel73a| (pp. 225).

Definition 3.1.6. A random process ¥ on a reflection positive manifold M is reflection positive if for
any C-valued function F in L?('(M),o(¥; M), py) it holds

Eg[(OF)F] >0.

Reflection positivity is one of the axioms introduced by Osterwalder and Schrader [OS73]; it is a crucial
condition to recover a Lorentzian Quantum Field Theory from a Euclidean Quantum Field Theory.

Lastly we indicate the relation between the Markov property and reflection positivity. Let M be a
reflection positive manifold with reflection © and decomposition M = M U3 U M_ as in Definition 3.1.4.
The random process ¥ as above with law py is called reflection invariant if Ey[FG| = Eg[©@FOG] for
any F, G € L*(9'(M), py).

Lemma 3.1.1 ([Dim04], Theorem 2). On a reflection positive Riemannian manifold (M, g), a random field
VU indexed by W—L(M) that is reflection invariant and has the Markov property is reflection positive.

Proof. First observe that if G € L*(D'(M),o(¥;%), ) then ©G = G, since functionals of the form
e(U(f1), -, U(fn)), for fj € W' (M), ¢ € S(R™), n € N, are dense in L?(D'(M),o(¥; %), py) ([Sim74]
Lemma 1.5), and,
as each f; € Wy'(M) is invariant by ©. This with reflection invariance tells that Eg[H|o(¥;X)] =
Ey[©H|o(¥; )] for any H € L?. Indeed, for any G € L*(D'(M),o(¥; %), ),

Eu[Es[0H|o(; %)) G] = Ey[Eg[OH - 0G|o(¥; )] = E4[OH - 6G]

N By [HG) = By [Eg[H|o(¥;3)] - G.

Finally we proceed with the main argument: pick F € L? (%,(M),U(\I];H+),ILL\1/). It is clear that the
functional OF is then o(W¥; M _)-measurable. Hence we have

Ey[OF - F] = Ey[Ey[OF|o(V; M.)] - F] "= Ey[Ey[OF|o(V;X)] - F] = Ey|Ey[Flo(¥; )]|° > 0,

proving the result. O
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3.1.2 The regularized ®} measure built from the cut-off interaction

The ®3 measure v is a probability measure on @'(M) with (M, g,©) a closed three dimensional reflection
positive manifold that heuristically reads as

4

¢ NP0 i (dd) . (3.1.3)

v(d®)
We use the non-conventional notation ¢ for the coupling constant. Since the dimension of M is greater then
or equal to 2 the GFF is not supported on LP functions and the L* norm of ® is almost surely infinite. The
formal expression (3.1.3) is thus meaningless. The probability measure v can therefore only be defined as
the weak limit of a sequence of approximations (v, r)a>0. A choice which is often made is to consider

l/p’A(d(I)) ~ e—c||,0<I>A||i4(M)—caA||p<I>A||2LQ<M) picrr(dd) (3.1.4)

where p € C°(M) is identically equal to 1 on a large compact set of M and (ap)a>o is a suitably chosen
sequence of real number that is divergent at large A.

On M, the <I>§l measure v is a good starting point to construct a EQFT, provided M is reflection positive
and v is proved to be reflection positive too. When v is constructed as a limit of a sequence of approximations,
reflection positivity of v is in general obtained by showing that the measures v, 5 are reflection positive for
every A, in which case v inherits the reflection positivity property of its approximations.

However, in any attempt to prove that property for v, A, we quickly face a problem that comes from the
following fact, which is proved in Section 3.2.

Theorem 3.1. Let M be a smooth complete Riemannian manifold of dimension d. Let A C M be a
closed subset with non-empty interior, and G a smooth functional on C*°(M) such that the random variable
G o TI\(®) is o(®; A)-measurable. Then the function G o Iy on HZ=9D/2=2(M) is constant.

This fact prevents us from transfering the reflection positivity property of the GFF to its spectrally
cutoff version ®,. As a matter of fact, we prove in Theorem 3.4 in Section 3.3.3 that the regularized ®3
measures v, 5 are not reflection positive for a small enough coupling constant ¢ > 0 in (3.1.4). Moreover we
give hereafter three arguments that show that the cut-off free field ®, can by no means be neither Markov
nor reflection positive, neither on cylinders like R nor on compact manifolds. This also confirms that any
approach involving spectral cut-offs is unlikely to be efficient in order to prove the reflection positivity of the
<I>§ measure.

To conclude this introduction, we would like to mention several works where the authors are able to
construct reflection positive interacting EQFT measures. In the seminal work of Glimm-Jaffe, RP of the
regularized theory comes from the RP property of the lattice approximations [GJ87]. The Wick rotation of
the P(®)2 model on the cylinder and the sphere was first treated in the seminal articles [Hoe74; FHNT75].
We also refer to [GJ05a; GJ05b; BIM23| for detailed constructions of some quantum fields in 2 space-time
dimensions.

In [Abd18] (pp. 237), the author suggests to mollify the field by convolution with some compactly
supported function and put a position dependent coupling in front of the interaction g,¢* where the coupling
function g,, which depends on the cut—off » > 0, vanishes in some neighborhood of the reflection hyperplane.
This ensures that the regularized measures are RP. To implement this rigorously on say the <I>§ model, the
difficulty would be to show that one recovers the same EQFT measure as limit EQFT measure where the
coupling function is constant. In the very interesting recent preprint [DDJ23|, the authors use a very similar
strategy to construct a reflection positive P(®)y measure on R2. Finally, a similar strategy is used by the
last author [Lin24| to prove that the P(®)y theory on every Riemannian surface satisfies both the spatial
Markov property and the Segal gluing axioms which is stronger than just RP.

3.1.3 Organization and Comments

We prove Theorem 3.1 in Section 3.2. This somehow shows that the spatial Markov property for the cut-off
GFF is not well-posed since we prove that the only o(®; M )-measurable random variables of the form
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G(®p) where G is smooth are constants. In Section 3.3.1 we give a counter-example showing that the cut-off
free field on the cylinder R x ¥ is not reflection positive, by constructing a function on which the bilinear
form associated to the cut-off covariance acts negatively, see Theorem 3.2 below. In Section 3.3.2 we show
that the cut-off free field on compact manifolds also has a covariance which is not reflection positive, by
constructing a counter-example, see Theorem 3.3 below. Given Lemma 3.1.1 the results of these sections
show that the cut-off regularized Gaussian free field does not have the Markov property in these settings.

Remark 3.1.1. We point out that we may also see that the cut-off GFF cannot be reflection positive
non-constructi- vely, using the Kéalléen-Lehmann representation (|GJ87] Theorem 6.2.4), which states that
the covariance must be a weighted sum of inverse massive laplacians of different masses. The cut-off GFF
cannot have a Kéllén—Lehmann representation since, if so, it would have non-zero covariance at arbitrarily
high frequency, i.e. one would have E|®,(ey)|?> > 0 for A arbitrarily large. This comment was suggested to
us by an anonymous referee.

Note that in the flat case M = R3, it is a well-established fact that the <I>§ measure is reflection positive,
since it can be constructed as the limit of a sequence of Gibbs measure on the lattice [GH21|, where regularized
measures are reflection positive. However this construction does not generalize easily to the case of a compact
Riemannian manifold M where lattice regularization is a more difficult option. On the other hand, we prove
in Section 3.3.3 that the regularized <I>§ measures v, 5 are not reflection positive for a small enough coupling
constant ¢ > 0. Hence the proof of the reflection positivity of the ®; measure on the sphere S? is still an
open problem.

Regarding the Markov property, contrary to the two dimensional case, not much is known about the (I>§
measure. Note that the original construction of the <I>§ QFT by Glimm and Jaffe relies on the study of the
Hamiltonian [Gli68; GJ73], which indicates that the <I>§ measure should have a semi-group property on the
plane.
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3.2 Triviality of Smooth Localized Observables under Cut-off

We prove Theorem 3.1 in this section. Our proof is based on the following result due to Lebeau-Robbiano [LR95],
Jerison-Lebeau [J1.99], Lebeau-Zuazua [L.Z98] which asserts that the zero set (also called nodal set) of linear
combinations of Laplace eigenfunctions always has empty interior:

Lemma 3.2.1 (Nodal sets of linear combinations of eigenfunctions). Let (M, g) be a smooth closed compact
Riemannian manifold. Then for any A € (0,00) and any non-trivial finite linear combination of the eigen-
functions of Ay that we denote by f € Eca, the zero set Zy = {x € M|f(x) = 0} of the function f has
empty interior.

Proof. Assume there exists f € E<a such that ||f||z2(ar) = 1 and Zy contains an open subset U. Then the
Lebeau-Robbiano spectral inequality [JL99] Theorem 14.6, states that given U C M, there exists constants
C, K > 0 such that for all ¢ € E¢s, we have an inequality of the form:

el 2 ary < CeKA”SOHH(U) ’
where C, K do not depend on ¢. Setting ¢ = f yields

£ lz2ary < C" M fll p2ry =0,

since we assumed f [ U = 0. This yields a contradiction with the assumption || f[|z2(ar) = 1. O
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Corollary 3.2.2. We assume (M, g) is a smooth closed compact Riemannian manifold or M = R with
the flat metric and B is some open subset B C M. Let T € D' (M) be a distribution such that for every
feCX(B), TIaf) =0. Then IA\T = 0.

Proof. Since 11, is self-adjoint, we have

T(Ipf) = (UAT, f) 2 (uy-

Therefore, II\T is a smooth function in E<p which vanishes on the interior of B. Hence, in view of
Lemma 3.2.1, it is identically equal to zero.

In the case M = R, we repeat the exact same argument and conclude using the fact that Iy T is analytic
by the Paley-Wiener Theorem hence null if it vanishes on the open set B. O

We are now ready to give the proof of Theorem 3.1.

Proof of Theorem 3.1. We work by contradiction. Set F' = G o IIy which is a smooth functional on
HE=d/2=¢(M). Assuming that F is o(®; A)-measurable, for every direction h € C°(A°), we have the
identity

F(®+h) =F(P)
for @ in a set 2, C Q of probability 1 that depends on h. Now we would like to go from an h-dependent
almost sure statement to a deterministic statement, namely we aim to prove that

WF(®) € F(®+h)— F(®) =0
for every distribution ® € H@=49/2=¢(r).
Assume by contradiction that there exists some ¢ € H?~9/2=¢(M) such that 7, F(¢) # 0, and assume
without loss of generality that 7, F'(¢) = L > 0. The functional

HED2=2(M) 5 & s 7, F(D)

is smooth. Hence, by continuity, there is some open subset U, > ¢ of H<2_d)/2_5(M) such that 0 < % <F]
U, < % There, there exists R > 0 such that B,(R) C U, for the HZ=49/2=¢(M) topology. One then has

L
0 = Ecrr [ F(-)15,(r)] > Sharr (By(R)) -

The first equality follows from the almost sure vanishing of 75, F'(+), which implies that
1(By(R)) =0.

This is a contradiction, because ugrr has full support in H (2-d)/ 2=¢(M) since the Cameron-Martin space
H'(M) is everywhere dense in H@=9/2=¢(M) for the HZ~4/2=¢(M) topology ([Bog98] Theorem 3.6.1,
[Hai23] Proposition 3.68). Therefore, F(® + h) = F(®) for every distributions ® € H?=4/2=¢(M) and
every h € C2°(A°) which is much stronger than the almost sure statement. It means that G oIl should not
depend on h € C°(A€). More precisely, by definition of the support of a functional (see Definition 3.1.3),
for any such h we have G(®p + IIph) = G(®4), which implies that D (G o IIp)(h) = 0. Observing that

Do (G o T (h) = lim L2 T HTIAR) = G(Pa)

10 ¢ = D‘i)/\ (G) (HAh) )

we conclude that Dy, (G)(IIph) = 0. In view of Corollary 3.2.2 taking B = A and T = Dg, (G), we thus
have that IInDg, (G) = 0. In particular, for all f € C*(M),

IIADg, (G)(f) = Do, (G)(IIa f) = Do (G o IIn)(f) = 0,

so G oIl is indeed constant. [l
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3.3 Non-Reflection Positivity

3.3.1 The cut-off GFF on Cylinders

In this section, we give an explicit counter-example contradicting the assertion that ®, could be reflection
positive on R¢ and more generally on any Riemannian cylinder M of the form M = R x ¥ where ¥ is
complete Riemannian and the cylinder is endowed with the split metric d¢? 4+ gs;. This is based on the
following lemma.

Lemma 3.3.1 (|GJ87], Theorem 6.2.2). A Gaussian random field U with covariance C' is reflection positive
if and only if its covariance is reflection positive, in the sense that for any f € C°(Rsp x X),

(O©f,Cf)r2n) = 0.

We construct hereafter such a function f such that (©f, % 2y < 0, which implies the following
result.

Theorem 3.2. The spectrally cut-off massive Gaussian free field on R or on any Riemannian cylinder ®
1s not reflection positive. In particular, it is not Markov either.

To construct our counter-example, we need the following intermediate lemma.

Lemma 3.3.2. Fiz k > 0. There exists a function h € C(Rxo) such that, denoting by Fh(§) of

Jg h(2)e*®dz the Fourier transform of h, it holds

‘e d¢
/1 Fh(—&) Fh(€) 1 <0.

Proof. Note that because h is real, one has Fh(—¢§) = Fh(&). Thus, h needs to satisfy

1 dE
a5 1,2
/_th (§)§2+/@<0'

Now write
Fh(&) = An(§) +1Bn(§),
where

Ap(§) déf/Rh(x) cos(x)dz, Bp(§) déf/Rh(x)sin(ﬁx)dx,

so that Ay, is even and By, is odd. This gives

Fh2(€) = AF(€) — BRE) + Cu(€), where Ci(€) % 2i45(6)Bi(€).

Here, observe that Cj (&) is an odd function, which does not contribute to the integral.
Moreover, the important idea is that since Fh%(0) = ( g h(x)da:)2 > 0, one needs to shift the weight of
integration (&2 + k)~! “away from zero”. This can be done by taking derivatives: setting h = ¢("), we have

1 1 ig)4n
[ Eeer gt =2 [ G (ke - Be)as.

4an

Note that we have taken care of choosing a number of derivatives that enforces i*” = 1. Now, observe that

1 4n
Jo &5 (A3(6) — BL(&))d¢
1 4n
f() §g+nd§
Choosing ¢ supported near 7 ensures that cos(z) ~ 0 and sin(x) ~ 1, so that Ai(l) - Bi(l) < 0. Taking n

large enough but finite and rescaling ¢, one finally obtains the desired result. Moreover, since ¢ is compactly
supported on R, sois h = cp(2”). O

— A?D(l) - Bg)(l) asn T oo.
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Proof of Theorem 3.2. As alluded to, the proof follows from the fact that we provide a counter-example of the
positivity of the covariance, that is to say, we construct f € C°(Rso x ) such that (©f, %f}LQ(M) < 0.

We denote by €,dA the projection valued measure of the slice Laplacian Ay, which is well-known to be
self-adjoint by the completeness of ¥. For any function f € L?(M) on the cylinder M = R; x ¥, we denote
by

T /() /R TG £ (1, )t

its Fourier transform w.r.t. the time variable ¢ and its spectral transform with respect to the spectral measure
of Ay. It is a convenient expression because we know that the action of the Laplacian on J, y)f boils down
to the multiplication by 72 + .

Then, denoting by vy the volume form on ¥, we rewrite the pairing as

IIp / /Gy o drdA
7 T rnfIenfdvs ) —o——
< ! Ay + 1f>L2(M) {T2VAKA}CRXR2q ( b (ST ] VE) 24+ A+1

// / RERELY fM)f:ill. (3.3.1)

We will reduce to the one variable case by a scaling argument. First, fix ¢ € C2°(Rx¢) such that [ _11 F (1) (T%+
A+ A7H)7ldr < 0 for every A € [0,1]. The existence of such ¢ comes from Lemma 3.3.2. Then, choose
X € L?(X) such that HXHB(E = 1 and x has non trivial spectral measure in the interval [0, 1], that is to say

1
| 18dimir >o.

Finally, we set

def &
Forltn) & [ VRo(VRDE (@),
which verifies

Tirn) forn (1) = Foo(r/VN) €y ax(2) -
Plugging this expression inside (3.3.1), we obtain

1Ty drdA
(O 5 he) i = [ / [0 a3y T/ VR) 5

T2+ A+1
drdA
v [ f et
| >\X||L2 ‘P() A2+ A) +1
drdA
_m// Exll2a ) Fo ()
) I AXHL2(Z) SO(T)TQ_F)\_F%

We have thus proven that the cut-off covariance is not reflection positive, and by Lemma 3.3.1, ®, is therefore
not reflection positive. O

3.3.2 The cut-off GFF on Compact Manifolds

We now turn to the proof that the cut-off GFF on compact manifolds is not reflection positive. This will
also imply that it is not Markov.

Theorem 3.3. Assume that (M, g) is a smooth compact Riemannian manifold which is reflection positive.
Then there exists L > 0 such that for any A > L, there exists a function f € C°(My) verifying

(Of, ——=1)p2 2 <0-

A—l—l
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Proof. First, because A, and © commute, we can choose the L? basis of Ay in such a way that any eigen-

function ey of the Laplacian A, satisfies either @ey = e (we say that ey is even) or Oey = —e) (we say that

it is odd). Observe that the set of odd eigenfunctions is not empty, since the span of eigenfunctions is dense

in C*°(M), which contains odd functions. We choose L large enough so that there exists A < L such that

ey is odd. Given A > L, we denote by A, the largest eigenvalue smaller than A with odd eigenfunction ey, .
Next, we consider the linear map

Pp: CF(My) > f= ((frex))acn € RAim(E<a)

We have to show that %, is onto. Assume by contradiction that it is not onto. Then P (C>*(My)) is a
strict vector subspace of R1™P<a) and we can choose some vector (cy)aca in Pa(C*(My))". In other
words there exists a non-trivial linear combination ¢ = 7, caxex € E<p such that for every f € C°(My)

it holds
> ealen f)=0.

A<A

This entails that ¢ € E<p vanishes on M. However, since My has non-empty interior, this would contradict
Lemma 3.2.1, which concludes the proof that the map 9%, is surjective. The surjectivity of P allows us to
find f. € C°(M;) such that (fi,ex) = 0if X # A\, and (f, ey,) = 1. For this f,, we have

11, 1
Ofs, ——f« = «© %
< f Ag+1f >L2(M) )Z]:\<f 6)\>>\+1 <f 6/\>
1
= _<f*7€)\*> )\ +1 <f*?€)\*>
S <0
oM+ '
which concludes the proof. O

3.3.3 The Regularized ®; Measure on R?

We conclude by giving a counterexample on flat space. To do so, given f € L%(R?), we write

(pIIp®)(f) < | @) Ua@)@)p(a)da.

We would like to summarize in one key lemma the central idea behind our counterexample.

Lemma 3.3.3. Let A C R? be a closed subset with nonempty interior and B C R¥ a closed compact ball in
Fourier space. Denote by Li(Rd) the subspace of L? functions whose supported is contained in A. Then the
Fourier restriction map defined as

Rp: LA(RY) 3 o — Fo | B e L*(B)
has everywhere dense image.

The idea of proof is very similar to the one of Theorem 3.3. The simple but powerful idea is that any
function on the ball B can be approximated by the Fourier transform of some function supported over A.

Proof. By contradiction, if Ran(® ) were not dense, then Ran(R ) would be a non-empty closed vector
subspace and there would be some non-null element g € L?(B) such that for all f € L}

0= <9;fag>L2(B) = <O}f7 1BQ>L2(Rd) = <f7 F! (1Bg)>L2(Rd) )

from Plancherel identity. The function F~! (1pg) is therefore not supported on A hence vanishes on some
open subset. This contradicts the fact that F~! (1gg) is a non-trivial analytic function by the Paley-Wiener
theorem. O
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We now fix d = 3, since it is the most interesting case. Recall the definition (3.1.4) of the approximate
<I>§ measure v, 5. We emphasize here the dependence of the measures v, » on the coupling constant c¢ by
writing v(c, p, A), and we set

2

def —c||p®Al|4, — P
Gepr = € cllp®alls—canllp®all;, <1

Denoting by (21,22, 23) the canonical coordinates of a point z € R3, we write f € L?(R3) to say that
f € L*(R3) and supp(f) C {x1 > 0}.

Theorem 3.4. For ¢ > 0 small enough, there exists a function f € LQ(Ri’_) such that

Eyc,p,0) [(PTTA®) (O f) (pTIA®)(f)] < 0. (3.3.2)

This tmplies that the reqularized *1)% measures v(c, p, ) are not reflection positive for ¢ > 0 small enough,
depending on A and p.

Proof. Since 0 < G pa(¢p) goes to 1 as ¢ | 0 for every distributions ¢, one has by dominated convergence

Ey(epn) [(PIIA®) (O ) (pLIa®) ()] B Err [(PIIA®) (O f) (pIIA®)(f)]- (3.3.3)

To justify the use of the dominated convergence, at some fixed cut-offs p and A, we use the lower bound on
the interaction

[N

|ax|

/R _®4p' dz — el vol(supp(p)),

clo@alfsque) + canllp®alan > ¢ [ p'@hdo—c

for any § > 0, using Young’s inequality and the compactness of the support of p. Choosing d small enough
yields a lower bound of the form

2
cllp®allas) + canllp®alliams) > 5 llpPallpaEs) — cK

for some K > 0.
From the convergence result in (3.3.3) it suffices to find f € L*(R3) such that

Ecrr [(pIIA®) (O ) (pIIa®)(f)] = (A (pOf) , (A + 1) a(pf)),» <0

and choose ¢ > 0 small enough. Set the Fourier restriction map
Rn : LP(RY) 3 f+— F(pf)lpyn) € L*(Bo(A)),

where on the right hand side we consider the restriction of the Fourier transform F(pf) to the centered
Fourier ball of radius A. By a similar argument as in Lemma 3.3.3, the key idea is to prove that the image of
T is dense in L?(By(A)). If it were not true, then Ran(%& )+ would be a non-empty closed vector subspace
and there would be some non-null element g € L?(By(A)) such that for every f € L*(R3)

0= <g(pf)’g>L2(Bo(A)) = <O}(pf)u 1BO(A)9>L2(R3) = <f7 pgil(lBo(A)g)>L2(R3) )

from Plancherel identity. The function pF ~!(1 Bo(A) g) is therefore supported outside the half-space {x1 > 0}.
Since p > 0 on some non-empty region of {z1 > 0} this implies that the function F (1 Bo(A)9) vanishes in
some open subset contained in the half-space {x; > 0}. This contradicts the fact that 95_1(130(/\)9) is a
non-trivial analytic function by the Paley-Wiener theorem.

Therefore, the provisional conclusion is that there exists a sequence f;, in LQ(Ri) such that the sequence
R fn converges in L*(By(A)) to £115,(a)(€). Therefore for this sequence (fy)n>0 we find that

(MA(pO fn), (A + 1) Ha(pfn)) 2 = /11@3* Lio. A1 (JE12)(E) "2 Rn (1, &2, E3) R [ (1, 2, &3)dE
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converges as n T 0o to

- / Lo (1€2) () ~2€2de < 0.
Bo(A)

This shows that the heat regularized (and space localized) Gaussian free field measure is not reflection
positive. Of course the Gaussian free field measure itself is reflection positive and the above proof breaks
down when A 1 oo as the function &; alone is not an element of L2. O

Note that Theorem 3.4 does not exclude the fact that v(c, p, A) may be reflection positive for some
large enough coupling constant c.



Chapter 4

Entanglement Entropy and
Cauchy-Hadamard Renormalization

This chapter is adapted from [EL25] joint with Benoit Estienne.

4.1 Introduction

An (Euclidean) Conformal Field Theory (CFT) is a theory which, in one way, emerges as the scaling limit
of a lattice statistical mechanics model with critical parameters (at phase transition), as the lattice spacing
goes to zero. Due to its conformal covariance properties, such a theory can, in two dimensions, naturally
be defined on a surface with its conformal structure (= complex structure for oriented surfaces). Broadly
speaking and for the purposes of this paper, the data of such a theory consists of assigning to each (closed)
Riemann surface ¥ with metric g a number Z(X, g) (the partition function) and a collection of correlation
functions defined on E’; (subspace of the n-fold product X" with non-coincident points), which satisfy well-
defined transformation rules under conformal changes of the metric g (see definition 4.2.1). In comparison
to the original lattice problem, the number Z(X, g) corresponds to the normalization constant for the Gibbs
measure, while the functions on E; describe the scaling limit of the probabilistic correlation functions of n
local observables of the spin configurations under the Gibbs measure.

It has long been recognized in the physics literature that the presence of conical singularities in the
underlying metric alters the conformal covariance properties of the partition function Z(X,g) in a way
that mimics the behavior of correlation functions. This paper aims to provide a rigorous framework for
these observations, with a particular emphasis on partition functions on branched coverings, motivated by
considerations of entanglement entropy (which we introduce in Section 4.3). We remark that a CFT in
the sense of the previous paragraph makes sense, a priori, only for smooth metrics and smooth conformal
changes. The first task of this paper thus lies in defining in a simple and natural manner the number Z (X, g)
when the metric g admits finitely many isolated conical singularities. Then, applying this definition to metrics
coming from pull-backs of ramified holomorphic maps, we observe that certain ratios of these numbers behave
exactly like what is expected of correlation functions on the target surface where the variables are the critical
values. More precisely, the main result is the following.

Theorem 4.1 (proposition 4.6.3). ! Let ©4, & be closed Riemann surfaces, with a smooth conformal metric g
on ¥, and f : g — X a ramified d-sheeted holomorphic map, whose critical values are w, ..., wy. Consider
a conformal field theory with central charge ¢ whose partition function is denoted Z. Pick h € C*°(X) on X.
Then under the definition 4.2.8 for Z(Xq, f*e®"g) and Z(2q4, f*g) we have

Z(3q, f*e*g) o 5 hw)a, 2 (X, f79)

2, gl 25,0 (4.1.1)

!See also “Riemann surface terminologies” on the next page. Moreover, we will assume that all Riemann surfaces in this
paper are connected, unless otherwise specified.
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where

def C 1
z w]

are the conformal weights or scaling dimensions. Here ords(z) denotes the order or multiplicity of f at z € 3.

The relation between CFT and conical singularities has been explored in various physical contexts. Early
investigations, particularly within string theory, focused on the construction of orbifold CFTs [DFMS87].
In this framework, Knizhnik [Kni87| examined the behavior of CFTs defined on flat branched coverings of
CP'. More generally, the emergence of universal logarithmic divergences in the free energy due to conical
singularities was recognized by Cardy and Peschel [CP88]. Motivated by both black hole entropy and
quantum information theory, entanglement entropy in CFTs was explored in seminal works [HLW94| and
|CCO09], where it was shown that the universal contributions from conical singularities play a crucial role in
understanding the scaling behavior of entanglement entropy in one-dimensional quantum critical systems.
In this context, the Rényi entropy was identified as the free energy on d-sheeted branched covering of certain
flat Riemann surface (typically a cylinder or a torus). Further studies, such as in [CW17], extended the
analysis of conical singularities to hyperbolic surfaces, with applications in the context of the quantum Hall
effect [KMMW17].

Conical singularities is also a relatively well-studied subject mathematically. They are one of the simplest
types of singularities that can appear on a Riemann surface. The main motivations include spectral geometry
(hearing the shape of a drum) [Che83| and the Berger-Nirenberg problem of finding metrics with prescribed
curvature [HT92; Tro91]. Motivated by its higher dimensional analogue in complex geometry called Kéhler-
Einstein edge metrics, people have also studied the Ricci flow on surfaces with such singularities [MRS15].
Particularly relevant to the present work are recent investigations on the (-determinant of the Laplacian
under these conical metrics and the Polyakov formulas [AKR20; Kal21|, on which we shall make a more
detailed comment in remarks 4.6.4 and 4.6.5. We would also like to point out the interesting recent work
[JV23] on Coulomb gas and the Grunsky operator where conical singularities (more precisely, “corners”
on the boundary) also play a role. For more literature from these various perspectives we refer to the
introductions of [AKR20; Kal21|, section 1.2 of [JV23], and section 2.E of [MRS15]. Finally, one precise
relation between conical singularities and the probabilistically constructed Liouville CF'T has been discussed
in [LRV22; TNA24].

One important feature of the present work lies in its simplicity and naturalness. Essentially, the method
involves only a close look at the geometry near the cone points and integration by parts (Green-Stokes
formula). Consequently, the geometric meaning of each term that shows up in the result is transparent (see
also remark 4.6.2). Moreover, we only need rather weak regularity to be imposed on the regular metric
potential at the cone points compared to other related works in the literature (e.g. to [Kal21] definition 2.1),
and this is basically the assumption adopted in [Tro91] (see also remark 4.4.1).

Organization. Insection 4.2 we define the three main objects dealt with by this paper: the CFT correlation
functions, conical singularities, and the renormalized Polyakov anomaly; these are accompanied by a few
pivotal lemmas. Section 4.3 explains the physical motivation which leads us to (4.1.1). In these sections
(and hence the whole paper) no prior knowledge of QFT, CFT or statistical mechanics is assumed, as this
paper serves also to introduce these ideas to the mathematics community. Only some notions of quantum
mechanics are required to make sense of entanglement entropy. Then in section 4.4, we collect a few known
facts about conical metrics (subsection 4.4.1), prove a crucial scaling lemma (subsection 4.4.2), and compute
the asymptotics of several logarithmically divergent integrals using integration by parts (subsection 4.4.3).
They are important as pointed out by remarks 4.2.4, 4.2.6, and also in obtaining the final result. In section
4.5 we tie up some loose ends around the definitions of the renormalized anomaly and partition function for
conical metrics. In subsection 4.6.1 we prove the main result and apply it to entanglement entropies, and
in 4.6.2 we comment on the two closely related work [AKR20; Kal21]. Finally in appendix C.3 we recall a
few things around the so-called “Poincaré-Lelong lemma” concerning the Laplacian of the log of the distance
function on a Riemannian surface.
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Future work. In the present version of the work we have focused on the simplest case dealing only with
partition functions to illustrate our (already simple) methods. It is clear that the same arguments could
apply with minor modifications to obtain analogous results for Segal’s amplitudes on surfaces with boundary
(see [Gaw99] section 2.6) when the metric is “flat-at-the-boundary”, and for the case of general boundaries
with possible presence of “corners” (i.e. “polygons”) by including the boundary term in the anomaly, as
considered for example by [AKR20]. These considerations may be included in a future update of the present
manuscript. However, another main aim of that work will be to present an equivalent rigorous construction
of the quantities Z(Xg4, f*g)/2(%,g)¢ in (4.1.1) for the GFF by constructing the so-called “twist fields” in
the physics literature. This is related to a singular version of the “twisted Laplacians” used e.g. in Phillips
and Sarnak [PS87]. Lastly, less apparent but interesting future investigations include obtaining the precise
relation between this work and [Kal21| in light of Segal’s gluing axioms, and exploring further connections
with the Quantum Hall Effect and Coulomb gas in a rigorous manner.

Riemann surface terminology and asymptotic notations. Let f: Y — ¥ be a holomorphic map
of closed (connected?) Riemann surfaces. If at z € ¥ we have df|, = 0 we say that z is a critical point of f
and w = f(z) is a critical value of f. If in local holomorphic charts around z and w respectively f looks
like a k-th power, then we say k is the order of f at z € ¥/ (sometimes referred to as the local degree or
multiplicity), denoted k =: ordf(z). We say that f is a ramified (or branched) holomorphic map when we want
to emphasize that it is not a strict covering map. The number }__. F1(w) ords(z) =: d, which is same for
every w € X, is called the number of sheets of f and we say f is d-sheeted. Finally, the notation v =< v under
some limit process means u/v — C > 0 in that limit, and we write u ~ v for the case C' = 1.

4.2 Definition of Main Objects

4.2.1 Conformal Field Theory and Correlation Functions

Definition 4.2.1. In this paper, by a 2d Conformal Field Theory we mean a rule that associates to each
compact Riemannian surface 3 with metric g (a priori smooth) a complex number Z(3, g) called the partition
function, and a family {(¢a,(")-)x,} of functions of finite tuples of non-coincident points on ¥, called
correlation functions of primary fields (labelled by the a’s), such that the following two conditions hold:

(i) diffeomorphism invariance: if ¥ : ¥’ — ¥ is a diffeomorphism of smooth surfaces, then
Z(¥,07g) = 2(%, 9),
(Par (¥(z1)) -~ Do, (Y (2 ))>Eg (P (z1) -+ ¢an(xn)>2',\11*gv

for any x1, ..., T, € X non-coincident, and as well
(ii) local scale (conformal) covariance: if o € C°°(X) then

Z(%,e%g) = exp (24 /(\Vga\g + 2K, - J)d‘/;}) - Z(%,9), (4.2.3)
<¢o¢1 (xl) ¢an xn Ye2og H e ZJ)A ¢a1 (xl) Qban (xn»zyg ) (4‘2'4)

where K, denotes the Gauss curvature of ¢ (half the scalar curvature), the constant ¢ € R is called the
central charge, charateristic of the specific theory at hand, and constants A, € R the conformal weights,
charateristic of the theory as well as the fields ¢,.

Definition 4.2.2. The quantity

def 1

A 20
=(e*g,9) = e

(v, o2+ 2K, - o)V, (4.2.5)

2We will assume that all Riemann surfaces in this paper are connected, unless otherwise specified.
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for o € C*°(X), that appears in the exponential in (4.2.3) is usually called the Weyl or Polyakov Anomaly of
e?? g against g.

Remark 4.2.1. The quantities Ay, has the so-called cocycle property, that is, if g3 = "¢y and ¢go = > ¢y
where h, 0 € C*(X), then

As (93, 92) + As (g2, 91) = As (g3, 91), (4.2.6)
as one can check using the relations (4.4.1) — (4.4.4). One essential ingredient of this work is to define a
“renormalized” version of the anomaly of a conically singular metric against a smooth one (definition 4.5.1).

With these definitions the cocycle property will be modified accordingly when involving the conical metrics,
see proposition 4.6.1.

Example 4.2.1 (Gaussian Free Field). Let (X, ¢) be a Riemannian surface with smooth metric g whose
Laplacian is denoted A, (negative). Consider

Z(2,9) ¥ det/(—-A,) 2, (4.2.7)

where

def
dete/(—Ay) = exp( T

_ Z AT ) (4.2.8)

with 0 = A\g < Ay < A2 < -+ being the eigenvalues of —A, counted with multiplicity, called the (-regularized
determinant [RS71]. Then Z satisfies (4.2.3) (and (4.2.1) trivially) with ¢ = 1, by the Polyakov formula (see
[PW24] appendix B). This Z corresponds to the “total mass” of the formal measure exp(—3 [5, [Vy¢|2dV,)dL(¢)
on the space of zero-average distributions D} (X) on X, with £ being the non-existent Lebesgue measure there.
In this case, an actual Gaussian probability measure p5pp =: p can indeed be defined on Dj(X) that corrre-
sponds to Z(3, g) Lexp(—3 [y |Vg¢[?dV,)dL(¢), called the (massless) Gaussian Free Field [PW21]. This is
characterized by the formal covariance property (pretending that the point values ¢(x), = € 3, are legitimate
real random variables)

E, [¢(m)¢(y)] =Gx(z,y), and E, [qﬁ(m)] =0, T,y €3, (4.2.9)

with Gy being the Green function which is the integral kernel of (—Ag)*lPk{;r A, Now, after an appropri-
ate renormalization process which we do not detail here (related to obtaining a finite value for Gx(z,x)),
denoted “R”, the quantities

(B (@1) -+ by (2n))s, LR, [elr9) ... glandlen)] (4.2.10)

where now a; € R, transform according to (4.2.4) with A, := ozjz/élﬂ'.

The rules (i), (ii) actually determine, say, the two-point function up to a constant for some simple
geometries.

Lemma 4.2.1. Consider a CFT defined on the Riemann sphere S*> = C U {00}, equipped with the Fubini-
Study metric grs(2) := 4(1 + |2|2)72|dz|?. Take two primary fields ¢1, ¢o with conformal weights Ay, As.
Then

C'sin (%dps(u U))iQA when A1 = Ay = A

= ’ ’ ’ 4.2.11
<¢1(U)¢2(U >S2 gFs { 0 otherwise, ( )

where u # v and C' is a non-zero constant that cannot be determined from the rules (i) and (ii) alone.

Proof. Without loss of generality we suppose u, v # oco. Given a Mobius transformation ¢ € PSL(2,C) that
sends 0 — u, oo — v, we have by (4.2.2) and (4.2.4),

(61 (u)¢2(v)>s2,ng = (¢1 (0)¢2(oo)>82,¢*ng
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_ e_AW(O)_AN(OO)<¢1(0)¢2(o°)>s2,m’ (4.2.12)
where 1*gpg = €27 grg. The above must hold for all such Mobius maps. These are of the form
20 — Zou
= = 4.2.13
v = LD (4.2.13)
where zg = ¢~ 1(00) € C\ {0} parametrizes the preimage of infinity. This gives
Ay’ (2)]? o (L [1)? v —ul’|zol?
* = ————~|dz|* = . 4.2.14
Therefore, according to (4.2.12),
e (e o Ul S IT
(@102 g = (1o —yr) (uzar) o (4.2.15)
where C' =: (¢1(0)$2(00))s2 4.~ Since the correlation function should not depend on zo, one finds
either Ay = Ay or C=0. (4.2.16)
Summing up,
A A
C (L4 u®)™ (14 [v*)” Ju—v[722, when Ay = Ay = A
= ) ’ 4.2.17
<¢1 (u)¢2(v)>82,ng { 0 otherwise. ( )
where the constant C' € C is C' = <¢1(0)¢>2(oo)>§27m. We note here that the quantity
e 2|u —
den (u, v) [u — ol (4.2.18)

VA A+ [ul2) (1 + [v]?)

is the so-called spherical chordal distance between u and v (see [Ahl21] page 20), and is related to the actual
spherical distance dpg(u,v) by

den (u,v) = 2sin (dFS(Z“”)) (4.2.19)

This gives us the result. O

4.2.2 Conical Metrics

In this section we describe precisely our geometric set-up by adopting some of the terminologies of Troyanov
[Tro91].

Definition 4.2.3. Let X be a closed Riemann surface. A generalized conformal metric on ¥ is a distributional
Riemannian metric ¢ on X such that for any local complex coordinate zyy : U — C defined on U C ¥ we
have

g = ov(zv) |dzu]? (4.2.20)

for some positive measurable function gy on U. We say ¢ is a smooth conformal metric if the functions py
are all smooth and 0 < ¢y, < or < Cy,z, for some constants ¢y », Cy,, depending on U and the coordinate.

Smooth conformal metrics exist on any Riemann surface by simple constructions using partitions of unity.

Definition 4.2.4. A real divisor on a closed Riemann surface X is a finite formal sum
p
D = Z'yjzj, v €ER, z; € X, z; # zj for i # j. (4.2.21)
j=1

The number [D| := }.; is the degree of D. The set supp D := {z; | 7; # 0} is the support of D.
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Definition 4.2.5. Let X be a closed Riemann surface. We say that a generalized conformal metric g has an
(admissible, isolated) conical singularity (or cone point) of order d > 0 or exponent y:=d—1> —1 at zp € &,
if zg has a neighborhood U C %, such that

Gtz = dg(®, 20)%7 - €*Vog, (4.2.22)

for some smooth conformal metric g on ¥ and some function ¢y 4 on U, called the (regular) metric potential
(against g), which is continuous on U, smooth on U \ zg, and Agzpp4 € LY(U, g). Moreover, we require that
the Gauss curvature of g on U \ zp is bounded.

Remark 4.2.2. If v = 0 (resp. d = 1) then the point is called regular. In a neighborhood U of a regular
point, the regularity of the metric potential ¢y, is closely related to that of the Gauss curvature (given by
(4.4.3) as an L'(U,g) function) of § on U. For example, if the Gauss curvature is smooth then one could
deduce that ¢y 4 is also smooth. For details see [Tro90]| proposition 1.2. Our results will be consistent with
the presence of regular points upon setting the corresponding exponents to zero, as one could check.

Definition 4.2.6. Let X be a closed Riemann surface, D = Z§:1 vj%j be a real divisor with v; > —1. We
say that a generalized conformal metric g represents the divisor D if it has an isolated conical singularity of
exponent v; at z; respectively for each j, and smooth on ¥\ supp D.

Remark 4.2.3. Our presentation differs from what usually happens in the literature where the background
metric g is the local flat one coming from some compatible complex coordinate on the neighborhood U. We
are faced with the natural question of whether g would have the same form (4.2.22) with the same regularity
on the metric potential if we switched to another smooth conformal background metric g; = e*g, h € C>(%).
Indeed, in this case

dg(e, z 2y _
dgy(e, z0)27 . eQ(ADU,g*h)gl = dy, (e, ZO)Q’Y(M) . e2(pug h)gh (4.2.23)
g1 )

and the ratio of distances dy (e, 29)/d,, (e, 20) is continuous on U with a limit e~*(*0) at 2, smooth on U \ 2g
and Ay, logd,—Ay, logdg, is in L' (U, g1) as a distribution by lemma C.3.2. In the traditional setting if both g
and g; are locally |dz|? and |dw|? for some complex coordinates z and w, then the regular metric potentials
differ by a harmonic function, as is well known. In particular, if we do test against such a coordinate metric
then our conditions on the regular metric potential satisfy what Troyanov calls that of an admissible metric
in [Tro90].

The following lemma describes the source of the conical singularities that the main application of the
main result of this article tries to target.

Lemma 4.2.2. Let Y/, ¥ be closed Riemann surfaces and f : X' — X a holomorphic map. Let zg € ¥/ be
a critical point of order k and wo = f(z9) € X the corresponding critical value. Let g be a smooth conformal
metric on X. Then f*g has a conical singularity at zo € X' with order k.

Proof. There exists holomorphic charts (U, z) and (V,w) around zy and wg = f(2o) in which f is represented
by z + z*. The metric g is locally of the form g}v = e2"|dw|? for some h € C®(V), and

f*g‘U — g2f*h ‘df‘Z — 2f*h k2]z|2(k_1)‘dz\2 — dg,(., ZO)2(k—1) k2€2f*hg/’U (4.2.24)

where ¢’ is any smooth conformal metric on ¥’ whose restriction to U is ¢’ ‘U = |dz|? (such a metric can be
manufactured using smooth bump functions, and taking U smaller if necessary). Now (4.2.24) is of the form
(4.2.22) with metric potential ¢ = f*h+log k. Note that ¢ is actually smooth across U in this situation. [
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4.2.3 Renormalized Anomaly

Definition 4.2.7. Let X be a closed Riemann surface and g a generalized conformal metric representing D =
Z§:1 vj%; with «; > —1. Suppose g is a smooth conformal metric on ¥ and g = e??g for some o €
C>(X \ supp D). We define the renormalized Polyakov anomaly against metric g to be

p 2
~ def 1 . 2 Vi
RA = — lim V +2K,0)dV, + 2 —r—1 4.2.2
»(9,9) o L |:/E\Up—1 BE(@@(’ 9l g0)dVy + 27 ZE_l T og(s)] ) ( 5)

where B.(z;,g) is the metric disk of radius € centered at z; under the metric g.

Remark 4.2.4. To show that RAx (g, g) < oo we first show that it is true for g locally equal to |dw;|? near
each z; with the coordinate w; coming from lemma 4.4.1 (Troyanov form). In this case the result follows
from corollary 4.4.7. Then we use lemma 4.5.1 with gg being the special Troyanov form and g; generic, to
extend to the case of a generic smooth g.

Remark 4.2.5. This method of renormalization dates back to Cauchy and Hadamard as they defined
“principal values” of divergent integrals.

Definition 4.2.8. Consider a conformal field theory with central charge ¢ € R on the Riemann surface ¥
and let g be a generalized conformal metric representing D = Z?:l vjz; with v; > —1. We define the
renormalized partition function of (X,9) to be

Z(%,9) o exp (cRAx(7,9)) Z(2, 9), (4.2.26)

where g is any smooth conformal metric on ¥ such that § = e2?g for some o € C*°(X \ supp D).

Remark 4.2.6. Lemma 4.5.1 ensures that Z(3,g) is independent from the choice of reference metric g.

4.3 Physical Interpretation

In this section we explain in detail the so-called entanglement entropies of quantum systems and a technique
for computing them using path integrals, called the replica trick in the physics community [CC09; Heal9;
RT17; Wit24]. This leads us to consider precisely the ratios of the form shown in (4.1.1) and to expect
that they behave like correlation functions. We remark that what we present here is more of a conjectural,
heursitic framework than rigorous proofs.

4.3.1 Partial Trace and Entanglement

In this subsection we discuss some generalities on describing entanglement between quantum systems. We
start with a generic quantum system associated to a Hilbert space H. Recall that a (quantum) statistical
ensemble (or statistical state) on H is represented by a nonnegative trace class operator p on H with try(p) = 1.
This is usually called a density operator. Denote by J1(H), Joo(H) and L(H) the trace class, compact and
bounded operators on H.

Now suppose the quantum system can be decomposed into two subsystems A and B. In other words,
assume that the Hilbert space H is a tensor product:

H=Ha®Hp. (4.3.1)

In order to describe the relation of the subsystems to the whole system, a useful operation is called the partial
trace. This corresponds to taking trace “over one component” and one is left with an operator acting on the
“remainder component”. It could be defined rigorously as follows. For each p € J1(H), consider the linear
functional

Cr+— try(p(C @ 1p)) (4.3.2)
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for C' € Jso(Ha). We have

w00 2 1)) < 1500 1€ @ Ll ) = ol I (43

Thus (4.3.3) defines a bounded linear functional on Joo(Ha) with norm ||p| 7 3y. Since Ji1(Ha) is the
Schatten dual of the ideal Jo(H4) we obtain a unique representative trg(p) € J1(Ha).

Definition 4.3.1. Let the Hilbert space H be a tensor product as in (4.3.1). Then the partial trace over Hp
is the linear map

trg: i(H) — Ti(Ha),

4.3.4
p — trp(p), (434

such that trp(p) is the unique operator on H 4 satisfying
try, (trp(p)C) = try (p(C @ 1p)) (4.3.5)

for all bounded operators C € L(H ).

Remark 4.3.1. For more details see Simon [Sim77] pages 269-270, and also [Sim05] theorem 3.2. In particu-
lar, from (4.3.3) one can see that the partial trace is continuous with respect to the J1(H)- and J1(#H 4)-norms
(trace norms), and by taking C' = |[¢) (|, ¥ € Ha, in (4.3.5) one could also see that trp(p) is nonnegative
if p is.

Remark 4.3.2. Restricted to rank-one operators, we have
trp (lpa ® pp)(va @ ¥5|) = Wsles)|pa)(Wal, (4.3.6)

with |pa), [Ya) € Ha, |¢B), |¥B) € Hp. Here the notation |w)(v| for w, v € H denotes the operator
mapping any v € H to (v,u),, w. See also example 4.3.1.

Definition 4.3.2. Suppose p is a density operator over H = H4 ® Hp. Then the reduced density operator

over A is defined by

ef
pa S e (). (43.7)

It follows from remark 4.3.1 that p4 is a density operator over H 4.

Definition 4.3.3. Suppose p is a density operator over H = H4 ® Hp. We define

def

the entanglement entropy (over A) Sa = —try,(palogpa), (4.3.8)
1
the n-th Rényi entropy (over A) 51(4”) e T—m logtry , (p'4), formn > 1. (4.3.9)
-n

Remark 4.3.3. In general the quantities S4 and 81(4”) defined above do not equal Sp and S (n), the corre-
sponding quantities defined the other way round by first taking partial trace over A. However, S4 = Sp
and SXZ) = S](Bn) do hold if p is a pure state, namely a rank-one projector written as p = [¢)(¢)| for
some [¢)) € H. Therefore, for pure states it makes sense to define the entanglement and Rényi en-

tropies S 1= Sy = Sp and S = 51(4") = Sgl). In the general case, one could then consider another
quantity called the mutual information, defined as

7§, €SP+ 85 sy, (4.3.10)

where S;(L;l ) is defined the same way as (4.3.9) by just removing the subscript A.
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Remark 4.3.4. If p is trace class, then p4 is trace class and the complex power p% is well-defined for Re(z) >
1. If moreover S4 < 00, one then has the relation

Sa = Zl;lg ng) =— Zl_i)rﬁ % try, (P2)- (4.3.11)
However, for continuum QFTs the tensor product decomposition H = H 4 ® Hp is generally not well-defined,
and the only approach available which produces reasonable answers seems to be employing the so-called
replica interpretation to be explained in the next subsection, or the equivalent approach by twist fields (both
avoid defining the tensor product). These concerns the quantities try , (p;) for positive integral n and is also
what we will focus on for this paper.

Example 4.3.1. Let H = C?>®C? =: H,@Hp, in this order. Consider the standard basis e; ®eq, e1 e, €2®
e1 and ey ® e (in this order) of H where e, es are standard base vectors of C2. Then for p € End(@2 ® (CQ)
written

a1l a2 a3 a4

a1 Gg2 a3 a4 (4.3.12)

P as1 asy ass ass |
a41 Q42 Q43 Q44
we have
ail +agze Q13+ a4 ai] +ass a2+ as4
trp(p) = , tra(p) = . 4.3.13
() < a31 +a42 a3z + aq4 ) () < a21 + a43  G22 + G44 ) ( )

Also, if p = pa ® pp is a Kronecker product, we have trg(p) = tr(pg)pa, tra(p) = tr(pa)ps.

4.3.2 Path Integrals and Replica

Now let us describe the geometric framework where the quantities S4 and SXL) get represented by path
integrals, as presented in [CC09]. Here we shall describe the pictures heuristically and not attempt at any
rigor. For this paper we focus on 1+ 1 dimensional field theories where the space is either the real line or
a circle with a specific perimeter (as a Riemannian manifold), denoted generally by X, and space-time a 2-
dimensional Riemannian surface with or without boundary denoted ¥ (for example, ¥ = X x[0,7] or X xR).
Each field theory comes with specified field configuration spaces over space and space-time, denoted Cfig(X)
and Cfig(X), as well as over their sub-regions. Typically Cfig(X) = Map(X, ¥'), the space of maps from X
to a spin value space/target space ¥". Such configuration spaces should allow

(a) restriction of a configuration onto a subregion A C X (or X), heuristically a map

Cfig(X) — Cfig(A),

¢ > 9la (4.3.14)

In other words one is allowed to localize the field;

(b) each configuration ¢ € Cfig(X) to be recovered from the pair (¢|a,p|ac) of its restrictions onto A
and A¢ = X'\ A, and moreover any pair of configurations on complementary subregions should combine
into a global configuration; this is to say heuristically,

Cfig(X) 2 Cfig(A) x Cfig(A°). (4.3.15)

Remark 4.3.5. The above statements are rigorous in the case X = A is a discrete lattice, and Cfig(A) =
Map(A, ¥'). Here “subregions” correspond to subsets of lattice sites.

Remark 4.3.6. Suppose ¥ = X x [0,7]. Then Cfig(X) could be considered as the space of “paths” through
which a configuration over X evolves across the time interval [0,7]. Indeed, if we have taken Cfig(X) to
be Map(X, #'), then we would have simply Map(X x [0,7], %) = Map([0,7], Map(X,¥)). The integral of
(4.3.18) below is thus an integral over a space of “paths”.
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We now describe heuristically the Hilbert space and the time evolution. For the Hilbert space one takes

def
Hx =

L*(Cfig(X), L), (4.3.16)
where £ denotes the non-existent Lebesgue measure on the configuration space Cfig(X). Under the path-
integral formalism (Euclidean®) time evolution across ¥ = X x [0, T], namely over time T, is represented by
the integral operator

Ur:Hx — Hx,

def (4.3.17)

F o (UrF)) & /C o AT PP ()AL
g

with the integral kernel

def

Ar (i, 9) = e SearT(@) 4L (¢), (4.3.18)

s | 520
where now we integrate against the still non-existent Lebesgue measure on Cfig(X) (with the indicated
boundary conditions), and where Sgqpt is the action functional (“E” stands for “Euclidean”) of the specific
theory at hand.

The above recipe for time evolution does not involve the fact that ¥ is X x [0,7], and indeed it makes
sense for space-times Y having any kind of geometry as long as 0¥ = 0ipi2 U Oter 2 and O = Oper 2 = X,
namely its boundary has two components (called initial and terminal) both isometric to X. Generalizing
still further, Segal [Seg04] proposed a set of axioms that defines a QFT abstractly as a rule that associates
Hilbert spaces to space manifolds and evolution operators to space-time manifolds that “connects” them
(cobordisms).

Now denote by Us, and Ay the evolution operator and its integral kernel corresponding to the space-time
piece 3. Two important axioms of Segal (and Atiyah) are written as

(composition) if one has two space-time pieces 31, ¥y and one glues them together by identifying Oer X1
with 0,129 via X, obtaining the piece X5 o X1, then we have

UEzoEl - UZQ o U217 (4319)
(trace) if one glues the space-time ¥ with itself by identifying 0i,2 and 0y X via X, obtaining ¥, then
try (Us) = Z2(2), (4.3.20)

where the number

Z(E) = / e~SEarT(®) 4 £ () (4.3.21)
Cfig(%)

is the partition function (same as what appears in definition 4.2.1).

Remark 4.3.7. Comparing (4.3.21) with (4.3.18), one sees that the trace axiom corresponds formally to
the fact that the “trace” of an integral operator is the integral along the diagonal of its kernel. For rigorous
results concerning this statement see Simon [Sim15] section 3.11.

Now we try to incorporate considerations of subregions A C X into the framework described above. For
simplicity we will take A to be a finite interval (remember X is either a circle or the real line). First of all,
following (4.3.15), we have formally

heu

heu
Hx = L*(Cfig(A) x Cfig(A%), Lofiga) ® Lofigiac)) = Ha ® Hae. (4.3.22)

3See the first paragraph of subsection 4.3.3.
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To include the partial trace, the trace axiom is now slightly extended by adding that taking the partial
trace (over A°) corresponds to gluing “partially” (along A¢ but not A), leaving out a “slit” with two sides
denoted A_ and A,. In terms of the integral kernels, if we denote by A‘g the kernel of trac(Uy) acting
on H 4, then we have

eu

AB(ha, oa) / As;(Ya,04c, 04,0 4¢) AL(0 ac). (4.3.23)
Cfig(A°)

Here tryc(Us) as an operator acting on H 4, the Hilbert space associated to an interval, is represented by
a surface (space-time) with a “slit” (or branch cut/defect line) where the two “sides” of the slit are identified
with two copies of the interval. Accordingly, we must also extend the composition axiom to incorporate this
situation, namely to allow gluing of surfaces with slits along sides which represents composition of operators
acting on Hilbert spaces over intervals. We shall assume that this has been done in the obvious manner.
Finally we arrive at an interpretation of a quantity of the form try , (trac(Us)™) which appears in the
expression for the Rényi entropy (4.3.9). Indeed, one starts with the surface ¥ and glue its two ends
“partially” along the parts corresponding to A¢ in X. We denote the resulting “surface with slit” by 3 \ A.
Then the two sides of the slit gets identified with two copies of A, which we denote by A4, that corresponds
to approaching A from the two sides within % \ A. Next, we take n copies of by \ A and glue them in a
cyclic manner, that is, we glue Agf) on the j-th copy to AYY o0 the (j + 1)-th copy, 1 < j7 < n, and
finally AT) to A(_l). We denote the surface thus obtained by ¥, called the n-th replica. Importantly, 3,
comes equipped with a metric which is induced from the metric on the original space-time Y. Equivalently,
there is an obvious map f, : £, — %, sending the end points of A to themselves, and any other point to
its counterpart on the original copy. Then f, is a branched n-sheeted cyclic covering with critical points
being the two end points of the copies of A, and the metric on %, is the pull-back under f, of the original
metric on ¥ (on ¥). This will be a metric with conical singularities at the two end points of A which are not
duplicated. If we assume the extended versions of the composition and trace axioms discussed above, then
we find
tr, (trac(Us)") = Z(£,). (4.3.24)

The geometric correspondence is summarized in the table below.

Operation Picture
evolution operator Us; > {
\
try (Us) <
trpe (U ) ) ‘

trpg (trAc(Uz)n)
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4.3.3 Density Operators Represented by Imaginary-time Evolution

We are left with the question: which density operators are also evolution operators across some space-time?
To begin with, we reemphasize: our space-time metrics all have Euclidean signature and we work with
Wick rotated/Euclidean QFT. More precisely, the action functional Sgqrr(¢), which usually involves itself
the underlying space-time metric, is real-valued and the exponential weight exp(—SgqrT(¢)) positive in
(4.3.18) and (4.3.21). The evolution operators defined in this way is said to be in imaginary time. For actual
Lorentzian QFT one must use exp(iSqrr) instead of exp(—SgqrT), where the action Sqp is also written
in terms of the Lorentzian metric.

Next, which imaginary-time evolution operators are trace class and nonnegative, serving as candidates
for a density operator? In this regard it would be instructive to introduce the third axiom of Segal’s:

(adjoint) let ¥* denote the same space-time as ¥ but with the identification of the initial and terminal
boundaries reversed, then
Us- = UYL, (4.3.25)

where 1 denotes the operator adjoint?.

From this, together with the two previous axioms, one could see that Euclidean evolution across a cobordism
naturally corresponds to Hilbert-Schmidt operators. Indeed,

try (ULUs)) = try (Uswos) = Z((Z* 0 2)Y) (< o0), (4.3.26)

where (X* o X)Y is the “double” of 3. This “shows” that Uy, is Hilbert-Schmidt. Immediately from the same
expression one also sees that a cobordism of the form ¥X* oY naturally gives a nonnegative trace class operator
which is what we wanted. Such a cobordism has, in other words, a reflection symmetry exchanging its initial
and terminal boundaries, and whose invariant set is exactly isomorphic to a copy of X as a Riemannian
submanifold.

Remark 4.3.8. A somewhat technical requirement is that the boundaries of ¥ be geodesic so that its double
would be smooth.

Remark 4.3.9. For certain models the (ordinary) Segal axioms have been fully and rigorously constructed.
See, for example, the work [Lin24] of the second author and also [GKRV21]. In these cases Uy, is rigorously
shown to be Hilbert-Schmidt. The main difficulty lies in defining (4.3.18) and (4.3.21) rigorously, in which

case it implies Z () < oo, and also in showing the generic composition axiom out of these definitions.
Now we give some examples.

Example 4.3.2. Assume that one is given a Hamiltonian operator H acting on Hx, and let 5 > 0. Then
the so-called thermal state (or Gibbs state) at inverse temperature /3 is given by the density operator

—BH
def €
lef _ 4.3.27
PP gy (P ( )
The operator e #H gives the evolution over imaginary time i3 and could be represented by a path integral
(4.3.18) over the cylinder ¥g := X x [0, f] with a specific action related to H. Now we denote by X, 3 the
closed surface obtained by gluing n copies of ¥ \ A cyclicly along the slit A, as explained at the end of the
last subsection. Then the replica trick yields

tra (tI‘Ac(pﬁ)n) = —— (4.3.28)

We remark again that i]nﬁ comes equipped with the “replica metric” which is induced from ¥g.

“More precisely, this is a requirement for unitary QFTs, and we restrict to this case throughout our discussion.
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Example 4.3.3. Here we consider cobordisms which are disconnected, ¥ = X1 LI Yo, with 031 =2 0¥y &£ X.
We mark 0% as initial and 90Xy as terminal. In this case

Cfig(¥) = Cfig(X1) x Cig(X2),  Lesigrs) = Losigsr) ® Lofig(Sa) (4.3.29)

and assume (a very weak form of) locality of the action (no interaction between disjoint space-times), that
is,

Sx(9) = S5, (¢1) + S5, (¢2), (4.3.30)
with ¢ = (¢1, ¢2), then we have formally

As (¢, ) = //{mecﬁg(zl)’ X{¢>2€Cﬁg(22),} e 521 (0= (92) AL g 50y (01) ALy (2)

b1lox, =¢ P2lox, =1

= -’421(90)“422(7:[))’ (4'3'31)

where Ay, and Ay, are the amplitudes associated to ¥; and Xs individually, defined by the same formula
(4.3.18) in the case of having just one boundary component (sometimes (4.3.31) itself is taken as an axiom,
see [Gaw99] page 766). We see that in this case Uy, is a rank-one operator. Written more suggestively,

Us = |As, )(As, |- (4.3.32)

We normalize by putting py, := Uy / tr(Uy), then following the replica trick we have

e (trac(ox)”) = ig;ﬁ (4.3.33)

where ¥ is the closed surface obtained by gluing ¥; with X5 along X, and %, by gluing n copies of ¥ \ A
along the slit A, equipped with the induced metric. In particular, if 31 = X9 = DD, the unit disk, equipped
with a flat-at-the-boundary metric (namely it could be written |z|~2|dz|? in some complex coordinate on an
annulus around 0D), then py; defined as above is metric independent (provided flat at the boundary) and
represents (projection onto) the vacuum state, usually written |0)(0| (see [Gaw99] page 768).
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4.4 Geometric Lemmas

To begin with, we record some basic conformal relations that will be used repeatedly throughout the paper.
These relations are local in nature as they concern only what happens in an arbitrarily small neighborhood
around each point. Namely, let ¥ be a smooth surface and denote by dVy, V4, K, Ay and V7 respectively
the volume (area) form, gradient, Gauss curvature (half the scalar curvature), Laplacian and the Levi-Civita
covariant derivative in the direction v € 7,3 under the Riemannian metric g, and let h € C*°(X), then we
have

dVen, = e*'dV, (4.4.1)
Vg = e 2"V, (4.4.2)
Keng = e 2" (=Agh+ Ky) (4.4.3)
Agng =e Ay (4.4.4)
VEIX = VIX + (vh)X + (Xh)v — (v, X), Vgh. (4.4.5)

The relation (4.4.3) is also called Liouville's equation.

4.4.1 Technical Remarks on Conical Singularities
The principal local regularity result around a conical singularity in our sense (definition 4.2.5) is the following
obtained by Troyanov [Tro90].

Lemma 4.4.1 (|Tro90] proposition 3.2). Let ¥ be a closed Riemann surface and g a generalized conformal
metric on X with a conical singularity at zo € % of exponent . Then there exists a complex coordinate w
defined on a neighborhood U > zy, with w(zp) = 0, such that

9tz = [w|*ev|dwl?, (4.4.6)

such that ., satisfies the conditions of definition 4.2.5 as well as
puw(2) = puw(z0) + O(wlP™?),  and  d.puw. dzpuw = O(lw[*™). (4.4.7)
In particular, Oypuw = O(|w|>Y*L) where r is the radial coordinate r(z) = |w(z)| under |dw|?. O

Troyanov showed further that a neighborhood (still denoted U) of the conical singularity could in fact
be equivalently and more intrinsically described by a set of polar coordinates. That is, there is a map

h:[0,0] xS — U, (4.4.8)
where S§ denotes the Riemannian circle with perimeter © = 27 (y + 1), such that
(a) h(r,0) =z iff r = 0;
(b) Al gxsy, 18 a locally bi-Lipschitz homeomorphism onto U \ 20;
(c) we have
R (Glonz) = dr? + w(r,0)%d6?, (4.4.9)
where w : (0, ] X Sg — R is a function such that 0 < ¢; < w(r,0) < o for some constants ¢, ca for

all (r,0) and lim,_,ow(r,0)/r =1 for all § € S§.

By the last requirement we have
O(r) o / w(r,0)dd < r© =27r(y+ 1), r— 0, (4.4.10)
Sl

and thus 27(y + 1) is sometimes called the cone angle. Moreover, the regularity of the function w as well
as h itself could be deduced from the regularity of the curvature of g on U \ 2z (|Tro90] theorem 4.1). There
are certain recent works in the literature which begin naturally with this latter point of view (JAKR20] for
example). But we stick to definition 4.2.5 throughout this article although utilization of polar coordinates
may (or may not) aide with certain proofs.
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Remark 4.4.1. In the literature people have considered more restrictive classes of allowable conical metrics
by assuming more regularity on the regular metric potential (see [Kal21] section 2.1). The principle is to
respect the correct scaling property under dilations centered at the cone points. Especially for the conical
metrics with constant curvature, the corresponding regular metric potentials (against coordinate metrics) are
shown to be dilation analytic. This translates, in our notations, roughly into saying that sufficiently near zq,
¢uw would be a real analytic function of |w|7™!, extendable over a neighborhood of zero, in each direction
respectively (this is clearly an enhancement of (4.4.7)). However, due to the simplicity of our method we
only need a very rough scaling property that is already deducible from lemma 4.4.1, which we treat in the
section below.

4.4.2 Dilation Properties at the Cone Point

Lemma 4.4.2. Let 3 be a closed Riemann surface and g a generalized conformal metric on ¥ with a conical
singularity at zg € % of exponent v. Then

~ ) eSD(ZD) ( )fy-i-l + O( 3’Y+3) SN (4 4 11)
z) = r(z r ) z = 20, 4.
y+1 ’
where T(2) 1= dg(2,20), r(2) == |w(2)|, 2 # 20, ¢ := YUw as in lemma 4.4.1 and w is the complex coordinate

from lemma 4.4.1. In particular, we see that 7(z) < r(2)"* as z — 2.
Proof. By (4.4.7) we have
0 < P20 — qp(2)2712 L e#(3) L P(20) 4 p(2)20H2 (4.4.12)

for some o > 0, in some smaller neighborhood Uy C U. Now fix z € Uy, let ¢(s) = w™(sw(z)/|w(z)]) be
defined for s € [0,7(2)] (the unit speed geodesic under |dw|?). Then 7(z) is majorized by the length of c

under g, namely
(z0) py+1 37+3

r(z) < /T | (s)[gds = /T §7e?(e) g < e +a
0 I 0 v+1 3y +3

by (4.4.12). On the other hand, the length under g of any curve inside U; is bounded below by its length
under the metric

(4.4.13)

o def Tm(ew(zo) _ O”2v+2)2 dw|? = f(r)? - |dw|?. (4.4.14)

defined on U;. By (4.4.5) we know that ¢ would now reparametrize into a geodesic under g; (minimizing
since g; is radial with respect to the geodesic coordinates of g). Therefore we obtain

r 2 1 3v+3
O /0 I/ (5)]g, ds = evfyojrr‘lﬁ - 3,: jr+3' (4.4.15)
This gives the result. O
Remark 4.4.2. In particular, (4.4.13) also shows 7(z) < oo, which is not necessarily true a priori.
From this lemma it follows immediately the next two corollaries.
Corollary 4.4.3. With the same set-up and notation as lemma 4.4.2, we have
(z) = (r+ )T TR T 4 0 ), (44.16)

as z — zgp.

Proof. This follows from a simple order analysis using Newton’s binomial formula. O
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Corollary 4.4.4. Pick h € C*(X) and denote by T,(z) the distance from z to zy under the scaled metric
~ def
Gnlu = dg(e,20)*1 2T . g| ). (4.4.17)

Denote by §(g) and 0(g) metric radii under g of the e-metric disks under g and gp respectively centered
at zg. Then we have
4(e) h(zo)
— 4.4.18

as e — 07T, O

4.4.3 Log-divergent Integrals

In this section we collect some basic computations of “toy integrals” involving functions with log-divergent
singularities, which will nevertheless play a fundamental role in the proofs of the main results of this paper.

Throughout this section, we assume (X, g) is a Riemannian surface with smooth metric g, let zp € ¥ and
let 0 € C°(X\ {#0}) such that in a neighbourhood U of zy,

o(z) = vlogdy(z, 20) + ¢(2) (4.4.19)

for some v > —1, where ¢ is a function satisfying the requirements for the metric potential in definition 4.2.5
as well as (4.4.7) with |dw|? replaced by g. Formula (4.4.27), however, needs much weaker assumptions. We
start by recalling the following basic fact.

Lemma 4.4.5. In the set-up as above, the function Aglogdgy(e, zy) is smooth and uniformly bounded near
but not coincident with zq.

Proof. See appendix C.3. O

Remark 4.4.3. A related classical result says that the perimeter ¢,(0B,(29)) of a geodesic circle centered
at zg € X of radius r has an asymptotics

0,(0B,(20)) = 277 — gr?’Kg(zo) +o(r®), r— 0t (4.4.20)

Here as above, K (2o) is the Gauss curvature of g at zg. See, for example, |Carl6] page 296.

Lemma 4.4.6. In the set-up as above, let 6 > 0. Then we have

/ Vgo|2dV, = —2m92 log(8) — 2my¢(z0) — / oAgo AV, + 0§20+ 2100 5)  (4.4.21)
¥\Bs(20,9) ¥\Bs

as & — 0, where Bs(zo,g) denotes the geodesic disk around zy of radius § under the metric g.

Proof. Denote r(z) := dg4(2, 20). Integrating by parts (Green-Stokes formula) we have

LHS —/ o(—=0y0)dl, —/ ogAgodVy
835 E\Bé

- _72/ log r(9, logr) d¢, —’Y/ ©(9ylogr) de, _’7/ log () dly
0Bs 0Bs

oBs
A B kel
- / o (Orp) dly — / oAgo dVy.
835 E\Bé
—_——

D
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By the assumptions (4.4.7) on ¢ and by (4.4.20), we have

A=1logs- %(2775 +O(5%) = 2rlog 5 + O(5 log 8), (4.4.22)
B=1[ odr, = 2mp(z0) + 052, (4.4.23)
0 JoB,
C =logé Oorpdly = 062712 log §), (4.4.24)
0B
D = O(6*772). (4.4.25)

Adding them all up, we obtain the result. Note 2y + 2 may be small but is positive, so O(627*21ogé) =
o(1). O

Corollary 4.4.7. In the set-up as above, let g be a generalised conformal metric representing D = ~vzg with
v > —1, written in the form (4.2.22). Suppose g is a smooth conformal metric on ¥ and § = €*°g for
some o € C*(X\ {20}), so that o is of the form (4.4.19). Then

2 2
/ Vyo|?dV, = — ™ [log(e) 4+ log(y + 1) — ¢(z0)] — 2my¢(20) — / oAgodV, +o(1)
$\B-(20,9) v+1

3\ z0
(4.4.26)

as € — 0, where B:(29,9) denotes the geodesic ball around zy of radius € under the metric g.

Proof. This is because B.(zg,g) has radius d(¢) ~ ((y + 1)ee~#0)1/0+1) ynder the metric g by lemma
4.4.2. 0l

Lemma 4.4.8. In the set-up as lemma 4.4.6, pick further h € C*°(X). Then we have

lim V,h, Vo) + (Agh)o)dV, =0, 4.4.27
S oy (T Vao)y - (Byh)7) 4V (4.4.27)
lim ((Vgh, Vo), + h(Ag0)) dVy = —2myh(z0). (4.4.28)

50" J¥\Bs(20,9)

Here for (4.4.27) we only need the weaker assumption that ¢ be bounded over U in the expression (4.4.19)
for o. Moreover, the 2-form ((V4h, Vgo')g + h(Ay0))dVy is conformally invariant, that is,

((Vezegh, Veego) og + MDA 20g0))dVezeg = ((Vgh, Vo), + h(Ago))dV (4.4.29)

for any ¢ € C*°(X\ {20}). Therefore we have in particular

lim ((V5h, Vio); + h(Ago)) dVy = —2myh(z), (4.4.30)
e=0" J8\Bjs(20,9)

where g is as defined in corollary 4.4.7.
Proof. We apply Green-Stokes. The first integral boils down to

/ (0, h)o i, = ~ / (—0,h) logr df, + / (—0,h)pdl, = O(Slog5) + O(5),
OBgs 0Bs OBs

and the second to

1
/ h(=0,0) dly = — / helag+ [ o) ar,
9B; OBs r dB;s

= —27myh(z0) + O(§2in{1r03+2),

as 6 — 0T, by (4.4.7) and (4.4.20). Equality (4.4.29) follows directly from (4.4.1), (4.4.2) and (4.4.4) and we
obtain the rest of the lemma. O
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The following lemma is not used in the main proof, but is important regarding remark 4.6.2.

Lemma 4.4.9. Under the assumptions at the beginning of this section, let 0 < §1(g) < d2(¢) be two positive
functions of € such that §;(¢) = 0 ase — 0", i =1, 2, and §3/61 — Q > 0. Then

lim IVgol2dVy = 2my* log Q. (4.4.31)
e—0% Bsy () (20,9)\Bs, (¢) (20,9)

Proof. We abbreviate the disks By, (.)(20,9) as B(d;), i = 1, 2. Again integrating by parts we have,

/ ]Vga|§ dV, = —/ oAgyodV, —l—/ o(0y0)dly — / o(0y0)dly. (4.4.32)
B(62)\B(d1) B(62)\B(d1) 0B(62) 0B(41)

Since o is locally integrable and Ago is bounded on X\ {20}, we have

/ oAgodv, =0 o, (4.4.33)
B(82)\B(61)
Next by (4.4.19) and (4.4.7),
/ 0 (0rp) Ay, / p(Orp) dlg = O(627+2) =0,
9B(d2) 9B(d1)
/ (0 logr) dly, / (0 logr)dl, =0t 2mp(20).
9B(d2) 9B(61)
/ log (0r¢) dly, log r(0rp) dly = O(6*7 % log §) =0,
8B (82) 9B(61)
Therefore the only thing left is
1 1 0
/ 8T 40, — / 22 aty ~ 2mlog () =0 onlog Q. (4.4.34)
oB(sy) T oB(s) T o1
Adding up all the above, we obtain the result. O

4.5 Renormalization Procedure

4.5.1 Consistency

As we could see from definitions 4.2.7 and 4.2.8 that a particular reference smooth metric g was chosen to
make the definition. Now we show that a different conformal reference metric would in fact give the same
partition function for the target metric g and hence Z(X,g) is invariantly defined.

Lemma 4.5.1. Consider a conformal field theory with central charge ¢ € R on the Riemann surface ¥ and
let g be a generalized conformal metric representing D = Z§:1 viz; with v; > —1. Also let g1 and go be two

smooth conformal metrics such that gy = e*"gg for some h € C®(X), and g = €*° g1 for o € C®°(X\supp D).
Then if one of RAx(g,g90) and RAx(g,q1) defined by (4.2.25) is finite, so is the other, and we have

RAs(9,90) — RAx(9, 1) = As(91, 90), (4.5.1)
where Ax(g1,90) is defined by (4.2.5). Hence definition (4.2.26) is independent of the reference metric chosen.

Proof. Without loss of generality suppose D = ~yzy with v > —1. Denote, for simplicity, by V;, | - |;, K;
and dVj respectively the gradient, metric norm, Gauss curvature and area form under the metric g;, ¢ = 0, 1.
Then by definition and the relations (4.4.1) — (4.4.3), valid on ¥\ B.(29, g) for any € > 0, we have

_ o 2my?
RAs@o) =5 im [ [ (Viok+ 2Kio)avi+ 2
$\B- (20 ,3) v+

247 c—0+ log(e)} (4.5.2)
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1. 27y?
=—1 Voo |3 — 2(Agh)o + 2Ky - 0)dW 1 4.5.3
iz ([ (Voo 28k + 24 v+ T hos@)], (459
RA5 G, g0) = —— 1 [/ (IVo(h + 0)[2 + 2Ko(h + ))dv+2”721o()} (4.5.4)
z{9,90) = 247%;161 \B. (c0) 0 7)o 0 o 0 S+ 1 g(e) |- .0.
Therefore
_ _ 1
RAsGo) ~ RAs(Go0) = 5= [ (Vohf + 260 -0 dbg
1
— i h Agh)o)d
R Tty S ({Voh, Vo) + (Aoh)o) Vo
=0
1
= un Z(\Vohhz) +2Ko - h)dVy
by (4.4.27) since o has the form (4.4.19) with ¢ bounded with respect to go. O

4.5.2 Regularized Curvature and Anomaly

In this subsection we note another kind of regularized anomaly which concerns smooth (bounded) scaling
of a singular metric, rather than singular scaling of a smooth metric which was in some sense what we did
above. This quantity will also play a role in the main result proposition 4.6.1.

Lemma 4.5.2. Let X be a closed Riemann surface and g a generalized conformal metric representing D =
Z§:1 vz with vv; > —1. Now suppose h € C*°(X) and consider the scaled metric "G on X\ supp D. Then

1

~ ~ def
RAs(e'9,9) = ——
247 3\supp D

(IVgh[z + 2Kzh) dV; < occ. (4.5.5)

Proof. Choose a smooth background conformal metric g and write § = ¢*°g, ¢ € C>®°(XZ \ supp D). As in
lemma 4.4.8, the 2-form |V4h|2 dV, is conformally invariant, and the Gauss curvature transforms as

Ky =e % (~Ay0+ Ky), onX\suppD. (4.5.6)
Therefore
/ (IVghlz + 2K5h) dV; = / (IVgh|Z + 2(=Ag0 + Kg)h) dVy < oo, (4.5.7)
3\supp D ¥ \supp D
because of lemma 4.4.5. ]

Remark 4.5.1. As a by-product, we also see that the RHS of (4.5.7), which is expressed in terms of the
background smooth metric g, is independent of g.

Definition 4.5.1. In the situation as lemma 4.5.2, we call (4.5.5) the regular Polyakov anomaly of e2"g
against g.

Remark 4.5.2. The distribution (or current, more precisely) on ¥ which we denote by K3dVj, defined by
setting

def
(KgdVg, ) = / K dV; (4.5.8)
3\supp D

for all ¢ € C*(X), is usually called the regularized Gauss curvature. This is in L' (X, g) dVj for any smooth
conformal metric g for just the same reason as in (4.5.7).
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4.5.3 Comparison with Cut-off Methods

There are existing methods in the literature that essentially define the same quantity as (4.2.25), but instead
of removing the balls B.(z;,g) entirely, they introduce a regularized metric inside. Such ideas are found in
the incomplete notes of Zamolodchikov et al. |ZZ] (page 86), as well as in Eskin, Kontsevich, and Zorich
[EKZ14], section 3.6. The cut-off method used in the latter is more mathematically rigorous, being smooth,
and it avoids generating additional singularities along each 0B; for Vo. In this subsection, we note that our
definition 4.2.8 yields the same result as in [EKZ14], and arguably, it also aligns with other regularization
methods discussed in [EKZ14], section 3.6.

For each fixed 6 > ¢’ > 0 we consider a smooth function ss 5 (r) such that

| logr forr >,
sa.0/(r) = { logd for 0 <r < ¥, (4.5.9)
as well as
log &' < ss.6(r) < logo, for 0 < r < 4. (4.5.10)
and
\ar S5.6' (r)‘ < oo for 0 < r <6, (4.5.11)

for some constant C' independent of §,d’. Such a function can be constructed using a smooth cut-off func-
tion f : R — R for which f(f) = 0fort < 0,0 < f(t) < lfor0 <t <1, f(t) =1fort > 1, and

posing
!

def r—29 r
/(r) Zlogd + (5= ) log % 4.5.12
Now given a closed Riemann surface Y. and g a generalized conformal metric representing D = Z§:1 V%
with 7; > —1, as well as a smooth background conformal metric g such that around each singularity z;
holds (4.2.22), and the regular metric potentials ¢; satisfy the Troyanov conditions (4.4.7), we introduce the
regularized smooth metric g . (for € > &’ > 0 sufficiently small)

g S\ U,
e dﬁf{ J on 24 Uil (4.5.13)

exp (2fyj 85,8/ (Tj))eQ‘Pjg on Uj,

where r; = dg4(e, 2;), the U;’s given in definition 4.2.5, and we choose §; = J;(¢) to be the radius of the
ball Bc(2;,g) under the metric g, and likewise 7 = d;(e’).

2

Lemma 4.5.3. In the setting as above, write g. o = €“’=<' g now with o, € C*(X) for each ¢ > 0, and

assuming ' ~ € as € — 07, we have

LI
o lim | /2 (Vg0 |’ + 2Ky00 ) dVy + 21y 1117‘ log(e)| = RAx(5 9). (4.5.14)
i=1 '

Proof. Since g. o = g on ¥\ |JY_; Be(2i,g) we just need to show that for each j,

n
/ (Vg0 |2+ 2K40. ) AV, 255 0. (4.5.15)
BE(Z]7§)
We suppress the subscript j as we treat each ball individually. Now
Oeer (1) =7 - 85,5 (1) + (4.5.16)

with r = dg4(e, zj). From the fact that
log &' <sge(r) <logd (4.5.17)
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one finds that
Oee(r) = O(loge) (4.5.18)

and hence the integral of K,o.. over the ball of radius e goes to zero. Since ¢ satisfies the Troyanov
conditions (4.4.7) we have

27 o
/ Vgepls AV S/ / P2 e drdg = 00+ 20, (4.5.19)
Be(z5,9 0o Jo
taking (r,0) to be the geodesic polar coordinates with respect to g. Now it is straightforward to check that
sup [V ss,s (r)‘g =0, §—0". (4.5.20)
r<d
provided ¢’ ~ 4. Now together with (4.4.7) we have
/B . (Vgsss, Vgp), dVy S0~ / / 2941 drdd = (6272 29, (4.5.21)
e(%5,9
and finally, again by the fact that ¢’ ~ ¢,
1 1
/ |Vgsso(r ] v, < = / dV, = -0(§ — &) =07,y (4.5.22)
Be(23) 0% Jy5r<r<a} 0
which concludes the proof. O

Remark 4.5.3. This lemma specifically explains why no boundary terms are included in the anomaly
formula from definition 4.5.1. We are working over X\ (J/_; B:(zi, g), which is a surface with boundary, and
the boundary is generally not geodesic. The reason we don’t include boundary terms is that we could have
alternatively opted for the method described in this subsection, which only considers the closed surface ¥, and
still arrived at the same outcome. Moreover, as mentioned in the "future work" section of the introduction, we
intend to investigate various settings involving surfaces with boundary in a future revision of the manuscript.

Remark 4.5.4. Imaginably, one could allow even more flexibility in the choice of the cut-off function ss 5
to gain even better convergence in (4.5.22). Clearly one just needs to make the infinitesimal annuli with
nonzero gradient Vo, ./ thin enough. Nevertheless our choice suffices.

4.6 Main Proof

4.6.1 Proof

Proposition 4.6.1. Let X be a closed Riemann surface and g a generalized conformal metric represent-
mg D = Z?:l vz withy; > —1. Now suppose h € C*°(X) and consider the scaled metric e2hg on ¥ \supp D.
Then

'7] + 2

4.6.1

2h~ ~ N 2h~ 7) Y\ T4
RAx(e*"g,9) - RAs (9.9) = RAs(e”'5.9) — 55 Z

where RAx(€2"g,9) is defined by (4.5.5) and RAs(e2"g, g), RAs (g,g) by definition 4.2.7.

Remark 4.6.1. From this we deduce that if we consider a conformal field theory with central charge ¢
defined on ¥ equipped with the metric g as above, whose partition function Z(X,9g) is defined in definition
4.2.8, then we have

Z(%,eg)
Zma = exp (CRAE g,9) — Z h(z;) ) (4.6.2)

where
A def € vi(v +2)
i T 19
12 4 +1

are the conformal weights or scaling dimensions associated to conical singularities.

(4.6.3)
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First we point out (directly from corollary 4.4.7)

Lemma 4.6.2. Let g be a smooth conformal metric on X so that near the cone points z; the reqular metric
potentials @; of g against g satisfy (4.4.7). Then

_ 11 &Kjlogly+1) &y i 1
RAx(9,9) = — [— 24— 4 (7]—7)(@(2-)} +/ o(—Ago+2K,)dV,, (4.6.4)
12 ; v+ 1 ; vi+1 )T 24 s supp D 7 7
where § = €2°g with o € C®°(X \ supp D). O

Proof of proposition 4.6.1. It follows from lemma 4.5.1 that it is sufficient to prove (4.6.1) for a specific
reference smooth metric g. Choose a smooth conformal metric g with the same conditions as in lemma 4.6.2.
Write § = €27g then e?hg = e2(M*+9)g 5 € C°(X \ supp D). Using lemma 4.6.2 and relation (4.5.7) one
obtains immediately

~ - - 1 Y 1
RAs(e"g, ) = RAs(e™.9) = RAs (.9) = — 75 T h(z) + / (hAgor — 7 Agh) dVj.
1257, +1 AT Jsveuppp I g
(4.6.5)
What we desire follows then from applying lemma C.3.1 to o which has the local form (4.4.19). O

Remark 4.6.2. In view of the Poincaré-Lelong lemma it would be instructive to compare the result with
a “naive guess” for the Polyakov formula by pretending that the conical singularities did no more than just
putting a log term into the metric potential and hence creating a delta function in the curvature. This is to
say we suppose

Z(%, 62h§) c 9
1 —_— =T Vzh|%2 4+ 2K5h) dVs. 4.6.
og< Z(%,9) ) 247 E(| g |9+ gh) dVs (4.6.6)

Now taking into account the delta functions produced by —Ayo in (4.5.7) over supp D, we find

p
/ (‘Vﬁh‘% + Qth) dVg = / (‘Vgh% + Qth) dVg — 47 Z’th(zj‘). (4.6.7)
P

3\supp D j=1

272 .
y 'yj+]1h(zj)' Going back
to the definitions, we could see that this term originates as the asymptotic Dirichlet energy of the metric
potential o on a shrinking “scaled annulus”, which we singled out as lemma 4.4.9 above (cf. corollary 4.4.4).

Therefore the extra piece that we get in the actual formula is the quadratic term )

Proposition 4.6.3. Let >4, 3 be closed Riemann surfaces, with a smooth conformal metric g on %, and f :
Yq — X a ramified d-sheeted holomorphic map, whose critical values are wy, ..., wy. Consider a conformal
field theory with central charge ¢ whose partition function is denoted Z. Pick h € C*°(X) on X. Then under
the definition 4.2.8 for Z(Xq, f*e®"g) and Z(2q, f*g) we have

Z(Sa, £ e9) 5 nwya, 2(Ea, f79)

— —_ed JJ 4.6.
Z(x, gyl ¢ Z(5,9)0 (4.6:8)

where .
def C

is the conformal weight or scaling dimension associated to the point w;.

Proof. Following proposition 4.6.1, the only thing we need to check is

RAs, (f*e*g, f*g) = d - As(e™g,9), (4.6.10)
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where we recall that the left hand side is defined by (4.5.5). Indeed, let {z1,...,2,} denote the preimage of

the critical values {w1,...,w,} of f. Then on ¥4\ {21, ..., 24} the map f is an unbranched d-fold covering,
we have
/ (\Vf*gf*h\?c*g+2Kf*g'f*h) dVig :d'/ (\Vgh|§+2Kg‘h) dvy, (4.6.11)
Sa\{z1,...2¢ } S\{wi,...,wp}
and we finish the proof. O

Remark 4.6.3. Note that Z(2y4, f*g)/Z(%, g)¢ is diffeomorphism invariant as a function of the critical values
of f because Z(Zq, f*(U*g))/Z(2,T*g)? = Z(Xq, (Vo f)*g)/Z(Z,9)% if ¥ : ¥ — ¥ is a diffeomorphism,
for the ordinary Z(X, g) is so invariant by definition.

Corollary 4.6.4. Consider a quantum system in the sense of subsection 4.3.2 defined on a circle St of
perimeter L, with central charge c. Let A C SlL be an interval of length € and let p be the vacuum state
associated to this system. Then under the replica interpretation we have

L WE)g(d;)7 (4.6.12)

troy , (trAc(p)d) = C’(; Sinf

where C' is the same constant as in lemma 4.2.1.

Proof. We adopt the interpretation of example 4.3.3. Then the surface 3 corresponds to a re-scaled Fubini-
Study Riemann sphere (of radius L/27) where S}; embeds isometrically as the equator. By proposition 4.6.3
we could first assume L = 27. Suppose the end points of A correspond to 0 and 29 € C. Then the surface Y4
is topologically still C but equipped with the pull-back of the Fubini-Study metric under a holomorphic
map fg: C — C which ramifies exactly at 0 and zg both with order d. Such a map could be given by (but
not related to final result)

of (z—zzo)d Z Zd
fd(z) d:f ( OZ )d_ 1 = o _ (2’—2’0)6[. (4613)

z—20

Now we apply a smooth scaling 2" with h = log(L/27) on the equator, while making e*gpg flat in a thin
neighborhood of the equator, in accordance with the requirement for vacuum state explained in example
4.3.3. The latter is always possible for Fubini-Study since 4(1 + [2|>)™2 = |2|72 + O((1 — |2])?). Then by
proposition 4.6.3, lemma 4.2.1 (and remark 4.6.3) we obtain

Z(3q) T _ ! —244
t trac(o)d) = —d) (0)Aq .—h(20)Aqg <—d )
I‘HA( r4<(p) ) Z(5)d Ce e sin 5 rs(0, z0)
L . wl\—27q
= C(; sin f) ,
with Ay = 5(d — 2), giving us the result. O

4.6.2 Comments on Relation to Literature

Remark 4.6.4 (comparison with a result of V. Kalvin [Kal21]). We note here that V. Kalvin has obtained a
closely related result in [Kal21] corollary 1.3(1) for the (-determinant of the Friederichs Laplacian under the
conical metric with zero “boundary condition” at the cone points. As far as the Polyakov formula is concerned,
the (-determinant is no different from a general CFT partition function in the sense of definition 4.2.1, except
for a constant. So our proposition 4.6.1 coincides with the case of his result when the two divisors coincide.
If they don’t coincide, one could readily derive the corresponding result out of our method following lemma
4.6.2. However, in that case, the constants (last term in [Kal21] eqn. (1.8)) would be different, as our lemma
4.6.2 only agrees with [Kal21] eqn. (1.1) upto the integral term and the term involving the regular metric
potential. Supposedly, the extra constants in [Kal21] come from the specific Friederichs extension.
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On a deeper level, the proof of [Kal21] proceeds also by removing disks but then using the BFK decompo-
sition formula. One key point is to show that the blow-up order of log det¢ Ap_(.,) of the Friederichs Dirichlet
Laplacian A De(z;) on the shrinking disks D.(z;) centered at the cone points with the singular metric, added
up, matches exactly with the blow-up order of the logdet¢ of the Dirichlet Laplacian on their complement,
as the disks shrink (as the contributions from D-to-N maps cancel). In this regard we keenly observe that the
cancellation mechanism as shown in [Kal21] eqn. (2.28) is different from ours. The radii of Kalvin’s disks were
measured under the background smooth metric. For us, on the other hand, it is important to align the rate
of shrinking with the singular metric itself (i.e. measure the disks using the singular metric) in two respects.
First to obtain the invariance of the definition of the renormalized partition function as in lemma 4.5.1, and
secondly to obtain the correct scaling dimensions in the final result. A more detailed understanding of the
relation of the two methods seems desirable, especially considering that the BFK formula is closely related to
Segal’s gluing axioms for QFT/CFT |Lin24; GKRV21], and that the correlation functions are (conjecturally)
the “limits” of propagators associated to the complements of the shrinking disks ([[XS21] section 3).

Remark 4.6.5 (relation to Aldana, Kirsten and Rowlett [AKR20]). As the authors have themselves remarked
in relation to [Kal21], they also obtained the same result as above for the (-determinant (JAKR20] eqn. (1.5)).
Their method is based on asymptotic analysis of the heat trace for which related results were obtained earlier
[MR15]. For the latter, they employed a blow-up (geometric) technique and the cone contribution term (main
interest of this article) seems to ultimately come from computations done to an infinite exact cone which
has a longer history (see their appendix A for further references). Last but not least, we note that [AKR20]
seems to have restricted their cone angles to (0, 27), which is in the complement of the main concern of this
article (proposition 4.6.3).



Chapter 5

Zeta Determinants of Laplacians on Cyclic
Covers

This Chapter is based on joint work with Nguyen Viet Dang and Frédéric Naud.

5.1 Introduction

In Euclidean Quantum Field Theory over some compact Riemannian manifold M, for m > 0, the partition
function of the massive Gaussian free field is formally denoted by

I = xp (= [ Vel 4 mPet v, )dce)
Map M

(M,R)
where Map(S!, R) denotes loosely functions on which we deliberately do not specify the regularity, and £ is
non-existent Lebesgue measure on Map(S!,R), see section 1.4.1. This formula is analogous to the case of
discrete Gaussian free field which is some ferromagnetic spin system (cf. example 1.2.7) on a discrete box
A C Z% of finite size whose partition function reads

Z\ = / exp ( - Z o — oj* — ZTTLZO'?) d’o.
RA invj ieA
In the discrete case, the Dirichlet action functional S(o) is a quadratic form on RY, S(0) = 37,04 03(Apo)i+
m20i2 where A, is the discrete Laplacian and therefore, the partition function Z, of the discrete GFF is a
simple Gaussian integral which is easily calculated and equals

Zp = det(Ap + m2)_%

where Ay is the discrete Laplacian for discrete functions on A. On the manifold M, since the space of
functions is infinite and the Laplace Beltrami operator is no longer a finite dimensional matrix, so one has
to regularize the determinant or equivalently one has to regularize the infinite product [] Aea (AN {0}()\ +
m?). Inspired by the seminal work of Ray—Singer [RS71] and also by the more physically oriented paper of
Hawking [Haw77|, a common choice in theoretical physics is to use zeta regularization to give a mathematical
meaning to free fields partition functions. So Zy; is defined to be

ZM = detc (Ag + mQ)_%

where we refer to paragraph 5.1 for a precise definition of zeta determinants.

From the point of view of statistical physics, the free energy log Zys is expected to grow as the size of
the system, here the natural system being our Riemannian manifold M. So the natural intensive quantity
should be the density of free energy defined as [Sch13, eq (24.28) p. 144|

def log(Zar) (5.1.1)

Vol(M) *

119
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It is expected, as the volume of our Riemannian manifold gets larger in a certain limiting sense, that
the above quantity converges as the volume of M goes to infinity. It means there exists a density of free
energy in the thermodynamic limit, which is also interpreted as the energy density of the ground state
of a quantum system described by the GFF. Inspired by the recent results of the third author [Nau23| as
well as several studies on the spectral theory of Laplacians on random surfaces [MM24] and motivated by
problems of taking large volume limits in quantum field theory |[Lin24|, the goal of the present paper is to
establish the existence of a limit for the quantity F' defined by equation (5.1.1) for suitable sequences of cyclic
covers of large degree that converge in some appropriate sense to some ZP-periodic Riemannian manifolds
obtained as abelian cover of some initial closed compact Riemannian manifold M.

Geometric Setting

Our geometric set-up here will be a direct generalization of that in section 2.7.1 to general dimensions. Let
(M, g) denotes a smooth, closed, compact Riemannian manifold. We shall start by giving some way to
manufacture towers of abelian covers of M following [JNS20]. Consider any group homomorphism of the
form

p:m(M)— H(M,Z) — Z

where the last arrow Hj(M,7Z) — Z has infinite elements in its image. Then ker(p) is a subgroup of the
fundamental group 71 (M). We denote by M the universal cover of M , ker(p) is a subgroup of the deck group
of M — M (deck group are automorphisms of the cover which descend trivially on the base) and the quotient
My = ]\7/ ker(p) is an abelian cover of M with deck group Z, in fact the quotient ]\/4\/ ker(p) is a periodic
Riemannian manifold endowed with an isometric action of Z. We denote by pn : m (M) — Z — Z/NZ
the composition of p with mod N reduction. Then the quotient My := M / ker(pn) is an abelian cover of M
with deck group Z/NZ and when N — 400 we can think of the sequence (My)xy as an increasing sequence
of abelian covers that converges to the periodic cover M,. Denoting by ~ the generator of the Z-action on
M+, one can also think of My as the quotient M,/ <'yN > where <7N > denotes the subgroup of Z generated
by N.

Like in 2.7.1, we now make a crucial assumption which will also related our set-up to Segal’s com-
position picture as described in 2.7.1. Let us concretely describe how the abelian cover appears from the
manifold M we started with. We suppose a closed hypersurface ¥ C M whose dual class [¥] € H'(M,Z)
is non-trivial and non-torsion which means that the class [¥] € H!(M,R) with coefficients over the reals is
non-trivial. The dual class is defined by the intersection of cycles

(] := [p] € Hi(M) — ([p], [E]) € Z

which we assume to be surjective. The intersection pairing defines a morphism p : m (M) — H1(M,Z) — Z
whose kernel ker(p) generates a Z-cover of M as M / ker(p). Geometrically, cut the manifold M along ¥,
this creates a smooth manifold with even number of boundary components, identify one part as ingoing and
the other part as outgoing yielding a cobordism U. Then make an infinite iterate U o U o --- o U of this
cobordism generates the Z-cover M / ker(p). To generate cyclic covers, just repeat the previous operation
and compose the previous p with reduction mod N.

Statement of the Main Result

In this chapter we will focus on the limits as N — 400 of quantities (5.1.1) in the case m = 0. The case
m > 0 was in a sense (for surfaces) obtained in subsection 2.7.4 by exploiting the composition axiom in the
context of a Segal QFT. Moreover the m > 0 case may also be proved following a similar argument as in
subsection 5.2.2 of the present chapter without resorting further to the lemmas. However for m = 0 the
accumulation of the eigenvalues near 0 of the Laplacian on the cover as the degree grows large creates an
extra difficulty, and a main part of the present chapter, therefore, is to deal with this difficulty.

We keep the notations from the previous paragraph, denote by Ay (resp. Ay) the Laplace-Beltrami
operator on My (resp. My,) we can state the main results of our note. We consider My — M a sequence
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of cyclic cover of degree N as defined in the introduction 2.7.1. One would like to think that the sequence of
covers M converges in a suitable sense to a limit cover M,,. We denote by Ay the natural Laplace-Beltrami

operator on the cover My, det¢:(Ay) denotes the zeta regularized determinant of Ay defined as in 4.2.1 and
also [RS71],

det(Anry) E exp(—C'(0),  Cay() = D> AT (5.1.2)
Aeo(An)\{O0}

where the spectral zeta function (a, (s) has holomorphic continuation near s = 0. We show in the present
note the following:

Theorem 5.1. Under the above assumptions, we find that the sequence

log (det’c (Anry ))
VOI(MN)

(5.1.3)

has a limit when N — +o0o and we give a formula for the limit in terms of the heat kernel on M.

5.2 Main Strategy and Proof

We start by recalling the Mellin transform formula for the zeta function of a positive semi-definite elliptic
differential operator P, with strictly positive principal symbol!, acting on a Hermitian vector bundle over a
Riemannian manifold ([Gil95] section 1.12):

Cp(s) = F(ls) /000 ts_l(trLz (e7tF) — dim ker P) dt. (5.2.1)

We denote by e™*¥(z,y) the heat kernel which is smooth on M x M. In the first part of this paper we
consider P = A, Apn, or A, the Laplacians on M., My or M respectively, acting on functions.

By definition of the {-determinant, to prove the existence of the limit in theorem 5.1 it suffices to prove
that {Ca (s)/ vol(My)} is a sequence of holomorphic functions converging in the compact-open topology on
a neighborhood of s = 0 as N — +o00. To do this, we use formula (5.2.1) and then express the heat trace as
the integral along diagonal of the heat kernel. We use the crucial fact that the heat kernels on My and My
are related in a simple way by summing over the deck orbits ([Busl0] section 7.5). Applying a Li-Yau type
estimate on the heat kernel over M, we obtain the convergence of N~! trLz(MN)(e_tAN) as N — +oo for
fixed t > 0. The main technical part then boils down to obtaining a bound on the heat trace in ¢, uniform
in N, to justify dominated convergence.

5.2.1 Relation of Heat Kernels and a Li-Yau Estimate

We will use in a crucial way the Z-cover M, — My — M which covers all the degree N cyclic covers
Mpy. The group Z acts on My, by isometries (the reader should think translations), the generator is denoted
by v : My — My that we identify with an isometry of M,,. The infinite cover M., endowed with the
metric induced from (M, g) is a geodesically complete Riemannian manifold by the Hopf-Rinow Theorem
since every closed bounded subset in it is compact.

Denote by A, the Laplacian on My, mn @ My — Mpy. The geodesic completeness implies that
Ay : CF(My) C L?(My) — L?(My) has a self-adjoint extension by the work of Gaffney. Then observe
we have the identity

(mn x ) eTIAN = Ze_m“('ﬁm')-
keZ

!This means the principal symbol op(z, €) is positive definite for £ # 0 ([Gil95] section 1.6.2).
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We make the crucial observation that
trra () (e —tAN) Z/ NZ/ z, "N ) dV,(z)
kez ’ N keZ

where 2, Qp are the respective fundamental domains of M, My on the cover M, we also used the invariance
equation et (z, ) = e A= (y(x), y(x)).

In the sequel, we will make an extensive use of the following Lemma which is a particular case of Milnor-
Schwarz [BH13, Prop 8.19 p. 140]:

Lemma 5.2.1 (Milnor-Schwarz type Lemma). Let (M, g) be a smooth compact Riemannian manifold and
Moo — M a Z cover of M. Then there exists L > 0 such that for all x € My

d(z,+"x) > pL.

A similar kind of estimate holds true in the case of Z% covers.

tA

The second ingredient we shall need are Gaussian bounds on the heat kernel e™*2> which are due to

Li-Yau [SY94, Thm 4.6 p. 169]:

Theorem 5.2 (Li-Yau heat kernel bounds). Let (MOO g) be a complete Riemannian manifold of dimension
d with Ric(M) > —K, K > 0. Then for all0 <t <1, € (0,1) and (z,y) € Mo X Mo, the heat kernel

e tBe satisfies the bound of the form
~thoo (1 )| < O (6, d)t 2 e P @)/ (40 O Kt (5.2.2)

e

where d is the Riemannian distance and C1(9,d) — 400 when 6 — 0, and C3 depends only on the dimension.

5.2.2 Dominated Convergence

Here we prove theorem 5.1 while leaving details on the estimate of the heat trace to section 5.3.

Proof. (Proof of theorem 5.1.) Using (5.2.1), we decompose

vi?(]}(;j)_ vol (M) / / (trraey (e74Y) — )"~ dt. (5.2.3)

For part A we have

1 ! —tA s—1 kN 1 s—1
N/o (trraqany) (e 2Y) = 1)t dt:/ /Q x)dVg(x)—N}t dt. (5.2.4)

kEZ

We observe by the Milnor-Schwarz lemma and Li-Yau estimate (and positivity of the heat kernel) that

Toolts)] |t [ S Vo) avy()| < ) S ) Ve o)
Qiez Q Pyt
ey kez
< () /Z ~Ca AN @)/t gy ()
Q rez
k20
< vol(M) - $Pe(s)— (Zefcg kENL)?2 /t) < vol(M) - (Re(s)—1-4 <2 Z efCQkNL/t>
kez P
k0
_CoNLJt
—vol(an) 2 ST oo ¢ e -4, #)

1— e—CzNL/t
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Since e~ 7 ¢Re(8)"1-5 — O(t>) for C > 0 as t | 0, the r.h.s. of the above is obviously integrable on (0,1),
regardless of s. This shows firstly fol Txo(t,s)dt in fact defines an entire function of s, and secondly from a

simple change of variables we have fol e~CaNL/t 4 Re(s)=1-5 qy < N7e(s)— -5 , and we conclude that
1
/ Tao(t,s)dt < N¥e()-1-g  Noteo,
0

for Me(s) < 0 and hence as entire functions of s (Montel-Vitali theorem). Since

SN /ts Tt — Nt
NT(s) Jo ~ NT(s+1)

0, (5.2.5)

we deduce

1 1 A s—1 N—+4o00 s—1
NF(S)/O (trLz(MN)(e ANy — 1)t dt > / t / (x,2)dVy(x)dt, (5.2.6)

the latter defining a meromorphic function of s which is holomorphic near s = 0 by the asymptotic expansion
of the heat kernel (|[BGV04] theorem 2.30) and that vol(Q2) = vol(M) < occ.
To treat part B, we first note that by the same estimates (#) we have shown

1 —tA ~tAoe
NgTooN(trLZ(MN)(e ANy —1) :/Qe B0 (3, 1) AV () (5.2.7)

for each fixed ¢ > 0. Now by lemma 5.3.1 and dominated convergence we obtain

tSl

Notoo NT (x,x)dVy(z)dt, (5.2.8)

1 oo
lim G )/ (trLz(MN)(e*tAN) — 1)t dt =

as holomorphic functions of s for Re(s) < 1/2p and hence in particular near s = 0. Combining the two parts
we obtain the result with limit
Can(s) _ Cax.0(s)

N-rtoo vol(My) _ vol(M)

(5.2.9)

where

T (z,2) dV,(z) dt. (5.2.10)

Can0(s o

Note that we know a posteriori after (5.2.7) and lemma 5.3.1 that (A (s) is a holomorphic function of s
near s = 0 as the sum of two such functions, one being a meromorphic continuation. O

5.3 Accumulation of Eigenvalues and Long-time Behavior of
Heat Trace

The goal of this section is to prove

Lemma 5.3.1. There exists a positive integer p, a number g > 0, and constants Cy, Cs > 0 independent

of N, such that

1
N(trLa(MN)(e*tAN) -1) < Oyt~ 4 Cyet0, (5.3.1)

for all N e Nand allt > 1
Proof. We obtain from corollary 5.3.11 the threshold ¢y > 0, p and C4 independent of N so that

1
v S et o (5.3.2)

Aeo(AnN)
0<A<eo
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Now since vol(My) = N vol(M), and Ric(My) > Ric(M), by lemma 5.3.13 we have some Cg independent
of N such that

BN <A\ € o(An)} < OsNAY2. (5.3.3)

Now pick g9 < Ag, and put A; := Ag + j. Then we have for ¢t > 1,

> e <t(leo, ho) No(Ax)) e+ #([Ag, Ajir) No(An)) e

Ao (AN) Jj=0
A>eq

< OeNAY Pt 4 e M0 N " CgNAY A e

j=0
00
< C@NAg/ze_tgo + CgNe o Z(poly. in j)- e’
7=0
converge
< CsNe teo,
We obtain the result. O

5.3.1 Twisted Laplacians and Decomposition of Spectra

The next step is to identify the action of the Laplace operator Ay on My with the action of some family of
Laplacians acting on functions on the base manifold M.

Fourier Transform in the Fibers

Consider My — M the N-th degree cyclic cover, we may think of the cover My — M as a Z/NZ-
principal bundle over M so that we can use the discrete Fourier transform over the fibers. Then we observe
that given any function f on My, the deck group of My acts on the function f as some discrete rotation of
the fibers. Therefore, we can define the fiberwise Fourier transform @ : C°°(My) — C*(My)" by

[N
=

N
jA’p(az) = Zf(’y(])“.x)e_%i%k, for0<p< N -1
k=1

where g is the generator of the deck shifts. The Fourier inversion formula subsequently reads

N
f(z) = %pr(x), x € My. (5.3.4)
p=1

Now we define several function spaces as follows.

L2 n(My) € {u € LA(My) | y5u = ™R u}, (5.3.5)
0o ef 0o * i+
(M) = {u € C(My) | yju =R ul, (5.3.6)
CoN(Q) € {ula | u € 5%y (My)}, (5.3.7)

where (2 is the fundamental domain fixed in the introduction. Observe that fp € LIQ,’ N(Mny) and

Lemma 5.3.2. We have L;N(MN) 1 Lg,N(MN) in L?>(My) for p # q.
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Proof. We have for v € L129 yand v e Lg ~» since the deck shifts are transitive,

N
()2t = 3 [ A0 ) Vi)
k=1
N
= Z e_zmﬁke%llgfk/ u(z)v(x) dVy(x) = 0,
k=1 L
by the automorphy condition and since Z{;V:l e2mERE — (. 0

The Fourier inversion formula thus gives the orthogonal decomposition

N-1
L*(My) = 6P L; n(My). (5.3.8)
p=0

Note that since 79 acts by isometry we have Ay : Cp%(My) — Cpoy(My) for each p. Since Ay is
essentially self-adjoint on C°°(My), we have also decomposed

N-1

Av=EP ANz (vay)- (5.3.9)
p=0

Next we observe that by the automorphy condition, the action of Ay on each L; N (Mn) boils down
to its action on L?(Q) with a specified boundary condition. More precisely, given f € L?(Q), define its
(quasi-)periodization P, v f € L?(My), such that as a distribution

(Po.Nf,9) L2(any) (1, Bole) 120 (5.3.10)

for test functions ¢ € C*°(My). One can subsequently verify that indeed P, nyf € Lf,} N Dy resorting to
the adjoint of 75. Moreover, Ppn @ Cp%\(Q) — Cp%y(My). We arrive at the main observation of this
subsection.

Lemma 5.3.3. For each integer 0 < p < N — 1 we have the commutative diagram

A
Coon () — =2 5 L2(Q)

pp% Py (5.3.11)

A
Cooy(My) —"= L2 \(My).

Denote by A, N the self-adjoint extension of the Laplacian on L?*(Q) with core Cng(Q). Then Ap N s
unitarily equivalent to An| 2 (M) through %IPILN for each 0 <p < N — 1.
P,

Proof. We only point out that in this case the existence and uniqueness of the self-adjoint extension A,y
can be obtained thanks to the unitary map +P, n and the corresponding result for Ay|;2 My A more
p,

general dituation is considered in lemma 5.3.5. O

Characters and Unitary Equivalence

We remember that our cover My, was constructed to correspond to the normal subgroup of 71 (M) which is
the kernel of the map

1(=,[Z])

p:m (M) —22 H(M;7Z) Z, (5.3.12)
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where the first is Abelianization and I(—,[X]) is the oriented intersection number with a compact oriented
hypersurface ¥, which is surjective.

By Poincaré duality and Hodge theory on the closed oriented manifold M, there exists a unique harmonic
1-form asy such that

IG5 = [ as (5.3.13)

.
for all (smooth) loops v in M. By the construction of the cover o, : Mo, — M, there is the relation

(Too)+ (1 (Moo, 2g)) = ker p, (5.3.14)

upon picking a base point zg € Mo and interpreting i (M) as m1 (M, Too(x0)). This translates into saying

that
/ ay = /7[‘:;0042 =0 (5.3.15)
(o)« ¥

for all loops 7 in M, based at x¢. This means 7’ ax € Q'(M) is exact (M4, is connected), and a primitive
is given by

dr(e) / “ oz, (5.3.16)

Observe moreover that vy is harmonic since ay is harmonic (thus co-closed). The most important property
of 1y, for us is the following which we single out as a lemma.

Lemma 5.3.4. For~y € m(M), use the same notation to denote the deck action of the class 7y € w1 (M)/ ker p
on My,. Then we have

vs(y.2) = I1([7], [Z]) + vs(x) = p(v) + ¥s(2), (5.3.17)
for any x € M.

Proof. This comes from lifting loops, (5.3.16) and the property (5.3.13). O

Now we introduce several helpful functions. Let § € [—m, ) (identified with the torus) be a parameter.

Define the character
Xo:m (M) — C,

~ s ei9 f’y as _ eiO'p('y). (5318)
Next we define for § € [—7, 7) the simple automorphic function Gy : Mo, — C,
Go(z) X eif¥=, (5.3.19)
By (5.3.17) we find that
Go(v.2) = xo(7)Go(z), (5.3.20)

for deck shifts v € w1 (M), © € M. Now we restrict Gy to the fundamental domain €. Similarly as before
we define

@) {Tla | e €=(Mw), Jr.) = xo(1) () for 7 € m(an)} . (5.321)

Denote by Aq g the self-adjoint Laplacian acting on L?(Q2) with core C§°(Q2), sometimes called a Born-von
Karman Laplacian [Lew?22]. Note that C§°(Q) is identified with C°°(M), and trivially L?(Q) with L?(M).

Lemma 5.3.5. The Laplacian is indeed essentially self-adjoint on C§°(Q). The map Gy- : L*(Q) —
L3(2), f > Gof is a unitary isomorphism. The operator Ag on L*(M) defined by Ngf = G‘g_lAQﬂ(Ggf)
is essentially self-adjoint on the core C*°(M) and unitarily equivalent to Aqg.

Note that if we identify M \ ¥ with Q°, then Gy has monodromy crossing the cut 3. However, for f €
C>°(M) it follows from local computations with A = —div V that

Ngf = Apf —2i0as(Vf) + 0%|as|2f, (5.3.22)
where ay; = d¢y; is the harmonic 1-form on M obtained in (5.3.13). Thus we do have Agf € C*°(M).
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Proof. (Proof of lemma 5.3.5.) We point out that Ag ¢ will have domain

_ 10
Dom(Aq ) = { fe HY(Q) ‘ {5: fi; J;'Zeié(ay Dls. } (5.3.23)

where H?((2) denotes the second order Sobolev space ([Lew?22] page 85 for the torus case). We also see from

(5.3.22) that Dom(Ag) = H?(M). Consequently it’s clear that Gy - Dom(Ag) = Dom(Agqg). The rest of the
lemma follows. u

Combining lemmas 5.3.3 and 5.3.5, we obtain

N-1 N-1
o(An) = | o(Bgmpn) = | o(Bpn). (5.3.24)
p=0 p=0

Such operators already appeared in the works [PS95; KS90| whose purpose was to count geodesics with
homological constraints, as well as in the more recent works [Ana03, Appendix|, [Anal0, Remark 1.10 p. 600]
where A, y is called twisted Laplacians [Anal0, p. 599, 610].

Vanishing of Bottom of Spectrum

Lemma 5.3.6. Let Ay be the operator defined in lemma 5.5.5 with 0 € R. Then ker(Ag) # {0} iff 0 € 2nZ.

Proof. 1f § = 2k, then G, = e~ 2= € C°°(M) C Dom(Ag). One could verify directly with (5.3.22) that
in this case G, € ker(Ap). Conversely, suppose now ker(Ag) # {0}. Here it turns out more convenient to
work with the original operators Aq g on the fundamental domain 2. Indeed, for general s € H 2(Q) we have
by Green-Stokes formula (5 denoting the complex conjugate of s)

/ SAgsdV, = / (Vs, Vs)y dV, — / 5(9y, 5) dV, — / 5(=0y_s) V), (5.3.25)
Q Q <,

where we remember that v, is outward pointing whereas v_ is inward pointing. In particular, for s satisfying
the boundary conditions in (5.3.23), the boundary terms of (5.3.25) vanish. This shows that, under these
boundary conditions, s € ker(Aqg) iff Vs = 0, which implies s is a constant. However, looking at the
boundary conditions again, this could only happen with s # 0 if § € 277, proving the result. O

From (5.3.25) and the boundary conditions one can also see that Aq ¢ are all nonnegative. On the other
hand, from the expression (5.3.22) for Ay we see that it is a second order elliptic differential operator which by
the usual methods has compact resolvent and hence discrete spectrum. Thus we denote the spectrum of Ay
by 0 < Ao(6) < A1(f) < ---, counting multiplicity. Lemma 5.3.6 then translates into saying that Ag(f) = 0
iff 0 € 277, and \o(6) > 0 otherwise.

5.3.2 Kato Perturbations and Uniform Spectral Gap

Our goal is to control the bottom of the spectrum of the sequence Ay uniformly in N when N gets large
enough. We have followed the approach of Phillips-Sarnak [PS95| and obtained a family of operators Ay
indexed by the parameter 6 € [—7,7) on the “Jacobian torus”, which are related to the spectrum of Ay by
(5.3.24).

We have also shown that lowest eigenvalue Ag(f) of Ay vanishes exactly when § = 0 for 6 € [—m, 7). In
this subsection we will apply Kato’s perturbation theory to see that A\g(é) in fact depends analytically on
near # = 0 and \p(0) = 0 is a strict minimum.
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The Family of Twisted Laplacians Parametrized by the Angle

Definition 5.3.1. An (unbounded) operator-valued function 7'(3) on a complex (resp. real) domain R is
called an analytic family (in the sense of Kato) if

(i) for every g € R, T(B) is closed and has non-empty resolvent set C\ o(T'(5));

(ii) for every By € R there exists zgp € C\ o(T(5p)) and § > 0 such that zp remains in the resolvent
of T(B) for |3 — Bo| < 6, and (T(B) — 20)~! is a (resp. real) analytic operator-valued function of j3
for |8 — Bo| < 0.

Lemma 5.3.7. The function 8 — Ay is a real analytic family on R.

For every s € R, we will denote by W*(M) the pseudodifferential operators of order s acting on distribu-
tions on the manifold M.

Proof. Essentially, we see from the expression (5.3.22) that H2(M) is a common domain for all of Ay, § € R.
We could verify with that expression also that for u € H?(M), Agu is a L?(M)-valued (real) analytic
function of §. These ensure that (Ag)y is an analytic family of type (A) in the sense of [RS78] page 16 and
is consequently a Kato-analytic family (see [RS78] and Kato [Kat95] pages 375-381).

Nevertheless, we indicate the argument for our case to make the paper more self-contained. We would
like to prove, say, the real analyticity near a fixed 6y € R. Clearly for any L > 0, —L ¢ o(Ay) for all # since
Ag : H*(M) — L*(M) are self-adjoint with nonnegative spectrum. By definition of the operators Ay, we
have an identity of the form

A@ :AM—iHX—f—GQVdéfAM—f-A@
where X is a smooth vector field (differential operator of order 1) and V' a smooth potential on M. We
would have

(Ag+L) =1+ (L +A)"14) N L+A)!

provided (L + A)"'Ag|| 22 < 1. Indeed, by the composition theorem for pseudodifferential operators,
(L + A)~to Ay is bounded in W1 (M) uniformly in § near y and therefore as operators in £(L?(M)) since
U—1(M) c ¥O(M) c L(L*(M)) by the Calderén-Vaillancourt theorem. Thus by choosing L large enough
(possibly depending on ), we can make sure that ||(L + A) "1 Ag|| 2,72 < &, uniformly in 6 near 6 and
the result follows by explicit power series expansion of (Ay + L(fy))~! in 6 near 6. O

Analytic Vanishing of Bottom of Spectrum
We use the following two results which can be found in [RS78] theorems XII.8 and XII.13.

Proposition 5.3.8 (Kato-Rellich, partial statement). Let T'(8) be an analytic family in the sense of Kato on
a domain R. Pick By € R and let E(Boy) be an isolated simple eigenvalue of T(p). Then there exists n(By) > 0
such that for |5 — Bo| < n(So), there is exactly one point E() of o(T(B)) near E(By) which is an isolated
simple eigenvalue. Moreover E(() is an analytic function of 5 in the neighborhood |5 — Bo| < 1n(Bo)-

Proposition 5.3.9 (Kato-Rellich, finite multiplicity version). Let T'(3) be an real analytic family of self-

adjoint operators in the sense of Kato on a domain R C R. Pick Sy € R and let E(By) be an isolated

eigenvalue of T'(By) with finite multiplicity m. Then there exists n/(8y) > 0 and m not necessarily distinct

(real) analytic functions EM(B), ..., E™(B), with E®)(0) = Ey, such that for |8 — Bo| < 1'(Bo), EM(B),
, E(™)(B) are the only eigenvalues of T(3) near Ej.

Lemma 5.3.10. Let Ag be the analytic family of operators defined in lemma 5.53.5. There exists a thresh-
old g > 0 and an integer p > 0 such that

(1) [0,e0) contains no X\;(0) for anyi>1 and 0 € [—7,7|;



5.3. ACCUMULATION OF EIGENVALUES AND HEAT TRACE 129

(i) there exists a >b >0 as well as 7 > 0 such that |X\o(6)| = |Ao(0) — Ao (0)| < go implies
bO*P < \g(0) = ab? + O(6%P 1), (5.3.26)
as well as |0| < n, with A\g(0) = 0 being a strict minimum of \o(0).

Proof. First of all we remark that Ag(#) = inf o(Ay) is continuous in @ since at every 6y we can choose L >
0 large enough so that —L is in the resolvent set of Ay for all § near 6y and, as each (Ag + L)~ ! is
compact, (Ag(f) + L)™' = supo((Ag + L)1) = ||(Ag + L)*1HLQ_>L27 the latter being continuous in € since
Ay is a Kato-analytic family. This tells us that in fact

inf No(0) =21 >0 5.3.27
s o) 0(0) =e1 ( )

for any 0 < 0 < 7 since otherwise it would contradict lemma 5.3.6. Since we know that Ao(0) = 0 is a simple
eigenvalue, each Ay is nonnegative and we have lemma 5.3.6, we deduce by the Kato-Rellich theorem 5.3.8
that in some neighborhood |0| < 71, # = 0 is a strict minimum of the function 6 — Ag(#), which is analytic
in the neighborhood. Therefore in this neighborhood Ao(#) will have the local form on the r.h.s. of (5.3.26).
Consequently for any b < a the inequality on the Lh.s. of (5.3.26) will be satisfied when |f| < 13 for some
n3 < m. Next, since we also know that A\1(0) > 0 is an isolated eigenvalue of finite multiplicity, by the
finite multiplicity version of Kato-Rellich 5.3.9 we know that for some other 79 > 0, A\1(6) is continuous in 6
for |#] < m2. Summing up, by necessarily choosing some

0 < g9 < min {61, ‘eilnf Al (9)}, and 7 = min{ny, 13}, (5.3.28)
<72
we will have (i) and (ii) satisfied for some p > 0 and we obtain the result. O

The spectral decomposition (5.3.24) together with lemma 5.3.10 tells us that for all N € N, every A €
[0,0) N o(Ax) must be \g(2wk/N) for some integer k < %N . This will give us the following important
corollary.

Corollary 5.3.11. Let €9 and p be the numbers obtained in lemma 5.3.10. Then there exists Cy > 0
idependent of N, such that

1
v doet <o (5.3.29)

)\EO’(AN)
0<A<eg

for all N € N and all t > 0.

We point out the following formula related to the Gamma function:

Lemma 5.3.12. Let «, 8 > 0 then we have

/Ooo ¢ P dg = lr(l)ﬁ—é. (5.3.30)

a \a
Proof. (Proof of corollary 5.3.11.) By (ii) of lemma 5.3.10 and the above formula, we have
1 a2 — th(2k/N)?P / T tbe2r 11 -4
— < m <2 d0<7F<—> tb) "2,
v o2 eUsF 2 e x ;T(5) @
Ao (AN) 0<27|k|<nN

0<A<eo

the second inequality holds true since e is decreasing. We obtain the result. O
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5.3.3 Rough Eigenvalue Counting

The author sincerely acknowledge Junrong Yan for suggesting the following elegant estimate.

Lemma 5.3.13. Let M be a smooth compact Riemannian manifold of dimension d with Ric(M) > —K, K >
0. Let Anq be the Laplacian on M. Then for all A > 1 we have

BN < AN € 0(An)} < Coel TOE/2 yol (M)A, (5.3.31)
where Cg is a constant depending only on dimension, and C3 the same constant appearing in (5.2.2).

Proof. Indeed, we have,

A< A eo(A)}t= D 1< > TR et gy (e M), (5.3.32)
Aeo(Anm) Aeo(Anm)
0<A<A 0<A<A

Thus the result follows by integrating the Li-Yau estimate (5.2.2) choosing 6 = 1/2. O]



Appendix A

Probability and Gaussian Measures

In this appendix we collect some more background materials in probability theory and Gaussian measures.
Let us start with the following remark.

Let X be an infinite dimensional vector space equipped with a translation invariant metric dy. In most
practical situations, since X is infinite dimensional, there exists a sequence {z,}°°; on the unit ball B(0, 1)
such that dy(x;,x;) > % for any ¢ # j. This implies that B(0,2) contains infinitely many disjoint balls of
radii %, namely B(z,, %) Therefore, if we would like a translation invariant Borel measure g on X such
that u(B(0,§)) > 0, then 1(B(0,2)) = ool By a scaling, we see that if the balls were to have positive
measure, then necessarily u(U) = oo for all open set U. So a working Lebesgue measure cannot really exist
in infinite dimensions! This creates the basic problem for expressions such as (1.2.66). The substitute for
a nicely behaved measure in infinite dimensions turns out to be a Gaussian probability measure, which we

have discussed in subsection 1.3.4 and continue to discuss in this appendix.

A.1 o-algebras and Conditioning

This appendix discuss some basic probability notion centered around the concept of conditioning. We refer
to Dudley [Dud02| chapter 10 for more details.

A probability space (Q,O,P) consists of a set @, a family O of subsets of @ called the o-algebra, and
a function P : O — [0, 1] called the probability measure. The o-algebra is required by definition, roughly
speaking, to preserve the “natural” set operations (union, intersection, etc.) and hence could be thought of
as an algebra made of subsets. A function X : Q — R (or C) is called O-measurable if X~1(U) € O for
all U open, and such is also called a random variable on (Q, O,P). With X, we could always let it generate a
sub-o-algebra o(X) C O which is the smallest one containing every X ~}(U). We give below a basic example
illustrating the intuition behind the o-algebra.

Example A.1.1. We drop a pin randomly onto the square [0, 1] x [0,1] and assume that it always hits a
unique point. In this model we take @ = [0, 1] x [0, 1], which is the “collection of outcomes” of the experiment,
and let O be the o-algebra generated by the open sets in [0, 1]2. In the usual circumstance where one has no
trouble in observing precisely the outcome of the experiment, one can, in principle, “measure” or estimate
the probability P(A) that the pin falls into any open set A C [0,1]? via a large number of trails.

Now let us divide the square [0, 1% into 4 parts [0, 3] x [0, 3], [0, 4] x [3,1], [3,1] x [0, 3], and [%,1] x [3,1],
and label them by 1, 2, 3 and 4. Suppose now that somebody has placed this square at the bottom of a
dark well so that we could no longer see ourselves the results of our pin-dropping experiment, but there
is a robot at the bottom telling us which of the 4 smaller squares our pin has fallen into. The “robot
observer” thus defines a random variable Xgop, : @ — {1,2,3,4} C R. One could see in this case that
the o-algebra o(Xgob) generated by Xgro, would then consist only of unions of the 4 smaller squares as
subsets of (), and nothing more. In a sense, therefore, a o-algebra represents a certain “resolution” at which
one observes the experiment: a “finer” o-algebra gives higher resolution, and a more “coarse” one, lower
resolution.
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Let (Q,O,P) be a probability space and let X € L'(Q, O, P), that is, assume X is integrable against P.
Let A C O be a sub-o-algebra. Then the conditional expectation of X with respect to A is an A-measurable
(integrable) random variable denoted E[X |.A], defined uniquely by the property that

E[XY] =E[E[X]|A]Y] (A.1.1)
for any other A-measurable bounded random variable Y. For B € O we define P(B|A) := E[1p|A].

Example A.1.2 (continued). If X : [0,1]> — R is a random variable then one can show

4
E[X14.]
E[X|o(X —_—a] A1.2
J=1
where Aj, 1 < j < 4, are the 4 smaller sub-squares constructed previously. Here E[X14,]/P(A;) is in other

words just the average value of X on Aj;.

Lemma A.1.1 ([Dud02] page 338). Let (Q, O,P) be a probability space and A; C Ay C O two sub-o-algebras.
Then for any X € LY(Q, O,P) one has

E[ E[X]A2] |A1] = E[X|Ay). (A.13)

The above lemma is sometimes called the law of total probability. The conditional expectations of L?
random variables will be important for us in the context of the Ito-Wiener-Segal theorem (proposition 1.3.2).

Lemma A.1.2. Let (Q,O,P) be a probability space and A C O a sub-c-algebra. Then L*(Q, A,P) is a closed
subspace of L*(Q, 0, P) and for X € L*(Q,0,P), E[X | A] is the orthogonal projection of X onto L*(Q, A, P).

Corollary A.1.3 ([Jan97] theorem 4.9). Let (Q,O,P) be a probability space and H, K C L*(Q,O,P) two
Gaussian Hilbert spaces. Denote by Pyy the restriction of the orthogonal projection L*(Q,0,P) = K toH,
and by O(H), O(K) the o-algebras generated by variables in H and K respectively. Then

D(Pcy) : L2(Q,0(H),P) — L*(Q,0(K),P),
KIH Y E[X]O(IC)], (A.1.4)

where E[X{(’)(IC)} is the conditional expectation of X with respect to O(K).

A.2 Cameron-Martin Space

Definition A.2.1. Let X be a real separable Fréchet (or Banach) space, and v a Borel Gaussian measure
on X. Then the closure of X* in L?(X,~) is called the Gaussian Hilbert space of 7, denoted ..

Let X be reflexive and equipped with a Borel Gaussian measure 7. Starting from the Gaussian Hilbert
space ‘H- we define the covariance operator

C:H, — X™=4X,

for (CU) s = By [o(f)(h). (A-21)

In other words C(f) is the linear functional (f, =) 2(y ) on A*. Then the image C'(H,) C &, which is a
Hilbert space with norm denoted |- (3. is called the Cameron-Martin space. It does the following job. For
two measures p and v, we write “u ~ v to mean p and v are mutually absolutely continuous, and “u 1 v” to
mean p and v are mutually singular.
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Proposition A.2.1 (Cameron-Martin-Girsanov, [Bog98| corollary 2.4.3). Let X be a real separable Fréchet
space, v a Gaussian measure on (X,Bx), and C(Hy) C X the Cameron-Martin space. For any ¢g € X,
define the measure (¢o)«y on (X,Bx) by setting

(¢0)+7(B) & 4(B — o). (A.2.2)

where B — ¢g ={¢p — ¢ | ¢ € B}. Then

(%)Y =7, zf ¢o € C(H4), (A.2.3)
(¢0)«y Ly, if do & C(H,).
Moreover, in the first case, one has the Radon-Nikodym density
W(@ _ (O @) =5 I90lE s (A.2.4)

dy

where C' is the operator defined in (A.2.1).

A.3 More Wick Calculus and Feynman Graphs

This appendix is a sequel to subsection 1.3.2. We list more Feynman rules, define Feynman diagrams and
give an example of computation using Feynman diagrams.

Lemma A.3.1 ([Sim74] propositions 1.2, 1.3, 1.4, [Jan97] theorems 1.28, 3.9, 3.19).

(i) For Xy, ..., X,, € H (not necessarily distinct) jointly Gaussian random variables,
E[X; - Xo) =Y [[BIX, X5, (A.3.1)
Pk

where the sum is over all partitions & of the set {1,...,n} into disjoint pairs {ig,jx}, 1 < k < n/2.
In particular, the result is zero if n is odd.
(i) For X € H,

[n/2] j
V. (=1)/n! 21 yn—2j _ 212 211
(iii) Let X1, ..., Xp € H and Y1, ..., Y, € H be jointly Gaussian random variables. Then
Z HE[XzYU(z)]a m=mn,
E[: X1 . X Y1 Vo] =< o8 i1 (A.3.3)
0, m # n.

In particular, E[:X™: :Y"™:] = 0pmn!E[XY]".

There is a general way of associating random variables (or numbers) to Feynman diagrams. A Feynman
diagram consists of vertices, legs (segments with only one end attached to a vertex), and edges (contracted
legs). Two legs are contracted means they are connected to form an edge. A Feynman diagram is called
fully contracted if there is no unconnected legs. Given n random variables X1, ..., X, a Feynman diagram
labelled by (X3, ..., X,,) is simply any Feynman diagram whose vertices are in bijection with {X1,..., X,}.
A Feynman diagram labelled by (X1i,...,X,) can now be associated with either a random variable or a
number using the following rules:

(i) for each leg attached to a vertex j, write down the corresponding random variable X, and multiply
them all together;
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(ii) whenever two legs are contracted, enclose the corresponding two random variables by E[e].

Thus fully contracted diagrams are always associated with numbers. If v is a Feynman diagram labelled
by Xi, ..., Xn, denote by v(y) the associated object following the above rules.

Example A.3.1 (|[PS95] section 4.4). In a physical context Feynman diagrams are used in rather formal
calculations. We would like to find

B [0(2)d(y)e ot ar o) dVar(2)] (A.3.4)

by Taylor expanding exp(f% I #(x)*dVys(z)). This gives

+ E¢rr [qﬁ(x)aﬁ(y)%( - i) / / ¢(z)4¢(w)4dVM(z)dVM(w)} T

— Blfe [6(0)ol0)] - 5 [ B [6l2)6(w)o(2)]aV (2

A

+5(= ) [ B lo@oo o) avis ) avis(w) + -

Treating ¢(x), ¢(y), ¢(z) as (jointly Gaussian!) random variables, by (i) of lemma A.3.1 and the above rules
we write

Ah§u3/dVM(z)v< — %z >+12/dVM(Z)U< .j_w‘\ >

€L 2z

:3/G(:1:,y)G(z,z)2dVM(z)+12/G(x,z)G(y,z)G(z,z)dVM(z),

where the factors correspond to the number of ways of getting the same contraction starting from 6 legs
(4 on z, 1 on z, y each), and G denotes the Green function (of A +m?). One can represent higher order
terms using these diagrams in a similar manner. More than that, the diagrams also represent actual physical
processes. See Peskin and Schroeder [PS95].

A.4 Remarks on ()-spaces for Random Fields

A @-space is in other words a probability sample space. The GFF on M, say, can be seen (abstractly) as a
way of associating a Gaussian random variable ¢(f) to each f € W~1(M) so that (2.2.4) holds. This says
nothing about the sample space on which these random variables are actually defined, and naturally there
exist many choices. For example,

(i) the Bochner-Minlos construction, mentioned as proposition 2.2.1;

(ii) the formal Fourier series construction, mentioned in remark 2.2.1; this can be identified with the
previous one by appealing to the condition under which a formal Fourier series represents an actual
distribution, see Shubin [Shu01] page 92 proposition 10.2;

(iii) the abstract Wiener space construction. While this is not used essentially in this paper, it is a way of
constructing (recovering) a separable Banach Q-space X starting from (knowing) the Cameron-Martin
space, and taking closure with respect to a carefully defined norm weaker than H'HC(HW)' See Sheffield
[She07] and Bogachev [Bog98| section 3.9 for details.
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Some other models are discussed in Simon [Sim74] section 1.2, to which we refer for details in general. We shall
discuss the question of in what sense two models of Q-spaces are equivalent, though all the three examples

above could eventually by realized in D'(M). This is useful concerning the decomposition (2.5.11), and we give

the precise sense in which the original ué/[FF could be recovered from the decomposed measure '“123’151\/[ ® MgF\? D

Definition A.4.1 ([Sim74] page 4). Two probability measure spaces (Q,O,u) and (Q', O, u') are called
isomorphic if there is an isomorphism of measure algebras

T:0/1,— O/, (A.4.1)

here Z,,, Z,s being the ideals of measure zero sets of p and 1/, such that p/(T'(A)) = u(A) for all A € O/Z,
(we do not distinguish an event A from its class in O/Z,,).

Remark A.4.1. Mutually absolutely continuous measures p on O will define the same measure algebra O/Z,,
as they have the same measure zero sets.

Definition A.4.2 ([Sim74] page 5). If (Q, O, u) and (Q',O', i) are isomorphic under 7', then two random
variables f: @ — R and f’: Q' — R correspond under the isomorphism if

T(f~1(B)) = (f)""(B) (A.4.2)
for all Borel sets B C R.

For a real Hilbert space H, a (centered) Gaussian process indexed by H is a family of centered Gaussian
random variables {¢(f) | f € H} so that

Elo(f)o(h)] = (f, h)y (A.4.3)

for all f, h € H. Such a process is defined on the probability space (@, O, u) if each ¢(f) is a random variable
from Q and {¢(f) | f € H} generates O.

Proposition A.4.1 ([Sim74] theorem 1.6). Let {¢(f)} and {¢'(f)} be two Gaussian processes indexed by H
defined respectively on (Q, O, n) and (Q', O, 1'). Then there is an isomorphism between the two probability
spaces so that ¢(f) corresponds to ¢'(f) under the isomorphism for each f € H.

Remark for proof. Note for probability spaces L*(Q,O0,u) D L¥(Q,0,u) D {indicators}. Similarly for
(Q, 0, 1). Thus T'(U) where U takes each ¢(f) to ¢'(f) gives the isomorphism (corollary 1.3.3). O

Proposition A.4.2 ([Sim74] proposition 1.7). Let {¢1(f)} and {p2(f)} be Gaussian processes, respectively,
indexed by Hi and Ha, defined on (Q1, 01, p1) and (Q2,O2, n2). Then a Gaussian process {¢(h)} indexed
by H = H1 @ Ha can be defined on @ := Q1 X Q2 equipped with 0180, and w1 ® pe, by putting

$(f1 @ f2) & d1(f1) + (o), (A4.4)
for all fi € H1, fo € Ha.



Appendix B

Functional Analysis

B.1 Operator ldeals

Let A:H — K be a compact operator and A* :  — H its adjoint. Then A*A is a compact self-adjoint
nonnegative operator whose spectrum consists of positive eigenvalues pg(A)? > pu1(A)? > --- > 0 with the
only possible accumulation point being zero, which may or may not be in the spectrum or an eigenvalue.
The numbers pu,(A) are called singular values of A. Define

def 1/p
JAl, < (3 maay) for 1 < p < oo, (B.1.1)

HAHJM dof | All, for p = oo. (B.1.2)
Put J,(H, K) := {A compact | ||A]|; < co}. We shall be concerned only with J;, where the norm is also
denoted ||-||,,, called the trace class operators and [J, called the Hilbert-Schmidt operators, where the norm
is also written ||-||yg. When I = H, define also

tr32(A) €S (en, Aen)y, | (B.1.3)

n

where {ey} is an orthonormal basis of H. Its convergence and (in)dependence on basis is discussed below.
When H = K we use the notation J,(H).

Lemma B.1.1 ([Sim05| theorems 2.7, 2.8, 2.14, 3.1, |GJ87| page 132-133). We have

(i) whenever A : H — H is bounded and self-adjoint nonnegative, the sum (B.1.3) valuing in [0, +o0] is
independent of bases; it is finite iff A € Ji(H) in which case try(A) = || A,
(i) A € TJp(H,K) iff (A*AP2 € Ji(H), in which case 14l = try ((A*A)P/2VP . In particular, A is
Hilbert-Schmidt iff A*A is trace class.
(iii) Whenever A, C € L(H) and B € Jp(H) we have ||ABC|| 5 < [[A||[C|[|Bllz : thus each Jp is a
two-sided ideal in L(H);
() if A € Ji(H) then the sum (B.1.3) converges absolutely, is independent of bases, and | try(A)| < || All;,s
(v) whenever p~! = ¢ t4+r~1 and A € J(H), B € J-(H) then IAB||; < ||All7, [I1Bll 7, and AB € Jp(H);
in particular, the product of two Hilbert-Schmidt operators is trace class.

B.2 Hilbert-Schmidt Operators on L?

Proposition B.2.1 ([RS72] page 52). Let (Q1,u1) and (Q2,u2) be measure spaces so that L*(Q1, u1),
L?(Qa, p12) are separable. Then the map

L2(Q1, 1) x L*(Q2,p2) — L*(Q1 X Q2, 1 @ p2), (B.2.1)
(f,9) — fg, o
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with (fg)(z,y) := f(x)g(y) extends to a unique isomorphism L%(Q1, 1) ® L*(Q2, u2) = L?*(Q1 X Q2, 11 @ i2).
Proposition B.2.2 (|[RS72| page 220, [Sim15] theorem 3.8.4). Let H, K be Hilbert spaces. Then the map

T:HxK — JK),

(v,w) — (v, =)y w (B.2.2)

extends to a unique isometric isomorphism H® K = Jo(H,K). In particular, for everyn € H® K there exist
orthonormal sets {¢n} C H, {¢n} C K and real numbers A\, > 0 so that

n= Z An(on @ Pn), and I(n)(v) = Z An (@ns U>H Un, (B.2.3)

and vice versa.

Corollary B.2.3 ([Sim15] theorem 3.8.5). Let (Q1, 1) and (Qa, p2) be measure spaces so that L*(Q1, u1),
L?(Qa, 12) are separable. Then there is an isometric isomorphism

T:L%Q1 X Qoyp1 @ p2) —  Jo(L*(Q1, 1), L*(Q2, 12)),

B.24
K — [1 [ K@ s@an) (B2

In particular, there exist orthonormal families {¢n} C L*(Q1, 1), {¢n} C L*(Q2, u2) so that
K((L‘,y) = ZMn(Z(K))@n(x)wn(y)v (B'2'5)

with the latter series converging absolutely in L?(Qq, p1) for almost every fized y, and ju,(Z(K)) denote the
singular values of Z(K).

Now (ii) of lemma B.1.1 implies that

Corollary B.2.4. Let L?(Q1,p11), L*(Q2,u2) be as above and A : L*(Qq,p1) — L*(Q2,p2) a Hilbert-
Schmidt operator, represented via (B.2.4) by the integral kernel K(x,y). Then

A3 = trp2gy (ATA) = / K a(,y) Py (2)dpa(y). O (B.2.6)

Remark B.2.1. For general A € £L(L*(Q)) or Jo(L*(Q)), the fact that [ |K4(x,z)|du(z) < oo does not
imply A is trace class, and nor does the trace equal [ Ka(z,z)dpu(z) when A is trace class (since the
diagonal has measure zero in @ x @, in reality one could let K 4(z,x) be arbitrary without affecting A, thus
an important condition is that K4 be continuous in “some sense”). See Simon [Sim15] section 3.11, also
Vershik, Petrov and Zatitskiy [VPZ14] section 3.3.

B.3 Nuclear Spaces

We say that a topological vector space Ho, is a countably Hilbert space if it is a Fréchet space whose topology
is generated by a countable family ((-,-), )22, of inner products (thus (v,v) = 0 implies v = 0) whose
norms ||-||,, := 1/(-,*),, form an increasing sequence [-||; < [||l < ---. By completeness of Ho, in its
topology it follows that

Hoo = () Hor  with #, 7L (B.3.1)
n=1
Each #,, is a Hilbert space with (-,-),, and Hq D Ha D ---. We denote by ¢y : Hyp — Hp, the natural

inclusion for m < n. It follows from the definitions that ¢y, ., is continuous with respect to the |||, and ||-[|,,
norms and has dense image.
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Definition B.3.1. A countably Hilbert space Ho, with inner products ((,-),)s2; is called nuclear if for
every m € N there exists n > m so that the injection ¢y, y, : Hy,, — Hyy, is Hilbert-Schmidt.

By definition of the topology of Hoo, a bilinear form C : Hoo X Hoo — C is continuous if and only if
there exist C' > 0 and m € N such that

IC( < CNF o 1Al (B.3.2)

for all f, h € Heo. Denote by H_~ := H., the topological dual of H.. Countably Hilbert spaces are
reflexive.



Appendix C

(Global Analysis

C.1 Sobolev Spaces over Domains

In this paper we make essential use of the usual L? Sobolev spaces over Riemannian manifolds. First
let (M, g) be a closed Riemannian manifold and s € R. Then the Sobolev space W#(M) of order s is defined
generally as the closure of C°°(M) under a norm |[-[|y+(5s), where the norm |[|[|yy«(5) could be defined in
various equivalent ways. We refer to Taylor [Tay23a| chapter 4 for a general discussion. For us, s = +1, j:%.
We rely heavily on the following fact.

Lemma C.1.1. Let Ay be an elliptic strictly positive formally self-adjoint pseudodifferential operator on M
with order 2s. Then the inner product

<_7_>WS = <_7A23_>L2 (C.l.l)
induces an equivalent norm for W*(M).

In particular, the real power (Ap; + m?) of the Helmholtz operator (massive Laplacian) Ay + m?
provides such a candidate for Ays. Convention: whenever we use the space W*(M), the inner product
(C.1.1) with Ags = (Aps +m?)?® is understood, unless otherwise specified.

Remark C.1.1. Various regimes of functional calculus can be used to define (Ay; +m?)°. One of them
is presented in section 2.2.2 which in fact defines complex powers. We also mention a smooth functional
calculus presented in Sogge [Sogl17| theorem 4.3.1.

Next we discuss important subspaces of W9(M). Let A C M be a closed set and U C M an open set.
Define

Wi(M) def {u e W*(M) | suppu C A as a distribution}, (C.1.2)
W5 (M) L Closure of C°(U) inside W*¥(M), (C.1.3)
W*(U) & Wiy (M)E € Wo(M). (C.1.4)

These are closed subspaces of W*(M).

Remark C.1.2. We point out right away that by definition, then,
W2(U) = W?(M)/Winy (M), (C.1.5)

the latter equipped with the quotient norm, which is a more familiar characterization of W*(U), see Taylor
[Tay23a] page 339. Our definition as in (C.1.4) poses the obvious problem that in general C2°(U) ¢ W#(U),
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at least for s € Z,. We emphasize therefore that what is important in this definition is not the space W#(U)
per se but the following choice for its inner product:

ef
<f7 h>W5(U) d: <P]J\j\Uf7 P]J\Z\Uh>W5(M)7 (C16)

for any f, h € W#(M), in particular for f, h € C2°(U), which produces a norm equivalent to the quotient
norm, where P]\JQ\U : W#(M) — W#*(U) denotes the orthogonal projection.

Remark C.1.3. Clearly Wi (M) C W(M) by definition. In general the inclusion is strict (certainly if

U # (U)°!). See Taylor [Tay23a] page 339 and section 4.7 for interesting discussions on conditions for s
and U for which equality holds. In particular, W&(M) = Wk, (M) = W%(M) if & C M is a domain with
smooth boundary 99 (a closed Riemannian manifold with one dimension less) and k € Z,. In this case, we
use these notations interchangeably.

The rest of this appendix could be read along with section 2.5.1. Let s = —1. Although C>*(U) ¢
W=L(U), we have

Lemma C.1.2. Let U C M be an open set. Then PALZ[\U(CSO(U)) is dense in W~1(U).

Proof. We note Aps+m? is local and therefore (A+m?)(C2(U)) C C(U). It follows from lemma 2.5.1 and

our definition of W} (M) that (A +m?)(C(U)) C WA?\U(M)J- and is dense there, proving the result. [

Remark C.1.4. Clearly, the map Pﬁ\U is also injective on C°(U); together with lemma C.1.2 this
shows Pﬁ\U is a good embedding of C°(U) in W~Y(U). In fact, this is the same as the embedding

of C°(U) in D'(U), by remark 2.5.1. Nevertheless, the smaller class (A + m?)(C°(U)), as it is already
dense in W~=1(U), suffices as a class of test functions to define the GFF with Dirichlet condition over a
domain (see remark below lemma 2.2.2). This reflects the fact that the Cameron-Martin pairing (—, —)1 is
more natural than (—, —) ;. in treating the GFF (see remark 2.2.3). We have stuck to (—, —) ;2 only because
this is more practical with functional analysis.

Remark C.1.5. For general s € R, one could also define

W5 (U) L closure of C°(U) under (C.1.6). (C.1.7)
Then W5 (M) C Wi(U). But it cannot generally be compared with Wz (M) (to the author’s knowledge).
See the exercises in Taylor [Tay23a] pages 343-344 for more information.

Next we state the duality results for the various spaces. Recall that (—, —) ;2 () denotes both the inner

product of L?(M) and the distributional pairing between D’(M) and C*°(M). Below, we extend it to denote
also the pairing between dual Sobolev spaces (see (i) of the lemma below).

Lemma C.1.3. Let M be a closed Riemannian manifold, U C M an open set, A C M a closed set,
and s € R.

(i) W=*(M) is the dual Banach space, denoted W*(M)*, of W*(M) under (—, —);2;
(1t) the annihilator of W5 (M) under (—,—) 2 is WA}‘?U(M), that is,
Wing(M) ={u e W*(M) | (u, f)2 =0 for all f € W5 (M)}; (C.1.8)
the annihilator of W4 (M) is accordingly WA}S\A(M);
(iii) WU )* = W, 5(M), W5(M)* =2 W=*(U), these spaces being therefore reflexive.

Finally, when 2 C M is a domain with smooth boundary 02, we define, in view of lemma 2.5.1, the
Dirichlet Green operator (Aq p +m?)~! = (A + m2)_1P]¢I\QO : WH(Q°) — Wi (M). Clearly this agrees
with the usual definition. In terms of quadratic forms,

Lemma C.1.4 ([Sim74] theorem VIL.1). Let Q C M be a domain with smooth boundary 0Q. We have

(f,(Da,p+m*) 'R o = (Pap oo fs Pavoe )yt (C.1.9)
for f, h € C(Q°).



C.2. SYMBOL CONVERGENCE LEMMA AND HEAT KERNEL 141

C.2 Symbol Convergence Lemma and Heat Kernel

Proof of lemma 2.53.1. By coordinate invariance of the definition of W (M) it suffices to pick z € M and
prove the result for a chart around z and x(z) = 1. Denote the kernel of xE.x by E, . then in this chart
we could write

Eye(z,y) = Bye(z,h) = Fix)i CL) X(h), (C.2.1)

where h = z —y. Indeed, by definition of our function ¢ and freedom of choosing x we could further assume
that for small enough & one has x(h) =1 on the support of ¢(-/¢). Thus under this condition

d

Oy (7,6) = / emihE Fiw)i <h> dh = ﬁ Fi(2)0y gy (2, €) . (C.2.2)

R 3

g

indep. of =

Note that oy g, (z,n) is Schwartz in n and oy g,y (2,0) = 1. On the other hand clearly o1, (x,&) = 1. Thus
for some U’ C U depending only on the chart and x, one has

o (2,6)| C sup sup (€)70 |oymy (2, 66) — 1] < Cr /e,
sup  sup X(Ee—1)x\ S )1 zeKeU’ |¢|<R ©2.3)

AN
veKeU’ ¢ (€)° C sup sup (--) < Cr % sup loys, (2,1)],
TeKeU' [¢|>R n

with R = e71/2. Next we deal with derivatives. Note that by (C.2.2) all the z-derivatives fall on 1/F.(x)
and all ¢&-derivatives fall on oy g, (7, €). Indeed, one has [02(1/F.(z))| < Cac™® (see Dyatlov and Zworski
[DZ16] page 28), and so when there are only z-derivatives we obtain the same bounds as (C.2.3) only with
new constants depending on «. When there is at least one £-derivative,

10 (oxzix(@.28)) | = |10 oy ) (@,28)| < C ey ()71, 18] > 1. (C.2.4)

Hence, on account of (C.2.2) again,

10907 0 (. —1)x (. 6)

sup sup 51] < Ce¥Che™ 05 k1Pl = O g i . (C.2.5)
zeKel’ ¢ (€)
Consequently, all the Sfo seminorms of o, (g, _1), goes to zero as € — 0. We obtain the result. O

—t(A+m?2)

In what follows we sum up some properties of the heat operator e of the massive Laplacian

(Helmholtz operator) and its Schwartz kernel p;(z,y) called the heat kernel.
Lemma C.2.1 ([BGV04] theorems 2.30, 2.38 and pages 92-94). We have

(1) p(x,y) € C((0,00) x M x M);
(ii) we have

(A+m?) ! = / e HATT) gy (C.2.6)
0

In particular, the kernel Gy of e_t(A+m2)(A +m?) "= (A+ m2)_1e—t(A+m2) is

Gi(z,y) = /:ops(x,y)ds, (C.2.7)

forx, ye M.
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(iii) Let dim M = n. There are asymptotic expansions

1 — Lz - 7
pi(z,y) ~ We zd@y)” Zfz‘(l‘,?/)t ) (C.2.8)
i=0
—t(A+m? 1 = i
trLz(M) (e ( )) ~ W iz:%azt <C29)

as t — 0+, for some real numbers a; and functions f; € C°(M x M), i=0,1,2, ....
(iv) Fort large and each £ € N,

lpe(z, )l e < Coe™™ /2 (C.2.10)

for some constant Cy.

C.3 Poincaré-Lelong Lemmas

Proof of lemma 4.4.5. We denote by V,, the Levi-Civita covariant derivative in the direction v. Since we are
concerned with only one metric g we omit it from the notations. Take the geodesic polar coordinates (r,0)
around zg. Then g = dr? + w?(r)d6? where w(r) = |9y|. From the expression of A in polar coordinates we
have

1 Orw(r)

Or (w(r)0ylogr) = — 32 +

1
Al = —

ogr=— G
Either noting the fact that dy is a Jacobi field along # = const connecting 2y to z (|Car92] page 115), or
otherwise, we have a Taylor expansion

rw(r)’

|0g| =7+ O3, r—0. (C.3.1)
This gives
ar|89’ 1
== 3.2
EX T—l—O(r), r — 0, (C.3.2)
yielding the result. O

Lemma C.3.1. Let (X, g) be a Riemannian surface with smooth metric g, and fir zop € X. Denote r(z) :=
dg(z,20). Then for any ¢ € C(U) where the neighborhood U lies within the injectivity radius of 2,

/ log r(—Ag0) dV, = | (=4, logr)dV, — 2mih(z0). (C.3.3)
> E\Zo
Proof. Pick the metric disk B.(zp) with radius € > 0 at zyp. Then Green’s formula gives

/ [log r(Ag)) — P(Aglog r)] dV, = —/ [log r(0r) — (0, log r)] dlg
3\ Be(20)

0B¢
1
= O(eloge) + @Z)(zo)g%rs + O(e),
as € — 0, since 1) is smooth and (4.4.20). O

Remark C.3.1. More precisely we have the equality of currents AylogrdVy, = Aglogr|p ., dV, + 27,

on U.

Lemma C.3.2. Fiz 1(z) := dy(2,20) and now let g1 = *'g, h € C®(%), and r1(z) := dy, (2, 20). Then
Ay, logr — Ay logry € LNU, g1). (C.3.4)

Namely, as a distribution, it agrees with an integrable function when paired with dVy, .

Proof. The point is that the current Ay, logrdV, agrees with AglogrdV,, because of their definitions and
conformal covariances (4.4.1), (4.4.4). Therefore the delta functions cancel out exactly and we are left with
the regular parts Ay, log7|in -, — Ag, logr1[17\ -, Which is in fact L>(U, g1). O
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