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Abstract
Let H be a Hopf algebra that is Z-graded as an algebra. We provide sufficient condi-
tions for a 2-cocycle twist of H to be a Zhang twist of H . In particular, we introduce
the notion of a twisting pair for H such that the Zhang twist of H by such a pair is a
2-cocycle twist. We use twisting pairs to describe twists of Manin’s universal quan-
tum groups associated with quadratic algebras and provide twisting of solutions to the
quantum Yang-Baxter equation via the Faddeev-Reshetikhin-Takhtajan construction.
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1 Introduction

In the theory of quantum groups, motivated by the tensor equivalence of two module
categories, Drinfeld [15] introduced the notion of a Drinfeld twist which deforms the
coalgebra structure of a Hopf algebra. In [1], Aljadeff, Etingof, Gelaki, and Nikshych
discussed twists and properties of Hopf algebras invariant under Drinfeld twists. The
dual version of the Drinfeld twist, called a 2-cocycle twist, was studied by Doi and
Takeuchi [12, 14]. This can be viewed as a deformation of the algebraic structure
of a Hopf algebra and it yields a tensor equivalence of two corresponding comodule
categories.

Meanwhile, the notion of a twist of a graded algebra A was introduced by Artin,
Tate, and Van den Bergh in [2] as a deformation of the original graded product of
A; this definition was generalized by Zhang in [37]. One of the main applications of
this twisting is that the graded module category of the twisted algebra is equivalent
to that of the original algebra. Later, this twisting of a graded algebra became known
as a Zhang twist, and ever since, it has played a pivotal role in various areas of non-
commutative algebra and noncommutative projective geometry. For instance, many
fundamental properties are preserved under Zhang twist, such as the noncommuta-
tive projective schemes, Gelfand-Kirillov dimension and global dimension, graded
Ext, Artin-Schelter regularity, and point modules [28, 37].

There are other notions of (cocycle) twists of noncommutative algebras (see, e.g.,
[11, 25]). In this paper, we focus on the Zhang twists and 2-cocycle twists of Z-
graded algebras described above (see Section 2 for details). The comparison of these
two twists and their corresponding algebraic structures is listed below.

2-cocycle twist Zhang twist

algebra structure Hopf algebra Z-graded algebra
twisting by 2-cocycle graded automorphism
equivalence tensor categories of comodules graded module categories
examples quantized coordinate rings Artin-Schelter regular algebras

In practice, it is difficult to classify all 2-cocycles on a Hopf algebra and to under-
stand the structures of their corresponding 2-cocycle twists. On the other hand, many
ring-theoretic and homological properties are known to be preserved under Zhang
twists due to the equivalence of their graded module categories. Here, we are inter-
ested in the following question relating Zhang twists to 2-cocycle twists of a graded
Hopf algebra.
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Question A When can a 2-cocycle twist of a Hopf algebra H be given by a Zhang
twist?

We partially answer these questions by providing sufficient conditions for a Zhang
twist of a graded Hopf algebra to be a 2-cocycle twist, see Proposition 2.3.2. To that
end, we introduce the following twisting conditions on bialgebras.

Definition B (Twisting Conditions) A bialgebra (B, m, u, �, ε) satisfies the twist-
ing conditions if

(T1) as an algebra B = ⊕
n∈Z Bn is Z-graded, and

(T2) the comultiplication satisfies �(Bn) ⊆ Bn ⊗ Bn for all n ∈ Z.

Equivalent descriptions of twisting conditions were discussed earlier in [6, Lemma
1.3]. Given these twisting conditions, the resulting twisted algebra can still be
equipped with a bialgebra or Hopf algebra structure.

Theorem C (Proposition 2.2.2) Let B be a bialgebra (resp. Hopf algebra) satis-
fying the twisting conditions (T1)–(T2) in Definition B. For any graded bialgebra
(resp. Hopf algebra) automorphism φ of B, the Zhang twist Bφ is again a bialgebra
(resp. Hopf algebra) satisfying the twisting conditions (T1)–(T2).

It is important to point out that any bialgebra satisfying the twisting conditions
(T1)–(T2) is only graded as an algebra but not as a coalgebra. In later sections,
we will discuss various examples of bialgebras that satisfy the twisting conditions,
among which are quotients of free algebras generated by the generators of matrix
coalgebras. There are two main sources of such examples: one is Manin’s uni-
versal bialgebra that universally coacts on a quadratic algebra [22], and the other
one is the Faddeev-Reshetikhin-Takhtajan (FRT) construction from a solution to
the quantum Yang-Baxter equation [9, 18]. In Lemma 2.1.9, we further show that
the Hopf envelope H(B) of any bialgebra B that satisfies the twisting conditions
(T1)–(T2) possesses the same twisting conditions (T1)–(T2) and its antipode satis-
fies the additional twisting condition (T3) in Corollary 2.1.10, that is S(H(B)n) ⊆
H(B)−n for all n ∈ Z. As a consequence, all the aforementioned cases pro-
vide us with examples of Z-graded Hopf algebras through their Hopf envelopes,
where we are able to deform the Hopf structures by considering a suitable Zhang
twist.

Our next goal is to compare the notions of Zhang twists and 2-cocycle twists for
a Z-graded Hopf algebra that satisfies the twisting conditions (T1)–(T2). Though
generally it is difficult to detect whether a 2-cocycle twist is indeed a Zhang
twist, we are able to give sufficient conditions for a Zhang twist by a twisting
pair to be a 2-cocycle twist. We provide the following definition for an arbitrary
bialgebra.
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Definition D (Twisting Pair) Let (B, m, u, �, ε) be a bialgebra. A pair (φ1, φ2) of
algebra automorphisms of B is said to be a twisting pair if the following conditions
hold:

(P1) � ◦ φ1 = (id ⊗ φ1) ◦ � and � ◦ φ2 = (φ2 ⊗ id) ◦ �, and
(P2) ε ◦ (φ1 ◦ φ2) = ε.

We can understand these twisting pairs as generalizations of conjugate actions
from groups to quantum groups in view of Example 2.1.8 or pairs of right and
left winding endomorphisms, in the terminology of [8], given by algebra homomor-
phisms from B to the base field (see Theorem 2.1.1). In particular, Lemma 2.1.6
shows that for a twisting pair (φ1, φ2) of B, φ1 and φ2 are uniquely determined by
each other as winding automorphisms. When a bialgebra or a Hopf algebra satisfies
the twisting conditions (T1)–(T2), Remark 2.1.13 (2) asserts that its algebra grading
is always preserved by any twisting pair. Therefore, we may consider the Zhang twist
of a bialgebra or a Hopf algebra satisfying the twisting conditions by an arbitrary
twisting pair. Next, note that for a bialgebra B, condition (P1) is to ensure that φ1
and φ2 are right and left B-comodule maps from B to itself, where B is viewed as a
B-bicomodule over itself via its comultiplication map � : B → B ⊗ B. Proposition
2.3.1 shows that Zhang twists of a Hopf algebra by graded automorphisms satisfying
(P1) will give us cleft objects over the original Hopf algebra. Indeed, we show the
following.

Theorem E (Proposition 2.3.2 and Theorem 2.3.1) Let H be a Hopf algebra satisfy-
ing the twisting conditions (T1)–(T2) in Definition B. For any twisting pair (φ1, φ2)

of H , the Zhang twist Hφ1◦φ2 is isomorphic to a 2-cocycle twist Hσ , where the
2-cocycle σ : H ⊗ H → k is explicitly given by φ1 and φ2.

This result provides an alternate approach to [6, Theorem 2.8 and Remark 2.9],
which is formulated in the context of twists of graded categories. While [6] does not
use the language of Zhang twists, the connection is highlighted in [7, Remark 2.4].

An advantage of using twisting pairs here is that these pairs are straightforward
to compute when the Hopf algebras are presented by explicit generators and rela-
tions (see Theorem 2.1.1). Moreover, any twisting pair of a graded Hopf algebra H

gives rise to a 2-cocycle of H through a simple formula. Since Zhang twists preserve
graded module categories, using our results, we may deduce that many algebraic
properties are maintained under 2-cocycle twists given by these twisting pairs. So for
the remainder of the paper, we focus on computing possible twisting pairs for various
Hopf algebras that satisfy the twisting conditions (T1)–(T2).

Our first class of examples is the family of universal quantum groups fromManin’s
discussion of the possibility of “hidden symmetry” in noncommutative projective
algebraic geometry (see Section 3). In [22], Manin showed that certain universal
quantum groups can coact on the homogeneous coordinate ring of an (embedded)
projective variety, and these quantum groups are typically much larger than the hon-
est automorphism groups of the variety. Recently, these universal quantum groups
have been extensively studied from the point of view of noncommutative invariant
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theory [5, 10, 16, 36] and their corepresentation theories are investigated through the
Tannaka-Krein formalism [27]. Our result is as follows.

Theorem F (Theorems 3.2.2 and 3.2.3) Every twisting pair of the universal quantum
group aut(A) associated with a quadratic algebra A is given by a graded algebra
automorphism of A in an explicit way. As a consequence, the corepresentation theory
of aut(A) only depends on the graded module category over A.

Our next focus is the twisting of solutions to the quantum Yang-Baxter equation
(QYBE) (see, e.g., [15, 34]). The quantum Yang-Baxter equation originates in statis-
tical mechanics. Solutions to this equation are building blocks for many invariants of
knots, links and 3-manifolds. We provide a strategy to twist a solutionR to the QYBE
by applying twisting pairs of the universal bialgebra A(R) obtained via the FRT con-
struction.We show thatA(R) is indeed a quadratic bialgebra that satisfies the twisting
conditions (T1)–(T2). Moreover, we are able to classify all twisting pairs of A(R)

and lift these twisting pairs to those of the Hopf envelope H(A(R)). It turns out that
all such twisting pairs can be determined explicitly in terms of the matrix coalgebra
generators of A(R) (see Lemma 4.1.4). By writing out the 2-cocycles on H(A(R))

explicitly using these twisting pairs, we then are able to twist solutions to the quan-
tum Yang-Baxter equation (see Corollary 4.2.5). In the special case when R is given
by the classical Yang-Baxter operator Rq for some nonzero scalar q, the universal
bialgebra A(Rq) is the quantized coordinate ring of the matrix algebra Oq(Mn(k)),

and its Hopf envelope is the quantized coordinate ring of the general linear group
Oq(GLn(k)). We describe all the twisted solutions of Rq as follows.

Theorem G (Proposition 4.2.6) Let V be a finite-dimensional vector space over k
with basis {v1, . . . , vn} and let Rq ∈ Endk(V ⊗2) be the classical Yang-Baxter oper-
ator. Denote by σ the 2-cocycle given by some twisting pair of A(R) and let (Rq)σ

be the twisted solution. Then we have

1. If q = 1, then (Rq)σ (vi ⊗ vj ) = ∑
1≤k,l≤n αk

i β
l
j vk ⊗ vl .

2. If q = −1, then

(Rq)σ (vi ⊗ vj ) =
∑

1≤k,l≤n
(−1)δ

k
j δk

τ−1(i)
δl
τ (j)α

τ−1(i)
i (α

j

τ(j))
−1vk ⊗ vl .

3. If q �= ±1, then

(Rq)σ (vi⊗vj ) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∑

1≤k,l≤n

δi
kδ

j
l αi

i (αl
l )

−1vk ⊗ vl, if i < j

∑

1≤k,l≤n

δi
kδ

j
l αi

i (αl
l )

−1 qvk ⊗ vl, if i = j

∑

1≤k,l≤n

(
δi
kδ

j
l + δi

l δ
k
j (q − q−1)

)
αi

i (αl
l )

−1vj ⊗ vl, if i > j,

where δi
j is the Kronecker delta, and (αi

j ) and (βi
j ) are n×n matrices inverse to each

other. When q = −1, (αi
j ) is a generalized permutation matrix such that αi

j �= 0

whenever j = τ(i) for some fixed τ ∈ Sn, When q �= ±1, (ai
j ) is a diagonal matrix.
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2 Zhang Twists and 2-Cocycle Twists of Hopf Algebras

Throughout the paper, let k be a base field with tensor product ⊗ taken over k unless
stated otherwise. All algebras are associative over k. We use the Sweedler notation
for the comultiplication in a coalgebra B such that �(h) = ∑

h1 ⊗ h2 for any
h ∈ B.

We begin this section by proving fundamental properties of twisting pairs of a
bialgebra as defined in Definition D and proving that they give rise to the twisting
pairs of the corresponding Hopf envelope (Proposition 2.1.12). We then show that
for a bialgebra or a Hopf algebra that satisfies our twisting conditions, its Zhang
twist is again a bialgebra or a Hopf algebra (Proposition 2.2.2). In particular, we
show that the construction of Hopf envelopes and that of Zhang twists are compatible
(Theorem 2.2.1). Finally, we connect the notion of a Zhang twist of a graded Hopf
algebra with that of a 2-cocycle twist (Proposition 2.3.2).

2.1 Twisting Pairs and Liftings to Hopf Envelopes

We provide some basic properties of twisting pairs introduced in Definition D. As
a consequence of Lemma 2.1.2, for the rest of the paper, whenever we refer to a
twisting pair, it satisfies conditions (P1)–(P4).

Lemma 2.1.1 For a twisting pair (φ1, φ2), the inverse pair (φ−1
1 , φ−1

2 ) is again a
twisting pair.

Proof For a twisting pair (φ1, φ2), it is straightforward to verify

(id⊗φ−1
1 )◦�

(P1)= �◦φ−1
1 , (φ−1

2 ⊗id)◦�
(P1)= �◦φ−1

2 , and ε◦(φ−1
1 ◦φ−1

2 )
(P2)= ε.

Hence, the inverse pair (φ−1
1 , φ−1

2 ) is again a twisting pair.

Lemma 2.1.2 Let (B, m, u, �, ε) be a bialgebra. For any twisting pair (φ1, φ2) of
B, we have the following properties:

(P3) φ1 ◦ φ2 = φ2 ◦ φ1, and
(P4) (φ1 ⊗ φ2) ◦ � = �.

Proof We will use the properties (P1)–(P2) to prove (P3)–(P4). For (P3), we have

φ1 ◦ φ2 = (ε ⊗ id) ◦ � ◦ φ1 ◦ φ2
(P1)= (ε ⊗ id) ◦ (id ⊗ φ1) ◦ � ◦ φ2

(P1)= (ε ⊗ id) ◦ (id ⊗ φ1) ◦ (φ2 ⊗ id) ◦ �

= (ε ⊗ id) ◦ (φ2 ⊗ id) ◦ (id ⊗ φ1) ◦ �
(P1)= (ε ⊗ id) ◦ (φ2 ⊗ id) ◦ � ◦ φ1

(P1)= (ε ⊗ id) ◦ � ◦ φ2 ◦ φ1

= φ2 ◦ φ1.
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For (P4), we first remark that φ1 = (id⊗ε)◦�◦φ1
(P1)= (id⊗ε)◦ (id⊗φ1)◦� =

(id ⊗ (ε ◦ φ1)) ◦ �. Hence,

φ1 = (id ⊗ (ε ◦ φ1)) ◦ �. (2.1.1)

Similarly, we have φ2 = ((ε ◦ φ2) ⊗ id) ◦ �, so that

((ε ◦ φ1)⊗(ε ◦ φ2))◦� = ((ε ◦ φ1 ◦ φ2) ⊗ (ε ◦ φ2 ◦ φ1)) ◦ (φ−1
2 ⊗ φ−1

1 ) ◦ �

(P3)= ((ε ◦ φ1 ◦ φ2) ⊗ (ε ◦ φ1 ◦ φ2)) ◦ (φ−1
2 ⊗ φ−1

1 ) ◦ �

(P1), (P2)= (ε ⊗ ε) ◦ � ◦ φ−1
1 ◦ φ−1

2 = ε ◦ φ−1
1 ◦ φ−1

2
(P2)= ε.

Therefore,
((ε ◦ φ1) ⊗ (ε ◦ φ2)) ◦ � = ε. (2.1.2)

Hence,

(φ1 ⊗ φ2) ◦ �
(2.1.1)= (id ⊗ (ε ◦ φ1) ⊗ (ε ◦ φ2) ⊗ id) ◦ (� ⊗ �) ◦ �

Coassociativity= (id ⊗ (ε ◦ φ1) ⊗ (ε ◦ φ2) ⊗ id) ◦ (id ⊗ � ⊗ id) ◦ (� ⊗ id) ◦ �

(2.1.2)= (id ⊗ ε ⊗ id) ◦ (� ⊗ id) ◦ � = �.

Corollary 2.1.3 The set of all twisting pairs of a bialgebra has a group structure
under component-wise multiplication and inverse.

Proof By Lemma 2.1.1, it is enough to show that the set of twisting pairs is closed
under composition of pairs of morphisms. Suppose (φ1, φ2) and (ϕ1, ϕ2) are two
twisting pairs. We now show that (φ1 ◦ ϕ1, φ2 ◦ ϕ2) is again a twisting pair. For (P1),
we have

(id⊗(φ1◦ϕ1))◦� = (id⊗φ1)◦(id⊗ϕ1)◦�
(P1)= (id⊗φ1)◦�◦ϕ1

(P1)= �◦φ1◦ϕ1 = �◦(φ1◦ϕ1).

Similarly, we have ((φ2 ◦ ϕ2) ⊗ id) ◦ � = � ◦ (φ2 ◦ ϕ2).
For (P2), we can follow the argument for (P3) to get ϕ1 ◦ φ2 = φ2 ◦ ϕ1. Then

ε ◦ φ1 ◦ ϕ1 ◦ φ2 ◦ ϕ2 = ε ◦ φ1 ◦ φ2 ◦ ϕ1 ◦ ϕ2
(P2)= ε ◦ ϕ1 ◦ ϕ2

(P2)= ε.

Next, we provide the notion of winding endomorphisms (see, e.g., [8, §2.5] in
the context of Hopf algebras) and show in Lemma 2.1.6 that for any twisting pair
(φ1, φ2) of a bialgebra B, φ1 and φ2 are uniquely determined by each other as wind-
ing endomorphisms. For any algebra homomorphism π : B → k, let �l[π ] denote
the left winding endomorphism of B defined by

�l[π ] = m ◦ (π ⊗ id) ◦ �, that is, �l[π ](h) =
∑

π(h1)h2, for h ∈ H .
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Similarly, let �r [π ] denote the right winding endomorphism of B defined by

�r [π ] = m ◦ (id ⊗ π) ◦ �, that is, �r [π ](h) =
∑

h1π(h2), for h ∈ H .

If in addition B is a Hopf algebra with antipode S, one can check that the inverse
of �l[π ] is (�l[π ])−1 = �l[π ◦ S] making �l[π ] a winding automorphism. Anal-
ogously, �r [π ] is also a winding automorphism in the case of a Hopf algebra. The
following result shows that twisting pairs of bialgebras (resp. Hopf algebras) are
special pairs of winding endomorphisms (resp. automorphisms).

Lemma 2.1.4 For any algebra endomorphism φ of a bialgebra B, we have the
following:

(1) The map φ satisfies (id ⊗ φ) ◦ � = � ◦ φ if and only if φ is a right winding
endomorphism of B. In this case, we have φ = �r [ε ◦ φ].

(2) The map φ satisfies (φ ⊗ id) ◦ � = � ◦ φ if and only if φ is a left winding
endomorphism of B. In this case, we have φ = �l[ε ◦ φ].

Proof We only show (1) here, and the proof for (2) follows similarly by symmetry.
We first assume that (id ⊗ φ) ◦ � = � ◦ φ. Then we have

φ = id ◦ φ = (id ⊗ ε) ◦ � ◦ φ = (id ⊗ ε) ◦ (id ⊗ φ) ◦ � = (id ⊗ (ε ◦ φ)) ◦ � = �r [ε ◦ φ],
showing that φ is a right winding endomorphism of B. Conversely, suppose φ =

�r [π ] is a right winding endomorphism of B for some algebra homomorphism π :
B → k. Then we have

(id ⊗ φ) ◦ � = (id ⊗ �r [π ]) ◦ � = (id ⊗ id ⊗ π) ◦ (id ⊗ �) ◦ �

= (id ⊗ id ⊗ π) ◦ (� ⊗ id) ◦ �

= � ◦ (id ⊗ π) ◦ � = � ◦ �r [π ] = � ◦ φ.

Remark 2.1.5 Let (φ1, φ2) be a pair of algebra endomorphisms, not necessarily auto-
morphisms, of a Hopf algebra H satisfying (P1)–(P2). By Lemma 2.1.4, φ1 and φ2
are winding endomorphisms of H ; and hence they are automorphisms with inverses

φ−1
1 = �r [ε ◦ φ1 ◦ S] and φ−1

2 = �l[ε ◦ φ2 ◦ S].
Therefore, (φ1, φ2) is a twisting pair of H .

Lemma 2.1.6 For any twisting pair (φ1, φ2) of a bialgebra B, we have

φ±1
1 = �r [ε ◦ φ∓1

2 ] and φ±1
2 = �l[ε ◦ φ∓1

1 ].
Moreover, for any algebra automorphism φ of B satisfying�◦φ = (id⊗φ)◦� (resp.
� ◦ φ = (φ ⊗ id) ◦ �), the pair of maps (φ, �l[ε ◦ φ−1]) (resp. (�r [ε ◦ φ−1], φ)) is
a twisting pair of B.

1466



Twisting of Graded Quantum Groups and Solutions...

Proof It follows from (P4) and Corollary 2.1.3 that

φ±1
1 = (φ±1

1 ⊗ ε) ◦ � = (id ⊗ (ε ◦ φ∓1
2 )) ◦ (φ±1

1 ⊗ φ±1
2 ) ◦ �

= (id ⊗ (ε ◦ φ∓1
2 )) ◦ � = �r [ε ◦ φ∓1

2 ].
One can argue for φ±1

2 similarly.
Now suppose φ is an algebra automorphism of B satisfying � ◦φ = (id⊗φ) ◦�.

We remark that in this case also �◦φ−1 = (id⊗φ−1)◦�. Denote φ′ = �l[ε ◦φ−1].
We check that (φ, φ′) is a twisting pair of B by verifying the conditions in Definition
D.

For (P1), we have

� ◦ φ′ = � ◦ ((ε ◦ φ−1) ⊗ id) ◦ � = ((ε ◦ φ−1) ⊗ id ⊗ id) ◦ (id ⊗ �) ◦ �

= ((ε ◦ φ−1) ⊗ id ⊗ id) ◦ (� ⊗ id) ◦ �

= (((ε ◦ φ−1) ⊗ id) ◦ �) ⊗ id) ◦ � = (φ′ ⊗ id) ◦ �.

And for (P2), we have

ε ◦ φ ◦ φ′ = ε ◦ φ ◦ ((ε ◦ φ−1) ⊗ id) ◦ � = ((ε ◦ φ−1) ⊗ ε) ◦ (id ⊗ φ) ◦ �

= ((ε ◦ φ−1) ⊗ ε) ◦ � ◦ φ

= ((ε ◦ φ−1) ⊗ id) ◦ (id ⊗ ε) ◦ � ◦ φ = ε ◦ φ−1 ◦ φ = ε.

A similar argument may be used for the case when � ◦ φ = (φ ⊗ id) ◦ �.

Theorem 2.1.7 Let (B, m, u, �, ε) be a bialgebra. Then any twisting pair of B is
given by

(
�r [π1], �l[π2]

)
,

where π1, π2 : B → k are two algebra homomorphisms satisfying (π2 ⊗ π1) ◦ � =
(π1 ⊗ π2) ◦ � = ε. Moreover, if B is a Hopf algebra with antipode S, then we have
π1 = π2 ◦ S and π2 = π1 ◦ S.

Proof According to Lemmas 2.1.4 and 2.1.6, any twisting pair of B is given by
(�r [π1], �l[π2]) for two algebra homomorphisms π1, π2 : B → k. We now claim
that (i) (P2) holds if and only if (π2 ⊗ π1) ◦ � = ε, and (ii) (P4) holds if and only if
(π1 ⊗ π2) ◦ � = ε. For b ∈ B, we have

(ε ◦ φ1 ◦ φ2)(b) =
∑

ε ◦ φ1(π2(b1)b2)

=
∑

ε(π2(b1)b2π1(b3))

=
∑

π2(b1ε(b2))π1(b2)

=
∑

π2(b1)π1(b2)

= ((π2 ⊗ π1) ◦ �)(b).
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Claim (i) follows. To prove (ii), suppose on the one hand that (π1 ⊗ π2) ◦ � = ε.
Then note that

((φ1 ⊗ φ2) ◦ �)(b) =
∑

(φ1 ⊗ φ2)(b1 ⊗ b2)

=
∑

(b1π1(b2) ⊗ π2(b3)b4)

=
∑

((b1 ⊗ b4) · (π1(b2) ⊗ π2(b3))

=
∑

((b1 ⊗ b3) · ε(b2))

=
∑

b1 ⊗ ε(b2)b3

= �(b)

for all b ∈ B, which shows that (P4) holds. For the other direction, assume (P4)
holds, in other words,

∑
b1π1(b2) ⊗ π2(b3)b4 = ∑

b1 ⊗ b2

for all b ∈ B. Applying ε ⊗ ε to both sides, we obtain
∑

ε(b1)π1(b2)π2(b3)ε(b4) = ε(b),

from which it follows that
∑

π1(b1)π2(b2) = ε(b)

for all b ∈ B, in other words, (π1 ⊗ π2) ◦ � = ε. This shows (ii).
It remains to show that �r [π1] and �l[π2] are algebra automorphisms of B, which

follows from (�r [π1])−1 = �r [π2] and (�l[π2])−1 = �l[π1].
Furthermore, supposeB is a Hopf algebra with antipode S. Then (π2⊗π1)◦� = ε

if and only if π2 ∗ π1 = uε in Endk(B) with respect to the convolution product ∗.
Since π1 ◦ S is the two-sided inverse of π1 with respect to ∗, we get π2 = π1 ◦ S and
similarly π1 = π2 ◦ S.

Remark 2.1.8 As a consequence of the previous result, if B is a bialgebra satisfying
the twisting conditions (T1)–(T2), then any twisting pair of B naturally preserves the
algebra grading of B.

Example 2.1.9 Here we give some examples of twisting pairs of various Hopf alge-
bras in view of Theorem 2.1.1. More examples will be considered in depth in
Sections 3 and 4.

(1) Let G be any algebraic group over k, and denote by O(G) its coordinate ring.
Suppose π : O(G) → k is any algebra homomorphism. Then, ker(π) is a max-
imal ideal ofO(G) of codimension one which corresponds to a group element g
of G. Moreover, the winding automorphisms �r [π ] and �l[π ] are indeed alge-
bra automorphisms of O(G) induced by the right and left translation on G by
g, which we denote by rg and 
g , respectively. One further checks that if there
are two algebra homomorphisms π1, π2 : O(G) → k, then π1 = π2 ◦ S if and
only if the group elements in G given by π1 and π2 are inverse to each other.
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Therefore, for any g ∈ G,
(
rg, 
g−1

)
is a twisting pair for O(G), and moreover

every twisting pair of O(G) has this form.
(2) Let F ∈ GLn(k). The universal cosovereign Hopf algebra H(F) introduced by

Bichon in [3] is the algebra with generatorsU = (uij )1≤i,j≤n,V = (vij )1≤i,j≤n

and relations

UV
T = In = V

T
U and VFU

T F−1 = In = FU
T F−1

V.

Here, we denote the matrix transpose by (−)T . The Hopf algebra structure of
H(F) is given by

�(uij ) =
∑

1≤k≤n

uik ⊗ ukj , �(vij ) =
∑

1≤k≤n

vik ⊗ vkj ,

ε(uij ) = δij = ε(vij ),

S(U) = V
T , S(V) = FU

T F−1.

It is immediate that any algebra homomorphism π : H(F) → k is given by a
pair of invertible matrices A, B ∈ GLn(k) such that π(U) = A and π(V) = B

satisfying

ABT = In = BT A and BFAT F−1 = In = FAT F−1B.

This yields that B = (A−1)T and FAT = AT F . As a consequence, every
twisting pair (φ1, φ2) of H(F) is given by

φ1(U) = UA, φ1(V) = V(A−1)T ; φ2(U) = A−1
U, φ2(V) = AT

V,

for some A ∈ GLn(k) that commutes with FT .
(3) Let H be any cocommutative Hopf algebra over an algebraically closed field

k of characteristic zero. By the Cartier-Gabriel-Kostant Theorem [24, §5.6],
H ∼= U(g)#k[G] where the smash product is constructed from the action of the
group algebra k[G] on the universal enveloping algebra U(g), for some group
G and Lie algebra g. Any algebra homomorphism π : U(g)#k[G] → k is
given by a pair of characters (ρ, χ), where ρ : g → k and χ : G → k× are
associated with some one-dimensional representations of the Lie algebra g and
the group G, respectively. Moreover, we have π(g) = ρ(g) and π(G) = χ(G),
where ρ is constant on G-orbits of g. Therefore, any twisting pair (φ1, φ2) of
U(g)#k[G] is given by

φ1(x) = x+ρ(x), φ1(g) = χ(g)g; φ2(x) = x−ρ(x), φ2(g) = χ(g)−1g,

for any x ∈ g and any g ∈ G for such a pair of characters (ρ, χ). One observes
that for any twisting pair (φ1, φ2) of a cocommutative Hopf algebra H , we
always have φ1 ◦ φ2 = id.

Next, we aim to lift the twisting of a bialgebra to that of a Hopf algebra through
the construction of a Hopf envelope. To that end, we examine here how a twisting
pair of B can be lifted to a twisting pair of its Hopf envelope. It is well-known that
the forgetful functor from the category of Hopf algebras to the category of bialgebras
has a left adjoint. That is, for a bialgebra B, there exists a Hopf envelope of B which
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is a Hopf algebra, denoted by H(B), together with a bialgebra map iB : B → H(B)

satisfying the following universal property: for any Hopf algebra H together with a
bialgebra map φ : B → H , there exists a unique Hopf algebra map f : H(B) → H

such that the following diagram commutes:

We use the explicit construction of the Hopf envelopeH(B) given by Takeuchi in
[32]. First, we consider the bialgebra B = k〈V 〉/(R), where V is a k-vector space.
Here, the comultiplication � and counit ε of B are induced from the free algebra via
� : k〈V 〉 → k〈V 〉 ⊗ k〈V 〉 and ε : k〈V 〉 → k as algebra maps. In particular, R is a
bi-ideal such that

�(R) ⊆ R ⊗ k〈V 〉 + k〈V 〉 ⊗ R and ε(R) = 0.

We denote infinitely many copies of the generating space V as {V (i) = V }i≥0 and
consider the free algebra

T := k〈 ⊕i≥0V
(i)〉. (2.1.3)

Let S be the anti-algebra map on T with S(V (i)) = V (i+1) for any i ≥ 0. Both
algebra maps � : k〈V 〉 → k〈V 〉 ⊗ k〈V 〉 and ε : k〈V 〉 → k extend uniquely to T

as algebra maps via S(12)(S ⊗ S) ◦ � = � ◦ S and ε ◦ S = ε, which we still denote
by � : T → T ⊗ T and ε : T → k accordingly. Here, S(12) is the flip map on the
2-fold tensor product. One can check that the Hopf envelope of B has a presentation

H(B) = T/W,

where the ideal W is generated by

Si(R), (m ◦ (id ⊗ S) ◦ � − u ◦ ε)(V (i)),

and (m ◦ (S ⊗ id) ◦ � − u ◦ ε)(V (i)), for all i ≥ 0. (2.1.4)

One can check that W is a Hopf ideal of T , and so the Hopf algebra structure maps
�, ε, and S of T give a Hopf algebra structure on T/W . Finally, the natural bialgebra
map iB : B → H(B) is given by the natural embedding k〈V 〉 ↪→ T by identifying
V = V (0).

Lemma 2.1.10 Let B be a bialgebra satisfying the twisting conditions (T1)–(T2).
The following hold:

(1) Its Hopf envelopeH(B) also satisfies the twisting conditions (T1)–(T2).
(2) The natural bialgebra map iB : B → H(B) preserves the algebra gradings.
(3) Let S be the antipode of H(B). Then we have S(H(B)n) ⊆ H(B)−n for any

n ∈ Z.

Proof Suppose B satisfies (T1) and (T2). In particular, B is Z-graded. Then, in the
presentation of B = k〈V 〉/(R), we may choose V to be a graded vector space and
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R a homogeneous ideal in the free algebra k〈V 〉 with internal grading. We con-
struct the Hopf envelope H(B) as above and set deg S(vi) = −deg(vi) inductively
for all homogeneous vi ∈ V (i) and i ≥ 0. Then it follows that T = ⊕

n∈Z Tn

in (2.1.3) is again graded by internal grading (also called Adam’s grading, induced
from the grading of B). Moreover, we may check that the comultiplication � : T →
T ⊗ T satisfies �(Tn) ⊆ Tn ⊗ Tn. As a consequence, W is generated by homo-
geneous elements in T . Hence H(B) = T/W satisfies all the requirements in the
statement.

As a consequence, we introduce an additional twisting condition (T3) for any Hopf
algebra.

Corollary 2.1.11 Let H = ⊕
n∈Z Hn be any Hopf algebra satisfying (T1)-(T2).

Then H satisfies:

(T3) S(Hn) ⊆ H−n for any n ∈ Z.

Proof If H is a Hopf algebra satisfying (T1) and (T2), then its Hopf envelope sat-
isfies (T1)–(T3) by Lemma 2.1.9. By Lemma 2.1.9 (2) and the universal property,
H(H) is isomorphic to H as bialgebras via iH preserving the algebra grading. Hence
any Hopf algebra satisfying (T1) and (T2) also satisfies (T3).

Example 2.1.12 For any n-dimensional vector space V over k and any integerm ≥ 2,
the universal quantum group H(e), defined for a preregular form e : V ⊗m → k
with generators (aij )1≤i,j≤n, (bij )1≤i,j≤n and D±1, was studied in [5, 10]. By setting
deg(aij ) = 1, deg(bij ) = −1 and deg(D±1) = ±n, it is straightforward to check that
H(e) satisfies the twisting conditions (T1)–(T3). In later sections, we study in detail
some other classes of (universal) quantum groups that also satisfy (T1)–(T3).

We now show that any twisting pair of a bialgebra gives rise to a twisting pair of
its Hopf envelope.

Proposition 2.1.13 Any twisting pair of a bialgebra B can be extended uniquely to
a twisting pair of its Hopf envelope H(B). Moreover, any twisting pair of H(B) is
obtained from some twisting pair of B in such a way.

Proof In view of Theorem 2.1.1, it suffices to show that any two algebra homo-
morphisms π1, π2 : B → k satisfying (π2 ⊗ π1) ◦ � = (π1 ⊗ π2) ◦ � = ε

can be uniquely extended to algebra homomorphisms H(π1),H(π2) : H(B) → k
satisfying (H(π2) ⊗ H(π1)) ◦ � = (H(π1) ⊗ H(π2)) ◦ � = ε.

Recall the explicit construction of H(B) given above as H(B) = T/W , where
B = k〈V 〉/(R), T = k〈⊕i≥0V

(i)〉, and W is an ideal generated by (2.1.4). In par-
ticular, the antipode of H(B) is induced by the anti-algebra map S on T given by
S(V (i)) = V (i+1) for all i ≥ 0.
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For j ∈ {1, 2}, we first lift πj : B → k to an algebra homomorphism π̃j :
k〈V 〉 → k. Note that any lifting of πj from B to H(B) is determined by the lifting
of π̃j from k〈V 〉 to T . The latter lifting is unique if we require that

π̃j = π̃j+1 ◦ S, (2.1.5)

where the subscripts for πj ’s are indexed as 1,2 (modulo 2). We still denote such a
lifting by π̃j : T → k.

It remains to show that π̃j (W) = 0 in view of (2.1.4). Since the relation space
R ⊆ k〈V 〉 vanishes under π̃j , one can show inductively that π̃j (S

i(R)) = 0 for all
i ≥ 0. Moreover, we show inductively that

π̃j

(
(m ◦ (id ⊗ S) ◦ � − u ◦ ε)(V (i))

)
= π̃j

(
(m ◦ (S ⊗ id) ◦ � − u ◦ ε)(V (i))

)
= 0

for all i ≥ 0. When i = 0, we have

π̃j ((m ◦ (id ⊗ S) ◦ � − u ◦ ε)(V ))

= (m ◦ (π̃j ⊗ (π̃j ◦ S)) ◦ � − π̃j ◦ u ◦ ε)(V )

= (m ◦ (π̃j ⊗ π̃j+1) ◦ � − πj ◦ u ◦ ε)(V )

= (m ◦ (π̃j ⊗ π̃j+1) ◦ � − u ◦ ε)(V )

= (m ◦ (πj ⊗ πj+1) ◦ � − u ◦ ε)(V )

= (u ◦ ε − u ◦ ε)(V ) = 0.

In the second to last equation above, we use our assumption (πj ⊗ πj+1) ◦ � = ε.
By induction, assume the statements hold for i, we have

π̃j

(
(m ◦ (id ⊗ S) ◦ � − u ◦ ε)(V (i+1))

)

= π̃j

(
(m ◦ (id ⊗ S) ◦ � − u ◦ ε)(S(V (i)))

)

= π̃j

(
(m ◦ (id ⊗ S) ◦ (S ⊗ S) ◦ S(12) ◦ � − u ◦ ε ◦ S)(V (i))

)

= π̃j

(
(m ◦ (S ⊗ S) ◦ S(12) ◦ (S ⊗ id) ◦ � − S ◦ u ◦ ε)(V (i))

)

= (π̃j ◦ S)
(
(m ◦ (S ⊗ id) ◦ � − u ◦ ε)(V (i))

)

= π̃j+1

(
(m ◦ (S ⊗ id) ◦ � − u ◦ ε)(V (i))

)
= 0.

Similarly, one can show that π̃j

(
(m ◦ (S ⊗ id) ◦ � − u ◦ ε)(V (i+1))

) = 0. Hence
π̃j (W) = 0 and it yields a well-defined algebra homomorphism H(πj ) : H(B) =
T/W → k. By our construction, it is clear that (H(π1),H(π2)) are unique exten-
sions of (π1, π2) satisfying (H(π2) ⊗H(π1)) ◦ � = (H(π1) ⊗H(π2)) ◦ � = ε and
every such pair of H(B) arises in this way.

Remark 2.1.14 We wish to consider the Zhang twist of H(B) by H(φ1) ◦ H(φ2) in
Theorem 2.3.1. Before doing so, we remark the following from Proposition 2.1.12

(1) For the twisting pair (H(φ1),H(φ2)) of H(B), the composition H(φ1 ◦ φ2) =
H(φ1) ◦ H(φ2) is a Hopf algebra automorphism ofH(B).
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(2) If B satisfies the twisting conditions, then its Hopf envelopeH(B) also satisfies
the twisting conditions. So any twisting pair (φ1, φ2) of B extends uniquely to
H(B) preserving its algebra grading.

2.2 Zhang Twists and Liftings to Hopf Envelopes

The notion of a twist of a Z-graded algebra was first introduced in [2, Section 8].
Using the more general notion of twisting systems, Zhang proved in [37] that for two
N-graded algebras A and B generated in degree one, A is isomorphic to a twisted
algebra of B if and only if the graded module categories of A and B are equivalent.

Definition 2.2.1 Let A be a Z-graded algebra and φ be a graded automorphism of A.
The right Zhang twist Aφ of A by φ is the algebra that coincides with A as a graded
k-vector space, with the twisted (or deformed) multiplication

r ∗φ s = rφ|r|(s), for any homogeneous elements r, s ∈ A.

Here we denote the grading degree of r by |r|. Similarly, the left Zhang twist φA of
A by φ is defined with the twisted multiplication

r ∗φ s = φ|s|(r)s, for any homogeneous elements r, s ∈ A.

When the context is clear, we may omit the subscript in the twisted multiplication ∗φ .

For A and φ as in Definition 2.2.1, the left and right Zhang twist of A by φ is again
a graded associative algebra [37, Proposition 4.2]. Furthermore, there is a natural
isomorphism Aφ ∼= φ−1

A given by the identity on sets [20, Lemma 4.1]. Zhang twists
may be defined in the more general setting of an algebra graded by a semigroup by
considering twisting systems [37]. In the case of a Z-graded algebra, such a twisting
system arises from a single algebra automorphism of the associated Z-algebra [31,
Proposition 4.2].

In this paper, we consider Zhang twists on bialgebras (resp. Hopf algebras), but
one should note that Zhang twists only deform the algebra structure. With this in
mind, we let B be a Z-graded bialgebra (resp. Hopf algebra). We say that an endo-
morphism φ ∈ Endk(B) is a graded bialgebra automorphism (resp. graded Hopf
algebra automorphism) of B if it is a bialgebra (resp. Hopf algebra) automorphism
of B while preserving the grading of B, that is, φ(Bn) ⊆ Bn for all n ∈ Z. In what
follows, we prove that the right Zhang twist Bφ of a graded bialgebra (resp. Hopf
algebra) B is again a graded bialgebra (resp. Hopf algebra) under the twisting condi-
tions (T1)–(T2). Similar results can be proved for the left Zhang twist φB by using
the fact that φB ∼= Bφ−1

.

Proposition 2.2.2 Suppose B is a bialgebra satisfying the twisting conditions (T1)–
(T2). Then we have the following.

(1) For any graded bialgebra automorphism φ of B, the Zhang twist Bφ together
with the coalgebra structure of B is again a bialgebra satisfying the twisting
conditions (T1)–(T2).
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(2) If in addition B is a Hopf algebra with antipode S and φ is any graded Hopf
algebra automorphism of B, then Bφ is again a Hopf algebra satisfying the
twisting conditions (T1)–(T2), whose antipode is given by Sφ(r) = φ−|r|S(r),
for all homogeneous elements r ∈ Bφ .

Proof (1): By definition, Bφ is a graded algebra with the natural grading Bφ =⊕
i∈Z Bi . Endow Bφ with the same coalgebra structure as B. To show that Bφ is

a bialgebra, it suffices to show that � and ε are algebra maps with respect to the
deformed multiplication ∗. Since φ is a bialgebra automorphism of B preserving its
degrees, we have

(φ ⊗ φ) ◦ � = � ◦ φ and ε ◦ φ = ε. (2.2.1)

Thus, for any homogeneous elements r, s ∈ B,

�(r ∗ s) = �(rφ|r|(s)) = �(r)�(φ|r|(s)) =
∑

r1φ
|r|(s)1 ⊗ r2φ

|r|(s)2
(2.2.1), (T2)=

∑
r1φ

|r1|(s1) ⊗ r2φ
|r2|(s2) =

∑
r1 ∗ s1 ⊗ r2 ∗ s2 = �(r) ∗ �(s),

and

ε(r ∗ s) = ε(rφ|r|(s)) = ε(r)ε(φ|r|(s)) (2.2.1)= ε(r)ε(s) = ε(r) ∗ ε(s).

Therefore,Bφ is a bialgebra as desired and still satisfies the twisting conditions (T1)–
(T2).

(2): Suppose B is a Hopf algebra satisfying the twisting conditions. By (1), Bφ is
a bialgebra satisfying the twisting conditions (T1)–(T2). It remains to show that Bφ

has an antipode. We define a map Sφ : Bφ → Bφ by Sφ(r) = φ−|r|(S(r)) for all
homogeneous element r ∈ Bφ , where S is the original antipode map of B. Observe
that Sφ is k-linear. For any r ∈ Bφ , we have

∑
Sφ(r1) ∗ r2 =

∑
φ−|r1|(S(r1)) ∗ r2 =

∑
φ−|r1|(S(r1))φ

|S(r1)|(r2)

=
∑

φ|S(r1)|(φ−|S(r1)| ◦ φ−|r1|(S(r1))r2)
(T3)=

∑
φ|S(r1)|(ε(r)) = ε(r),

and

∑
r1 ∗ Sφ(r2) =

∑
r1 ∗ φ−|r2|(S(r2)) =

∑
r1φ

|r1|(φ−|r2|(S(r2)))
(T2)=

∑
r1S(r2) = ε(r).

Hence, Sφ is the antipode of Bφ , so that (Bφ, ∗ , �, Sφ) is a Hopf algebra.

Let H be a Hopf algebra satisfying the twisting conditions (T1)–(T2). We denote
by Gr-H the category of graded left H -modules. One can check that Gr-H is a
monoidal category, with the Hadamard product ⊗ of two graded H -modules M =⊕

n∈Z Mn and N = ⊕
n∈Z Nn defined by

(
M ⊗ N

)
n

:= Mn ⊗ Nn,
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where the leftH -module structure is given via the comultiplication�. The unit object
in Gr-H is 1 = ⊕

n∈Z k, a direct sum of copies of k. In particular, if M is locally
finite, then M has a dual given by

M∗ =
⊕

n∈Z
(Mn)

∗ =
⊕

n∈Z
Homk(Mn,k),

where the left H -action on the k-dual (Mn)
∗ is given by (h · f )(x) = f (S(h) · x),

for any x ∈ Mn+m, f ∈ (Mn)
∗ and h ∈ Hm. Moreover, the evaluation map ev :

M∗ ⊗ M → 1 and coevaluation map coev : 1 → M ⊗ M∗ are defined component-
wise using natural maps (Mn)

∗ ⊗Mn → k and k → Mn ⊗ (Mn)
∗. See [17] for more

background on tensor categories.
For any graded Hopf algebra automorphism φ of H , by a left-version of Proposi-

tion 2.2.2 (2) the left Zhang twistφH is again a Hopf algebra satisfying the twisting
conditions (T1)–(T2). Its graded module category Gr- φH is a monoidal category
as well. Our next result extends the well-known equivalence of graded module
categories between Zhang twists, given by Zhang in [37], to their monoidal versions.

Proposition 2.2.3 Let H be a Hopf algebra satisfying the twisting conditions (T1)–
(T2). For any graded Hopf algebra automorphism φ of H , the monoidal categories
Gr-H and Gr- φH are equivalent.

Proof By [2, Corollary 8.5], Gr-H and Gr- φH are equivalent as graded module cat-
egories via the equivalence F : Gr-H → Gr- φH which is defined in the following
way. Let M = ⊕

n∈Z Mn be a graded H -module. Then F(M) := M as a graded
vector space, and the new twisted H -action is given by h ·φ m = φ|m|(h) · m, for any
m ∈ M and h ∈ H . It remains to verify that F preserves the monoidal structure, that
is, F(M⊗N) ∼= F(M)⊗F(N) in Gr- φH for two graded H -modules M and N . For
any m ∈ Mt , n ∈ Nt , where t ∈ Z, and h ∈ H , we have

h ·φ (m ⊗ n) = φt (h) · (m ⊗ n) = �(φt (h)) · (m ⊗ n) = (φt ⊗ φt )(�(h)) · (m ⊗ n)

=
∑

(φt (h1) · m) ⊗ (φt (h2) · n) =
∑

(h1 ·φ m) ⊗ (h2 ·φ n).

Then it is clear to see the equivalence functor F : Gr-H → Gr- φH extends to a
monoidal equivalence.

Let iB : B → H(B) be the natural bialgebra map. For any graded bialgebra
automorphism ψ of B, the universal property of the Hopf envelope implies that there
is a unique graded Hopf algebra automorphism ofH(B), denoted byH(ψ), such that
the following diagram commutes:

(2.2.2)
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As a consequence, we can show that

H(−) : Autgrbi(B) → AutgrHopf(H(B)) (2.2.3)

is a group homomorphism from the group of graded bialgebra automorphisms of B

to the group of graded Hopf algebra automorphisms ofH(B). Since ψ andH(ψ) are
both graded automorphisms of their respective algebras, we may consider the Zhang
twists Bψ and H(B)H(ψ). By Proposition 2.2.2 and Lemma 2.1.9, Bψ is a bialgebra
and H(B)H(ψ) is a Hopf algebra, respectively.

Lemma 2.2.4 There exists a bialgebra map iψ : Bψ → H(B)H(ψ) that is equal to
iB : B → H(B) as a map of vector spaces.

Proof By our constructions, it is clear that Bψ = B and H(B)H(ψ) = H(B) as
coalgebras. Thus the original bialgebra map iB : B → H(B) induces a coalgebra
map iψ : Bψ → H(B)H(ψ) preserving the gradings. It remains to be shown that iψ
is also a graded algebra map, which follows from

iψ(x ∗ψ y) = iB(xψ |x|(y))
(2.2.2)= iB(x)iB(ψ |x|(y))

= iB(x)H(ψ)|iB (x)|(iB(y)) = iψ(x) ∗H(ψ) iψ(y),

for homogeneous elements x, y ∈ Bψ , and the fact that iB preserves the identity.

Our next goal is to show that H(B)H(ψ) is the Hopf envelope of Bψ . For
simplicity, we write

θ := H(ψ) : H(B) → H(B).
Denote the Hopf envelope of Bψ by H(Bψ), together with the bialgebra map iBψ :
Bψ → H(Bψ). By Lemma 2.2.4 and the universal property of H(Bψ), we have
a unique Hopf algebra map f : H(Bψ) → H(B)θ making the following diagram
commute:

(2.2.4)
Note that ψ and ψ−1 : B → B are also graded algebra automorphisms of Bψ

since

ψ(x ∗ψ y) = ψ(xψ |x|(y))= ψ(x)ψ |x|+1(y)= ψ(x)ψ |ψ(x)|+1(y)= ψ(x) ∗ψ ψ(y),

for any homogeneous elements x, y of B. Using this, we obtain from the univer-
sal property of H(Bψ) a Hopf automorphism θ̂ := H(ψ−1) : H(Bψ) → H(Bψ)

making the following diagram commute:

(2.2.5)
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Lemma 2.2.5 Let B, ψ, θ, θ̂ , f be as in the above discussion. As Hopf algebra maps
H(Bψ) → H(B)θ , we have θ ◦ f ◦ θ̂ = f .

Proof The following diagram commutes by the definition and universal property of
Hopf envelopes:

The triangle and the leftmost square follow from (2.2.4) and (2.2.5), respectively.
The rightmost square commutes, since it is equal (as a diagram of vector spaces and
linear maps) to (2.2.2). One can see that θ ◦ f ◦ θ̂ ◦ iBψ = iψ ◦ ψ ◦ ψ−1 = iψ . By
the universal property of Hopf envelopes in (2.2.4), we have θ ◦ f ◦ θ̂ = f .

Corollary 2.2.6 The map f induces a Hopf algebra map H(Bψ)θ̂ → H(B).

Proof We use · for the multiplications in both H(Bψ) and H(B), and ∗ for the mul-

tiplications in H(Bψ)θ̂ and H(B)θ . Using Lemma 2.2.5, for homogeneous elements

x, y ∈ H(Bψ)θ̂ , we have

f (x ∗y) = f (x · θ̂ |x|(y)) = f (x)∗f θ̂ |x|(y) = f (x) ·θ |f (x)|f θ̂ |x|(y) = f (x) ·θ |x|f θ̂ |x|(y) = f (x) ·f (y).

The following result can also be proved directly by using the explicit construction
of the Hopf envelope.

Theorem 2.2.7 Let B be a bialgebra satisfying the twisting conditions (T1)–(T2).
For any graded bialgebra automorphism ψ of B, we have the following Hopf algebra
isomorphism:

H(Bψ) ∼= H(B)H(ψ).

Proof We show that the map f constructed above is an isomorphism of Hopf alge-

bras H(Bψ)
∼=−→ H(B)θ by producing an inverse to f . Here again, by the universal

property of H(B), there is a unique Hopf algebra map g making the diagram below
commute:

1477



H. Huang et al.

By the fact that (Bψ)ψ
−1 ∼= B and by Lemma 2.2.4, i is a map of bialgebras B ∼=

(Bψ)ψ
−1 → H(Bψ)θ̂ induced by iBψ : Bψ → H(Bψ). Now using Corollary 2.2.6,

we obtain the commutative diagram:

The universal property of H(B) forces f ◦ g = id. The argument for g ◦ f = id
is symmetric. By the same argument as Corollary 2.2.6, g is a Hopf algebra map
H(B)θ → H(Bψ).

2.3 Zhang Twists vs. 2-Cocycle Twists of Hopf Algebras

For a Hopf algebra H , there is another way of deforming the multiplicative structure.
This twist, called a 2-cocycle twist, is defined by a 2-cocycle σ ∈ Homk(H ⊗H,k),
see [12, 14, 25]. We now relate the above discussion of Zhang twists to the 2-cocycle
twists of Hopf algebras to provide a partial answer to Question A.

We first recall some background on 2-cocycle twists. Let H be a Hopf algebra.
A left H-Galois object is a left H -comodule algebra A �= 0 such that if α : A →
H ⊗ A denotes the coaction of H on A, the linear map defined by the following
composition

is an isomorphism of vector spaces, where m : A ⊗ A → A is the multiplication
map of A. A right H-Galois object can be defined in an analogous way. If K is
another Hopf algebra, then an (H, K)-biGalois object is anH -K-bicomodule algebra
which is both a left H -Galois object and a right K-Galois object. A classical result
of Schauenburg [29] states that two Hopf algebras are Morita-Takeuchi equivalent
(or their comodule categories are monoidally equivalent) if and only if there exists a
biGalois object between them.

There is an important class of Hopf-Galois objects, called cleft [4]. A right H-cleft
object is a right H -comodule algebra A which admits an H -comodule isomorphism
φ : H

∼−→ A that is also invertible with respect to the convolution product. Such a map
φ can be chosen so that it preserves the unit; in this case, φ is called a section. A right
H -cleft object is a right H -Galois object that admits an H -comodule isomorphism
φ : H

∼−→ A. Given another Hopf algebra K , a left K-cleft object and a (K, H)-bicleft
object are defined analogously.

Cleft objects can be constructed from 2-cocycles as follows: A 2-cocycle on a
Hopf algebra H is a convolution invertible linear map σ : H ⊗ H → k satisfying

∑
σ(x1, y1)σ (x2y2, z) =

∑
σ(y1, z1)σ (x, y2z2) and

σ(x, 1) = σ(1, x) = ε(x),
(2.3.1)
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for all x, y, z ∈ H . The set of all 2-cocycles on H is denoted by Z2(H). The
convolution inverse of σ , denoted by σ−1, satisfies

∑
σ−1(x1y1, z)σ

−1(x2, y2) =
∑

σ−1(x, y1z1)σ
−1(y2, z2) and

σ−1(x, 1) = σ−1(1, x) = ε(x),
(2.3.2)

for all x, y, z ∈ H . Given a pair (A, φ), consisting of a rightH -cleft objectA together
with a section φ : H

∼−→ A, consider the linear map σ defined on H ⊗ H by

σ(x, y) :=
∑

φ(x1)φ(y1)φ(x2y2), (2.3.3)

for any x, y ∈ H , where φ is the convolution inverse of φ. Then σ takes values in
k = AcoH , and is a 2-cocycle on H [13, Theorem 11]. Moreover, letσ H denote the
right H -comodule algebra H endowed with the original unit and deformed product

x ·σ y =
∑

σ(x1, y1)x2y2,

for any x, y ∈ σ H . Then we have an isomorphism σ H
∼−→ A via y �→ φ(y)

as H -comodule algebras. Indeed, every right H -cleft object arises in this way
[23, Proposition 1.4]. Similarly, we can define the left H -comodule algebra Hσ−1 by
using the convolution inverse of any 2-cocycle σ on H . Again, every left H -cleft
object arises in this way.

Given a 2-cocycle σ : H ⊗H → k, let Hσ denote the coalgebra H endowed with
the original unit and deformed product

x ∗σ y :=
∑

σ(x1, y1) x2y2 σ−1(x3, y3).

By [12], Hσ is a bialgebra and is indeed a Hopf algebra with the deformed antipode
Sσ given in [12, Theorem 1.6]. We call Hσ the 2-cocycle twist of H by σ . It is well-
known that two Hopf algebras are 2-cocycle twists of each other if and only if there
exists a bicleft object between them (e.g., see [29]).

Proposition 2.3.1 Let H be a Hopf algebra satisfying the twisting conditions
(T1)–(T2). Let Hφ be a right Zhang twist of H by a graded algebra automorphism φ.

(1) Suppose �◦φ = (φ ⊗ id)◦�. Then Hφ ∼=σ H is right H -cleft with a 2-cocycle
σ : H ⊗H → k given by σ(x, y) = ε(x)ε(φ|x|(y)), for homogeneous elements
x, y ∈ H .

(2) Suppose �◦φ = (id⊗φ)◦�. Then Hφ ∼= Hσ−1 is left H -cleft with a 2-cocycle
convolution inverse σ−1 : H ⊗ H → k given by σ−1(x, y) = ε(x)ε(φ|x|(y)),
for homogeneous elements x, y ∈ H .

Proof We prove part (1), and part (2) follows in a similar way. We first show that
Hφ is a right Galois object. Note that Hφ ∼= H , as graded vector spaces. As a result,
the comultiplication � : H → H ⊗ H gives Hφ a right H -comodule structure via
�φ : Hφ → Hφ ⊗ H . If � ◦ φ = (φ ⊗ id) ◦ �, then

�(x ∗ y) = �(xφ|x|(y)) = �(x)�(φ|x|(y)) = �(x)(φ|x| ⊗ id)�(y)

=
∑

x1φ
|x1|(y1) ⊗ x2y2 = �φ(x)�φ(y),
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for any homogeneous elements x, y ∈ Hφ , so Hφ is a right H -comodule algebra.
Now, it can be checked that the map used in the definition of a right H -Galois object

Hφ ⊗ Hφ id⊗�φ−−−−→ Hφ ⊗ Hφ ⊗ H
m⊗id−−−→ Hφ ⊗ H,

given by x ⊗ y �→ ∑
xφ|x|(y1) ⊗ y2, is bijective with inverse x ⊗ y �→∑

xφ|x|−|y|(S(y1))⊗ y2, where S is the antipode of H . Thus Hφ is a right H -Galois
object. Moreover, the identity map H = Hφ is an isomorphism of right H -modules.
Therefore, we conclude that Hφ is cleft [13, Theorem 9].

In fact, the H -comodule isomorphism φ : H → Hφ is indeed invertible with
respect to the convolution product in Homk(H, Hφ) with inverse φ given by

φ(x) = φ1−|x|(S(x)),

for any homogeneous element x ∈ H . Then by (2.3.3), the 2-cocycle σ : H⊗H → k
associated with the H -cleft object Hφ is given by

σ(x, y) =
∑

φ(x1) ∗ φ(y1) ∗ φ(x2y2)

=
∑

(φ(x1)φ
1+|x|(y1)) ∗ φ1−|x2y2|(S(x2y2))

=
∑

φ(x1)φ
1+|x|(y1)φ(S(x2y2))

=
∑

φ(x1φ
|x|(y1)S(y2)S(x2))

(P1)=
∑

φ(x1
∑

(φ|x|(y)1S(φ|x|(y)2))S(x2))

= φ
(∑

x1S(x2)
)

ε(φ|x|(y))

= ε(x)ε(φ|x|(y)).

We now relate the Zhang twist of a graded Hopf algebra H by a twisting pair to a
2-cocycle twist of H .

Proposition 2.3.2 Let H be a Hopf algebra satisfying the twisting conditions
(T1)–(T2). For any twisting pair (φ1, φ2) of H , we have the following.

(1) The map φ1 ◦ φ2 is a graded Hopf automorphism of H .
(2) The linear map σ : H ⊗ H → k defined by

σ(x, y) = ε(x)ε(φ
|x|
2 (y)), for any homogeneous elements x, y ∈ H,

is a 2-cocycle, whose convolution inverse σ−1 is given by

σ−1(x, y) = ε(x)ε(φ
|x|
1 (y)), for any homogeneous elements x, y ∈ H .

(3) The 2-cocycle twist Hσ ∼= Hφ1◦φ2 is a right Zhang twist, where the 2-cocyle σ

is described in (2).

As a consequence, H and Hφ1◦φ2 are Morita-Takeuchi equivalent with bicleft object
given by Hφ1 .
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Proof (1): By our assumptions, we know that φ1 ◦ φ2 is a graded algebra automor-
phism of H and commutes with the counit ε. So, it suffices to show that φ1 ◦ φ2
is compatible with the coassociativity axiom. This follows from our twisting pair
conditions:

� ◦ φ1 ◦ φ2
(P1)= (id ⊗ φ1) ◦ � ◦ φ2

(P1)= (id ⊗ φ1) ◦ (φ2 ⊗ id) ◦ �

(P4)= (φ2 ⊗ φ1) ◦ (φ1 ⊗ φ2) ◦ �
(P3)= ((φ1 ◦ φ2) ⊗ (φ1 ◦ φ2)) ◦ �.

It follows that φ1 ◦ φ2 is a Hopf automorphism.
(2): We show that the maps σ and σ−1 defined in the statement are inverses to

each other with respect to the convolution product ∗ in Homk(H ⊗ H,k). Indeed,
for any homogeneous elements x, y ∈ H , we have

(σ ∗ σ−1)(x, y) =
∑

σ(x1, y1)σ
−1(x2, y2)

=
∑

ε(x1)ε(φ
|x|
2 (y1))ε(x2)ε(φ

|x|
1 (y2))

=
∑

ε(x1ε(x2))ε(φ
|x|
2 (y1)φ

|x|
1 (y2))

(P1)=
∑

ε(x)ε((φ1φ2)
|x|(y)1(φ1φ2)

|x|(y)2)

=
∑

ε(x)ε((φ1φ2)
|x|(y))

(P2)= ε(x)ε(y).

Similarly, we have (σ−1 ∗ σ)(x, y) = ε(x)ε(y). Secondly, it is clear that σ(1, x) =
σ(x, 1) = ε(x). For any homogeneous elements x, y, z ∈ H , we have

∑
σ(x1, y1)σ (x2y2, z) =

∑
ε(x1)ε(φ

|x|
2 (y1))ε(x2y2)ε(φ

|xy|
2 (z))

=
∑

ε(x1ε(x2))ε(φ
|x|
2 (y1ε(y2)))ε(φ

|xy|
2 (z))

=
∑

ε(x)ε(φ
|x|
2 (y))ε(φ

|xy|
2 (z)),

and
∑

σ(y1, z1)σ (x, y2z2) =
∑

ε(y1)ε(φ
|y|
2 (z1))ε(x)ε(φ

|x|
2 (y2z2))

=
∑

ε(x)ε(φ
|x|
2 (ε(y1)y2))ε(φ

|y|
2 (z1))ε(φ

|x|
2 (z2))

=
∑

ε(x)ε(φ
|x|
2 (y))ε(φ

|y|
2 (z1)φ

|x|
2 (z2))

(P1)=
∑

ε(x)ε(φ
|x|
2 (y))ε(φ

|y|
2 (z)1φ

|x|
2 (φ

|y|
2 (z)2))

=
∑

ε(x)ε(φ
|x|
2 (y))ε(φ

|x|
2 (ε(φ

|y|
2 (z)1)φ

|y|
2 (z)2))

=
∑

ε(x)ε(φ
|x|
2 (y))ε(φ

|xy|
2 (z)).

Hence,
∑

σ(x1, y1)σ (x2y2, z) = ∑
σ(y1, z1)σ (x, y2z2) for all homogeneous ele-

ments x, y, z ∈ H . We conclude that σ is a 2-cocycle on H with the given
convolution inverse σ−1.
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(3): Now it is straightforward to check that the identity map on H induces an
isomorphism of Hopf algebras between the Zhang twist Hφ1◦φ2 and the 2-cocycle
twist Hσ . Indeed, by definition id : Hφ1◦φ2

∼−→ Hσ is a coalgebra map. So it remains
to show it is also an algebra map, which follows from the fact that

x ∗σ y =
∑

σ(x1, y1)x2y2σ
−1(x3, y3)

=
∑

ε(x1)ε(φ
|x|
2 (y1))x2y2ε(x3)ε(φ

|x|
1 (y3))

=
∑

xε(φ
|x|
2 (y1))y2ε(φ

|x|
1 (y3))

(P1)=
∑

xε(φ
|x|
2 (y1)1)φ

|x|
2 (y1)2ε(φ

|x|
1 (y2))

=
∑

xφ
|x|
2 (y1)ε(φ

|x|
1 (y2))

(P1)=
∑

xφ
|x|
1 φ

|x|
2 (y)1ε(φ

|x|
1 φ

|x|
2 (y)2)

= xφ
|x|
1 φ

|x|
2 (y)

= x ∗(φ1◦φ2) y,

for all homogeneous elements x, y ∈ H . Hence, H and Hφ1◦φ2 are Morita-Takeuchi
equivalent. Finally, by Proposition 2.3.1, Hφ1 is a left H -cleft object. By a left
Zhang twist version of Proposition 2.3.1, we can argue similarly that Hφ1 is a right
φ−1
2 (Hφ1) = Hφ1◦φ2 -cleft object. So Hφ1 is a (H, Hφ1◦φ2)-bicleft object.

Theorem 2.3.3 Let B be a bialgebra satisfying the twisting conditions (T1)–(T2).
For any twisting pair (φ1, φ2) of B, there is a unique twisting pair (H(φ1),H(φ2))

of the Hopf envelopeH(B) extending (φ1, φ2). Moreover, the 2-cocycle twistH(B)σ ,
with the 2-cocycle σ : H(B) ⊗ H(B) → k given by

σ(x, y) = ε(x)ε(H(φ2)
|x|(y)), for any homogeneous elements x, y ∈ H(B),

is the right Zhang twist H(B)H(φ1◦φ2).

Proof This follows from Propositions 2.1.12 and 2.3.2.

Remark 2.3.4 It is clear that not every 2-cocycle twist of a Hopf algebra can be
realized as a Zhang twist. For instance, any Hopf algebra, when viewed as a Z-graded
algebra concentrated in degree zero, satisfies the twisting conditions (T1)–(T2). But
in this case, all Zhang twists are trivial.

3 Manin’s Universal QuantumGroups

In this section, we examine Zhang twists of Manin’s universal quantum groups of
quadratic algebras, where automorphisms of such universal quantum groups come
from those of the underlying quadratic algebras, and connect them to the 2-cocycle
twists of these universal quantum groups.
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3.1 Preliminaries onManin’s Universal Bialgebras and Universal QuantumGroups

We first recall Manin’s construction of the universal bialgebra and the universal
quantum group as described in [22]. Suppose A is a quadratic algebra. We use the
presentation A = k〈A1〉/(R(A)), where R(A) ⊆ A1 ⊗ A1 with dimk A1 < ∞.
We denote by endl(A) the universal bialgebra that left coacts on A via ρA : A →
endl(A) ⊗ A preserving the Z-grading of A, i.e., ρA : An → endl (A) ⊗ An, and
satisfies the following universal property: If B is any bialgebra that left coacts on A

via τ : A → B ⊗ A such that the coaction of B preserves the grading of A, then
there is a unique bialgebra map f : endl(A) → B such that the following diagram
commutes:

Similarly, we can define endr (A) as the universal bialgebra that right coacts onA uni-
versally preserving the grading of A. For Hopf algebra coactions, we define autl (A)

(resp. autr (A)) to be the universal quantum group that coacts on A universally on the
left (resp. on the right) preserving the grading of A. In what follows, whenever we
write end or aut without the superscript, the statements hold for both left and right
versions.

For two quadratic algebras A = k〈A1〉/(R(A)) and B = k〈B1〉/(R(B)), the
bullet product of A and B is defined as

A • B := k〈A1 ⊗ B1〉
(
S(23) (R(A) ⊗ R(B))

) , (3.1.1)

where S(23) : A1 ⊗ A1 ⊗ B1 ⊗ B1 → A1 ⊗ B1 ⊗ A1 ⊗ B1 is the flip of the middle
two tensor factors in the 4-fold tensor product [22, Section 4.2].

Lemma 3.1.1 Let A = k〈A1〉/(R(A)), B = k〈B1〉/(R(B)) be quadratic algebras,
and φ : A → A, ψ : B → B be graded automorphisms. Then we have an algebra
isomorphism

Aφ • Bψ ∼= (A • B)φ•ψ,

where φ • ψ is the graded automorphism of A • B generated by the degree-1
component φ1 ⊗ ψ1 : A1 ⊗ B1 → A1 ⊗ B1.

Proof We note that

(φ1 ⊗ ψ1 ⊗ φ1 ⊗ ψ1) ◦ S(23)(R(A) ⊗ R(B)) = S(23)(φ(R(A)) ⊗ ψ(R(B)))

= S(23)(R(A) ⊗ R(B)).

Therefore, φ • ψ preserves the degree-2 relations in A • B, and is a graded automor-
phism of A • B. For the isomorphism Aφ • Bψ ∼= (A • B)φ•ψ , by [26, Lemma 5.1]
the twist (A • B)φ•ψ has relations
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(
(id ⊗ id) ⊗ (φ1 ⊗ ψ1)

−1
)

◦ S(23) (R(A) ⊗ R(B))

= S(23)

((
id ⊗ φ−1

1 ⊗ id ⊗ ψ−1
1

)
(R(A) ⊗ R(B))

)

= S(23)

((
id ⊗ φ−1

1

)
(R(A)) ⊗

(
id ⊗ ψ−1

1

)
(R(B))

)
.

The last line gives exactly the relations of Aφ • Bψ .

In particular, we may consider the bullet product A! • A of a quadratic algebra A

and its Koszul dualA! [30], which is a bialgebra with matrix comultiplication defined
below on the generators (A!)1 ⊗ A1. Choose a basis {x1, . . . , xn} for A1 and let
{x1, . . . , xn} be the dual basis for (A!)1 = (A1)

∗. Write zk
j = xk ⊗ xj ∈ (A!)1 ⊗ A1

as the generators for A! • A. Then the comultiplication on A! • A is given by

�(zk
j ) =

∑

1≤i≤n

zi
j ⊗ zk

i . (3.1.2)

We now list some of the basic properties of universal bialgebras and universal
quantum groups. In what follows, for an algebra (resp. a coalgebra) A, we denote by
Aop a k-vector space A with opposite multiplication, and by Acop a k-algebra A with
opposite comultiplication, respectively.

Proposition 3.1.2 [22] Given a quadratic algebra A, we have isomorphisms of
universal bialgebras:

(1) end(Aop) ∼= end(A)op and end(A!) ∼= end(A)cop.
(2) endr (A) ∼= A • A! and endl (A) ∼= A! • A.
(3) endr (A) ∼= endl(A)cop.
(4) endr (A) ∼= endl(A!) and endl (A) ∼= endr (A!).

The following results can be derived from Proposition 3.1.2 and the universal
property of a Hopf envelope.

Proposition 3.1.3 Given a quadratic algebra A, we have isomorphisms of universal
quantum groups:

(1) aut(A) ∼= H(end(A)).
(2) aut(Aop) ∼= aut(A)op and aut(A!) ∼= aut(A)cop.
(3) autr (A) ∼= autl(A)cop.
(4) autr (A) ∼= autl(A!) and autl (A) ∼= autr (A!).

As a consequence, we have the following lemma.

Lemma 3.1.4 For any quadratic algebra A, its universal bialgebra end(A) and its
universal quantum group aut(A) both satisfy the twisting conditions (T1)–(T2).
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Proof By Proposition 3.1.2 (2) and the comultiplication (3.1.2), end(A) satisfies (T1)
and (T2). Moreover, by Proposition 3.1.3 (1), aut(A) is the Hopf envelope of end(A).
The result follows from Lemma 2.1.9.

3.2 Zhang Twists and 2-Cocycle Twists of Manin’s Universal QuantumGroups

LetA be a quadratic algebra. We denote by Autgr(A) the group of all graded automor-
phisms of A. Let endl(A) be the universal bialgebra that left coacts on A universally
via ρA : A → endl (A) ⊗ A, preserving the grading. Since endl (A) is again a
quadratic algebra, we can write Autgr(endl(A)) for the group of all its graded auto-
morphisms. We will use the following universal property of endl(A) as a universal
graded algebra, whose proof is based on [22, Lemma 6.6].

Lemma 3.2.1 Let A and B be quadratic algebras and ρ : A → B ⊗ A be an
algebra morphism with ρ(A1) ⊆ B1⊗A1. Then there exists a unique graded algebra
morphism γ : endl (A) → B such that the following diagram commutes:

end

For any φ ∈ Autgr(A), the following composition of algebra morphisms

ρ
φ
A :=

(

A
φ−→ A

ρA−→ endl(A) ⊗ A

)

satisfies ρ
φ
A(A1) ⊆ endl(A)1 ⊗ A1. Therefore by Lemma 3.2.1, there is a unique

algebra endomorphism ϕ of endl(A) such that the following diagram commutes:

(3.2.1)

In what follows, we will denote such a map by endl (φ) = ϕ.
On the other hand, note that any graded automorphism φ of A naturally gives

a graded automorphism of the Koszul dual A! by extending the dual map (φ|A1)
∗

on the generators of (A!)1 to A!. We denote such a dual graded automorphism of
A! by φ!. One can easily check that (−)! : Autgr(A) → Autgr(A!) is a group
anti-isomorphism.

By Proposition 3.1.2, we have isomorphisms endl (A) ∼= A! • A ∼= endr (A!). A
similar result to Lemma 3.2.1 regarding the universal right coaction of endr (A!) on
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A! yields another graded algebra endomorphism of endr (A!) ∼= endl (A), denoted by
endr (φ!), such that the following diagram commutes:

Moreover, by the universal property, one can show that endl (−) and endr ((−)−1)!
are indeed injective group homomorphisms from Autgr(A) to Autgr(endl (A)) with
commuting images. Similarly, we can define endr (φ) and endl (φ!) as graded algebra
endomorphisms of endr (A) ∼= A • A! ∼= endl (A!).

We first investigate the Koszul dual of a Zhang twist of a quadratic algebra. In fact,
this is a twist by the dual automorphism on the other side. This phenomenon extends
to N-Koszul algebras by an analogous proof.

Lemma 3.2.2 [35, Proposition 5.5] If A is a quadratic algebra and φ ∈ Autgr(A)

is a graded automorphism of A, then the dual automorphism φ! is a graded
automorphism of A! so that

(
φA

)! ∼=
(
φ−1

)!(
A!) ∼=

(
A!)φ!

.

The following result provides us with a complete classification of all twisting pairs on
Manin’s universal bialgebras. As a consequence of Propositions 2.1.12 and 3.1.3 (1),
we obtain twisting pairs on the corresponding universal quantum groups.

Lemma 3.2.3 Let A be a quadratic algebra. For any φ ∈ Autgr(A), we have:

(1) (endr ((φ−1)!), endl(φ)) is a twisting pair for endl (A).
(2) (endr (φ), endl((φ−1)!)) is a twisting pair for endr (A).

Moreover, every twisting pair of Manin’s universal bialgebra and quantum group is
given in this way.

Proof We check that conditions (P1) and (P2) from Definition D hold for (1). A
similar argument can be made for (2). By Proposition 3.1.2, we know that endl(A) =
A! • A, so that endl(A)1 = A∗

1 ⊗ A1. By Lemma 3.2.1, one can check

endl (φ)|A∗
1⊗A1 = idA∗

1
⊗ (φ|A1 ) and endr ((φ−1)∗)|A∗

1⊗A1 = (φ−1|A1 )
∗ ⊗ idA1 . (3.2.2)

It suffices to verify the conditions (P1)–(P2) on the generating space A∗
1 ⊗ A1 of

endl(A), which we will do using (3.2.2). As before, we choose a basis {x1, . . . , xn}
for A1 with a dual basis {x1, . . . , xn} for A∗

1 and write zk
j = xk ⊗ xj ∈ A∗

1 ⊗ A1
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as the degree one generators of endl (A) for 1 ≤ j, k ≤ n (see [22, Chapter 6]). The
comultiplication on endl (A) is given by (3.1.2). Moreover, (3.2.2) yields

endl (φ)(zk
j ) = endl (φ)(xk ⊗ xj ) =

∑

1≤s≤n

xk ⊗ ajsxs =
∑

1≤s≤n

ajsz
k
s , and (3.2.3)

endr ((φ−1)∗)(zk
j ) = endr ((φ−1)∗)(xk ⊗ xj ) =

∑

1≤l≤n

blkx
l ⊗ xj =

∑

1≤l≤n

blkz
l
j , (3.2.4)

where φ(xj ) = ∑

1≤s≤n

ajsxs and (φ−1)∗(xj ) = ∑

1≤l≤n

blj x
l . Here the matrices (aij )

and (bkl) are inverse to each other. Thus, we have for (P1):

(endl (φ) ⊗ id) ◦ �(zk
j ) = (endl (φ) ⊗ id)

⎛

⎝
∑

1≤i≤n

zi
j ⊗ zk

i

⎞

⎠ =
∑

1≤i≤n

endl (φ)(zi
j ) ⊗ zk

i =
∑

1≤i,l≤n

ajlz
i
l ⊗ zk

i

=
∑

1≤l≤n

ajl�(zk
l ) = �

⎛

⎝
∑

1≤l≤n

ajlz
k
l

⎞

⎠ = � ◦ endl (φ)(zk
j ),

and

(id ⊗ endr (φ−1)!) ◦ �(zk
j ) =

∑

1≤i≤n

zi
j ⊗ endr (φ−1)!(zk

i ) =
∑

1≤i,l≤n

blkz
i
j ⊗ zl

i =
∑

1≤l≤n

blk�(zl
j )

= �

⎛

⎝
∑

1≤l≤n

blkz
l
j

⎞

⎠ = � ◦ endr (φ−1)!(zk
j ).

And for (P2):

ε(endr (φ−1)! ◦ endl (φ)(zk
j )) = ε

⎛

⎝endr (φ−1)!
⎛

⎝
∑

1≤i≤n

ajiz
k
i

⎞

⎠

⎞

⎠ = ε

⎛

⎝
∑

1≤i,l≤n

ajiblkz
l
i

⎞

⎠

=
∑

1≤i,l≤n

ajiblkε(z
l
i ) =

∑

1≤i,l≤n

δilajiblk =
∑

1≤i≤n

ajibik = δjk = ε(zk
j ).

Finally, suppose (φ1, φ2) is any twisting pair of endl (A) = A! • A. By (P1),
φ2 : A!•A → A!•A is a right comodule map, where the comodule structure onA!•A

is given by its comultiplication�. Write the degree one part ofA!•A asC = A∗
1⊗A1,

which is isomorphic to the matrix coalgebra Mn(k)∗. By a direct computation, using
(P1), and the definition of the comultiplication on C, we can write

φ2|C = id ⊗ φ for some φ ∈ GL(A1).

By Lemma 2.1.6, we have

φ1|C = (φ−1)∗ ⊗ id,
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where (φ−1)∗ ∈ GL(A∗
1). In view of (3.2.2), it remains to show that φ : A1 → A1

can be extended to an algebra automorphism of A. We have

S(23)

(
R(A)⊥ ⊗ R(A)

)
= R(A! • A) = (φ2 ⊗ φ2)(R(A! • A))

= (id ⊗ φ ⊗ id ⊗ φ)
(
S(23)(R(A!) ⊗ R(A))

)

= S(23)

(
R(A)⊥ ⊗ (φ ⊗ φ)R(A)

)
.

Hence (φ ⊗ φ)R(A) = R(A) and φ can be extended to a graded algebra automor-
phism of A = k〈A1〉/(R(A)). We can similarly argue for endr (A) = A •A!. Finally,
twisting pairs of aut(A) can be derived from Propositions 3.1.3 and 2.1.12.

As a consequence, the universal bialgebra of the Zhang twist of any quadratic
algebra is isomorphic to some Zhang twist of the universal bialgebra of the original
quadratic algebra.

Theorem 3.2.4 Let A be a quadratic algebra and φ be any graded automorphism of
A. Then we have bialgebra isomorphisms

endl (Aφ) ∼= endl (A)end
l (φ)◦endr ((φ−1)!) and endr (Aφ) ∼= endr (A)end

r (φ)◦endl ((φ−1)!).

Proof We show this for endl , as the argument for endr follows similarly. By
Lemma 3.1.4, endl (A) satisfies the twisting conditions. Then Lemma 3.2.3 implies
that (endr ((φ−1)!), endl(φ)) is a twisting pair for endl (A). By Proposition 2.3.2
(1) and (P3), we know that endr ((φ−1)!) ◦ endl(φ) = endl (φ) ◦ endr ((φ−1)!)
is a graded bialgebra automorphism of endl(A). So, Proposition 2.2.2 shows that

endl(A)end
l (φ)◦endr ((φ−1)!) is a well-defined bialgebra. Finally, by Proposition 3.1.2

(2), Lemma 3.1.1, and a right twist version of Lemma 3.2.2, we have algebra
isomorphisms

endl (Aφ) ∼= (Aφ)! • Aφ ∼= (A!)(φ−1)! • Aφ
3.2.2∼= (A! • A)end

l (φ)◦endr ((φ−1)!) ∼= endl (A)end
l (φ)◦endr ((φ−1)!),

and it is straightforward to check that all isomorphisms respect the coalgebra
structures as well.

SinceH(end(A)) ∼= aut(A), for any graded bialgebra automorphism ψ of end(A),
there is a unique graded Hopf automorphism, denoted by H(ψ), of aut(A) such that
the following diagram commutes:
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In particular, for any graded algebra automorphism φ of A and ψ = end(φ), we may
write

aut(φ) := H(end(φ)).

Moreover, in view of Proposition 2.1.12 and Lemma 3.2.3, the twisting pair
(endr ((φ−1)!), endl(φ)) for endl(A) can be lifted uniquely to a twisting pair for
autl(A), which we denote by (autr ((φ−1)!), autl(φ)). Similarly, we denote by
(autr (φ), autl((φ−1)!)) the unique lifting of the twisting pair (endr (φ), endl((φ−1)!))
from endr (A) to autr (A).

Theorem 3.2.5 Let A be a quadratic algebra and φ be any graded automorphism of
A. Then we have Hopf algebra isomorphisms

autl (Aφ) ∼= autl (A)aut
l (φ)◦autr ((φ−1)!) and autr (Aφ) ∼= autr (A)aut

r (φ)◦autl ((φ−1)!).

Proof This follows from Theorem 2.2.1, Proposition 3.1.3, and Theorem 3.2.1 since

autl(Aφ) ∼= H
(
endl(Aφ)

) ∼= H(endl(A)end
l (φ)◦endr ((φ−1)!))

∼= autl(A)H(endl (φ)◦endr ((φ−1)!)) ∼= autl(A)aut
l (φ)◦autr ((φ−1)!).

The argument for autr (Aφ) is similar.

Theorem 3.2.6 Let A be a quadratic algebra and φ be any graded automorphism of
A. Then

(1) autl(Aφ) is a 2-cocycle twist of autl (A) with the 2-cocycle σ : autl (A) ⊗
autl(A) → k given by σ(g, h) = ε(g)ε(autl(φ)|g|(h)), for any homogenous
elements g, h ∈ autl(A).

(2) autr (Aφ) is a 2-cocycle twist of autr (A) with the 2-cocycle σ : autr (A) ⊗
autr (A) → k given by σ(g, h) = ε(g)ε(autl((φ−1)!)|g|(h)), for any homoge-
nous elements g, h ∈ autr (A).

As a consequence, aut(A) and aut(Aφ) are Morita-Takeuchi equivalent.

Proof This follows from Theorem 2.3.1, Lemma 3.1.4, Lemma 3.2.3, and Theo-
rem 3.2.2.

4 Twisting of Solutions to the Quantum Yang-Baxter Equation

In this section, we apply 2-cocycle twists formed by twisting pairs to obtain a fam-
ily of new solutions to the quantum Yang-Baxter equation (QYBE). Let V be a
finite-dimensional vector space over k and R ∈ Endk(V ⊗2) satisfy the QYBE.
We first apply the Faddeev-Reshetikhin-Takhtajan (FRT) construction to obtain a
quadratic bialgebra A(R) that is equipped with a coquasitriangular structure given
by R. By explicitly classifying all twisting pairs of A(R), we find the corresponding
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2-cocycles σ on the Hopf envelope of A(R) when it is the localization at some nor-
mal group-like element g (for instance, see [19, Theorem 4.10]). Since the 2-cocycle
twist (A(R)[g−1])σ preserves the braided structure of the comodule category over
A(R)[g−1], it is again a coquasitriangular Hopf algebra with new twisted solutions
Rσ to the same QYBE. Readers may refer to [9, 17] for additional background on
the QYBE and tensor categories.

4.1 FRT Constructions and Their Twisting Pairs

We first review the FRT construction and the coquasitriangular structure on a
bialgebra as given in [9, Section 5.4].

Definition 4.1.1 [9] Let V be a finite-dimensional k-vector space and R ∈
Endk(V ⊗2). Then R is called a solution of the quantum Yang-Baxter equation
(QYBE) if

R12R13R23 = R23R13R12, (4.1.1)

where R = ∑
R1 ⊗ R2 ∈ Endk(V ⊗2) ∼= Endk(V )⊗2 and R12 = ∑

R1 ⊗ R2 ⊗ id,
R13 = ∑

R1 ⊗ id ⊗ R2 and R23 = ∑
id ⊗ R1 ⊗ R2 ∈ Endk(V ⊗3).

Let V be an n-dimensional k-vector space with fixed basis {x1, . . . , xn}, and let
R ∈ Endk(V ⊗2) be a solution to the QYBE. We may describe R as an (n2 × n2)

matrix over k with entries R
ij
kl ∈ k such that

R(xk ⊗ xl) =
∑

1≤i,j≤n

R
ij
kl xi ⊗ xj , for 1 ≤ k, l ≤ n. (4.1.2)

Then the FRT construction yields a bialgebra, denoted by A(R), with explicit gen-
erators and relations. As an algebra, A(R) is generated by n2 generators {tji }ni,j=1

subject to the following n4-relations:

∑

1≤k,l≤n

Rkl
ij t

j
u t iv =

∑

1≤k,l≤n

R
ij
vut

k
i t lj , (4.1.3)

for all 1 ≤ u, v, i, j ≤ n. The coalgebra structure on A(R) is given by

�(t
j
i ) =

∑

1≤k≤n

t
j
k ⊗ tki , ε(t

j
i ) = δ

j
i , (4.1.4)

where δ
j
i is the Kronecker delta.

Definition 4.1.2 [9] A coquasitriangular (or braided) bialgebra (resp. Hopf algebra)
is a pair (B, θ ), where B is a bialgebra (resp. Hopf algebra) and θ : B ⊗ B −→ k is
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a k-linear map such that
∑

θ(x1, y1)y2x2 = ∑
θ(x2, y2)x1y1

θ(x, 1) = ε(x)

θ(x, yz) = ∑
θ(x1, y)θ(x2, z)

θ(1, x) = ε(x)

θ(xy, z) = ∑
θ(y, z1)θ(x, z2)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(4.1.5)

for all x, y, z ∈ B.

Let B be any bialgebra, and let comod(B) be the category of all right B-
comodules. It is straightforward to check that B has a coquasitriangular structure
θ : B ⊗ B → k if and only if the tensor category comod(B) is braided. In such a
case, the braiding

{τθ (X, Y ) : X ⊗ Y → Y ⊗ X | X, Y ∈ comod(B)}
is given by

τθ (X, Y )(x ⊗ y) =
∑

y1 ⊗ x1θ(y2, x2) for x ∈ X, y ∈ Y . (4.1.6)

In the FRT construction A(R) for some solution R ∈ Endk(V ⊗2) of QYBE, we
observe that V becomes a right A(R)-comodule via ρ : V → V ⊗ A(R) such that

ρ(xi) =
n∑

j=1

xj ⊗ t
j
i (4.1.7)

for 1 ≤ i ≤ n. The following results are well-known for the FRT construction.

Proposition 4.1.3 [9] Let A(R) be defined as above. Then we have

(1) R ◦ τ : V ⊗2 → V ⊗2 is an A(R)-comodule map, where τ : V ⊗2 → V ⊗2 is the
usual flip map.

(2) Let B be a bialgebra. If V is a right B-comodule via ρ′ : V → V ⊗B and R◦τ

is also a B-comodule map, then exists a unique bialgebra map f : A(R) → B

such that (id ⊗ f ) ◦ ρ = ρ′.
(3) A(R) has a coquasitriangular structure θ : A(R) ⊗ A(R) → k where

θ(t iv, t
j
u ) = R

ij
vu for all 1 ≤ i, j, v, u ≤ n.

We follow the notation used in the construction of A(R) to write the entry in the
ith row and the j th column of an n × n matrix A as ai

j . The next result classifies all
twisting pairs of A(R).

Lemma 4.1.4 Let A(R) be defined as above. Then every twisting pair (φ1, φ2) of
A(R) is determined by its values on the generators {tji }1≤i,j≤n such that

φ1(t
j
i ) =

∑

1≤u≤n

αu
i t

j
u and φ2(t

j
i ) =

∑

1≤u≤n

β
j
u tui ,
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where the matrices (α
j
i ) and (βv

u) are inverses of each other and the following
equations

∑

1≤k,l≤n

Rkl
ij α

j
uαi

v =
∑

1≤k,l≤n

R
ij
vuα

k
i α

l
j

hold for all 1 ≤ u, v, i, j ≤ n.

Proof It is a direct computation by using Theorem 2.1.1, since any algebra homo-
morphism A(R) → k is determined by a map defined on the generators (t

j
i ) �→ (α

j
i )

that vanishes on the relations (4.1.3).

We point out that by letting deg(tji ) = 1 for all 1 ≤ i, j ≤ n in the definition
of A(R), the bialgebra A(R) becomes a quadratic algebra and satisfies the twisting
conditions (T1)–(T2) in Definition B.

Now, let n ≥ 2 be any integer and let V be an n-dimensional vector space with
a fixed basis {v1, . . . , vn}. For any scalar q ∈ k×, we consider the classical Yang-
Baxter operator Rq on V (cf. [33]) given by

Rq(vi ⊗ vj ) =

⎧
⎪⎨

⎪⎩

qvi ⊗ vi i = j

vi ⊗ vj i < j

vi ⊗ vj + (q − q−1)vj ⊗ vi i > j .

(4.1.8)

In the following, we will classify all twisting pairs of the FRT construction A(Rq).

Example 4.1.5 Let n ≥ 2 be an integer and let q ∈ k× be any scalar. The
one-parameter quantization of the coordinate ring of n × n matrices Oq(Mn(k))

is the algebra generated by n2-generators {xij }1≤i,j≤n subject to the relations (see
[38, Section 1]):

qxksxus = xusxks if k < u

qxksxkv = xkvxks if s < v

xusxkv = xkvxus if s < v, k < u

xusxkv = xkvxus + (q − q−1)xksxuv if s < v, u < k.

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(4.1.9)

Moreover, Oq(Mn(k)) is a bialgebra with coalgebra structure given by

�(xij ) =
∑

1≤k≤n

xik ⊗ xkj and ε(xij ) = δij for all 1 ≤ i, j ≤ n. (4.1.10)

In particular, there is a central group-like element g of Oq(Mn(k)), called the q-
determinant, defined by

g :=
∑

σ∈Sn

(−q)−l(σ )xσ(1)1 · · · xσ(n)n, (4.1.11)

where l(σ ) denotes the length of the permutation σ , that is, the minimum length of
an expression for σ as a product of adjacent transpositions (i, i + 1).

1492



Twisting of Graded Quantum Groups and Solutions...

Proposition 4.1.6 [33, Proposition 4.3, Definition 4.5, Lemma 4.8, Corollary 4.10]
Retain the notations above. Then we have

(1) A(Rq) is isomorphic to Oq(Mn(k)) as coquasitriangular bialgebras.
(2) The central group-like element of A(Rq) corresponds to the q-determinant of

Oq(Mn(k)).
(3) The Hopf envelope of A(Rq) is isomorphic to Oq(GLn(k)).

The Hopf envelope of Oq(Mn(k)) is the localization of Oq(Mn(k)) at g, which
is usually denoted as Oq(GLn(k)), called the one-parameter quantization of the
coordinate ring of the general linear group.

Now, we classify all twisting pairs of Oq(GLn(k)) and give explicit formulas of
the corresponding 2-cocycles.

Proposition 4.1.7 All twisting pairs of Oq(GLn(k)) are of the form (φ1, φ2), where
φ1 and φ2 are given by

⎛

⎜
⎝

φ1(x11) · · · φ1(x1n)
...

. . .
...

φ1(xn1) · · · φ1(xnn)

⎞

⎟
⎠ =

⎛

⎜
⎝

x11 · · · x1n
...

. . .
...

xn1 · · · xnn

⎞

⎟
⎠

⎛

⎜
⎝

α11 · · · α1n
...

. . .
...

αn1 · · · αnn

⎞

⎟
⎠

and
⎛

⎜
⎝

φ2(x11) · · · φ2(x1n)
...

. . .
...

φ2(xn1) · · · φ2(xnn)

⎞

⎟
⎠ =

⎛

⎜
⎝

α11 · · · α1n
...

. . .
...

αn1 · · · αnn

⎞

⎟
⎠

−1 ⎛

⎜
⎝

x11 · · · x1n
...

. . .
...

xn1 · · · xnn

⎞

⎟
⎠ ,

with (αij ) ∈ GLn(k). Moreover, we have the following.

(1) If q = 1, then for any (αij ) ∈ GLn(k), the maps (φ1, φ2) defined above form a
twisting pair.

(2) If char(k) �= 2 and q = −1, then (αij ) defines a twisting pair as above if and
only if it is a generalized permutation matrix.

(3) If q �= ±1, then (αij ) defines a twisting pair as above if and only if it is
diagonal.

In particular, φ1(g
−1) = (−1)l(τ )|(αij )|−1g−1, φ2(g

−1) = (−1)l(τ )|(αij )|g−1, and
φ1 ◦ φ2(g

−1) = g−1, where τ = id if q �= −1, and τ ∈ Sn such that |(αij )| =
(−1)l(τ )ατ(1)1 · · · ατ(n)n if q = −1.

Proof By Lemma 4.14, we can write φ1 and φ2 as above, represented by two matrices
(αij ) and (βij ) that are inverse to each other. In particular, the map π : (xij ) �→ (αij )

is an algebra map from Oq(GLn(k)) → k.
In the following, we use the explicit relations in Oq(GLn(k)) stated in Exam-

ple 4.1.5 to determine π .
When q = 1, there are no restrictions on (αij ).
When q = −1 and char(k) �= 2, we have αksαus = αskαsu = 0 whenever k �= u.

This implies that (αij ) is a generalized permutation matrix.
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When q �= ±1, we have αksαus = αskαsu = 0 whenever k �= u and αksαuv =
0 whenever s < v and u < k. The first part implies that (αij ) is a generalized
permutation matrix as before. Now suppose we have some αuv �= 0 for some u �= v.
Without loss of generality, say u < v. So we get αks = 0 for all s < v and u < k.
This implies that the nonzero entries in the last n − u rows should be concentrated in
the last n − v columns regarding the matrix (αij ). This is a contradiction since it is a
generalized permutation matrix and n−u > n−v. Therefore, αuv �= 0 only if u = v

and so (αij ) is indeed diagonal.
Next, we describe the maps φ1, φ2 on g. For X = (xij ), we can write φ1(X) =

(φ1(xij )) = X · (αij ) and φ2(X) = (αij )
−1 · X. By (4.1.11), g = |X|q , so φ1(g) =

φ1(|X|q) = |φ1(X)|q . One can see that

|X · (αij )|q =
∣
∣
∣
∣
∣
∣

⎛

⎝
∑

1≤k≤n

xikαkj

⎞

⎠

∣
∣
∣
∣
∣
∣
q

=
∑

σ∈Sn

(−q)−l(σ )

⎛

⎝
∑

1≤k1≤n

xσ(1)k1αk11

⎞

⎠ · · ·
⎛

⎝
∑

1≤kn≤n

xσ(n)kn
αknn

⎞

⎠

=
∑

σ∈Sn

(−q)−l(σ )
∑

1≤k•≤n

xσ(1)k1 · · · xσ(n)kn
αk11 · · · αknn.

If q = 1, then |X · (αij )| = |X||(αij )| = |(αij )|g. If q �= ±1, then since (αij ) is
diagonal, we have

φ1(g) =
∑

σ∈Sn

(−q)−l(σ )xσ(1)1 · · · xσ(n)nα11 · · · αnn = |(αij )|g.

If q = −1, then (αij ) is a generalized permutation matrix, and so |(αij )| =
(−1)l(τ )ατ(1)1 · · · ατ(n)n for some τ ∈ Sn. Therefore, for this τ we have

φ1(g) =
∑

σ∈Sn

∑

1≤k•≤n

xσ(1)k1 · · · xσ(n)kn
αk11 · · · αknn

=
∑

σ∈Sn

xσ(1)τ (1) · · · xσ(n)τ(n)ατ(1)1 · · · ατ(n)n

= (−1)l(τ )|(αij )|
∑

σ∈Sn

xσ(1)τ (1) · · · xσ(n)τ(n).

By (4.1.9), xusxkv = xkvxus if u �= k, and s �= v. Thus,

φ1(g) = (−1)l(τ )|(αij )|
∑

σ∈Sn

xσ(1)1 · · · xσ(n)n = (−1)l(τ )|(αij )|g.

Similarly, we have φ2(g) = |(αij )
−1|g if q �= −1 and φ2(g) = (−1)l(τ )|(αij )

−1|g if
q = −1. Since φ1 and φ2 are algebra maps, we conclude that the images of φ1(g

−1),
φ2(g

−1) and φ1 ◦ φ2(g
−1) are as in the statement.
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Corollary 4.1.8 Retain the notation in Proposition 4.1.7. The right Zhang twist of
Oq(GLn(k)) by φ1 ◦ φ2 is isomorphic to the 2-cocycle twist of Oq(GLn(k)) by the
2-cocycle σ such that

σ(x
p1
i1j1

· · · xps

isjs
g−r , x

q1
u1v1 · · · xqk

ukvk
g−t )

= (−1)mtl(τ )δi1,j1 · · · δis ,js

(
((αij )

−m)u1v1
)q1 · · · (((αij )

−m)ukvk

)qk |(αij )|mt ,

where m = p1 + · · · + ps − nr and 1 ≤ i•, j•, u•, v• ≤ n and p•, q•, s, k, r, t

are non-negative integers; and τ = id if q �= −1 and τ ∈ Sn such that |(αij )| =
(−1)l(τ )ατ(1)1 · · · ατ(n)n if q = −1.

Proof We know φ2((xij )) = (αij )
−1(xij ). So it follows from Theorem 2.3.1 and

Proposition 4.1.7 that

σ(x
p1
i1j1

· · · xps

isjs
g−r , x

q1
u1v1 · · · xqk

ukvk
g−t )

= ε(x
p1
i1j1

· · · xps

isjs
g−r )ε(φm

2 (x
q1
u1v1 · · · xqk

ukvk
g−t ))

= δi1j1 · · · δisjs ε(φ
m
2 (xu1v1))

q1 · · · ε(φm
2 (xukvk

))qk ε(φm
2 (g−1))t

= δi1j1 · · · δisjs ε

⎛

⎝
∑

1≤w≤n

(
(αij )

−m
)
u1w

xwv1

⎞

⎠

q1

· · · ε
⎛

⎝
∑

1≤w≤n

(
(αij )

−m
)
ukw

xwvk

⎞

⎠

qk

ε
(
((−1)l(τ )|(αij )|)mg−1

)t

= (−1)mtl(τ )δi1,j1 · · · δis ,js

(
((αij )

−m)u1v1
)q1 · · · (((αij )

−m)ukvk

)qk |(αij )|mt ,

where τ = id if q �= −1, and τ ∈ Sn such that |(αij )| = (−1)l(τ )ατ(1)1 · · · ατ(n)n if
q = −1.

4.2 Twisting of Solutions to the Quantum Yang-Baxter Equation

In this subsection, we propose an algorithm to find new solutions to the quantum
Yang-Baxter equation by applying twisting pairs to the FRT construction.

Let H be any Hopf algebra with some 2-cocycle σ : H ⊗H −→ k. Then we have
the following Morita-Takeuchi equivalence:

comod(H)
⊗∼= comod(Hσ ),

where the tensor equivalence functor (F, F1, F2) : comod(H)
⊗→ comod(Hσ ) is

given by F = id is the identity functor, F1 = id : F(k) = k, and

{F2(X ⊗ Y ) : F(X) ⊗σ F (Y ) → F(X ⊗ Y ) | X, Y ∈ comod(H)}
is given by

x ⊗σ y �→
∑

x1 ⊗ y1σ
−1(x2, y2), for any x ∈ X, y ∈ Y . (4.2.1)

The following result is well-known (e.g., see the discussion in [21, p. 61]) and we
include the proof for the convenience of the reader.
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Lemma 4.2.1 Let (H, θ) be a coquasitriangular Hopf algebra and σ : H⊗H −→ k
be a 2-cocycle on H . Then the 2-cocycle twist Hσ is again a coquasitriangular Hopf
algebra with the new coquasitriangular structure θσ : Hσ ⊗ Hσ → k given by

θσ (g, h) = �σ(g1, h1)θ(g2, h2)σ
−1(h3, g3), for all g, h ∈ Hσ .

Proof As discussed above, having a coquasitriangular structure on a Hopf algebra is
equivalent to having a braided structure on its comodule category. Since the comodule
categories of H and of its 2-cocycle twist Hσ are tensor equivalent [14], we can
transfer the braided structure from comod(H) to comod(Hσ ) by applying (4.1.6).
We define the braiding τσ on any two objects F(X), F (Y ) ∈ comod(Hσ ) to make
the following diagram

commute. Then it is straightforward to check that

τσ
V,W (v ⊗σ w) =

∑
w1 ⊗ v1σ(w2, v2)θ(w3, v3)σ

−1(v4, w4) =
∑

w1 ⊗ v1θ
σ (w2, v2)

for any v ∈ V, w ∈ W . This proves our result.

Proposition 4.2.2 Let (H, θ) be a coquasitriangular Hopf algebra. Suppose H sat-
isfies the twisting conditions (T1)–(T2). Then for any twisting pair (φ1, φ2) of H , we
have

θσ (x, y) = θ(φ
|y|
1 (x), φ

|x|
2 (y)), for all homogeneous elements x, y ∈ Hσ

is a coquasitriangular structure on the 2-cocycle twist Hσ , where σ : H ⊗ H → k

is given by σ(x, y) = ε(x)ε(φ
|x|
2 (y)) for all homogeneous elements x, y ∈ H .

Proof By our main result Proposition 2.3.2, σ is a well-defined 2-cocycle on H

with convolution inverse σ−1(x, y) = ε(x)ε(φ
|x|
1 (y)) for all homogeneous elements

x, y ∈ H . Thus, by Lemma 4.2.1, we get

θσ (v, w) =
∑

σ(v1, w1)θ(v2, w2)σ
−1(w3, v3)

=
∑

ε(v1)ε(φ
|v1|
2 (w1))θ(v2, w2)ε(w3)ε(φ

|w3|
1 (v3))

=
∑

ε(φ
|v|
2 (w1))θ(v1, w2)ε(φ

|w|
1 (v2))

= θ
(∑

v1ε(φ
|w|
1 (v2)),

∑
ε(φ

|v|
2 (w1))w2

)

(P1)= θ
(∑

φ
|w|
1 (v)1ε(φ

|w|
1 (v)2),

∑
ε(φ

|v|
2 (w)1)φ

|v|
2 (w)2

)

= θ(φ
|w|
1 (v), φ

|v|
2 (w)).
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Let V be an n-dimensional vector space for some positive integer n ≥ 2, and let
R ∈ Endk(V ⊗2) be a solution to the quantum Yang-Baxter equation. Recall the FRT
construction A(R) by (4.1.3) and (4.1.4).

Definition 4.2.3 Retain the notations above. For any 2-cocycle σ onA(R), we define
the twisted Rσ ∈ Endk(V ⊗2) as

(Rσ )kl
ij :=

∑

1≤u,v,p,q≤n

σ (tku, t lv)R
uv
pqσ−1(t

q
j , t

p
i ), for all 1 ≤ i, j, k, l ≤ n.

The following result is straightforward.

Lemma 4.2.4 Let σ be a 2-cocycle twist on A(R). Then we have

A(R)σ ∼= A(Rσ )

as bialgebras. As a consequence, Rσ ∈ Endk(V ⊗2) is another solution to the
quantum Yang-Baxter equation.

Corollary 4.2.5 Retain the notations above. Suppose the 2-cocycle σ on A(R) is
given by some twisting pair (φ1, φ2) as in Lemma 4.1.4. Then we have

(
Rσ

)kl

ij
=

∑

1≤p,v≤n

α
p
i Rkv

pjβ
l
v, for all 1 ≤ i, j, k, l ≤ n,

is another solution to the quantum Yang-Baxter equation in Endk(V ⊗2).

Proof It is a straightforward computation:

(Rσ )kl
ij =

∑

1≤u,v,p,q≤n

σ (tku, t lv)R
uv
pqσ−1(t

q
j , t

p
i )

=
∑

1≤u,v,p,q≤n

ε(tku)ε(φ2(t
l
v))R

uv
pqε(t

q
j )ε(φ1(t

p
i ))

=
∑

1≤v,p≤n

ε(φ1(t
p
i ))Rkv

pj ε(φ2(t
l
v)) =

∑

1≤p,v≤n

α
p
i Rkv

pjβ
l
v .

Finally we apply our previous results to find all twisting solutions to the quantum
Yang-Baxter equation from the classical Yang-Baxter operator Rq .

Proposition 4.2.6 Let Rq ∈ Endk(V ⊗2) be the classical Yang-Baxter operator as
in (4.1.8). Let (φ1, φ2) be a twisting pair of A(Rq) as given in Lemma 4.1.4. Denote
by σ the 2-cocycle corresponding to the right Zhang twist of φ1 ◦ φ2. Then the new
solution (Rq)σ to the QYBE in Corollary 4.2.5 is described as follows:

(1) If q = 1, then
(
(Rq)σ

)kl

ij
= αk

i β
l
j .
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(2) If q = −1, then
(
(Rq)σ

)kl

ij
= (−1)δ

k
j δk

τ−1(i)
δl
τ (j)α

k
i (α

j
l )−1, for some permuta-

tion τ ∈ Sn such that αi
j �= 0 whenever j = τ(i).

(3) If q �= ±1, then
(
(Rq)σ

)kl

ij
= (

Rq

)kl

ij
αi

i (αl
l )

−1.

Proof Write the Rq -matrix as follows

(
Rq

)kl

ij
=

⎧
⎪⎨

⎪⎩

δi
kδ

j
l , if i < j

δi
kδ

j
l q, if i = j

δi
kδ

j
l + δi

l δ
k
j (q − q−1), if i > j .

Recall that φ1(t
j
i ) = ∑

1≤u≤n αu
i t

j
u and φ2(t

j
i ) = ∑

1≤u≤n β
j
u tui where (αu

i ) and (β
j
u)

are n × n matrices inverses of each other. We apply Corollary 4.2.5 in the following
three cases.

Case 1: If q = 1, then we have
(
(Rq)σ

)kl

ij
=

∑

1≤p,v≤n

α
p
i Rkv

pjβ
l
v = αk

i R
kj
kj βl

j = αk
i β

l
j .

Case 2: If q = −1, then we have
(
(Rq)σ

)kl

ij
=

∑

1≤p,v≤n

α
p
i Rkv

pjβ
l
v = αk

i R
kj
kj βl

j = (−1)δ
k
j αk

i β
l
j .

Since (αi
j ) is a generalized permutation matrix, there is some τ ∈ Sn such that αi

j �= 0

if j = τ(i) and αi
j = 0 if j �= τ(i). Then βi

j = (a
j
i )−1 if i = τ(j) and βi

j = 0 if
i �= τ(j). Hence,

(
(Rq)σ

)kl

ij
= (−1)δ

k
j δk

τ−1(i)
δl
τ (j)α

k
i (α

j
l )−1.

Case 3: If q �= ±1, then (α
j
i ) and (β

j
i ) are invertible diagonal matrices. Then we

have

(
(Rq)σ

)kl

ij
=

∑

1≤p,v≤n

α
p
i Rkv

pj β
l
v = αi

i R
kl
ij βl

l =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

δi
kδ

j
l αi

i (αl
l )

−1, if i < j

δi
kδ

j
l αi

i (αl
l )

−1 q, if i = j
(
δi
kδ

j
l + δi

l δ
k
j (q − q−1)

)
αi

i (αl
l )

−1, if i > j .
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