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Abstract

Recently, multilevel collectively coupled quantum machines like heat engines and refrigerators have
been shown to admit performance enhancements in analogy to superradiance. Thus far,
investigations of the performance of collective quantum machines have largely restricted the
dynamics to particles with bosonic exchange symmetry, especially for large numbers of particles.
However, collections of indistinguishable but not fundamentally identical particles may assume
quantum states of more general exchange symmetry or combinations thereof, raising the question
of whether collective advantages can be observed for dynamics that allow the full Hilbert space to
be explored. Here, we compare a collection of single-particle three-level masers with their
collectively coupled counterpart, while admitting more general forms of exchange symmetry. We
study ergotropy and emitted power as the figures of merit and show which of the known results
applicable to a single three-level engine carry over to an engine made up of a collectively coupled
ensemble. We do this using results from representation theory to characterise the full basis of the
Hilbert space and provide general tools for the description of the dynamics of such systems. We
find that collective work extraction can extend beyond the temperature window of three-level
lasing, whereas in the lasing regime, individual may outperform collective operation. In addition,
the optimal parameter regime for work-like energy output varies for different symmetry types. Our
results show a rich picture in which bosonic symmetry is not always optimal and sometimes
individual particles may even perform best.

1. Introduction

Quantum thermal machines offer the prospect of using quantum systems as their working media, with
potential performance gains resulting from genuine non-classical properties. The simplest quantum system
which can act as an autonomous heat engine has three energy levels: two transitions exchange energy with a
hot and cold heat bath, and the third allows for work, as depicted in figure 1. In one of the earliest
contributions to the subject, Scovil and Schulz-DuBois (SSDB) showed how a three-level laser (or maser) can
thus be viewed as a heat engine [1]. Since then, the thermodynamics of a three-level system have been
studied theoretically with Lindblad master equations including situations with an external driving

field [2-9], and for many copies [10].

A working medium composed of many particles may also show collective effects—that is, behaviour
differing from a set of independent particles. Superradiance is a notable example in which an ensemble of
dipoles can emit light with power scaling quadratically rather than linearly in n [11]. This mechanism has
recently been proposed to obtain similar enhancements in heat engines and refrigerators [12-25]. Such
collective effects may be observed in systems including cold atoms [26-28], trapped ions [29], and artificial
atoms [30]. Furthermore, one can investigate many-body engines with interactions [13, 14, 31-41],
including systems operating around phase transitions [34, 42—44].

An important aspect of collective effects is the indistinguishability of the particles in the ensemble.
Physically, this corresponds to the equivalence of the particles as seen by external control fields and
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Figure 1. A single three-level system is coupled to two single mode reservoirs with frequencies wj, and w,. Population inversion is
achieved when wy, 8, < wcB. and in this case an energy current can be emitted through the transition of frequency wy if the system
is coupled to a dissipative load or is externally driven.

/)

environments, expressed mathematically as a symmetry of the dynamics under particle permutations.
Exchange symmetry and anti-symmetry are found in fundamentally identical particles and give rise to
Bose—Einstein and Fermi—Dirac statistics, with profound consequences for the thermodynamics of quantum
matter. However, more general exchange symmetry behaviour can emerge in ensembles of indistinguishable
particles [45—47]. These have implications for many-particle interference [48], quantum Gibbs mixing [49],
synchronisation [50], and non-abelian symmetries associated with non-commuting conserved

quantities [51, 52]. In this work we address how general types of exchange symmetry affect collective
enhancements like superradiance that are observed for bosonic exchange symmetry. Here, we investigate
thermodynamics in collective ensembles of three-level particles as a generalisation of the single-particle
SSDB model. In contrast to a model in which every particle interacts independently with the heat baths, in a
collective system, each absorption or emission process is a superposition of all single-particle events (the
open-system model is described in detail in section 2.2). Recent studies involving this model [14, 53, 54] have
focused primarily on states with bosonic exchange symmetry, since this is most relevant for superradiance
and moreover simplifies the analysis. We rather focus on implications of generalised exchange symmetries,
motivated in part by recent results demonstrating that the work output of an Otto engine cycle can be
optimised by leveraging symmetries outside of the bosonic subspace [47]. In fact, a lasing medium
comprised of particles that thermalise collectively, but are not fundamentally identical, may be in a
non-bosonic state, but rather in a mixture of different symmetry classes.

We extend the representation-theoretic tools from [47] to provide a systematic framework for describing
such systems coupled simultaneously to different heat baths. This general approach further lets us describe
systems prepared in any initial state, offering ways to prove certain useful facts about steady states of the
dynamics, as well as a significant reduction in the state space needed for numerical computations. We also
aim to understand which features of the single-particle case extend to the collective case, and which are
different. Our analysis involves looking at different quantifiers of work, including unitary work extraction
from steady states, and properties of the emitted field via the input—output formalism.

In section 2, we first introduce the necessary mathematical tools and define the model. The collective
three-level model is introduced in section 3 and the general structure of the steady state is given. The
thermodynamics of the system are then discussed in section 4, first for the steady-state work value, quantified
in terms of unitary work extraction of a system only coupled to heat baths. Here, we discuss low-temperature
limits and scaling with particle number. Next, for the energy emitted by an undriven heat engine coupled to a
1-D waveguide as a dissipative load, and finally for a system undergoing periodic weak driving, we show that
although collective efficiency is the same as for individual particles, different exchange symmetries exhibit
optimal performance according to other figures of merit, for different parameter ranges. In section 5 we
provide a proof of principle calculation of how this approach could be extended to a four-level system and
discuss unitary work extraction in an ensemble of four-level systems. We conclude in section 6.

2. Mathematical preliminaries

The dynamics of a single d-level system are governed by the special unitary group SU(d), describing all
unitary transformations (up to a global phase). For an ensemble of n such systems (particles), a second group
comes into play: the symmetric group S,, which describes permutations of the particles. We aim to
understand the behaviour of ensembles undergoing permutation-invariant dynamics, meaning dynamics
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generated by interactions that look the same under any relabelling of particles. Physically, this corresponds to
ensembles of particles that are indistinguishable to any control fields and environments. An efficient analysis
of these systems is enabled by representation-theoretic structures involving the two aforementioned

groups [47]. This generalises previous approaches involving spin ensembles [12, 20, 53—55]. While these
structures apply generally to SU(d), here we focus on SU(3) for three-level particles, representing the
simplest case in which simultaneous interactions with different environments can be included. We first
introduce the relevant mathematical tools below.

2.1. Schur Basis

A representation of SU(3) associates every u € SU(3) with a unitary matrix U(u) such that

U(u)U(u’) = U(uu'), respecting the group structure. The Hilbert space of n three-level systems can be
written as H" = (C*)®", with the corresponding product representation U(u) = u®"—i.e. non-interacting
collective unitary rotations. This representation is, in general, reducible. That is, there exist non-trivial
subspaces in which the action of all U(u) leaves the subspace invariant. There exists a basis of the Hilbert
space such that the unitaries can be brought into the block diagonal form

U = DDV W), W
A oi=1

such that U(u) is a direct sum of irreducible (not reducible) representations and each irreducible
representation (irrep) is labelled by an index A [56-58], counted with multiplicity m1,.

Although the form of the decomposition in equation (1) is generic, Schur—Weyl duality [59] gives
additional structure due to the product representation of SU(3). This duality holds between the actions of
the special unitary group and the permutation group S, which exchanges particles. The latter representation
P(0), 0 € Sy, commutes with the former: [U(u),P(0)] = 0 Vu, 0, implying that there must be a basis
simultaneously decomposing both group actions into their irreps. In fact, there is a basis such that

H = @K;A ®H>\,
A
U(u) =P @ U (u)
A

P(o) =P (0) @ Ly (2)
A

States in this Hilbert space can be decomposed into the Schur basis [59, 60] labelled by | A, sx,0x) such that
operators acting on irreps of S,, change only s, and operators acting on the irreps of SU(3) change only o).
Each A = [A1, A2, \s] is associated with one of the partitions of n = A\; + A\, + A3 into three non-negative
integers.

As noted above, we consider permutation-invariant systems, which means restricting our attention to
observables A that remain unchanged under particle relabelling, i.e. [A,P(c)] = 0 Vo € S,.. Due to Schur’s
lemma, this is equivalent to considering all observables of the form A = @, 1x» ® A* in the Schur basis.
One sees that the permutation factors I* can be effectively removed from our description of the system;
tracing out the degrees of freedom s, from the Schur basis gives a reduced basis |, 05 ) for an accessible
Hilbert space

Mo =EPH. (3)
A

So, ultimately, the relevant state space is described by irreps of SU(3) without multiplicity.

We end this section with an example to illustrate how the decomposition works for n =4 particles. A
detailed description of the general procedure is given in appendix B. The Hilbert space is broken down into
four irreps A, = [4,0,0], A\, = [3,1,0], A, = [2,2,0], Ay = [2, 1, 1]—corresponding to the four allowed
permutation symmetry classes for n = 4. These partitions can be illustrated graphically using Young
diagrams, formed from # boxes with rows of lengths given by the parts of A (from top to bottom). This gives
the following four Young diagrams:

A\, =0m Ay =HF
Ac=H i =H (4)
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The number of ways each of these diagrams can be filled with the numbers {1,2,3,4} without repetition and
with numbers strictly increasing along both rows and columns gives the multiplicity ) of each SU(3) irrep,
or equivalently, the dimension of the corresponding S4 irrep. The number of ways each of these diagrams can
be filled with the numbers {0, 1,2}, now with repetitions allowed, with numbers strictly increasing along
columns and not decreasing along rows, gives the dimension d), of the SU(3) irrep. The filling prescription is
consistent with the fact that there are no more than three rows. Additionally, each of these fillings represents
a state that has a particular type of permutation symmetry. The states constructed in this way are linearly
independent and states with different Young diagrams are orthogonal. The symmetry type of the state can be
read from the diagram. The diagram prescribes how states from the product basis consisting of the
single-particle states |0),|1),|2) are combined either symmetrically (along rows), antisymmetrically (along
columns) or a combination of both (for diagrams with both rows and columns) to construct the reduced
Schur basis of a particular irrep [60]. The details of this are given in appendix B. For example, the basis of A,
describes all fully symmetric states since its Young diagram contains only a row, while the states of A, A, and
A4 have a mixture of anti-symmetry and symmetry. The subspace defined by \; admits d), = 3 fillings and is
equivalent to the Hilbert space of a single particle, which is represented by a Young diagram with a single
box. From this, we see that all columns with three boxes can be dropped from the description.

Therefore, in general we label the irreps using the ‘highest weight’ notation: we replace A with (p, q),
which count the number of columns of length 1 and 2 respectively in the Young diagram. Using this notation
we can also explicitly give the dimension and multiplicity of a given irrep of a system of n particles [47, 56],

1
dy =5(p+ D(qg+p+2)(g+1),
Zd)\n!

<n+q—p+3) | (n+q+2p+6> | (n—Zq—p) | ’
3 : 3 : 3 :

2.2. SU(3) generators and the open system model

The block-diagonal structure of the accessible Hilbert space given in equation (3) allows one to speed up
calculations of the dynamics of larger systems considerably. In particular, A is a conserved quantity under
permutation-invariant dynamics—so each irrep block can be treated independently. Here, we describe the
basic dynamical variables needed for this description, which are used later to define our open-system model.
The dynamical operators are generators of SU(3). Two of them are diagonal and we label them by W, and

Y [56]. For a single particle they are diagonal in the computational basis {|0),|1),]2)}:

(5)

my —

LY 00 L (100
w§1>:E 0 -1 0], Y“):5 01 0], (6)
0 0 0 00 —2

and are proportional to two of the Gell-Mann matrices. The remaining six non-diagonal generators come in
pairs, denoted W, = w', Uy = U', and Vy= V! which act as the SU(3) equivalent of the more familiar
SU(2) raising and lowering operators; their single-particle versions are

Cofo 1oy (o0 S (o0

1 1 1

wl =10 0o of,uV=(0 0o 1],v?={0 0 o (7)
00 0 00 0 0 0 0

Any other elements of the Lie algebra su(3) can be obtained from linear combinations of these 8 operators.
All their commutators are listed in appendix A. For the n-particle product representation, the collective
generators are sums of single-particle terms: A = >/ Ai(l), where Afl) is any one of the above generators
acting on particle i.

Finally, we introduce a labelling of the reduced Schur basis which transforms conveniently under the
generators [61] and will allow us to simplify the calculations of the steady state behaviour. This basis
|(p,q), W, w,y) is characterised by the irrep label A = (p, q), plus three additional quantum numbers. The
number W labels the eigenstates of the operator W2 = 1 (W, W_ + W_W,.) + W>—i.e. the total
spin-length quantum number defining the SU(2) sub-irreps arising from the W,, W operators. The
remaining quantum numbers w and y, known as weights, label the eigenstates of the commuting generators
W, and Y. The actions of the generators on these states and their effects on w and y are are given in detail in
appendix A. This is illustrated graphically in a weight diagram as shown in figure 2, where the basis elements
of irrep corresponding to (p,q) = (2,1) are plotted with the x-coordinate corresponding to the values of w
and the y-coordinate to the value of y. The central points in any hexagonal diagram are degenerate, forming a
weight space, which is illustrated by concentric circles in the figure. These points have the same single particle

4
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Figure 2. A diagram of the reduced basis states |(p,q), Wj, wi, y;) of one of the irreducible representations found for 4 three-level
systems, labelled A = (p,q) = (2, 1). The values of w; are on the x-axis and y; on the y-axis. The central states are doubly
degenerate, which is shown with concentric circles. These states have different values for W;. The actions of the U+, V4 and W4
operators on states are indicated in the diagram in the upper left corner. The steady state achieved when w/3; > 1 is confined to a
mixture of the states in the upper right diagonal of any weight diagram, here these states are circled in green.

expectation values with a non-interacting Hamiltonian and therefore, have the same w and y but different W
quantum numbers.

The irrep diagrams have six (or three) sides containing (p + 1) points on the top edge and (g + 1) points
on the bottom, with a 27r/3 rotational symmetry, up to an axis rescaling. The right-most point (with largest
w) is known as the highest-weight vector, and has coordinates ([p + q]/2,[p —q]/3).

To summarise, the main mathematical results we will use to get to a description of a collective three-level
engine are:

o The states of a permutationally invariant ensemble of d-level systems can be decomposed into the reduced
Schur basis labelled |, 0, ) by tracing over the permutation degrees of freedom in the Schur basis.

e Permutationally invariant dynamics leave A invariant and therefore each block in the Hilbert space can be
treated independently.

o The label ) is associated with different types of exchange symmetry of the particles. Each A labels a different
irrep of SU(d) and is associated with a Young diagram.

o For three-level systems, A is expressed in terms of the numbers (p, q) which count the number of columns
of length 1 and 2 respectively in the Young diagram.

e The generators of SU(d) govern the dynamics of the system. They can be expressed in the reduced Schur
basis. For a three-level system there are two diagonal generators, W, and Y, and three pairs of operators that
act in analogy to the raising and lowering operators of SU(2).

o The reduced Schur basis for a three-level system is labelled |(p, q), W, w,y), where W is the eigenvalue of the
operator W2, w; is the eigenvalue of W, and y is the eigenvalue of Y.

3. General open system dynamics

In this section, we introduce the general form of the open-system master equations that will be studied in
different varieties in section 4, and discuss the form of their steady states. The single-particle three-level
maser depicted in equation (1) has transitions resonant with two single-mode bosonic reservoirs at a high
and a low temperature with positive frequencies wy, w, respectively, and a lasing transition w; = wy, — w;,
described by the Hamiltonian

h=wile) (el +wnlf) (fl, (8)

where we set fi = 1. The energy eigenstates {|g),|e), |f) } map onto the computational basis states
{|1),]0),]2)}. It is possible to generalise the single three-level maser to a collective ensemble of three-level
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systems using the SU(3) generators introduced in the previous section. The free Hamiltonian of the
ensemble is

Hy = wW, — (ij) Y. (9)

This is equivalent (up to an unimportant constant shift) to the non-interacting Hamiltonian where each
particle individually has the Hamiltonian in equation (8). The Schur basis vectors are eigenvectors
corresponding to energy eigenvalues E;\vy = ww — (w, + wy)y/2, which may be degenerate with respect to
different W values. The ensemble is chosen to interact with bosonic thermal baths, with inverse temperatures
Be, Bns> via the collective jump operators Vi and Uy, respectively. For example, V. describes an exchange of
energy w, from the system to the cold bath, occuring as a superposition of all single-particle transitions from
|f) to |e). Assuming the standard weak coupling, Born—Markov, and secular approximations, these collective
dynamics can be modelled using a Lindblad master equation, taking the form in the interaction picture [47]

p = guLlv(n) p+gLv (1) p+ glw (1) p (10)
where,
Lo (1) p=nD[0-]p+g(ni+1)D[OL]p. (11)

Here, D[O]p = OpO' — {070, p} and #1; = 1/ (exp(w;3;) — 1), is the bosonic average occupation of the
mode with frequency w; of the reservoir with inverse temperature 8; = 1/kgT;.

In contrast, an ensemble of independently coupled systems will have dynamics governed by a Master
equation that is a sum of terms acting on the single-particle states {|g);, |e);,[f);} for each of the n particles,
that is,

p= Z [&(nDlle)fl]p+ (7 + 1)DIf)el;]p) + gu(mDlIg)(fllp + (7w + 1)DIIf)(gl 1)
+gu(AD|g)ellp + (1 + 1)Dle)(g];]p)] - (12)

The difference between the collective and independent master equations is that the former includes
off-diagonal terms associated with transitions between the energy levels of different particles. While
equation (10) applies to the state of the entire system, we can similarly describe the dynamics of each irrep
block. In the accessible state space, we generally write p,.c = €D, p*p*, where p* is a probability distribution
over the index A and p) is a normalised state on 7{*. (A generic state may have coherences between blocks
when reduced down to the accessible Hilbert space, but these are irrelevant and can be ignored under
permutation-invariant dynamics [47] since they are not detectable by permutation invariant observables.
Furthermore, in the steady state these coherences decay to zero—see appendix C.) As noted above, since A is
conserved, the irreps do not mix, so we can write down a master equation for each p* of exactly the same
form as equation (10) — where each generator A € {W., UL, V. } is replaced by its component A* on the
irrep, which can be calculated by projecting onto the reduced basis discussed in section 2.1 and appendix B.
For simplicity of notation, we will often not explicitly write down the label )\, always implicitly working
within a fixed irrep.

We are mainly interested in properties of the steady states under the master equations of the form of
equation (10). The probabilities p* are set by the initial state and remain fixed in time; they can in principle
be chosen arbitrarily with an appropriate state preparation. For example, one possible choice of preparation
is to fully thermalise each particle independently with respect to some inverse temperature (¢:

P8, = exp(—0BoHs)/Zs,> where Zg, = tr[exp(—BoHs)] = tr[exp(—Soh)]". In the reduced Schur basis, this
state becomes

—BoHg myZA
A€ A A% By
PBojacc = @p N P = (13)
A Zﬂo Zﬂ"

For example, in the limit 5y — oo, the system approaches the ground state, which is contained in the fully
symmetric subspace labelled by A = 1,0, 0], equivalently (p,q) = (#,0). In the high-temperature limit
Bo— 0, Z3, — dx, s0 p* — mxdy /3"

Within each irrep, there is always a unique steady state p)_, except for the degenerate cases where two or
more of the g; coefficients vanish [47]. In appendix C, we show the following:

6
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Result 1. The steady state p, has vanishing coherences between different weight spaces corresponding to the
quantum numbers (w, y):

N Wow, y|pd I\ Wow! y')y = 0if w#wiory £ /. (14)

This result significantly simplifies calculations involving the steady state, requiring us to keep track of
coherences only between differing W values.

Since the system’s energy eigenvalues are functions of w and y, this implies vanishing coherence between
different energies. However, result 1 is a stronger statement in the case that the Hamiltonian has degeneracies
between different weight spaces (which can happen if the energy gaps are rationally dependent).

4. Thermodynamics in three models

In this section, we assess the performance of a collective three-level engine based on the work output
characteristics in three different models.

e Section 4.1 deals with how much energy can be extracted from the steady state of an ensemble of three-level
systems under unitary operations. We present analytical results for limiting cases as well as numerical results,
including the scaling of work extraction with particle number.

e Section 4.2 explores how much energy can be emitted into a dissipative load and whether it resembles heat
or work. We also evaluate the efficiency of the engine.

e Section 4.3 discusses the model that is closest to a laser. We include a resonant driving field and investigate
both power and efficiency for different symmetry types.

4.1. Unitary work extraction from steady state

First, we study the energy that could be extracted from a system that has reached its steady state under the
dynamics of equation (15) with the coupling to a hot bath and cold bath and we assume no dynamics on the
w transition. That is,

p:guﬁU(ﬁh)p+gv£V(ﬁc) p- (15)

This is motivated in parallel to the single-particle SSDB master equation,

IbSing =& (ﬁCID He><ﬂ] Psing T+ (ﬁc + 1) D Hf}<eH psing)
+gu (ﬁhD [|g><ﬂ] Psing + (ﬁh + 1) D fogl] psing) ) (16)

which gives a thermodynamical interpretation of the lasing threshold condition via population inversion
between the levels |g) and |e). In a given irrep for the collective case, the total amount of population inversion
among the available energy levels is most straightforwardly characterised by the ergotropy [62], defined as
the maximum energy that can be extracted under unitary operations:

E(p):= max (tr[Hsp] — tr [Hs UpUTD . (17)

The optimal unitary achieving the ergotropy maps the state p = >, 7 [1)x)(¢%| onto its corresponding passive
state UpUT =p:= Y, rﬁ |Ex)(Ek|, which is diagonal in the energy eigenbasis and has eigenvalues decreasing
with respect to increasing energy. For energy-diagonal p, the ergotropy can be understood as a measure of
population inversion as U rearranges the populations such that the rﬁ are in descending order with respect to
ascending E-values. Note that U is not constrained here to the SU(3) product representation; it must only
be permutation-invariant, so is completely general within each irrep A.

In practice, the optimal unitary U may not be achievable if energy extraction is limited to merely the
lasing transition. The operator providing rotations in this subspace is W, = W, + W_, so we define the
more restrictive lasing ergotropy

&(p) = max (tr[Hsp] — tr [Hse ™ pel®"]) . (18)

We first give two facts about the ergotropy of the steady state:
Result 2.

(1) &(pd,) = 2wymax{tr[W,p) ],0}, and when it is non-zero, the optimal rotation angle is 6 = 7.

7
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(ii) In the limit of a very low-temperature cold bath, w,f3. > 1, the steady state p2, is constrained to the
upper right-hand diagonal including g + 1 states circled in green in figure 2. In this case,

Ei(pa) = E(pd) if g < wifwe.

Part (i) can be shown as follows: under the rotation generated by Wy, the operator W, transforms in the
Heisenberg picture as W, — cos@W, + sinf W,,. Then, since Y is unchanged by this rotation, the lasing
ergotropy (18) simplifies to

& (pi‘o) zwlmeaxtr{[(l —cosh) Wz—sinﬁwy] p}. (19)

Moreover, since p is diagonal in w by virtue of result 1, it is invariant under rotations generated by W,,
and so (W) := tr[W,p] = 0. Then either (W,) < 0, in which case no energy is extractable, or (W) > 0 in
which case it is best to rotate W, — —W,. (Notice that, even though we restricted lasing ergotropy to
rotations generated by W, for simplicity, the result (i) also holds for more general rotations generated by any
combination of Wy, W,, W,.)

Part (ii) is proven in appendix D. In this low-temperature limit, the state has a thermal distribution over
the upper-right line in figure 2, behaving effectively as a spin-q/2 system at the temperature of the hot bath.
The lasing ergotropy then also coincides with the full ergotropy, and is found to be

B q+1
— e Bwn 1 — e—(q+1)Buwn

E(pd) =wi|p+aq+ 1
(for wB. > 1). (20)

For general temperatures, it is difficult to give a full description of the steady state—in contrast to the
single-particle case and the fully symmetric subspace [14]. However, we observe numerically that the
single-particle population inversion condition, w5, > wp B, is also the condition for nonzero lasing
ergotropy in every irrep.

The populations of an exemplary steady state p of the (4, 0) irrep and the corresponding lasing-passive
state py, = e~ 1Wxpel®"s are illustrated in figure 3 by the shaded circles and dashed black circles respectively.
Obtaining the state gy, from p requires horizontal transitions in the diagram corresponding to operations
under W only, this corresponds physically to only allowing transitions between lasing levels. These are the
transitions between energy levels with fixed W and y quantum numbers so that only w may change.

Obtaining a completely passive state from the steady state p would require transitions diagonally in the
diagram as well as horizontally—physically this corresponds to allowing transitions between any energy
levels in the system. Indeed, there are situations where the state gy, will have a smaller energy difference
from the steady state than the completely passive state does. That is, one could extract more work from the
steady state than just from the lasing transition alone, and this additional work resource can extend beyond
the temperature window of lasing.

This is exemplified for an ensemble of 4 particles in figure 4. Given that one prepares a state with a
particular initial symmetry, the dynamics are confined to that subspace. Therefore, we show the energy that
could be extracted from each subspace. The maximum energy will be extracted from the subspace with the
highest value of p, and this will always be the fully symmetric subspace, i.e. p=n, g = 0. We also show the
energy that would be extracted from #n independent particles (top line of the shaded region). When
wpBn <K weP,, this is identical to the energy extracted from the fully symmetric subspace. However, when the
temperature difference is less extreme, as is shown in figure 4, independent particles do not produce as much
energy as collectively coupled ones do.

We can further make statements about the many-particle limit, considering a case where the initial state
is prepared as a product of the form p{°". In the limit of large n, this distribution concentrates on subspaces
whose Young diagrams have row lengths in proportion with the decreasingly ordered eigenvalues r; of p;:

i.e. such that \; ~ nr; [63, 64]. (Related results have been applied in a thermodynamical context in [47, 65,
66].) This means that we need analyse only a single ‘typical’ irrep with parameters

(p,q) = (n[r; — r2],n[r, — r3]); here, we are ignoring fluctuations in p and g of order /5. This greatly
simplifies calculations via an exponential reduction of the effective Hilbert space down to a dimension of
order n?, as seen in equation (5).

Extending result 2 (ii) to the many-particle limit, we find the lasing ergotropy of the typical irrep in the
case w.f3; > 1 by substituting the typical (p, q) values into equation (18), resulting in & & wip = win(r; —r;)
to leading order in #.

In figure 5, we compare the collective and independent models by choosing an initial state such that p; is
the thermal state of the single-particle Hamiltonian at some inverse temperature 3y, imagining that the
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Figure 3. Plots of the populations of the steady state of equation (15) for the irrep (p,q) = (4,0) are shown here with shaded
circles. The hot and cold reservoirs have frequencies and inverse temperatures w. = 2/3, w, = 5/3 8. = 1.5 and 8, = 0.8. The
size of the circle at point (wj,y;) is proportional to the population of the state | (4, 0), Wi, wi, yi). The state pw, formed by rotating
under Wy is shown with dashed black circles. The shading of the circles indicates the magnitude of the eigenvalue of the
Hamiltonian at each point, increasing from dark blue to dark red. All system parameters here and in following figures are in units
of wy.

=== (4, 0) === (0, 2) === (1, 0)=== (2, 1)

Efw

Wi B

Figure 4. Energy extracted from a collective system of 4 particles within various irreps of SU(3) denoted (p, q) in the key above
the plot. The lasing ergotropy & (solid lines) is compared to the total energy that could be extracted from a unitary that
constructs a completely passive state (dashed lines). The upper border of the shaded region shows &; for 4 independently coupled
three-level systems, thus when irreps fall within the shaded region they perform worse than independently coupled systems. Here
they are fixed to we = 2/3, wy, = 5/3, Bc = 1.5, gu, g = 0.1.

system has been prepared by fully thermalising. The parameter 3, can then be used to tune this state via its
probability distribution p* over irreps, as seen in equation (13). (Note, however, that this parameter does not
affect the case of independent particles.) For very low cold bath temperatures, figure 5(a) indicates that the
independent case has optimal ergotropy, which is only approached in the collective model by taking large
Bo—i.e. preparing in the fully symmetric subspace. On the other hand, for the intermediate bath
temperatures in figure 5(b), large 5y preparations outperform independent particles. Moreover, this
advantage persists even for moderate 3y, in which irreps outside of the fully symmetric one contribute. It is
noteworthy that the scaling in 7 shown here is initially super-linear.

Another interesting case to consider is when p; is the steady state of the single-particle model. If we
choose temperatures such that w3, = wy, By, then the populations of levels |g) and |e) are equal—this
single-particle state is just at the lasing threshold, has zero lasing ergotropy, and is passive. Since p; is not a
thermal state, the many-copy state p{°" is non-passive for sufficiently large n [67], and moreover has positive
lasing ergotropy in the collective model. The many-particle typical irreps are then characterised by p ~ 0 and
g~ n(1 — e P«e) /(24 e~P«). The corresponding weight diagram is a triangle, reflected vertically
compared with the fully symmetric irrep. The collective model then extracts work from a subspace with
symmetry type that is in some sense far from bosonic. This result may be compared with [10], which also
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Figure 5. The scaling of the ergotropy (crosses) and lasing ergotropy (points), for an ensemble prepared in an initially thermal
state pg, acc is compared here to the ergotropy of # individual particles (black line). The temperature of the initial state is
indicated by the colour of the markers with 3y = {0.09,0.45, 1.5,5.0} going from dark red to dark blue. In (a), we explore the
limit where 3. — oo and find that it is only possible to extract the same amount of energy as from individual particles when the
state is prepared at a sufficiently low temperature. In (b), we show that for intermediate cold bath temperatures (8. = 1.5) it is
possible to perform better than individual systems even for moderate 3. This effect is enhanced for large n. Here, we fix the
temperature of the hot bath in both scenarios to 8, = 0.45 and the frequencies of the cold and hot baths are w, = 2/3 and

wy, = 5/3 respectively and g,,g, = 0.1.

considers work extraction via multi-copy operations, though not collective in the sense of obeying
permutation symmetry.

4.2. Power emission into dissipative load

The maximum energy that could be extracted from the ensemble (ergotropy) is useful in determining if there
is a population inversion at steady state to begin with. However, in analogy to the SSDB heat engine, we want
to evaluate the actual power output and efficiency of the system under load. For a simple model, consider
that, in addition to the two thermal baths of finite temperature with inverse temperatures (5, and 3, a
zero-temperature bath is coupled to the W transition. This bath functions as a dissipative load [68, 69].
Thus, the system evolution is

p= &Ly (m) p+&Ly(nc) p+gD[W-_]p. (21)
The heat current into the system from the hot reservoir is
Ty = tr[g.Lu (7n) pHs] (22)
with a similar expression for the heat current flowing in from the cold reservoir. This simplifies to
Ty =wpgutr{[(mn + 1) U_Uy — 3, UL U_] p}. (23)

with an analogous expression for the cold reservoir with the respective cold bath parameters and operators.
The energy current flowing into the dissipative load [70],

P = —tr{Hsg,D[W_](p)}, (24)
can be identified as the power. This expression simplifies in a similar way to the heat current so that
P =wgutr {W . W_p}. (25)

The ratio n = P /Z;, of these two quantities is then the efficiency of the engine. We find that  depends only
on the frequencies of the hot and cold transitions:
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Figure 6. The energy current emitted by the ensemble of three-level system into a zero-temperature bath through the W4
transition is highest for the fully symmetric subspace and, as shown in (a), for stronger coupling gr to the dissipative load. The
blue shaded regions denote the energy current from a system initialised in the (2, 1) irrep and the solid orange contours are for the
(4,0) irrep, where the lines in the colour-bar denote the contour of all power values greater than or equal to the assigned colour.
The dotted contours denote the energy current of 4 distinguishable particles. Here, the temperature of the cold bath is fixed to

Bc = 1.1. The frequencies of the hot and cold baths are set to, w;, = 5/3 and w. = 2/3, which fixes the efficiency of the ensemble
to n = 3/5. The maximum energy is emitted when the temperature of the cold bath is higher for both irreps, as shown in (b),
where the coupling to the load is fixed at gr = 0.9 corresponding to the highest emission in (a). Couplings to the hot and cold
reservoirs are both set to 0.1.

Result 3. The steady-state efficiency in every irrep isn = 1 — w./wp,.

This result holds since the flux of particles into any eigenstate of the system and the flux is zero in the
steady state. The energy current into or out of the system is proportional to the number flux but scaled by the
frequency. Thus, in the steady state the currents have to be balanced in the same ratio as the frequencies. This
result was already known for a single three-level system [5, 6] but it is remarkable that it extends to every
irrep of a collective system. To see this, consider the operator counting the total number of particles in the
single-particle ground state |g), which can be written N, = n/3 + Y/2 — W,. Then the time-derivative

Oy (Ng) = (gu[(in + 1) U_Uy — mpUp U_] + g, WL W_)
I, P

= (26)
wy wp

must vanish in the steady state, having used equations (23) and (25). So P/Zy = wi/wy = 1 — w,/wp,.

From the above result we see that for a fixed hot and cold bath frequency, the efficiency of the engine is
constant—therefore in this case we must consider the absolute energy emitted into the zero-temperature
reservoir. This is depicted for a collection of 4 particles in figure 6. Here, we show that the fully symmetric
irrep (solid orange contours) outperforms the other irreps (here the (2,1) irrep is shown by shaded blue
regions). However, it is possible that independent particles may emit more energy than other irreps, as is
shown in this figure for four independent particles (dotted lines).

From equation (24), we see that the energy current emitted by the system is proportional to the coupling
strength to the zero temperature bath. Indeed, for a stronger coupling to the dissipative load there appears to
be improved performance of the engine. However, the aim is for the system to perform work on the load.
Therefore, it is not enough to consider only the magnitude of the energy current but also the ‘quality’ of the
emitted light—i.e. to what extent it can be considered work-like or heat-like.

To quantify this, consider coupling the output mode of the system to a 1-D waveguide [71]. We identify
the work-like component of the emitted with the coherent part of the output spectrum. The (normalised)
intensity spectrum is [72]
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Figure 7. The peak of the intensity spectrum S(w;) of the light emitted into the zero-temperature reservoir is higher for a smaller
coupling strength gr. This is true for both the fully symmetric subspace, (4, 0) shown by the orange contours as well as the (2, 1)
irrep shown by blue shaded regions. This is compared to distinguishable particles (dotted contours). Couplings to the hot and
cold reservoirs are both set to 0.1 and the cold bath is fixed to w. = 2/3 and 3. = 1.1. The frequency of the hot bath is wj, = 5/3.

oo -1 roco oo
S(w) 1 {/0 dr G (T,T)] /0 dT/0 dT/efiw(TfT,)G(l) (r,7"), (27)

:271'

where G (t,) = <a0ut(t)7a0ut(t’ )> (using Heisenberg-picture operators) is the first-order Glauber
coherence function for the output mode with annihilation operator ao:. At steady state, this expression
simplifies to

1 [ —iwTt (1)
S(w)= 27 o dre TG (1)
G (0)

—. PP(;)’ (28)

where G (1) := G (t 4 7,1) for any t. Here, P(w) is the photon flux per unit frequency into mode w of the
waveguide (named the power spectrum in quantum optics [73]) and Py is the total photon flux. The
identification of a work-like part can be justified in different ways. Intuitively speaking, work is performed
on a medium when energy is transferred into it without additional fluctuations. This should be associated
with the emission of coherent light, as would be the case for an ideal laser, which the has minimal possible
simultaneous fluctuations in intensity and phase. Supporting this view, it has been shown that, in a model
with coherent driving (see section 4.3), the rate of work output is proportional to the weight of the
delta-function peak in S(w) at the lasing frequency w; [71, 74]. In the dissipative load model considered here,
there is no delta-peak, so we instead quantify the work-like quality of the output by the value S(w;). Due to
equation (28), the integral of S(w) over a narrow frequency window around w; can therefore be interpreted
as the fraction of power that is emitted into that window—using the fact that the linewidth is much less than
wy, so all relevant modes have approximately the same energy.

Given an atom-field coupling of the form W, a + W_a', the input-output formalism implies
GO(t,t") o< (W, () W_(t")), which can be calculated from the quantum regression theorem [75] in the
steady state as

GW (1,¢") o tr {W, (0) el Lote L (t'=1) [p w, (0)]} . (29)

This, as well as an expression for the second-order correlator G®) (t,¢') oc (W, ()W, (t')W_(tYW_(¢)), is
derived in E (see also chapter 3 of appendix [75]).

In figure 7, the intensity spectrum is compared for varying couplings to the dissipative load and
temperatures of the hot bath. One can see that, although the energy emitted is lower for a smaller coupling,
the intensity spectrum is more sharply peaked—which suggests the energy is more work-like. If the coupling
to the load is fixed we observe that there is an optimal hot bath temperature where coherence is maximised.

Next, we also study the intensity fluctuations of the emitted light using the normalised second-order
correlator [75], which for the steady state is

G@ (1,0
g2 (= M‘(,;_gz (30)
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Figure 8. The second-order correlator (2 (0) is plotted here, showing that the range of parameters for which the statistics of the
emitted light are more laser-like (closer to the Poissonian value ¢(2) (0) = 1) is quite different for different irreps. However,
laser-like behaviour occurs only for small couplings to the dissipative load. Here, g (0) of the fully symmetric subspace (4, 0) is
shown by the orange contours and by shaded regions for the (2, 1) irrep. The cold reservoir is set to w, = 2/3 and 3. = 1.1 and
the frequency of the hot bath is w;, = 5/3.

In particular, we calculate g?)(0) to characterise these fluctuations. In ideal coherent laser light, one has

¢ (0) = 1; a value close to one is then an indication that the energy emitted by the system is work-like in the
sense of being useful for applications requiring coherent light [76]. Figure 8 shows that, given the system
couples weakly to the load—which we have already established is required for the emitted energy to be more
work-like—the range of parameters for which ¢g®)(0) is close to one is quite different for different irreps. We
also see that the range of coupling strengths for which coherent light is observed is fairly narrow, regardless of
the irrep the system is initialised in. As expected from the intensity spectrum, when this coupling is increased
the statistics of the emitted light are more characteristic of thermal light and more characteristic of coherent
light for smaller 3. Thus, even if the energy current into the zero temperature reservoir is larger, the energy
emitted resembles heat and one cannot reasonably conclude that the engine is more powerful. Furthermore,
for (p,q) = (1,0) (whose behaviour is equivalent to a single particle), g)(0) = 0 since two photons cannot
be emitted simultaneously.

4.3. Work from stimulated emission

Finally, we consider the steady-state performance of the ensemble under periodic driving with a resonant
classical field [2]. This allows us to properly define the heat current into the system, as well as the power
output in the w; transitions. The system Hamiltonian with resonant driving is

Hs (t) = Ho =+« (e_iwltW+ + eiw;twi) , (31)

where Hj is the free Hamiltonian from equation (9). Under weak driving it is possible to model the state
evolution using the local Lindblad master equation used in previous sections by simply adding the term
obtained from the interaction (driving) Hamiltonian. There may be a concern that this will lead to
thermodynamic inconsistency [2] because the driving Hamiltonian changes the Bohr frequencies of the
system. However, for weak resonant driving the Floquet approach, which would take these changed Bohr
frequencies into account, can lead to an incorrect description because the secular approximation fails [54]. In
this work, we look only at weak resonant driving and in this case the local master equation is expected to
model the dynamics correctly. The master equation

pr = —i[HR, pr] + guLu (fin) pr + &Ly (1ic) pr (32)

is derived in the rotating frame, with interaction Hamiltonian in this frame Hr = o(W4 + W_). The rate of
change in internal energy of the system in the lab frame is [77]

E=tr{ps(t)Hs (t)}—i—Tr{ps(t)Hs(t)}. (33)

The first term defines the total heat current into the system [71, 74]. The second term is identified with the
power output of the system. The time dependence cancels in the steady state due to the cyclic properties of
the trace,

P = —awitr {(W_ — W) pr}. (34)
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Figure 9. The power emitted by the fully symmetric (4,0) (solid orange contours) and (2, 1) irreps (shaded regions) of an
ensemble of four, three-level systems is compared the the power emitted by four distinguishable particles (dotted orange
contours). The systems are resonantly driven with driving strength o and emitted power increases with driving strength. In (a)

this is shown for a cold reservoir set to w, = 2/3, 5. = 1.1 and wy, = 5/3 which fixes the efficiency of the ensemble to n = 3/5. In

a similar way to the undriven system, the maximum power is not found for the minimum cold reservoir temperature: in (b) the
reservoir frequencies are the same as in (a) but the driving strength is fixed to & = 0.07. The coupling to the hot and cold
reservoirs is fixed to 0.1.

The calculation of the heat currents from the hot and cold baths is done using the adjoint Lindblad operators
acting on the Hamiltonian [5],

Z(t) = tr{ps (1) guLy (Hs (1))} + tr {ps (1) &Ly (Hs (1))}
=Ty () +Zc(1).

(35)
In the steady state, the efficiency is again independent of the reservoir temperatures and given by

1 — w,/wy for all irreps. This follows from the same argument given in the non-driven case. That is, in the

rotating frame, the time derivative of the operator counting the total number of particles in the ground state,
N, =n/3+Y/2 — W, must be zero. Therefore,

O (Ng) =(gu[(n + 1) U_Uy — 1 Up U] + (W= — W)

(36)
L P

wp  owr

Hence for fixed frequencies wy, and wy, the efficiency is constant and instead of considering the ratio
P /), we once again quantify the performance of the engine by the absolute power output. The performance
is expected to improve with increased driving strength; however, for very strong driving the output driving
should drop off since the driving will dominate the dynamics. In figure 9, we show that the fully symmetric
state performs better compared to the other irreps, as expected from the results of the previous sections. We
also show that four independent systems perform worse than a fully symmetric collective system. Although
the emitted power is closer in magnitude to the (2, 1) irrep than it was for the system coupled to the
dissipative load, it still outperforms the other irreps in this case. We see also that the performance is
enhanced when the cold bath is not too cold compared to the hot bath. For w5 < 1, the driving will not
contribute significantly to the dynamics and hence very little energy can be extracted. Therefore, there is an
optimal driving strength depending on the temperature of the hot and cold reservoirs—which would require
a description of strong driving to explore. The description of the system under strong driving goes beyond
the scope of this work as the correct description of this limit would require using either the Redfield or
Floquet master equations.
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Figure 10. A single four-level system is coupled to three single mode reservoirs with frequencies wy,, we and we,. Here we consider
unitary work extraction after the system is in a steady state.

5. Extension to a four-level system

Finally, since the mathematical framework that we introduced in section 2 can in principle be applied to
systems with dimension d we briefly extend the ergotropy results to an ensemble of four-level systems to
show how this would work in practice. Most of the tools used to provide a description of a three-level system
can be used with minor adjustments since the dynamical operators can be expressed in the reduced Schur
basis for SU(4). Starting from a single particle, a four level system that can operate as a laser [5] is resonantly
coupled to three Bosonic reservoirs, one at a high temperature and two at the same lower temperature, where
they have positive frequencies wy, w, and we,. The lasing transition is then w; = wy, — w, — wer. We begin by
defining the single-particle Hamiltonian,

h=wn Al +we e)e] + (wi + wa) |[d){d]. (37)
The system is illustrated in figure 10. The single-particle Master equation is

psing = 8o (A D{|d){fl] p + (a1 + 1) D[f)(d] p) + g2 (A2 D [g)(el] p + (M2 +- 1) Dle)(g]] p)
+&n (mD[I9p + (m + 1) Df)gl] ) - (38)

In principle, the collective master equation for each irrep of SU(4) can now be formulated as in section 2
using the generators of SU(4) and additional quantum numbers that label the additional degrees of freedom.
However, without a detailed discussion of the generators and Schur basis of SU(4), we can still numerically
find the behaviour of n collectively coupled systems using the basis transformation described in appendix B.
This is the approach taken here, although analytical results like the ones found for the ergotropy for
three-level systems could be achieved via an analytical description of the basis and generators. The collective
operators for each irrep of SU(4) are calculated numerically as follows. First, each of the relevant system
operators are first expressed in the product representation for n particles (i.e. H") using the single-particle
operators. These operators are then expressed in the reduced Schur basis following the steps in appendix B
which allows us to once again study the behaviour of the system in its steady state for each irrep individually.

In figure 11, we illustrate how this can give different behaviour to a similar three-level system. Here we
numerically calculate the ergotropy and lasing ergotropy (see equations (17) and (18)) for each irrep of an
ensemble of four collectively coupled four-level systems in analogy to figure 4. In this case we have five
partitions, A\, = [4,0,0,0], A, = [3,1,0,0], A\ = [2,2,0,0], \y = [2,1,1,0] and A\, = [1, 1,1, 1]. (Note that the
(p» q) notation has been dropped for simplicity; its analogue in SU(4) would require an additional number.)
Only four of the five partitions will contribute to the ergotropy since the partition A, leads to a subspace of
dimension 1 and thus one cannot extract energy from transitions in this subspace (there are none). In the
figure, we see that the lasing ergotropy of the four four-level collective systems performs similarly to the
lasing ergotropy of a three-level system with equivalent system parameters. We choose the paramters such
that the temperature and frequencies of the cold transitions are the same as the three-level case. Hence, the
frequency of the hot transition is changed to accomodate this while keeping the lasing frequency fixed. For a
single four-level system the condition for positive ergotropy is now w3, < Bc(wa + we) [5]. In the collective
4 particle case we see that the difference between the lasing ergotropy and full ergotropy is larger than one
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Figure 11. Energy extracted from a collective system of four, four-level particles within various irreps of SU(4) with partitions

Ao = [4,0,0,0], Ay = [3,1,0,0], \c = [2,2,0,0], \g = [2,1,1,0] corresponding to the key above the plot. The lasing ergotropy &
(solid lines) is compared to the total energy that could be extracted from a unitary that constructs a completely passive state
(dashed lines). The upper border of the shaded region shows & for 4 independently coupled four-level systems, thus when irreps
fall within the shaded region they perform worse than independently coupled systems. Here the system parameters are fixed to
we =2/3, wa = 2/3, wy, = 7/3, with the two cold reservoirs at the same inverse temperature, 3. = 1.5 and the coupling to each
reservoir set to g1, 8x,gn = 0.1. All system paramters are expressed in units of w as is the case for the three-level system.

might expect from three level systems for high hot bath temperatures. Additionally, due to the different
threshold for positive ergotropy, there is a larger range of temperatures that the hot bath can take which allow
for non-zero ergotropy.

6. Conclusions and outlook

We have analysed the performance of a heat engine made up of a collectively coupled ensemble of three-level
systems. We were able to provide a description of these engines going beyond states with bosonic exchange
symmetry using and extending the representation theoretic tools laid out in [47]. This was facilitated by a
description of the dynamics with operators acting on the reduced Schur Basis. Our first result was to show
that a system prepared in a state that is as close as possible to the fully symmetric state will achieve the
greatest population inversion when coupled to two heat baths and will thus allow for the highest unitary
energy extraction. This was shown both analytically for the limiting case of w3, > wj, (), and numerically for
a situation where the cold and hot reservoirs are at similar temperatures. Although the optimality of the fully
symmetric subspace here somewhat resembles superradiance, there is no quadratic enhancement of the
population inversion in # and so it may be better interpreted as constrained behaviour in the other symmetry
subspaces. Furthermore, we found that work can be extracted from collective systems outside of the lasing
regime of single particles; however, independent particles may outperform the collective system for certain
choices of system parameters. Next, we showed that the fully symmetric state also produces the highest
power output when a dissipative load is weakly coupled to the lasing transition. However, if the load is
coupled too strongly, this leads to the emitted light resembling thermal light in intensity fluctuations and
with a wider bandwidth, and therefore this energy current resembles heat more than work. Finally, we
highlight the differences in performance for different symmetry types for a driven system where now, the
work output is clearly defined. In this case we look only at weak driving so that the results are
thermodynamically consistent without resorting to Floquet dynamics.

Although we were able to analytically prove certain properties of the steady states of these systems, some
open questions remain. For example, why does the single-particle population inversion condition apparently
extend to a general condition for non-zero lasing ergotropy? This ergotropy is extracted via processes that
move horizontally on the weight diagram, preserving the number of particles in the |g) , |e) subspace and
moreover the W spin quantum number. However, it would be interesting to know whether lasing ergotropy
always extracts positive work from all such W subspaces simultaneously; this depends on how their
populations are ordered from left to right on the diagram.
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Collective thermal machines like the heat engine explored in this work could be experimentally realised
using an ensemble of fully blockaded Rydberg atoms where a three level system could be obtained from an
atom with two internal states as well as a highly excited Rydberg state [78]. A collective three-level engine
which allows only bosonic exchange symmetry could also be implemented using a three mode BEC [79]. The
extraction of energy from such a system would be an experimental challenge that could be achieved by
coupling the system to a 1-dimensional waveguide, as was recently suggested in [71].

An immediate future direction for theoretical consideration would be to study the effect of interactions
on the thermodynamics of such systems. For strong interactions or large particle numbers, one would need a
Redfield equation approach due to a break-down of the secular approximation. Additionally, interactions
may allow the weight-space degeneracies in the mixed symmetry subspaces to be lifted. This may also lead to
different behaviour to that which is found in this work. Also note that our methods are in principle easily
extended to higher-dimensional particles, allowing for the study of four-level laser models and other
multi-level collective systems. Another extension is to consider permutation symmetry which is no longer
strong in the sense that the symmetry operator commutes with all jump operators, but rather weak in that it
commutes only with the Lindbladian [80]. One could also study off-resonant driving and continuous engine
cycles with time-varying classical fields [12]. Further applications may be found in thermometry, for
example, where coupling to two heath baths might allow for simultaneous estimation of two temperatures.
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Appendix A. SU(3) basis

We give all commutation relations of the SU(3) generators for [56]:

(W, Wi]=+W, (Wi, W_]=2W,
1 3
[WZ’ Ui]:$§U:|: [U+7U*]:EY_WZ
1 3
[WZaVi]:iEVi [V_i_)V_}:EY_F Wz
[Ya U:I:] = :I:U:I: [Yv V:‘:} = :l:v:l:
Wy, Vo] =-U_ (Wi, Uy =Vy
Uy, Vo]=W._,

with the remaining independent ones all vanishing.
The generators act on the basis in a (p, q) irrep in the following way [61]:
W.|(p,q), Ww,y) =wl(p,q), W, w,y) (A1)
W | () W, w3) =/ (W =) (WS w1 (pa) W+ 1,9)
W 1(p,), Wy p) =/ W) (W w4 1) |(pog), Ww— 1)
) )
), )

Wiwy

Y|(p,9), W.w,y) =y|(p.q), W, w,y)
Vil(p,q), W,w,y Al",‘,qw7y|(p q),W+1/2,w+1/2,y+1)
+ By, (P @), W=1/2,w+1/2,y+1)
Vo), Wow,y) =A0T e, i (@), WH1/2,w—1/2,y — 1)
+BW+1/ZW 1/2,y— g, W=1/2,w—1/2,y—1)
U |(p,), Wow,y) = (A5, VWHwH 1= aff | Ww)
VW—w+1|(p,q),W+1/2,w—1/2,y+ 1)
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+ (B, VW= w— B, VW= wT)
VW+w|(p,q),W—1/2,w—1/2,y+1)
U 1(ps), Wow3) = (A0 s oy VT W AR s W)
VW=w|(p,q), W+1/2,w+1/2,y —1)
+ (Bl\)/\fH/Z,WH/Z,yfl\/m_ B@il/z,wq/z,yq VW—w+ 1)
VWH+wH1|(p,q),W—1/2,w+1/2,y—1).

Here, the coefficients Al\j/\}/?w,y and Bl‘)/\}?w,y are positive and given by
AI;»Vqu:\/ WH+w+1 .
w7\ 2(WH1) W 1)
g [(W(i_q)+§+ 1) (@EZQ) +W+§+2) ((ZP;L‘J) Cwe ;’)}1/2
W—w

qu —
Wy A 2W(2W+1)

B 1/2
(M ) (P D) (2w )]

Appendix B. Constructing the Schur basis

Here we detail the way that the Schur basis described in section 2.1 can be constructed so that operators can
be projected onto the reduced basis of a particular irrep of SU(3) [59, 60].

(i) First, form a partition of n into 3 non-negative integers. These partitions label the irreps of SU(3).
Each partition is represented by a Young diagram labelled by A; with n boxes and at most 3 rows. For

example, the Young diagrams forn=3are \, =[] [ ], \p = EF], Ae = @

These correspond to (3,0), (1,1) and (0,0) in the (p, g) notation.

(ii) Compute each standard Young tableau T by filling the boxes with 7 different integers strictly
increasing along both the rows and columns. For each A, the number of possible standard tableaux is
the dimension of the irrep of S,.. In our example, A\, above admits two standard Young tableaux,

and and so my, = 2. We now fix the tableau T because we will only need to work in the

reduced Hilbert space where all the permutation subspaces are traced out. We now also know that the
block describing this irrep will appear twice in the block diagonalised Hilbert Space.

(iii) Fix T to be the standard Young tableau with all numbers in numerical order, e.g. . From this
standard Young Tableau find the permutation operators P(r) and P(c) that permute the numbers
along rows and columns. In the A, example, P(c) = {1,P(;;3)} and P(r) = {1, P31 }.

(iv) Now construct the Young symmetriser, that is the projector

P, o< Z sgn (c) P(c) Z P(r)|. (B.1)

c€Col(T) reRow(T)

Here, Col(T) are the permutations of the integers within each column of the diagram and Row(T) are
the permutations of the integers in each row. P, 7 acts on elements of the computational basis to
transform them into the block diagonal structure we want, that is, Px r|x1,%,...%,) o |A,sx,04). In
the A\, example, Py 1 (1 —|—P(213))(]l — P(321))

(v) Compute the semi-standard tableaux. Informally each box labels a particle which can take one of d
computational basis states. Thus the tableau is filled so that numbers do not decrease along rows but
strictly increase along columns. In the example of A;, we would get

[o70] [0T0] [0]1] [0]1] [02] [012] (1] , ,q [1T2)
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(vi) Construct a type vector t(x) which counts the number of particles in each of the computational basis
states. For example the tableau has type vector t = (2, 1,0) which has the span

{]001),]010),]100) } in the computational product basis.

(vii) Construct the restr1ct10ns of the permutation operators P()(r) and P(t) (c) onto the subspace of the
type vector, e.g. P(213) =1001){(001| + |010)(100| + |100){010]| for the type vector t = (2,1,0), and then
calculate the Young symmetriser Note that semi-standard tableaux with the same numbers will lead
to the same type vectors, e.g. Fo1-H and g. are both spanned by {|012),|021),]210) } however, they
have different Young symmetrlsers. In the Schur Basis discussed in section 2.1, the states
corresponding to these tableaux would have the same weights (w, y).

(viii) Once the projector is constructed, perform a singular value decomposition on it. The first k columns
of the left singular vector with non-zero singular values form the basis elements |\, 0))

(ix) Operators that were originally expressed in the Hilbert space H" can now be projected onto this
reduced basis by, O; 2 =(\,0x] On|A,08).

Appendix C. Structure of the steady state

Here, we show that the steady state of the master equation (15) has a block-diagonal structure with respect to
the Schur basis. In fact, we can assume more generally that the master equation contains the dissipators D[L;]
for L; € {Wy, Uy, V4 }, with the Hamiltonian being a linear combination of the diagonal generators W,, Y.
All the jump operators are then generalised ladder operators for each of W, and Y, as seen from the
commutation relations in appendix A.

It follows that the master equation generator £ is covariant with respect to diagonal unitary
transformations Uy g := e " 1(OW=AY) . dOW-A0Y) e (£ 1y 4] = 0.

Suppose we are given any steady state p, so L(p) = 0. Then we show that it is possible to construct
another steady state o that is also invariant under the unitaries Uy . This state is given by ‘twirling’ over the
diagonal subgroup—in other words, averaging p over all § and ¢:

o= /27r d /27f dé (C.1)

It is clear that o is invariant under the diagonal subgroup by construction, and

:/Zﬂdefzﬁd"bcouw( )

21 da 27‘rd
(C.2)

Then we see that ¢ is block-diagonal in the Schur basis with respect to w and y, meaning that
NWow ylo N S Ww' "y =0 if XN, w#w  ory#y. (C.3)

(The block-diagonal structure with respect to the irrep A follows from theorem 1 of [47].) Note that
coherences are guaranteed to vanish only between different weight spaces; we cannot say anything about
different W in the same weight space.

For a single component in the irrep space H*, theorem 1 of [47] tells us that the steady state is typically
unique. This holds up to certain specific fine-tuning cases of the rates in the master equation—for the master
equation considered here, we require only that at least two of the coefficients g, g,,g: are non-zero. It then
follows that the only steady state o* has the given block-diagonal structure.

Note that these observations can all be easily generalised to higher-dimensional particles, under the
assumption that the jump operators are elements of the Cartan basis, and the Hamiltonian is a linear
combination of the diagonal Cartan basis elements.

Appendix D. Ergotropy in the low-temperature cold bath limit

Here we show that in the limiting case of w8, > 1, it is possible to find the solution for the steady state of the
model with no lasing transition, and determine the extractable energy in a given irrep.
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o & o

Lo ® [

Figure D1. A diagram of the reduced basis states |(p,q), Wi, wi, yi) of one of the irreducible representations found for four
three-level systems, labelled A = (p,q) = (2, 1). Dotted lines form the family of lines with equation L = y/2 + w. The arrows
labelled by 7; depict the action of each of the terms in equation (D.3). The points inside the green ellipse form the line Ly on
which the steady state lives for a low-temperature cold bath. The reflected steady state p, is made up of the populations inside the
purple dashed ellipse.

In the case that w.f. > 1, the average occupation number of the cold bath is effectively zero. Therefore,
the master equation equation (15) becomes

. 1 _
p=2g <V+pV— —51v- V+,p}> + gLy (An) p- (D.1)

In the space of basis vectors, define the family of lines indexed by the numbers L = y/2 + w which can be
traversed within the diagram by applying U...

Figure D1 illustrates the lines that are present for the (p,q) = (2,1) irrep, which is a possible irrep if there
are 4 particles in the ensemble. Consider the sum of the populations along one of these lines which is
constant in the steady state [20],

ZP}“ = Z <(P»Q)7Wi7wi7yi|p|(PaQ)a"viawi,}’i>:0- (DZ)
iel wi+yi/2=L

Where i € L labels each of the Schur Basis states that are possible for the irrep labelled (p, q) on a particular
line L. In order to get to an expression for the steady state, we break up the total sum into three parts

S =l el )
icl

= gvz <@7Q) ) VV,',W,',)/,'| VipV_ ‘(pvq) ) VV,',W,',)/,'>

i€l
&
- EVZ <(Paﬂ)>"viawi7)/i| {V—V+7p} |(Pa€)a"vi,wi7%>
i€l
+guz<(P7q) ) Wiawivyi‘ﬁUpraq)7Wiawi7yi>'
i€l

Since the populations are constant for each single line, 7'3(L) =0 forall L.

Starting from the line that is furthest on the left in figure D1, Ly = (p — 24q)/3, Tl(LO) vanishes since there
are no states on the line L(_,) = Ly — 1. Then because we consider only the steady state, due to
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TZ(LO)

equation (D.3), = 0. Then, using the operator coefficients from appendix A,

V_ V+ ‘(pa q) ’ W7 W,)’> = (BI‘)/\)/?H,W, Iz/{/?w,y +A1‘7/(lq_l,w,yBl‘)/\)/?w,y) va q) ’ Wa W7Y>

2 2
+ (A%) 1) W Lwg) + (B, ) I(psa) W= Lwy) (D)

the expectation value in each term of 7, is always non-negative, since all the coefficients are non-negative.
Therefore, for the sum of all the terms to be zero, the total population at each point on the line must be
zero. We can then proceed through each of the lines in the irrep as follows: TI(LH) = 0 since it depends on the
populations from the previous line which are all zero, thus once again we are left with T2(L+1) =0 and the
populations along this line are all individually zero by the same argument as before. This is extended until the
last possible line in the state space, L. = (2p + q)/3: in this line TZ(L*) automatically vanishes since there are
no V; transitions allowed. Then the populations from the previous line are all zero, which makes TI(L*) =0.
Thus, we are left with TS(L*) = 0. The individual populations on this line will have a Boltzmann distribution

since they are determined by dynamics with a single heat bath,

Prp+q = LuPrp+q; (D.5)

and futhermore are non-degenerate since they lie on the boundary of the weight diagram [56]. The
magnitude of the populations along this line decrease with decreasing y coordinate.

The lasing ergotropy is found from result 2 (a) with the Boltzmann distribution over the upper-right line,
using the fact that the points on this line have coordinates wy = (p + k) /2, yx = const. — k fork=0,1,...,g:

E = 2witr [szg‘o}

1 e—kBuwn
= w] 7 (p + k) 5 (D.6)
k=0
with Z=3"1_ e *%i Performing the sum, we obtain
E=wi|p+ at! (D7)
P=wrptat 1 —eBion 1 —e—(a+1)Buw ’

We can also make statements about the full ergotropy in this limit. In particular, the full ergotropy £
equals the lasing ergotropy & if the state obtained by extracting & is also a passive state—i.e. when no more
energy could be extracted by any unitary operation acting on the irrep. This state, denoted p;, is the
reflection of the one described above in the w-axis on the weight diagram. While the steady state lives on the
line L., p, lives on its reflection L,. Since the energies at points on L, increase as y decreases (moving down
the diagram), and the populations also decrease by the Boltzmann ratio e =%, we see that p;, is passive
whenever all the points lying on L, are the (g + 1) lowest energy eigenstates.

The ground state is the upper-left point in the diagram. Relative to this, the energies of the points on L,
are we, 2wy, . . . ,qw, (moving downwards, or applying V_). Considering moving in the two other directions
from the ground state, applying W adds energy w;, while U_ adds wy, > wj. So the lowest (q+ 1) energies
must lie on L, whenever qw, < wj. This is then the condition for the equality £ = & for the case of a
low-temperature cold bath.

Appendix E. Quantum regression theorem

Here, we show how two-time correlators like G (t,") oc (W, ()W_(t")) and
GO (t,t") oc (W ()W (' )W_(t')W_(#)) can be calculated using the quantum regression theorem [75].
First let o be the density operator for the entire system and environment state such that trg(c) = p and let H
be the Hamiltonian acting on this space. Then, we will calculate the second-order correlator for ¢ < ¢’ as this
result is easily adapted to give the result of the first-order correlator and these are the times we are focus on in
this work. Consider then, the second-order correlator:

(W () Wi ()W () W- (8) = trs { W () W- (0) s [e "= W_ (0) 7 (0) Wy (0) (1)
(E.1)
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where we have used that the operators W (0) only act on the system part of the Hilbert space. Then set
or(t' — 1) = e HE =D W_(0)o(0) W, (0)e(*'~) and note that for for system dynamics generically given by
p=Lp,

tre o (1 — )] = £~ (W_ (0) p (1) W, (0)). (E2)
Therefore the correlator becomes,
(Wi (W ()W (YW (1)) =trs {wy (W= (0) =D (W_(0)p() Wy (0)}.  (E3)

The first-order correlator can be calculated in the same way by replacing W, (+')W_(¢") with W_(¢") and
W_(t) with the identity.
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