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We investigate the effect of a U(1) gauge field on lattice fermion systems with a curved
domain-wall mass term. In the same way as the conventional flat domain-wall fermion, the
chiral edge modes appear localized at the wall, whose Dirac operator contains the induced
gravitational potential as well as the U(1) vector potential. In the case of an S! domain-wall
fermion on a two-dimensional flat lattice, we find a competition between the Aharonov—
Bohm(AB) effect and a gravitational gap in the Dirac eigenvalue spectrum, which leads to
an anomaly inthe time-reversal (7)) symmetry. Our numerical result shows a good consis-
tency with the Atiyah—Patodi-Singer index theorem on a disk inside the S' domain wall,
which describes the cancellation of the 7" anomaly between the bulk and edge. When the
U(1) flux is squeezed inside one plaquette, and the AB phase takes a quantized value 7 mod
2w 7, the anomaly inflow drastically changes: the strong flux creates another domain wall
around the flux to make the two zero modes coexist. This phenomenon is also observed
in the S domain-wall fermion in the presence of a magnetic monopole. We find that the
domain-wall creation around the monopole microscopically explains the Witten effect.

Subject Index B38

1. Introduction

Lattice gauge theory has played an essential role in theoretical computations of hadronic pro-
cesses. It is usually formulated on a square lattice with periodic or anti-periodic boundary con-
ditions, to regularize the quantum field theory to a well-defined integral of finite degrees of
freedom. The systematics due to finite lattice spacing and finite volume size is well understood
and the continuum limit can be taken in a controlled manner.

With a gravitational background, on the other hand, lattice field theory is less developed,
compared to the case in a flat space time. In order to describe the nontrivial curved metric, one
needs to modify the structure of the lattice itself, which often has been studied using triangular
lattices [1-11]. The continuum limit is, however, nontrivial as it is difficult to control the number
of sites, links, and their angles and lengths at the same time. The recovery of the symmetry that
the target continuum theory has is not obvious, either [12].

In our previous work [13], we proposed a novel formulation of curved space field theory using
a fermion system on a square lattice. As a mathematical base, we rely on Nash’s embedding the-
orem [14,15] which states that any curved Riemannian manifold can be isometrically embedded
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into a finite-dimensional flat Euclidean space and their metric and vielbein are uniquely deter-
mined up to the point of gauge transformation. In our formulation a square lattice is used to
regularize the flat higher-dimensional space, and the embedding is realized by a curved domain
wall in the fermion mass term. In the same way as for a flat domain-wall fermion [16-18], the
massless edge-localized modes appear on the domain wall, and they feel “gravity” through Ein-
stein’s equivalence principle. Note that we do not assign any link or site variables to describe
gravitational degrees of freedom. They appear as effective low-energy fields.

In the analysis of the circle S! domain-wall fermion on a two-dimensional square lattice
as well as the S?-shaped curved domain-wall fermion in three dimensions, we found that (1)
chiral edge-localized modes appear at the domain wall, (2) they feel gravity through the induced
spin connection, and (3) the continuum extrapolation including the rotational symmetry is well
controlled, tuning the lattice spacing of the higher-dimensional square lattice.

A similar approach to our study was already discussed in condensed matter physics. In Refs.
[19,20] they found through the continuum effective theory of a topological insulator that the
edge-localized modes on a spherical curved surface are described by the induced spin connec-
tions. Our lattice result below agrees well with their analytic observation. In Refs. [21,22], it was
proposed how to demonstrate the inflation mechanism using the expanding edge of the quan-
tum Hall systems. In fact, our study has triggered a collaboration (S. Aoki et al., manuscript
in preparation) with condensed matter physicists for microscopically understanding the Witten
effect [23], which is a theoretical prediction that a magnetic monopole becomes a dyon inside
topological insulators.

In this work, in contrast to our previous work [13] where we studied a free fermion system
only, we introduce nontrivial U(1) link variables to investigate the anomaly inflow between the
bulk and edge. In continuum theory, it is known that the time-reversal symmetry anomaly [24]
of the bulk and edge modes is canceled through the Atiyah—Patodi—Singer (APS) index theorem
[25,26], for which a mathematical relation with the domain-wall fermion Dirac operator was
proved [27,28].

With a weak and smooth U(1) flux in the S' domain-wall fermion, we will show that the »
invariant of the massive Dirac operator is consistent with the APS index on a disk. As far as
we know, this is the first example of a nontrivial APS index realized on a lattice except for the
flat two- or four-dimensional tori [29].

We will also study the cases where the gauge field has a singular defect: a vortex in two dimen-
sions [30,31] and a magnetic monopole [32] in three dimensions [33-36]. For these strong field
cases, the Wilson term in the fermion action plays a key role: it dynamically creates another
domain wall near the defects. The creation/annihilation of the domain walls corresponds to
topology changes of the total system, but the anomaly inflow is still consistent with the cobor-
dism. If we consider the Dirac operator as a Hamiltonian in a one-dimensional higher system
[19,20,37,38], the creation of the domain wall naturally explains the Witten effect [23,37-39],
which indicates that the defects are electrically charged inside topological insulators.

The rest of the paper is organized as follows. In Sect. 2, we explain our lattice setup for curved
domain-wall systems. In Sect. 3, we embed S' domain wall into a square lattice and assign a
weak and uniform U(1) connection inside the wall. We analyze how the connection affects the
dynamics of edge modes and how the anomaly inflow is detected. In Sect. 4, we squeeze the
U(1) flux in a single plaquette. We show an extra domain wall is created by a Wilson term and
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localized mode appears at the plaquette. In Sect. 5, we confirm a similar bound state around a
magnetic monopole in the S> domain-wall fermion system.

2. Curved domain-wall fermion on a lattice

In our previous work [13], we investigated free fermion systems on two and three-dimensional
square lattices having a curved domain wall in their mass term. We found that the edge-localized
modes appear at the spherical (S' and %) domain walls [19,20], the effect of gravity or induced
Spin and Spin¢ connections encoded in the Dirac spectrum, and a monotonic scaling behavior
towards the continuum limits including recovery of the rotational symmetry.

The key mathematical ideas in our previous work are Nash’s embedding theorem [14] and
Einstein’s equivalence principle. Nash’s theorem assures that any curved Riemannian manifold
can be isometrically embedded into a finite-dimensional flat Euclidean space and its metric and
vielbein are uniquely induced by the embedding function. When the motion of some particles or
fields are constrained to the embedded manifold, they feel gravity, via the equivalence principle,
through the induced metric or Spin and Spin¢ connections.

In our previous work [13], we regularized the higher-dimensional Euclidean space on a square
lattice, and realized the embedding function by the domain-wall mass term in the fermion. In
this work, we investigate the effect of electromagnetic gauge fields focusing on the anomaly. On
higher-dimensional square lattices, it is straightforward to introduce the gauge fields using the
standard link variables and associated covariant difference operators.

We denote an (n + 1)-dimensional periodic square lattice by (Z/NZ)"*'. The physical lattice
size is L = N/a with the lattice spacing a. The lattice site coordinate is given by x; = aX;, where X;
takes a half-integer value in the range —(N — 1)/2, —(N — 1)/2 + 1, ---, (N — 1)/2.! The covariant
difference operators in the ith direction V; and its adjoint V,T are given by

(V;ﬂﬁ)x = UM(X)WX-M;} - % (1)
(V;ll’)x = U,I(x - aﬂ)w:c—aﬁ — Yy, (2)
where U, (x) is a link variable and is defined by
Uu(x) = Pexp(z’/ A). 3)
x+ap
A 1s a gauge field. Then the Hermitian domain-wall fermion Dirac operator is given by
- /n+1 i
H==% (RAREES AT A% , 4
P (; [V > + 5 ViVi + sign( f)ma 4)

where f:R"! — R is a real-valued smooth function and generates a domain wall ¥ =
{x € R"™!| f(x) =0}. Here we take m to be positive and the Wilson term to be unity. We
denote the Dirac’s gamma matrices by
y'=—0®7, Y =001, 7 =0 ®l, (5)

where 7 (a = 1, - - - n) are the 2% x 20"l gamma matrices ([o] denotes the Gauss symbol or
the integer part of «) which satisfy the Clifford algebra in n dimensions.

Note that the Pauli matrices o » 3 operate as flavor matrices rather than spinors when n
is even. The doubling of the flavor space is introduced to make the massive Dirac operator
Hermitian with the 7, grading operator y.

"Here we set the origin at the center of n + 1-dimensional hypercube.
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In the continuum limit ¢ — 0, this operator converges to

n+1
H= )7(2 y’(% —iA1> +msign(f)>. (6)
In our previous work, we compared our numerical result for the lattice Dirac eigenvalues and
those analytically obtained in continuum to find the footprint of gravity in the spectrum of
the edge states localized at S' or S?> domain walls. In this work, we extend the analysis to the
system with nontrivial U(1) link gauge fields and investigate the anomaly inflow between bulk
and edge fermion modes.

3. Anomaly of the S' domain-wall fermion
In this section, we consider an S' domain-wall fermion coupled to a U(1) gauge field on a two-
dimensional square lattice. The gauge field changes the eigenvalues of the edge-localized modes,
which yields the anomaly of the time reversal (7) symmetry [24]. As the whole two-dimensional
fermion system respects the 7 symmetry, this 7" anomaly of the edge modes must be canceled
by the bulk modes. We show how this 7"anomaly correspondence between the bulk and edge is
protected in the curved domain-wall system, and its consistency with the Atiyah—Patodi-Singer
index on the disk whose boundary is located at the S' domain wall [26].

First, let us consider a weak and uniform U(1)1-form gauge field in continuum theory in flat
two dimensions, given by the vector potential

4 {a(—ry—%dx—l— %dy) = a%d@ (r<ry) ’
a(—%dx+ 2dy) = adb (r>rp)

whose field strength is Fj; = 2« /rf for r < r; and zero for r > r|. « represents the total flux
(divided by 27) of the entire system.

It is straightforward to translate this continuum vector potential into the link variables on the

lattice. The corresponding covariant difference operator in the x-direction is given by (denoting
x =axand y = ap)

(7

(X.9)
Vi, p) = exp <lf( A) V1,5 — Y ) 3)

f41.9)

and that in they-direction is defined in the same manner. It is obvious that this operator con-
verges to d; — i4; in the continuum limit. In order to achieve the periodic boundary condition
on the fermion, we set the link variables connecting x = N/2 and —N/2 for all y and those con-
necting y = N/2 and —N/2 for all x to unity. The field strength around the boundary gives little
effect on the edge-mode spectrum.

With these link variables, we numerically solve the eigenproblem of the Hermitian Dirac
operator

1 (VAR v |
H = —03 Z |:O'i l d —V,‘VIT:| + aem |, (9)
a Py 2 2

where o; are the Pauli matrices, and we assign the S! domain wall with the radius ry > r| by the
step function

o oA —1  (af < ry)
d””_{l (@ > ro)

We illustrate the lattice system in Fig. 1.

(10)
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U(1)-flux

Sl

Fig. 1. Our two-dimensional square lattice set up. The outer circle represents the S! domain wall with
radius r¢ and inside the inner circle with radius r; we put the uniform U(1) gauge field strength.

If we regard this two-dimensional system as a layer or sheet in three space dimensions,
the U(1) flux corresponds to a magnetic field penetrating the sheet in the range r < r;. For
the fermion modes localized at r = ry, the magnetic field does not directly interact, but the
Aharonov-Bohm effect [40] changes the spectrum of H.

In order to test the essential property of the edge-localized modes, we also numerically evalu-
ate the expectation value of the gamma matrix in the normal direction of the S! domain wall,

X Y
Ynormal = 701 + ;02, (11)

which is well-defined when N is even. We call y ormar the “chirality” operator by analogy from
the standard flat domain-wall fermion in five dimensions, although in our two-dimensional case
there is already a more legitimate operator, y = o3.

In Fig. 2, we plot the lattice results for the eigenvalues of H as a function of «. Here we set
m=14/L, L =40a, ry = % and r; = 7. We can clearly see that the spectrum is monotonically
decreasing linearly with «.

The linear dependence of the spectrum is due to the Aharonov—Bohm effect. In the large
m limit in the continuum theory, we can analytically solve the eigenproblem of H (see Ap-
pendix A). The effective Dirac operator on the edge-localized modes reads

9 1
mmy=—%5+§—m (12)

where 6 denotes the coordinate of the S! in units of the radius ro. 1/2 in the second term is
the induced Spin“ connection and « originates from the Aharonov—-Bohm phase of the wave
function. The eigenvalues are then obtained as

1
Eo=n+5—a (ne2). (13)

Note that the effect of the Spin“ connection 1/2 is canceled by the Aharonov—Bohm effect at o« =
1/2. At a = 1 the spectrum comes back to the original distribution at « = 0 but each eigenvalue
shifts from the level n to the next lower level n — 1. This behavior is similar to the Thouless
charge pump [41]. This continuum prediction, presented in Fig. 2 by the solid lines, agrees well
with the lattice data.
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Fig. 2. The eigenvalue spectrum of H at m = 14/L, ro/la = 10, ri/a = 5 and L/a = 40. The filled circles
show the lattice data and the solid lines are the continuum prediction in Eq. (13). The gradation of the
data points represents the expectation value of the “chirality” operator ¥ ,ormal-
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Fig. 3. The relative deviation of the eigenvalue (E, — ES°™)/E°™, where ES°™ denotes the continuum
prediction.

The cut-off dependence of the relative eigenvalue difference for E; (i =0, 1, 2, 3) at « = 0.25
is plotted in Fig. 3, which shows a monotonous decrease towards the continuum limit.

As the gradation of the data points shows, we find that the eigenmodes with |E| < m are
almost “chiral” or ¥ yormal ~ +1. We also find that these modes are well localized at r = ry as
Fig. 4 indicates.

The linear shift of the Dirac eigenvalues due to « reflects the fact that the edge massless
Dirac fermion suffers from the anomaly of the 7'symmetry. The asymmetry of the spectrum is
measured by the Atiyah—Patodi-Singer n invariant [25]

(D) = lim. o Y, 4 e + dim Ker(iD*) Y, _, 1. (14)

6/22

€202 [4dy 90 U0 Jasn AS3(Q uosoIyoukg usuoipie|g seyosineq Aq 9¢16+0./S09EE0/E/£20Z/2101e/daid/woo dnoolwepede//:sdiy woly pepeojumoq



PTEP 2023, 033B05 S. Aoki and H. Fukaya

Eq1,=-0.0012560193478201869 E 1y =0.9626874690701926

0.005

= 0.003

[ |
0.004 ! fl“,w |\\
A 5‘\‘

0.002

0.001

E,1y =1.934669367823572 E319=2.8798671300655467

| l" |

.“MH” l 0.004

0.005
0.004

<, 0.003 <, 0.003

<

0.002 0.002

0.001 0.001

Fig. 4. The amplitude of the edge modes with Ey _3 at o = 0.5, m = 14/L, ro/a = 10, ri/a = 5 and Lla =
40.

where A are the eigenvalues of D% . We can directly confirm with the Pauli—Villars regulariza-
tion that the phase of the fermion determinant is the » invariant:
s! .

lim detg; ~TT=2 « exp(—izn(ill)sl )). (15)

D e L 2
Since the sign of each eigenvalue flips under 7 transformation, the edge mode partition function
breaks the 7 symmetry when n(ilD° l) /2 is a non-integer, even when the fermion action is 7-
invariant.

However, for the total two-dimensional lattice Dirac operator, n(H) is always an even integer,
and det A is real. This indicates that the above T anomaly of the edge modes is canceled by
the bulk contribution so that the 7"symmetry of the total system is protected. In Refs. [27,28]
it was mathematically proved that for any domain-wall fermion Dirac operator H on a closed
Riemannian manifold X, —n(H)/2 is guaranteed to be an integer since it is equal to the Atiyah—
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Patodi-Singer index on a submanifold X_, or the negative region of the fermion mass. In Ref.
[29], it was shown on a square lattice with a flat domain wall that —n(H)/2 is consistent with
the APS index, assuming that the link variables are sufficiently smooth.

In our two-dimensional curved domain-wall fermion system, we can analytically estimate the
edge mode contribution as

1 1{.. n+i-—
—En(i]DSI)=—§<hm 12 Oi+6+#{zerom0des}>
E—)Onez |n+§_a|
1
= a—i—z —«, (16)

where [4] denotes the Gauss symbol taking the integer value of 4. Since it is obvious that the
total n invariant is —n(H)/2 = [a + (1/2)], the bulk contribution must be +«, which agrees
well with the perturbative evaluation [29]
—%n(H)b“”“ - % /< F = % ; A=a. (17)

This observation indicates that the 7'anomaly matching between bulk and edge is well described
through the n invariant of H or the APS index on our square lattice, even when the domain wall
is curved.

As far as we know, this is the first example of a nontrivial APS index on a curved manifold
realized in a lattice gauge theory setup.

4. Topology change of the domain wall and the Witten effect

In the previous section, a uniform weak gauge field background was considered. We have con-
firmed the T anomaly inflow on a square lattice, where the asymmetry of the edge localized
mode’s spectrum is compensated by the bulk contribution, and the 7 symmetry is protected as
a consequence of the APS index theorem for a two-dimensional disk. In this section, we con-
sider a strong gauge field concentrated in a short range, which yields a more dynamical change
to the fermion system.

4.1. Topology changes: creation and annihilation of the domain wall

Let us take a very small value of ry, while the total U(1) flux is unchanged. Then, at r; < a/2,
only one plaquette at the origin gives —1, representing a strong gauge field. With such a high
energy configuration in a short range, it is nontrivial if the anomaly inflow persists via the
APS index theorem. As is shown below, the anomaly matching is still valid, but in a drastically
different way from the weak field case in the previous section.

Figure 5 shows the o dependence of the Dirac eigenvalue spectrum. The uniform linear shift
with « of the edge-localized modes with positive chirality is seen as in the weak field case.
However, a remarkable difference is that one negative chirality mode appears when o = 0.2 at
energy level ~—m, crosses zero at @ = 1/2, and disappears at the level ~m.

In fact, as presented in Fig. 6, this mode is localized at the origin, where we do not assign any
domain-wall structure in the mass term but the strong U(1) gauge field is located. Since there
was no such mode in the weak field case in the previous section, it is natural to assume that this
mode is somehow excited by the strong gauge field potential.

We numerically investigate this issue and find that the Wilson term plays a key rule. As is well
known, the Wilson term gives additive mass renormalization due to the violation of the chiral
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Fig. 5. The eigenvalue spectrum of (Eq. 9) m = 14/L, 7y = ro/a = 10, 7; = 0.001 and L = 40a. The filled
circles show the lattice data and the solid lines are the continuum prediction.
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Fig. 6. The amplitude of the eigenstate localized at the origin when o = 0.4, m = 14/L, rola = 10, r; <
al2 and Lla = 40.

symmetry. In lattice quantum chromodynamics it is known that the stronger the coupling is,
the larger the additive mass shift becomes in the positive direction. We confirm that the same
mass shift happens in our system but only locally near the origin where the strong background
is given. In Fig. 7, we plot the local expectation value of the “effective” mass

S EES SEn A 176} (18)

i=1,2

1
Merr = 50w ®

where the second term contains the dependence on the link variables. The renormalized mass
near the origin becomes positive, creating another domain wall around it. We can identify this
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Fig. 7. The ratio of the effective mass M, and m = |M| when m = 14/L, 7y = ro/a = 10, #; = 0.001 and
L =40a.

as dynamical creation of the domain wall, and the center-localized mode appears as the new
edge mode on it.

In terms of the APS index expressed by the n invariant of H, the topology of the target
spacetime defined by the negative mass region is changed from a disk with one S' boundary
to a cylinder with two S! boudaries at r = ro and r = r;. Thus, the U(1) gauge field can cause
creation/annihilation of the domain walls and topology changes of the bulk manifold for which
the APS index describes the anomaly inflow.

In particular, it is interesting to see the case « = 0.5, where two zero-modes appear: one is
on the original edge at r = ry and the other is a center-localized mode (to be precise, they
are split due to the interference, which will be discussed later in detail). In this case, the Dirac
operator becomes real and the number of zero-modes is known to be the mod-two index [42],
exhibiting a global anomaly [43]. On the circle S!> which is a boundary of a disk in our setup, the
mod-two index must be zero, since it is a cobordism invariant. To avoid this, we need another
zero mode in the system. Creation of the domain-wall achieves this.. The existence of the two
zero-modes can be understood as a new type of anomaly inflow: changing topology from disk
to cylinder by the dynamical creation of the domain wall, another zero-mode at the center
appears in order to make the total mod-two index zero (mod 2) and the system free from global
anomaly.

In the above discussion on the dynamical creation of the domain wall, the Wilson term, which
represents a higher derivative term in the continuum limit, is essential. It is interesting to ask
if we can understand the center-localized mode in continuum theory, too. We find a positive
answer to this question, but the Dirac equation requires a second derivative term with M = —m
which can be understood as a Pauli—Villars contribution.

The details of the computation are given in Appendix B. We confirm that for |E| < m only
one solution exists and the obtained E as a function of « is plotted in Fig. 5; it agrees well with
our lattice data.
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Fig. 8. Enlarged view of the &« = 0.5 of Fig. 2.

4.2.  Microscopic description of the Witten effect

The appearance of the center-localized fermion can be viewed as an electric “charge” of the
electro-magnetic defect. It was shown by Witten [23] that a monopole in a topological insulator,
or equivalently in the & = 0 vacuum, obtains a half electric charge. Although our object is not
a monopole but a vortex, let us call the phenomenon where some defect in the electro-magnetic
field obtains a fractional charge [30,37,38,44,45] the “Witten effect”, since we believe that the
microscopic mechanism is essentially the same, as explained below.”

To this end, let us switch the view from two-dimensional Euclidean spacetime to two-
dimensional space with the Hamiltonian given by Eq. (9). The negative mass region with r
< rg 1s regarded to be a topological insulator, while outside that is a normal insulator. We can
regard the U(1) flux as a strong magnetic field penetrating the sheet.

Let us then set the Fermi energy to zero so that all negative states are occupied by the valence
electrons. This is the so-called half-filled state. Then, Fig. 5 indicates that one conduction band
localized at the S' domain wall meets zero at o = 0.5 and one valence electron is pumped up
to the zero energy at the center. By the quantum tunneling effect, these two zero-modes mix
and the energy levels are split, as Fig. 8 shows. In Fig. 9, we plot the distribution of Ty (r)
x 2mr (left-hand panel), and its integral up to r (right-hand panel). We can see that 50% of
the electron wave function is concentrated at the origin, where the point-like magnetic field is
located.

We can interpret the above discussion as a microscopic description of the Witten effect. In
the effective theory approach, the Witten effect is described by the Chern—Simons action, which
induces an electric field to the monopole, becoming a dyon with charge 1/2. In our lattice set up,
we have shown that the point-like magnetic field (by the vortex) creates a domain wall around it
to capture the electron wave function clinging to the defect. At @ = 1/2 where the time-reversal

>We will discuss the monopole case in the next section.
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Fig. 9. The left-hand panel shows the amplitude of two zero-modes in the r-direction and the right-hand
panel indicates the accumulation of that when m = 14/L, 7y = ry/a = 10, 7y = 0.001, L = 40q and o =
0.5. The two zero-modes are localized at the wall and the origin by the tunneling effect, so their energies
are slightly deviated from zero.

symmetry is recovered, the electron is captured without any energy cost. Thus every vortex is
charged.

It is important to note that another half of the electron wave function exists at the surface
of the topological insulator, and the total electron charge is kept integral. It is also remarkable
that the U(1) gauge field is singular at x = —L/2, L/2 and y = —L/2, L/2 due to the periodic
boundary conditions on the lattice, but no localized modes appear near the singularity where
the mass term is positive.

Even if we remove the domain wall, and set the mass as negative everywhere, we can not find
a zero mode localized at x = —L/2, L/2 and y = —L/2, L/2 since the flux at the singular edge
is too weak to constrain a fermion. The singular edge breaks the 7-symmetry so a mod 2 index
cannot classify this system.

On the other hand, when we set a gauge field

Ui(x,y)=1 19)
-1 (x>0, y=-9)
Ua(x.7) = { +1 (otherwize) ’ 20)

we can maintain the 7 symmetry. In this case, an anti-vortex appears at (x, y) = (0, L/2) in
addition to the original vortex. Each vortex binds one fermion with £ = 0 (see Fig. 10). An
even number of zero-modes appear on the lattice space to cancel the anomaly.

5. Anomaly of the S? domain wall and the Witten effect
In this section, we consider a two-flavor S? domain-wall fermion on a three-dimensional square
lattice. Because of the two-flavor structure having both left- and right-handed chiralities, the
edge modes represent a Dirac fermion field, rather than a Weyl fermion. The only possible
anomaly they have is the standard axial U(1) anomaly [46,47], which gives a nontrivial AS
index [48-52] of the Dirac operator on S°.

The AS index is, however, a cobordism invariant, which cannot be nonzero when the S? is
a boundary of a three-dimensional bulk ball B*. Therefore, when we force the domain-wall
fermion to have a zero mode, we expect a dynamical domain-wall creation at the singularity of
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Fig. 10. Two zero-modes appear at the vortex and anti-vortex.

the gauge field to change the topology of the negative region of the fermion mass, and have
another zero mode to cancel the axial U(1) anomaly.’

The gauge field configuration which gives a nonzero index of the massless Dirac operator
on S? is equivalent to putting a magnetic monopole [32] inside the domain wall. Therefore,
if the field strength is strong enough to change the sign of the mass term from negative to
positive near the monopole, creating another domain wall, the appearance of the edge modes
makes the monopole charged. This is exactly the same microscopic description as the previous
section where a vortex is changed.

The Dirac monopole on the three-dimensional square lattice can be put by the U(1) link

variables assigned as
? 1 —cosf
Uu(p) = exp(z’/ A) <A - n&dqs) , 1)
ptap 2

where 7 is a magnetic charge. In the same way as the two-dimensional lattice, we im-
pose the periodic boundary conditions on the fermions, setting the link variables from con-
necting x = N/2 and —N/2 for all y, z, those connecting y = N/2 and —N/2 for all x,
z, and those at z = N/2 for all x, y to unity. The field strength produced around the
boundary has little effect on the edge-mode spectrum. Note that in our formulation the
Dirac string located between (0,0,0) and (0, 0, —L/2) is invisible as the plaquette becomes
exp (2rn) = 1. This reflects the fact that the AB effect disappears when the magnetic flux is

quantized.
With the above link configuration, let us consider the lattice Dirac operator
3 T
1 V; — V! 1 .
H=-y’ R A : 22
pLa ([;y 7tV ,:|+€Aam> (22)
where we set y' = 01®0c; and y> = o3®1. The chirality operator is defined by
X z x‘o,
Vnormal = _Vl +ZVZ+_V3 =01 Q® a. (23)
r r r r

3The region where the mass is negative is topologically equivalent to 7 x S?, and there are two bound-
aries whose orientations are opposite to each other. Since the chirality is defined with the opposite sign
for the two S2, the U(1) anomaly is canceled between them.
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Fig. 11. The spectrum of Eq. (22) near £ =0. We set m = 14/L, L = 20a,ry = L/4and n = 1.

In Fig. 11, we plot the lattice data for the eigenvalues of H, where we set m = 14/L, L = 20a,
ro = L/4 and the monopole charge n = 1. Similar to the S' domain-wall fermion case, the edge
modes with ¥ orma1 = +1 appear between +m.

Let us compare the result with the continuum theory in the large m limit. The effective Dirac
operator on S” on the edge modes is

iDS2=i(G1%+GQSi%<%+%—?J]Gz—in—l ;OSQ)>’ (24)
where 6 and ¢ represent the polar angle and the azimuthal angle, respectively [36,53]. In the
innermost parenthesis, the second and third terms are the induced gravitational Spin(® con-
nection. The fourth term is the U(1) connection given by the monopole with magnetic charge
n.

Since the angular momentum is conserved in the continuum theory, the eigenvalues labelled
by its quantized numbers j (of the angular momentum squared) and ;3 (in the z-direction), are
obtained as [53]

2 2 _ —

Eppm=(543) =G i = P =i 09)
where we have 2j + 1 degeneracies as usual. Note that when » = 1 and j = 0, we have a zero
mode. However, we can see two would-be zero modes in Fig. 11, which cannot be explained by
the continuum Dirac operator on SZ.

As shown in Fig. 12, these two near-zero modes have peaks at » = 0 and r = r(, which gives
strong evidence for the topology change of our domain-wall fermion system and the two zero-
modes around r = 0 and r = ry are mixed through the tunneling effect. The electric charge that
the monopole gains thus ~ 1/2.
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Fig. 13. The ratio of the effective mass M.y and m = |M| when m = 14/L, 7y = ro/a = 5 and L = 20a.

Let us also examine the effective mass shift due to the strong magnetic field. Fig. 13 represents
the position-dependence of the effective mass,

L ~ 1oyl
Merr = 5wV ™ em+i=212av,vi ¥ (), (26)

which clearly indicates that another domain wall is created near the origin, where the mass is
shifted from negative to positive. Nothing special happens to the anti-monopole located in the

normal insulator region.

Our numerical data above supports our microscopic scenario for the Witten effect that the
U(1) gauge field from the monopole inside the topological insulator yields a mass shift, creating
another domain wall and the edge-localized mode is the origin of the electric charge. The elec-
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tric charge of the dyon is 1/2 since another half is distributed at the surface of the topological
insulator by the tunneling effect.

6. Summary

We have analyzed lattice fermion systems with the spherical S! and S> domain-wall mass terms
embedded into two- and three-dimensional square lattices, respectively. Using nontrivial U(1)
link variables, we have investigated the Dirac eigenvalue spectrum as well as the profile of the
corresponding eigenfunctions to understand the interplay between induced gravity and gauge
field on the edge-localized modes.

In Sect. 3, we have considered the S! domain-wall fermion on a two-dimensional square lat-
tice. When we put a weak U(1) gauge field inside the domain wall, the gravitational effect en-
coded in the gap of the Dirac spectrum competes with the AB effect caused by the U(1) flux.
The uniform eigenvalue shift in the Dirac spectrum is consistent with the nonzero n invariant
of the edge-localized mode, or its time-reversal symmetry anomaly. Then the 5 invariant of the
total two-dimensional domain-wall fermion Dirac operator is consistent with the APS index
theorem in continuum theory on the two-dimensional disk, with which the 7 symmetry of the
whole system is protected.

When we shrink the U(1) flux to form a vortex, the AB effect on the edge-localized modes
is unchanged but the intense gauge field inside makes a drastic change in the bulk. We have
revealed an exponentially localized mode at the flux, which has an opposite chirality to the
edge modes on the S! domain wall. In our microscopical analysis, this mode can be interpreted
as an edge mode sitting at another small domain wall dynamically created by the additive mass
renormalization via the Wilson term around the vortex.

In particular, the two Dirac eigenvalues, one is located at the S! domain wall, and the other
localized at the new domain wall around the vortex, approach to zero when the AB phase is
7, which is the 7-symmetric point. Pairing of the two zero-modes reflects the fact that the
mod two index is a cobordism invariant: they must appear in pairs, to make the total index
trivial, on a manifold that is a boundary of a higher dimensional manifold. When we regard
the Dirac operator as a Hamiltonian in d = 2 space dimensions, rather than in 1 + 1 space—
time dimensions, the appearance of the two zero-modes and their small split due to tunneling
between two domain walls gives a microscopic description of how the vortex gains a fractional
electric charge.

We have also analyzed the S? domain-wall fermion system in the presence of a magnetic
monopole at the origin. The Atiyah-Singer index theorem on the two-dimensional sphere in-
dicates a zero edge localized mode on it. Now the same cobordism argument as the S' domain
wall applies to this system: the axial U(1) anomaly must cancel in the total three-dimensional
system, and suggests a dynamical creation of another domain wall around the monopole.

We have numerically confirmed the sign-flip of the effective fermion mass around the
monopole, and thus the creation of the domain wall, on which the edge-localized zero-mode ap-
pears. We have also found that 50% of the zero-mode’s amplitude is localized at the monopole,
while the other 50% is at the S> domain wall. We believe that the analysis gives a microscopic
description of the Witten effect, that the monopole gains a 1/2 charge of an electron. We are
now trying to confirm the results analytically, by exactly solving the “negatively” massive Dirac
equation with a Wilson term (S. Aoki et al., manuscript in preparation).
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A. Edge mode at S' domain wall with the U(1) flux
In this section, we analytically solve the eigenvalue of edge modes of

H=o3| Y o0;(3;—id))+M |, (A1)
i=1,2
where M = msign(r — rp) and 4 is given by Eq. (7). This operator is the continuum limit of Eq.
(9) and acts on a periodic spinor field. Setting 4 = add on the whole of the two-dimensional
Euclidean space, the operator becomes

M —ig(d _ ;19 _«a
H:O‘3 08 1 2 w € (Br ’rae r) . (A2)
(5 + it +5) M
This operator commutes with the total angular momentum J = —i(3/960) + (1/2)o3, whose

eigenvalue takes j € (1/2) + Z. The eigenfunction with J = j localized at the wall is given by
4 (mlh a|(mi’)€l(/ 2)9> (7« _, )
wE»J' B (m+E)I|J+§—“|( /m2 — Ezr)e’("" )0 0 A
= B( (m+ E)K _7_0(( 2 — Ezr)ei(/—%)G ) e
N/ 2T Ny A o)
The connection condition r = ry,

l1, a E
=el B (e = By = S (A4)

[lj-‘r*—()ll j—l—a
determines the eigenvalue E. In the large mass limit or m > E, the eigenvalue converges to

E:]_a<j:il,i§---). (A5)

B. Eigenstate localized at the U(1) flux

In this appendix, we analytically show that a domain wall is dynamically created near the vortex,
which captures a bound state of an electron. Here, we ignore the outside of the S! domain wall
or take the ry — oo limit and consider the operator

H = O’3<O’ij — ZMPV

where M = —m < 0, Mpy = 1/a, and D; = d; — iA; is a covariant derivative in the jth direction.
Note that the Wilson term is put by hand, in order to make the sign of fermion mass well-
defined [45]. This operator also commutes with J = —i(d/960) + (1/2)o3. The eigenfunction

can be written as
()2
GG
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B.1. Exterior (v > ry)
In the region of r > ry, the operator (B1) is given by

M D —io(d _ 1o _a
H = 03 ( 009 -IZAgPV . e (Br eraZQ r) , (B2)
e’ (5 +irag + %) M = 575

where
2 19 1/.9 2
D= i .
8r2+r8r r2<l —HX)

Then the equation in the r-direction is
.

M aia, -i—
E (f ) = (M o (f ) , (B3)
g aj —M — g

where E is an eigenvalue of the localized mode. a; and aj. are a differential operator defined by

9 Jj—i-a . 8 jti-a
4= 8r+ r ’aj_8r+ r '
Assuming a;fxg and aj.g o« f, we find a set of solutions in the term f = aK;_(j,2)—«(k7) and

g = bKj;(1/2)-«(kr) for a complex number a, b, and k. The coefficients a and b satisfy

a\ M—% —K a
{0 S ]

There are two « terms that satisfy the above equation:

2
2 3 M E? E?
i s =<i1+\/1+2 + . (B6)

(B4)

2 T a2 2 Yz
My, Mpy, Mpy — My, My,
Thus two eigenstates are

3 i(i—1

a2 .

ot = o .
Kin_i_%_a(KiV)el(]—%)e

B.2. Interior (r <1r1)
For r < r; the Dirac operator is given by

M_ D e—l'@(i_ili_ﬂ)
2M ar r a6 2
H=os| iy . aPV ar D Sk (B8)
e (a+l7@+7) M = 5t
where
o P10 1.a+r22
=—4+-———-—=li—4a= ).
oz ror rr\ 06 r}
The terms f and g satisfy
1 T a i !
E f — M+ 2MPV (a/a] +2r%) a/ . f , (B9)
g a; —M—ﬁ(aja;—Z%) g
where a; and a} are defined by
0 1 1 r? ad 1 1 r?
=+ —|j—z—a— = 4 (j+=-—a=). B10
4 8r+r(] 2 ar%)’ “ 8r+r(]+2 ar%) (B10)
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Assuming that f = aF is a eigenfunction of a}a F = LF, we find

ar?

ri=se 2"1Fl( L,j+l;a£) j:l’ﬁ’...
o ! 25 (/=133 ) , (B11)

) —a 2 5 .
r_/+%e 2%1F‘1< ]+___(1 —j+2, r—2> (]:—%’—%,)
an overall constant. The term

“T(a+n) I'() ="
2

Fila, b z) = T@) T(k+nn

n=0
is a confluent hypergeometric function which satisfies

d2
( dz—i—(b—z)——a)]F](abZ)_O (B12)
Denoting g by ba;F, we obtain an equation for a and b:
M+ 55— (L - 21) L
E (Z) - 2Mpy A 1 . Z : (B13)
Similarly to the case r > ry, we have two solutions for L:
2
2 2
E— % E— —°
L L M PV' i
— = =—|£l+ [1+2 +< Aj ) +( Aj‘> (B14)
My, Mpy Mpy Mpy, Mpy,
and
Ly « i(j=3)0
Vi = (M + 537 Mpv;%)F (r)e . (BI5)
a;F(r)elV+2

B.3. Continuity atr =r;
The total eigenfunction v is a liner combination of v; + when r < r; and ¥, + when r > r:

v = { v+ (r<ry) (B16)

d11ﬂ0+ + dZ‘/fo— (r > Vl) .
Since ¢ and (9/9r)y are continuous at » = r; and ¥ is normalized, we can determine ¢;, ¢,
dy, d» and the eigenvalue E.

The connection of the outer/inner solutions requires that v and its derivative 9,1 are con-
tinuous at r = r;. Knowing the fact that the Hamiltonian relates the eigenfunction ¥ and its
derivative d,% to the operation of the Laplacian D, D"+, we replace the continuity condition
for 9,4 by that for D, D*v.

We furthermore assume 1/r; > Mpy > | M| and j > 0; the functions are then approximated

as

) eili=3)f ar?
Yiy MPV'ZIE <+2’J+2’ Z)e( Y =3¢ 2 (B17)

A - K 2 ’(/+2)9 ’

K "1(j+1/2)11 +25]+27

s M3 F( il i) i(j-1)e e

Dy ~ bifi (434 53 g (b Fie M, (B18)
I I
—ngi b <+2’J+2’ ?) "
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Y N A
l
T

Vi "1 M, (B19)

2

1. +5 )0
nom f <+z’1+§ ?) )

_M4_01F< ,+,r>t(/ 1) w2

Dzwi_ ~ n
_rl(j—T-l/Z)MPVlFi (‘l‘z j+3ah ) ()

—IMpyK, 2Mpyr)e(i—1)0
o~ ( PV j_%_a( pyT) ) , (B21)

2MPVK]’+%—0{ (2MPVV) ei(j+%)0

(B22)

DZw ~ ( (2MPV)3 Kj—%—a (2MPVI")ei(j7%)9 )
o+ —

- (ZAAIPV)3 Kj+%7a (2MPV}") ei(j+%)0

(M +E)K;_y_, (VM= EPr) /=2

R Ve SR ey A RO

(B23)

— (M + E)WWMI=ETK,_,_, (VMT—E%r) et
VMTTEPK,,, (VMT=E) iy
From the continuity, £ must satisfy

1 —2Mpyko(2Mpyry) (M + E)ko(v M?* — E?ry)
| T A 2Mpyki2Mpyr) VM~ B2k (VM2 = E™n)
et Z“ZPV wy My QMpkQMun) (M + ENM = E k(M= E7r)
—(2Mpy ki @M pyry) M= Bk (VP = EPry)

DXy, ~ (B24)

M,
_ 2 . —%V,
Merl

v

oi— ol—

402 5 D‘MPV
TAGHY s T nGHDY

I— .\,\_

<

4

(B25)

where

1 . 1 _a j_l j_l
w =B\t +njt+stma)er xr

LIPS S B S B
V_%+n:1F1 —§+n,]+§+n,a e r; P~

and

ST -ynel
k(@) =K, 1, a(z)~r(‘j 2;" “DG)] (n=0,1).

In the limit |M| <« Mpy < 1/r1, the 4-1 component ~ 1 /r? in the determinant is the most
dominant, and the 3-2 component ~ 1/r7 is the secondary dominant. Then the determinant
reduces to

o 4d? Mpy 4a | det —2Mpyko2Mpyr1) (M + E)ko(v'M? — E?ry)
G+ 1/2) Sl r : 2MpykiQMpyry) M2 — E2k\(v M? — E?ry)
(B26)
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Thus the two solutions for » > r; must be parallel at r = r; to obtain a continuum solution.
Since Mpyry and / M? — E2ry are small, E is determined by

M+ E (YaE=Er\el
1=0.
«/MZ—E2< 2Mpy ) "

(B27)

There exists a solution if and only if M < 0 since E> < M?. We obtain the same condition for j

< 0, where the eigenfunction is approximated by

2u 7 i 0
- F ( s T 5 _> (] 7) _a?
s ~ M‘Df/ril 1(—J + 3 3+ 3 2 J +3 %2 D) yitie (B28)
(_J+§+i’ _.]+2’ ,_2> ! /+2 o
1
2a 2 sl 2 Li(i—3)e 2
M3 R (= + d+ 4 =)+ ak) U e
Dy, ~ My Py I\ "/ T3 T 7)) Zfz Fitie (B29)

-2 sz ‘,‘._?IE <—j+ % + 2, —j+ 2, —) el(it2)e
and the dependence of ry is the same as j > 0.
lj+(1/2) —a| —|j — (1/2) — «| takes three values:

1 1 +1 (j—%>o¢)
'j+§—oz—'j—§—oz: 2—a) (j+3>a>j—3)- (B30)
-1 (+1<a)

When j — (1/2) > a or j + (1/2) < &, E ~ Mpy, which contradicts with E> < M?. A solution
of (B27) exists only when j + (1/2) > a > j — (1/2),1.e. j = [a] + (1/2). E is an odd function
of o — [a] — (1/2) and is described as the inverse function of

1 log(— %Zf)

o — [O[] 2@ (B31)
Thus E is approximated as
—|M| (¢ —[a] ~0)
‘2M10g( | )’(a —lel-Y) (@-[d~d) . (B32)
| M| (@ —[a] ~1)
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