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Abstract

The simulation of multidimensional wave propagation with variable material parameters

is a computationally intensive task, with applications from seismology to electromagnetics.

While quantum computers offer a promising path forward, their algorithms are often

analyzed in the abstract oracle model, which can mask the high gate-level complexity of

implementing those oracles. We present a framework for constructing a quantum algorithm

for the multidimensional wave equation with a variable speed profile. The core of our

method is a decomposition of the system Hamiltonian into sets of mutually commuting

Pauli strings, paired with a dedicated diagonalization procedure that uses Clifford gates to

minimize simulation cost. Within this framework, we derive explicit bounds on the number

of quantum gates required for Trotter–Suzuki-based simulation. Our analysis reveals

significant computational savings for structured block-model speed profiles compared to

general cases. Numerical experiments in three dimensions confirm the practical viability

and performance of our approach. Beyond providing a concrete, gate-level algorithm for

an important class of wave problems, the techniques introduced here for Hamiltonian

decomposition and diagonalization enrich the general toolbox of quantum simulation.

Keywords: quantum algorithms; Hamiltonian simulation; Pauli decomposition; wave

equation; mutual diagonalization; band matrices; commuting Pauli sets

1. Introduction

Wave equations are fundamental for modeling a wide range of physical phenomena,

from acoustic and seismic wave propagation to electromagnetic fields and quantum me-

chanics [1,2]. Numerically simulating these equations, especially in high dimensions and

in the presence of heterogeneous material properties, remains computationally demanding

for classical computers. While finite-difference and finite-element methods are widely used,

they often suffer from the “curse of dimensionality”, where computational costs increase ex-

ponentially with the number of spatial dimensions [2,3]. This scaling imposes a significant

bottleneck on applications requiring high-resolution models in three or more dimensions,

such as full-waveform inversion in geophysics [4,5] or detailed optical simulations [6].

Quantum computing presents a promising avenue for overcoming these limitations.

By exploiting the inherent parallelism of quantum states, quantum algorithms can achieve

exponential speedups for certain linear algebra tasks and differential equation solvers [7,8].

Recent advancements have made significant strides in creating quantum algorithms tailored

for partial differential equations (PDEs), notably the wave equation. Previous studies

have demonstrated the efficacy of quantum algorithms employing an oracle to probe

the wave speed profile [9,10]. In contrast, different studies have concentrated on more
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practical applications concerning one-dimensional scenarios where the speed remains

constant [11–13]. An important challenge remains in creating clear, non-oracle methods

for high-dimensional wave equations with changing speed coefficients, which are vital for

accurate physical modeling. A recent study introduced an effective oracle-based solution

for this task [14], employing an oracle technique that, while scalable, necessitates more

ancilla qubits and incurs further overhead.

Our approach addresses this gap and builds on prior methods for Pauli decomposition

of sparse matrices [15,16], extending them to arbitrary multidimensional wave problems

with general and block-structured variable speed profiles. We derive explicit expressions

for the number of Pauli strings, the structure of mutually commuting sets, and the corre-

sponding diagonalization circuits. Exploiting these structures, we provide upper bounds on

the number of one- and two-qubit gates required for first-order and higher-order Trotter ap-

proximations. Furthermore, by incorporating block-structured velocity profiles—common

in practical applications such as layered media [5]—we demonstrate substantial reductions

in circuit complexity, highlighting the advantage of leveraging problem-specific structure.

To support the theoretical scaling, we offer numerical simulations for a 3D wave

equation featuring block-structured speed profiles. The results illustrate the effectiveness

of our decomposition method and confirm the predicted scaling of Pauli term counts.

Our analysis shows that the proposed quantum algorithm alleviates the classical “curse

of dimensionality”, providing a practical approach to modeling wave dynamics in high-

dimensional spaces.

The article begins by outlining the general problem of the multidimensional wave

equation as framed for quantum algorithms in Section 2, including essential definitions.

The main results are detailed in Section 3, with Section 3.1 covering Pauli decomposition,

Section 3.2 focusing on diagonalization, Section 3.3 addressing the scaling of the multi-

dimensional problem, and Section 3.4 examining the block speed scenario. Numerical

simulations for the three-dimensional wave equation are presented in Section 3.5, followed

by a discussion in Section 4 and concluding remarks in Section 5. Details on discretiza-

tion and vectorization are provided in Appendix A; Appendix B contains the example of

quantum algorithm construction, while Appendix C compares the classical finite difference

approach with a developed algorithm in case of standing wave in terms of number of

operations. Finally proofs of propositions are in Appendix D.

2. Materials and Methods

The wave equation set in D dimensions, characterized by variable speed and adhering

to zero boundary conditions, is expressed as follows

∂2u(t, x⃗)

∂t2
=

D

∑
j=1

∂

∂xj

(

c2(x⃗)
∂u(t, x⃗)

∂xj

)

,

u(t = 0, x⃗) = f (x⃗),

∂u(t = 0, x⃗)

∂t
= g(x⃗),

u(t, xj = 0) = 0, j = 1, . . . , D,

u(t, xj = lj) = 0, j = 1, . . . , D.

(1)

where x⃗ = (x1, . . . , xD) and lj is the length of the corresponding dimension.
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After discretization and vectorization denoted as vec(·) (details are shown in

Appendix A), we can write this in matrix–vector format as

∂2

∂t2
vec(U(t)) = L̃D(c(x⃗))vec(U(t)),

vec(U(t = 0)) = vec(F),

∂

∂t
vec(U(t = 0)) = vec(G),

(2)

where U(t) is the tensor for the function u(t, x⃗) in a given domain, F is the tensor for the

function f (x⃗) in a given domain, and G is the tensor for the function g(x⃗) in a given domain.

The discrete operator is

L̃D(c(x⃗)) = −
D

∑
j=1

(I1 ⊗ · · · ⊗ Bj ⊗ . . . ID)S
2(I1 ⊗ · · · ⊗ BT

j ⊗ . . . ID), (3)

where S is the diagonal matrix with diagonal given by vectorized speed profile tensor C,

which is discrete representation of c(x⃗) in a given domain, that is, S = diag(vec(C)), and Bj

is the first order forward first derivative approximation operator with explicit boundary

conditions (first and last rows are zeros, as well as first and last columns). With this choice

of Bj, the boundary conditions are incorporated into L̃D.

2.1. Formulation as Schrödinger Equation

Following [9,16], consider the Schrödinger equation i∂tψ = HDψ using the Hamiltonian

HD =













0 B̃1 B̃2 B̃3 . . . B̃D

B̃†
1 0 0 0 . . . 0

B̃†
2 0 0 0 . . . 0

B̃†
3 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . .

B̃†
D 0 0 0 . . . 0













, (4)

where B̃j = I1 ⊗ · · · ⊗ Bj ⊗ · · · ⊗ ID, with Bj ∈ RN×N , N = 2n, being the matrix approx-

imation of the first derivative with incorporated zero boundary conditions in a manner

consistent with [16]. It is important to mention that typically, the size of matrix Bj may vary

across dimensions; however, for the present discussion, we assume it is the same. The matri-

ces B̃ have the dimensions RND×ND
, while the Hamiltonian HD is sized R(D+1)ND×(D+1)ND

.

At present, we set D + 1 = 2nD ; extending this setup is straightforward since HD can be

supplemented with zero matrices, which have no effect on the Pauli decomposition.

In order to incorporate a variable speed profile in this Hamiltonian, we consider

H̃D =













0 B̃1S B̃2S B̃3S . . . B̃DS

SB̃†
1 0 0 0 . . . 0

SB̃†
2 0 0 0 . . . 0

SB̃†
3 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . .

SB̃†
D 0 0 0 . . . 0













= S̃HDS̃, S̃ = diag(I, S, . . . , S
︸ ︷︷ ︸

D

), (5)

where S = diag(vec(C)), and I is the identity matrix of the same size.
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Differentiating the Schrödinger equation over time, given the Hamiltonian in (5),

we get

d2

dt2









vec(UV)

vec(G1)
...

vec(GD)









= −









−L̃D 0 . . . 0

0 A11 . . . A1D
...

... . . .
...

0 AD1 . . . ADD

















vec(UV)

vec(G1)
...

vec(GD)









, (6)

where L̃D = −∑
D
j=1 B̃jS

2B̃†
j , vec(G1), . . . , vec(GD) are some additional components in the

wavefunction and Aij = SB̃†
i B̃jS. Note that if matrix B is a finite difference approximation

of the first derivative, then its negative transpose, and −B† is also an approximation.

Specifically, −B† employs the mirror scheme: it yields a backward scheme if B uses a

forward scheme, a forward scheme if B uses a backward scheme, and remains a central

scheme if B is central. We can see now that the first component vec(UV) indeed evolves

according to (2). One way to set the initial condition of the Schrödinger equation is

vec(UV(t = 0)) = vec(F),

vec
(
Gj(t = 0)

)
=

1

D
i(B̃jS)

−1vec(G), j = 1, . . . D.
(7)

Putting this together, the quantum algorithm for solving (1) reduces to preparing and

evolving the state

|ψ(t)⟩ = exp
(
−itH̃D

)
|ψ(0)⟩, |ψ(t)⟩ =









vec(UV)(t)

vec(G1)(t)
...

vec(GD)(t)









. (8)

We then postselect on the first component of (|ψ(t)⟩). While postselection, initialization,

and the design of a suitable cost function are all very challenging tasks, in this work we

focus on implementing the propagator exp
(
−itH̃D

)
using one- and two-qubit gates.

Remark 1. If the right hand side of the wave Equation (1) is given by c2(x⃗)∑
D
j=1

(

∂2u(t,⃗x)

∂x2
j

)

,

one can use S̃ = diag(S, I, . . . , I
︸ ︷︷ ︸

D

) and consider the first component in the wavefunction as

vec(UV) = S−1vec(UW). This way the component vec(UW) changes over time according

to LD = −S2 ∑
D
j=1 B̃j B̃

†
j , which is effectively a form of c2(x⃗)∑

D
j=1

(

∂2u(t,⃗x)

∂x2
j

)

. Initial con-

ditions in this case can be set as vec(UV(t = 0)) = S−1vec(F), and vec
(
Gj(t = 0)

)
=

1
D i(S2B̃j)

−1vec(G), j = 1, . . . , D. This does not affect the results presented here since they are

based on decompositions of S and HD.

2.2. Propagator Implementation Technique

To execute the propagator exp
(
−itH̃D

)
on a quantum device, it must be broken down

into operations that can be performed on such a device. This can be achieved by expressing

H̃D as a sum of Pauli strings, which are tensor products of Pauli matrices, and then applying

the Trotter formula [17,18]. For comprehensive definitions, the reader is directed to Section 2

of [15]; here, we will only present the key concepts.
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To express Pauli strings with X and Z matrices, we use bit strings z, x ∈ Bn; with them,

an arbitrary Pauli string can be defined as the image of the extended Pauli string operator

(Walsh function) Ŵ : Bn ×Bn → Pn as follows

Ŵ(x, z) = ıx·zXxZz =
n⊗

j=1

ıxjzj Xxj Zzj , (9)

with the matrix product between Xx and Zz and x · z = ∑
n
l=1 xlzl denoting the inner

product of two bitstrings. It can be seen that the Walsh function is bijective. Thus, each

Pauli string can be encoded with a unique pair (x, z), and decomposition in the Pauli basis

can be rewritten as

H̃D =
1

2n ∑
x,z∈Bn

βx,zŴ(x, z), (10)

where βx,z ∈ C, and as shown in the proof of Proposition 4 of [15], the coefficients can be

expressed in the form

βx,z = ıx·z ∑
p∈B

(−1)z·p · hp,p⊕x, (11)

where ⊕ is a binary XOR (addition modulo 2) operation and hp,p⊕x are elements of H̃D,

which makes it possible to compute coefficients in decomposition with O(n2n) operations.

As the strings in the decomposition do not all commute with each other, the Trotter

formula can be utilized, offering different accuracy levels depending on the formula’s

order. This approach is employed to manage the non-commutative characteristics of

the operators involved in the decomposition. Building upon prior studies [15,16], we

express H̃D as ∑
Γ
γ=1 Hγ, where each Hγ consists of mutually commuting Pauli strings.

The Trotter formulas for orders 1, 2, and higher even orders p = 2k, where k = 2, 3, 4, . . .,

are represented as

S1(t) = e−itHΓ . . . e−itH1 , (12)

S2(t) = e
−it
2 H1 . . . e

−it
2 HΓ e

−it
2 HΓ . . . e

−it
2 H1 , (13)

S2k(t) = S2
2k−2(skt)S2k−2((1− 4sk)t)S

2
2k−2(skt), (14)

where sk = 1/(4− 41/(2k−1)). The approximation accuracy is determined by the number

of Trotterization steps r, the evolution time t, the order p of the Trotter formula, and the

Hamiltonian norm.

3. Results

This section outlines our findings in the form of propositions and corollaries. We

express the propagator for the multidimensional wave equation exp
(
−itH̃D

)
using single

and two qubit operations as follows:

1. We expand on the decomposition of Pauli strings as described in [16] to apply it to the

wave equation in D dimensions (Proposition 1).

2. We present a method for efficiently diagonalizing mutually commuting groups that

emerge during decomposition (Proposition 2).

3. We establish an upper bound and scaling on the complexity involved in solving the

multidimensional wave equation with a variable speed profile using the Trotterization

algorithm in terms of single- and two-qubit operations (Corollaries 2 and 3).

4. We examine the practical scenario of a wave equation in D dimensions, characterized

by a variable speed profile with a block structure and establish its upper bound and

scaling (Corollary 4).
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5. We demonstrate the algorithm’s numerical performance on the three-dimensional

wave equation with a block-structured speed profile (Section 3.5). We also compare

the finite-difference method (FDM) with the quantum algorithm presented here for

a three-dimensional standing wave, reporting the number of operations required to

achieve the same accuracy (Appendix C).

3.1. Pauli String Decomposition

We extend the results presented in Proposition 1 from [16], particularly focusing on

the case of a block Hamiltonian H with dimensions (D + 1)N × (D + 1)N.

Proposition 1 (Decomposition of a block Hamiltonian). The only Pauli strings that can have

non-zero coefficients in the decomposition of matrix

H =













0 B1 B2 B3 . . . BD

B†
1 0 0 0 . . . 0

B†
2 0 0 0 . . . 0

B†
3 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . .

B†
D 0 0 0 . . . 0













, (15)

where Bp ∈ CN×N , p = 1, . . . , D, are d-diagonal matrices with N = 2n, described by W(xp,k,j, z),

where z ∈ B
n+|B̂(D)| and

xp,k,j = B̂l

(∣
∣
∣B̂(D)

∣
∣
∣, p
)

∗ B̂l

(

n− s, 2j − 1
)

∗ B̂l(s, 2s − k) , (16)

where p ∈ {1, . . . , D}, k ∈ {1, . . . , d}, j ∈ {1, . . . , n− s}, s = ⌈log2(k)⌉, d ≤ 2n−1. Moreover,

the main diagonals of Bp are represented by W(xp,0, z), with

xp,0 = B̂l

(∣
∣
∣B̂(D)

∣
∣
∣, p
)

∗ B̂l(n, 0), (17)

where p ∈ {1, . . . , D}.
Here, function

∣
∣
∣B̂(D)

∣
∣
∣ returns the number of bits necessary to represent D in binary form.

Meanwhile, B̂l(a, b) provides the binary form of b with a specified length a, padding with leading

zeros if necessary. The symbol ∗ denotes the concatenation of binary strings.

It is noteworthy that if D + 1 is not a power of 2, this proposition can still be utilized

by appending matrices Bp = 0 for p = D + 1, . . . , D′, where D′ is defined as 2⌈log2(D)⌉.
The d-diagonal matrices referenced in the proposition allow for enhanced accuracy of

differential operators. Specifically, the three-diagonal matrices with d=1 (where d denotes

the count of diagonals above the main diagonal) will represent the first-order accurate

differential operators.

All Pauli strings with non-zero coefficients in the decomposition are part of the sets

labeled by xp,k,j and xp,0, as described below:

Sp,k,j = {W(xp,k,j, z) | z ∈ B
n+|B̂(D)|},

Sp,0 = {W(xp,0, z) | z ∈ B
n+|B̂(D)|}.

(18)

In each set represented by xp,k,j and x0, the elements are generated with z ∈ B
n+|B̂(D)|,

which are the binary representation of numbers from 0 to 2n+|B̂(D)| − 1 of length n+
∣
∣
∣B̂(D)

∣
∣
∣.

Therefore, the cardinality of each set is 2n+|B̂(D)|. Furthermore, if D + 1 is a power of 2,



Quantum Rep. 2025, 7, 47 7 of 30

the cardinality can also be expressed as (D + 1)2n. Utilizing this proposition alongside

Proposition 2 from [16], we formulate the ensuing corollary.

Corollary 1 (Number of sets in a block Hamiltonian). The total count of sets Sp,k,j (including

Sp,0) in the decomposition of Hamiltonian (15) with a d-band matrices Bp ∈ CN×N , p = 1, . . . , D,

where N = 2n is given by

s(D, d, n) = D
(

2|B̂(d)| +
[

n−
∣
∣
∣B̂(d)

∣
∣
∣

]

d
)

, (19)

where
∣
∣
∣B̂(d)

∣
∣
∣ is the binary length of d.

We group the sets from Equation (18) into mutually commuting subsets, a result that

aligns with previous findings [15,16].The assignment to a subset is determined by whether

a Pauli string contains an odd or even number of Y matrices (i.e., the value of x · z mod 2),

as stated in Corollary 2 of [16]. In the specific case of a real-valued matrix, all Pauli strings

have an even number of Y matrices, which leads to s(D, d, n) mutually commuting sets.

3.2. Mutual Diagonalization

In Proposition 1 we have provided strings xp,k,j, which generate mutually commuting

sets based on parity of Y operators (value of x · z (mod 2)). We outline the diagonalization

process for these sets, drawing upon [19,20], and present it as the subsequent proposition.

Proposition 2 (Diagonalization of sets). Given the set of mutually commuting operators,

characterized by a string x ∈ Bn, that is, {W(x, z) | z ∈ Bn, x · z = 0 (mod 2)}, or

{W(x, z) | z ∈ Bn, x · z = 1 (mod 2)}, one can construct diagonalization operator D̂, such

that W(x, z) = (−1)rD̂†W(0, z̃)D̂, with r =
(

x·z+(x·z mod 2)
2

)

as

D̂ = Hk1

M

∏
j=2

CNOT(k1, k j), if x · z = 0 (mod 2),

D̂ = Hk1
Sk1

M

∏
j=2

CNOT(k1, k j), if x · z = 1 (mod 2),

(20)

where CNOT(c, t) is a controlled-NOT operation with control on the c-th qubit and target on

the t-th qubit; Hk and Sk are Hadamard and phase gates acting on the k-th qubit, respectively.

The product runs over all indices k j of the nonzero bits in x, where M is the total number of these

bits and k1 is the index of the first nonzero bit. This procedure yields the string z̃, which is identical

to z except that its k1-th bit is set to 1.

This proposition enables the diagonalization of any set of mutually commuting op-

erators using only the corresponding string x. The number of one- and two-qubit gates

required for this diagonalization is determined by the parity of x · z: it is M if x · z = 0

mod 2 and M + 1 if x · z = 1 mod 2, where M is the number of nonzero bits (Hamming

weight) in x. Additionally, the proposition provides the outcome of the diagonalization,

that is, string z̃.

3.3. Scaling of Multidimensional Wave Equation Quantum Algorithm

Using general results presented in previous sections, we formulate the following

proposition made specifically for the multidimensional wave equation.
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Proposition 3 (Decomposition of multidimensional wave equation Hamiltonian). The

Hamiltonian for the D-dimensional wave problem stated as (1) can be written as

H̃D =













0 B̃1S B̃2S B̃3S . . . B̃DS

SB̃†
1 0 0 0 . . . 0

SB̃†
2 0 0 0 . . . 0

SB̃†
3 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . .

SB̃†
D 0 0 0 . . . 0













= S̃HDS̃, S̃ = diag(I, S, . . . , S
︸ ︷︷ ︸

D

), (21)

where B̃j = I1⊗ · · · ⊗ Bj⊗ . . . ID with Bj ∈ RN×N , j = 1, . . . , D - d-diagonal matrices, with N =

2n, and diagonal matrix S ∈ RND×ND
. Given Pauli decomposition S̃ = ∑

T
j=1 αjZ

zj , where Zz =
⊗Dn+|B̂(D)|

k=1 Zzk , with zk being the k-th bit in z, the number of Pauli strings that can have non-zero

coefficients in the decomposition of matrix H̃D is bounded by gH ≤ Γ min(T2K, (D + 1)ND/2),

where Γ is the number of mutually commuting sets in HD, and K is the number of Pauli strings in

the single set. T is the number of Pauli strings in the decomposition of S̃.

The Hamiltonian HD can be directly subjected to Proposition 1 and Corollary 1 with

no alterations. The form of the Pauli strings in the decomposition remains essentially the

same. To convert H into HD, one simply needs to insert extra identity (I) matrices at the

qubit locations that align with the structure of the B̃j operators. In the binary representation

of the Pauli strings using vectors x and z, this operation corresponds to adding zeros at the

appropriate bit locations.

It is also observed that the number of mutually commuting sets in H̃D is identical to

that in HD because S̃ represents a diagonal matrix. According to Corollary 1, this count

is denoted by Γ = s(D, d, n), owing to the real-valued nature of HD. If the number of

diagonals d above the main is significantly less than N, a situation common with finite

difference approximation matrices Bj, the number of commuting sets can be approximated

by Γ = O(Ddn). The count of Pauli strings K contained within a single commuting set can

be bounded by K ≤ 2n+|B̂(D)|−1 = (D + 1)N/2 since only strings with an even number of

Y Pauli matrices participate in the decomposition. Consequently, the overall number of

Pauli strings that appear in H̃D = S̃HDS̃ can be expressed as O(D2dnN min(T2, ND−1)),

where T denotes the number of Pauli strings used in the decomposition of S̃. Furthermore,

in cases where T2 ≤ ND−1, the estimation may be modified to

gH = O(D2dnT2N). (22)

From this result, we can estimate the number of one- and two-qubit gates required for

a single Trotter step that realizes the time evolution operator exp
(
−iH̃Dt

)
. The construction

of one Trotter step requires the diagonalization of each of the s(D, d, n) mutually commuting

sets of Pauli strings. Recall that a Pauli string x can contain non-zero bits solely within

the initial
∣
∣
∣B̂(D)

∣
∣
∣ places and the n locations specified by j in B̃j = I1 ⊗ · · · ⊗ Bj ⊗ . . . ID.

Based on Proposition 2 and given the condition x · z ≡ 0 (mod 2), the count of one- and

two-qubit gates necessary for the diagonalization and reverse diagonalization of a single

set is limited by

gd ≤ 2(n +
∣
∣
∣B̂(D)

∣
∣
∣). (23)

Diagonalized Pauli strings are composed solely of Z operators. These can be executed

using multi-qubit rotations denoted by Rz̃(θ) ≡ exp
(

−i θ
2 Zz̃

)

, where z̃ represents the

modified string z in each respective diagonal group. The sequence of these rotations is

organized in such a way as to optimize their implementation by reducing the number
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of CNOT gates required, achieved through minimizing the Hamming distance between

successive z̃ strings [21] (see a circuit example for a single group in Appendix B). Without

particular assumptions about the configuration of S̃, we employ a worst-case scenario

in which every z̃ sequence is composed entirely of ones, with no cancellations occurring.

This provides an upper limit of 2(Dn +
∣
∣
∣B̂(D)

∣
∣
∣− 1) CNOT gates for each rotation since

the maximum number of CNOTs needed for an m-qubit rotation is 2(m− 1) [21]. Hence,

the total number of gates necessary for realizing all rotations within a single diagonal

configuration is bounded by gz ≤ 2
(

Dn +
∣
∣
∣B̂(D)

∣
∣
∣

)

min(T2K, (D + 1)ND/2).

By bringing these components together, the total number g1 of one- and two-qubit

gates required for each single step of the first-order Trotter–Suzuki decomposition to

approximate exp
(
−iH̃Dt

)
is constrained by

g1 ≤ Γ · (gd + gz), (24)

where

• Γ = s(D, d, n) = D
(

2|B̂(d)| +
(

n−
∣
∣
∣B̂(d)

∣
∣
∣

)

d
)

represents the number of sets of Pauli

strings that internally mutually commute;

• gd ≤ 2(n +
∣
∣
∣B̂(D)

∣
∣
∣) is the gate count for diagonalization operators per set;

• gz ≤ (Dn +
∣
∣
∣B̂(D)

∣
∣
∣)(D + 1)N min(T2, ND−1) represents the gate count for imple-

menting the diagonal rotations per set. We relied on the estimation K ≤ (D + 1)N/2

as suggested by Proposition 1.

Therefore , the explicit bound in case T2 < ND−1 for one step of first order Trotter

formula is

g1 ≤ s(D, d, n)
[

2
(

n +
∣
∣
∣B̂(D)

∣
∣
∣

)

+
(

Dn +
∣
∣
∣B̂(D)

∣
∣
∣

)

N(D + 1)T2
]

. (25)

For higher-order Trotter–Suzuki formulas of even order p [17,18], the gate count

scales as

gp = 2 · 5⌊p/2⌋−1g1, for p = 2, 4, 6, . . . (26)

We formalize the scaling for a single Trotter step in the following corollary.

Corollary 2 (One Trotter step scaling). Given the Hamiltonian

H̃D =













0 B̃1S B̃2S B̃3S . . . B̃DS

SB̃†
1 0 0 0 . . . 0

SB̃†
2 0 0 0 . . . 0

SB̃†
3 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . .

SB̃†
D 0 0 0 . . . 0













= S̃HDS̃, S̃ = diag(I, S, . . . , S
︸ ︷︷ ︸

D

), (27)

where B̃j = I1⊗ · · · ⊗ Bj⊗ . . . ID with Bj ∈ RN×N , j = 1, . . . , D - d-diagonal matrices, with N =

2n, and diagonal matrix S̃ = ∑
T
j=1 αjZ

zj ∈ RND×ND
with T strings in decomposition. The number

of one- and two-qubit gates for one step of first order Trotter formula for exp
(
−iH̃Dt

)
with

assumptions d≪ N and T2 < ND−1 scales as

g1 = O
(

D3dn2NT2
)

gp = O
(

5⌊p/2⌋D3dn2NT2
)

, p = 2, 4, 6 . . . .
(28)
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This process can be made more efficient with a few methods. To start, the Hamming

distance between neighboring bitstrings z̃ should be reduced. This configuration aids

in eliminating CNOT gates used for executing the multi-qubit Rz̃ rotations. Secondly,

an analogous improvement is realized by tactically reordering the sets, which facilitates

the elimination of CNOT gates produced during the diagonalization process. Moreover,

the arrangement of these sets constituting S̃ can be utilized to lessen the number of gates,

as illustrated in Section 3.4.

Finally, by employing Corollary 2, we shall illustrate the scaling of one- and two-qubit

gates required for executing the propagator exp
(
−iH̃Dt

)
using the Trotter formula of order

p. The scaling can be expressed as gtr = gpr, where gp denotes the count of gates per

trotter step of p-th order, and r represents the total number of steps needed to achieve

an error of ϵ =
∥
∥exp

(
−iH̃Dt

)
−U(t, r, p)

∥
∥

2
. In this context, U(t, r, p) serves as the Trotter

approximation for exp
(
−iH̃Dt

)
. To determine r, we utilize the scaling outlined by the

authors in [17], specifically

r = O

((

2Γ5⌊p/2⌋−1
∥
∥H̃D

∥
∥t
)1+1/p

(1/ϵ)1/p

)

, (29)

where Γ denotes the quantity of easy to implement Hamiltonians (in our case, we choose it

to be mutually commuting sets) within H̃D. We can approximate the Hamiltonian norm by
∥
∥H̃D

∥
∥ = O(dN) because the matrices Bj in H̃D function as finite difference operators, which

inherently contain the inverse of the discretization step size 1/h = O(N). The subsequent

corollary outlines the scaling requirements essential for constructing a quantum circuit

that sets up the propagator for the D-dimensional wave equation, denoted as exp
(
−iH̃Dt

)
,

with a margin of error ϵ.

Corollary 3 (Scaling for multidimensional wave equation quantum algorithm). Given the

Hamiltonian for D-dimensional wave equation as

H̃D =













0 B̃1S B̃2S B̃3S . . . B̃DS

SB̃†
1 0 0 0 . . . 0

SB̃†
2 0 0 0 . . . 0

SB̃†
3 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . .

SB̃†
D 0 0 0 . . . 0













= S̃HDS̃, S̃ = diag(I, S, . . . , S
︸ ︷︷ ︸

D

), (30)

where B̃j = I1⊗ · · · ⊗ Bj⊗ . . . ID with Bj ∈ RN×N , j = 1, . . . , D - d-diagonal matrices, with N =

2n, and diagonal matrix S̃ = ∑
T
j=1 αjZ

zj ∈ RND×ND
with T strings in decomposition, the number

of one- and two-qubit gates required to implement a p-th order Trotter approximation U(t, r, p)

with r steps, satisfying
∥
∥
∥e−iH̃Dt −U(t, r, p)

∥
∥
∥

2
≤ ϵ scales as

gtr = O

(

t5pD4d3n3N2T2

(
2

5
Dd2nNt/ϵ

)1/p
)

, (31)

assuming d≪ N and T2 < ND−1.

The suggested approach mitigates the “curse of dimensionality” in a manner similar

to the oracle-based method discussed in [9]. According to Corollary 2, the gate complexity

for one Trotter step predominantly scales with the NT2 factor, which varies linearly with

the system size, where N = 2n. Nevertheless, the total complexity is primarily determined

by the number of steps needed to reach the desired precision. When utilizing a p-th order

Trotter formula, the dominant scaling factor is N2+1/pT2. The extra scaling related to N
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stems from the finite difference approximation, which requires a step size that is contingent

upon N.

3.4. Scaling of Multidimensional Wave Equation Quantum Algorithm with Block-Model
Speed Profile

In this section, we adopt a block-model representation in which the domain is par-

titioned into regions of constant wave speed (acoustic approximation). This assumption

is widely used because it simplifies the forward problem, provides clear correspondence

between model parameters and geological interfaces, and enables efficient numerical imple-

mentation. However, it should be noted that real Earth materials rarely consist of perfectly

homogeneous blocks. In practice, velocity and density typically vary smoothly due to com-

paction, mineral composition, and fluid content, and fine-scale heterogeneity introduces

scattering and waveform complexity that are not captured in block models [22]. As a result,

the block approximation can overestimate reflection amplitudes at sharp interfaces and

underestimate energy redistribution into scattered or coda waves. Nevertheless, when seis-

mic wavelengths are large relative to heterogeneity scales, block models offer a reasonable

first-order description of wave kinematics, particularly for traveltime and phase analyses.

Consider a computational domain of size 2nx × 2ny × 2nz , discretized uniformly into

2mx , 2my , and 2mz segments along the x, y, and z axes, respectively. The total number of

distinct material blocks, and thus the number of independent variables in the system, is

given by T = 2mx+my+mz . Moreover, the vectorized velocity profile S = diag(vec(C)),

with C being a tensor representation of c(x⃗), can be expressed as a linear combination of

Pauli operators as follows:

S = ∑
zx∈Bmx ,
zy∈Bmy ,
zz∈Bmz

αzx ,zy ,zz Zzx ⊗ I⊗nx−mx

︸ ︷︷ ︸

nx

⊗ Zzy ⊗ I⊗ny−my

︸ ︷︷ ︸

ny

⊗ Zzz ⊗ I⊗nz−mz

︸ ︷︷ ︸

nz

, (32)

where Zz =
⊗

k=1 Zzk , with zk being the k-th bit in z. This formulation demonstrates that the

operator S is decomposed into a sum of T Pauli terms. Each term corresponds to a diagonal

Pauli string (composed of I and Z operators) acting on the m = mx + my + mz qubits

that encode the model parameterization, while identity operators act on the remaining

(nx + ny + nz −m) qubits that correspond to a size of block in particular direction.

The number of terms in this decomposition is precisely equal to the number of vari-

ables, T, and the generalization to the multidimensional case is straightforward. To estimate

the gate complexity of implementing the operator S̃, one must account for an ancillary

register of size ⌈log2(D + 1)⌉ =
∣
∣
∣B̂(D)

∣
∣
∣ qubits. Crucially, the block structure of S given by

Equation (32) provides a significant reduction in computational complexity. We leverage

this by reformulating Corollaries 2 and 3 for the block-model speed profile.

Corollary 4 (Scaling for block-model speed profile). Given the Hamiltonian

H̃D =













0 B̃1S B̃2S B̃3S . . . B̃DS

SB̃†
1 0 0 0 . . . 0

SB̃†
2 0 0 0 . . . 0

SB̃†
3 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . .

SB̃†
D 0 0 0 . . . 0













= S̃HDS̃, S̃ = diag(I, S, . . . , S
︸ ︷︷ ︸

D

), (33)
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where B̃j = I1⊗ · · · ⊗ Bj⊗ . . . ID with Bj ∈ RN×N , j = 1, . . . , D - d-diagonal matrices, with N =

2n, and a real diagonal matrix S, given as

S = ∑
zj∈Bm ,j=1,...,D

αzj ,...,zD
Zz1 ⊗ I⊗n−m
︸ ︷︷ ︸

n

⊗ · · · ⊗ ZzD ⊗ I⊗n−m
︸ ︷︷ ︸

n

. (34)

The number of one- and two-qubit gates for one step of first order Trotter formula for exp
(
−iH̃Dt

)

with assumption d≪ N scales as

g1 = O
(

D2dnN2(D−1)m
)

gp = O
(

5⌊p/2⌋D2dnN2(D−1)m
)

, p = 2, 4, 6 . . . .
(35)

Consequently, under the same assumptions the number of one- and two-qubit gates required to imple-

ment a p-th order Trotter approximation U(t, r, p) with r steps, satisfying
∥
∥
∥e−iH̃Dt −U(t, r, p)

∥
∥
∥

2
≤

ϵ, scales as

gtr = O

(

t5pD3d3n2N22(D−1)m

(
2

5
Dd2nNt/ϵ

)1/p
)

. (36)

The manner in which the system scales is dictated by the configuration of the resulting

sets of Pauli operators. According to Proposition 1, one can systematically generate the

entire set of possible bit strings x.

Given a binary string x, the strings z are formulated in the following manner:

• In the case where m = 0, the non-zero elements of the z strings are constrained

to the positions directly specified by the structure of the matrix B̃j. For example,

given B̃1 = B⊗ I ⊗ · · · ⊗ I, the Pauli strings associated with B̃1 are the same as in

decomposition of B but are padded with identity operators (I). This corresponds to

appending zeros to both the x and z strings.

• For a general parameter m ≥ 0, if the velocity profile adheres to the structure defined in

Equation (34), the number of positions in the z strings that can support non-zero values

increases. Specifically, an additional Dm bits must be considered. These correspond to

the first m bits in each of the D spatial directions within the z string.

Therefore, the number of Pauli strings in a single set can be bounded as K′ ≤
2 n+|B̂(D)|+(D−1)m−1, where the term (D− 1)m appears because, for a single dimension in

the considered set, all bits are already accounted for in the implementation of B. Moreover,

in this scenario, Gray code ordering can be applied within each mutually commuting set,

allowing the elimination of certain CNOT gates and thus reducing the number of gates

required to implement rotations for a single group to gz ≤ 2K′.
To illustrate this we present the full set of strings x and corresponding masks for

z as described above for a three-dimensional wave equation—discretized with 2 qubits

per dimension and with finite difference operators approximated by tridiagonal matrices

(d = 1) in Table 1 for different values of m.

The number of z strings that must be considered can be reduced by leveraging the

decomposition of the specific matrix HD. However, in this work, we consider an arbi-

trary diagonal structure as a more general approach that enables the explicit encoding of

boundary conditions, as demonstrated in [16].
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Table 1. Example of all possible Pauli strings for the three-dimensional wave equation, discretized

with 2 qubits per dimension and with finite difference operators approximated by tridiagonal matrices

(d = 1). The strings xp,k,j (where k = 1 due to d = 1) are generated according to Proposition 1.

The corresponding masks for the z strings are shown for different values of m in the block speed

model; a “∗” denotes a position that can be either 0 or 1. Bits are grouped for readability: the first
∣
∣
∣B̂(D)

∣
∣
∣ = 2 bits are used for the Hamiltonian construction, and each subsequent block of n = 2 bits

encodes a spatial direction.

xp,1,j z, m = 0 z, m = 1 z, m = 2

x1,0 = 01|00|00|00 z = ∗ ∗ | ∗ ∗|00|00 z = ∗ ∗ | ∗ ∗| ∗ 0| ∗ 0 z = ∗ ∗ | ∗ ∗| ∗ ∗| ∗ ∗
x1,1,1 = 01|01|00|00 z = ∗ ∗ | ∗ ∗|00|00 z = ∗ ∗ | ∗ ∗| ∗ 0| ∗ 0 z = ∗ ∗ | ∗ ∗| ∗ ∗| ∗ ∗
x1,1,2 = 01|11|00|00 z = ∗ ∗ | ∗ ∗|00|00 z = ∗ ∗ | ∗ ∗| ∗ 0| ∗ 0 z = ∗ ∗ | ∗ ∗| ∗ ∗| ∗ ∗
x2,0 = 10|00|00|00 z = ∗ ∗ |00| ∗ ∗|00 z = ∗ ∗ | ∗ 0| ∗ ∗| ∗ 0 z = ∗ ∗ | ∗ ∗| ∗ ∗| ∗ ∗

x2,1,1 = 10|00|01|00 z = ∗ ∗ |00| ∗ ∗|00 z = ∗ ∗ | ∗ 0| ∗ ∗| ∗ 0 z = ∗ ∗ | ∗ ∗| ∗ ∗| ∗ ∗
x2,1,2 = 10|00|11|00 z = ∗ ∗ |00| ∗ ∗|00 z = ∗ ∗ | ∗ 0| ∗ ∗| ∗ 0 z = ∗ ∗ | ∗ ∗| ∗ ∗| ∗ ∗
x3,0 = 11|00|00|00 z = ∗ ∗ |00|00| ∗ ∗ z = ∗ ∗ | ∗ 0| ∗ 0| ∗ ∗ z = ∗ ∗ | ∗ ∗| ∗ ∗| ∗ ∗

x3,1,1 = 11|00|00|01 z = ∗ ∗ |00|00| ∗ ∗ z = ∗ ∗ | ∗ 0| ∗ 0| ∗ ∗ z = ∗ ∗ | ∗ ∗| ∗ ∗| ∗ ∗
x3,1,2 = 11|00|00|11 z = ∗ ∗ |00|00| ∗ ∗ z = ∗ ∗ | ∗ 0| ∗ 0| ∗ ∗ z = ∗ ∗ | ∗ ∗| ∗ ∗| ∗ ∗

3.5. A Three-Dimensional Wave Equation in a Numerical Example

As a practical example of our approach, we conducted a numerical simulation focusing

on the three-dimensional wave Equation (D = 3). A finite-difference scheme is employed to

discretize the problem on a regular grid, with each spatial dimension depicted by n qubits,

leading to N = 2n grid points for each dimension. The tridiagonal (d = 1) matrices provide

an approximation for the finite-difference operators, and we utilize the block speed model

described in Equation (32). The task at hand involves computing the implementation of

the propagator exp
(
−itH̃3

)
, where the Hamiltonian H̃3 is defined as

H̃3 =








0 B̃xS B̃yS B̃zS

SB̃T
x 0 0 0

SB̃T
y 0 0 0

SB̃T
z 0 0 0








= S̃H3S̃, S̃ =








I 0 0 0

0 S 0 0

0 0 S 0

0 0 0 S








, (37)

with B̃x = B ⊗ I ⊗ I, B̃y = I ⊗ B ⊗ I, B̃z = I ⊗ I ⊗ B. Here, B, I ∈ RN×N , and B is a

tridiagonal matrix incorporating zero boundary conditions [15].

Direct classical simulation of exp
(
−itH̃3

)
is computationally hard. For instance,

a discretization with n = 6 qubits (N = 64 points) per dimension requires exponentiating a

matrix of size 4N3 = 23n+2 = 220 ≈ 106. For realistic scenarios requiring high resolution

(e.g., n ≥ 10, or N ≥ 1000 points per dimension), direct classical computation of the

propagator becomes intractable.

For this physically meaningful resolutions—e.g., n ≥ 10 so N = 210 ≈ 103 grid points

per axis—the state dimension is 4N3 ∼ 4× 109, and even a single sparse matvec becomes

impractical on commodity hardware. These constraints motivate our validation approach:

rather than attempting end-to-end classical time evolution at large sizes, we (i) normalize

the geometry and evolution time (lx = ly = lz = 1, t = 1) to isolate algorithmic—not

unit—scaling; (ii) adopt a randomized block speed field on a 2m × 2m × 2m partition

so that
∥
∥H̃3

∥
∥ is representative (avoiding degenerate cases that would understate Trotter

costs); and (iii) evaluate quantities that directly determine quantum resource scaling—

namely, the number of Pauli terms and the gate count per first-order Trotter step—without
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reconstructing the full propagator. Where feasible (e.g., n ≤ 5), we still perform a functional

check against a classical reference using expm_multiply, but the principal evidence comes

from structural counts that (by Propositions 3 and Corollary 4) control the asymptotic

behavior. This strategy preserves fidelity to the “hard part” of the problem—captured by

the term structure and
∥
∥H̃3

∥
∥—while remaining computationally tractable across the range

of (n, m) needed to reveal the predicted scaling trends.

Therefore, to efficiently yet rigorously examine the scaling characteristics of our quan-

tum algorithm, we employ a representative parameterization that encapsulates the essen-

tial complexity:

• Time of evolution t = 1.

• Domain lengths lx = ly = lz = 1.

• A block speed model with random elements from the range (0, 1], encoded with an

equal number of qubits m per direction.

• An equal number of qubits per dimension n.

For the Hamiltonian H̃3, the maximum possible number of gates (Proposition 3) is

represented by gH ≤ ΓK′, where Γ is the number of sets containing mutually commuting

Pauli strings (Equation (19)), and K′ is the number of Pauli strings per set. In the block

speed model (Section 3.4), we find that K′ ≤ (D + 1)2n+2m−1 = 2n+2m+1 = 2N4m. Thus,

the limit turns into

gH ≤ 3(n + 1)2n+2m+1 = 6(n + 1)N4m. (38)

Figure 1 illustrates the findings of the numerical simulation. We expressed the Hamil-

tonian H̃3 as a sum of Pauli strings and identified how many of these terms had non-zero co-

efficients. This decomposition was achieved by forming terms as outlined in Proposition 1

and evaluating their respective coefficients. For systems with n < 6 qubits per dimen-

sion, we fully reconstructed the Hamiltonian from its Pauli decomposition and verified its

equivalence to the original matrix to validate our method. For n ≥ 6, direct reconstruc-

tion becomes computationally prohibitive; therefore, we relied solely on the coefficient

computation routine without full matrix reconstruction. The plot displays the counts of

the resulting Pauli terms as crosses, and the theoretical upper limit from Equation (38) is

represented by a dotted line.

The empirical results reveal that the calculated upper bound closely estimates the

actual count of Pauli strings. This difference arises from the distinctive configuration of the

finite-difference matrix B used in our simulation. While the theoretical limit is formulated

for any tridiagonal matrix, our approach uses a typical first-order stencil with matrix B

having −1 on the main diagonal and 1 on the upper diagonal. This specific arrangement

results in a more efficient Pauli decomposition, needing about 2n+1 strings for each operator,

as opposed to the general maximum of (n + 1)2n−1.

The number of gates required for a single iteration of a p-th order Trotterization is

based on the first-order equation as presented in Equation (26). Consequently, our analysis

prioritizes the numerical validation of the first-order estimate. For the Hamiltonian H̃3,

Equation (24) provides the upper limit on the gate count for one step of a first-order

Trotterization, expressed as g1 ≤ Γ(gd + gz). Here, Γ denotes the number of sets containing

commuting Pauli strings, gd represents the gate count required to diagonalize an individual

set, and gz signifies the gate count to execute the diagonal rotations in a diagonalized set.

For the block speed model, it is possible to utilize Gray code ordering within each

mutually commuting set. This approach allows for further elimination of CNOT gates,

thereby reducing the limit to gz ≤ 2K′. Previously, in Corollary 4 it was established that

the block speed model restricts the number of Pauli strings per set by K′ ≤ 2N4m. Thus,

the limit on the number of one- and two-qubit gates for a first-order step is
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g1 ≤ 3(n + 1)[2(n + 2) + 4N4m] = 6(n + 1)[n + 2 + 2N4m]. (39)

Figure 2 illustrates the results of the numerical simulation, showing how the gate

counts vary with the number of qubits per dimension. We created a software program

designed to produce a circuit corresponding to one Trotter step and for each collection

of commuting Pauli strings. Each group’s circuit is output in QASM format for later

integration into several Trotter steps. Following this, the overall gate count was ascertained

from these output files. In systems where the qubit count is small, specifically n ≤ 4, we

confirmed that the circuit constructed for a single group of mutually commuting operators

accurately realizes exp(−itHγ). Here, Hγ represents a Hamiltonian made up exclusively

of Pauli strings from that group.
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Figure 1. Number of non-zero Pauli terms in the decomposition of the Hamiltonian H̃3 given by

Equation (37). Empirical data (crosses), obtained with randomized velocity profiles for various

block sizes m, are compared against the theoretical upper bound from Equation (38) (dotted line).

The results demonstrate the scaling of the term count with the number of discretization qubits n for

different values of m.

In Figure 2, the experimental results, indicated by crosses, are slightly beneath the

theoretical limit outlined in Equation (39), represented by the dotted line. This is attributed

to circuit optimization techniques applied during compilation. The CNOT gates in the

diagonalization circuits of each set can cancel each other out if placed in a specific order,

providing a slight optimization benefit. However, the main impact comes from performing

the diagonal component.

Additionally, to validate the functional correctness of the algorithm, we examined

a specific instance with fixed parameters n = 5 and m = 2. This corresponds to solving

the wave equation on a 32× 32× 32 grid (N = 25 = 32), partitioned into 2m = 4 velocity

blocks per dimension, resulting in a total of 64 individual blocks, each of size 8× 8× 8 and

assigned a unique velocity value. For this configuration, we verified that the implemented

quantum circuit accurately approximates the action of the target unitary exp
(
−iH̃3t

)
.

We assessed the accuracy by setting the initial condition to a random wavefunc-

tion |ψ(0)⟩ and comparing the statevector produced by our algorithm against a classical

reference computed using the “scipy.sparse.linalg.expm_multiply” function in Python.

Specifically, we compute the error

ϵ =
∥
∥U(t, r, p)|ψ(0)⟩ − exp

(
−itH̃3

)
|ψ(0)⟩

∥
∥

2
, (40)
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where U(t, r, p)|ψ(0)⟩ is the state obtained from our quantum algorithm using r Trotter

steps of order p.
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Figure 2. Gate count for a single first-order Trotter step of the Hamiltonian H̃3. Empirical data

(crosses), obtained from compiled QASM circuits, are compared against the theoretical upper bound

from Equation (39) (dotted line). The results demonstrate the scaling of the gate count with the

number of discretization qubits n for different velocity block sizes m.

Figure 3 illustrates how the error varies with both the quantity of Trotter steps and

the Trotter order. As anticipated, the error diminishes when the number of steps or the

formula’s order is raised. This outcome confirms our implementation and offers a pragmatic

calculation of the Trotter steps needed to reach a specified error threshold.

Conducting a more thorough validation requires calculating the operator norm error
∥
∥U(t, r, p)− exp

(
−itH̃3

)∥
∥

2
and assessing it against the bound in Corollary 4. Nevertheless,

this calculation turns out to be computationally infeasible using classical methods for the

matrix dimensions we are dealing with, even when n and m are relatively small.
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Figure 3. Trotter error scaling for the Hamiltonian H̃3 with fixed parameters n = 5, m = 2. The error ϵ

given by (40) is plotted against the number of Trotter steps r for different Trotter orders p. The results

validate the algorithm and demonstrate the expected convergence with increasing r and p.
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4. Discussion

We introduced a structured quantum algorithm for simulating the multidimensional

variable-coefficient wave equation. The method begins with a Hamiltonian formulation

and a decomposition into Pauli strings—tensor products of I, X, Y, Z. This representation

affords a clear physical interpretation: Z terms encode diagonal energy shifts, whereas X

and Y terms generate off-diagonal transitions between basis states.

Our main contribution is a systematic extension of bounds on only relevant Pauli

strings and their generation for Hamiltonians with a special block structure, together

with a partition of these strings into commuting sets that admit efficient diagonal-

ization (Propositions 1 and 2). This customizes and generalizes prior decomposition

strategies [15,16] to the setting of variable-coefficient, multi-dimensional wave equations.

A second contribution is the establishment of precise gate complexity limits for cal-

culating time evolution operators expressed as exp
(
−iH̃Dt

)
. Our analysis indicates that,

given assumptions applicable to physical models, the gate complexity for a single Trotter

step increases linearly with the size of one dimension N (Corollary 2). Nevertheless, em-

ploying Trotter–Suzuki formulas adds extra overhead: the gate complexity for the complete

algorithm utilizing a p-th order Trotter formula scales as N2+1/p with respect to the size of

a single dimension (Corollary 3). This result is significant because it tackles the challenge

posed by the “curse of dimensionality”, which hinders the functionality of conventional

wave equation solvers that typically scale as ND [1,2].

In contrast to oracle-based strategies [9] (with a 1D implementation in [12]), our algo-

rithm specifies deterministic circuits in terms of one- and two-qubit gates. Although oracle-

based methods may exhibit superior asymptotic query complexity, their constant factors

and ancilla requirements can be substantial in regimes relevant to near-term problems [12].

Consequently, despite worse asymptotics, our explicit construction is often more practi-

cal at modest scales and enables precise resource estimation. Related oracle-dependent

works [10,14] demonstrate scalability but at the cost of extra ancillas. For constant-speed

models, ref [13] employs the Bell-basis approach to efficiently diagonalize each term of

the Hamiltonian, yielding the same diagonalization as our method, while [11] demon-

strates hardware experiments using Fourier transforms; however, these techniques do not

directly extend to variable-speed profiles. In summary, relative to these lines of work, our

algorithm provides explicit higher-dimensional resource bounds while accommodating

variable coefficients.

For block-structured speed profiles, our analysis (Corollary 4) shows that respect-

ing physical structure can materially reduce cost: the complexity simplifies to 2(D−1)m

when m qubits encode each block parameter (for a total of 2Dm distinct speeds). Such

piecewise-homogeneous models are common in seismic and acoustic imaging [5], making

this specialization particularly relevant.

Three-dimensional simulations corroborate the predicted trends and indicate that

rotation scheduling within each diagonal group can further reduce cost [21]. These op-

timizations are compatible with our commuting-set framework and offer practical gains

without altering asymptotics.

Our use of Trotter–Suzuki decomposition entails the usual trade-off between accuracy

and depth. Techniques such as qubitization [23] and linear combinations of unitaries [24]

may improve asymptotic performance but generally require additional ancillas and more

elaborate control logic. Moreover, our present estimates omit measurement overhead,

cost-function construction, noise, and limited connectivity, all of which are consequential

in the NISQ regime [25,26]. Closing these gaps is a necessary step toward end-to-end

application benchmarks.
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Beyond PDEs, the proposed Pauli decomposition and commuting-set diagonalization

extend naturally to Hamiltonians with short-range interactions, where matrix elements

cluster near the diagonal. Reducing non-commuting terms directly lowers measurement

cost in variational and hybrid schemes [27,28]. The framework is also complementary to

advances in randomized simulation [29], qubitization [23], and Schrödingerization [30]. We

anticipate fruitful combinations that retain the structural advantages of our decomposition

while improving asymptotic scaling.

Overall, the results advance quantum simulation of the wave equation in higher di-

mensions with variable coefficients, delivering explicit gate counts, deterministic circuit

structure, and a pathway to exploiting block heterogeneity. We expect the practical advan-

tage over oracle-based techniques observed in lower-dimensional, structured instances [15]

to persist in 3D, though a like-for-like quantitative comparison remains open due to the

absence of clear oracle constructions in this setting. Future work will integrate advanced

simulation primitives and incorporate hardware-aware compilation and error mitigation to

translate the present complexity gains into experimentally validated performance.

5. Conclusions

We have developed a general framework for quantum simulation of the multidimen-

sional wave equation using Pauli string decomposition, diagonalization of commuting op-

erator sets, and Trotterized time evolution. The method provides rigorous gate-complexity

bounds and shows favorable scaling, particularly for the block speed model. Numerical

validation in three dimensions confirms both the theoretical predictions and the potential

for additional reductions through circuit-level optimization.

These results demonstrate that quantum computing can offer practical advantages for

simulating high-dimensional wave dynamics, a class of problems that remain computa-

tionally demanding for classical solvers. Future directions include integrating qubitization

and other advanced simulation techniques as well as designing hardware-aware circuit

optimizations. The presented approach establishes a foundation for scalable quantum

algorithms with applications in geophysics, nondestructive testing, and materials science.
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Appendix A. Discretization and Vectorization Conventions

This appendix details the spatial discretization scheme and vectorization procedure

employed to transform the continuous three dimensional wave equation, Equation (1)

https://github.com/barseniev/d_dim_quantum_wave_solver


Quantum Rep. 2025, 7, 47 19 of 30

(D = 3), into a discrete system suitable for numerical computation and quantum algo-

rithm construction. While the focus is on three dimensions, the methodology generalizes

straightforwardly to other cases.

The continuous scalar field u(t, x, y, z) is discretized onto a structured grid with Nx,

Ny, and Nz points in the x, y, and z directions, respectively. We adopt the convention where

the discrete solution is stored as a three-dimensional tensor U(t) ∈ R
Nz×Ny×Nx , such that

its elements are defined by

ui,j,k(t) ≡ u(t, xk, yj, zi),

where the tensor indices (i, j, k) correspond to the spatial coordinates (z, y, x). This specific

index ordering is chosen to yield a canonical and efficient structure for the resulting discrete

differential operators. A schematic representation of this data structure is provided in

Figure A1.

Figure A1. Schematic example of a three dimensional data tensor U ∈ RZ,Y,X , i.e., storing points

corresponding to different coordinates as an array. Thus, an element of the array ui,j,k corresponds to

a point with coordinates u(xk, yj, zi). For discretization, 4 points per direction are used.

To interface with standard numerical linear algebra routines, which typically operate

on vectors, the tensor U is transformed into a state vector via a vectorization operation,

denoted vec(U). We adopt the Fortran-style (column-major) vectorization convention.

This process maps the multi-dimensional array into a column vector vec(U(t)) ∈ R
Nx Ny Nz .

The sequence of this mapping is illustrated schematically in Figure A2.

This chosen discretization and vectorization ordering induces a highly structured form

for the discrete Laplacian operator. The right-hand side of Equation (1) is approximated as

(
∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2

)

≈ L3 vec(U), (A1)

where the discrete 3D Laplacian L3d is given by the sum of Kronecker products:

L3 = Lx ⊗ Iy ⊗ Iz + Ix ⊗ Ly ⊗ Iz + Ix ⊗ Iy ⊗ Lz. (A2)

Here, Lx, Ly, Lz are matrix representations of one-dimensional second-derivative operators

(e.g., from a finite-difference method) incorporating the desired boundary conditions,

and Ix, Iy, Iz are identity matrices of appropriate sizes. Crucially, the order of the Kronecker
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product factors (x, y, z) is a direct consequence of the chosen vectorization convention,

ensuring consistent and efficient application of the operator.

Figure A2. Illustration of the vectorization process for the tensor U from Figure A1. The red dashed

lines indicate the order in which elements are sequenced into the resulting column vector (from top

to bottom).

Consequently, the discrete form of the wave equation initial value problem, incorpo-

rating a spatially varying wave speed c(x⃗), is expressed as the following system of ordinary

differential equations:

∂2

∂t2
vec(U(t)) = L3(c(x⃗)) vec(U(t)),

vec(U(0)) = vec(F),

∂

∂t
vec(U(0)) = vec(G),

(A3)

where vec(U(t)) is the state vector, and F and G are the tensor representations of the initial

conditions f (x⃗) and g(x⃗), respectively. The dependence of the operator L3 on the wave

speed profile c(x⃗) is implied.

Appendix B. Decomposition Example

This section provides a detailed, step-by-step example of the proposed decomposi-

tion method. We consider the three-dimensional (D = 3) wave equation with a block

velocity profile:

∂2u(t, x⃗)

∂t2
=

∂

∂x

(

c2(x⃗)
∂u(t, x⃗)

∂x

)

+
∂

∂y

(

c2(x⃗)
∂u(t, x⃗)

∂y

)

+
∂

∂z

(

c2(x⃗)
∂u(t, x⃗)

∂z

)

,

u(t = 0, x⃗) = f (x⃗),

∂u(t = 0, x⃗)

∂t
= g(x⃗),

u(t, x = 0) = u(t, y = 0) = u(t, z = 0) = 0,

u(t, x = lx) = u(t, y = ly) = u(t, z = lz) = 0.

(A4)

The velocity profile is defined as

c(x, y, z) =







c1 if z ≤ lz/2,

c2 if z > lz/2.
(A5)
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This equation can be transformed into the Schrödinger form, i∂tψ = H̃3ψ, with

the Hamiltonian:

H̃3 =








0 B̃xS B̃yS B̃zS

SB̃T
x 0 0 0

SB̃T
y 0 0 0

SB̃T
z 0 0 0








= S̃H3S̃, S̃ =








I 0 0 0

0 S 0 0

0 0 S 0

0 0 0 S








, (A6)

where B̃x = B⊗ I ⊗ I, B̃y = I ⊗ B⊗ I, and B̃z = I ⊗ I ⊗ B. The matrices B, I ∈ RN×N ,

with N = 2n, arise from discretizing each spatial dimension, and B is a tridiagonal matrix

incorporating the zero boundary conditions.

The next step is to decompose this Hamiltonian for quantum simulation. We set n = 2

qubits per dimension. Following Proposition 1, the Pauli strings x that may appear in the

decomposition are listed in the first column of Table A1. The second step involves analyzing

the block velocity profile. In this case, the profile is split only along the z-direction, implying

mx = 0, my = 0, and mz = 1. Consequently, the matrix S can be written as

S = diag(vec(C))) =
c1 + c2

2
I ⊗ I ⊗ I ⊗ I ⊗ I ⊗ I +

c1 − c2

2
I ⊗ I ⊗ I ⊗ I ⊗ Z⊗ I. (A7)

From this, we derive the masks for the z strings, shown in the second column of Table A1.

Table A1. Pauli strings for the three-dimensional wave equation, discretized with n = 2 qubits per

dimension and finite-difference operators approximated by tridiagonal matrices (d = 1). The strings

xp,k,j (with k = 1 for d = 1) are generated per Proposition 1. The corresponding masks for the z

strings are shown for a two-block velocity model; a “∗” denotes a position that can be 0 or 1. Bits are

grouped for readability: the first
∣
∣
∣B̂(D)

∣
∣
∣ = 2 bits are for the Hamiltonian, and each subsequent block

of n = 2 bits encodes a spatial direction. The third column lists the diagonalization operators for case

where x · z = 0 (mod 2), according to Proposition 2. Here, Hk denotes a Hadamard gate on qubit k,

and CNOT(c, t) is a controlled-NOT gate with control c and target t.

xp,1,j z Diagonalization Operator D

x1,0 = 01|00|00|00 z = ∗ ∗ | ∗ ∗|00| ∗ 0 H2

x1,1,1 = 01|01|00|00 z = ∗ ∗ | ∗ ∗|00| ∗ 0 H2CNOT(2, 4)

x1,1,2 = 01|11|00|00 z = ∗ ∗ | ∗ ∗|00| ∗ 0 H2CNOT(2, 3)CNOT(2, 4)

x2,0 = 10|00|00|00 z = ∗ ∗ |00| ∗ ∗| ∗ 0 H1

x2,1,1 = 10|00|01|00 z = ∗ ∗ |00| ∗ ∗| ∗ 0 H1CNOT(1, 6)

x2,1,2 = 10|00|11|00 z = ∗ ∗ |00| ∗ ∗| ∗ 0 H1CNOT(1, 5)CNOT(1, 6)

x3,0 = 11|00|00|00 z = ∗ ∗ |00|00| ∗ ∗ H1CNOT(1, 2)

x3,1,1 = 11|00|00|01 z = ∗ ∗ |00|00| ∗ ∗ H1CNOT(1, 2)CNOT(1, 8)

x3,1,2 = 11|00|00|11 z = ∗ ∗ |00|00| ∗ ∗ H1CNOT(1, 2)CNOT(1, 7)CNOT(1, 8)

To illustrate, consider the row for x3,1,1 = 11|00|00|01 with the mask z = ∗ ∗ |00|00| ∗ ∗.
This mask indicates that only the Pauli strings listed in the second column of Table A2

may appear in the decomposition. Since these Pauli strings all commute, we can apply

Proposition 2 to construct a diagonalization circuit. The required operator D is given in

the last column of Table A1, and the result of applying this diagonalization is shown in the

final column of Table A2.
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Table A2. Pauli strings generated for x3,1,1 = 11|00|00|01 and its corresponding mask

z = ∗ ∗ |00|00| ∗ ∗, where “∗” denotes a position that can be 0 or 1. Only strings with an even number

of Y operators (x · z = 0 (mod 2)) are retained as the Hamiltonian H̃3 is real. The first column lists the

specific z strings generated from the mask. The second column shows the corresponding Pauli strings

in the decomposition. The third column lists the z̃ strings after diagonalization per Proposition 2,

and the last column shows the resulting diagonalized Pauli strings with diagonalization opera-

tor D = H1CNOT(1, 2)CNOT(1, 8), and its conjugate transpose D† = CNOT(1, 8)CNOT(1, 2)H1,

since both the CNOT and Hadamard gates are Hermitian. Bits and Pauli matrices are grouped

for readability.

z = ∗ ∗ |00|00| ∗ ∗ W(x, z) z̃ = 1 ∗ |00|00| ∗ ∗ W(0, z̃) = (−1)(x·z)/2DW(x, z)D †

00|00|00|00 XX|I I|I I|IX 10|00|00|00 +ZI|I I|I I|I I

00|00|00|10 XX|I I|I I|ZX 10|00|00|10 +ZI|I I|I I|ZI

01|00|00|01 XY|I I|I I|IY 11|00|00|01 −ZZ|I I|I I|IZ

01|00|00|11 XY|I I|I I|ZY 11|00|00|11 −ZZ|I I|I I|ZZ

10|00|00|01 YX|I I|I I|IY 10|00|00|01 −ZI|I I|I I|IZ

10|00|00|11 YX|I I|I I|ZY 10|00|00|11 −ZI|I I|I I|ZZ

11|00|00|00 YY|I I|I I|IX 11|00|00|00 −ZZ|I I|I I|I I

11|00|00|10 YY|I I|I I|ZX 11|00|00|10 −ZZ|I I|I I|ZI

We express the total Hamiltonian as a sum H̃D = ∑
Γ
γ=1 Hγ, where each Hγ is a mutu-

ally commuting group of Pauli strings characterized by a single x. Since these groups do not

all commute with each other, we employ a Trotter–Suzuki decomposition to approximate

the time evolution.

A single Trotter step can be implemented using methods from [21]. The quantum

circuit for the propagator exp(−iHγt), corresponding to the group characterized by x3,1,1,

is shown in Figure A3. The circuit emphasizes the gate arrangement; the specific rota-

tion angles for the Rz gates (which are defined in our implementation) are omitted for

visual clarity. Using a Gray code ordering minimizes the number of CNOT gates in the

diagonalization circuit.

The circuits for each group x are combined to form a single Trotter step. These steps

are then repeated according to the chosen Trotter formula order to achieve the desired

simulation accuracy.

q7

q6

q5

q4

q3

q2

q1

q0

H
0.125
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Figure A3. Quantum circuit for the propagator exp(−iHγt), where Hγ is characterized by x3,1,1. The z

strings are processed in the following order (left to right): 00000000, 10000001, 10000011, 00000010,

11000010, 01000011, 01000001, 11000000. That is, in the the Gray code order for z̃. The rotation angles

are θ = 2αttr, where α is the coefficient of the corresponding Pauli string and ttr is the scaled time

from the Trotter decomposition (e.g., for a first-order formula, ttr = t/r, with r being the number of

steps). The figure shows gate arrangement; the numerical values inside the Rz gates are not relevant.
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Appendix C. Application to a 3D Standing Wave Problem

This section demonstrates the application of our proposed quantum algorithm to a

three-dimensional standing wave problem. We consider a constant wave velocity c = 1 and

compare the computational complexity of our method against a standard finite-difference

method (FDM) for the accuracy level. The problem is defined by the following wave

equation and initial/boundary conditions:

∂2u(t, x⃗)

∂t2
=

∂2u(t, x⃗)

∂x2
+

∂2u(t, x⃗)

∂y2
+

∂2u(t, x⃗)

∂z2
,

u(0, x⃗) = sin(πx) sin(πy) sin(πz),

∂u(0, x⃗)

∂t
= 0,

u(t, 0, y, z) = u(t, x, 0, z) = u(t, x, y, 0) = 0,

u(t, 1, y, z) = u(t, x, 1, z) = u(t, x, y, 1) = 0.

(A8)

An exact analytical solution is known for this problem:

uexact(x, y, z, t) = sin(πx) sin(πy) sin(πz) cos
(√

3πt
)

. (A9)

We compare the solution from our quantum method against a classical second-order

FDM using an identical spatial discretization. The classical FDM solution is constructed

iteratively for u—the discretized and vectorized version of u(t, x⃗):

u(0) = u(∆t) = f,

u(k∆t) = ∆t2L3u((k− 1)∆t) + 2u((k− 1)∆t)− u((k− 2)∆t), k ≥ 2.
(A10)

Here, f is the discretized and vectorized initial condition u(0, x⃗). The discrete Laplacian L3

is defined as

L3 = Lx ⊗ Iy ⊗ Iz + Ix ⊗ Ly ⊗ Iz + Ix ⊗ Iy ⊗ Lz, (A11)

where Lx = −BT
x Bx, Ly = −BT

y By, and Lz = −BT
z Bz. The matrix Bx (and similarly By,

Bz) is a first-order finite-difference operator (same as in Hamiltonian) with zero boundary

conditions. For example, for n = 2 we have Bx =








0 0 0 0

0 −1 1 0

0 0 −1 0

0 0 0 0








. For the classical FDM

simulation, the number of time steps Nt is chosen to satisfy the Courant–Friedrichs–Lewy

(CFL) condition for numerical stability, specifically Nt = ⌈
√

3Nx⌉, where Nx = Ny = Nz.

To quantify accuracy, we use the discrete L2-norm error:

ϵnum(u, v) =
√

∆V ∑
j

(uj − vj)2, ∆V = ∆x∆y∆z. (A12)

After computing the error ϵnum between the FDM and analytical solutions, we esti-

mate the number of Trotter steps r required for the quantum algorithm to achieve the same

accuracy. This estimate is derived from the data plotted in Figure A4, where the crosses rep-

resent the quantum algorithm’s error (error between the quantum and analytical solutions)

as a function of r. For each spatial discretization level (i.e., for each number of qubits per

dimension), we locate the fixed FDM error level on the y-axis. We then determine the point

where a horizontal line at this FDM error value intersects the interpolated trend (dashed

line) of the quantum error data on the log–log plot. The x-coordinate of this intersection
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gives the estimated number of Trotter steps r needed for the quantum solution to match

the classical FDM’s precision. These intersection points are marked with dots in the figure.

100 101 102 103 104

Number of Trotter steps

10 3

10 2

10 1

Er
ro

r

n = 2
n = 3
n = 4
n = 5

Figure A4. Estimation of the quantum Trotter steps required for the second order formula to

match classical FDM accuracy. The crosses show ϵnum— error between quantum algorithm and

analytical solution — plotted against the number of Trotter steps r for varying qubits per dimension

n, corresponding to discretization points N = 2n. For a fixed FDM error, the required Trotter steps

are determined by the intersection with the error trend (dashed line). These intersections, marked by

dots, provide the estimated r required for the quantum algorithm to achieve the same accuracy as

the FDM.

Finally, we compare the computational cost, measured in the total number of opera-

tions. For the classical FDM, the cost is estimated as gcl = 3NtN3 = 3
√

3N4 as the matrix

L3 has 3 non-zero entries per row, and the solution is evolved over Nt time steps. For the

quantum algorithm, the cost is the total number of one- and two-qubit gates, estimated as

gq = r · g1, where r is the number of Trotter steps and g1 is the gate count for a single step

(can be evaluate as in Equation (39)). This comparison is shown in Figure A5, where it can

be seen that the quantum algorithm requires fewer operations than the standard FDM for

this problem.
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103

104
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Quantum Algorithm

Figure A5. Comparison of the total number of operations (gate count for quantum, floating-point

operations for classical) required by the quantum algorithm with the second order formula versus

the classical FDM.
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Appendix D. Proofs

Proof of Proposition 1. Without loss of generality, we assume D+ 1 = 2nd for some integer

nd. If this is not the case, one can extend the Hamiltonian by adding matrices Bp = 0 for

p = D + 1, . . . , D′, where D′ = 2⌈log2(D)⌉, ensuring D′ is a power of two. This padding

does not alter the structure or Pauli decomposition of the original HD.

To prove the proposition, we utilize the standard basis matrices En
i,j, defined as the

2n × 2n matrices that are zero everywhere except for a 1 at position (i, j). These matrices

possess a crucial tensor product structure:

En
i,j = E1

i0,j0
⊗ · · · ⊗ E1

in−1,jn−1
, (A13)

where ik and jk are the bits in the n-bit binary representations of i and j, respectively,

i.e., B̂l(n, i) and B̂l(n, j). Using this basis, the Hamiltonian HD can be expressed as

HD =
D

∑
p=1

(

E
nd
0,p ⊗ Bp + E

nd
p,0 ⊗ B†

p

)

. (A14)

Since the Pauli strings constituting Bp and B†
p are identical (the difference is only in

coefficients of these matrices), we can denote their combined Pauli support simply as Pp.

Moreover, according to Proposition 1 in [16], the matrix Bp admits a decomposition into

Pauli strings characterized by binary vectors of the form

xk,j = B̂l

(

n− s, 2j − 1
)

∗ B̂l(s, 2s − k), (A15)

for k ∈ {1, . . . , d}, j ∈ {1, . . . , n − s}, s = ⌈log2(k)⌉, and d ≤ 2n−1, plus an additional

diagonal string x0 = B̂l(n, 0).

The single-qubit basis matrices have well-known Pauli decompositions:

E1
0,0 = (I + Z)/2, E1

1,1 = (I − Z)/2,

E1
0,1 = (X + iY)/2, E1

1,0 = (X− iY)/2.

Crucially, E1
0,0 and E1

1,1 are diagonal and are represented by the binary string x = 0 (indicat-

ing I or Z), while E1
0,1 and E1

1,0 are off-diagonal and are represented by x = 1 (indicating X

or Y).

Now, applying the tensor product property (A13), we analyze the term E
nd
0,p:

E
nd
0,p = E1

0,p0
⊗ · · · ⊗ E1

0,pnd−1
, (A16)

where p0 . . . pnd−1 ≡ B̂l(nd, p) is the nd-bit binary representation of p. The Pauli string

representation of this matrix is determined by the x-component of each single-qubit factor.

Since each factor E1
0,pk

is represented by the binary value pk, the full string for E
nd
0,p is simply

x = B̂l(nd, p). An identical argument shows that E
nd
p,0 is also represented by the same string,

x = B̂l(nd, p).

Therefore, the overall Pauli string representation for a term (E
nd
0,p + E

nd
p,0)⊗ Pp in HD is

given by the concatenation of the string for the first subsystem and the string for Pp. This

yields the general form

xp,k,j = B̂l(nd, p) ∗ B̂l

(

n− s, 2j − 1
)

∗ B̂l(s, 2s − k), (A17)
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for p ∈ {1, . . . , D}, k ∈ {1, . . . , d}, j ∈ {1, . . . , n− s}, s = ⌈log2(k)⌉. Additionally, the diag-

onal contributions from Pp lead to strings of the form

xp,0 = B̂l(nd, p) ∗ B̂l(n, 0). (A18)

This completes the characterization of all Pauli strings present in the decomposition of

HD.

Proof of Proposition 2. We employ the standard tableau method for the simultaneous

diagonalization of sets of commuting Pauli strings, as detailed in [19,20]. For a set of m

commuting Pauli operators, each acting on n qubits, the tableau is a data structure of size

m× 2n bits. Each row k of the tableau corresponds to a Pauli string Pk and is represented as

a pair (xk, zk), where the binary vectors xk, zk ∈ Bn encode the corresponding Pauli string.

The tableau for our set, characterized by a single x, is structured as follows:







x1,1 · · · x1,n | z1,1 · · · z1,n
...

. . .
... |

...
. . .

...

x1,1 · · · x1,n | zm,1 · · · zm,n







.

Our goal is to construct a Clifford circuit that maps these operators to strings consisting

solely of Z and I operators. This is equivalent to transforming the tableau such that the

x-block becomes zero.

The transformation rules for the tableau under elementary Clifford gates are well-

established [19,20]:

• A Hadamard gate on qubit j swaps the j-th columns of the x and z blocks for all rows.

• A CNOT gate with control c and target t performs the following for all rows:

xk,t ← xk,c ⊕ xk,t

zk,c ← zk,c ⊕ zk,t

• A Phase gate on qubit j performs

zk,j ← zk,j ⊕ xk,j

The diagonalization procedure processes can be described as follows:

1. Identify Pivot: Find the first column j (the pivot column) for which xk,j = 1.

2. Eliminate Other Entries: For every other columns l > j with xk,l = 1, apply a CNOT

gate with control j and target l. This operation adds column j to column l in the

x-block, zeroing out the entry xk,l .

3. Clear the Pivot: After step 2, only the pivot column j has a 1 in x-block. At the same

time only j-th column of the z-block has changed. Moreover its values are equal to

zk,j =
⊕M

l=1 zk,l , where l runs over all non zero bit in the initially given x. It can be

seen that
⊕M

l=1 zk,l = x · zk.

• If we are given a set, characterized by x · zk = 0 (mod 2), apply a Hadamard gate

on qubit j. This swaps the 1 in the x-block with the 0 in the z-block, completing

the zeroing of x block.

• If we are given a set, characterized by x · zk = 1 (mod 2), first apply a Phase

gate on qubit j. This sets zk,j ← zk,j ⊕ xk,j = 0 (since zk,j = 1 and xk,j = 1). Then,

apply a Hadamard gate on qubit j to swap the 1 in x with the 0 in z.

The final result is a tableau with x = 0, meaning all Pauli strings have been diagonal-

ized. Additionally, it is easy to see that after the diagonalization procedure only a single bit

is changed in zk strings. That is, we set pivot column bit j to 1 in each zk.
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We now analyze the cumulative sign change from the specific CNOT operations

applied in Step 2 of the diagonalization procedure. In this step, for a fixed target qubit t,

a CNOT gate with control c (the pivot) and target t is applied to every other column k in

the set for which xt,k = 1.

Substituting these values simplifies the update rule significantly:

rk ← rk ⊕ (1 · zk,t · (1⊕ zk,c ⊕ 1)) = rk ⊕ zk,tzk,c. (A19)

Using it directly based on step 2 in the diagonalization procedure, one can obtain

following result

r =
M⊕

i=1

zi





i−1⊕

j=0

zj



 = ∑
0≤j<i≤M

zizj (mod 2) = C2
t mod 2, (A20)

where zi denotes i-th index in z (that is i-th column in table), and C2
t is number of combi-

nations with t = x · z being the number of bits in z equal to 1. Simplifying it further we

can get

r = C2
t mod 2 =

t(t− 1)

2
mod 2 = ⌊ t

2
mod 2⌋, (A21)

Additionally, the sign bit rk remains unchanged after the application of a Hadamard

gate. The sign update rule for a Hadamard gate on qubit t is rk ← rk ⊕ (xk,t · zk,t). This

update is trivial because a Hadamard gate is only applied to a qubit t when its state in the

tableau is prepared such that either xk,t = 0 or zk,t = 0, ensuring the product xk,t · zk,t is

always zero.

In contrast, the sign update rule for a Phase (S) gate is identical: rk ← rk ⊕ (xk,t · zk,t).

However, an S gate is applied under precisely the opposite condition when both xk,t = 1

and zk,t = 1. Consequently, the product xk,t · zk,t equals 1, and the sign bit rk is flipped.

That is the sign that appears in diagonalization is (−1)r, where

r =







t
2 mod 2 if t = x · z = 0 (mod 2),
t+1

2 mod 2 if t = x · z = 1 (mod 2).
(A22)

or,

r =

(
t + (t mod 2)

2

)

mod 2. (A23)

Finally the sign that appears during diagonalization is given in the form

(−1)r = (−1)

(
t+(t mod 2)

2

)

mod 2
= (−1)

(
t+(t mod 2)

2

)

(A24)

Proof of Proposition 3. Let the velocity-model operator be decomposed as S̃ = ∑
T
j=1 αjZ

zj ,

where Zz =
⊗Dn+⌈log2(D+1)⌉

k=1 Zzk is a Pauli string composed solely of I and Z matrices,

and the Hamiltonian as HD = ∑
K
j=1 β jPj, where Pj are Pauli strings.

We note that the operators B̃j = I⊗ · · · ⊗ Bj⊗ · · · ⊗ I are constructed by embedding Bj

into a larger tensor product. Consequently, the Pauli strings constituting B̃j are those of Bj,

padded with zeros in the x and z vectors at positions corresponding to the identity matrices.

Therefore, the structure of the commuting sets in HD, as established by Proposition 1 and
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Corollary 1, remains valid. The Hamiltonian HD can be expressed as a sum over Γ mutually

commuting sets:

HD =
Γ

∑
γ=1

Xxγ

(
Kγ

∑
k=1

ixγ ·zk βkZzk

)

, (A25)

where the phase factor ixγ ·zk arises from the Walsh operator definition (Equation (9)).

According to Corollary 1, and since HD is real-valued, the number of sets is Γ = s(D, d, n) =

D
(

2⌈log2 d⌉ + (n− ⌈log2 d⌉)d
)

, and the number of strings per set is Kγ = 2n+⌈log2(D+1)⌉−1,

where the term −1 accounts for the constraint of an even number of Y operators.

We now analyze the transformed Hamiltonian H̃D = S̃HDS̃:

S̃HDS̃ =

(
T

∑
j=1

αjZ
zj

)[
Γ

∑
γ=1

Xxγ

(
Kγ

∑
k=1

ixγ ·zk βkZzk

)](
T

∑
l=1

αlZ
zl

)

=
Γ

∑
γ=1

T

∑
j,l=1

αjαlZ
zj Xxγ

(
Kγ

∑
k=1

ixγ ·zk βkZzk

)

Zzl .

(A26)

Using the Pauli commutation relation ZzXx = (−1)x·zXxZz and the fact that Z opera-

tors commute, we simplify:

S̃HDS̃ =
Γ

∑
γ=1

T

∑
j,l=1

Kγ

∑
k=1

ixγ ·zk (−1)xγ ·zj αjαl βkXxγ Zzj⊕zk⊕zl

=
Γ

∑
γ=1

Xxγ





K′γ

∑
p=1

νpZzp



.

(A27)

In the final expression, the index p runs over all unique binary vectors zp = zj⊕ zk⊕ zl

generated by the indices j, l ∈ {1, . . . , T} and k ∈ {1, . . . , Kγ}. The coefficient νp is the sum

of all terms ixγ ·zk (−1)xγ ·zj αjαl βk for which zj ⊕ zk ⊕ zl = zp.

Two key observations follow from Equation (A27):

1. The commuting sets of S̃HDS̃ are identical to those of HD as they are characterized by

the same xγ strings.

2. The number of Pauli strings K′γ within each set γ is bounded by the number of unique

zp vectors that can be generated. This number is at most the minimum of two values:

• The total number of combinations: T2Kγ.

• The total number of all possible diagonal Pauli strings of length L = Dn +

⌈log2(D + 1)⌉, which is (D + 1)ND. However, since S̃HDS̃ remains a real-valued

matrix, its Pauli decomposition can only contain strings with an even number

of Y operators. For a fixed xγ, this restricts the associated zp vectors, effectively

halving the number of possibilities to (D + 1)ND/2.

Thus, K′γ ≤ min
(
T2Kγ, (D + 1)ND/2

)
, and the total number of Pauli strings in the

decomposition of H̃D is bounded by

gH ≤ Γ ·min
(

T2Kγ, (D + 1)ND/2
)

. (A28)

Substituting the expressions Γ ≈ Ddn (for d≪ N), Kγ = (D + 1)N/2, and ND = 2Dn,

the scaling of gH can be written as

gH = O
(

D2dnN min
(

T2, ND−1
))

. (A29)
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