OPEN ACCESS

IOP Publishing

Journal of Physics A: Mathematical and Theoretical

J. Phys. A: Math. Theor. 55 (2022) 384011 (16pp) https://doi.org/10.1088/1751-8121/ac8a28

Avenues to generalising Bell inequalities

Marcin Karczewski'*©, Giovanni Scala'2®,
Antonio Mandarino'®, Ana Belén Sainz'
and Marek Zukowski'

! International Centre for Theory of Quantum Technologies, University of Gdarsk,
80-309 Gdansk, Poland
2 Faculty of Physics, University of Warsaw, Pasteura 5, 02-093 Warsaw, Poland

E-mail: marcin.karczewski@ug.edu.pl

Received 14 February 2022, revised 20 July 2022
Accepted for publication 16 August 2022

Published 2 September 2022
CrossMark

Abstract

Characterizing the set of all Bell inequalities is a notably hard task. An insight-
ful method of solving it in case of Bell correlation inequalities for scenarios with
two dichotomic measurements per site—for arbitrary number of parties—was
given in references [2001 Phys. Rev. A 64 010102(R)] and [2001 Phys. Rev. A
64 032112]. Using complex-valued correlation functions, we generalize their
approach to a broader class of Bell scenarios, in which the parties may choose
from more than two multi-outcome measurements. Although the resulting fami-
lies of Bell inequalities are not always tight, their coefficients have an intuitively
understandable structure. We probe their usefulness by numerically testing their
ability to detect Bell nonclassicality in simple interferometric experiments.
Moreover, we identify a similar structure in the CGLMP inequality expressed
in a correlation-based form, which allows us to generalise it to three parties.

Keywords: Bell inequalities, Bell nonlocality, non locally-realistic correlations,
foundations of quantum theory, quantum information

(Some figures may appear in colour only in the online journal)

1. Introduction

One of the main lessons we learned last century is that nature is not classical, and one particular
case where this emerges is in a Bell test. The original idea of Bell to show if the prediction
of quantum mechanics were violating the prescription of a local realistic theory (which in this
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manuscript we endorse as a notion of classicality) was formalized choosing systems composed
by two parties on which dichotomic observables are measured in two different settings each. On
the experimental side, a first evidence for the violation of local realism was given in reference
[1], and the irrefutable experimental demonstration that closes loopholes, a quite challenging
task, was only recently presented [2—5]. On the theoretical point, the question of how the bound
on the quantum expectation value of the correlation function exceeds the maximum classical
one was addressed in reference [6]. In parallel, some other works started investigating richer
scenarios for Bell tests with N parties, with £ measurement settings, and d outcomes each
[7-14], hereafter referred to as By 4. Finding the maximum ratio between the quantum and
the classical bounds (and the set of states that realize it) for Bell tests in all but a few simplest
scenarios is still an open and challenging topic, and a review of the state-of-the-art is presented
in reference [15].

If one merely focuses on a particular Bell inequality in a fixed Bell scenario, then there are
numerical tools with which to approximate the ratio between the maximum quantum value
and the classical bound for the inequality [16, 17]. Such a ratio is an intuitive indicator of how
robust the corresponding Bell experiment is for certifying a violation of local realistic models.
However, these tools become impractical for Bell scenarios with larger values for N, k, and d. In
particular, they usually do not suggest a candidate quantum experiment of the desired dimen-
sionality that would achieve such an optimal ratio. Therefore, if one has a particular quantum
system in mind to use in a Bell test, then a different approach to finding a Bell inequality that
certifies the non-classicality of the statistical data becomes of value.

In this paper, we focus on systems composed by two or more parties, which are used for
performing Bell tests in a scenario By 4 where k and d are not necessary binary variables. We
define families of Bell inequalities building up on the approach of the authors of references
[13, 14, 18] who derived all the Bell inequalities® in a Bn22 scenario (with arbitrary N). We
explore the scope of our technique by performing numerical calculations for small Bell sce-
narios and computing the ratio between the quantum violation and the classical bound of the
corresponding inequality. This manuscript is organized as follows. In section 2 we introduce
the basic notions and notation on Bell scenarios, Bell experiments, and Bell inequalities, that
are required to follow the manuscript. In section 3 we review the seminal work of references
[13, 14], which fully answered the question we are interested in for the case of Bell scenarios
with two dichotomic measurements per party (and arbitrary number of parties). In particular,
section 3.1 present the results of references [13, 14], while section 3.2 presents an alternative
narrative to the results of reference [14], of relevance for section 4. Section 4 presents our
first technique to define Bell inequalities in an arbitrary Bell scenario, inspired by the work of
references [13, 14]. We explain our idea in subsections 4.1 and 4.2. Then, in subsection 4.3
we present an interferometric setup that will serve as a testbed for violating the inequalities.
Next, 4.4 and 5 contain examples of inequalities stemming from our method, together with a
discussion of their ability to detect departure from local realism. In particular, we show that
the CGLMP inequality [12] in the 3,53 scenario can be re-derived with our method. More-
over, we show that CGLMP inequalities can also be generalized to a three party case and the
resulting inequalities define some facets of the convex polytope [19] of values attainable by
local realistic correlation functions. That is the new inequalities are ‘tight’. This is assessed by
checking the number of linearly independent deterministic local hidden variable models that

3 References [13, 14] even summarized these 22 inequalities in each By, scenario by means of a single non-linear
inequality.
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achieve the classical bound, see reference [20] for details. Section 6 presents our second tech-
nique to define new Bell inequalities, inspired by a rewriting of the CGLMP inequality, and
some interesting numerical results. Section 7 concludes with a discussion on future research
avenues.

2. Preliminaries on Bell inequalities

A Bell experiment is to test whether, a set of probabilities related with coincident events, a.k.a.
correlations, at two or more spatially separated measurement stations, can admit any local
realistic model (essentially, a classical probabilistic model, with underlying Einsteinian local-
ity). This is under the proviso of randomly changing several different settings of all the local
measuring devices.

For instance, in a bipartite scenario (where we refer to the parties as Alice and Bob) these
correlations can be tested for an array of probabilities Pagxy := {{P(ab|xy) }aca, beB fxex, yevs
where X is the set of possible values that the classical variable x denoting Alice’s choice of
measurement setting can take, and A is the set of possible values that the classical variable a
denoting Alice’s measurement outcome can take (in the case of Bob, these are respectively Y,
v, B, and b).

Bell inequalities are the fundamental tool to certify that a set of probabilities Pypxy does
not admit any joint local-hidden-variable (LHV) model.

A linear Bell inequality involves a Bell functional, denoted by I, that maps correlations
P, pxy into real numbers. The local realistic bound of the Bell functional, which we denote by
Bc, is given by the maximum value that /(Ppxy) can take when evaluated over correlations
P,pjxy that admit an LHV model. The Bell functional together with its classical bound then
define the Bell inequality

I(Papxy) < Bc (D

which all correlations that admit an LHV model satisfy.

If a set of probabilities Py xy yields a value larger than 3 when the functional /is evaluated
on it, then Pypxy is said to violate the Bell inequality, which shows that it does not admit of
an LHV model. In this manuscript, we study violations of Bell inequalities by focusing on the
ratio

_ I(Papjxy)
fc

which when it is greater than 1 signals a violation of the inequality in equation (1). Note that the
ratio (2) is defined only for 8. # 0, which is not always the case. For instance, the celebrated
Clauser—Horne inequality [21] does not meet this requirement. Nonetheless, the R ratio will
always be well-defined for the Bell inequalities we are going to investigate in this work.

Therefore, a question we study is how to construct functionals / in an arbitrary Bell scenario
By x4 which are useful for detecting the non-classicality of correlations. We do not address this
issue for general quantum correlations, but focus on the ones stemming from specific exper-
imental setups, relevant from the practical point of view. In particular, we propose a method
of defining a family of functionals /, which extends the ground-breaking construction of ref-
erences [13, 14]. We later test their ability to detect violations of local realism in a class of
interferrometric setups defined in section 4.3. To this end, we investigate the maximal value of
the ratio R obtainable in such experiments through our Bell functionals.

R @)
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3. Bell scenarios with two dichotomic measurements per site

In this section we briefly review the works by Werner and Wolf [13] and by Zukowski and
Brukner [14], which motivated the particular avenue we explore to generalise Bell inequalities.
Moreover, we present an alternative description of the work by reference [14], which will
underpin the results we present in the next section.

3.1. Full set of inequalities for the By »» scenario for correlation functions

If one studies the By, scenarios, and this in terms of Bell-GHZ correlation functions (see
further), as this is done in references [13, 14, 18], then it turns out that is very easy to derive
the full set of tight inequalities for the problem, and therefore find a necessary and sufficient
condition for existence of local realistic models for such scenarios. Thus the method used in
the papers seems to be highly potent, and thus it is worth to study possibilities of extending
this approach to different Bell scenarios.

Here we present the derivation of this set of tight Bell inequalities following the paper of
[13]. Let the classical variable x; € {0, 1} denote the choice of measurement of the jth party
in the experiment, with j € {1,..., N}. The measurement choices of all the parties are then
collected in a string that we denote by x, where its jth component corresponds to x;. Given
that there are two measurements for each of the N parties, the string x can take 2V possible
values. The conditional probability distribution is in this case Py __ax,...x, where the subscript
contains N times the set A = {0, 1} and N times the set X = {0, 1} to encompass all the parties
in the experiment®.

After specifying this notation, the first step in the formalism is to focus on the discrete
Fourier transform of the conditional probability distribution Py ax,...x. The particular dis-
crete Fourier transform considered has components given by the full correlation functions

Ex= ) (=D plafx), (3)
acAN
where a = (ay, . . ., ay) is the array collecting the measurement outcomes by all the parties.
Reference [13] then normalises the coefficients of the Bell inequalities so that they take the
form:

[Py ) = Y qX)Ey < 1, )

xexXN

where the classical bound is taken to be - = 1. On this grounds, reference [13] then charac-
terises all the possible ways one can choose the coefficients® {g(x)}ycxv to be. They show that
there are 22" ways of specifying {g(x)}ycxv, and the different inequalities that they specify
give rise to a complete® set of Bell inequalities that characterises precisely the set of classical
correlations (i.e., those that admit of an LHV model). In a nutshell,

-N X
g =2"">" fm) =D, (5)
reexV
4In this work we adopt the convention in which outcomes are labelled 0, 1,...,d — 1 and assigned roots of unity,
1,exp %, ...,exp w, as values.

3 Notice that, in a way, the coefficients {g(x)},.xv can be thought of ways to probe the correlations— different choices
of the coefficients will yield different tests.

6 A set of Bell inequalities is complete when a correlation is classical if and only if it satisfies all of the inequalities in
the set.
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where f(r) = £1, and r is an array of N elements that take values O or 1 (just like x). One can
see that there are 22" ways to choose the values that f assigns to the arrays r, which gives rise
to the 22" different Bell inequalities.

3.2. Alternative derivation

We will now present a different method of characterizing all Bell correlation inequalities in
the By 22 scenario, based on the insights presented in references [14, 18]. To keep things sim-
ple, we focus on the bipartite case, but the reasoning for N > 2 is analogous. This derivation
explicitly relies on an approach in which local realistic models are formulated using tensor
products of the deterministic ones for the observers, see reference [18]. Any such model is
a convex combination of the deterministic ones. Identifying an orthonormal basis formed by
these deterministic models allows one to derive a single non-linear Bell inequality which is
equivalent to all tight Bell inequalities for the problem. Simply, one can re-express the convex
combination in a form which uses only those deterministic models belonging to the basis, just
like this is in any vector space. It can be easily shown that the moduli of the expansion coef-
ficients with respect to the basis deterministic models adds up to less than 1 for proper local
realistic models. This gives the single non-linear Bell inequality (for the given N). This specific
feature of any local realistic model for the considered set of correlation functions, allows a sim-
ple constructive proof that the non-linear inequality form a necessary and sufficient condition
of a local realistic description of the correlation functions, see reference [14].

Here we present some details for N = 2. The four correlation functions from equation (3),
each for a different set of settings, can be put in a form of a vector E = (Eyo, Eo1, E10, E11),
where the indices denote the local settings’. As any stochastic LHV model can be reproduced
by a convex mixture of deterministic ones, any LHV model of E must be of the form

E= Y plai,ay,by,by)((= 1), (=10, (—1yth (—1yeth), (6)

ay,az;by,by=0,1

where @; and b; denote the deterministic values {0, 1} that the LHV model assigns to the
outcomes of the ith measurement of the first and second party, and p(a;, a, by, b,) are the
probabilities that such deterministic outcomes appear in the given model. Reference [14] aims
to show that E; (i.e., the vector E of correlation functions that admit an LHV model) satisfies
a constraint in a form of an inequality. To this end, in our alternative approach, we can consider
the inequality

> E - vial < B (7)
1,n=0,1

where [ is the classical bound of the inequality. Now, we choose a specific form for the
‘coefficients’ vy ,:

Vip =0 ®u, Lne{0,1}, (8)

with
(11 (-1 ©)
v = —=(1,(—-1)"), vy = —=(1,(—=1)").
V2 V2
7 Equivalently, one may think of the set of four correlation functions as forming a tensor, which can be written in
. Ey E,
matrix form E = oo
Ey Ey
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Notice also that the vectors {v; } {01} form an orthogonal basis of R?, and that they correspond
to a subset of the deterministic assignments of outcomes to Alice’s measurements (i.e., a sub-
set of the LHV models for Alice). The same comment holds for {v,},e0,1} and Bob’s LHV
models.

As the scalar product of any ((—1)%, (—1)*) with any v; is £1, or 0—and similarly for
((=1D)P1, (=1)?2) and v,—this Bell inequality follows:

Y IE-u®u] <2 (10)
1,n=0,1

As any two real numbers ry and r, satisfy |r; & r2| < |ry| + |r2|, the above nonlinear inequality
is equivalent to the full set of linear ones of the form

> CEE vy @, <2, (11
1,n=0,1

where g(/, n) is an arbitrary function returning O or 1. Since there are 16 ways of choosing g(I, n),
this method allows one to construct 16 Bell inequalities. For instance, when g(/,n) = In. We
get |[Erg - (1,1, 1, —1)| < 2, which is exactly the famous CHSH inequality. Note that in this
case (—1)%™ does not factorize into a function of n and a function of /. Only in such cases we
get non-trivial linear Bell inequalities.

A simple constructive proof of the fact that the non-linear inequality forms a necessary and
sufficient condition for a local realistic model of the involved set of values of the correlation
functions can be found in reference [14]. Thanks to the fact that just one non-linear inequality
(and its obvious generalization to N parties) forms the condition for local realistic description,
one can also derive a general condition for N qubit states to violate local realism within the
considered scenario, see reference [14].

4. Bell inequalities for d > 2

4.1. Basic idea

We are going to generalize the approach presented in the previous section to Bell scenarios
beyond two dichotomic measurements. We begin with a study of a possible generalization of
the approach to By 44 scenarios, that is, a situation in which the number of measurements each
party can perform matches the number of possible outcomes. This is because the connection
between our approach and the ones of references [ 13, 14] is more evidentin that case. A general
By .4 scenario will be considered later, once we explain our basic idea.?

Following reference [10], we are going to use (generalized) ‘Bell numbers assignment’.
It consists in assigning values given by a root of unity (o) with h =0, 1,...,d — 1, where

2mi . i . .
oy = €4 ) to the measurement outcomes a = (ay,...,ay) via a; — aZ’. This way, certain
properties of the £1 assignment used in the dichotomic case can be generalized, for instance
S2¢_, o = 0 and |o*| = 1. The product correlation function then reads

Ey = Z gt o p(alx). (12)

acAN

8 A different approach to multipartite correlation Bell inequalities, focusing on the symmetries of their coefficients,
was developed in [22, 23].
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One can also arrive at equation (12) via a different reasoning. Notice that the correlation
function of equation (3) used in the case of the dichotomic measurements can be thought of
as an element of a Fourier transform of the probability distribution for the given set of local
settings’. In order to extend this interpretation to d-outcome measurements, we need to use the
following correlation function Ey = Y, _,v "+ p(a|x), which is exactly what we have
in equation (12). Next we proceed like in section 3.2, that is: define a vector E build out of all
correlation functions Ey for all considered valued of the settings x. The form of Ex when it may

be realised by an LHV model is analogous to equation (6). Now, the vectors

1 _ _
Uiy @ .. ® Uy = dT(l,aZ‘,...,a;d Mg (Lal, e, (13)
2
withhy,...,hw =0,1,...,d — 1, form an orthonormal basis for the space where the vectors of

deterministic outcome-assignments used in Ejg belong. This basis is self-conjugate, meaning
that a complex scalar product (here denoted by (-, -)) between its two elements yields

(Uhl ®...®'UhN,Uh/l ®'.'®Uh;\]):5hlvhl1 .'.6hNih;\]'

The main idea now is to use the products (Epz, vy, ® ... ® vp,) to characterize correlations
attainable by LHV models. One could hope that a nonlinear inequality which generalizes
equation (11)

Z ‘(E,Uhl ®...®1}hN)‘ < fe. (14)

could encompass all the Bell correlation inequalities in the given scenario, similarly to the
case for By . However, this is not true. In the general case (in contrast to the By, scenario),
most of the scalar products between vectors of deterministic results that build up E;z and v, ®
... ® vy, donot vanish. Because of that, the LHV bound /3. in equation (11) becomes too large
to be violated. Still, one can investigate Bell functionals defined in analogy to equation (11),
given by

Iaps(Pa,. Ax..x) = Z Oéﬁ(hl """ "(E, Upy @ ... @ upy)|, (15)
hyehy=0.1,...d—1
and
Ipe(Py.. ax..x) = Re S o NE Y, @ )|, (16)
hyhy=0.1,....d—1
where g is an arbitrary function returning 0, 1, ...,d — 1. For the case of Ir. one could also

. . . Ry
investigate a more general expression Re [zzhl hw=0.1... g @8 NE @ @ o) |

where z is an arbitrary complex number. However, for the considerations in this paper'® we
take z = 1. Notice that for I5pg this global factor z does not bring in any extra freedom, since

9 Notice that a discrete Fourier transform of a function has the same number of values as the function. Here we consider
just one of such values, i.e., Ex(r) = ZaeAN o™ p(a|x) with r the vector of ‘all ones’.

10We did a preliminary numerical search for bipartite scenarios with small numbers of k and , and noticed that most
of the times a complex z did not provide advantages when there’s freedom on the function g.

7
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it just provides a re-scaling of equation (15). To find the classical bounds (. for these func-
tionals, it suffices to look for their maximal value on the probability distributions stemming
from deterministic local hidden variable models, and take the largest one of those values. In
contrast to the B, scenario, these bounds will not be the same for all the possible choices of
the g function. We will be most interested in the g functions that lead to inequalities specifying
a facet of the classical polytope of full-correlation functions (that of vectors of values of corre-
lation functions (E)y, . . ., Ex) consistent with local realism). We refer to such inequalities as
‘tight’.

4.2. Extension to arbitrary By x4 Scenarios

Having presented our basic idea, we can now investigate what happens if the number of mea-
surements per party k is not equal to the number of possible outcomes d. In a nutshell, it will
not always be possible to select a subset of normalized vectors of deterministic outcomes
that would form their orthonormal basis, as we have done in equation (13). For instance, if
k=2 and d = 3, the possible LHV outcomes a party can register form vectors (ag”,ag”)

. . B,
with iy, hy = 0, 1,2. A pair of such vectors cannot be orthogonal, as ((agl s aé”), (o', a32)) =

a3 4 azM M2 £ (. Clearly, if a basis is not orthogonal, it cannot be self-conjugate. Hence,
for Bell scenarios with k # d we will, in general, need to specify two different bases: one
for the vectors of deterministic results, and the other conjugate to it. Aside from this caveat,
our approach works just as in the k = d case, leading to Bell functionals of the form in
equations (15) and (16).

In this work we investigate the applicability of our methods to the k # d scenarios for k = 2.
In that case, we will usually construct the basis of deterministic outcomes from the vectors (1, 1)
and (1,4~ "), and the conjugate basis from ﬁ(l, —1)and %%(—ad, 1). This choice is not
unique, as one could take any basis of deterministic outcomes as the starting point. However,
as we will see in section 5.1, it allows us to reproduce the CGLMP inequality in the 3,73
scenario.

4.3. Experimental scheme

In this section we present an interferometric measurement scheme that one can use to find
experimental (or thought-experimental) violations of Bell inequalities. Here we discuss the
setup, and in the next subsections we show how it provides violations of the Bell inequalities
that we construct from equations (15) and (16).

The photonic experimental scheme (see figure 1) was put forward in reference [10] and
later studied, for instance, in the context of multipartite GHZ correlations [24]. For simplicity
we present and depict the case of two parties, but the generalisation of the setup for multiple
parties is straightforward. In this bipartite scheme, a source distributes a pair of d-dimensional
photons to Alice and Bob. Each party has access to a multiport M with d input ports and d output
ports. Each input port is associated to a particular state of the input photon in the computational
basis: if the photon enters through port number # then its state in the computational basis reads
|#) (note that the input and output ports are labelled from 0 to d — 1). For example, in the case
d = 3, the matrix representation in the computational basis of the unitary performed by M is
given by

LR
—= |1 a3 o, (17)
V3 1 o3 a3
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Figure 1. Interferometric scheme used to define measurements in a scenario with two
parties, d outcomes per measurements and an initial state of two qudits. Each party
chooses a set of local phases {¢,} applied in the input ports of their symmetric d-port.
The single-photon local parts of the initial state, distributed by a source S, are encoded
in the input modes, i.e., |j) corresponds to a single photon in jth port. The index of the
detector D; that registered the photon upon passing through the multiport is the outcome
of the measurement.

where oz = ¥ That is, the multiport implements an optical Fourier transform.

Each port in the multiport is subject to a phase-shift operation before it enters the multiport
M, denoted USY for Alice and US2) for Bob, and this is what gives each party the freedom to
choose and specify ‘measurement settings’ (hence why those unitaries depend on the classical
variables x and y). The idea is a follows: let (¢, ..., ¢, ;) denote the collection of phases
for each of the ports, where ¢; denotes the phase-shift in port j. Then, each specification of
the set (¢, - - ., ¢4_) corresponds to a different measurement choices. In other words, the
measurement choice for Alice labeled by x is associated to a choice of phases (¢”, ..., ¢5” )
in the unitary phases shift operator Ul(,xs) applied to the input system.

Now, the ‘outcome’ of the experiment will correspond to the output port in which the photon
is detected. For instance, if Alice detects the photon exiting through port 7, then the outcome
of the experiment is labelled by a = r — 1. We see then that the number of input/output ports
that our multiport M must have is given by the number of outcomes in the Bell experiment.

We will now present the explicit form that the full-correlation functions E,, from
equation (12) takes in this specific setup, taking d = 3. These full-correlations are computed
for an input state of the form

2
@) = spelit), (18)

jl=0

with Zizzo\s |* = 1. Let |¥') denote the final state of the system once it is been through

the phase shifter and the multiport. Born’s rule then sets p(ab|xy) = |{ab|¥')|. The state |¥’)
arises from |¥) as follows:

2
. : 69 1,0,
|T) = My ® MB)<U1(,S) ® USS)) |T) =My ® Mg § sie i el |je),  (19)
jil=0
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where ((;S(X) o (x) ) is the collection of phases associated to Alice’s measurement x, and

@y 0P l) is the collection of phases associated to Bob’s measurement y.
Using the form of M, and Mp given in equation (17), it follows that

0 L )
) = MA®MBZW/M 170) (20)
Jl=0
1 2 2 ® . o
=30 e vt sy fur). @n
u,v=0 j (=0

From there we obtain

2
1 @ o)
<ab|\IJ'> _ gj :el¢j 199/) ajabé Sit- (22)
=0

The expression for the full-correlation functions E,, turns out to be

2
(CORPINGY!
E, = E a“*bp(ab|xy) E a”b g e el a“’aé’ﬁsﬂz

a,b=0 a,b=0 Jf=0

2
() ) .7
ip -1 71\p ’ —aj —bl"
X E e J 4 CV3 CV3 Sj/[/

=0

®W__» 2

13 & @ _ 40 2 ,
(o =)+ — i _q
_ 52 Z e(oj Pt wﬂ)sﬂ S;w Z a‘;(] J'+D Z ag(/% I+1) . 23)

J=0 j’.0'=0 a=0 b=0

Now notice that since a3 is a third root of unity and the sum runs through the three possible
values of a it yields

2 {3 if j—j'+1=0,

a(j—j'+1) _
Z 3 =

—0 0 otherwise,

and similarly for 35 a?¢=¢+D,

Hence, the full-correlation functions can be written as

(x) (%)
(@7 =050+
Ey Z e

JL=0

(V)—V(V) )
s Sﬂs 10410 (24)

where the sums j+ 1 and £ + 1 are taken mod 3.

4.4. Application to the B, 3 3 Bell scenario

The expressions Iaps and Ig. from equations (15) and (16), respectively, define large fami-
lies of Bell inequalities. To probe their usefulness, in this subsection we focus on a special
case in which the g function is symmetric, i.e., g((x,y)) = g((y, x)), and the correlations stem
from the experimental setups defined in section 4.3. We considered a Bell scenario with 3
measurements per party (i.e., X = {0, 1,2} = Y) and three outcomes per measurement (i.e.,

10
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A ={0,1,2} = B), and optimized the R ratio over all symmetric g functions for both /sps and
Ir.. The possibility of violations of inequalities were investigated in the interferometric setup
described in section 4.3 by optimising over the choice of measurement settings for Alice and
Bob given by the local phases, and the input state |¥). Unfortunately, the inequalities that we
found are not tight, i.e. they do not define a facet of a local realistic polytope of full-correlation
functions.

In case of the inequalities based on norm, /5ps, the largest value of the ratio we found was
R =~ 1.0482 for the function g(x,y) = 6,26,.

Regarding the inequalities based on taking the real part of expression, I, the best ratio
of violation we found is R ~ 1.167 for g(x,y) = (1 — d.0)(1 — dy,). It is worth mentioning
that this ratio is larger than the one corresponding to an inequality derived by Alsina ef al [25]
(R ~ 1.137), who considered the same Bell scenario.

The maximum violation (R = 1.167) is attained for the state

[W)aiax = al00) + b|11) +a[22), 25)

where a =~ —0.627,b ~ 0.462. Although the structure of this state looks very similar to that of
the state that maximally violates the CGLMP inequality [12], its } ratio is different from that
of the latter.

5. Application to B, 4 Bell scenarios

‘We now turn our attention to the case when the number of measurements each party can make
does not match the number of their potential outcomes. As we have seen in section 4.2, in
that case there is no orthogonal basis formed out of a subset of local deterministic models that
we could use to construct our inequalities. Facing this, we are going to use the bases given

by the vectors (1, —1) and 1_1%(—0% 1). They form a conjugate basis with respect to

l—ay
the non-orthogonal basis formed by the vectors (1, a};) = (1, az_l) and (1, 1). Note that the
latter one is formed out of possible deterministic local models, as it was in the case of the
approach of the previous section. To probe the effectiveness of our approach, we have checked
numerically if inequalities based on norm (I5ps) and real part (/) can be violated in different
Bell scenarios with two measurement choices per party, when the g function is a simple product
one, g(k,l,m) = kim for N = 3. The results are summarised in table 1. In most scenarios the
inequalities I, proved to be better than Iapg at certifying significant violations of local realism.
The ratios grow with the number of parties, but no clear pattern is visible with respect to the
number of outcomes.

5.1 CGLMP inequality

In this section we will find the conjugate basis form of the CGLMP inequality [12] in the ;3
scenario and present its generalisation to more parties. The original inequality reads

P(a = b|11) + P(a = b — 1]21) 4+ P(a = b|22)
+ P(a =b|12) — P(a=b — 1|11) — P(a = D|21)
—Pla=b—-1]22) — P(a= b+ 1|12) < 2. (26)
The probabilities in equation (26) can be expressed in terms of the correlation functions
Ey, = P(a = b|xy) + asP(a = b+ 1|xy) + a3P(a = b — 1|xy), 27

1
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Table 1. Ratios Rr. and Raps between maximal quantum value and local realistic bound
for inequalities /aps and Ire in a Bell scenario with N parties, k = 2 measurements per
party and d outcomes per measurement for a total amount of 22 different scenarios.
The values are obtained numerically by considering a specific interferometric setup, see
section 4.3. The details concerning the states and the local settings related to the ratios
are available in our Github repository [26].

(N, k,d) Rge Rass
2,2,2) 1.41421 1.41421
2,2,3) 1. 1.
2,2,4) 1.03344 1.
2,2,5) 1.405 64 1.445 44
2,2,6) 2. 1.716 38
2,2,7) 4.288 96 2.1611
2,2,8) 4.05497 2.540 65
2,2,9) 4.41147 2.978 16
(2,2, 10) 4.767 43 3.424 51
2,2,11) 5.16095 3.85207
2,2, 12) 5.781 09 4.35003
(N, k,d) Rge Rags
(2,2,13) 6.22541 4.77022
2,2, 14) 6.845 26 5.31234
(3,2,2) 1.666 67 1.666 67
3,2,3) 1. 1.
3,2,4) 3.69497 1.12111
(3,2,5) 3.78029 1.93921
4,2,2) 1.84277 1.84277
4,2,3) 1. 1.
“4,2,4) 4.19176 1.508 35
(5,2,2) 1.974 56 1.974 56
(5,2,3) 1. 1.79252

where a3 = €73, and their corresponding complex conjugates E7,, for instance

Pla=blxy) = 51+ Eq + 3. (28)
Because of that, the CGLMP inequality from equation (26) can be rewritten as
Re[(1 — a3)Eq — (1 — a3)Ex + (1 — a3)Ex + (1 — 03)E1] < 3. (29)
Note that the vector of coefficients of this inequality can be expressed as
(1 —a,l—a*a—1,1 —a) =3[v QU + 11 ® vy + avy ® vy +a21}2®1}2], (30)
where the two vectors v = ﬁ(—a, 1) and v, = ﬁ(l, —1) form a conjugate basis for the

original basis w; = (1,1) and w, = (1, &?), with respect to a complex scalar product. This
means that (w,, vg) = d,.

12
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Having thus found a relevant conjugate basis, we may now try to generalise the original
CGLMP inequality to three parties. To do that, we investigate inequalities of the form

2
Re LZ as® M (E v @ v @ v) | < Be, (3D

Am=1

where the function g(k, [, m) has integer values. Interestingly, we found out that some inequal-
ities of form given by equation (31) are tight, i.e., define a facet of the polytope of values of
full-correlation functions compatible with the assumptions of locality and realism. These
inequalities can be grouped into three sets, corresponding to R ratios of R; ~ 1.686, R| ~
1.598 and R; ~ 1.457. They can be obtained, for instance, with g,(k,/,m) = 0320;10m2,
g3(k, Lm) = 6k,151,25m,l + 2(51(,2(51,1 + 25](,251,2(5,”,1 and g3(k, l,m) = 6;(,261,2 respectively. It is
worth noting that (in the B3, 3 scenario) Acin et al [27] also provide a tight Bell inequality
with R =~ 1.457, while Alsina et al [25] propose one with R = 1.688. The relationship between
these inequalities is the subject of future work.

6. Generalisation of the CGLMP inequality for d = 3 to three parties using
‘Bell numbers’ value assignment

In this section we present a generalization of the CGLMP inequality to more parties which
rests on the concept of Bell numbers (in the sense of ‘powers of the complex number given
by the dth root of unity’) [10] and intuitions presented in the original CGLMP paper [12]. Our
starting point is now the fact that the original CGLMP inequality (see equation (26)) can be
rewritten as

Re[(1 — a)Ey; + o*(1 — a)E3; + (1 — a)Exn + (1 — a)Ep] < 3, (32)

where E3, denotes the complex conjugate of E,;. As the above needs to hold for deter-
ministic local hidden variable models, for any numbers a, as, by, b, which are powers of «
we have

Re[(1 — a)aib; + (1 — a)asb} + (1 — a)azby + (1 — aPaih,] < 3. (33)

Note that if we set e;; = a;b;, one has ej1e3;e2, = ej>. Remarkably, the three numbers in
the product are arbitrary, but e, is determined by them. This suggests a method of general-
izing the CGLMP inequality to 3 parties. In that case the correlation functions are given by
Eij = (aibjck). As (a1bjcr)(asbich)(arbact) = arbicy, we can write

Los(Pypaxxx) = Re[(1 — @)Eppa + o*(1 — a)Ex oo
+ (1 = ®Exn + (1 — a®)Ey+] < 3. (34)
Numerical optimization, conducted for the case of multiport-based measurement described

in section 4.3, revealed some interesting features of the inequality from equation (34). Its
maximal violation, /3,3 =~ 4.543, is obtained for the state

[t} max = @|010) 4 b|020) + c[101) + d[121) + d|202) + €[212)
+ b|000) + e|111) + c[222), (35)

13
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where a ~ 0.313,b ~ 0.299, ¢ ~ 0.515,d ~ 0.035, ¢ ~ 0.309. This violation is substantial,
with R =~ 1.514 (comparable to that from reference [25], where a different construction stem-
ming from the CGLMP operator yielded R ~ 1.686). On the other hand, it is not violated by
the states of the form

[1)abe = @l000) + b[111) + ¢[222), (36)

where |a|? + |b|* + |c|> = 1. Note that the generalized Schmidt decomposition of three particle
pure states, which is based on the method presented in reference [28], does not have the form
of equation (36), see reference [29].

7. Discussion

We have presented new ways of deriving Bell inequalities. The first of them was inspired by
the papers of references [13, 14] which put forward a method of constructing all Bell inequali-
ties for scenarios with two dichotomic measurements per party. The inequalities of references
[13, 14, 18] can be expressed in terms of scalar products between vectors of values of cor-
relation functions and some particular basis’ vectors. Importantly, this basis is conjugate to a
basis formed by certain correlation vectors stemming from deterministic local realistic models.
These observations allowed us to generalize the approach of references [13, 14] to arbitrary
B xa scenarios. Although our method does not characterize all Bell inequalities in a given
scenario, it can be used to derive some of them. For instance, we have used our approach not
only to re-derive the CGLMP inequality for measurements with three outcomes, but also to
generalize it to three parties.

We have also proposed a different way of generalizing the three-outcome CGLMP inequal-
ity. We noticed that, in case of a local realistic description of a B, 3 scenario, specifying three
values of correlations for deterministic models for different settings determines the value of
the remaining one. A similar structure can also be found in the 3, 3 case, which enable us to
generalize the bipartite CGLMP inequality to three parties.

Our results suggest a plethora of problems for further study. Firstly, it would be interest-
ing to find out how the two ways of generalizing CGLMP inequality, given by equations (31)
and (34), bring new insights in case of more parties. Another idea would be to test them in
scenarios with more than three outcomes per measurement. Next, inequalities in the scenarios
with k = d (the number of measurement choices matching the number of outcomes) should be
studied for a broader class of g functions. This case is special, as the basis of the local real-
istic correlation vectors is self-conjugate. Thus, one could expect that our method based on
such bases could lead to some new insights. One could also check which of the known tight
Bell inequalities could be obtained using the conjugate basis method. This could lead to their
generalisation to more parties, as we have shown in case of the CGLMP inequality. Finally, it
would be interesting to apply the conjugate basis idea to the construction of entanglement wit-
nesses and to compare the results with a tensor-based approach recently developed in references
[30, 31].
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