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Abstract
Integer factorization, a fundamental problem in computational mathematics, holds
critical significance for modern cryptography, particularly in RSA encryption.
Traditional approaches such as the number field sieve face exponential complexity
limitations, while Shor’s quantum algorithm remains impractical due to hardware
constraints. This study proposes a universal algorithm for integer factorization based
on Ising machines by transforming the problem into a Quadratic Unconstrained
Binary Optimization (QUBO) formulation. The algorithm introduces an optimal
reduction formula to optimize the parameter ranges of local field coefficients (h) and
coupling coefficients (J) in the Ising model. Additionally, a non-uniform column
grouping method is employed to resolve the conflict between coefficient ranges and
carry auxiliary quantum bits(qubits), minimizing the number of auxiliary qubits with
minimal compromise on coefficient ranges. Using this approach, we successfully
factorized the 22-bit integer 2,093,809 with only 118 qubits. Extrapolating to existing
photonic Ising machines with 100,000 qubits, our method demonstrates the potential
to factorize 631-bit integers, highlighting its promise for efficient large-scale integer
factorization. All results presented in this paper are obtained from simulations on
Fixstars Amplify and D-Wave simulators.
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1 Introduction
Integer factorization is a fundamental problem in computational mathematics with sig-
nificant implications for modern cryptography, particularly RSA encryption. The security
of RSA encryption is based on the computational difficulty of factoring large numbers,
making integer factorization a computationally challenging task. As the size of an integer
increases, classical factorization methods, such as trial division and the general number
field sieve (GNFS) method [1], become infeasible due to their exponential time complexity.
Shor’s algorithm is considered one of the most promising quantum approaches for inte-
ger factorization [2], with a computational complexity of O(log3 N), which may provide
a potential computational advantage over all currently known classical algorithms. Fur-
thermore, multiple studies have demonstrated the feasibility of Shor’s algorithm for small-
scale integer factorization [3–6]. However, despite its theoretical efficiency, its practical

© The Author(s) 2025. Open Access This article is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International License, which permits any non-commercial use, sharing, distribution and reproduction in any medium or format,
as long as you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence, and
indicate if you modified the licensed material. You do not have permission under this licence to share adapted material derived
from this article or parts of it. The images or other third party material in this article are included in the article’s Creative Commons
licence, unless indicated otherwise in a credit line to the material. If material is not included in the article’s Creative Commons
licence and your intended use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by-nc-nd/
4.0/.

https://doi.org/10.1140/epjqt/s40507-025-00449-9
https://crossmark.crossref.org/dialog/?doi=10.1140/epjqt/s40507-025-00449-9&domain=pdf
mailto:pingjinglu@nudt.edu.cn
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


Luo et al. EPJ Quantum Technology            (2026) 13:1 Page 2 of 16

application—such as factoring a commonly used 2048-bit RSA key—requires large-scale,
fault-tolerant quantum computers, which remain beyond the reach of current technology.
This limitation has motivated researchers to explore alternative approaches.

The Ising model has gained increasing recognition as an effective framework for solv-
ing combinatorial optimization problems. Many NP-hard and NP-complete problems can
be reformulated as Quadratic Unconstrained Binary Optimization (QUBO) problems and
subsequently mapped onto an Ising Hamiltonian. By solving the Ising model and deter-
mining the ground state (i.e., the lowest energy configuration) of the Hamiltonian, the
optimal solution to the original problem can be obtained. Zheng et al. mapped the Per-
fect Matching Problem and the Subset Sum Problem (SSP) onto the Ising model and
demonstrated small-scale implementations of the solution on a superconducting quan-
tum computer, showing good success probability [7, 8]. N. Mohseni et al. employed the
Ising machine to solve various combinatorial optimization problems, including the Travel-
ing Salesman Problem (TSP) and the Boolean Satisfiability Problem (SAT), and compared
the performance of different types of Ising machines [9–11]. Additionally, the MAX-CUT
problem has also been formulated as an Ising model and successfully solved using various
types of Ising machines [5, 12–14]. In this context, the Ising model has been introduced to
the integer factorization problem, offering a novel possibility for cryptographic research.
Since integer factorization involves finding the optimal combination of two prime factors
in a vast and complex solution space, it can be considered a special case of combinatorial
optimization. This characteristic provides the theoretical foundation for transforming the
problem into an energy optimization problem within the Ising model. By constructing a
specific objective function, the integer factorization problem can be mapped onto the Ising
model, where the system tends to find low-energy configurations that correspond to the
optimal or near-optimal solution of the problem.

Recent advancements in the development of Ising machines have led to substantial im-
provements in scalability and computational efficiency. Quantum Ising Machines (QIMs),
such as D-Wave’s quantum annealers, efficiently solve optimization problems through the
quantum tunneling effect of qubits, showing promising results in combinatorial optimiza-
tion. Raouf Dridi et al. applied algebraic geometry methods to prime factorization [15], us-
ing quantum annealing to solve these equations on quantum devices. They demonstrated
the factorization of 200,099 on the D-Wave 2X system. Jiang et al. used 94 logical qubits on
the D-Wave 2000Q system to construct a universal model for the factorization of the inte-
ger 376,289 [16]. Building upon Jiang’s work, Wang et al. proposed a new method based on
optimizing Ising model parameters [17, 18], factoring the integer 1,028,171. Additionally,
numerous studies have shown that optimizing Ising model parameters can significantly
enhance the application of quantum computing in prime factorization [19–22]. Quantum
computing for integer factorization holds great promise, but it is still constrained by hard-
ware limitations. The latest D-Wave Advantage system, equipped with over 5000 qubits,
can tackle optimization challenges but is only capable of factoring integers of moderate
size [23]. The Photonic Ising Machine (PIM) represents the spins of the Ising model pho-
tonically, with the spins traveling through the physical hardware of the Ising solver, rather
than being fixed to specific locations. PIMs exhibit significant potential for large-scale
combinatorial optimization [24–27]. They utilize optical interference, degenerate optical
parametric oscillators (DOPO), and photon coupling to solve optimization problems by
simulating spin interactions [28, 29]. Compared to traditional methods, PIMs offer su-
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perior speed, parallelism, and energy efficiency. In typical photonic Ising machines, each
Ising spin si is encoded in the binary phase of a degenerate optical parametric oscillator
(DOPO) pulse (0 or π ), and pairwise couplings Jij are implemented by optical interfer-
ence, mutual injection, or measurement-feedback loops that modulate the injection field.
Under gain competition and nonlinear saturation, the network relaxes toward low-energy
configurations of the effective Ising Hamiltonian:

H = –
∑︂

i<j

Jijsisj –
∑︂

i

hisi

The resulting steady-state phase configuration corresponds to a low-energy solution of
the Ising problem. This mechanism forms the foundation of the coherent Ising machine
(CIM), which has been extensively studied in both theoretical and experimental contexts
[25]. The collective coherence among DOPOs plays a critical role in determining com-
putational performance. Phase locking ensures global coupling across the oscillator net-
work, enabling the system to explore a high-dimensional energy landscape simultaneously
rather than through sequential updates. The first experimental validation was reported
by Marandi et al. [30], who demonstrated that optical interference and mutual injection
among time-multiplexed DOPO pulses can realize binary spin representation and collec-
tive energy minimization. From a theoretical perspective, stochastic and Fokker–Planck
models describe the CIM dynamics as a Boltzmann-like distribution, with an effective op-
tical temperature defined by quantum noise [31]. This model explains how gain saturation
and quantum fluctuations jointly guide the system toward the ground state. In contrast to
electronic or quantum annealers, PIMs utilize deterministic nonlinear relaxation rather
than thermal or quantum tunneling to reach low-energy configurations. Consequently,
they operate at room temperature and achieve nanosecond-level update rates with ex-
tremely low power consumption. For example, fiber-based CIM implementations have
demonstrated per-spin energy dissipation at the femtojoule scale [32]. Recent large-scale
experiments further extended this concept to more than one hundred thousand optical
spins, confirming the scalability of the CIM approach. These developments establish pho-
tonic Ising machines as an intermediate computational paradigm between analog opti-
cal computing and quantum-inspired optimization, combining physical parallelism, scal-
ability, and energy efficiency. On fiber-optic platforms, PIMs have achieved 20,736 spins
and solved combinatorial optimization problems, leveraging high parallelism [33]. In in-
tegrated photonic platforms, PIMs demonstrate compactness, supporting 16,384 spins
while solving Max-Cut and other optimization problems [34]. T. Honjo et al. employed
a coherent Ising machine (CIM) based on 100,512 decoherent optical parametric oscil-
lator pulses as Ising spins and successfully solved the Max-Cut problem for a graph with
100,000 nodes [35]. Overall, Ising machines have seen remarkable progress, transition-
ing from theoretical models to practical computational tools with growing capabilities.
Quantum and photonic implementations have expanded the potential of Ising machines,
offering promising solutions for solving complex combinatorial optimization problems.

This study builds upon the prior work of Jiang [16] and Wang [17, 18] but abandons
their instance-specific derivations aimed at reducing quantum space complexity. The pro-
posed general integer factorization algorithm can be implemented on optical Ising ma-
chines, as illustrated in Fig. 1, with

⌊︁ 1
4 (log2 N + 2)2⌋︁ – 4 qubits, the classical preprocessing
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Figure 1 General integer factorization algorithm based on the Ising model. The overall process includes the
transformation of the integer factorization problem into a QUBO problem, the column group division
algorithm, and the optimization of the Ising model’s local field coefficients h and coupling coefficients J.
Finally, use the Ising machine to solve it

step required to map the problem into QUBO form has a time complexity of O(log3 N),
where N is the integer to be factorized. By introducing a minimal degree-reduction for-
mula and a non-uniform grouping strategy, the algorithm significantly narrows the re-
quired parameter ranges of the Ising model’s pairwise interaction terms (Jij) and external
magnetic field terms (hi), thereby simplifying problem-solving while maintaining mini-
mal quantum space complexity. Simulations on the D-Wave Hybrid and Fixstars Amplify
platforms demonstrated the successful factorization of a 22-bit integer (2,093,809) using
118 qubits. To further reduce quantum resource demands, we adopted a section-based
solving approach, decomposing a 20-bit integer (1,028,171) with only 44 qubits; however,
the algorithm’s completeness and robustness under this approach require further valida-
tion for broader reliability. Even though, our approach demonstrates the potential of Ising
model-based algorithms for efficient integer factorization and presents promising results
for scaling to larger integers.

2 Results
2.1 Multiplication table for factorization
The integer factorization problem involves decomposing a known integer N into its prime
factors p and q (where p ≥ q without loss of generality), which is the inverse problem of
computing p × q. Since primes other than 2 are all odd numbers, p and q can be rep-
resented in binary as p = (1pmp–2pmp–3...p11)2 and q = (1qmq–2qmq–3...q11)2, respectively.



Luo et al. EPJ Quantum Technology            (2026) 13:1 Page 5 of 16

Figure 2 Multiplication table for 143 = 13 × 11 in binary. In the multiplication table, zij , the carry terms from
Column i to Column j, is replaced by fewer carry term ci due to the grouping advantage. All the variables in
the table are either 0 or 1

Here, pi and qi denote the i-th binary digit of p and q, while mp =
⌊︁

log2 p
⌋︁

+ 1 and
mq =

⌊︁
log2 q

⌋︁
+ 1 represent the binary bit-lengths of p and q, respectively. A multiplication

table is introduced to illustrate the binary processing approach for integer factorization.
The traditional factorization of 143 = 13 × 11 is shown in Fig. 2a. The Hamiltonian is

defined as the column-wise sum of squared deviations as follows:

H = (p1 + q1 – 1 – 2z12)2 + (p2 + p1q1 + q2 + z12 – 1 – 2z23 – 4z24)2

+ (1 + p2q1 + p1q2 + 1 + z23 – 1 – 2z34 – 4z35)2

+ (q1 + p2q2 + p1 + z24 + z34 – 2z45 – 4z46)2

+ (p2 + q2 + z45 + z35 – 2z56 – 4z57)2

+ (1 + z56 + z46 – 2z67)2 + (z56 + z46 – 1)2

(1)

where auxiliary bit zij is the carry term from Column i to Column j. Obviously, the Hamil-
tonian H reaches its minimum value 0 when it is a solution of the factorization problem.
To reduce auxiliary variable overhead, Jiang et al. introduced a grouped-column multipli-
cation table [17], as shown in Fig. 2b, where each column has only a single carrier bit. And
the Hamiltonian, which is redefined as the sum of squared deviations for each column
group, is simplified as follows:

H = (2p2 + 2p1q1 + 2q2 + p1 + q1 – 8c4 – 4c3 – 3)2

+ (2q1 + 2p2q2 + 2p1 + 2c4 + c3 – 8c6 – 4c5 + p2q1 + p1q2 + 1)2

+ (p2 + q2 + 2c6 + c5 – 2)2

(2)

It is worth noting that Wang et al. determined the exact values of certain bits through
manual analysis and calculation, further proposing a method to factor 143 using only 4
bits. However, this strategy is only effective for smaller factorization values and lacks gen-
eral applicability. In this work, we still adopt their original multiplication table approach.

Since the Ising model can only handle 2-local terms, higher-local terms need to be re-
duced to 2-local terms. In the binary system, squared terms can be simplified as p2 = p,
q2 = q, c2 = c. For 3-local terms, the equations presented as follows were utilized by Jiang
et al. for degree reduction [36].
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Table 1 Parameter comparison of different methods of factoring the integer 143
{︄
x1x2x3 ≤ x4x3 + 2(x1x2 – 2x1x4 – 2x2x4 + 3x4)

–x1x2x3 ≤ –x4x3 + 2(x1x2 – 2x1x4 – 2x2x4 + 3x4)

{︄
x1x2x3 ≤ x1x2 – x1y12 – x2y12 + x3y12 + y12

–x1x2x3 ≤ –x1y12 – x2y12 – x3y12 + 2y12

h [130.5 107.5 130.5 107.5 –41 –82 3 6 –137 –81 –107
–81]

[–22.25 –22.75 –22.25 –22.75 20.5 41 –1.5 –3 16
10 10 19]

range: [–137, 130.5] range: [–22.75, 41]

J

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 79 47.5 –2 –4 –8 –16 –148 –84 0 0
47.5 71 –8 –16 1 2 6 6 –124 –84

2 –2 –4 –8 –16 –148 0 0 –84
–8 –16 1 2 6 –84 –124 6

34 –4 –8 –8 1 2 1
–8 –16 –16 2 4 2

34 0 –4 –8 –4
0 –8 –16 –8

0 1 0
0 0

0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 6.5 6.75 –1 –2 –4 –8 –16 –10 1 2
6.75 11.5 –4 –8 0.5 1 2 1 –10 –19

1 –1 –2 –4 –8 –16 1 –10 2
–4 –8 0.5 1 2 –10 1 –19

17 –2 –4 –4 0.5 0.5 1
–4 –8 –8 1 1 2

17 0 –2 –2 –4
0 –4 –4 –8

0 0 0
0.5 0

0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

range: [–148, 79] range: [–19, 17]

{︄
x1x2x3 ≤ x4x3 + 2(x1x2 – 2x1x4 – 2x2x4 + 3x4)

–x1x2x3 ≤ –x4x3 + 2(x1x2 – 2x1x4 – 2x2x4 + 3x4)
(3)

To clarify the auxiliary variable definition, we modify the original expression by intro-
ducing y12 as an auxiliary variable explicitly defined as y12 = x1x2. This substitution ensures
that the equality constraint in the inequality formulation is properly satisfied. The integer
factorization problem has been transformed into a QUBO problem. Further, replace the
binary variables xi ∈ {0, 1} with qubits si that take values in {+1, –1} using xi = (1 + si)/2,
and transform them into matrix form, then we have the coupling matrix J and the local
fields h that an Ising model is formulated.

In fact, the reduction of the model parameters is beneficial to reducing the hardware
requirements and the precision of an Ising machine. However, coefficients “2” and “3” in
Eq. (3) violate such guideline. Wang et al. optimized Eq. (3) and proposed a new order
reduction method from the 3-local term to 2-local term [37], as shown below:

{︄
x1x2x3 ≤ x1x2 – x1y12 – x2y12 + x3y12 + y12

–x1x2x3 ≤ –x1y12 – x2y12 – x3y12 + 2y12
(4)

The equality holds for both inequalities when the auxiliary variable y12 = x1x2. The op-
timization of the 3-local terms has reached its optimal form, yet no formulation exists
where coefficients are all 1 or –1. By iteratively applying the degree-reduction formula
for 3-local terms and introducing only two replicable auxiliary variables, we can directly
reduce positive 4-local terms to 2-local terms as follows

x1x2x3x4 ≤ x1x2 + x3x4 – x1y12 – x2y12 – x3y34 – x4y34 + y12y34 + y12 + y34 (5)

Based on Eq. (4) and Eq. (5), the parameters of the model are significantly reduced, as
shown in Table 1.

3 Non-uniform column groups division
As previously discussed, the grouping strategy proposed by Jiang et al. effectively reduces
the quantum space complexity of integer factorization by minimizing carry variables and
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qubit count. However, determining an optimal group width remains a fundamental chal-
lenge. A group width that is too small cannot always limit the number of carry terms to
one per column, especially in columns with numerous summation terms—degenerating,
in the extreme case, into the basic multiplication table shown in Table 1. Conversely, exces-
sively large group widths introduce high-bit weights within each group, generating overly
large coupling coefficients (J) and disrupting the balance of the Ising system.

Although nonuniform column-grouping strategies have been previously explored, such
as those employed in Wang et al., these approaches rely on manually determined and
problem-specific grouping rules. Their group widths are typically chosen empirically for
individual instances, lacking a generalizable or reproducible principle for selecting the
optimal configuration. Consequently, such heuristic methods cannot guarantee balanced
carry control or coefficient stability when applied to different composite numbers or bit-
lengths.

To address these limitations, this work proposes a general and fully automated nonuni-
form column-grouping algorithm. The algorithm adaptively assigns smaller group widths
to sparse regions with fewer summation terms and larger widths to dense regions with
more terms. This ensures exactly one carry term per column while keeping the coefficient
range within a stable bound. By balancing the trade-off between carry reduction and co-
efficient magnitude, the proposed method provides a systematic, hardware-independent,
and reproducible grouping mechanism that extends and generalizes previous heuristic
approaches.

Examining the multiplication table, the summation terms in each column first incre-
mentally increase from 1 to a maximum value of mq, then progressively decrease back to
1 starting from the mp-th column. For subsequent discussions, we define a column group
Gα as an increasing group if the summation terms of its constituent columns exhibit a
strictly increasing trend. Conversely, a column group Gα is termed a decreasing group if
the summation terms of its columns strictly decrease. The group containing the longest
column (i.e., the column with the length of mq) is designated as the peak group.

The width wα of a column group Gα is determined by the carry width provided by its
preceding column group Gα–1. The carry of a column group Gα providing to its next col-
umn group is given by:

cout,α =

{︄
ht,α – 1 if Gα is an increasing group
ht,α elsewise

(6)

where ht,α represents the length of the longest column in Gα .

ht,α =

{︄∑︁α
i=0 wi if Gα is an increasing group

mp + mq –
∑︁α

i=0 wi elsewise
(7)

The proof of this theory is provided in the supplementary materials by mathematical
induction. At last, we have the recurrence formula of group width

wα =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1, α = 0
2, α = 1⌊︂

log2
∑︁α–1

i=0 wi

⌋︂
+ 1, if Gα–1 is an increasing group

⌊︂
log2(mp + mq –

∑︁α–1
i=0 wi)

⌋︂
+ 1 elsewise

(8)
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Figure 3 Improved multiplication table for 59,989 = 251 × 239 in binary

Table 2 The parameter values of different column group division for 59,989 = 251 × 239

Column group
division methods

Qubits J ranges h ranges

Wang’s [17, 18] [3, 5, 6, 7, 8, 9, 12] 68 [–505, 520] [–764, 375.5]
[3, 5, 7, 9, 12] 62 [–501, 520] [–860, 467.5]
[3, 6, 9, 12] 59 [–682, 520] [–892, 977]
[4, 8, 12] 56 [–2413, 2056] [–4380, 2789.5]
[6, 12] 53 [–36,996, 32,776] [–37,980, 29,257.5]

This Work [2, 4, 7, 10, 13] 61 [–373, 206] [–196, 260]

where the initial values, w0 and w1, are determined as 1 and 2 to optimize the grouping.
By minimizing both the number of carry bits and the inter-bit coupling, this algorithm
significantly reduces the overall computational complexity.

By employing this non-uniform grouping strategy, each column maintains a single-bit
carry term, with each group contributing its carry solely to a single subsequent group
while receiving its carry exclusively from a single preceding group. This approach mini-
mizes the number of carry variables, reduces the width of each group to the minimum nec-
essary, and eliminates unnecessary growth of coupling coefficients, thereby significantly
reducing the overall computational complexity. Based on such algorithm, the decomposi-
tion multiplication table for N = 59,989 is shown in Fig. 3, which can be partitioned into
6 columns.

Table 2 presents a parameter comparison for factoring 59,989 under different column
grouping strategies. In the “Column group division” column, the numbers within paren-
theses denote the boundaries of group divisions, where each number i signifies the group-
ing between column i and column i + 1. Notably, compared to Wang’s approach, our
column grouping strategy demonstrates superior performance in balancing the required
qubit count and coupling coefficient ranges. When the quantum space complexity is com-
parable, our proposed grouping strategy achieves a narrower distribution of coupling co-
efficients. Although this advantage may not be evident in this specific example, it becomes
more pronounced as the size of the integer to be factored increases.

Table 3 presents the results of our method for factoring 143, 59,989, 376,289, 1,005,973,
108,171, and 2,093,809, along with a comparison against other approaches.
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Table 3 Comparison of different algorithms for integer factorization

Integers p× q Wang’s [17, 18] Our method Qubits

143 13 × 11 h [–82, 50.5] h [–22.25, 41] 12
J [–61, 42] J [–19, 17]

59,989 251 × 239 h [–860, 467.5] h [–196, 260] 61
J [–501, 520] J [–373, 206]

376,289 659 × 571 h [–2886, 5039] h [–1365, 1628] 96
J [–2103, 2048] J [–764, 1040]

1,005,973 1009 × 997 h [–3391, 4860] h [–1380, 1340] 97
J [–2048, 2048] J [–764, 1040]

1,028,171 1019 × 1009 h [–3005, 5032] h [–1332, 1316] 97
J [–2078, 2048] J [–764, 1040]

2,093,809 1447 × 1447 h [–884, 1040] 118
J [–1473.5, 1116]

To verify the correctness of the factorization, the theoretical lowest value of the Hamil-
tonian for this model can be utilized to efficiently which is given by:

Hmin = –
∑︂

i

hi +
∑︂

i,j

Jij –
∑︂

i

ni (9)

where hi and Jij are respectively elements in h and J, and ni are binary digits of N . Equa-
tion (9) denotes the theoretical ground-state energy of the proposed Ising Hamiltonian.
When the quantum annealer or Ising machine reaches this energy, the associated spin
configuration encodes the correct factors of the target integer. Thus, this value provides a
reference criterion for verifying the correctness of the obtained factorization result.

It should be noted that the reduction in the coefficient ranges of h and J observed in
the proposed formulation is not the result of any artificial rescaling or normalization. All
coefficients are derived directly from the Hamiltonian constructed through the column-
grouping and reduction process.

The observed narrowing of the coefficient range is therefore an intrinsic outcome of
the modeling algorithm, which reorganizes the multiplication terms to achieve a more
balanced distribution of interactions.

Although the degree of reduction may vary for different problem instances, the pro-
posed framework generally produces smaller and more uniformly distributed coefficients,
which facilitates numerical stability and solver compatibility without compromising for-
mulation accuracy. The proposed modeling framework demonstrates improved scalability
under given physical constraints. By optimizing the Hamiltonian formulation and elim-
inating redundant coupling terms, the model utilizes available qubits and coupling re-
sources more efficiently. As a result, it can solve larger integer factorization instances
within the same hardware limitations, showing better adaptability to constrained Ising
architectures.

Figure 4. illustrates the energy distribution obtained from 2000 sampled solutions us-
ing the Fixstars Amplify platform for the factorization of 1,028,171 = 1019 × 1009. The
histogram shows the frequency of each energy level encountered during the sampling pro-
cess. Among these results, 513 samples reached the lowest energy state, corresponding to
the correct factorization solution, indicating the effectiveness of the proposed Hamilto-
nian formulation and its convergence behavior during optimization.
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Figure 4 Histogram of energy values obtained from 2000 sampled solutions using the Fixstars Amplify
platform for the factorization of 1,028,171 = 1019 × 1009. A total of 513 samples reached the lowest energy
state, corresponding to the correct factorization result

Table 4 Complexity analysis of integer factorization

Process Space complexity Time complexity

Determine p, q bit length
(︁
mp – 2

)︁
+

(︁
mq – 2

)︁

Build multiplication Table & carries mN – 3 Θ(logN)
Column group division Θ(log2 N)
Hamiltonian generation Θ(log3 N)
Degree reduction

(︁
mp – 2

)︁ (︁
mq – 2

)︁
Θ(log3 N)

Total Q =mpmq – (mp +mq –mN) – 3 Θ(log3 N)

The reported complexity refers to the time required for the classical preprocessing step that maps the integer factorization
problem into QUBO form, rather than the runtime of the quantum (or photonic) solver itself

4 Computational complexity
Table 4 presents the qubit requirements for various algorithms to factor different integers.
For instance, our method requires 118 qubits to factor the largest integer 2,093,809. In
reality, Ising machines are constrained by their physical characteristics and fabrication
processes, limiting the scale of Ising problems they can solve—a key physical metric for
Ising machines. Consequently, the quantum space complexity (i.e., the number of qubits
required) of the factorization algorithm is a critical metric for evaluating its performance.

To formalize this, we define the bit length of integer N in binary representation as mN =
⌊︁

log2 N
⌋︁

+ 1, and the bit lengths of the factors p and q as mp and mq, respectively. Then
the quantum space complexity Q is composed of three components:

1. Binary digits pi and qi to bits represent factors p and q:
(︁
mp – 2

)︁
+

(︁
mq – 2

)︁
qubits.

2. Carrier auxiliary variables ci: mN – 3 qubits.
3. Auxiliary variables yij for order reduction:

(︁
mp – 2

)︁ (︁
mq – 2

)︁
qubits.

The total number of qubits required is

Q = mpmq – (mp + mq – mN ) – 3 (10)
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Figure 5 The Quantum space complexity of the algorithm. The number of qubits required to factorize an
mN-bit number N intomp-bit andmq-bit number pair

Notice that mp + mq equals mN or mN – 1 according to the multiplication rule, and thus
the quantum space complexity

Q ≤ 1
4 m2

N – 3, for mN > 2 (11)

It is quadratic, and the quadratic contribution comes from the auxiliary variables yij for
order reduction, rather than the target factors p and q, as show in Fig. 5.

Following the scaling relation expressed in Eq. (11), and assuming performance compa-
rable to existing photonic Ising architectures with 100,000 operational spins, we extrap-
olate that our proposed modeling framework is capable of handling integer factorization
tasks up to 631 bits. This extrapolation provides a quantitative indication of the scalability
and computational potential of the proposed Ising-based formulation.

Time Complexity for column group Gα , the Hamiltonian is

Hα = (nα + 2mα+1cout,α – cin,α –
∑︂

i+j∈Gα

2i+jpiqj)
2 (12)

where nα and cin,α are both mα-bit wide, and cout,α is mα+1-bit wide. The count of piqj terms
is

∑︁
i∈Gα

hi.
Since only the terms involving nα in the Hamiltonian need to be recalculated for different

problems, the number of operations involving nα is the focus of the subsequent discussion
on time complexity. Ignoring the determined weights of each term, which is in the form
of powers of 2, the multiply-add-operation in the Hamiltonian is:

op[Hα] = op[(
∑︂

mα

nα,i +
∑︂

mα+1

cout,α,i –
∑︂

mα

cin,α,i –
∑︂

∑︁
i∈Gα

hi

piqj)
2]
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= op[(
∑︂

mα

nα,i)
2] + op[2(

∑︂

mα+1

cout,α,i –
∑︂

mα

cin,α,i –
∑︂

∑︁
i∈Gα

hi

piqj)
∑︂

mα

nα,i] (13)

= 2m2
α + mαmα+1 + mα

∑︂

i∈Gα

hi

It can be proved that

∑︂

α

mα

∑︂

i∈Gα

hi = Θ(hm
∑︂

α

m2
α) = Θ(m3

N ) (14)

where m(N) is the binary bit width of the number to be factorized. The approximation
hm ≈ m(N)/2 and the inequality

∑︂

α

m2
α ≤ (

∑︂

α

mα)2 = m2
N (15)

are used in the proof process. Taking into account that mα+1 = mα or mα ± 1, the time
complexity of mapping the factorization problem to the Ising model is:

∑︂

α

op[Hα] = Θ(
∑︂

α

m2
α) + Θ(

∑︂

α

mαmα+1) + Θ(
∑︂

α

mα

∑︂

i∈Gα

hi)

= Θ(m2
N ) + Θ(m2

N ) + Θ(m3
N ) (16)

= Θ(m3
N )

The proof of this statement is provided in the supplementary materials.

5 Column blocks division
Recent studies have also explored dividing the multiplication table into several indepen-
dent blocks to simplify large-number factorization. For instance, Zhang et al. proposed
a hybrid quantum–classical approach in which the multiplication table is manually par-
titioned into multiple column blocks [20], each solved separately on the D-Wave system,
and the correct factors are determined by intersecting the solution sets of all blocks. Their
work demonstrated the feasibility of block-based decomposition for hardware-limited
quantum annealers, though the partitioning strategy was heuristic and problem-specific.

Building upon this concept, the present study introduces a systematic and adaptive
column-block division method integrated with the proposed column grouping algorithm.
Based on the column groups division method, the multiplication table is partitioned into
multiple blocks, each containing several groups. The Hamiltonian objective function for
each block is defined as the sum of the objective functions of the groups it contains. By
solving the Hamiltonian function of each block using an Ising machine, the resulting solu-
tion set is guaranteed to include the correct solution of the final decomposition. In other
words, the correct solution of the final decomposition must be contained within the in-
tersection of the solution sets obtained from solving each block separately.

Taking the multiplication table of 1,028,171 = 1019 × 1009 as an example, it is divided
into seven groups using the aforementioned column grouping algorithm, as shown in
Fig. 6. To ensure that the number of qubits required for solving each block is approximately
equal, the first three groups are combined into one block, the fourth group is treated as
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Figure 6 Multiplication table for 1,028,171 = 1019 × 1009 in binary based on column blocks division method

a separate block, and the last three groups form another block. With this division, the
numbers of qubits required for solving each block are 43, 44, and 44, respectively.

The number of qubits required for block division is relatively small; however, due to the
weakened constraints, the solution space expands significantly, resulting in an increased
number of solutions with the lowest Hamiltonian states. We selected Block1 and Block3,
which have relatively stronger constraints, for solving. Block1 yielded 127 solutions with a
Hamiltonian value of 0, while Block3 produced 17 such solutions. By taking the intersec-
tion of these solutions, we ultimately obtained a unique decomposition result. Specifically,
from Block1 we obtain solution sets for p1-p7 and q1-q7, while Block3 provides solution
sets for p2-p8 and q2-q8. Crucially, p2-p7 and q2-q7 form an overlap region between these
solution sets. By applying constraint filtering based on this overlap region, we ultimately
identified only one set of valid solutions that maintain complete consistency in the overlap
region (excluding symmetric equivalents), as shown below:

r1 = (p1p2...p7q1q2...q7) = (10111110001111) r1 ∈ R1

r3 = (p2...p7p8q2...q7q8) = (01111110011111) r3 ∈ R3

(17)

we obtained the final solution by taking the intersection of these solution sets.

R = r1 ∩ r3 = (p1p2...p8q1q2...q8) = (1011111100011111) (18)

It is noteworthy that the correct decomposition result is necessarily included in this in-
tersection, but the intersection process does not guarantee the uniqueness of the correct
solution. To verify the correctness and completeness of the results obtained without using
Block2, we considered all 8 possible cases for the 8th to 10th bits and analyzed their solu-
tions. As shown in the Table 5, only when the 8th to 10th bits are (000), corresponding to
the number we aim to factor, can the number be expressed as the product of two 10-bit
binary numbers. The other 7 cases do not satisfy this condition. Therefore, it is reasonable
to obtain a unique solution by taking the intersection.

The inherent constraint reduction and consequent solution space expansion caused by
block division remains unavoidable. Our preliminary research shows that blocks contain-
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Table 5 Numbers and factorization results corresponding to different n8∼n10

n8 ∼ n10 Total number in binary Factorization result

000 11111011000001001011 1,028,171 = 1019 × 1009
001 11111011000101001011 1,028,427 = 3 × 29 × 11,821
010 11111011001001001011 1,028,683
011 11111011001101001011 1,028,939
100 11111011010001001011 1,029,195 = 3 × 3 × 5 × 22,871
101 11111011010101001011 1,029,451 = 37 × 27,823
110 11111011011001001011 1,029,707 = 7 × 17 × 17 × 509
111 11111011011101001011 1,029,963 = 3 × 11 × 23 × 23 × 59

ing the least significant bits and most significant bits in the binary multiplication table
maintain relatively complete constraints, thus yielding fewer low-energy solutions. We are
currently investigating more sophisticated block partitioning strategies. Theoretical esti-
mates indicate that while this approach cannot achieve orders-of-magnitude reduction
in qubit requirements, it may still reduce the required qubits to 50% or less of the orig-
inal amount. These findings collectively demonstrate the viability of Ising-model-based
computational approaches for integer factorization, with experimental results showing
promising scalability for handling larger integer values.

6 Methods
All simulation experiments were primarily conducted using Fixstars Amplify AE, while
additional verification was performed on the D-Wave Sampler provided by D-Wave. It
should be emphasized that the use of these platforms was intended solely to validate the
correctness of the constructed Hamiltonian and QUBO formulation, rather than to eval-
uate the hardware performance of any specific solver.

The experimental results confirm that our proposed method maintains general appli-
cability across different Ising-based solvers and achieves a broader and more stable range
of local field coefficients h and coupling coefficients J compared to previously reported
algorithms.

7 Discussion
Based on the Non-Uniform Column Groups Division strategy, this paper proposes an
optimized integer factorization algorithm grounded in the Ising model. The algorithm
achieves compression of the parameter ranges for the J and h terms in the Ising model
while minimizing the number of carry auxiliary parameters, thereby enhancing the com-
putational tractability of the resulting Ising problem. A comprehensive analysis of the scal-
ability of integer factorization and the associated computational resource requirements is
conducted, providing critical insights for evaluating the feasibility and performance of
quantum factorization methods.

Leveraging the proposed algorithm, the research team successfully factored a 22-bit in-
teger using 118 qubits on the D-Wave quantum computing platform and Fixstars Amplify
AE. Although Ding et al. (Scientific Reports, 2024) reported the factorization of a numer-
ically larger number (8,219,999 = 32,749 × 251), the two approaches focus on different
aspects. Their work mainly optimizes hardware-level embedding on the D-Wave Pega-
sus topology, while our study improves the mathematical and algorithmic formulation of
the factorization problem. Moreover, the instance in Ding et al. is highly unbalanced, with
one factor only 8 bits long, which substantially simplifies the multiplier structure and carry
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propagation. In contrast, our 22-bit composite involves two nearly balanced factors, lead-
ing to a denser Ising coupling network and representing a harder and more general class of
factorization problems. Furthermore, a block-based methodology was explored to reduce
the quantum spatial complexity of the algorithm. This approach enabled the factorization
of a 20-bit integer utilizing 44 qubits instead of 97, demonstrating significant resource op-
timization. However, the completeness and time complexity of the algorithm necessitate
further investigation to ensure robustness and practical applicability.

These advancements underscore the potential of quantum annealing-based approaches
in addressing integer factorization challenges, particularly as quantum hardware contin-
ues to evolve. Future work will focus on refining the mapping process between factoriza-
tion problems and the Ising model, investigating hybrid classical-quantum architectures,
and advancing hardware scalability to tackle cryptographically relevant large integers.
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