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Abstract
An exciting application of quantum computers is the simulation of physical systems. The goal of the
variational quantumeigensolver (VQE) is to approximate the ground state of a quantum system.
This is done by applying the variational principle, finding the expectation value of theHamiltonian in
an ansatz quantum state, thenminimizing this expectation valuewith respect to the parameters of the
ansatz. In theVQE, the calculation of the expectation value in the ansatz state is done on a quantum
computer, while the adjustment of the parameters of the ansatz to find theminimumenergy is done

classically. In this article we study the spin–spin coupling ·=H A S S1 2. This coupling appears in the
hyperfine interaction of atomic systems, resulting from the interaction of the electronic spinwith the
nuclear spin. The formof the interaction satisfies the requirements of theVQE, that theHamiltonian
must be expressed as sums of products of Paulimatrices,making it an interesting trial system for a
quantumcomputer. In our calculation technique, the expectation value is implemented using two
qubits on a quantumcomputer. The ansatz state is simplified to a single free parameter, which is then
optimized classically. The algorithm converges rapidly, and the correct ground state is deduced. This
serves as a useful example of implementing theVQE to solve a physically realizable problem in
quantummechanics.

1. Introduction

The hyperfine interaction is responsible for splittings in atomic energy levels. In alkali atoms (e.g.Na, K, Rb,
andCs), the typical hyperfine splitting of the ground state (2S+1LJ = 2S1/2) is 1–10GHz, and the typical
hyperfine splitting of the laser-accessible fine-structure states (2P1/2 and 2P3/2) are a few hundredMHz. The
gives a rich structure even considering the typical Doppler broadening of∼1GHz, andmakes the splittings easy
to observewith typical diode lasers (whose natural linewidths can be of order kHz or less) [1].

In the present work, we have set out to study the hyperfine interaction using quantum computers.We used
an algorithmbased on the variational principle, the variational quantumeigensolver (VQE) [2], to study its
ability to find the ground state of a hyperfineHamiltonian. This serves as a useful example of implementing the
VQEon a two-qubit system,which can be generalized tomore complicatedHamiltonians.

VQEhas been shown to be a feasible algorithm for existing andnear-termquantumcomputers. The
method has generated awealth of literature [3] aimed at utilizing, expanding, and improving the algorithm.
Mapping fermionic basis states to the quantum computational basis, and the development of ansatz states are
key issues that have been investigated [4].

Variational quantumalgorithms are a potentially promising solution to classically intractable quantum
chemistry and physics problems, with potential applications in solid-state physics such as high temperature
superconductivity [5]. It is broadly thought to be an algorithm that could be implemented in noisy inter-
mediate state quantum (NISQ) hardware, that could eventually demonstrate an advantage over classical algo-
rithms [6, 7]. VariationalQuantumalgorithms are also applicable when calculations ofmolecular excited states
must be performed [2, 8, 9].
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There is also a relationship between quantummachine learning algorithms and variational quantumalgo-
rithms [3, 7]. A feature of VQE is theminimization of an expectation value, which bears a striking similarity to
theminimization of a cost function inmachine learning. For this reason, the expectation value is sometimes
referred to as the cost function, borrowing the terminology from the field of quantummachine learning.

This paper presents an example of a simple two-spinHamiltonianwith awell-known solution.We then
implement theVQE algorithmusing the two-spin system as an example.We develop a physicallymotivated
ansatzwhich can be easily encoded using standard quantumgates. Statistics ofmeasurements on each term in
theHamiltonian are then acquired in order to calculate the expectation value of the overallHamiltonian. This
is done using freely available quantumcomputing resources of the IBMQuantumPlatform [10]. The classical
computer portion of the calculation is done in the first instance bymanually sweeping the free parameter of the
ansatz state, and in the second instance using theQiskit toolkit to perform the optimization using a classical
algorithm.

2. The variational principle

The variational principle and its application to quantummechanics is covered inmost introductory quantum
mechanics textbooks [11, 12]. It is based on the fact that the expectation value of theHamiltonianH in any
normalized quantum state |ψ〉 is always larger than the ground state energyEgs, i.e.

( )E H H . 1gs

This is often used to find the approximate value of the ground state energy of a system, by trying a para-
meterized ansatz for the ground state wavefunction. By varying the parameters of the ansatz, aminimum
energymay be found.

Let the ansatz state |ψ(θ)〉 have a set of parameters θ = (θ1, θ2,…, θN). Theminimumenergy then obeys

( )< >
= = …

H
i N0 1, , . 2

i min

The energy |= < >E Hmin min
is taken to be an approximation of the ground state energy, and thewave-

function ( )min is an approximation of the ground statewavefunction. In introductory texts, the ansatz state
and expectation value of theHamiltonian can be calculated analytically. Differentiation is also done analytically
to find the best set of parameters min resulting in theminimumenergy and the correspondingwavefunction.

The variational principle has been applied to problems inmolecular physics, condensedmatter physics,
solid state physics, nuclear physics, and chemistry. TheHartree–Fockmethod andDensity Functional Theory
are examples of variationalmethods.

TheVQE algorithm [2] implements the variationalmethod using a quantum computer, combinedwith an
optimization step done using a classical computer. The calculation of the expectation value of theHamiltonian
in the ansatz state is done using the quantum computer. Parameters of the ansatz state are then adjusted by the
classical computer. The process is repeated until aminimumexpectation value has been reached.

3. The hyperfine interaction

Fine structure of alkali atoms results froma combination of spin–orbit coupling and relativistic effects. The
much smaller hyperfine structure results from the interaction of the orbiting electronwith the dipolemagnetic
field of the atomic nucleus. In alkali atoms, the hyperfine contribution to theHamiltonian can be approximated
as [13]

· ( )=H A I J , 3

where I is the nuclear spin and J the total angularmomentumof the electron (spin plus orbital). The factorA
can be calculated using the electron’s radial wavefunction. Generally, the factorA is fitted to data [14].

When higher spin systems are taken into account, additional corrections arise due to couplings to the
nuclear electric quadrupole andmagnetic octupolemoments. For instance, the nuclearmagnetic octupole
moment of 133Cs (I= 7/2)has beenmeasured by considering these higher order corrections [15].

In the case of a spin-1/2 nucleus, with the electron orbital angularmomentum L= 0, equation (3)would be
sufficient, andwould contain a dot product of the nuclear spin and the electron spin. In the following, we
consider aHamiltonian of this form,which is suitable for application of theVQE technique, in part because it
can easily bewritten in terms of Paulimatrices. In section 6, we present the exact solution for thisHamiltonian,
and in subsequent sections, we present solutions using theVQEalgorithmonquantum computers.
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4.Quantumcomputing

Quantumcomputers [16–18] are an emerging newparadigm for complex computations. They use the
principles of quantummechanics and innovative algorithms to potentially accelerate computations beyond
what is possible with classical computers, which are inherently limited byMoore’s Law.

Rather than encoding information in bits, a quantumcomputer encodes information in qubits. Each
qubit’s wavefunction can bewritten as

( )= +0 1 4

withα andβ complex and subject to |α|2+ |β|2= 1. Thus each qubitmay be placed in a superposition of |0〉
and |1〉. Computation proceeds via unitary operations on the set of qubits. Operators that connect the qubits
can be used to generate entanglement. This enables the set of qubits in the computer to be placed in states of
increasing complexity. For example, a superposition of all possible binary inputs can be encoded in a
straightforward fashion. The principles of superposition, entanglement, and interference are used in quantum
algorithms to speed computation.

In the following description, wemake use of quantum circuit diagrams to explain algorithms. These explain
the preparation of the state of the qubits through the computation, the unitary operationswhichmodify the
state of the qubits, and endwith themeasurement of each qubit, fromwhich results are inferred.We refer the
reader to introductory texts on quantum computation for a review of quantum circuit diagrams, and the typi-
cal unitary operators encountered in quantum computation [16–18].

An exciting application of quantum computers is the simulation of physical quantum-mechanical systems.
Since these systems are quantummechanical, it is anticipated that quantum computers will naturally lead to a
performance gain relative to classical computers. TheVQE is an algorithmwhich has demonstrated successes
in the solution of physical systems [2]. It is naturally suited to solving systems involving spin degrees of free-
dom, as shall nowbe described.

5. The concept of the variational quantumeigensolver

In order to use theVQE, theHamiltonianHmust be expressed as a sumof products of Paulimatrices [2]

( )= + + …H h h 5
i

i i

ij

ij i j

where the coefficients Rh , and theGreek indices indicate different Paulimatrices (α,β,… ) ∈ {x, y, z}. The
Roman indices i, j,… indicate the subsystem acted upon. For instance, in a systemofN stationary spin-1/2
particles, i, j,… would, in general, run from1 toN, and the expansionwould terminatewith products ofN
Paulimatrices.

As shall become clear fromour example (section 6), this decomposition allows theHamiltonian to be bro-
ken down easily intomeasurable components when encoded on a quantum computer.

Each term in theHamiltonian contains products of Paulimatrices, and these terms are added together.We
recast equation (5) and label each of these terms in theHamiltonianwith a superscript in parentheses

( )( )=H H 6
i

i

where in this case the sum is over all terms in the expansion.
TheVQE algorithm (figure 1) proceeds by encoding an ansatz state |ψ(θ)〉 on the required number of

qubits. For instance, if theHamiltonianwas describing the interactions of the spins ofN static spin-1/2 parti-
cles,N qubits would be required. The spin state of each particle would be represented by the quantum state of
the corresponding qubit. The quantity θ represents a set of parameters whichwill be freely adjusted in order to
minimize the expectation value of theHamiltonian. As in variational quantummechanics, a good ansatz
should have a limited number of parameters, but enough parameters to approximate the unknown ground
statewavefunction effectively.

Multiplemeasurements of each term in theHamiltonianH( i) are performedon the quantum computer to
estimate expectation values. Tomeasure the expectation value ofH, measurements are performed by rotating
to the basis where each term is diagonal. For instance, if theHamiltonian containsσx, the corresponding qubit
is rotated to the basis whereσx is diagonal beforemeasurement. This will be discussed further in section 7.

This process is repeated for each termof theHamiltonian, and the results are then collected on a classical
computer. The classical computer aggregates themeasurement results with the appropriate prefactors …

…h ij to
calculate the expectation value of theHamiltonian
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( ) ( ) ( ) ( ) ( )( )=H H . 7
i

i

Subsequently, the classical computer adjusts the parameters θ of the ansatz state and sends the new set of
parameters to the quantum computer for another round ofmeasurements. This process continues, using a
classical optimization algorithm to iterativelyminimize the expectation value of theHamiltonian, thereby find-
ing the best estimate of the ground state wavefunction and its corresponding energy.

One of the key issues for theVQE is the development of an ansatz that is a balance of having few parameters
while yet adequately describing the ground state.Having toomany parameters would affect the performance of
the classical optimization procedure, while not having enoughwould lead to inadequate approximation of the
true ground state. The interplay of variational quantummechanics andmachine learning has led tomany ideas
of howbest to tackle this problem [3].

We nowproceed to describe our simple two-qubitmodel that will illustrate the concept of theVQE, and is
easy to implement on a quantumcomputer.

6.HyperfineHamiltonian and exact solution

The formof the hyperfine (spin–spin)Hamiltonian for an electron in an L= 0 orbital interactingwith a spin-1/
2 nucleus is

· ( ) ( )= = + +H A S S A S S S S S S 8x x y y z z

1 2 1 2 1 2 1 2

where S
i
is the spin vector of particle i andA is a constant. The spin vectors S

1,2
are operators, corresponding

to the nuclear (1) and electron (2) spins. In nonrelativistic quantummechanics, each spin vector operator can
be represented as a vector of Paulimatrices

( )=S
2

9

in the two-dimensional spinor space of each particle. TheHamiltonian satisfies the requirement of VQE that
theHamiltonian bewritten as a sumof products of Paulimatrices

· ( ) ( )= = + +H 10x x y y z z
1 2 1 2 1 2 1 2

whereα =Aℏ2/4would have units of energy.
On a quantum computer, theHamiltonian is encoded as a sumof tensor products of operators acting on

two qubits. Switching notation to amore commonone for quantum computers, wewrite

( ) ( ) ( )= + + = + +H X X Y Y Z Z 11x x y y z z

where the first operator in each tensor productwould be applied to qubit 1 (the electron spin qubit) and the
second operator to qubit 2 (the nuclear spin qubit).

The exact solutions for the energy eigenstates of theHamiltonian in equation (8) are straightforward to
find. The solutions are eigenstates of the total spin operator squared

( ) ( ) ( ) · ( )= + = + +S S S S S S S2 . 122
1 2

2
1

2
2

2
1 2

This can be rearranged to isolate themain term in theHamiltonian, ·S S
1 2

, as

( )· ( ) ( ) ( )=S S S S S
1

2
. 13

1 2
2

1
2

2
2

Figure 1.Concept of the variational quantum eigensolver.
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The smallest eigenvalues of S2 correspond towhen the two spin-1/2 particles occupy the singlet configura-
tion (s= 0)where the spins are antiparallel and carry a total spin of 0

( ) ( )= =s s sm;
1

2

1

2
; 00

1

2
01 10 . 141 2

Here, the factors 1

2
and 1

2
areClebsch–Gordan coefficients, needed for the transformation from the basis

of the individual spin z-components (known as the computational basis in quantum computing) to the basis of
total spin and its z-component.

Acting on this state with ·S S
1 2

, we find

· ( ) ( ) ( ) ( )= + + + =S S
1

2

1

2
; 00

1

2
0 0 1

1

2

1

2
1

1

2

1

2
1

1

2

1

2
; 00

3

4

1

2

1

2
; 00 . 15

1 2
2 2 2 2

Therefore, the ground state energy for ourHamiltonian is

( )= = =E A
A3

4

3

4
3 . 162

2

Wewill henceforth setα = 1, so that the ground state foundusingVQEwill approximate the theoretical ground
state energyE= −3.Wenowproceed to discover the ground state using theVQE algorithm.

7. Calculating the expectation value on a quantumcomputer

7.1. Preparation of a simple ansatz state
To calculate the expectation value, we first need to prepare an ansatz state for ourHamiltonian. For the
purposes of this example, we choose the simple ansatz

( ) ( ) ( )= +
1

2
01 e 10 17i

where θ is now a single (real) free parameter.
While a selectionwithmore free parameters is possible, this state is wellmotivated physically by the struc-

ture of theHamiltonian. The states |00〉 and |11〉 are stretched states, representing spins that are parallel to one
another.Wewould expect such states to have a larger (more positive) value of ·S S

1 2
, compared to the states |

01〉 and |10〉, where the spins point antiparallel to one another. A linear combination of |01〉 and |10〉would
therefore bemotivated by the individual terms having generally smaller values of ·S S

1 2
. Themost arbitrary

possible linear combination that always remains properly normalized is given by equation (17). A quantum
circuit that prepares this ansatz state is shown in figure 2.

In the preparation of the ansatz state, we have used a phase gate

( ) ( )=P
1 0
0 e

18
i

to generate the arbitrary phase between the two terms in equation (17).We nowneed to use the quantum
computer to calculate the expectation value of the various terms in theHamiltonian.

7.2. Finding the expectation value of a tensor product of Paulimatrices on a quantumcomputer
The process ofmeasuring the expectation value of the various terms in theHamiltonian using a quantum
computer involves preparing the ansatz state,measuring in the appropriate basis, and then repeating this
process to build up statistics on the expectation value. For this discussion, let us suppose that the state of the two
qubits is an arbitrary state |ψ〉, and that we desire tomake ameasurement of the expectation value of each piece
of theHamiltonian in equation (11).

BecauseZ⊗Z is diagonal in the computational basis, no basis transformation is necessary.Oneway to see
this is as follows. Suppose the state ismeasured, and the result |01〉 is found. This wouldmean that the first

Figure 2.Quantumcircuit which prepares the ansatz state |ψ(θ)〉.
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qubit was found in the state ( )=0 1
0
and the second qubit in the state ( )=1 0

1
. These are eigenstates of the

( )=Z 1 0
0 1

operator; they have perfectly well defined values of the observableZ. For the first qubit, the

eigenvalue is+1, while for the second qubit, the eigenvalue is−1. The result for themeasurement ofZ⊗Z is
therefore (+1)(−1) = −1.

In a similar way, the repeated preparation andmeasurement of a two qubit state |ψ〉 in the computational
basis would result in

· ( )( )
· ( )( )
· ( )( )
· ( )( ) ( )

= + +
+ +
+ +
+

Z Z P

P
P
P

1 1

1 1
1 1
1 1 19

00

01

10

11

wherePij is the probability to find the qubits in the state |ij〉. The correct circuit tomake thismeasurement is
therefore very simple (figure 3).

The result of eachmeasurementwill be either+1 or−1 for each qubit. The results will occurwith different
probabilities, depending on the state |ψ〉. If we always prepare the same state |ψ〉 and feed it into themeasure-
ment, we can repeatedly run this circuit, building up results for the probabilities and use equation (19) to find
the expectation value.

TomeasureX⊗X, the probabilities to find the qubits in the states ( )+ = 1
1

1

2
and ( )= 1

1
1

2
are

needed. These are eigenstates of theX operator

( )
( ) ( )

+ = + +
=

X

X

1

1 . 20

If the two-qubit state |ψ〉were found to be in the state |+ −〉, itsX⊗X valuewould be (+1)(−1) = −1. In a
similar way to equation (19), assumingwe could find the probabilities in theX basis, we could then determine
the expectation value

· ( )( )
· ( )( )
· ( )( )
· ( )( ) ( )

= + +
+ +
+ +
+

++

+

+

X X P

P

P

P

1 1

1 1

1 1

1 1 . 21

In order tomeasure the required probabilities in this case, we need an operator that transforms |+〉 into |0〉 and
|−〉 into |1〉, i.e. we need to transform to theX basis. Fortunately, theHadamard operator does this! So, to
measure the required probabilities, we apply aHadamard gate to both qubits (figure 4).

Suppose that |ψ〉 = |+ −〉 is fed into the circuit. After theHadamards, the state of the systemwill be |01〉 and
+1will bemeasured for the first qubit and−1 for the second. Thus, the probability of finding |+ −〉will be
reported as |01〉, and so on.

Anotherway that this can be understood is to imagine the state |+〉 as a spin pointing along the+x-direc-
tion in three dimensional space.Weneed to rotate this spin to point along the+z-direction (a state we call |0〉)
beforewemeasure it to find probabilities. There is another operator (besides theHadamard operator)which
can achieve this: the rotation gateRy(−π/2). Thus an alternative circuit whichwould give the same result would
employ rotation gates instead ofHadamard gates (figure 5).

Both these circuits (figures 4 and 5) can be shown to correctlymeasure the probabilities required for
equation (21).

Finally, the term 〈Y⊗Y〉must bemeasured. Similar to the previous case, the strategy is to transform from
theY basis

Figure 3.Circuit formeasuring 〈Z⊗Z〉.
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( )
( ) ( )

+ = + +

=

Y

Y

1

1 22

y y

y y

to theZ basis, beforemaking themeasurement. The simplest transformation that achieves this can be deduced
froma similar line of argumentation as the rotation gate discussion of theX basis case. Imagine the state |+y〉 as
a spin pointing along the+y-direction. In order to transform this state into a spin pointing along the+z-
direction (|0〉), a rotation of+π/2 about the x-axis would be required. That is, the correct transformation is
Rx(+π/2).

The quantum circuit diagram for thismeasurementmay be found in figure 6.
The basic reason for theVQE algorithm requiring theHamiltonian to be a product of Paulimatrices should

nowbe evident. Any product of Paulimatrices would simply require the correct rotation to be applied to the
relevant qubit, in order to bemeasured.

8. Implementation on a quantumcomputer

8.1. Setup and results using a simulated quantumcomputer
Implementation of the algorithm in the IBMquantum composer [19] is achieved through the preparation of
three quantumcircuits (figure 7), one each tomeasure 〈X⊗X〉, 〈Y⊗Y〉, and 〈Z⊗Z〉. The quantum composer
is a free-to-use interface, where programming is done graphically by dragging and dropping circuit elements to
create the desired quantum circuit diagram.Once implemented using the graphical programming utility, the
probabilities can bemeasured using either the included simulator, or by transpiling and sending jobs to a
quantumcomputer.

TheVQE algorithm is demonstrated in the followingway. Since the ansatz |ψ(θ)〉 (equation (17))has only
one free parameter, it can be selected at random.We start with the guess that θ = 1 (radians). The value for θ is
entered into each of the circuits of figure 7, and the probabilities are calculated (using either the simulator or an
available quantumcomputer, depending on the time available).With the probabilities of each statemeasured,
themean values of each term in theHamiltonian are calculated (via the equations in figure 7), and the results

Figure 4.Circuit formeasuring 〈X⊗X〉.

Figure 5.Alternative circuit formeasuring 〈X⊗X〉.

Figure 6.Circuit formeasuring 〈Y⊗Y〉.
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summed to arrive at the energy. Sample results are presented in table 1 (which came from the simulator). The
resultant energy isE= −0.04.

Next, another value for θ is chosen.We select θ = 0,manually change the value in the phase gate in each
quantumcircuit, calculate the probabilities, and fill in the next row in table 1. In this case, we findE= 1.00.Our
goal is to adjust θ until the energy isminimized, so obviously we have gone in thewrong direction, in this case.

The process is repeated until the optimumvalue for θwhichminimizes energy is found (see the remaining
rows in table 1). As expected, theminimized value ofE= −3.00 appears as θ is adjusted toward oddmultiples of
π. Thuswe have demonstrated the principle of theVQE algorithm in its ability to find theminimumenergy for
thisHamiltonian.

8.2.Using a real quantumcomputer
The followingmeasurement results (figures 8, 9 and 10)were obtained using 2000 repeatedmeasurements
using the SamplerV2 primitive on ibmq_brisbane v1.1.31, whichwas one of the IBMQuantumEagle r3
processors. For this example, the value θ = π/2was used in the preparation of the ansatz state. This choice of θ
is not the optimal parameter choice for discovering the ground state; it is provided as an example.

The results are noisier than the simulated results, asmight be expected. Figure 8 results in 〈Z⊗Z〉 = −0.88,
figure 9 gives 〈X⊗X〉 = 0.03, and figure 10 gives 〈Y⊗Y〉 = 0.04, resulting inE= −0.81. Considering the noise,
this agreeswell with the expected valueE= −1 for θ = π/2 (table 1).We conduct amore detailed analysis of
noise and errors in the next section.

While it is possible to conductmore experiments using the real quantumcomputer, this becomes tedious if
submitting each jobmanually from the quantum composer.

8.3. Implementation usingQiskit to iteratively find the ground state
Weprovide an implementation usingQiskit [20], which gives access to the quantumcomputers in amore
automated and efficient fashion.

Figure 11 shows theVQE convergence plot for 〈X⊗X+Y⊗Y+Z⊗Z〉, implemented in python [21] and
executed on ibmq_fez v1.3.30, which is one of theHeron r2 processors. The algorithmusedBound

Figure 7. Scheme of implementation in the IBMquantum composer involving three quantumcircuits.

Table 1.Results from the IBMquantumcomposer. Results are
from1024 shots on a simulated quantumcomputer.

θ (radians) 〈Z⊗Z〉 〈X⊗X〉 〈Y⊗Y〉 E (sum)

1 −1.00 0.48 0.48 −0.04
0 −1.00 1.00 1.00 1.00

π/2 −1.00 0.00 0.00 −1.00
2 −1.00 −0.46 −0.46 −1.92
3 −1.00 −0.99 −0.99 −2.98
π −1.00 −1.00 −1.00 −3.00
4 −1.00 −0.71 −0.71 −2.42
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OptimizationBYQuadratic Approximation (BOBYQA) [22] to optimize the ansatz parameter, and success-
fully converged to theminimumenergy (being 2% lower than the average expectation value, compared to the
theoretical ground state of−3.00) after 16 iterations. The 2%error in the approximated ground state energy

Figure 8. 〈Z⊗Z〉measurement outcomes in the computational basis for parameter θ = π/2 radians.

Figure 9. 〈X⊗X〉measurement outcomes in the computational basis for parameter θ = π/2 radians.

Figure 10. 〈Y⊗Y〉measurement outcomes in the computational basis for parameter θ = π/2 radians.
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might be reduced by increasing the number of iterations—eithermanually, or by increasing the convergence
tolerance of the classical optimizer.

The use of BOBYQA is appropriate for noisy systems such asNISQdevices. Stochastic gradient approx-
imation algorithms arewidely used inVQE.A prime example of this is the simultaneous perturbation stochas-
tic approximation (SPSA)method, which estimates gradients with only two objective function evaluations,
independent of parameter dimension [23]. SPSAwould be expected to outperformBOBYQA formore degrees
of freedom.

This VQE experimentwas conducted on two of fez’ qubits, 131 and 132, as indicated on the IBMQuantum
Platform. To quantify the impact of hardware noise on the variational energy estimate (figure 11), we utilized
the device calibration data relevant at the time of execution. A list of data for qubits 131 and 132 is shown in
table 2. No resonant frequencies or anharmonicities were reported for either qubit.

We performed an analysis of the ansatz decoherence limits by comparing the total circuit duration to the
qubit relaxation times (T1, T2). Circuit timing can be visualized by using the circuit timing functionswithin
Qiskit, ormanually determined by computing gate times using the calibration data.Wewill utilize the latter to
determine the probability that an error will occurwithin circuit execution time.

Because ibmq_fez v1.3.30 has basis gate setU∈ {CZ, I,Rx,Rz,Rzz, SX,X}, tomatch the instruction set
architecture of theQPU, the circuit used to prepare the ansatz state is first transpiled to use the native gate set.
Thus, to quantify the effect of decoherence and gate fidelity issues, wemust analyze the circuit after transpila-
tion.Wewill investigate the transpiled circuit used to prepare the ansatz state, which is shown in figure 12.

As indicated by figure 12, that the relevant gate error quantities pertain toRz, X (SX),X, andCZ. Because
Rz gates are implemented via virtual frame changes, there are no associated gate durations or errors.We are
nowonly concernedwith the number of X ,X andCZ gates, with error rates X , εX, and εCZ, respectively (see
table 2).

We categorize the total error into three categories of hardware limitations: decoherence effects, gate errors,
andmeasurement errors. Beginningwith decoherence effects, we observe that the transpiled circuit in figure 12
includes oneCZ gate, two layers of X gates, and oneX gate. Using the calibration data in table 2, the circuit
execution time is

( ) ( ) ( ) ( )+ + = + = + = = µt t t t t t2 3 68 ns 3 24 ns 140 ns 0.14 s. 23CZ X X Q Qcirc 2 1

Given theT1 andT2 times are 170 μs, 0.1%-level errors due to decoherencewould be expected.

Figure 11.VQE convergence plot for 〈H〉 = 〈X⊗X+Y⊗Y+Z⊗Z〉, implemented on an IBMHeron r2QPUand optimized using
BOBYQA. The second plot shows the parameter value at each iteration. Each point represents an average of 2042 shots.

Table 2.Qubit 131 and 132 properties. Exhaustive calibration data for all qubitsmay be found in the experiment repository [21].

Qubit T1 (μs) T2 (μs) t1Q (ns) t2Q (ns) Readout error CZ error SX error X error

131 170.43 174.55 24 68 8.53× 10−2 1.55× 10−3 1.41× 10−4 1.41× 10−4

132 161.48 167.30 24 68 6.83× 10−3 1.55× 10−3 1.83× 10−4 1.83× 10−4
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The total accumulated gate error εgates can be estimated from the errors of the physical operations in the
circuit. TheCZ, SX andX errors are listed in table 2. Adding these in quadrature for the number of physical
gates gives εgates= 0.2%.

Lastly, summing the readout errors for qubit 131 and 132 in quadrature yields an estimated readout error
9%. This is an order ofmagnitude greater than the errors introduced by gate fidelity issues, and is the dominant
error. Readout errorsweremitigated by applying the twirled-readoutmethod,whichwas achieved by setting
noise resilience level 1 inQiskit.

9. Conclusion and outlook

The hyperfine interaction is a spin–spin interaction that is important in atomic structure.We have
implemented the hyperfineHamiltonianH=X⊗X+Y⊗Y+Z⊗Zusing theVQE algorithm and current
NISQhardware. An attractive feature of the hyperfineHamiltonian is that itmeets the requirements for the
VQE algorithm,while also being a interesting spin–spin interaction typically found in physics problems, with
an exact solution. A physically-motivated ansatzwas developed that leads rapidly to convergence. The
algorithmwas implemented using a freely available graphical programming interface, and alternatively using
either a simulator or a real quantum computer.UsingQiskit, classical optimization, and quantum error
correction, rapid convergencewas demonstrated usingNISQhardware.

Future directions for the research include expanding to higher-dimensionalHamiltonians, allowing fur-
ther exploration of the relevance of spin degrees of freedom in atomic structure. Ourmain interest being the
hyperfine interaction, wewould like to study higher spin nuclei and higher electron angularmomentum states.
For example, the ground state of theCs atom is 62S1/2 (notation:N2 S+1LJ)which has I= 7/2 and therefore
splits into states with F= 3, 4 and the excited state 62P3/2 carries F= 2, 3, 4, 5 [14, 15]. Theway that we treated
the hyperfine interaction, states with half-integer I and J are easy to generalize into a hyperfine interaction of the

form ·I J , since they result in even-dimensionedmatrices (4× 4, 6× 6, 8× 8, ...)which are easy towrite as
strings of Pauli operators. For integer spins, e.g. I= 1, there aremethods to encode these onto qubits as well
[24]. A challengewhen going to higher dimensional systems is that the number of possibilities for the Pauli
strings can become large, which could present an issue for computation.We think that the best solution for
these cases is likely tomake use of the known symmetries of the system, starting in approximately the correct
basis. It is known that for hyperfine interactions in alkali atoms, the F,mF total spin basis is a good choice.We
used this basis in section 6 to solve our smaller dimensionalHamiltonian exactly.We think that this basis could
be used to study smaller corrections to the hyperfine splittings, leading to future improvements in precision for
higher-dimensional systems.

In the present work, we selected an ansatz state that significantly restricted theHilbert space exploration.
This choice is appropriate when the symmetry of the ground state is knownbeforehand, but choosing such an
ansatz state for an arbitraryHamiltonianmay limit convergencewhen the ground state lies outside the
enforced symmetry [25]. In such a case, onemay choose amore general, physics-agnostic ansatz state designed
to suit the hardware, known as a hardware-efficient ansatz (HEA). Ansatzes categorized as hardware-efficient
are typically designed tomatch the topology of the quantumdevice.HEAswould be an interesting topic to
study for the case of higher-order corrections.While anHEAwould certainly underperformour single-para-
meter ansatz, using the present simplified two-qubitHamiltonian to studyHEAs could be a very interesting
next step forHEA studies.

Finally, the choice of the classical optimizer in this workwas based on our good experienceswith BOBYQA,
especially given our restricted ansatz.We plan to expand ourwork to include SPSA, a commonNISQoptimizer
whichwould potentially require fewer function evaluations for convergence. It is likely that SPSAwould
improve the convergence, if additional ansatz parameters are opened up, which is likely to be necessary for
higher dimensional systems.

Figure 12.Transpiled circuit formeasuring 〈Z⊗Z〉. This circuit is ready for execution on ibmq_fez v1.3.30. Additional basis
transformation gates are required for 〈X⊗X〉 and 〈Y⊗Y〉.
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