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ABSTRACT
Nonadiabatic holonomic quantum computation provides a promising approach toward fault-tolerant quantum control, due to its simple
requirements for energy level structure and intrinsic robustness stemming from non-Abelian geometric phases. However, conventional non-
adiabatic holonomic quantum computation relies on segmented evolution along a specific trajectory, which not only complicates experimental
control but also exacerbates decoherence effects. Meanwhile, minor deviations in systematic parameters can directly disrupt the cyclic evolu-
tion process necessary to construct holonomic gates, leading to degraded gate robustness. To address these disadvantages, we here propose a
general strategy to incorporate cyclic evolution protection into the holonomic gate construction. The aim is to design on-demand trajectories
by modulating pulse shapes, thereby circumventing the detrimental impact of systematic errors on cyclic evolution. Consequently, universal
holonomic gates implemented through a stable cyclic evolution process can maintain lower error sensitivity. Meanwhile, in our scheme, com-
pressing the state population in the ancillary state ensures less energy consumption, resulting in higher gate fidelity. Therefore, our work serves
as a practical solution for achieving high-fidelity and robust universal quantum gates, paving the way for large-scale quantum computation.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0249368

I. INTRODUCTION

Quantum computation is an emerging strategy with the capa-
bility to effectively tackle hard problems that are beyond the reach
of classical computers.1 Recently, experimental verification has
highlighted the superiority of quantum computers,2–5 which has
attracted significant attention in the field of quantum computation.
However, the physical realization of large-scale and fault-tolerant
quantum computation remains challenging due to environment-
induced decoherence and inevitable control errors during quan-
tum manipulation. Therefore, the development of high-fidelity and
robust universal quantum gates is essential. This practical issue

motivates researchers to design geometric quantum gates that
leverage the inherent error resilience of geometric phases.6–19

Holonomic quantum computation,14,15 based on non-Abelian
geometric phases,16,17 stands as a crucial strategy to achieve high-
fidelity and fault-tolerant quantum control. Furthermore, the non-
adiabatic holonomic quantum computation (NHQC)18–22 strategy
breaks the constraints imposed by adiabatic conditions, enabling
the integration of speed and robustness in quantum gate construc-
tion. Thus, significant advances have been achieved in NHQC both
theoretically and experimentally.23–73

However, due to the difficulty of calculating non-Abelian geo-
metric phases for irregular evolution paths on the Bloch sphere,
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conventional NHQC schemes often employ segmented evolutions
with uniform trajectories.38–42 This approach not only compli-
cates experimental control but also leads to excessive decoher-
ence effects. Moreover, constructing conventional NHQC schemes
requires cyclic evolution and parallel transport conditions to be
met.18,19 In the presence of systematic errors, these geometric con-
ditions are compromised, particularly the crucial cyclic evolution
condition, resulting in open trajectories and thereby weakening the
robustness of holonomic quantum gates. To address this challenge,
many optimization strategies have been proposed to enhance the
robustness of holonomic quantum gates. However, these schemes
often achieve robustness at the expense of prolonging gate operation
times, leading to adverse effects induced by excessive decoherence
and, thus, significant reductions in gate fidelity.42–50 Therefore, it
is critical to construct an NHQC scheme that can simultaneously
enhance the robustness and fidelity of the involved holonomic
quantum gates.

Here, we propose an optimized NHQC (ONHQC) scheme that
incorporates the cyclic evolution protection, which can maintain
the closure property of evolution trajectories even in the presence
of system errors, and thus enhance the performance of holonomic
quantum gates. By employing inverse engineering of the Hamilto-
nian, we construct arbitrary holonomic gates with free evolution
trajectories in a single step, thus avoiding sudden changes in system
parameters. Meanwhile, we further design on-demand trajectories
by modulating pulse shapes, thereby circumventing the detrimental
impact of systematic errors on cyclic evolution. Based on the numer-
ical simulation results, our scheme offers better protection for the
cyclic evolution process of the trajectories compared to conventional
NHQC. Consequently, our universal holonomic gates, implemented
through a stable cyclic evolution process, exhibit lower error sen-
sitivity. In addition, our scheme effectively compresses the state
population in the ancillary state, ensuring less energy consump-
tion. This results in higher gate fidelity and resolves the dilemma
of compromising fidelity to improve robustness.

II. HOLONOMIC GATE CONSTRUCTION
We first proceed to construct NHQC using reverse engineering

of the target Hamiltonian. Consider a three level Λ quantum system
governed by the Hamiltonian H(t), consisting of two low-energy
states, ∣0⟩ and ∣1⟩, serving as qubit states, and a highly excited state,
∣e⟩, acting as the auxiliary state, as illustrated in Fig. 1. We choose a
set of auxiliary vectors as

∣μ1(t)⟩ = cos
θ
2
∣0⟩ + sin

θ
2

eiφ
∣1⟩,

∣μ2(t)⟩ = cos
α(t)

2
(sin

θ
2

e−iφ
∣0⟩ − cos

θ
2
∣1⟩) + sin

α(t)
2

eiβ(t)
∣e⟩,

∣μ3(t)⟩ = sin
α(t)

2
e−iβ(t)

(sin
θ
2

e−iφ
∣0⟩ − cos

θ
2
∣1⟩) − cos

α(t)
2
∣e⟩,

(1)

where θ and φ are the time-independent parameters; and α(t) and
β(t) represent the time-dependent polar angle and azimuthal angle
of a spherical coordinate system, respectively. The solutions of the

FIG. 1. Schematic of a three-level system driven by two lasers.

Schrödinger equation, i∣ψ̇k(t)⟩ = H(t)∣ψk(t)⟩ (k = 1, 2, 3), can be
assumed to be74

∣ψl(t)⟩ =
2

∑
i=1

Cil(t)∣μi(t)⟩, l = 1, 2, (2)

∣ψ3(t)⟩ = eiζ(t)
∣μ3(t)⟩, (3)

where the time-dependent parameter Cil(t) is a matrix element of
the 2 × 2 matrix C(t) = T exp [i∫

t
0 A(t′)dt′], with Aij(t) = i⟨μi(t)

∣μ̇j(t)⟩ (i, j = 1, 2), T being the time-ordering operator,
and ζ(t) is a real function of t satisfying ζ(0) = 0. We set
α(τ) = α(0) = 0, so that ∣μk(τ)⟩ = ∣μk(0)⟩ = ∣ψk(0)⟩, where
τ is the evolution period. It is obvious that the subspace
S (t) = Span{∣ψ1(t)⟩, ∣ψ2(t)⟩} satisfies the cyclic evolution and par-
allel transport conditions, as ∑2

l ∣ψl(τ)⟩⟨ψl(τ)∣ = ∑2
l ∣ψl(0)⟩⟨ψl(0)∣

and ⟨ψl(t)∣ψ̇j(t)⟩ = 0 with l, j = 1, 2. Thus, considering the initial
space S (0) = Span{∣ψ1(0)⟩, ∣ψ2(0)⟩} = Span{∣0⟩, ∣1⟩} as the
computational subspace, after a period of cyclic evolution, the
evolution operator that acts on the computational subspace can be
expressed as U(τ) = C(τ) = T exp [i∫

τ
0 A(t)dt], which represents a

nonadiabatic holonomic quantum gate acting on the computational
subspace.

Then, based on the inverse engineering, we can determine
the Hamiltonian that satisfies the Schrödinger equation, i∣ψ̇k(t)⟩
= H(t)∣ψk(t)⟩, as

H(t) = i
3

∑
k=1
∣ψ̇k(t)⟩⟨ψk(t)∣

= Δ(t)∣e⟩⟨e∣ + [Ω0(t)ei(φ+β(t)+χ(t))
∣e⟩⟨0∣

+Ω1(t)ei(β(t)+χ(t)+π)
∣e⟩⟨1∣ +H.c.], (4)

where we have set ζ̇(t) = β̇(t)[3 + cos α(t)]/2 to decouple the
unwanted coupling between ∣0⟩ and ∣1⟩; Ω0(t) = Ω(t)sin(θ/2) and
Ω1(t) = Ω(t)cos(θ/2) represent the two laser fields driving the
Λ-type three-level system, as depicted in Fig. 1; and Δ(t) = −β̇(t)
[1 + cos α(t)] and χ(t) = arctan{α̇(t)/[β̇(t) sin α(t)]} represent
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the detuning parameter and the phase-related parameter of the
external driving fields, respectively. The time-dependent pulse shape
is

Ω(t) =
1
2

√

[β̇(t) sin α(t)]2 + α̇ 2
(t), (5)

indicating that both the waveform of the driving field and the evo-
lution path are governed by the two angular parameters, β(t) and
α(t). In addition, the interaction Hamiltonian in Eq. (4) can also be
expressed, using auxiliary vectors, as

H(t) = Δ(t)∣e⟩⟨e∣ +Ω(t){ei[β(t)+χ(t)]
∣e⟩⟨μ2(0)∣ +H.c.}. (6)

Based on this Hamiltonian, the obtained unitary operator that acts
on the computational subspace after a cyclic evolution can be written
as

Uc(τ) = ∣μ1(0)⟩⟨μ1(0)∣ + e−iγ
∣μ2(0)⟩⟨μ2(0)∣

= exp(i
γ
2

n ⋅ σ), (7)

which is an arbitrary single-qubit nonadiabatic holonomic quan-
tum gate, with γ = 1

2∫
τ

0 β̇(t)[1 − cos α(t)]dt being the rotation
angle, n = (sin θ cosφ, sin θ sinφ, cos θ) being the rotation axis,
and σ = (σx, σy, σz) represents the Pauli operators acting on the
computational basis ∣0⟩ and ∣1⟩ of qubits.

According to the cyclic evolution condition α(τ) = α(0) = 0,
the trajectory described by {α(t),β(t)} forms a closed path on
the Bloch sphere, and different selections of α(t) and β(t) corre-
spond to distinct trajectories. Once the forms of α(t) and β(t) are
determined, a certain rotation angle γ can be obtained. Although γ
satisfies the requirements of a specified quantum gate, the selection
of α(t) and β(t) is arbitrary. Consequently, the choice of evolution
trajectories for implementing a certain holonomic quantum gate
is infinite. For example, when α(τ/2) = π and β̇(t) = 0 are speci-
fied, the trajectory is fixed as a single loop orange slice evolution
trajectory38–42 that can be used to implement universal single-qubit
quantum gates in conventional NHQC.

III. ROBUST CONDITIONS FOR THE NHQC
The robustness of the gate against parameter deviations

induced by imprecise control is crucial for fault-tolerant quantum
computation. We continue to consider the influence of inevitable
systematic errors in the gate construction process, including repre-
sentative Rabi errors and detuning errors, which can be expressed
as

V(t) = Vε(t) + Vη(t). (8)

Here, Vε(t) = εΩ(t)ei[β(t)+χ(t)]
∣e⟩⟨μ2(0)∣ +H.c. represents the Rabi

error terms, with ε denoting the error fraction of the Rabi frequency;
and Vη(t) = ηΩm∣e⟩⟨e∣ represents the detuning error term, with Ωm
being the maximum value of Ω(t) and η representing the error
fraction of the detuning. To numerically evaluate the robustness of
quantum gates to these systematic errors, we use the formula76

F =
∣Tr (U†

(τ)Uε,η(τ))∣
∣Tr (U†

(τ)U(τ))∣
(9)

to calculate the gate fidelity, where U(τ) = ∑3
i=1 ∣ψi(τ)⟩⟨ψi(0)∣ is

the ideal evolution operator and Uε,η(τ) = ∑3
i=1 ∣ψ

ε,η
i (τ)⟩⟨ψi(0)∣

denotes the practical evolution operator under systematic errors,
with ∣ψε,ηi (τ)⟩ being the final state after evolution under the influence
of systematic errors. By substituting evolution states into Eq. (9), we
obtain

F =
1
3

3

∑
i=1
∣⟨ψε,ηi (τ)∣ψi(τ)⟩∣. (10)

In the absence of systematic errors, the cyclic evolution conditions
satisfy the relation of ∣ψε,η1 (τ)⟩ = ∣ψ1(τ)⟩ = ∣ψ1(0)⟩, ∣ψε,η2 (τ)⟩
= ∣ψ2(τ)⟩ = e−iγ

∣ψ2(0)⟩, ∣ψε,η3 (τ)⟩ = ∣ψ3(τ)⟩ = eiζ(τ)
∣ψ3(0)⟩, and

thus the gate fidelity F = 1. In contrast, the presence of system-
atic errors directly disrupts these cyclic conditions, leading to
⟨ψε,ηi (τ)∣ψi(τ)⟩ ≠ 1, resulting in a decrease in F.

For example, considering the scenario where ε = −0.1 and
η = 0.1, we can find that the orange-slice cyclic evolution process
used to implement the gates Rx,y(π/2) and Rx,y(π/4) via the conven-
tional NHQC method experiences significant disruption, as clearly
demonstrated in Figs. 2(a) and 2(b). This disruption results in the
formation of unclosed trajectories. For the construction of conven-
tional holonomic gates Rx(π/2) [Rx(π/4)] and Ry(π/2) [Ry(π/4)],
the gate parameters are (θ,φ) = (π/2, 0) and (π/2,π/2) with the
same γ = π/2 (γ = π/4), respectively. As a result, as shown in
Figs. 2(c) and 2(d), it is difficult to maintain the high-fidelity plateau
for conventional holonomic Rx,y(π/2) and Rx,y(π/4) gates under
the influence of systematic errors. It can be concluded that sys-
tematic errors will directly disrupt the cyclic process of the orange-
sliced evolution trajectory, thus making the universal conventional

FIG. 2. Influence of the systematic errors on the single-loop orange-slice trajecto-
ries in implementing the conventional holonomic gate, where we consider a simple
time-dependent pulse Ω(t) = Ωm sin2

(πt/T), with ∫
T

0 Ω(t)dt = π/2 and β = 0

in the first segment, and ∫
2T

T Ω(t)dt = π/2 and β = π − γ in the second seg-
ment. The evolution trajectories of the (a) Rx,y(π/2) gate and (b) Rx,y(π/4) gate,
where the error coefficients considered are ε = −0.1 and η = 0.1. The gate fidelity
of the conventional holonomic (c) Rx,y(π/2) and (d) Rx,y(π/4) gates as a function
of Rabi error and detuning error.
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holonomic gates, which are based on this unstable and unclosed
evolution trajectory, exhibit poor error robustness.

In the following, we analytically derive the conditions for cyclic
evolution to hold in the presence of systematic errors. We begin
by examining the Rabi error, where the Hamiltonian of the system
can be expressed as H′(t) = H(t) + Vε(t). In this case, the evolu-
tion state ∣ψ1(t)⟩ = ∣μ1(t)⟩ becomes decoupled from the system’s
evolution. Consequently, the fidelity described in Eq. (10) can be
formulated as

F =
1
3
∣1 + ⟨ψε2(τ)∣ψ2(τ)⟩ + ⟨ψε3(τ)∣ψ3(τ)⟩∣. (11)

By treating the error term Vε(t) as a perturbation, we can express the
perturbative expansion of ∣ψε2(τ)⟩ in terms of the small parameter ε
to Ref. 75,

⟨ψε2(τ)∣ψ2(τ)⟩ = 1 +O1 +O2 + ⋅ ⋅ ⋅ , (12)

where On denotes the terms of n-th order. Here, we focus solely on
the first two terms, i.e.,

O1 = −i∫
τ

0
e(t)dt, (13a)

O2 = −∫

τ

0
dt∫

t

0
dt′[e(t)e(t′) + g(t)g∗(t′)], (13b)

with

e(t) = ⟨ψ2(t)∣Vε(t)∣ψ2(t)⟩ =
ε
2
β̇ sin2 α, (14a)

g(t) = ⟨ψ2(t)∣Vε(t)∣ψ3(t)⟩ =
ε
2
(

1
2
β̇ sin 2α − iα̇)eiβ. (14b)

In the same way, we can obtain the perturbative expansion of
∣ψε3(τ)⟩, i.e.,

⟨ψε3(τ)∣ψ3(τ)⟩ = 1 + i∫
τ

0
e(t)dt − ∫

τ

0
dt∫

t

0
dt′[e(t)e(t′) + g∗(t)g(t′)].

(15)
By substituting Eqs. (12) and (15) in Eq. (11), and then
applying the property that ∫

τ
0 dt∫

t
0 dt′[a(t)b(t′) + a(t′)b(t)]

= ∫
τ

0 a(t)dt∫
τ

0 b(t)dt, we have F = 1 − ηε, where

ηε =
1
3
{[∫

τ

0
e(t)dt]

2
+ [∫

τ

0
g(t)dt]

2
}, (16)

which quantifies the adverse influence of the Rabi error on the gate
fidelity.

For the detuning error characterized by Vη(t) = ηΩm∣e⟩⟨e∣, we
can conclude that this error is directly related to the population of
the excited state ∣e⟩. Consequently, an effective strategy to enhance
robustness against detuning error is to reduce the population of the
excited state. Guided by this observation, we define the population
of the excited state throughout the evolution process as

Pe = ∫

τ

0
∣⟨e∣ρ(t)∣e⟩∣dt, (17)

where ρ(t) is the density matrix of the system that incorporates the
influence of errors. Therefore, to protect the cyclic evolution process

and ensure the robustness of holonomic quantum gates against sys-
tematic errors, we need to minimize these two error-induced terms,
ηε and Pe.

IV. CYCLIC EVOLUTION PROTECTION
Next, we will work on incorporating cyclic evolution pro-

tection into the holonomic gate construction, thereby achieving
error-insensitive universal holonomic gates through a stable cyclic
evolution process. To this end, we set the evolution parameters
{α(t),β(t)} in general forms of

α(t) =∑
n

an sin(
nπt
τ
)

2
, β(t) =∑

n
bn sin(

πt
2τ
)
(n+1)

, (18)

where an and bn are the free parameters. The functions α(t) and
β(t) are the time-dependent and can take arbitrary forms. Here,
we chose to expand α(t) and β(t) in terms of sine functions. Sine
functions are inherently smooth and continuous, leading to pulse
shapes that vary smoothly over time. This smoothness is beneficial
for practical implementation, as it reduces abrupt changes that could
cause errors. Furthermore, by appropriately selecting the coefficients
of α(t) and β(t), the time-dependent pulse shape in Eq. (5) can be
designed to start and end at zero. This ensures that the pulses turn
on and off smoothly, minimizing sudden transitions. Consequently,
we can realize universal holonomic quantum gates with freely evolv-
ing trajectories in a single step, using smooth pulses to avoid abrupt
changes in the system Hamiltonian. This eliminates the necessity
of dividing the evolution process into the orange slice trajectory as
required in conventional NHQC schemes.38–42 Furthermore, due to
the flexibility of the evolution trajectory, we can tailor these trajecto-
ries on demand by modulating the pulse shapes as defined in Eq. (5),
with the aim of avoiding the detrimental impacts of systematic errors
on the cyclic evolution condition, thereby enhancing the reliability
of implemented quantum gate operations.

Next, we clarify the process of building the optimized
NHQC (ONHQC) using the Rx,y(π/2) gate and the Rx,y(π/4)
gate as illustrative examples. These two gates can be constructed
by setting the gate parameters as (θ,φ, γ)Rx(π/2) = (π/2, 0,π/2),
(θ,φ, γ)Ry(π/2) = (π/2,π/2,π/2), (θ,φ, γ)Rx(π/4) = (π/2, 0,π/4), and
(θ,φ, γ)Ry(π/4) = (π/2,π/2,π/4), respectively. To mitigate the
adverse effects of errors on cyclic evolution, we minimize the terms
presented in Eqs. (16) and (17) by optimizing the parameters an
and bn. Table I lists optimized values of parameters an and bn for
the gates Rx,y(π/2) and Rx,y(π/4), under both Rabi and detuning
errors. In addition, here we truncate with n = 4, which is arbitrary,
but this setting is accurate enough for our purpose.

With the above parameter settings, we plot the evolution trajec-
tories for the Rx,y(π/2) and Rx,y(π/4) gates of the ONHQC scheme,

TABLE I. Optimized parameters for the ONHQC scheme considering Rabi and
detuning errors.

Errors Gate a1 a2 a3 a4 b1 b2 b3 b4

ε, η Rx,y(π/2)−1.115 0.48 0.13 −0.2 4.83 3.66 4.73 0.88
Rx,y(π/4) 0.645−0.27 0.017 0.027 4.079 6.12 4.01 6.03
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FIG. 3. Evolution trajectories for the (a) Rx,y(π/2) gate and (b) Rx,y(π/4) gate,
where the blue points represent the starting points of the evolution, and the black
points indicate the end points when considering the error coefficients ε = −0.1
and η = 0.1. The pulse shapes for the (c) Rx,y(π/2) gate and (d) Rx,y(π/4) gate.
The gate fidelity for the (e) Rx,y(π/2) gate and (f) Rx,y(π/4) gate as a function of
Rabi error and detuning error, where the red surfaces represent the performance
of the ONHQC scheme, while the blue surfaces illustrate the conventional NHQC
scheme.

as illustrated in Figs. 3(a) and 3(b), where we have considered the
ratio of Rabi and detuning errors as ε = −0.1 and η = 0.1. From the
figures, it is evident that the end point of the evolution (black point)
closely aligns with the starting point (blue point), indicating that the
conditions for cyclic evolution have been effectively satisfied. Fig-
ures 3(c) and 3(d) show the pulse shapes for the gates Rx,y(π/2)
and Rx,y(π/4) of the ONHQC scheme, which smoothly transitions
from zero to zero. Through our parameter optimization process,
we have ensured that cyclic evolution is well maintained, signif-
icantly enhancing the robustness of the implemented holonomic
quantum gates against systematic errors. Figures 3(e) and 3(f) com-
pare the robustness of the NHQC scheme with that of the ONHQC
scheme against systematic errors. The results clearly demonstrate
that the robustness of the ONHQC scheme exceeds that of the con-
ventional NHQC approach. This highlights how the incorporation

of cyclic evolution protection contributes to maintaining the fidelity
and reliability of quantum operations.

V. OPTIMIZATION FOR THE DECOHERENCE
RESISTANCE

Quantum systems cannot be perfectly isolated from their envi-
ronment and inevitably experience environmental decoherence,
leading to a decrease in gate fidelity. Next, we will continue to focus
on optimizing the resistance of NHQC to decoherence. We evalu-
ate the performance of quantum gates by using the Lindblad master
equation of77

ρ̇(t) = −i[H(t), ρ(t)] +
1
2 ∑j=−,z

ΓjL(σj), (19)

where ρ(t) is the density matrix of the quantum system,
L(A) = 2AρA − A†Aρ − ρA†A is the Lindbladian operator with
σ− = ∣0⟩⟨e∣ + ∣1⟩⟨e∣ and σz = ∣e⟩⟨e∣ − ∣1⟩⟨1∣ − ∣0⟩⟨0∣, and Γ− and Γz
represent the decay and dephasing rates, respectively. The gate
fidelity is defined as F = 1

6∑
6
l=1 ⟨Ψl(0)∣U(τ)† ρU(τ)∣Ψl(0)⟩, where

the six initial states ∣Ψl(0)⟩ are ∣0⟩, ∣1⟩, (∣0⟩ + ∣1⟩)/
√

2, (∣0⟩ − ∣1⟩)/
√

2, (∣0⟩ + i∣1⟩)/
√

2, and (∣0⟩ − i∣1⟩)/
√

2, respectively.
By optimizing the parameters an and bn, we achieve a one-

step implementation of holonomic quantum gates that exhibits the
strongest resistance to decoherence. The corresponding parameter
settings are summarized in Table II. With these parameters, we plot
the smooth pulse shapes, as shown in Figs. 4(a) and 4(b). Based on
the definitions of the decoherence operators σ− and σz , it is evident
that an increase in the population in the excited state ∣e⟩ leads to
a greater impact from decoherence. Consequently, we present the
population distributions of the state ∣e⟩ under different schemes in
Fig. 4(c). The results show that, after optimization, the ONHQC
scheme shows a significant reduction in the population of the ∣e⟩
state compared to the conventional NHQC scheme. In particular,
for the conventional approach, the populations of the state ∣e⟩ are
the same regardless of the type of gate operation. This phenomenon
is linked to its fixed evolution path, which passes through the south
pole along the orange slice trajectory. In contrast, for the ONHQC
scheme, smaller rotation angles correspond to lower populations of
the ∣e⟩ state. This improvement is due to the flexibility of the evo-
lution path, which allows it to remain far from the excited state ∣e⟩
at the south pole. This can also be observed in the trajectory dia-
grams in Figs. 3(a) and 3(b). Figure 4(d) illustrates the resistance
to decoherence for different schemes and their associated gates.

TABLE II. Optimized parameters for the ONHQC scheme considering only decoherence and both decoherence and systematic errors.

Case Gate a1 a2 a3 a4 b1 b2 b3 b4

Decoherence Rx,y(π/2) 1.1323 0.2967 −0.2811 −0.1339 10.0302 2.2792 −1.8508 0.5216
Rx,y(π/4) −0.84 −0.15 0.31 0.17 11.81 4.28 −2.61 0.24

Decoherence + errors Rx,y(π/2) 0.94 −0.455 0.05 0.227 4.36 4.56 4.94 1.6
Rx,y(π/4) −0.555 0.024 0.036 0.043 5.742 6.69 4.538 7.374
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FIG. 4. Pulse shapes of (a) Rx,y(π/2) gate and (b) Rx,y(π/4) gate. (c) The pop-
ulation of excited state ∣e⟩ for different schemes. (d) Comparison of performance
under decoherence in different schemes for the Rx,y(π/2) gate and Rx,y(π/4)
gate.

The ONHQC scheme significantly enhances the fidelity of quan-
tum gates. In this analysis, we set Γ− = Γz = Γ. In particular, when
Γ = Ωm/500, the fidelity of the Rx,y(π/2) gate in the ONHQC scheme
improves by 0.8% compared to the conventional NHQC scheme,
while the fidelity of the Rx,y(π/4) gate sees a significant improvement
of 1%.

In practical quantum systems, it is common to encounter mul-
tiple coexisting sources of noise rather than being limited to a single
type of noise. Therefore, we comprehensively consider the influ-
ences of decoherence, Rabi errors, and detuning errors, optimizing
the parameters an and bn to enhance the overall performance of

FIG. 5. Pulse shapes of the (a) Rx,y(π/2) gate and (b) Rx,y(π/4) gate under both
systematic errors and decoherence. The gate fidelity for the (c) Rx,y(π/2) gate
and (d) Rx,y(π/4) gate as a function of the Rabi error and the detuning error with
a decoherence rate of Γ = Ωm/2000, where the blue surfaces represent the per-
formance of the ONHQC scheme, while the red surfaces illustrate the conventional
NHQC scheme.

holonomic quantum gates. In Table II, we present the parameter
settings that optimize the overall performance of the quantum gate
under these conditions. With these optimized parameters, we plot
the smooth pulse shapes in this case, as shown in Figs. 5(a) and 5(b),
and illustrate the robustness of the quantum gate against Rabi and
detuning errors compared to the conventional NHQC scheme with
the decoherence rates of Γ = Ωm/2000, as depicted in Figs. 5(c) and
5(d). It is evident that our ONHQC scheme demonstrates a signifi-
cant improvement in both fidelity and robustness compared to the
conventional NHQC method. This enhancement underscores the
effectiveness of our optimization approach in mitigating the impact
of various noise sources, thus ensuring more reliable quantum gate
operations in practical environments.

VI. OPTIMIZATION OF TWO-QUBIT GATES
In the pursuit of universal quantum computation, nontrivial

two-qubit quantum entangling gates are indispensable. Next, we
construct two-qubit gates in a single step while enhancing their
comprehensive robustness through optimal control. We choose the
auxiliary basis as

∣μ1(t)⟩ = ∣00⟩,
∣μ2(t)⟩ = ∣01⟩,

∣μ3(t)⟩ = cos
θ
2
∣10⟩ + sin

θ
2

eiφ
∣11⟩,

∣μ4(t)⟩ = cos
α(t)

2
(sin

θ
2

e−iφ
∣10⟩ − cos

θ
2
∣11⟩) + sin

α(t)
2

eiβ(t)
∣1e⟩,

∣μ5(t)⟩ = sin
α(t)

2
e−iβ(t)

(sin
θ
2

e−iφ
∣10⟩ − cos

θ
2
∣11⟩) − cos

α(t)
2
∣1e⟩,

(20)
where θ,φ are the time-independent parameters, and α(t),β(t) are
the time-dependent parameters with α(τ) = α(0) = 0. The solutions
of the Schrödinger equation can be set as

∣ψl(t)⟩ =
4

∑
i=1

Cil(t)∣μi(t)⟩, l = 1, . . . , 4, (21)

∣ψ5(t)⟩ = eiζ(t)
∣μ5(t)⟩, (22)

where Cil(t) are the time-dependent elements of the 4 × 4
matrix C(t), and ζ(t) is a real function of t with ζ(0)
= 0. Here, C(t) is defined as C(t) = T exp [i∫

t
0 A(t′)dt′], with

Aij(t) = i⟨μi(t)∣μ̇j(t)⟩, (i, j = 1, 2, 3, 4). With these settings, we have
∣ψk(0)⟩ = ∣μk(0)⟩ = ∣μk(τ)⟩ (k = 1, 2, . . . , 5. It is obvious that the
subspace S ′

(t) = Span{∣ψ1(t)⟩, ∣ψ2(t)⟩, ∣ψ3(t)⟩, ∣ψ4(t)⟩} satisfies
the cyclic evolution and parallel transport conditions. Considering
the initial space S ′

(0) as the computational subspace, the evolution
operator U2(τ) acting on the computational subspace represents the
nonadiabatic holonomic two-qubit quantum gate.

We further set ζ̇(t) = β̇(t)[3 + cos α(t)]/2; the Hamiltonian
that governs the quantum system can be obtained by

H2(t) = i
5

∑
k=1
∣ψ̇k(t)⟩⟨ψk(t)∣

= ∣1⟩c⟨1∣⊗Ht(t),
(23)
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where the subscripts c and t represent the control qubit
and the target qubit, respectively; and Ht(t) = Δ(t)∣e⟩t⟨e∣
+ [Ω0(t)ei[φ+β(t)+χ(t)]

∣e⟩t⟨0∣ +Ω1(t)ei[β(t)+χ(t)+π]
∣e⟩t⟨1∣ +H.c.] is the

Hamiltonian acting on the target qubit, which remains consistent
with Eq. (4). This Hamiltonian implies that the corresponding
operation on the target atom will only occur when the control
atom is in the state ∣1⟩c; otherwise, the evolution of the entire
system will be frozen. Such Hamiltonian structure is found in a
wide range of physical systems, including Rydberg atom systems
and superconducting circuits.42 Utilizing this Hamiltonian, after
cyclic evolution, the evolution operator acting on the two-qubit
computational basis {∣00⟩, ∣01⟩, ∣10⟩, ∣11⟩} is given by

U2(τ) = (
I 0
0 U1

), (24)

which is a two-qubit holonomic controlled-U gate, where
U1 = exp[−iγ(τ)/2] exp[iγ(τ)n σ/2] represents a rotation opera-
tion around the axis n = (sin θ cosφ, sin θ sinφ, cos θ) by an angle γ
= 1

2∫
τ

0 β̇(t)[1 − cos α(t)]dt in the two-qubit subspace {∣10⟩, ∣11⟩}.
Due to the similarity between the Hamiltonian Ht(t) and that

of single-qubit gates, we can improve the performance of two-qubit
gates by optimizing the parameters an and bn, which are still the free
coefficients of α(t) and β(t) in Eq. (18). We expect the implemented
two-qubit holonomic gates via the stable cyclic evolution process can
demonstrate low error sensitivity. Here, we take the controlled phase
(CP) gate with γ = π/2 as an example and optimize the robustness
of the CP gate against the Rabi errorΩ0(1) → (1 + ε)Ω0(1) and detun-
ing error ηΩm(∣e⟩c⟨e∣ + ∣e⟩t⟨e∣). The corresponding optimized para-
meter settings are provided in Table III. Figure 6(a) illustrates the
comprehensive performance of our ONHQC approach for the CP
gate under the decoherence condition with Γ1 = Γ2 = Γ = Ωm/2000,
where the fidelity of the CP gate is higher than 99% throughout the
entire error range. Compared to the unoptimized NHQC scheme, as

TABLE III. Optimized parameters for the CP gate considering both decoherence and
systematic errors.

Cases Gate a1 a2 a3 a4 b1 b2 b3 b4

Decoherence
+ errors CP −1.115 0.48 0.13−0.2 4.83 3.66 4.73 0.88

FIG. 6. Performance of quantum gates under the Rabi error, the detuning error,
and the decoherence with decoherence rates of Γ = Ωm/2000. (a) and (b) The
results for CP gates in our ONHQC scheme and the conventional NHQC scheme,
respectively.

shown in Fig. 6(b), our method shows overwhelming advantages in
the overall performance of the quantum gate.

VII. DISCUSSION AND CONCLUSION
In conclusion, we present a general protocol for constructing

error-insensitive holonomic quantum gates through cyclic evolu-
tion protection, utilizing a single smooth pulse. Numerical results
demonstrate that our approach effectively maintains cyclic evolu-
tion, leveraging this mechanism to enhance the fidelity of holonomic
gates and their robustness against systematic errors. Compared to
the conventional NHQC scheme, our ONHQC approach shows
significant advantages in overall performance. In addition, we con-
struct high-fidelity two-qubit holonomic gates using cyclic evolu-
tion protection. In particular, the fidelity of the two-qubit CP gate
exceeds 99% in a wide range of error scenarios under decoherence,
thus outperforming conventional NHQC schemes. Moreover, our
approach is adaptable to various physical systems, including super-
conducting quantum circuits, Rydberg atoms, and ion traps. This
versatility enhances the potential of our protocol as a promising
method for realizing high-fidelity and robust geometric quantum
gates, positioning it as a viable option for large-scale quantum
computation.
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