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Abstract：We systematically study the radiative transitions of bottom-strange mesons in the framework

of the relativistic constituent quark model. The partial widths of the E1 and M1 decays are predicted.

The results predict that most of E1 decay widths are several keV and most of M1 decay widths are less

than 1 keV,which give a roadmap of searching for the higher bottom-strange mesons via radiative decays.

The experimental searches by the forthcoming Belle II can in turn provide further tests to our result in

the present work.
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1 Introduction

In recent decades, much progress on experimental

observations of new hadron states has been achieved.

A growing number of orbital and radial excited

hadrons have been discovered
[1]
, which makes the

hadron family lengthy. On the other hand, understand-

ing of the properties of the newly observed hadrons

can enlarge our knowledge about quantum chromody-

namics(QCD), especially about QCD at low energy.

While the non-pertubative nature of QCD at low en-

ergy make it difficult to study the hadron properties

from the first principle, we rely usually on some QCD-

inspired quark models to depict hadron spectra and to

investigate hadron decays.

Of all mesons, the heavy-light mesons family are

particular interesting since the spin of the heavy quark

in a heavy-light meson conserves in the heavy quark

limit. This extra symmetry indicates that the wave

function of a heavy-light meson has to be independent

of the flavor and spin of the heavy quarks
[2–5]

. In view

of the relativistic effects, the mass spectra of heavy-

light mesons are well described by the relativistic con-

stituent quark model proposed in Refs. [6–8].

Besides the mass spectra, the decay behaviors of

the heavy-light mesons provide further restrict to the

wave functions of mesons, which is also directly re-

lated to the interactions of both heavy and light quarks.

Thus, the systematical investigation on the heavy-light

meson decays provides a crucial test to our understand-

ing of the interquark interactions in mesons. As the

dominant decay modes of the higher excited bottom

strange mesons, the strong decays had been studied

via the quark pair creation mechanism in relativistic

constituent quark model
[9]
. Compared to the strong

decays, the mechanism of the radiative decays is well

understood, thereby the Hamiltonian of photon emis-

sion interaction could be constructed. Furthermore,

the radiative transitions of mesons are sensitive to the

inner quark structure of mesons themselves and there-

fore, the study of the radiative decays of the heavy-

light mesons will be helpful in determining the inner

properties of a meson, such as, quantum numbers. In

addition, the radiative decays could be a valuable tool

of searching for the missing higher excited states.

The mass spectra of the heavy-light meson spectra

had been well reproduced[7–8]. With the numerically

solved wave functions, one can further study the radia-

tive decays of the heavy-light mesons. Compared to

the charmed and charmed-strange mesons, the theoret-

ical estimations for the radiative decays of the bottom-
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strange mesons are rare. In the present work, we per-

form a systematical study of the radiative decays of

bottom strange mesons in the framework of relativis-

tic constituent quark model[7–8]. With this investiga-

tion, we can provide a roadmap of searching for higher

bottom-strange mesons via radiative decays.

This paper is organized as follows, after introduc-

tion, a brief review of the relativistic quark model and

the formula for the radiative decays are presented in

Section 2, the numerical results and some discussions

are given in Section 3.

2 Relativistic constitute quark model

and radiative decays

Firstly, we present a brief review of the relativistic

constituent quark model[7–8]. In view of the relativis-

tic effects, the bounding system of the quark and anti-

quark is described by the Hamiltonian in the form,

H=
√

p2+m2
1+

√

p2+m2
2+Veff(r) , (1)

where p is the momentum of the (heavy) quark or the

(light) anti-quark in the center-of-mass frame of the

meson, m1 and m2 are the masses of them, respec-

tively. The effective potential Veff(r) includes the spin-

independent confinement potential VCon(r) and spin

dependent part composed of the hyperfine interaction,

Vhyp(r), and the spin-orbital interaction terms, VSO(r).

Explicitly, these potentials are given by

VCon(r)=−
4

3

αs(r)

r
+br+c ,

Vhyp(r)=f(r)s1 ·s2+g(r)(3(s1 · r̂)(s2 · r̂)−s1 ·s2) ,

VSO(r)=h1(r)s1 ·L+h2(r)s2 ·L , (2)

where the form of confinement potential is consis-

tent with the calculation of Lattice QCD
[10]

and the

parameter c is an additional constant fitted by the

ground state of the spectrum. The r-dependent func-

tions, f(r), g(r), h1(r) and h2(r), in the hyperfine

and spin-orbital interactions are defined by αs(r) and

dVCon(r)/dr, which read
[7]
,

f(r)=
32π

9m1m̃2a
αs(r)δσ(r) , (3)

g(r)=
4

3

αs(r)

m1m̃2b

1

r3
, (4)

h1(r)=

[

4

3

αs(r)

r3

(

1

m1
+

1

m̃2c

)

−

1

2r

∂VCon(r)

∂r

1

m1

]

1

m1
, (5)

h2(r)=

[

4

3

αs(r)

r3

(

1

m1
+

1

m̃2c

)

1

m̃2c
−

1

2r

∂V (r)

∂r

1

(m̃2d)2

]

, (6)

where m̃2i (i= a,b,c,d) stand for the (dressed) masses

of the light antiquark, depending on the quark-

antiquark systems considered.

Instead of using the harmonic oscillator basis
[6]
,

one can adopt the spherical Bessel functions basis

Jl(kr) being restricted in a finite space r < L as a

complete basis to expand the bound-state wave func-

tion ψ(r),

ψ(r)=ΦnlYlm(r̂)=
unl

r
Ylm(r̂),

unl =
N
∑

i=1

c
(nl)
i

air

L
Jl

(air

L

)

, (7)

where cnl
i are the expansion coefficients, ai is the i-th

root of the spherical Bessel function. For the first step,

one can discard the hyperfine and spin-orbital interac-

tions in the Hamiltonian, and solve the Schrödinger

equation,

H0|ψ⟩=E0|ψ⟩ ,

with

H0 =
√

p2+m2
1+

√

p2+m2
2+VCon(r) . (8)

It is not hard to transform the above eigenvalue equa-

tion into a system of linear equations for the coefficents

cnl
i

[7–8].

For the second step, one can include the spin-

orbital and hyperfine interaction as a perturbative

terms. It should be noticed that the tensor term in

the hyperfine interaction Vhyp(r) does not conserve the

orbital angular momentum, thereby giving rise to the

mixing between the states with different orbital angu-

lar momenta but with the same spin and total angu-

lar momenta, i.e., the mixing between 3LJ and 3L′
J .

As for the spin-orbit interaction, VSO(r), it does not

conserve the total spins of the quark and anti-quark,

therefore the states with different total spin quantum

numbers but with the same orbital and total angular

momenta, i.e., 1LJ and 3LJ , will be mixed due to this

spin-orbit interaction. Such a kind of mixing can only

exist in the mesons compose of different kinds of quark

and anti-quark, in which the C-parity of the mesons

cannot be defined.

The radiative transition Hamiltonian for mesons

can be constructed from the photon-quark interactions,

which is,
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HEM =
eq
mq

(

−ip′ ·ϵ∗γ+
1

2
σ ·q×ϵ∗γ

)

e−iq·rq +(q→ Q̄) ,

(9)

where p′ and q are the momentum of quark and pho-

ton, respectively, and eq and mq the charge and the

mass of the quark. The first term in the bracket is

corresponding to E1 transition, which is independent

of the quark spin, so this term conserves the spin of

the meson, but changes the orbital angular momentum

by ±1. After some analytical simplifications, the E1

transitions between Bs mesons has the form[11–12],

ΓE1
A→B =

4α

3
⟨eM⟩2ω3CfiδSS′δLL′+1|⟨ψB(r)|r|ψA(r)⟩|

2 ,

(10)

where α is the fine-structure constant, ω is the pho-

ton’s energy and eM =(eqmQ−eQ̄mq)/(mQ̄+mq). In

the present work we chose Q̄ and q as the b̄ quark and

s quark, respectively. The angular momentum matrix

element, Cfi, is defined as,

Cfi =max(LA,LB)(2JB+1)

{

LB JB S

JA LA 1

}2

, (11)

where {...} is a 6-j symbol.

The second term in the first bracket of Eq. (9)

is corresponding to magnetic dipole (M1) transition.

The operator σ will change the spin of the quark. The

partial width of the magnetic dipole transitions is
[12]

,

ΓM1(A→B)=
αω3

3

2JB+1

2JA+1
δS,S′±1×

∣

∣⟨ψB(r)|fM1(r)|ψA(r)⟩
∣

∣

2
, (12)

with

fM1(r)=
eQ̄
mQ̄

J0

(

ωmqr

mQ̄+mq

)

+
eq
mq

J0

(

ωmQ̄r

mQ̄+mq

)

,

(13)

where J0(x) is the spherical Bessel function.

3 Numerical results and discussion

All of the involved parameters in the relativistic

constituent quark model are listed in Table 1. With

these parameters, one can obtain the mass spectra

of the bottom-strange mesons. At present, only four

bottom-strange mesons have been observed experimen-

tally, which are Bs(1
1S0), Bs(1

3S1), Bs(1
3P1) and

Bs(1
3P2), respectively. In Table 2, we present our nu-

merical results for mass spectra of the bottom strange

mesons. The experimentally measured values and

some other theoretical estimations are also listed for

comparison. One can find that the theoretical results

in the present relativistic constituent quark model re-

produce the experimental data better than the other

models, in particular, the discrepancies of the theoreti-

cal results and the experimentally measured values are

less than 20 and 1 MeV for the S wave and P wave

states, respectively.

Table 1 The parameters that this work involved.

Parameter Value/GeV Parameter Value Parameter Value Parameter Value/GeV

mb 4.99 ms 0.30 GeV b 0.16 GeV2
c −0.28

σ0 1.80 S0 1.55 m̃2a 0.679 GeV m̃2b 0.747

m̃2c 0.747 m̃2d 0.889 GeV L 10 fm

Table 2 The theoretical evaluation of the bottom-strange meson masses (in unit of MeV). For comparison, the
experimentally measured values and some other theoretical results are also listed.

State JP Exp. Present work GI model[6] Ref. [13] Ref. [14] Ref. [21] Ref. [22] Ref. [23]

Bs(11S0) 0− 5366.77±0.24 5350 5390 5366 −− 5378 5372 5373

Bs(13S1) 1− 5415.4+2.4
−2.1 5400 5450 5412 −− 5440 5414 5 421

Bs(11P1) 1+ 5829.4±0.7 5820 −− 5720 5834 −− 5865 5842

Bs(13P2) 2+ 5839.7±0.6 5840 5880 −− 5846 −− 5842 5820

Bs(13D1) 1− −− 6090 −− −− −− −− 6209 6127

Bs(13P0) 0+ −− 5720 −− −− −− −− 5833 5804

Bs(13P1) 1+ −− 5750 −− −− −− −− 5831 5805

Bs(23P2) 2+ −− 6260 −− −− −− −− 6359 6292

Bs(21S0) 0− −− 5890 5980 −− −− −− 5976 5985

Bs(23S1) 1− −− 5940 6010 −− −− −− 5992 6019

Bs(23D1) 1− −− 6410 −− −− −− −− 6629 −−
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Table 2 (Continued)

Bs(23P0) 0+ −− 6080 −− −− −− −− 6318 6292

Bs(23P1) 1+ −− 6150 −− −− −− −− 6345 6278

Bs(21P1) 1+ −− 6240 −− −− −− −− 6321 6296

Bs(31S0) 0− −− 6330 −− −− −− −− 6467 6421

Bs(33S1) 1− −− 6380 −− −− −− −− 6475 6449

Bs(1D′
2) 2− −− 6100 −− −− −− −− −− −−

Bs(1D2) 2− −− 6110 −− −− −− −− −− −−

Bs(2D′
2) 2− −− 6430 −− −− −− −− −− −−

Bs(2D2) 2− −− 6440 −− −− −− −− −− −−

With these predicted masses and the wave func-

tions estimated from the present model, we can per-

form the calculation of the radiative transitions be-

tween the bottom-strange mesons. It should be no-

ticed that no experimental measurement for the ra-

diative transitions between bottom-strange mesons is

available yet and also, before the systematical estima-

tions of the radiative transitions in the present work

the theoretical predictions are very rare, which makes

the present results are valuable for further experimen-

tal measurements and for the incoming theoretical in-

vestigations on this issue.

The theoretical estimations for the partial widths

of the E1 transition are given in Table 3. Most of

the partial widths of the E1 transitions are less than

1 keV for the S → Pγ transitions, except for the

Bs(3
1S0) → Bs(2P

′
1)γ, Bs(3

3S1) → Bs(2P
′
1)γ and

Bs(3
3S1) → Bs(2P1)γ, which are 3.50, 1.80 and 2.43

keV, respectively. As for the P →Sγ transitions, most

of the partial widths are several keV . As for D→Pγ

transitions, the partial widths of several channels, such

as Bs(1
3D1) → Bs(1

3P0)γ, Bs(1
1D2) → Bs(1P

′
1)γ,

Bs(2
1D2) → Bs(2P

′
1)γ, Bs(2

3D2) → Bs(2P
′
1)γ, are

larger than 5 keV. We notice that in Ref. [13] the par-

tial widths of Bs(1P1) → Bs(1
1S0)γ and Bs(1P1) →

Bs(1
1S0)γ are estimated to be 3.2 ∼ 15.8 keV and

0.3∼ 6.1 keV, which is consistent with our results. In

Ref. [16], the partial width for Bs(1P1)→Bs(1
1S0)γ is

predicted to be 2.01∼ 2.67 keV, in which the Bs(1P1)

was considered as a BK molecule states. In Ref. [15],

the predicted partial widths of Bs(1P
′
1) → Bs(1

3S1)γ

and Bs(1P
′
1) → Bs(1

3S1)γ were 56.9 and 39.1 keV in

the framework of heavy quark effective theory, which

are about 10 times larger than our present results.

Table 3 The partial widths of the E1 transition for Bs mesons, where the partial width below 0.01 keV is
marked as ∼ 0. The values in bracket are the theoretical predicted masses in unit of MeV.

Initial Final Width/keV Initial Final Width/keV

Bs(21S0) Bs(1P ′
1) 0.33 Bs(2P ′

1) Bs(13S1) 65.57

Bs(1P1) 0.10 Bs(11S0) ∼ 0

Bs(23S1) Bs(13P2) 0.15 Bs(2P1) Bs(11S0) ∼ 0

Bs(13P0) 0.76 Bs(13S1) ∼ 0

Bs(1P ′
1) 0.64 Bs(13D1) Bs(1P1) 1.66

Bs(1P1) 0.16 Bs(13P0) 5.69

Bs(31S0) Bs(1P ′
1) 0.54 Bs(23P0) ∼ 0

Bs(1P1) 0.36 Bs(13P2) 0.09

Bs(2P ′
1) 3.50 Bs(1P ′

1) 3.31

Bs(2P1) 0.44 Bs(23D1) Bs(23P0) 6.13

Bs(33S1) Bs(23P2) 0.58 Bs(1P ′
1) ∼ 0

Bs(23P0) 1.80 Bs(1P1) ∼ 0

Bs(2P ′
1) 2.43 Bs(13P0) ∼ 0

Bs(2P1) 0.55 Bs(2P ′
1) 2.25

Bs(13P2) 0.24 Bs(2P1) 0.63

Bs(13P0) 0.09 Bs(13P2) ∼ 0

Bs(1P ′
1) 0.23 Bs(23P2) ∼ 0

Bs(1P1) 0.16 Bs(11D2) Bs(1P ′
1) 7.08

Bs(13P2) Bs(13S1) 6.36 Bs(1P1) 3.7
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Table 3 (Continued)

Bs(1P ′
1) Bs(13S1) 3.20 Bs(21D2) Bs(2P1) 1.84

Bs(11S0) 4.78 Bs(2P ′
1) 5.62

Bs(1P1) Bs(11S0) 7.75 Bs(1P ′
1) ∼ 0

Bs(13S1) 5.53 Bs1(1P1) ∼ 0

Bs(13P0) Bs(13S1) 2.45 Bs(13D2) Bs(13P2) 0.89

Bs(23P2) Bs(23S1) 5.09 Bs(1P ′
1) 6.5

Bs(13S1) ∼ 0 Bs(1P1) 3.33

Bs(2P ′
1) Bs(23S1) 1.44 Bs(23D2) Bs(1P ′

1) ∼ 0

Bs(21S0) 2.73 Bs(1P1) ∼ 0

Bs(2P1) Bs(21S0) 6.66 Bs(13P2) ∼ 0

Bs(23S1) 4.20 Bs(23P2) 0.4

Bs(23P0) Bs(23S1) 0.43 Bs(2P ′
1) 5.06

Bs(13S1) ∼ 0 Bs(2P1) 1.58

As for the M1 transitions, we list our results

in Table 4. Most of the predicted partial widths are

less than 1 keV, except for those of Bs(1P1) →

Bs(1P
′
1)γ, Bs(1

3P2) → Bs(1P
′
1)γ, Bs(2P1) →

Bs(2P
′
1)γ, Bs(2

3P2)→Bs(2P
′
1)γ, which are estimated

to be 1.16, 2.46, 2.45 and 4.48 keV, respectively. In ad-

dition, the transition between Bs(1
3S1) and Bs(1

1S1)

should be a interesting channel, since both states have

been well established experimentally. Theoretically,

the partial decay width of Bs(1
3S1)→Bs(1

1S1)γ had

been predicted to be located in 0.05 to 0.22 keV
[17–20]

,

which are smaller than our results.

Table 4 The partial widths of the E1 transition for Bs mesons, where the partial width below 0.01 keV is
marked as ∼ 0. The values in the bracket are the theoretical predicted masses in unit of MeV.

Initial Final Width/keV Initial Final Width/keV

Bs(13S1) Bs(11S0) 0.42 Bs(23P2) Bs(2P ′
1) 4.48

Bs(21S0) Bs(13S1) 0.07 Bs(2P1) 0.03

Bs(23S1) Bs(21S0) 0.42 Bs(1P ′
1) 0.08

Bs(11S0) 0.08 Bs(1P1) 0.03

Bs(33S1) Bs(31S0) 0.42 Bs(23D1) Bs(1D2) ∼ 0

Bs(21S0) 0.05 Bs(1D′
2) ∼ 0

Bs(11S0) 0.02 Bs(2D2) Bs(13D1) ∼ 0

Bs(31S0) Bs(23S1) 0.07 Bs(1D′
2) 0.01

Bs(13S1) 0.13 Bs(1D2) ∼ 0

Bs(1P1) Bs(1P ′
1) 1.16 Bs(2D′

2) ∼ 0

Bs(13P0) 0.88 Bs(23D1) 0.04

Bs(13P2) Bs(1P ′
1) 2.46 Bs(2D′

2) Bs(1D2) ∼ 0

Bs(1P1) 0.01 Bs(1D′
2) ∼ 0

Bs(2P1) Bs(2P ′
1) 2.45 Bs(13D1) ∼ 0

Bs(1P ′
1) 0.05 Bs(23D1) ∼ 0

Bs(1P1) 0.02 Bs(1D2) Bs(13D1) 0.01

Bs(13P2) 0.02 Bs(1D′
2) ∼ 0

Bs(13P0) 0.03

To summarize, we perform, in the present work,

a systematical investigation on the radiative decays of

the bottom-strange mesons in the framework of rela-

tivistic constituent quark model, where both E1 and

M1 transitions are discussed for the first time. The re-

sults obtained in this work should be useful for further

experimental measurements and the incoming theoret-

ical investigations on this issue. In the forthcoming

Belle II
[24]

, a large quantity of excited bottom-strange

mesons could be produced with an updated center-

of-mass energy, which could provide a good platform

of measuring the radiative transitions of the bottom-
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strange mesons. These measurement could provide a

crucial test of our present results.
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摘要: 系统地研究了相对论夸克模型框架下的底奇异介子的辐射衰变。给出了底奇异介子E1和M1辐射衰变分宽

度。这些结果表明，大多数电偶极辐射衰变宽带能达到数个 keV，大多数磁偶极辐射衰变宽度小于 1个 keV，这为

实验上通过辐射衰变寻找底奇异介子提供了理论依据。建设中的Belle II上的实验可以进一步验证我们的结果。
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