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Abstract. Using the MILC 2+1 flavor asqtad quark action ensembles, we are calculating
the form factors f0 and f+ for the semileptonic Bs → K�ν decay. A total of six ensembles
with lattice spacing from ≈ 0.12 to 0.06 fm are being used. At the coarsest and finest
lattice spacings, the light quark mass m′l is one-tenth the strange quark mass m′s. At
the intermediate lattice spacing, the ratio m′l/m

′
s ranges from 0.05 to 0.2. The valence b

quark is treated using the Sheikholeslami-Wohlert Wilson-clover action with the Fermilab
interpretation. The other valence quarks use the asqtad action. When combined with
(future) measurements from the LHCb and Belle II experiments, these calculations will
provide an alternate determination of the CKM matrix element |Vub|.
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1 Introduction

The Cabibbo-Kobayashi-Masakawa (CKM) matrix describes weak interaction mixing of quarks in
the Standard Model of elementary particle and nuclear physics. The elements of the matrix are fun-
damental parameters of the Standard Model. If the CKM matrix is not unitary, or if independent
determinations of a particular matrix element from different decays do not agree, that provides evi-
dence of new physics beyond the Standard Model. The element |Vub| is an important avenue to search
for new physics. There is a long standing tension between its value determined from inclusive and
exclusive decays. (See Figure 1.) The exclusive decay B → π−�+ν [1] has been used to determine
|Vub|. The theory error from lattice calculations are smaller for the process at hand, Bs → K−�+ν,
because the spectator quark is strange, rather than an up or down quark. Experimental measurements
of this decay will be available from LHCb and Belle II. Figure 2 shows a Feynman diagram of the
decay without any of the QCD corrections that connect the valence quarks.

In this work, we use the 2+1 flavor MILC asqtad ensembles [2–4], asqtad valence light and strange
quarks, and clover quarks with the Fermilab interpretation for the b quark [5]. The decay has also been
studied by HPQCD [6] using MILC asqtad ensembles with HISQ light valence quarks and an NRQCD
b quark. The RBC and UKQCD Collaborations [7] have used 2+1 flavor domain-wall dynamical
quark ensembles, domain-wall valence light quarks and a relativistic heavy quark action for the b
quark.

2 Matrix elements and form factors

Lattice QCD allows us to compute the hadronic matrix elements that are needed to calculate the decay
amplitudes. The matrix elements can be expressed in terms of form factors in two ways:

〈

K(pK)|ūγµb|Bs(pBs )
〉

=
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vµ f�(EK) + pµ⊥ f⊥(EK)
]

. (1)

The initial Bs-meson 4-momentum is pBs , the final kaon 4-momentum is pK , and the 4-momentum
transfer to the leptons is q. Two form factors appear on the RHS, either f+ and f0 or f� and f⊥. In the
second expression, vµ ≡ pµBs

/MBs is the 4-velocity of the Bs meson and pµ⊥ ≡ pµK − (pK · v)vµ is the part
of the kaon 4-momentum orthogonal to v. The vector form factor f+(q2) and the scalar form factor
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Figure 1. History of the tension between determination of |Vub| from exclusive and inclusive decays [8].
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Figure 2. Feynman diagram for the decay Bs → K−�+ν without any of the QCD corrections.

f0(q2) satisfy the kinematic constraint f+(0) = f0(0). The two sets of form factors are related by:

f+(q2) =
1

√

2MBs

[ f�(EK) + (MBs − EK) f⊥(EK)], (2a)

f0(q2) =

√

2MBs

M2
Bs
− M2

K

[(MBs − EK) f�(EK) + (E2
K − M2

K) f⊥(EK)]. (2b)

In lattice QCD, it is convenient to calculate the second set of form factors on each ensemble by
calculating appropriate 2- and 3-point functions. The former determine the Bs meson mass, and the
kaon meson mass and energy (as a function of the K 3-momentum pK). The 3-point functions deter-
mine the lattice form factors f lat

�
and f lat

⊥ at the corresponding energies. After matching the currents,
we obtain the continuum f� and f⊥ by performing a chiral-continuum fit and extrapolating the fit to
physical quark masses and the continuum (zero lattice spacing) limit. The continuum form factors f+
and f0 are constructed from f� and f⊥ via Eqs. (2) and extrapolated to the whole kinematically allowed
momentum transfer region using the z-expansion [1, 9].

3 Correlation functions

To carry out this calculation we need a variety of 2- and 3-point correlation functions. We define them
as:

CBs

2 (t; 0) =
∑

x

�OBs (t, x)O†Bs
(0, 0)�, (3a)

CK
2 (t; pK) =

∑

x

�OK(t, x)O†K(0, 0)�e−ipK ·x, (3b)

CBs→K
3,µ (t,T ; pK) =

∑

x,y

�OK(0, 0)Vµ(t, y)O†Bs
(T, x)�eipK ·y, (3c)

where pK is the kaon momentum and Vµ is the lattice vector current. The continuum vector current
Vµ ≡ ūγµb = ZVµV

µ is related to the lattice one by a renormalization factor ZVµ , which is blinded until
our results are finalized to avoid any bias during the analysis.

The 2-point correlators are used to extract the lattice meson masses and to verify the dispersion
relation for the kaon. They also determine the overlaps of the lattice operators OBs and OK with the
Bs and K states, respectively.
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4 Lattice details
We use six of the MILC 2+1-flavor asqtad ensembles, with lattice spacings of ≈ 0.12, 0.09, and
0.06 fm. For each lattice spacing, we have dynamical sea quarks with mass ratio m�l/m

�
s = 0.1. For

a ≈ 0.09 fm, we have three additional values of m�l/m
�
s = 0.2, 0.15 and 0.05 to provide results for

the chiral extrapolation. We use asqtad valence quarks. The valence u and d quarks are taken to
be degenerate, and their mass aml is the same as the light sea quark mass am�l on the corresponding
ensemble. However, the valence s-quark mass ams is better tuned to match the physical value than
the dynamical s-quark mass. This subset of the MILC ensembles was chosen based on our experience
studying B→ π [1] and B→ K [10] semileptonic decays.

Table 1. Table of ensembles used and key parameters. From left to right: approximate lattice spacing; grid size;
sea light and strange quark masses in lattice units; valence strange quark masses in lattice units; number of

configurations analyzed; number of different time sources used on each ensemble; product of pion mass and
spatial size.

≈ a(fm) N3
s × Nt am�l /am�s ams Nconfig Nsource aMπNs

0.12 243 × 64 0.0050/0.0500 0.0336 2099 4 3.8

0.09 283 × 96 0.0062/0.031 0.0247 1931 4 4.1
0.09 323 × 96 0.00465/0.031 0.0247 1015 8 4.1
0.09 403 × 96 0.0031/0.031 0.0247 1015 8 4.2
0.09 643 × 96 0.00155/0.031 0.0247 791 4 4.8

0.06 643 × 144 0.0018/0.018 0.0177 827 4 4.3

The 2-point correlators are fit to these functional forms:

CBs

2 (t; 0) =

2N−1
∑

n=0

(−1)n(t+1) |�0|OBs |Bs
(n)�|2

2M(n)
Bs

(

e−M(n)
Bs

t
+ e−M(n)

Bs
(Nt−t)
)

, (4a)

CK
2 (t; pK) =

2N−1
∑

n=0

(−1)n(t+1) |�0|OK |K(n)�|2

2E(n)
K

(

e−E(n)
K t + e−E(n)

K (Nt−t)
)

. (4b)

We use N = 3 in our fits, with prior central values for n = 0 based on effective masses. We have set the
prior widths widely enough to avoid bias. We fit over the t range [tmin,tmax], with tmin selected so that
the fit has a good p-value and the ground state energy is stable under variations in tmin. We choose tmax

so that the fractional error in the correlator is <3%, thereby ignoring any noisy tail at large t. We use
kaon 3-momentum up to (1, 1, 1)×2π/Ns in lattice units, and have verified that the energy-momentum
dispersion relation is well satisfied.

The 3-point correlators are described by

CBs→K
3,µ (t,T ; pK) =

2N−1
∑

m,n=0

(−1)m(t+1)(−1)n(T−t−1)Aµmne−E(m)
K te−M(n)

Bs
(T−t), (5)

where

Aµmn =
�0|OK |K(m)�

2E(m)
K

�K(m)|Vµ|Bs
(n)�
�Bs

(n)|OBs |0�

2M(n)
Bs

. (6)

Since the energies and amplitudes are common to 2- and 3-point functions, it is possible to fit
them simultaneously. An example of this fit for a ≈ 0.12 fm can be found in Ref. [11], Figure 2.
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Figure 3. Chiral-continuum fit to the lattice form factors. These form factors are blinded, i.e., the person doing
the analysis is given the current renormalizations, but they have been multiplied by a blinding factor only known
to the person supplying the renormalizations. Only after the analysis is complete will the blinding factor be
revealed so that the form factors can be properly normalized.

5 Chiral-continuum extrapolation

Having extracted the lattice form factors on each ensemble for several values of EK , we are ready
to perform the chiral-continuum fit. We do this using SU(2) heavy-meson rooted-staggered chiral
perturbation theory (HMrSχP) [10, 12, 13]. At next to leading order, each form factor fP is fit to the
form

fP,NLO = f (0)
P [c0

P(1 + δ fP,logs) + c1
Pχl + c2

Pχh + c3
PχE + c4

Pχ
2
E + c5

Pχ
2
a], (7)

where the leading order term f (0)
P is

1
fP

gπ

EK + ∆
∗
P

. (8)

There is a pole determined by ∆∗P which takes the form

∆∗P =
M2

B∗ − M2
Bs
− M2

K

2MBs

. (9)

We require f� and f⊥ to have the same pole as f0 and f+, respectively. This is reasonable because, by
Eq. (2) f� and f⊥ are dominated by contributions from f0 and f+, respectively. The vector meson (with
JP = 1−) has been experimentally measured [8] as MB∗ = 5324.65(25) MeV. The scalar B∗ meson
(with JP = 0+) has not been observed experimentally, but a lattice QCD calculation [14] suggests the
mass difference between 0+ and 0− states to be around 400 MeV, i.e. MB∗ (0+)−MB ≈ 400 MeV. The
JP = 1− pole is below the Bπ production threshold, while the 0+ one is slightly above it, but still has
a significant influence on the shape of the form factor. The ci

P are coefficients of the corrections that
depend on quark masses, kaon energy, square of kaon energy, and square of lattice spacing. They are
fit parameters. Details of the chiral logarithms can be found in [10].

For our central fit of f� and f⊥ we allow additional NNLO analytic terms [1], fitting both form
factors simultaneously. Figure 3 shows the result of our fit. We note that χ2/dof = 0.89 with 42
degrees of freedom corresponding to a p-value of 0.68.
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(b) Different sources of error for f0 as a function of q2.

Figure 4. Error budgets from statistical and systematic effects.

There are several other sources of systematic error that must also be taken into account. These
include tuning of κb needed to get the right b-quark mass, possible mistuning of am′l from its physical
value aml, uncertainty in the physical value of r1 [15], and the uncertainty in the renormalization of
the vector current. The quantity r1 is related to the static potential and a variation on the Sommer
scale [16]. It is dicussed extensively in Ref. [4], Sec. IV.B. Discretization effects from the light and
heavy quark actions and errors in the coupling gπ needed for the chiral logarithms are combined with
the statistical errors because they are parameters in the chiral-continuum fit. At this point, we use
Eq. (2) to convert from the lattice form factors to f+ and f0. In Fig. 4, we show our preliminary error
budgets. Note that the statistical errors dominate the systematic errors, and they grow rapidly as q2

decreases.
To reduce errors and extrapolate to q2 < 17GeV2, we use the functional z-expansion method

described in Ref. [1]. This avoids construction and fitting of synthetic data. For the z-expansion, we
use the so-called BCL approach first described in Ref. [9]. We fit f+ and f0 simultaneously keeping
terms up to order z3 without imposing the kinematic constraint f+(q2 = 0) = f0(q2 = 0). We see
in Fig. 5 that this condition is well satisfied as q2 = 0 corresponds to the maximum value of z in
the figure. We also note that the unitarity condition

∑K
m,n=0 Bmnbmbn ≤ 1 is well satisfied by our fit.

The sums are 0.160(30) for f+ and 0.157(45) for f0. Imposition of constraints from heavy quark
effective theory or kinematics would only slightly reduce the error in the form factors at q2 = 0. Our
z-expansion fit has χ2/do f = 0.82 for 5 degrees of freedom which corresponds to a p-value of 0.54.
We next reconstruct the form factors as functions of q2. Our preliminary result, for which the Z factors
for current renormalization are still blinded, is shown in Fig. 6.

6 Summary

This paper contains an update on our lattice QCD calculation of the form factors f+ and f0 for the
decay Bs → K�ν. Our results are still preliminary. Once we finalize the systematic error analysis, we
will unblind the form factors, and compare them to previous results. Before unblinding, we can only
predict the shape of the decay distribution, not its absolute magnitude. Once we unblind, we can use
existing information about |Vub| to predict the Bs differential decay rate. Alternatively, once the decay
distribution is experimentally measured, our form factors can be used to infer |Vub| from this decay.
This may shed light on the current discrepancy between exclusive and inclusive modes.
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There are several other sources of systematic error that must also be taken into account. These
include tuning of κb needed to get the right b-quark mass, possible mistuning of am′l from its physical
value aml, uncertainty in the physical value of r1 [15], and the uncertainty in the renormalization of
the vector current. The quantity r1 is related to the static potential and a variation on the Sommer
scale [16]. It is dicussed extensively in Ref. [4], Sec. IV.B. Discretization effects from the light and
heavy quark actions and errors in the coupling gπ needed for the chiral logarithms are combined with
the statistical errors because they are parameters in the chiral-continuum fit. At this point, we use
Eq. (2) to convert from the lattice form factors to f+ and f0. In Fig. 4, we show our preliminary error
budgets. Note that the statistical errors dominate the systematic errors, and they grow rapidly as q2

decreases.
To reduce errors and extrapolate to q2 < 17GeV2, we use the functional z-expansion method

described in Ref. [1]. This avoids construction and fitting of synthetic data. For the z-expansion, we
use the so-called BCL approach first described in Ref. [9]. We fit f+ and f0 simultaneously keeping
terms up to order z3 without imposing the kinematic constraint f+(q2 = 0) = f0(q2 = 0). We see
in Fig. 5 that this condition is well satisfied as q2 = 0 corresponds to the maximum value of z in
the figure. We also note that the unitarity condition

∑K
m,n=0 Bmnbmbn ≤ 1 is well satisfied by our fit.

The sums are 0.160(30) for f+ and 0.157(45) for f0. Imposition of constraints from heavy quark
effective theory or kinematics would only slightly reduce the error in the form factors at q2 = 0. Our
z-expansion fit has χ2/do f = 0.82 for 5 degrees of freedom which corresponds to a p-value of 0.54.
We next reconstruct the form factors as functions of q2. Our preliminary result, for which the Z factors
for current renormalization are still blinded, is shown in Fig. 6.

6 Summary

This paper contains an update on our lattice QCD calculation of the form factors f+ and f0 for the
decay Bs → K�ν. Our results are still preliminary. Once we finalize the systematic error analysis, we
will unblind the form factors, and compare them to previous results. Before unblinding, we can only
predict the shape of the decay distribution, not its absolute magnitude. Once we unblind, we can use
existing information about |Vub| to predict the Bs differential decay rate. Alternatively, once the decay
distribution is experimentally measured, our form factors can be used to infer |Vub| from this decay.
This may shed light on the current discrepancy between exclusive and inclusive modes.
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Figure 5. Blinded form factors as a function of z. The region in which there is lattice data is shown with its errors
in yellow for f+ and green for f0.
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Figure 6. Blinded form factors shown in previous figure are now plotted vs. q2. Color scheme is the same as
before.
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