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The balanced homodyne detection as a readout scheme of gravitational-wave detectors is
carefully examined from the quantum field theoretical point of view. The readout scheme in
gravitational-wave detectors specifies the directly measured quantum operator in the detection.
This specification is necessary when we apply the recently developed quantum measurement
theory to gravitational-wave detections. We examine the two models of measurement. One is the
model in which the directly measured quantum operator at the photodetector is Glauber’s photon
number operator, and the other is the model in which the power operator of the optical field is
directly measured. These two are regarded as ideal models of photodetectors. We first show these
two models yield the same expectation value of the measurement. Since there is consensus in the
gravitational-wave community that vacuum fluctuations contribute to the noises in the detectors,
we also clarify the contributions of vacuum fluctuations to the quantum noise spectral density
without using the two-photon formulation which is used in the gravitational-wave community.
We found that the conventional noise spectral density in the two-photon formulation includes
vacuum fluctuations from the main interferometer but does not include those from the local
oscillator. Although the contribution of vacuum fluctuations from the local oscillator theoret-
ically yields the difference between the above two models in the noise spectral densities, this
difference is negligible in realistic situations.

Subject Index A60, E02

1. Introduction

Since gravitational waves began to be directly observed by the Laser Interferometer Gravitational-
wave Observatory [1] in 2015, gravitational-wave astronomy and multi-messenger astronomy
including gravitational waves have been developing [2]. To support these developments as a more
precise science, improvements in the detector sensitivity are necessary. To achieve these improve-
ments, it is important to continue the research and development of the science of gravitational-wave
detectors together with the source sciences of gravitational waves. Current gravitational-wave detec-
tors have already been limited by the fundamental noise that arises from quantum fluctuations of
lasers in the detector system and the reduction of these quantum noises is an important topic in the
science of gravitational-wave detectors. Therefore, to improve the sensitivity of gravitational-wave
detectors, a rigorous quantum-theoretical description is required.

Recently, a mathematically rigorous quantum measurement theory has also been developed (Ref.
[3], and references therein). One of the motivations of this development was gravitational-wave
detections [4]. However, the actual application of this theory to the gravitational-wave detectors

© The Author(s) 2021. Published by Oxford University Press on behalf of the Physical Society of Japan.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/),
which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited.

1202 JequianoN €z Uo Jasn sjauyjoljqiqrenusz-AS3d Ad G06+9€9/10VEOL/0L/1L20z/eoe/de)d/wod dno-olwapede//:sdyy woj papeojumo(



PTEP 2021, 103A01 K. Nakamura

requires its extension to the quantum field theory, because the quantum noise in gravitational-wave
detectors is discussed through the quantum field theory of lasers [5]. Furthermore, in the quantum
measurement theory, we have to specify the directly measured quantum operator. In interferometric
gravitational-wave detectors, we may regard that the directly measured operator is specified at the
“readout scheme” in the detectors. The readout scheme in gravitational-wave detectors is the optical
system that specifies the optical fields which are detected at the photodetectors through the signal
output from the “main-interferometer” and the reference field which is injected from the “local
oscillator.” Research into this readout scheme is important for the development of the mathematical
quantum measurement theory and its application to gravitational-wave detections.

Current gravitational-wave detectors use the DC readout scheme, in which the output photons
from the main interferometer are directly measured. On the other hand, “homodyne detections” are
regarded as candidates of the readout scheme in the near future [6,7]. In Ref. [5], it is written that
the output quadrature l;@ defined by

59 = cos@lAn + sin@ivz (1.1)

is measured by the “balanced homodyne detection.” Here, by and b, are the amplitude and phase
quadrature in the two-photon formulation [8,9], which are defined by Egs. (3.18) in this paper, and
0 is called the homodyne angle. The output operator by includes gravitational-wave signal 4(2) as

by = R(,6) (izn(sz, 6) + h(Q)), (1.2)

where /,(Q) is the noise operator given by the linear combination of the annihilation and creation
operators of photons injected to the main interferometer through the input—output relation of the main
interferometer. However, it does not seem that there is a clear description for the actual measurement
processes of the operator (1.1) or directly measured quantum operators in these processes.

Following this motivation, in Refs. [10,11], we examined the case where the directly measured
operators are the number operator

hw) = a' (w)a(w) (1.3)

for each mode frequency, where a(w) and af(w) are the annihilation and creation operators of the
electric field. From the usual commutation relations

[a(w),eﬁ(w’)] =20 — ), [a(w), )] = [&T(w),ffr(w/)] —0, (1.4)

the eigenvalue of the operator 71(w) becomes a non-negative countable number. This countable
number gives rise to the notion of a “photon” and we can count this number, in principle. In fact,
there are many experiments in which detectors count the photon number 7(w) of the single mode.
As a result of the examination in Refs. [10,11], we reached to a conclusion that we cannot measure
the expectation value of the operator (1.1) by the balanced homodyne detection [12,13]. However,
the operator (1.3) is not appropriate as a directly measured operator in gravitational-wave detectors,
because we take the time-sequence data detected at the photodetector and discuss its Fourier spectrum.
This implies that the photodetection in gravitational-wave detectors is essentially a multi-mode
detection.

In this paper, we re-examine the measurement process of the balanced homodyne detections for
multi-mode detections. As a directly measured operator in multi-mode detections, Glauber’s photon
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number operator
No(t) x ESV(OES 1) (15)

is often used in much of the literature. Here EC(DL) and EC(,_) are the positive- and negative-frequency
parts of the electric field Ea(t) of the detected optical field, respectively, which are introduced in
Sect. 2.1. On the other hand, in the gravitational-wave community, it is often said that the probability
of the excitation of the photocurrent is proportional to the power operator

Py o % (Ea(z))2 (1.6)

of the measured optical field. It is also true that in much of the literature the photo-detection is treated
as a classical stochastic process, in which the detection probability is proportional to the expectation
value of the power operator [14—16].

Historically speaking, in theoretical quantum measurement of optical fields [17-31], there was a
controversy surrounding which variable is directly measured by photodetectors for multi-frequency
optical fields. Some insisted that the direct observable of photodetectors is the above photon number
operator (1.5) in the multi-mode optical fields, while others insisted that the direct observable of
photodetectors is the power of the optical field.! Although the author could not find a complete
conclusion of this controversy in literature, both of the operators (1.5) and (1.6) are used in many
recent studies.

Keeping in mind this situation, in this paper we examine two models of directly measured operators
as two ideal cases. One is the model in which the directly measured operator at photodetectors is
Glauber’s photon number operator (1.5), and the other is the model in which the directly measured
operator is the power operator (1.6). As a result of these examinations, we reached the conclusion that
the expectation value of the operator 139 given by Eq. (1.1) is measured by the balanced homodyne
detection, contrary to the results in Refs. [10,11].

In this paper, we also evaluate the noise spectral density of these models. In much of the literature
on gravitational-wave detection it is written that the single sideband noise spectral density S’/(f) (w)
for an arbitrary operator A(w) with the vanishing expectation value in the “stationary” system is
given by

125 — o/ S®) -_l'A Aty oo AT (VA :

> wé(w — )8, () = > (in|4d(w)A" (") + A" (w")A(w)]|in). (L.7)
The noise spectral density (1.7) is introduced by Kimble et al. in Ref. [5] in the context of the two-
photon formulation [8,9]. However, in this paper we do not use the two-photon formulation, though

! For example, discussions in Refs. [17-19,25,26] are as follows: From the microscopic point of view, the
interaction between photons and charged particles is proportional to 13;1, where p is the momentum of the
charged particles in the photodetector and A is the vector potential of the laser. This interaction is also given
as pA = p(A™D 4+ 49)), where A (A7) is the positive- (negative-) frequency part of the vector potential.
In Refs. [17-19,25], the term 13121(” was ignored at their starting point. In Ref. [25], with this ignorance, it
was insisted that the macroscopic photo-current is proportional to the expectation value (4 A) under the
“quasistationary field condition” even in the wideband detection. This result supports Glauber’s photon number
operator (1.5) as the directly measured operator in photo-detections. However, in Ref. [26], it was claimed that
the term 1321 ) gives a finite contribution to the macroscopic photo-current in the wideband photo-detections. In
any case, the connection of the microscopic process and macroscopic measured photo-current will be necessary
to reach a conclusion. However, the story is not so simple; the problem becomes quite complicated if we take
into account the randomness of detected photo-currents [19,30].

3/38

1202 JequianoN €z Uo Jasn sjauyjoljqiqrenusz-AS3d Ad G06+9€9/10VEOL/0L/1L20z/eoe/de)d/wod dno-olwapede//:sdyy woj papeojumo(



PTEP 2021, 103A01 K. Nakamura

some final formulae are written in terms of the two-photon formulation as much as possible. We
also examine the original meaning of Kimble’s noise spectral density (1.7) and derive the deviations
from this noise formula (1.7) together with the noise contributions due to the imperfection of the
interferometer configuration. Although Collett et al. [31] also discussed the quantum noises in the
heterodyne and homodyne detections, they used the normal-ordered generating function to evaluate
the noises in detections. Therefore, it is not clear whether their arguments properly include vacuum
fluctuations or not. The contributions from the vacuum fluctuations are carefully discussed in this
paper. This is the full paper version of our previous paper [32].

The organization of this paper as follows. In Sect. 2, we summarize the basic notation used in
this paper and introduce Glauber’s photon number operators and the power operator of the detected
optical field in the multi-mode detections. In Sect. 3, we examine the expectation values measured by
the homodyne detections in the two models with the above two different directly measured operators.
In Sect. 4, we show the general arguments of the noise spectral density and introduce the definition
of the noise spectral density. In Sect. 5, we evaluate the quantum noise in the homodyne detections.
The final section (Sect. 6) is devoted to our summary and discussions.

2. Preliminary

In this section, we describe the notation of the electric fields, quantum states and quantum operators
which are used within this paper. In Sect. 2.1, we describe the basic notations of quantum operators
for the electric field of the laser in gravitational-wave detectors. In Sect. 2.2, we introduce two
quantum operators which are the candidates of the directly measured operators at the multi-mode
photodetectors. One is Glauber’s photon number operator and the other is the power operator as
mentioned in Sect. 1.

2.1.  Basic notation

In this paper, we denote the electric field of the lasers by

~ t® dw [27h . _
Egt—2) = f 2 [at@e = 4 at @)etiot=)]
0 7V Ac

=EP -2 +ED 1 -2), @.1)

where E[(,H (t — z) is the positive frequency part of Eq (1t — 2):

o T dw [27ho :
E(+) f—2) = / ~ —iw(t—z) 22
. (t—2) A 2\ A e (2.2)

and EC(,_) (t — z) is the adjoint operator of E}(,Jr) (t—2z)as

R - i

EO (-2 = [E[(ZJF)(I - z)] . 2.3)
The A in the factor of Eq. (2.1) is the sectional area of the laser beam. The operators a(w) and &' (w)
in Eq. (2.1) are annihilation and creation operators of the photon, respectively, and these satisfy the
commutation relations (1.4). We explicitly denote the quadrature a(w) of the electric field in the

subscript of the electric field (2.1) itself. We may write Eq. (2.1) so that

—+o0
Bt —z) = / ‘21—:,/2172‘” [@(a))&(a))—f—@(—w)&T(—a))] ei0t=2), 2.4)

4/38

1202 JequianoN €z Uo Jasn sjauyjoljqiqrenusz-AS3d Ad G06+9€9/10VEOL/0L/1L20z/eoe/de)d/wod dno-olwapede//:sdyy woj papeojumo(



PTEP 2021, 103A01 K. Nakamura

where ® (w) is the Heaviside step function

1 for w > 0;

Ow) = { 2.5)

0 for w < 0.

From the commutation relations (1.4), we can derive the commutation relation between the positive-
and negative-frequency part Eéi) (#) of the electric field as

+00
[E§+)(t),E§"(t’)] = ZT—:L /0 g—cn”we"'w("” =: %Aa(r—z/). (2.6)
[EP0.E )] = [ED0.E0 @] =o. @)

The subscription “a” of the function A, (¢ —¢') indicates that this is the vacuum fluctuation originating
from the electric field £, with the quadrature a(w).

We note that the function A, (¢ — ) has ultraviolet divergence. This divergence is clearly seen from
the w-integration in the definition (2.6) of the function A,(¢# — ) and is a famous one which comes
from the infinite sum of the vacuum fluctuations. However, in the actual measurement of the time
sequence of the variables, the time in a measurement is discrete with a finite time bin. Namely, the
time in a measurement has the minimal time interval. This time interval is adjusted in experiments
so that the time scale of interest is sufficiently resolved and it gives the maximum frequency wmax,
which becomes the natural ultraviolet cut-off of the frequency in the obtained data. Incidentally, in
the actual measurement of the time sequence of the variables, the whole measurement time is also
finite, and this finiteness of the whole measurement time gives the minimum frequency w;,;;, which
corresponds to a natural infrared cut-off in frequency. Therefore, we may regard that the integration
range over w in the definition of the function A, (¢ — ¢’) in Eq. (2.6) is [@min, ®max] instead of
[0, +oc]. For this reason, throughout this paper we do not regard the divergence in the definition of
the function A, (¢t — t) as a serious one.

Finally, we introduce the vacuum state |0), and the coherent state |« ), of the electric field whose
complex amplitude is @ (w). As usual, we introduce the vacuum state |0), through the operation of
annihilation operator a(w) as

i(w)|0)q = 0. 2.8)

We also introduce the coherent state |« ), associated with the annihilation operator a(w) as an eigen
state of the operator a(w) as

a(w)|a), = a(w)|a)qg. (2.9)

Here, we note that the dimension of the complex amplitude o (w) is Hz~ /2, Incidentally, we also
note this coherent state is theoretically produced by the operation of the displacement operator D[a]
from the vacuum state |0), defined by Eq. (2.8) as follows:

A * dw AT * A
la)a = D[a]|0)q =: exp [f e <Ot(w)a (w) —«a (w)a(w))} 10)a- (2.10)
0 T

Here, we note that the subscriptions “a” in the states |0), and |«), indicate that these states are
associated with the electric field operator E,(¢), with the quadrature a(w).
In the time domain operators Ec(zi) (1), the definition (2.8) of the vacuum state is given by

ES1))0), = 0. (2.11)
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On the other hand, the definition (2.9) of the coherent state is also given by

EP(0loe = | a0l 2.12)
C

a(t) == f ;@Ma(w)e—fw. (2.13)
0 4

where

These properties (2.11)—(2.13) are often used in arguments of the homodyne detections given below.

2.2.  Multi-mode number and power operators

It is often said that the operator (1.5) is regarded as the “photon number” in the multi-mode photon
system from Glauber’s pioneer papers [17,18]. One of reasons for regarding the operator (1.5) as the
photon number is the fact that the superposition of the electric field operator is possible within the
field equation, i.e., the Maxwell equations, while the superposition of the operator 7(w) defined by
Eq. (1.3) is not possible within the field equations. Therefore, it is said that the natural extension of the
photon number to the multi-mode case is the operator given by Eq. (1.5). Furthermore, Glauber [17]
discussed this operator through the state transition. The matrix element for the transition from the
initial state |i) to a final state |f) in which one photon has been absorbed is given by (f |E S (i, 0)i).
The probability per unit time that a photon is absorbed by an ideal detector at point “7” at time “¢”
is proportional to

> [riEDe, z>|i>\2 = Y _GEC 0N FIED ¢ 0li) = GET .0 ED ¢r.0)l0). 2.14)

S f

The vacuum condition (2.11) implies that the rate at which photons are detected in the empty, or
vacuum, state vanishes [17].

Although the above Glauber’s argument seems to be plausible, the contributions of the vacuum
fluctuations are not clear. On the other hand, there is consensus in the gravitational-wave community
that the vacuum fluctuations contribute to the noise in gravitational-wave detectors. For this reason,
in this paper we examine two models of the photodetection as two ideal cases. One is the model in
which the directly measured operator at the photodetectors is the multi-mode photon number defined
by

KnC

2 h

Nyt = AES(ES (o). (2.15)

The other is the model in which the photocurrent is proportional to the power operator P, of the
optical field, which is defined by

P.t) = %A (Ea(z))z. (2.16)

Here, the coefficients «, and k), is a phenomenological constant whose dimension is [time]. These
coefficients include so-called “quantum efficiency”. However, these are not important within our
discussion in this paper.
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— Signal
—— Carrier from the local oscillator

Main
interferometer

Local oscillator

Fig. 1. Configuration of the interferometer for the simple homodyne detection. “BS” and “PD” are “Beam
Splitter” and “Photo Detector”, respectively. The notations of the quadratures a, b, ¢,, ¢;, d,, d;, I, and [; are
also given in this figure.

3. Homodyne detections by multi-mode detectors

In this section, we show the quantum field theoretical description of the homodyne detection moti-
vated by the quantum measurement theory. In quantum measurement theories, we have to specify the
directly measured operator to describe the measurement process. As mentioned above, we consider
two measurements. In Sect. 3.1, we discuss the measurement process in which the directly measured
quantum operator is Glauber’s photon number (2.15). In Sect. 3.2, we discuss the measurement
process in which the directly measured quantum operator is the power operator (2.16) of the optical
field. In this section, we concentrate only on the output expectation value of the homodyne detection.

3.1. Homodyne detections by photon-number counting detectors

Now we describe the homodyne detections in the case where the directly measured quantum operator
is Glauber’s photon number (2.15). We also describe the details of the homodyne detections. We start
our arguments from the simple homodyne detection in Sect. 3.1.1. This simple homodyne detection
is extended to the balanced homodyne detection, which is described in Sect. 3.1.2.

3.1.1.  Simple homodyne detection

Here, we review the simple homodyne detection depicted in Fig. 1. In this paper, we want to evaluate
the signal in the electric field Eb (t). The electric field from the local oscillator is the coherent state
(2.12) with the complex amplitude y (w). The output signal field £,(¢) and the additional optical
field from the local oscillator is mixed through the beam splitter with transmissivity #. In the ideal
case, this transmissivity is n = 1/2. However, in this paper, we dare to denote this transmissivity
of the beam splitter for the homodyne detection by 1 as a simple model of the imperfection of the
interferometer.

As introduced in Sect. 2.1, the output electric field E}, from the main interferometer is given by

B0 =EP0O+E"0 3.1)
and the electric field from the local oscillator is given by

E,o=EP0+Eo. (3.2)
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Furthermore, the electric field to be detected through the photodetector is given by
Ee,(t) = ESP () + E) ). (3.3)

At the beam splitter, the signal electric field Eb (t) and the electric field E]l.(t) are mixed and the
beam splitter outputs the electric field Eco (?) to one of the ports. These fields are related through the
relation

E., (1) = ynEp(t) + 1 — nEj, (1) (3.4)

Next, we assign the states for the independent electric field described in Fig. 1. As mentioned above,
the electric field Eli from the local oscillator is in the coherent state |y); (2.12) with the complex
amplitude y (w) in the frequency domain, or equivalently,

0 g4 ‘
Y () = /0 2 wly @e (3.5)

in the time domain as Eq. (2.13). In addition to this state, the electric fields Edi () and Ec,- (t) are in
their vacua. The junction condition for the electric fields at the beam splitter is given by

Eq(t) = Ee(t) — /1 — nkEq (0). (3.6)

Due to the relation (3.6), the state associated with the quadrature a is described by the vacuum states
for the quadratures cAli and ¢;.

Usually, the state associated with the quadrature b depends on the state of the input field E, into
the main interferometer and the other optical fields which inject to the main interferometer [5].
Furthermore, in this paper, we consider the situation where the output electric field £j includes
the information of classical forces as in Eq. (1.2), and this information is measured through the
expectation value of the operator Ep.

To evaluate the expectation value of the signal field £j, we have to specify the state of the total
system. Here, we assume that this state of the total system is given by

W) =17)i; ® [0)¢; ® [0)g; @ |¥)main; (3.7)

where the state |¥)main 1S the state for the electric fields associated with the main interferometer,
which is independent of the state |y);, |0)c,;, and |0)4. As noted above, the signal field Eb may
depend on the input field E,, and this input field E, is related to the quadratures Ec,- and Ed,- through
Eq. (3.6). Therefore, strictly speaking, the expectation value of the signal field £ means that

(Ep() = (¥ |main ® (Ol ® (01¢,E(1)10)¢; @ 10) g ® 1% ) main» (3.8)
but we denote simply
(Ep) 1= (W|Ep|W). (3.9)

In this section, we specify that the directly measured operator of the photodetector is the multi-
mode photon number operator defined by Eq. (2.15) associated with the optical field which enters the
photodetector. In the case of the simple homodyne detection depicted in Fig. 1, the direct observable
measured at the photodetector (denoted as “P.D.” in the figure) is

KnC

Ney (1) = 5= AEC (OESY (). (3.10)
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Through the photodetector, we measure the time sequence of the operator ]cho (¢) and we can perform
the Fourier transformation of this time sequence as

+00
N, (w) == / ditN,, (et (3.11)

Substituting Eq. (3.4) into Eq. (3.10), we obtain
Ry = 80 Vo0 = e (B R @+ £ 0E D 0)
+ (1= ) 0). (3.12)

The expectation value of the photodetector output field (ZVCD (2)) under the state (3.7) is given by

. . Ac
(Fe, ) = n{80) + V@ =mwens— (O 0 +y 0F )
+ (1= maly O (3.13)

The second term in Eq. (3.13) is the linear combination of the electric field E}, from the main
interferometer. Here, we consider the case of the monochromatic local oscillator case, in which the
complex amplitude y (w) of the coherent state from the local oscillator is given by

y(w) =2ny§(w —wy), y €C, wy>0. (3.14)

In this case, the Fourier transformation of this second term in Eq. (3.13) is given by

T i AC A(H) )
dre (U= i (v OE 0+ y OE o))

—0o0

= vn(l —nky <®(wo + 0)y* Voo (wo + w)b(w + w)
1O (wy — )y wo(@o — )b (wy — a))). (3.15)

Here, we denote the complex function y as
y =t lyle™™, (3.16)

and consider the situation where wo > @ > 0. In this case, Eq. (3.15) is given by

400
/ diet (1= mwns— A —(r0E 0 +y 0k o)

—00
~ V(= nyesenly | (e—"%(wo + ) + 5T (o — ). (3.17)

We note that, at this moment, wy is just the central frequency of the coherent state from the local
oscillator and has nothing to do with the central frequency of the signal field £,(¢) from the main
interferometer. Therefore, Eq. (3.17) is still valid even in the case of “heterodyne detection”, in which
the central frequency of the coherent state from the local oscillator may not coincide with the central
frequency of the signal field E »(1).

Now we choose wy so that this frequency coincides with the central frequency of the signal field
E;,(t) This choice is the “homodyne detection”. In this choice, we may 1dent1fy the quadratures
b(a)o + w) and b(a)o — w) with the upper- and lower-sideband quadratures b+ (w) and b_ (w) in the

9/38

1202 JequianoN €z Uo Jasn sjauyjoljqiqrenusz-AS3d Ad G06+9€9/10VEOL/0L/1L20z/eoe/de)d/wod dno-olwapede//:sdyy woj papeojumo(



PTEP 2021, 103A01 K. Nakamura

two-photon formulation [8,9], respectlvely Therefore, we may introduce the amplitude quadrature
b1 (w) and the phase quadrature b2 (w) by

A

by = 13++13’L), by = (b+—zﬂ) (3.18)

1
7 7

In terms of these quadratures 131,2 (w), Eq. (3.17) is given by

+00
/ dte+iwt\/r7(1 — n)/c,, Ac <y (t)E(+)(t) + )/(Z)E( )(t)>

—00

~ V(1 = n)xnwmw(ée(w)}, (3.19)

where the operator 39 (w) is defined by Eq. (1.1) through the definitions (3.18) of the amplitude, and
the phase quadratures 131 (w) and lAaz (w). Thus, the middle term in Eq. (3.13) yields the expectation
value of the operator b (w) in the two-photon formulation [5].

On the other hand, the Fourier transformation of the final term in Eq. (3.13) in the monochromatic
local oscillator case (3.14) is

+oo
(1 = )iy / dtet 1y (1) = (1 — nkx2mwoly 128 (). (3.20)

—00

Then, the Fourier transformation of the expectation value (3.13) is given by

(N, @) ~ 0 {Rp(@)) + V(T = a1 bo (@) + (1 = myca2zanlyP6@).  (3.21)

Since the final term in Eq. (3.21) is classically predictable, we can eliminate this term from the data,
or we may ignore the data at the frequency w = 0. In any case, the final term is not important, though
this term is the first dominant term in Eq. (3.21) in the case where |y | is sufficiently large. In the same
case, i.e., the case where |y | is sufficiently large, the first term in Eq. (3.21) is negligible. Then, we
can measure the middle term in Eq. (3.21). Thus, we may say that the expectation value (139 (w)) can
be measured through the simple homodyne detection, though the first term in Eq. (3.21) becomes a
noise in the expectation value.

3.1.2.  Balanced homodyne detection

In the above s1mple homodyne detection, the term n(Nb (w)) in Eq. (3 21) becomes a noise in
expectation value (/\fco (w)) if we want to measure the expectation value (bg (w)). This noise can be
eliminated through the balanced homodyne detection depicted in Fig. 2.

As depicted in Fig. 2, in the balanced homodyne detection we detect the optical field from another
port of the beam splitter (BS) in addition to the interferometer setup of the simple homodyne detection
depicted in Fig. 1. We denote the photodetectors as D1 and D2 in Fig. 2.

At D2, we detect the operator

+00
ECOES (1), N(w) = / diNg, (t)et (3.22)

—0o0

Na, (1) =

At the BS, the electric fields from the main interferometer and the local oscillator are mixed as
Eq, () = —/T = nE,(6) + nEp(0). (3.23)
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— Signal
—— Carrier from the local oscillator D2

d,

Ci

d;
b / &,
Main —— D1
interferometer | <~——— —
a
BS
(n) !fx Er.:

Local oscillator I

Fig. 2. Configuration of the interferometer for the balanced homodyne detection. The notation used for the
quadratures is the same as in Fig. 1.

and the detected operator Nd,, () is given by

, A Ac (b O g
R, = = mRp0) = Va0 =y (B 0B 0 + B 0E o))
+ 0N, (8). (3.24)

The expectation value of this operator under the state (3.7) is given by

A : A |, (-
(F,0) = @ =) (80)) = V@ =mwens— (v OE 0 +y 0F )
+ulyOF. (3.25)

From the expectation values (3.13) and (3.25), we can eliminate the term (Nb(t)) which was a
noise term in the expectation value (3.13) of the simple homodyne detection. This elimination is
accomplished by the combination

m (1= e, = 1, 0) = 25 (0D @ + v 0 )
- ﬂw(m? (3.26)
V(@ —mn)
From this expectation value, we define the signal operator Sy (¢) as
(1) = — e [ = e, 0 — 1, 0]~ @ (27)
Kkn/n(1 — 1) V(@ =mn)
so that
Gr0) = 2 [y (Do) + o (B 0)]. (3.28)

We note that Sy (¢) is self-adjoint, i.e., §;rv(l) = Sy (1). In Eq. (3.19), we have already shown that
the Fourier transformation of the expectation value (3.28) is proportional to the expectation value
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(139 (w)). In fact, in the case where the local oscillator is monochromatic with a central frequency wg
and where wg > @ > 0, we conclude that

1
V2ayly|

From the viewpoint of quantum measurement theories, we may regard that the operator Sy (¢) is the

v (@)) ~ (Ba(@)) . (3.29)

signal operator to be measured in the measurement process of the balanced homodyne detection
through the measurements of Glauber’s photon number Nc,, (t) and Ndo ().

3.2.  Balanced homodyne detections by power counting detectors

In this section, we re-examine the arguments on the balanced homodyne detection in Sect. 3.1 under
the premise that the direct observable is the power operator (2.16).

At the beam splitter, the signal field Eb(t) and the field El,- (t) from the local oscillator is mixed
through the conditions (3.4) and (3.23). Through these conditions and the definition (2.16) of the
operator Pa (#), the power operators i’c; (1) at D1 and ﬁdo (¢) at D2 are given by

Pe,(t) = nPy(t) + (1 = MPy,(0)
Ac /4 A A A
+ V=i (B0 B0 + B 0By 0)) (3.30)
Py, (0) = (1 = mPy() + 0Py (1)

Ac 4 4 A s
= V=3 (Ba0E, (0 + E,(0Es0)). (3.31)

Here, we note that the expectation value of }311. (¢) is given by

~ ~ 2
(Py0) = %A«Ezi(t)) > = [ O + 7 @) + 5,0)] (3.32)

Here, A;(0) is the vacuum fluctuations from the local oscillator. Inspecting the arguments in
Sect. 3.1.2, we define the signal operator 5p(¢) by

p(1) = 5 [ = o, () by, 0] — - (By0)) (333
Hepv =) 2ip/n(T=1)
Ac o o .~
= ﬁ [Eli(t)Eb(f) + Ep(1)E, (t)]
1 -2y Ac /4 2 .
PN =) [271?1 (E10) ~{oo+y @7+ Azi<0>}] (3.34)

Now, we evaluate the expectation value of the signal operator 5p(¢). Here, we assume the
commutation relation

[Eb(t),f?;i(t)] —0. (3.35)

This assumption is justified in Appendix A. Under the assumption (3.35), the expectation value of
the signal operator §p(¢) is given by

: A o [
Br) = 5= (y 0 + 7" 0) (E0)). (3.36)
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When the monochromatic local oscillator with the central frequency wg and the frequency w of
interest satisfy the condition wg > @ > 0, the Fourier transformation of the expectation value of
the operator 5p(¢) is given by

+00
(Sp(w)) := / dte™™ ™ (3p(t)) (3.37)
~ Vawolyl (be(@). (3.38)

Here, we note that the factor 1/2 in the definition (3.33) is chosen so that the expectation value (3.38)
coincides with Eq. (3.29). From the viewpoint of quantum measurement theories, we may regard that
the operator 5p(¢) is the signal operator to be measured in the measurement process of the balanced
homodyne detection through the measurements of the power operators }300 (t) and ﬁdo (1).

4. Noise spectral densities

In much of the literature on gravitational-wave detection, it is written that the single sideband noise
spectral density S‘f) (w) for an arbitrary operator A(w) in the frequency domain with the condition
(ﬁ(w)) = 0 in the “stationary” system is given by Eq. (1.7) in the context of the two-photon formu-
lation. In the two-photon formulation [8,9], we consider the sideband fluctuations in the frequency
wo £ w with the central frequency wy of the optical field. The “single sideband” means that the noise
spectral density is evaluated only in the frequency range w > 0 of the positive sideband wy + w or
the range w > 0 of the negative sideband wp — w. This is due to implicit assumption of the symmetry
of the data around the central frequency wy. The frequencies w and o’ in Eq. (1.7) are the sideband
frequencies in the two-photon formulation.

The noise spectral density which includes the effects of both sidebands wy £ @ with @ = 0
is called the double sideband noise spectral density. The double sideband noise spectral density
S'/(ld) (w) for an arbitrary operatorfl (w) in the frequency domain with the condition (1?1 (w)) = 0isalso
given by

_ 1 ~ ~a ~ ~

278(w — 3P (w) = 5 (inld(@)4" (@) + AT (@) A()]in). .1

Furthermore, we consider the (double sideband) “correlation spectral density” of the observables
A(w) and B(w) with the condition (4(w)) = (B(w)) = 0 to be given by

278(0w — )8 (w) := %(in|21(a))l§T (@) + BT (@) A(w)|in). (4.2)
Here, we examine the meaning of the noise spectral density (4.1) and noise correlation spectral
density (4.2). In this paper, we do not explicitly introduce the central frequency wg nor distinguish
the upper- or the lower-sideband which provide the basis of the two-photon formulation. We consider
the noise-spectral density in the frequency range w € [0, +o0]. For this reason, we first consider
the double-sideband noise spectral density (4.2) in which we take into account both the upper- and
lower-sideband frequency range. We also consider the single-sideband noise spectral density (1.7),
if necessary.
To examine the meaning of the spectral densities (4.2), we consider the time-domain expression
of this formulae for the correlation spectral density through the Fourier transformation of the above
formulae. Performing the double inverse Fourier transformations associated with w and ' in noise
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correlation spectral density (4.2) and introducing the time-domain variables ﬁ(t) and f?(t) as

A +OO
A(t) = / ‘;: (@@)A(w)+®( ) AT (— a))) —iot (4.3)
Y 0 da/ IND N DT / —iw't
B() = / - (@(w )B(&) + O (=) B (—w ))e , (4.4)
Eq. (4.2) yields
_ 1 ~ ~ ~ ~
Cap(t — 1) = 5<in|A<t>B*<t’) + B (¢)A(1)in), (4.5)
where
_ +00 dow - o
Cup(f — 1) = / —Sp(w)etet=n, (4.6)
o 21

Equivalently, we may represent Eq. (4.5) and
= | NN A A
Cyp(r) = 5(1n|A(t)BT(t + 1) 4+ BT (t + 1)4(1)|in). 4.7)

We see that the left-hand side of Eq. (4.7) depends only on 7, while the right-hand side may depend
both on ¢ and . This dependence implies the “stationarity” of the system. Here, the stationarity of
the correlation means that the correlation function does not depend on the absolute value of ¢ but
depends only on the time-difference T = ¢’ — ¢. If we take into account the non-stationary cases, the
correlation function may depend on ¢ as

_ 1 A ~ ~
Cup(t,7) = E(inIA(t)BT(t + 1)+ BTt + 1)A®) |in). (4.8)

This is a general form of the correlation function. From the general correlation function (4.8), we
can obtain the correlation function for the stationary noise by the time-average as

1 (T2
C(aV)AB(T): hm ?/ dtCyp(t, 1)
72

T—o0
1 T/2 1 R . R .
= lim — / dt~(inJA(t + 0BT (1) + BT (At + v)|in). (4.9)
T—oo T -T2 2

We use the expression C(ay)45(7) defined by Eq. (4.9) for the correlation function for the stationary
noise, instead of C 45 (1) givenby Eq. (4.7). When 4 (1) = f?(t), the auto-correlation function Cay)4 (1)
for stationary noise is given by

1 T2 1. N .t A
Cana(t) == hm —f dt=(in|d(t + 0)AT (1) + AT () At + 7)lin). (4.10)

If the operator ﬁ(t) is self-adjoint, i.e., ;ff(t) = A(t), the auto-correlation function is given by
1 T/2 1 R . . .
Canu(r) = hm — / dti(inlA(t + 1)A(t) + A(t)A(t + T)|in). (4.11)

T—oo T J_ 12

Here, we note that [zzl(t),fl(t + 7)] # 0, in general.
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In the above argument, we only consider the operator 2(1) whose expectation value vanishes
(21(t)) = 0. When the operator 4(¢) has a non-trivial expectation value (21 1) = (in|21(t)|in) under
the state |in), we consider the noise operator ﬁn(t) for the operator zzl(t), which is defined by

A(t) =: 4,(0) + (AD)). (4.12)

Furthermore, we can evaluate the noise correlation function by

. 1 T/2 1 - . . . .
Cavya, (1) = Tll)moo T / - dtz(lnIAn(t + 1)A4,(t) + A, (6)A,(t + T)|in)

= Cana (1) — Clav,eh4(7), (4.13)

where C,y c1)4(7) 1s the classical correlation function defined by

. 1 T/2 . .
Cav,ch4(t) := lim —/ dt{A(t + 1)) (A()). (4.14)
T—o00 -T2
Thus, the quantum noise correlation function for the operator A(¢) is given by Eq. (4.13), where
Cavy4(t) and Ciayc4(7) are defined by Eqs. (4.13) and (4.14), respectively. The noise spectral
density Sy, () is given by the Fourier transformation of C(ay)4, (7) as

400 ,

S, (@) = / dtCayya, (T)e . (4.15)
—00

This is the generalization of the noise spectral density of Eq. (4.1). In this paper, we evaluate the

quantum noise through the noise spectral density (4.15) instead of Eq. (4.1).

5. Estimation of quantum noise

Following the discussion on the noise spectral density, we evaluate the quantum noise in homodyne
detections. As discussed above, the noise spectral density (4.15) is not based on the conventional
two-photon formulation, and the evaluated noise spectral density here is beyond the two-photon
formulation. However, we express our results in terms of the two-photon formulation as much as
possible.

As the first case, we evaluate the noise spectral density in the case where the directly measured
quantum operator is Glauber’s photon number (2.15), in Sect. 5.1. In this case, the measured signal
operator in the balanced homodyne detection is given by Eq. (3.27). Furthermore, we carefully
examine the contributions of the vacuum fluctuations to the noise spectral density in this case.

As the second case, we evaluate the noise spectral density in the case where the directly measured
quantum operator is the power operator (2.16), in Sect. 5.2. In this case, the measured signal operator
in the balanced homodyne detection is defined by Eq. (3.33). Although we do not carry out a careful
examination of the contribution of vacuum fluctuations to the noise spectral density in this case, it
will be trivial according to the considerations given in Sect. 5.1.

5.1.  Quantum noise in balanced homodyne detections by photon-number detectors

Here we evaluate the noise spectral density for the measurement operator sy (¢) defined by Eq. (3.27).
In terms of the electric fields, the operator sy () is given by

Ae

o) =
Sy () y

(20 0B 0+ BV 0D
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1=2n  (aepen _ 270 2
F——\E, 'E;" — —|y(t . 5.1
n(l_n)<,i A 1401 (5.1)
To carry out the evaluation of the noise spectral density, it is convenient to introduce the states |5y (7))
and {5y (¢)|, which are defined by

Sv (D) == sy (O)]W¥)

A A iy o
- ﬁ [v EE? "OEP 0+ E 0y ()

T2 [ B0 - o || 1) (5.2)
n{d — ) Ac ’ '

Sn@] = (WIsn ()

_ A () £() fD
= 2nh(xy|[y (NE," () +E, (1) hE (0
V=20 s |0y 2R
+ T (t) [E,I, ®) 7O (53)

We also use the states |Sy (¢ + 7)) and (Sy (¢ + t)|, which are given by the replacement ¢ — ¢+ 7 in
Eqgs. (5.2) and (5.3), respectively.
We evaluate the noise spectral density S;,, (@) of the noise operator

Snn (1) == Sn (1) — (SN (D)), (5:4)

step by step. The aim of these steps is to clarify the contributions of vacuum fluctuations to the
noise spectral density. First, in Sect. 5.1.1 we evaluate the normal-ordered noise spectral density
Sé;jrmal) (w), in which all vacuum fluctuations are neglected. Secondly, in Sect. 5.1.2 we evaluate
the contribution from the vacuum fluctuations of the signal field Eb (?). Finally, in Sect. 5.1.3 we
consider the contribution from the vacuum fluctuations from the optical field E;i (¢) from the local
oscillator.

5.1.1.  Normal ordered noise spectral density
To evaluate the normal-ordered noise spectral density S&?mal) (w), we consider the normal-ordered
correlation function

T2
(normal) . 1 A A A ~ .
Clpsy (D)= lim = /_ ” di5 (: 5w + DSV () + Sv (DS (E + 1) 2). (5.5)

As shown in Sect. 3.1.2, the expectation value of the operator Sy is given by Eq. (3.28). This can
also be verified through the states (5.2) or (5.3). Furthermore, from the states (5.2) and (5.3) with
the appropriate replacement ¢ — ¢ + t, we obtain

(: 5w + DSV () + Sv (DS (E + T) 2)
Ac

=22 | [y e+ oy 0B e+ b o

Oy e+ DET ¢+ 0ES (1)
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DY OETOE (+ 1)
+yt+ Ty OE ( + 0B (t)] W) . (5.6)

By the subtraction of the classical part and using

Eg2 ) = BP0 — (B @), (5.7)
we obtain
1
5 (18w 4+ D8N @) + VDSV (4 1T) <) — Gyt + 1) BN (D)
_ A * ) 2(+)
=22 (| [y e+ oy 0B @+ ED @

Oy e+ E e+ 0ES (1)
A+ DY OESTOED (+ 1)
+yt+ Ty OED ( + DB (t)] W) . (5.8)

(normal)

Then, the normal-ordered noise correlation function C @)sn

() is given by

T2
(normal) . Ac . 1 * * ~(+) 7 (+)
Clmid (1) = 3 lim — / o dt [y (t +7)y*(0) <Ebn (t+DE (t)>

Oyt + 1) <El(7;)(t +DED (t)>
R+ D)y (@) (E},;)(t)Egj )t + r))

+y@+ 0y (B e+ 0)] . 59

The noise spectral density Ss(f,fmal) (w) is the Fourier transformation of this noise correlation function
C(normal) (‘L’)
(av)snn :
1 too (normal) 1
somab (g) ;= / dTCp ™ (z)e 1T, (5.10)

This noise spectral density (5.10) is one of the targets of this section.
Here, we consider the monochromatic local oscillator case, where y (¢) is given by Eq. (3.14) and

+o00 dw ) 0
y() = f E«/By(w)e"‘“’ = Jawglylete (5.11)
0
with Eq. (3.16). Substituting Eq. (5.11) into Egs. (5.9) and (5.10), we obtain
Ac o0 »
1 2
S (@) = S —-oly| f_ _ dret
Lt 216 Hiwo(2i+7) | () B+

e (B + DES o)
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et (B WED @+ 1))
et (B 4 DB 0)]. (5.12)
Here, we introduce the Fourier-transformed expression of the field operator E lgj) () asin Eq. (2.2):

bu() := b(@) — (b(®)),

+00 ICyr.
El(]:)(f) :/O da) 27Tha)b ( Ve —za)t, E( )(t) [E(+)(t)] (513)

Substituting these operators into Eq. (5.12), we obtain

S&emab () = woly I* (Z1 (@) + To (@) + T3(w) + Za(w)) (5.14)

SNn

where we define Z;(w) by

T (w) = e 2 ./0 dan —V (w4 wy)wy <b (w + a)o)b (a)z)>

27
T/2 .
« lim + f deti(@o—w=w)t (5.15)
T—o00 —T/2
T dw
Ty (w) == fo N (B}(@0 — @)bu(en))
T/2 .
x lim — / dreti(@o—w=wt (5.16)
T— o0 —T/Z
+o00 da)1 +o00 da)z
T3(w) == /0 | Ve tee (Bl (@2ba(@ + )
T/2 .
x lim — / de”(@oFo—wt (5.17)
T— o0 —T/2
. dw
Tu(w) := et / 27: V(0o — w)wn (bT (wo — w)b*(an))
0
T/2 ,
x lim — / dte™(@oFo=wi, (5.18)
T— 00 -T2

Here, we used the situation where wg >> @ > 0 in the derivation of Egs. (5.15)—(5.18). The properties
of the function

1 (772 _

f(a) := lim —/ dte™, aeR (5.19)
T—+oo T J_ 12

in the factor of Egs. (5.15)—(5.18) is summarized in Appendix B.

In Appendix C, we show the explicit form (C.10) of Z;(w) of the Michelson interferometer as
an example. Equation (C.10) is a finite result and this result implies that the expectation value
(bp(w + @0)bp(awy)) includes the 8-function 278 (wy — (wy — w)). Due to this §-function, Z; (w)
has a finite value even after the averaging process of the integration by ¢. The expectation value
(IA)n(w + wo)lsn (wy)) may have more §-functions whose support is different from the point wp; =
wo — w. However, even in this case, such a § function does not contribute to the result Z; (w) due to
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the property of the function (5.19), as explained in Appendix B. This situation is also true in the cases
of Tr(w), I3(w) and Z4(w) given by Egs. (5.16)—(5.18), respectively. These finite results of Z;(w)
(i =1,2,3,4)also imply that if we force the omission of the integration by w;, and specify w; so that
the exponent in the average function vanishes in Egs. (5.15)—(5.18), the resulting expression of Z;(w)
includes 2776(0). This corresponds to the imposition of the stationarity to the noise spectral density.
Thus, we conclude that we can obtain the correct results if we regard the expression of 7 (w), for
example, as

278(0 — )T (@) = =20/ (w0 + @) (@o — @) (13,, (@0 + )by (wo — d)). (5.20)

In the case where wy > @ > 0, we conclude that

278(@ — )T (@) ~ woe ™ (By(wn + @)by(@o — ). (521)
Similarly, we obtain

278(w — ') Ir (@) ~ wo (13; (@0 — )by (wo — a))>, (5.22)

278 (0 — ) T3 () ~ wp (13; (@0 + @)bp(wo + w)), (5.23)

278(@ — ) Ta(w) ~ woe ™ (Bl (o — )b (@0 + ). (5.24)

Thus, from Egs. (5.21)—(5.24), the normal-ordered noise spectral density in the situation where
wo > w > 0 is given by

278 (0 — )SHO™ () = 278(w — & )eoly [* (T1 (@) + Lo (@) + T3(0) + Za(w))
~ Bl (e ba@o + @ba(@0 — )
+ZA)Z (w0 — )by (wy — &)
+1A);C(a)o + )b (wo + @)
et 20D (o + )b (o — a/)>. (5.25)

Note that wy is the central frequency of the optical field from the local oscillator. This frequency wy
may not coincide with the central frequency of the signal field Eb (t). In this sense, the above noise
spectral density includes the “heterodyne detection.”

Here, we regard that the central frequency wyg of the optical field from the local oscillator coincides
with the central frequency from the main interferometer. This is the “homodyne detection.” In this
case, we can use the sideband picture l;i (w) = lg(a)o + w), and the above noise spectral density is
given by

275 = )SE™ (@) ~ By 12 (€27 by @y (@) + b]_ (@b ()
+b] 4 (@b (@) + B (@] _(@)). (5.26)

Through the amplitude and phase quadratures 131 s 132,, and lA)g,, 1= CoSs 9[31,, + sin 9132,, this is given
by

2780 — &) ST (@) ~ @Rly [ (B, (@ )hon(@) + bon(@)h}, )
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—28(w — )] (5.27)

Here, we note that [Z)gn(a)), Z)gn(w’)] = 0. Since we only consider the positive frequency w, the first
term in the right-hand side of Eq. (5.27) is identical to the Kimble single-sideband noise spectral
density S,EZ) (w) introduced in Ref. [5] as
Smomab (4)) ~ 2|y |2 [ng} (@) — 1] . (5.28)

5.1.2.  Including vacuum fluctuations from the main interferometer
Here, we take into account the vacuum fluctuations from the signal field Ep(#). To clarify the contri-
bution of the vacuum fluctuations from the signal field E »(t), we ignore the vacuum fluctuations of
the local oscillator £ 7;(1), but take into account the vacuum fluctuations from the signal field Eb (1).

From the definition (5.1) of the signal operator Sy () and its expectation value (3.36), we defined
the noise operator Sy, (¢) (5.4) and considered states |Sy(¢)) and (Sy(¢)| as Egs. (5.2) and (5.3),
respectively. From Egs. (5.2) and (5.3) and the replacement ¢t — ¢ + 1, we also derived |y (¢ + 7))
and (Sy (¢ + 7)|. From these states, we evaluate here the inner products (Sy,(#)|Sn, (¢ + 7)) and
(SN (t + T)|Snn (7)) under the premises

RS 2mh

[E[(;L)(t),EIE )(z’)] = —jc Ap(t —1) #0, (5.29)
A 2mh /

(£ 0.E0 )] = %Ali(t —)=0. (5.30)

Of course, these premises are not consistent within the quantum field theory of electromagnetic fields.
However, we dare to use Egs. (5.29) and (5.30) to clarify from which field, E}, or Ej;, the vacuum
fluctuations contribute to the noise spectral density. Furthermore, we denote the inner products of
the states (Sy, ()], |1Sna (2 + 7)), (Snn (¢ + T)| and |Sn,(¢)) under the premises (5.29) and (5.30) by

1 .
E<§Nn (O)Snn(t + T) + Syn(t + TSN (t)>(nomal+51g.vac.)
1 .

= 5 <<§Nn(t)|§Nn(t + T))(normal+s1g.vac.)

it + )l (1) ot ) (5:31)

The straightforward calculations yield

1 .
$an(0)3Nn(t + T) + Snn(t 4 )5 (£)) MormalFsizvac)

(<: SNn(O)SNn (t + T) + Snn(t + T)SNn (2) >)

2
1
2

1
+5 (Y*(t + Dy A(T) + y* Oyt + 1) Ap(—1)). (5.32)

Then, we obtain the correlation functions and its average version as
C(nomal+sig.vac.) (1) = C(normal) (1) + C(sig.vac.)(r)’ (5'33)

(av)snn (av)sy (av)sy

where

. T/2 1
(sig.vac.) o . 1 * *
Clovyy (0 1= Tim /_ %3 ("t + DY O AT + ¥ O (¢ + 1) Ap(—1)) .(5.34)
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In the monochromatic local oscillator case, y (f) = /woe ' = /awo|y et e 0! we obtain
. 1 . .
C((;,g)'sﬁc')(r) = Ew0|y|2 (e T Ap(T) + e TN Ap(—1)). (5.35)
Using the explicit expression (2.6) of Ap(t) and the situation where wy > @ > 0, the Fourier
transformation of Eq. (5.35) is given by
S (@) = Ry - (5.36)

Together with the previous result (5.28), we obtain

5.1.3.  Including vacuum fluctuations from the local oscillator

Here, we take into account the vacuum fluctuations of the field El,» (¢) from the local oscillator in
addition to the previous results. We evaluate the inner products (Syy(¢)|Sn,(t + T)) and (Sn, (¢ +
7)|Snn(2)) under the premise

T (=) 2h / T (=) 2mh /
[EP 0,570 =%A[[(t—t) #0, [EP0.E) )] =%Ab(t—t) £0. (5.38)

This is the complete consideration which takes into account the vacuum fluctuations of all
optical fields. We denote these inner products through this evaluation as (Sy;,(¢)|Sn,(f +
T))(normal+sig.vac.+loc.vac.) and (Sy,(t + .C)|§Nn(t)>(normal+sig.vac.+loc.vac.)_ From the states given by
Egs. (5.2) and (5.3) and the definition (5.4) of the noise operator Sy, (), we can include the vacuum
fluctuations from the local oscillator field as

L, . . .
3 (Svn(D3Nn (1 4 T) + Svu(t + T)3Nn (1))

— l <<§Nn (t)lg'Nn(t + T))(norma1+sig.vac.+loc.vac.)
2

+<§Nn (t + ‘L’) |§Nn (Z»(normal+51g.vac.+loc.vac.))

[ 03 3 3 Lsig.vac.
T2 (Sna (3N (1 4 T) + Snn (£ + t)an(t)>(n°rma Fsig.vac.)

%;‘T_Ch [(E5 0D+ o) A=) + (B« + DE 0) a0}

I 1-2n [Ac " B B
3 T\ a2 [+ D (EP0) 40 (£ 0+ o)
L2 [A
20 —mV 27k
1(1—2n)?

3oy OV DAY+ Dy (08} (539

The lines from the second to the last in Eq. (5.39) are all the vacuum fluctuation contributions from
the local oscillator. Then we denote the averaged correlation function

Ay (—7) {y(t +1) <E,§‘)(t)> + () <E,§+)(t + r))}

(normal+-sig.vac.+loc.vac.) (normal+-sig.vac.) (loc.vac.)
C(av)an (T) = C(av)sN,, (T) = C(av)sN,, (T) + C(av)s\gfvn (T)’ (5'40)
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where we define

CUOV) (1) = F1(1) + Jo(v) + F3 (1) + Ja(r) + T5(2), (5.41)

(av)snn

Ac LT o) e
Ji(0) .—mTll)rJrrlOO?/;T/zdtREb (ES (t—i—r))A;i(—r)

<E< )(t+r)E(+)(t)>A (r)} (5.42)

B = 2 fim L / " a{(ESD ) B @+ o) Ay

Arh T—+o T J_ 712
+HESD e+ )P 0)a@], 543)

1-2n Ac i 1/T/2
im —
21 —n) 2nh T—+o00 T )

x {y*(t +1) (E1§+)(z)> ) <E,§‘) (« + r)>} , (5.44)

J3(1) =

dtAy(t)

1 -2 .Ac 1 (72
= lim dtAp(—
j4(7:) 2 /' 1 _ n A T—+oco0 T / T/2 ll( T)

x {y(l +1) <E1§‘) (t)> () <E§+) « + r)>} , (5.45)

(1-2m> 1/”2

2n(1 —n) T-+o0 T -T2

X Y @Oyt + A0y e+ Dy O]} (5.46)

Js(1) == dt

We evaluate J;(t) (i = 1,2,3,4,5) and their Fourier transformation 7;(w), separately.
First, we evaluate 71 (w). Substituting Egs. (5.13) and the definition (2.6) of the vacuum fluctuations
Ay (1), we obtain

1 [+ . 1 72
J1(w) ::E/ dret T lim —/ dt

—00 T—+oo T -T2
¢ () o () 2 A (+)
x> [<E OB (¢ + r)> A=) + <E (t +DE (t)) All.(r)]
1 /+°° dwy [T da)z
5 0 ? 0 27‘[
X [O(w2 — w) (w2 — ) + O(w2 + w)(w) + )]

w1z (B @b (@)

1 7/2
x lim = dteTH (@1 =01 (5.47)
T—+o00o -T)2

Here, we introduce the noise-spectral density S, (w) by

1 1/ A N A
$278(1 = 02)Sh, (@) = 3 (bu(@DB}@2) + bl @Dba(en). (5:48)

This definition of S, (w) has the same form of the Kimble single-sideband noise spectral density
(1.7). However, we have to emphasize that the noise-spectral density Sy, (w) has nothing to do with
the two-photon formulation nor the upper- and lower-sideband with the central frequency wg, while
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the Kimble single-sideband noise spectral density (1.7) is defined within the sideband picture of the
optical fluctuations in the two-photon formulation. The frequencies w; and w, in Eq. (5.48) are not
sideband frequencies, but the frequency w in the definition (2.2) of the mode function of the electric
field. Through the noise spectral density S, (w) defined by Eq. (5.48) and w > 0, we obtain

1 [t>°d
Ji () = 5/0 L (@1)? (Sp, (@) — 1)

27
1 [®d
-3 /O ot on (@1 — ) (85,01~ 1). (5.49)

Secondly, we evaluate the Fourier transformation /> (w) of J2(7) defined by Eq. (5.43). Here, we
define the expectation value of the output quadrature b(w) as

<13(w)> —: a(w) + B218(w — wo), (5.50)

where wy is the central frequency of the signal field éb(l) and we assume that «(w) and S are finite.
From this expectation value (5.50), we can evaluate the expectation value of the electric field E éi).
The vacuum fluctuations A, (£7) from the local oscillator are also given by Eq. (5.38) and (2.6).
Through the properties of the averaged function (5.19), we obtain the Fourier transformation 7, (®)
as

Jr(w) = (w0)?|B1%. (5.51)

Thirdly, we evaluate the Fourier transformation 73 (w) of J3(t) defined by Eq. (5.44). The expec-
tation value of the electric field £ éi) is evaluated from the expectation value (5.50) and the vacuum
fluctuation A (t) from the local oscillator is also given by Eqgs. (5.38) and (2.6), as in the case of
J>(w). Furthermore, we consider the monochromatic local oscillator case (5.11). From these, we
obtain the Fourier transformation J3(w) for the case w > 0 as

1— . .
Jy(@) = 3 wo(wo + w)|y|[Be™™ + B*et™]. (5.52)

2n
n(l—mn)
Similarly, we can evaluate the Fourier transformation J4(w) of Ja(t) defined by Eq. (5.45) for the
case w > 0 as

1— . .
VIGOESE wo(wo — w)|y|[Be™™ + B*et™]. (5.53)

21
n(l —mn)
Finally, we evaluate the Fourier transformation J5(w) of J5(t) defined by Eq. (5.46). The vacuum
fluctuation A (t) from the local oscillator is also given by Egs. (5.38) and (2.6), as in the case of
J2(w). We also consider the monochromatic local oscillator case (5.11). Then, we obtain the Fourier
transformation J5(w) for the w > 0 case as
(1—2p)°
T5(@) = ——(0)’ly >
n(l—mn)
Through the evaluated Ji(w) (0w = 1,2,3,4,5) given by Egs. (5.49), (5.51), (5.52), (5.53), and
(5.54), we obtain the contribution from the vacuum fluctuations of the local oscillator field to the

(5.54)

noise spectral density as

+o0 ) )
S(loc.vac.) (w) — f dre-{-zwr C( oc.vac.) (‘L’)

SNn (av)snn
—00
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1 [T°d
=—/0 EO (1) (S, (@1) — 1)

2 27
1 [®dw S 1 2012
_Z/o S 11— ) (S,@) ~ 1) + @0)’1B]
L2 iyl [Be 4+ pret ]
V/n(l—=n)
1 —2n)?
( n) (@)l [2. (5.55)
n(l —n)

Then the total noise spectral density is given from Eqgs. (5.37) and (5.55) as

Sgy, (@) 1= SS(]I\lﬁcl)nnal—l-sig.V&c.) (w) + Ss(ll\glc.vac.) (@)

~ wjly 235 (@)

1 [T°d
+ 5/0 L @)? (Sny ) — 1)

1 [“d
_ Z/(; 217.[1@1(@1 — w) (Sbn(wl) - 1) + (600)2|,8|2

1-2 . .
+ T (wp)?y | [pe™ + et

vn(l—mn)

(1-2p)?
+—————(w0)’ly " (5.56)

n(l—mn)
Here, we consider the ideal case where the beam splitter is ideal, i.e., n = 1/2. Furthermore, we
consider the situation of the signal field £ (r) being in the complete dark port 8 = 0, in which
leakage of the classical carrier field from the main interferometer is completely shut out. In this case,

the derived total spectral density of the quantum noise for the measurement of the operator Sy is

Soun (@) ~ @y I’ (@)

- 2Ol 2 (s —1
+ 2/0 7y @ (Sp, (@1) — 1)
1 [®dw
3] S o) (a0 - 1), (5.57)

5.2, Quantum noise in balanced homodyne detections by power-counting detectors

Next, we evaluate the noise spectral density for the measurement of operator 5p(¢) given by Eq. (3.34)
in Sect. 3.2. To carry out this evaluation, as in the case of Glauber’s photon number case in Sect. 5.1,
it is convenient to introduce the states |Sp(¢)) and (Sp(#)|, which are defined by

ISp(0) := 5p(D)|W)

_ [ AC 2y s [AC s ey | A€
=2 |:< ﬁEh ) —vy (0) ﬁEb(t) + (y() +v*®) ﬁEb(f)
1—2n | Ac a0y o
N ( 2t 7Y (l))
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Ac .
x (1/—271215,5 0 + v () + 2)/(0)} ), (5.58)
(sp()| := (W]sp(1)

A Ac Ac
= 2(¥| [\/2 © Epr) (,/ hE(“(r) y(r)) (@ +v* )\ 5 Eb(z)
1-2n Ac
E H+y@)+2 t
N (,/ L () + v () y())

e .
x (,/ h—jiE,(f)(z) _ y(t)):| . (5.59)

We also use the states |Sp(¢ + 7)) and (sp(¢ + T)|, which are given by the replacement ¢t — ¢ + 7 in
Egs. (5.58) and (5.59).
We evaluate the noise-spectral density S, (@) for the measurement of the power-counting operator

Sp(t) and we define the noise operator 5p, := Sp — (Sp). In this section, we take into account all
contribution of the vacuum fluctuations from the signal field Eb and from the local oscillator Ell.. Oof
course, it is possible to evaluate these contributions of the vacuum fluctuations separately, as in the
case of the number-counting detector in Sect. 5.1. In this case, we have to evaluate the expectation
value (: 5p(¢) :) of the normal ordered operator : 5p(¢) : instead of the operator $p(¢) itself, because the
subtraction of the vacuum fluctuations from the local oscillator is included in the definition (3.34)
of the power-counting operator 5p(¢). If we consistently treat these contributions of the vacuum
fluctuation, we obtain the corresponding results to the case of the number-counting operator Sy in
sp (@) for
the measurement of the operator 5p(¢), taking into account all contributions of vacuum fluctuations.
From the states defined in Egs. (5.58) and (5.59), we obtain

Sects. 5.1.1,5.1.2,and 5.1.3. However, in this paper we evaluate the noise-spectral density S,

Cop, (1,7) = = (Sp(D3p(t + 7) + 5p(t + T)Sp(1)) — (3p(0) (5p (1 + 1)) (5.60)

l\)l'—‘ NI'—‘

Y+ +y*c+1) (y® +v*®)

<\/>Ebn(t + f)\/>Ebn(t) + \/>Ebn(t) Ebn(t + t)>
+ %Al,-(t) <\/27Eb(t + 1) A Eb(l)>
+ %A’f(_f) <\/2iizéb (Z)\/zichﬁb ¢+ t)>
+ % (AL (D) + A(—1)) |:(V(l +0)+y (t+1) <\/%Eb(t)>

Ac ~
+(y @ + y*) <\/ ﬁEb(t + r)>}
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(1-2n)°
dan(1—1n) (AL (DAL () + AL(—=T)AL(—T))
(11— 277)2 . )
+ = (AL(T) + AL(—D) (V* O +7y®) (Pt +7) + vt +1) . (5.61)

Allterms which include A, (&) are contributions from the vacuum fluctuations of the local oscillator.
The averaged noise correlation function C(ay)sp, (T) and the noise spectral density S, (w) are given
by

1 72
Cavsp, (1) 1= lim / dtCsp, (1, 7), (5.62)
—+00 —T)2
+o0 _ 5
Sn(o) = [ et Cnpa(t) = YK (5.63)
—00 .

Here, we evaluate the noise spectral density S;,, (w) defined by Eq. (5.63) only in the case of the
monochromatic local oscillator case. In this case, IC; (i = 1,2, 3,4,5) should also be evaluated, and
these are defined as

+o00 ) 1 T/2 1 ) ) ) )
Ki(w) := / dre™™® lim —/ dz‘—a)olyl2 (e+’9e7“"°t + eilee“w‘)’)
—00 T—+4o0o T -T/2 2

<\/ Ebn(t + T)\/ Ebn(t) + \/ Ebn(t) Ebn(t + T)>

% ( il gl (t+T) | —if e+iw0(t+f))’ (5.64)

1 [+oe . 1 772
Ko(w) := —/ dre™®"  lim —/ dt
2 J_ T—+oo T -T2

Ac Ac
X |:A1i(f) <\/ oy Eb(t + 1) Eb(t)>
+A,(—T) <,/ ZA Eb(t) A Eb(t + t)>i| (5.65)

K3 (w) 1—-2pn +°°d +Hot 5 1/T/2dt(A()+A( ))./ ||
(W) = ————— Te m — it (=t woly
2dn1 —1n) Jowo T—+o0o T J 12

y <e+iee_ia)0(t+7:) +e—iee+iwo(z+r)) | Ac Ep(t)
2w h
n (€+iee—iw0t + e—iOe-i-iwot) < lz“ichi:b(t + r)>:| , (5.66)

(1 —2p)?* [+ : 1 T2 . o
Ki(w) := —77 dret™ 1lim _/ dta)()|)/|2 (6—196+1w0t + e—i—lee—la)ot)
277(1 - 77) —00 T'—4o00 T —T/Z
« (e+iee—iwo(z+r) + e—iee+iwo(r+r)> (Ali(f) + Al,»(—f)), (5.67)
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1—=2 2 400 ) 1 T/2
Ks(w) := d =20 dre™®T  lim —/ dt
4)’)(1 — n) — 00 T—+oo T -T2

X (AL (D AL(T) + A (=D AL(=T)). (5.68)

First, we evaluate /C1 (w) defined by Eq. (5.64). We use E pn(t) = E é:) (?) +E é;) (¢) and Egs. (5.13).
Furthermore, the situation wg > w > 0 and the same reasoning that we used in the derivation of
Eq. (5.20) from Eq. (5.15) in the 7| (w) case leads to

278(w — )1 (@) ~ Ry [e+2"9 (13;(0)0 — )bl (wo + a/))
(bT(a)O — a))b (wp — &)
+l (13 (@0 — @b} (wo — )

2 n

<bJr (wo + a))b (wo + @)

)
)
)
@wWwW@+m

o2 (b,, (@0 + )by (o — a/))] . (5.69)

At this moment, the frequency wyq is just the central frequency of the field Ell.(t) from the local
oscillator and has nothing to do with the central frequency of the signal field Ep (). Therefore,
Eq. (5.69) is also valid even if the central frequency of the field E;i(t) does not coincide with the
central frequency of the field I:Zb (2), which is the “heterodyne detection.” On the other hand, if the
central frequency wq of the optical field from the local oscillator coincides with the central frequency
from the main interferometer, which is the “homodyne detection”, we can use the sideband picture
b (w) = l;(wo + w), and the above 278 (w — @") K| (w) is given by

278 (w — @)Ky (@) ~ |y | |:e+2i9 <13j,_(w)32+(w/)> . %<l;j,_(w)l3n_(w’)>
+% <3n—(w’)l;:g_(a))> + % <1;Z+ (@)bn+ (0)/)>
; < nt- ()b +(a))> + 720} < e (@) by (@ ))i| (5.70)

Furthermore, using the definitions (3.18) of the amplitude- and phase-quadrature and their noise
operators, and the definition (1.1) of the by (w) and its noise operator bg,, we obtain

278(@ — K1 (@) ~ &Iy 2 (bon(@)b}, (@) + B}, (@bon (). (5.71)

Since we consider the situation w,®’ > 0, the right-hand side of Eq. (5.70) is proportional to the
single-sideband noise-spectral density S’ISZ) (w) introduced in Ref. [5]. Then, we obtain

Ki(@) ~ oy 5, (). (5.72)

Secondly, we evaluate /Cp (w) defined by Eq. (5.65). Here, we use the separation Eb(t) = Ebn(t) +
<l:7b (t)). Then, K, (w) is separated into two parts as

Ka(w) = K1 () + Kz (w), (5.73)
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where
1 +o0 ot . 1 T/2
Ka1(w) = 5/_00 dte TETOO?/_T/zdt
Ac Ac
X |:A1i(f) <,/2 hEbn(f-i-T) hEbn(t)>
A A
+Ali(_f)< ‘ Epa(0) Ebn(t+f)>i| (5.74)

2rh

and

1 +00 ) 1 T/2
Kor(w) := —/ dre™®"  lim / dt
2 —00 T—+4o00 T T/2

x [Az,-(f) <,/;T—%Eb<r - r)><,/;r—%éb<r>>
Ac + Ac
+A(~1) <\/ ﬁEb<t>> <\/ By + r)ﬂ L (579

We evaluate K1 (w) and K> (w) separately.

Here, we evaluate 1 (w). To evaluate this, we use the Fourier decomposition (5.13) of Eb,, ().
All terms in K (w) include three integrations, [;° dwi /27, [;° dwy/2m and [y~ dws /27, due to
the Fourier transformation of Ebn(t + 1) and Eb,, () and the vacuum fluctuations A, respectively.
We also note that K,_(w) includes a term with factor

1 T/2 )
lim — / dre (@1t (5.76)
T—+o00 T -T2
Since the integration range over w; and wj is [0, 00), the term which includes the factor (5.76)
vanishes. This is due to the fact that the support of the factor (5.76) is only on the single point
w1 = —wy. However, this point ] = —w» is out of range of the integration over w; and w;.
Therefore, all terms which have the factor (5.76) vanish.
On the other hand, the terms including the factor

T/2
lim — / dte~ (@1 =1 (5.77)
T—+oo T -T2

may give finite contributions. From this discrimination of the terms in K1 (w), we obtain

dwy

1 d
/c2_1<w)=5/0 ”1/ 2 (O + o)1 + @) + O o), — o)

p 7 1 (172 .
X <b};(w1)bn(w2)> lim — / dteTi(@1—w)t
+oo T Jorp

1 d d
5/0 “”/ ﬂ@(w 01)/D1@3 (@ — wr)
7/2

~ ~ 1 .
x<b,,(w1)b1(w2)) lim — f dre i@t (5.78)
T—>+oo T J_ 12
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where we used the formula

—+00 d
/ S ams (3 — a)f @) = O@ (@ (5.79)
0 T

Furthermore, the expectation values of the quadratures in Eq. (5.78) are given by the noise-spectral
density S, (w) defined by Eq. (5.48). For example,

(B nba@) = 3 (Bl@nbu ) + Bawn)blin + [Bwn. buwn )

1 jns n A A 1
= 3 (Bl @nbu@2) + by (@bl (@n) - 32781 — w2)

1
= 5278 (@1 — @) (Sp, (1) — 1). (5.80)
Similarly, we obtain
1
(b ()b (w2)> S2m6(w1 — @) (Sp, (@) +1). (5.81)
Through Egs. (5.80) and (5.81), K>_1(w) in Eq. (5.78) is given by
dw 1 dw
K1) = f L (S0 — 1) + 5 f o - oSy, @), (582
0 0 T

Similar calculations as in the case of J>(w) in Eq. (5.43) with the expectation value (5.50) yield
Ka—2(w) = wj|BI>. (5.83)

From Egs. (5.73), (5.82), and (5.83), we obtain the final result of /) (w) as

dw “ dw

Ka(w) = 2/0 S (6, (wl)—1)+2/0 o1~ 018y, @) + B (5:84)

Thirdly, we evaluate 3 (w) defined by Eq. (5.66). Here, we use the separation E;,(l) = Ebn (1) +
<E b (t)), and the Fourier transformation (5.13), the explicit expression (2.6) of the vacuum fluctuation
Ay (7) and the properties of the averaged function (5.19), which are summarized in Appendix B.
Furthermore, we use the situation wg > @ > 0 and the expression of the expectation value (ls(a)))
given by Eq. (5.50). Then, K5(w) is given by

[e7B + e p*]. (5.85)

Finally, we evaluate K4(w) and Ks5(w) defined by Eqgs. (5.45) and (5.46), respectively. In this
evaluation, we use the explicit expression of the vacuum fluctuation A, () and the situation wo >
w > 0. Then, we obtain the following results:

1 —2n)?
Kaw) = ﬁwgw; (5.86)
_ 2 w
Ksw) = L2 (P41 0w, (5.87)

dn(1—mn) Jo 27

In summary, from Eq. (5.63), and Eqgs. (5.72), (5.84), (5.85), (5.86), and (5.87), we have obtained
the noise spectral density Sy,, (w) in the situation wg > @ > 0 as

Sopa (@) = D1y IS} ()
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1 (®do , 1 [“dw 2012
+§f0 gwl (Sbn(wl)—l)‘FE/O ga)l(a’—wl)gbn(wl)‘Fme

1-2 . _
+ n(l _T]n)a)(z)lyl [6—1913 + e"t‘l@ﬁ*]

1 —2n)? ©d
+ ﬁ (w§|y|2 +/0 %wl(w—a)l)). (5.88)

In the case of the ideal beam splitter n = 1/2 and the complete dark port 8 = 0 of the main
interferometer, the noise spectral density (5.88) yields

Ssp, (@) = |y 125, ()
1 [ dw; “ dw

+ 5/0 Ewl (Sb (w1) — 1) + 2/0 ﬁwl(w w1)Sp, (1). (5.89)

This noise spectral density is slightly different from the noise spectral density (5.57) for the number-
counting detector.

5.3. Local oscillator from the main interferometer

Here, we consider the introduction of the optical field as the local oscillator from the main interfer-
ometer as depicted in Fig. 3. We consider the optical field junction at the beam splitter BSO with the
transmissivity ¢. In addition to the above notation, Eds (¢) is the incident field directly from the light
source, Edr () is the output field from BSO to the main interferometer, E I (?) is the output field to

the local oscillator, and Eﬁ.(t) is the incident field to BS0, as depicted in Fig. 3. We assume that the
state of the optical field Efi(’) is in the vacuum state [0)/, i.e., fi|0); = 0. The optical field junction
conditions at BSO yield

Eg(t) = VTEq ) + VT =B (1), Ep() = =T —=cEq () +VEp().  (5.90)

These conditions are equivalent to Egs. (A.3) and (A.4). The propagation of the optical field Ey(t)
to the main interferometer yields Ed (1) = Ed/ (t — x/c) and the propagation of the optical field E I (1)

to BS of the balanced homodyne detection yields El,» () =E@t—(x+ y)/c). These are equivalent to
the conditions (A.6) and (A.7), respectively.

Here, we consider the situation where the optical field from the laser source S1 in Fig. 3 is a
coherent state with the complex amplitude y,(¢), i.e.,

N 27 h T dw )
P 01w) = | Zono1), ysa):/o 1 for@e ™. (5.91)

Then, we obtain

<+)<r>|\v ,/ \/ LIy,  ELP(0)1w) = \/ fys<t>|\v> (5.92)

From the propagation conditions Ed (1) = Ed/ (t—x/c) and E;l. () = E(t— (x+y)/c), and the vacuum
condition for the optical field E (1), we obtain

~ 2 h
EP @) = | ZoVT= ot = G+ /01 9), (5.93)
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Fig. 3. Introduction of the optical field of the local oscillator from the main interferometer.

n 27 h
ES (0)w) = \/%ﬁm —x/0)| ).

(5.94)

From the definition of the coherent state Eq. (2.12) and (2.13) and the above Eqgs. (5.93) and (5.94),
the complex amplitude y(¢) for the coherent state |y);, which is the eigenstate of the operator

El(l_Jr) (1), is given by
v =1 =Lyt = (x+y)/o).
From the relation (2.13) between y (¢) and y (w), we obtain
y(@) = 1= y(@et e,
In the monochromatic local oscillator case, we obtain
Y278(w — wo) = /1 — Cyse 0I5 — wy),
or equivalently

|y|e+19 — /1 _ é—|ys|e+l(9s+w0(x+y)/c)

Then, we obtain

lyl=+v1—=2Clysl, 0 =060+ wox+y)/c.

(5.95)

(5.96)

(5.97)

(5.98)

(5.99)

On the other hand, the commutation relation is unchanged. Therefore, in the expression of the
noise-spectral densities, we should simply replace the eigenvalue of the coherent state from the local

oscillator in Egs. (5.99) with unchanged vacuum fluctuations.
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6. Summary and discussion

In summary, we re-examined the estimation of quantum noise in the balanced homodyne detection.
We consider both the case in which the direct observable is Glauber’s photon-number operator (2.15)
and that where it is the power operator (2.16) of the optical field, respectively. In our estimation we
did not use the two-photon formulation, which is widely used in the gravitational-wave community.
We concentrate on the stationary noise of the system through the time-average procedure. We also
carefully treat vacuum fluctuations in our noise estimation. Furthermore, we introduce the imperfec-
tion of the beamsplitter of the balanced homodyne detection and the leakage of the classical carrier
field from the main interferometer as the noise sources.

In spite of the introduction of the imperfections as the noise sources, the balanced homodyne
detection of both models of Glauber’s photon-number operator and the power operator yields the
expectation value of the operator 139 (w), as in Egs. (3.29) and (3.38). In this sense, the balanced
homodyne detections enable us to measure the operator by (w) as their expectation values.

In the noise estimation, we have derived the deviations from Kimble’s noise spectral density (1.7)
which is beyond the two-photon formulation in both the Glauber’s photon number operator and the
power operator models. As expected, the imperfection of the beamsplitter and the leakage of the
classical carrier field, which are introduced as the imperfections of the interferometer configuration,
contribute to the noise spectral density. These imperfections appear due to the vacuum fluctuations
from the local oscillator, as shown in Eqs. (5.56) and (5.88). As a result of coupling with the vacuum
fluctuations from the local oscillator, the leakage of the classical carrier field and its coupling with
the imperfection of the beamsplitter leads to white noise in both the case of Glauber’s photon number
operator and that of the power operator. Even if the leakage of the classical carrier field from the main
interferometer is absent, the white noise appears due to the coupling with the vacuum fluctuations
from the local oscillator and the inperfection of the beamsplitter of the homodyne detection. In
addition to the white noise, the coupling between the vacuum fluctuations and the imperfection of the
beamsplitter leads to frequency-dependent noise in the power-counting detector model, as shown in
Eq. (5.88), while such terms do not appear in the model of Glauber’s photon-number counting mode.
Thus, the difference between the photodetector models appears to be the frequency-dependence of
the noise spectral densities, in principle.

Even in the ideal model, where there is no leakage of the classical carrier field from the main
interferometer (8 = 0) and the beam splitter of the homodyne detection is ideal (n = 1/2), the noise
spectral densities (5.57) and (5.89) contain terms due to the coupling between the vacuum fluctuations
from the local oscillator and the low-frequency fluctuations from the main interferometer. These ideal
noise spectral densities (5.57) and (5.89) are proportional to the Kimble noise spectral density when
the amplitude |y | of the coherent state from the local oscillator is sufficiently large. In this sense,
our result supports the noise spectral densities in the conventional two-photon formulation. On the
other hand, when the amplitude of the coherent state from the local oscillator is small, these noise
spectral densities (5.57) and (5.89) yield the deviations from Kimble’s noise spectral density.

We evaluate the order of magnitude of these deviations. As noted in Sect. 2, the integration range
[0, +o00] is replaced by the minimum and the maximum of the measurement time scales [win, ®max]
in the second term in Eq. (5.57) and the second term in Eq. (5.89). If the contribution of the noise
spectral density Sy, (w1) is the only vacuum fluctuations of the operator l;,,, Sp, (w1) becomes unity.
In this case, the deviation from the Kimble’s noise spectral density in Eq. (5.57) for the photon-
number counting case vanishes. On the other hand, only the remaining term of the deviation from
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the Kimble’s noise spectral density in Eq. (5.89) for the power-counting case is the last term, which
yields 1/2 fow(dw1/2n)a)1(w — w1) = 1/6w*. When the output frequency 0 < w < 10° Hz, we
compare the first term in Eq. (5.89) with the above integration, such that the condition that the
deviation dominates the Kimble’s noise spectral density is given by

I 1 10'5Hz\ 3
20 4% 1078 Hz | - ( Z) ( - ) , 6.1)
hay Sl()z) () o 10°Hz

where we used y = /Io/hwg and Iy is the power of the laser from the local oscillator. The inequality
(6.1) indicates that the deviation from Kimble’s noise spectral density is extremely small in realistic

situations. We may conclude that the noise spectral densities (5.57) and (5.89) are regarded identical
and coincide with the Kimble’s noise spectral density, when the only contribution to the noise spectral
density Sy, is the vacuum fluctuations of the operator by.

In the case where ZA)n is modulated in the frequency range [wmin, @max], the noise spectral density
Sp, (w) may not be unity. Here, we choose Sp,(w) ~ O(10). In this case, the dominant term in
the deviations from Kimble’s noise spectral density is the second term in Egs. (5.57) and (5.89).
Compared with the term of Kimble’s noise spectral density in these equations, the conditions that
the deviations from Kimble’s noise spectral density dominates the Kimble noise spectral density is

I 10'5Hz\ 31 S
20 o4 z ( Omax ) _ ACAY (6.2)
huwo wp 10°Hz S;ES ) (w) 10

(7

The inequality (6.2) also indicates that the deviation from Kimble’s noise spectral density is extremely
small in realistic situations. Again, we may conclude that the noise spectral densities (5.57) and (5.89)
are regarded identical and coincide with Kimble’s noise spectral density, even when the noise spectral

given by

density Sy, is modulated in the frequency range [wmin, ®Wmax]-

Even in the difference between the last term in Egs. (5.56) and (5.88), we can evaluate the order
estimate of this difference and conclude that this term is quite small compared with the Kimble noise
spectral term.

Thus, we conclude that the noise spectral densities of the two ideal detector models of Glauber’s
photon number counting and the power counting are physically the same and we cannot distinguish
between these models within the analyses of this paper. Our derived noise-spectral densities are
based on the ideal premise that the direct observable of the photodetector is either Glauber’s photon
number operator (2.15) or the power operator (2.16) of the optical field. Therefore, our derived noise
spectral densities will characterize these ideal photodetector models. Since these ideal models are
not fully supported from the theoretical point of view, as mentioned in Sect. 1, it will be better to
keep in mind the possibility that the deviations from the Kimble noise-spectral density might also
appear due to the deviations of the physical properties of actual photodetectors from the properties
of our ideal photodetector models.

On the other hand, in the case where the directly measured operator of the photo-detector is the
number operator (1.3) of each frequency mode, as in Refs. [10,11], we cannot measure the operator
l;@ (w) by the balanced homodyne detection. The arguments in Refs. [10,11] together with those in
this paper indicate that the choice of the directly measured operator at the photodetector affects the
result not only of the noise properties but also of the expectation value of the output signal itself, in
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general. Therefore, we conclude that the specification of the directly measured operator is crucial in
the development and application of the mathematical quantum measurement theory.
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Appendix A. Commutation relation [E,, (t),fE,i (t’)]

In this appendix, we evaluate the commutation relation [Eb (1), E 5 (1 )]. To evaluate this commutation
relation, we have to consider the main interferometer. For example, we consider the Michelson
gravitational-wave detector with the phase offset ¢ as depicted in Fig. Al.

The input—output relation of the Michelson gravitational-wave detector is given by

o —an (PN o\] [0
bi_sm(z) |:z+/ccos(2)] hw02n6(a)oia))
+ g H2il0=wo)T [i sin (%) cAli + cos (%) Zzi}

+ eﬁm§ [sinqﬁ (cAljF + cAli) +icos¢ <&l + &i)]

_ ie—l—i(w—wo)rﬁcos <?> h(£(w — wy))

; Al
oL (A.1)

2

D, g |y m—
L

Phase rotator | 8/2) l::

e

A n =

l Light source i— ‘_¥
d Ex |_|

A Phase rotator [ —6/2) =g

alllb X

Photo-detector

Fig.Al. Configuration of the Michelson gravitational-wave detector. The notations of the quadratures a, b
and d are given in this figure.
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Fig.A2. Introduction of the independent optical field as the local oscillator.

where the subscription £+ or F of the quadratures indicates the upper- and the lower-sideband
quadrature, as in Sect. 3.1.1, and «, Agsg;, and T are given by

8wl 8h

L
hsoL = L?, wot =wo— =2mn, neZ. (A2)
C

T omc(w — wp)?’ m(w — wp)?

Here, the first line in Eq. (A.1) is the leakage of the classical carrier field due to the offset ¢. The first
term in the second line in Eq. (A.1) is the shot noise of the optical field, and the second term in the
second line in Eq. (A.1) is the radiation pressure noise. These two terms are regarded as quantum
noise. The last line in Eq. (A.1) includes the gravitational wave signal.

If the electric field Eli (#) has nothing to do with the electric field Eb(t), as depicted in Fig. A2,

we may conclude that [Eb (t),Ell. ¢4 )] = 0. However, if we introduce the optical field of the local
oscillator from the main interferometer as depicted in Fig. 3, the optical field E 1:(¢) 1s not independent
of the optical field Eq (0 through the input—output relation. In fact, the input—output relation (A.1)
does include the quadrature d unless the offset ¢ vanishes, i.e., the complete dark port in which
the classical carrier field does not leak from the main interferometer. Therefore, we concentrate
on the interferometer setup depicted in Fig. 3. Furthermore, to check the commutation relation
[Eb (t),E;i (t)] = (, we may concentrate on the commutation relation of the quadrature ?,- (w) from
the local oscillator and the quadrature d(w) in the input—output relation.

We consider the optical field junction at the beam splitter BS2 in Fig. 3 with the transmissivity ¢.
The optical field junction condition at BSO is given by

d' () = Vtdy() + 1 = tfi(w), (A3)
Il = Vi) — V1= tdy(w), (A.4)

where c;’S(w) is the quadrature for the incident field from the light source; d’ (w) is the quadrature for
the output field to the main interferometer; /(w) is the quadrature for the output field to the local
oscillator; and f;(w) is the quadrature for the incident vacuum field to BSO, i.e.,

Ji(@)0); =0. (A.5)
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The propagation of the field E, associated with the quadrature d (w) to the main interferometer
yields

d(w) = d'(w)e"'¥/e. (A.6)
Furthermore, the propagation of the field £ ; to BS of the balanced homodyne detection yields
li(w) = [(w)e /e, (A.7)

Through the above setup, we obtain the quadratures d and I; as

(@) = e [Vedi(@) + VT=Efi@)], (A8)
(@) = e i) = VT=tdy(@) | (A.9)

Then, we can evaluate the commutation relations:
[&(a)/),i,-(w)] ~0, [Eff(ax),?} (a))] —0, (A.10)
[gﬁ @), ]; (w)] = tiel/cgmiotty/o [ 1)
< - [@ @ d@] + [T @) i |}
— 0, (A.11)

(@), 1] (@] = emtosleetiobmnle feq =)
x {-[a@).dl @] + [fie).f @]
=0. (A.12)

From these commutation relations, even in the situation depicted in Fig. 3, we reach the conclusion

[Eb(t),E,,.] —0. (A.13)

Appendix B. Properties of a time-averaged function

To evaluate the integration of the noise spectral densities, we have to consider the integration of a
function

1 (72 ,
f(a) = lim — / dte ™, aeR. (B.1)
T—+oo T —T)2
Here, we summarize some properties of this function f(a) which are used in the estimation of the
noise spectral densities.
The first trivial property is the value of f'(a = 0):

1 rT/?

fla=0)= lim —/ dtl = 1. (B.2)
T— 400 —T)2

On the other hand, when a # 0, we can estimate this function as

11 . )
— i -~ (,—iaT/2 _ _+iaT/2
(@ T—iriloo T —ia (e ¢ )
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11 - - 12
< 1 - —iaT /2 +iaT /2 = 1l -~ 0. B3
< lim g (7P + ) = dim e ®B3)
Thus, we have shown that
1 for a=0;
= ’ B.4
/@ { 0 for a#0. B4
Furthermore, this function f(a) is bounded, and its support is measure zero. Then, we have
+00
/ g(@)f (a)da =0 (B.5)
—0oQ
for a finite function g(a). On the other hand, when g(a) is a §-function, we obtain
400 +00
/ S(a)f (a)da =1, / 3(b # a)f (a)db = 0. (B.6)
—00 —00

These properties of integrations characterize the stationarity of the modes in noises, i.e., which modes
survive in the stationary situation where the noise spectral density depends only ont = ¢ — ¢'.
We use these properties when we evaluate the noise spectral densities.

Appendix C. Evaluation of Z;(w) in Eq. (5.15) through the Michelson example

In this appendix, we consider an example of the input—output relation (A.1) in the Michelson
interferometer. More generally, the input—output relation (A.1) is also written as

bu(@) 1= b(w) — (b(w))

- /w do [A(a), o)a(@') + B(w,w)a' (o)
0 27‘[

+C(w, @)d(@) + D(w, o)d' (a/)] : (C.1)

where the expectation value (@(w)) is given by Eq. (5.50). Here, the input—output relation (A.1) is
realized as

) 0 +2iwt
Alwy £ 0,0') = [Jreﬂ’wr cos (5) + i% cos 9] 278(0 — (wo £ w)), (C.2)
+2iwt
Blwo + 0,0) = i% c0s 0278(w — (wo T ), (C.3)
) 0 +2iwt
Clwy £ w,0) = |:—|—iei2"‘” sin <§> + % sin 9:| 278(w — (wo £ w)), (C.4)
+2iwt
Dlwo £ w.0) = <D 0280 — (o F ). (C.5)
and
. W+ (w —
ot(a)) — —ie+’(“’_“’°)fﬁcos (9) —( (w (1)()))’ (C6)
2 hsoL

B = sin (%) [i + Kk (wp) cos (%)] /hl—a(io. (C.7)

37/38

1202 JequianoN €z Uo Jasn sjauyjoljqiqrenusz-AS3d Ad G06+9€9/10VEOL/0L/1L20z/eoe/de)d/wod dno-olwapede//:sdyy woj papeojumo(



PTEP 2021, 103A01 K. Nakamura

Although k (wp) in Eq. (C.7) diverges in the Michelson interferometer, we do not take this divergence
seriously because this divergence disappears in the Fabri—Pérot interferometer [5].
In this example, b, (wy + w)b,(w>) in the term 77 in Eq. (5.15) is given by

(bu(w0 + @)by(2))

T dws
_ /0 S LA + 0, 03)B@2,03) + C@) + 0,01 D@2, 01)] (C3)
_ cllo—eul [+icos (g) RUCRET COSQ@)]
X O(w + wy)2m8(wr — (wg — w)). (C.9)

The appearance of the §-function 27§(wy — (wp — w)) in Eq. (C.9) is important. Due to this delta
function, we obtain the finite result in the above example as

Ti () = woly 1?7 O (w) + )/ (@0 + ©) (@ — "))M
x [i cos (g) — M cos(26?)] . (C.10)

Similar calculations yield the finite 7, (w), Z3(w), Z4(w) through Eq. (5.16), (5.17), and (5.18),
respectively.
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