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Abstract

We introduce a notion of Lorentzian metric space which drops the boundedness con-
dition from our previous work and argue that the properties defining our spaces are
minimal. In fact, they are defined by three conditions given by (a) the reverse triangle
inequality for chronologically related events, (b) Lorentzian distance continuity and
relative compactness of chronological diamonds, and (c) a distinguishing condition
via the Lorentzian distance function. By adding a countably generating condition, we
confirm the validity of desirable properties for our spaces including the Polish property.
The definition of (pre)length space given in our previous work on the bounded case is
generalized to this setting. We also define a notion of Gromov—Hausdorff convergence
for Lorentzian metric spaces and prove that (pre)length spaces are GH-stable. It is also
shown that our (sequenced) Lorentzian metric spaces bring a natural quasi-uniformity
(resp. quasi-metric). Finally, an explicit comparison with other recent constructions
based on our previous work on bounded Lorentzian metric spaces is presented.
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1 Introduction

The General Theory of Relativity is formulated through the mathematics of smooth
Lorentzian manifolds, but, in order to prepare the ground for a possible quantization
of spacetime or gravity, it seems worthwhile to develop a mathematics capable of
describing more general objects and possibly more abstract frameworks [13]. This
direction of investigation is also motivated by the need of exploring some technical
aspects of the standard theory, from the study of gravitational shock waves [37], to
issues on spacetime inextendibility related to the problem of cosmic censorship [15-
17,26,41]. Thus, it is important to find a general concept of spacetime that could retain
at least the geometrical notions that have proved of interest in the smooth theory.
Looking for a guide in this type of research, it is natural to consider the example
of metric geometry, which might be seen as a generalization of smooth Riemannian
geometry [8]. A remarkable feature of metric geometry is its minimalism: the only
structure introduced is a two-point function satisfying a few intuitively clear require-
ments. Other structures, such as the topology, are deduced from the metric. Often, this
setting proves too general to establish any interesting result, so one usually restricts
the attention to compact (or, say, boundedly compact) metric spaces. A virtue of the
theory of compact metric spaces is the existence of a natural notion of distance between
such spaces, namely the Gromov—Hausdorff distance and the associated concept of
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Gromov—Hausdorff limit. From this perspective, the most natural properties of met-
ric spaces are those preserved by Gromov—Hausdorff limits. Notable examples are
provided by (pre-)length spaces and Alexandrov spaces (the latter generalize the Rie-
mannian manifolds of bounded sectional curvature). While it makes sense to speak
of Gromov-Hausdorff distance between compact metric spaces only, the notion of
Gromov—Hausdorff convergence makes sense also for sequences of boundedly com-
pact spaces.

Synthetic Lorentzian geometry has a long history, in fact it is arguably as old as rel-
ativity itself. Before the discovery of general relativity, many researchers approached
special relativity with a mindset that took as reference the axiomatic development of
Euclidean geometry [38]. This same way of looking at relativity persisted over the
years.

A more modern axiomatic framework was introduced in Kronheimer and Penrose’s
1967 work [20], which focused on the causal (and chronological) structure of space-
time. Later, the idea of characterizing spacetime using both causal structure and a
spacetime measure was proposed [32]. Further refinements of these concepts, partic-
ularly in the context of finite sets, led to one of the approaches to quantum gravity:
Causal Set Theory [43].

Interestingly, the idea of using Lorentzian distance, i.e., (maximal) proper time, as a
Lorentzian analog of the distance function in metric geometry appeared in Busemann’s
work [10]—published the same year as Kronheimer and Penrose’s paper. However,
Busemann’s Lorentzian distance-based approach received little attention until the rel-
atively recent work of Kunzinger and Sdmann [21], who introduced the concept of
Lorentzian length spaces in analogy to the theory of length spaces in metric geometry.
Their work, along with subsequent studies, introduced many key notions and estab-
lished powerful results for this class of spaces, mirroring the success of Alexandrov’s
synthetic geometry of length spaces, as well as some results of smooth Lorentzian
geometry.

A drawback of these approaches, from our perspective, is the technical complex-
ity of their foundational definitions, which introduce auxiliary structures—such as a
predefined topology (in Busemann’s case) or an auxiliary metric (in Kunzinger and
Samann’s framework)—Ilacking clear Lorentzian geometric significance. As a result,
these theories cannot be regarded as fully minimalist Lorentzian counterparts to metric
geometry. Moreover, since Lorentzian geometry is not only a mathematical field but
also a potential foundation for future physical theories, it is preferable to avoid math-
ematical objects without clear operational meaning. We argue, therefore, that despite
these advances, the determination of the correct definition for the Lorentzian analogue
of metric space remained an open problem.

Coming to our previous work [27], a notion of bounded Lorentzian metric space was
there introduced and some properties of this class of objects were studied. The main
virtue of the approach in [27] is that in it, similarly to the ordinary metric space theory,
the only structure introduced is a two-point function d satisfying certain conditions.
Later, the recent work by Braun and McCann [7] also motivated by optimal transport
in an abstract Lorentzian length space setting appeared. Their framework was more
closely connected to our previous work [27], rather than Kunzinger and Sdmann’s
[21], so we shall discuss that contribution more closely in a following section.
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The studies of Gromov—Hausdorff convergence in the Lorentzian case also have
some history. The first ideas that should be mentioned is that by Noldus [34, 35]
on Gromov-Hausdorff distance and convergence specifically for compact globally
hyperbolic manifolds with spacelike boundaries and Noldus and Bombelli [4], where
the analysis was extended to the non-manifold case. Generally considered as inspiring,
they contained useful ideas such as Noldus’ strong metric. This concept was later
shown to be equivalent to the distinction metric [27], a tool proved useful in our
previous work [27] (though not essential, as we shall confirm in this paper).

More recently, Miiller revisited some of Noldus’ constructions, including his strong
metric, within a broad analysis of the Gromov—Hausdorff convergence problem [28—
31]. In the first version of [28], Miiller explored the Gromov—Hausdorff metric applied
to compact Lorentzian prelength spaces and partially ordered measure spaces, (inde-
pendently) obtaining results which in the literature are the most similar to our own, at
least for what concerns Gromov—Hausdorff convergence and precompactness. Later
he refined the work including more material.

Within the framework of Kunzinger and Sdmann [21], Cavaletti and Mondino [11,
12] introduced a concept of measured Gromov—Hausdorff convergence for measured
Lorentzian geodesic spaces. They also proved a stability result concerning the timelike
curvature—dimension condition, see also Braun [6].

A distinct approach was taken by Sormani and collaborators on the basis of Sor-
mani and Vega’s [42] null distance, see for instance later contributions with Sakovich
[40] including the recent work [39] on definite distances on spaces of Lorentzian
spacetimes, including their new timed-Hausdorff distance.

This null distance is well-suited to express convergence in cosmological spacetimes,
a perspective expanded by Allen and Burtscher [1, 2] (see also [9] for causality-related
results). The idea was taken up by other groups, see e.g., the work by Kunzinger and
Steinbauer [22]. Ultimately, these approaches require a time function to build a metric
and from there, they typically employ ideas from the classical positive signature version
of Gromov—Hausdorff convergence.

Returning to our previous paper [27], the notion of bounded Lorentzian metric
spaces allowed for a natural generalization of Gromov—Hausdorff convergence to
the Lorentzian case. The treatment was still limited to spaces with bounded timelike
diameter, the general case being left for subsequent research.

The goal of the present paper is to remove this restriction, while preserving the
minimalism of the approach as much as possible. As we shall see, we shall also clarify
the physical meaning of some of the assumptions introduced previously. In metric
geometry, the theory of unbounded metric spaces builds upon that of compact metric
spaces. Similarly here, the theory for unbounded Lorentzian metric spaces makes use
of compactness assumptions that will ultimately be understood as the well-known
condition of global hyperbolicity.

In our previous work, we emphasized that our spaces were meant to describe rough
globally hyperbolic bounded spaces. Having removed the boundedness condition,
it is not entirely surprising, but still reassuring, that what we get are rough globally

1 For this introduction purposes, the reader can think of the bounded Lorentzian metric spaces as a form
of compact Lorentzian metric spaces though they are more general than that.
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hyperbolic spaces. What is non-trivial, and even remarkable, is the fact that, up to some
differences at the chronological boundary (introduced mostly for compatibility with
the bounded case), our new unbounded spaces are essentially characterized by three
desirable properties roughly identified as follows: the reverse triangle inequality, the
precompactness of chronological diamonds (and continuity of d), and a distinction
property. Still, the so-determined family of spaces is sufficiently large to comprise
within it causets and smooth globally hyperbolic spacetimes.

The paper is organized as follows: We end this section explaining some notations
and conventions used throughout the paper. In the second section, we introduce our
notion of Lorentzian metric space and explain the motivation behind it. We also discuss
the inclusion of the bounded Lorentzian metric spaces into this class. The third section
is devoted to the topological properties of Lorentzian metric spaces. In the fourth
section, we introduce the (maximal) causal relation and prove the existence of time
functions (Lemma4.12). We show that the requirements we impose on the Lorentzian
metric space are essentially equivalent to global hyperbolicity (as there is a time
function and the causally convex hull of compact sets is compact, cf. Theorem4.6).

The fifth section introduces the Lorentzian (pre)length spaces and the limit curve
theorem (Theorem 6.16). We also explain, for comparison with other works in the
literature, how the theory would be expressed using a time-separation function / with
the allowed value —oo. For instance, we provide a comparison of our approach with
that used by Braun and McCann in [7], which, though not concerned with problems
of GH-convergence, still develops a non-compact framework based on our previous
work on bounded Lorentzian metric spaces [27].

The sixth section is devoted to the notion of Gromov—Hausdorff convergence. Here
one needs to take into account that, unlike the metric case in which every point is within
a ball of any other point, in the Lorentzian setting one needs several chronological
diamonds to cover the whole spacetime and one cannot rely on just one point (the
center) and one number (the radius). This naturally leads to the notion of sequenced
Lorentzian metric space, which is the analog of pointed metric space. The sequence
will be rather sparse in some cases, depending on the space under study and the
structure of its boundary. Gromov—Hausdorff convergence is then defined using these
sequenced spaces, the limit being dependent on the sequence chosen for each space.
Examples show that changing sequences changes the limit space, much as it happens
on metric space theory for GH-convergence of pointed spaces (Example 6.3). We shall
also study to what extent sequences can be rearranged without spoiling convergence
(Theorem 6.15), and how GH-convergence in the sense of bounded Lorentzian metric
spaces (developed in our previous work) can be recast as GH-convergence of their
chronological interiors (Proposition 6.16). Our main result in the section is the stability
of the (pre)length condition under GH-limits (Theorem 6.17).

In the seventh section, we start obtaining the generalization of the Kuratowski
embedding, which was already introduced in our previous work (Theorem7.2). In
the subsequent subsections, we prove that every Lorentzian metric space induces a
closed ordered space which is quasi-uniformizable. Remarkably, the quasi-uniformity
is canonical and easily constructed from the Lorentzian distance (Theorem 7.10). The
induced topology and order are those that we canonically associated with a Lorentzian
metric space. This structure appears to be new already for the smooth case and allows
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one to easily prove the limit curve theorem and an equivalence between pointwise and
uniform convergence of isocausal curves (Lemma3.5, Theorem 5.7, Corollary 5.8).

We also show that in the sequenced case every Lorentzian metric space has a
canonically associated quasi-metric (Theorem7.15). The quasi-metric brings with it
the information on both the topology (upon symmetrization) and order (the zero locus).
These facts not only show that the definition of Lorentzian metric space has a certain
elegance and simplicity, they also pave the way for further developments.

1.1 Notation and conventions

As this paper is a continuation of [27], we adopt most of its notation and terminology.
In particular, in most of the paper we work with a set X endowed with a function
d: X xX — [0,+4+00). We say that d satisfies the reverse triangle inequality if
d(x,z) > d(x,y) + d(y, z) whenever d(x, y), d(y,z) > 0. Only in Sect.5.2 we
sometimes refer to this property as the restricted reverse triangle inequality (in order
to distinguish it from the extended inequality which holds for any x, y, z € X when d
has a different codomain including —o0). For each x € X, we introduce the functions
de,d* : X — [0, +00) as follows

dy(y) :=d”(x) :=d(x,y), Vx,y € X.
Given such an X and d, we define the chronological relation < through
xKLy<&dx,y) >0.
As shown in [27], the reverse triangle inequality implies that < is transitive and
antisymmetric. It is convenient to have a symbol for the relation < understood as a
subset of X x X, so we shall write
I:={(x,y) e X x X|x < y}.
For x € X, we set
I ={yeXlx <y}, 170 :={yeXly<ux},

while for any subset A C X we set I(A) = UpeAIi(p) for the chronological
future/past and

I(A) 1= Upgeal "(p) N1 (q) = IT(A) NI (A),
for the chronological convex hull. For A finite, we drop the curly brackets,
I(p'. ... p") = Ui j=n T (pH N I~ (p)).

In Sects.4 and 6, we use analogues of [ *(x) and I(A) with I replaced by other
relations.
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We also define the closed relation
le ={(x,y) € X x X|d(x,y) = €}.
Note that if d satisfies the reverse triangle inequality, then
(x,y) €le, v,2) €lo = (x,2) € Ieyer, VX, 9,2 € X, Ve, € > 0.

Taking into account the obvious property I.(x, y) C I (x, y) forevery x, y € X and
€ > € > 0, we conclude that I, is a transitive relation.

We also adopt the following conventions. The subset symbol C is reflexive. The
natural numbers N do not contain 0. A preorder is a reflexive and transitive relation.
An order is an antisymmetric preorder.

2 Definition and interpretation

In this section, we give the formal definition of the object we deal with, discuss its
meaning and the alternative versions. We start from the following natural generaliza-
tion of Definition 1.1 in [27].

Definition 2.1 A Lorentzian metric space (X, d) is a set X endowed with a function
d: X x X — [0, 00), called Lorentzian distance, with the following properties:

(i) d satisfies the reverse triangle inequality;
(ii) There is a topology T on X such that d is continuous in the product topology and,
for every x, y € X and every € > 0, the set I N (I(x—y) X I(x—y)> is compact;
(iii) d distinguishes points.
From now on by property (i), (ii) or (iii), we always mean the corresponding property
of Definition2.1.
The property (ii) may look a bit artificial due to the presence of the sets /.. To clarify

its motivation, let us first consider the case of bounded Lorentzian metric spaces, where
(ii) is replaced by continuity of d and compactness of I

Example 2.2 Any bounded Lorentzian metric space is a Lorentzian metric space, since
(I(x,y) x I(x,y)) NI C I is compact as a closed subset of a compact set.

The goal of the remainder of this section is to understand the meaning of property
(ii) beyond the bounded case. We provide the following sufficient condition.

Lemma 2.3 Let (X, d) satisfy property (i), and let T be some topology of X such that
d is continuous. Suppose that for every x, y € X the chronological diamond I (x, y)
is relatively compact. Then for every x,y € X and € > 0 the set

(I(x, y) x I(x, y)) N I

is compact. If, in addition to that, (X, d) satisfies property (iii), then it is a Lorentzian
metric space.
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Proof If I(x,y) is compact, then the same is true for /(x, y) x I(x, y). Therefore,
(I(x,y) x I(x,y)) NI is a closed subset of a compact set, so it is compact. The last
statement follows directly from Definition2.1. O

The lemma above leads to another important class of examples of Lorentzian metric
spaces.

Proposition 2.4 Let (M, g) be a globally hyperbolic (smooth) spacetime, and let d :
MxM — [0, +00) be the associated Lorentzian distance. Then (M, d) is a Lorentzian
metric space. In particular, the manifold topology of M satisfies property (ii).

Proof This fact essentially follows from the proof of [27, Theorem 2.5], so we only
sketch the main ideas. It is known that the Lorentzian distance function on globally
hyperbolic spacetimes is finite, continuous in the manifold topology and satisfies the
reverse triangle inequality. In globally hyperbolic spacetimes, chronological diamonds
are relatively compact and the points distinguished by the chronological order < (and
thus by the distance function), so by Lemma2.3 (X, d) is a Lorentzian metric space. O

The converse of Lemma 2.3 does not hold in general. There are bounded Lorentzian
metric spaces with non-relatively compact chronological diamonds (e.g., sets of the
form J*(p)NJ~(q) in Minkowski spacetime with the rim £+ (p) N E~ (¢) removed).
Still, as we shall see in a moment, this can happen only if the space has a non-empty
chronological boundary.

Let us recall the following notions introduced in [27]:

Definition 2.5 Let (X, d) be a set endowed with a functiond : X x X — [0, +00).
Its future boundary is the set

Xt ={xeXldx,y) =0,VyeX},
and its past boundary is the set
X" ={x e X|d(y,x) =0, Vy € X}.

We refer to the union of these sets as the chronological boundary of X. We say
that X has no chronological boundary if X* = X~ = . Finally, we note that
I(X) = X\ (XT UX™).Itis convenient to refer to the set I (X) as the chronological
interior of X.

The following remarks are in order.

Remark 2.6 Since d distinguishes points, X N X~ can contain at most one point (as
in the bounded case, it might be called the spacelike boundary).

Remark 2.7 Assume that X is a topological space, and d is continuous. Then, X+ and
X~ are closed sets, and 7(X) is open.

Now we are ready to give an alternative formulation of property (ii) for a large class
of spaces.
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Proposition 2.8 Let X be a setand d : X x X — [0, 400) a function satisfying the
reverse triangle inequality. Suppose that X* = @ or X~ = @. Let T be a topology
of X such that d is continuous in the product topology. Then, the following statements
are equivalent:

1. Forevery p,q € X and € > 0, the set (I(p, q) x I(p, q)) N I is compact;
2. All chronological diamonds are relatively compact.

Proof The second statement implies the first one by Lemma 2.3, so we concentrate on
proving the converse.

Assume that the first statement holds and consider p, g € X. We intend to show
that 7 (p, q) is compact in T. Note that if neither p < g norq < p,thenI(p,q) = &
and there is nothing to prove. So, without loss of generality we can assume p < q.

Let us assume for definiteness that X is empty. Then we can find ¢/, ¢” € X
such that ¢ <« ¢’ < q”. Define € = d(g,q’) > 0. Let 71 and 7, be the canonical
projections X x X — X on the first and the second factors, respectively. We claim
that

1(p.q) € A= ((T(r a7 x T(pq") N 1e). M
For that take x € I(p, q). We have
d(x,q") = d(x,q) +d(q.q") > e,
s0 (x, q') € I.. Taking into account that x, ¢’ € I(p, ¢”") we get that x € A. We also

note that A is compact, because it is the image under a continuous map of a compact
set in X x X. For the same reason, the set

B=m (T, x T(p.aM) N L)

is compact. Since

(I(p, 7" x 1(p, q”)) NI C X x B,

1 in (1) can be considered as the projection X x B — X, so compactness of B
implies that mq is proper (in the terminology of [5]), and thus a closed map [5, 10.2,
Cor. 5 and 10.1, Prop. 1]. So, A is closed, I(p, g) C A and thus I(p, g) is compact.

Similarly, if X~ = &, there are p/, p” € X such that p” « p’ <« p. Setting
€ = d(p’, p) and reproducing the argument above, we get that

1p.q) € A=m ((IG7 ) x T q)) N Ie)

Arguing along the same lines, one can show that A is a closed compact set, so any of
its subsets is relatively compact. O

Remark 2.9 In the next section (see Lemma3.1), we shall see that the topology of a
Lorentzian metric spaces is always Hausdorff, so any compact set is automatically
closed and the implication in the proof of Proposition 2.8 can be simplified. The Proof
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of Lemma 3.1 relies on property (iii). Although in this paper we do not consider spaces
with indistinguishable points, it is still worth avoiding usage of this property if not
needed. In particular, by examining the proofs one may verify that Corollary2.11 and
Theorem?2.14, as well as Theorem4.5 can be straightforwardly generalized to a more
general setting without imposing property (iii).

For completeness, we provide a generalization of Proposition 2.8 that applies also
to the cases when neither of the chronological boundaries is empty.

Proposition 2.10 Let (X, d) be a Lorentzian metric space. Suppose that A C 1 (1 (X))
is a finite set. Then I(A) is compact in any topology, satisfying the requirements of

property (ii).

Proof 1t is enough to show that if p, g € I(I(X)), then I(p, q) is relatively compact.
Since g € I(I(X)), thereare ¢’, g” € X suchthatg <« ¢’ < ¢q”. The rest of the proof
reproduces the one of Proposition 2.8. O

Let us return to the case of at least one chronological boundary being empty. Com-
bining Lemma 2.3 with Proposition 2.8, one can conclude that for such spaces relative
compactness of chronological diamonds is equivalent to property (ii). For future use,
we state this a bit more generally.

Corollary 2.11 Let (X, d) satisfy the property (i) of Definition 2.1. Assume that X ™ =
@ or X~ = @. Let F be a family of subsets of X such that:

1. Foreach F € %, there is a finite set A € X such that F C 1(A);
2. Forevery p,q € X, thereis F € % such that I (p,q) C F.

Then, the condition (ii) of Definition2.1 is equivalent to the following:

(ii’) There is a topology T of X such that d is continuous w.r.t. the product topology
of T and all members of F are relatively compact.

The trivial example is the family .% consisting of all chronological diamonds.

Proof In every topological space, a subset of a relatively compact set is relatively com-
pact. If the elements of .% are relatively compact then the chronological diamonds are
relatively compact. Conversely, if the chronological diamonds are relatively compact,
then all sets of the form 7/ (A), where A C X is finite, are relatively compact (because
I(A) is the union of finitely many chronological diamonds), which implies that all
sets of .# are relatively compact.

Thus (ii’) is equivalent to the chronological diamonds being relatively compact
which, by Proposition 2.8, is equivalent to (ii). O

More useful families can be defined with the help of the following concept which
will play an important role throughout the paper.

Definition 2.12 Let X be asetand d : X x X — [0, +00) a function satisfying the
reverse triangle inequality. We say that ¢ C X generates X (or is a generating set for
X)if X = 1(¥9).
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In other words, ¢ is a generating set if for any x € X there are p, ¢ € ¢ such that
p < x < ¢q.Note that no assumption on the cardinality of ¢4 was made, although it is
natural to take it as small as possible. We also note that the existence of a generating
set should not be taken for granted.

Remark 2.13 The existence of a generating set implies emptiness of the chronological
boundary. Indeed, if (X, d) admits a generating set ¢, then X = I(¥) C I(X) C X,
soX =I1(X),ie, XtUX =0. Conversely, if the chronological boundary of X is
empty, then X = I(X), and X is itself is a generating set.

Then, we can summarize the main results of this section into the following theorem.

Theorem 2.14 Let X be a set endowed with a function d : X x X — [0, +00)
satisfying properties (i) and (iii) of Definition2.1. Suppose that X™ = @ or X~ = @.
Then, the following statements are equivalent:

1. (X, d) is a Lorentzian metric space;

2. There is a topology on X such that d is continuous and for each p, q € X the set
I(p, q) is compact.

Moreover, if X admits a generating set Y C X, then either of the statements above is
equivalent to the following:

3. There is a topology on X such that d is continuous and for each p, q € 9 the set
1I(p, q) is compact.

Proof The equivalence of the first two statements follows from Proposition2.8.
If 4 C X is a generating set, then for any p, g € X such that p < ¢ there are
p.q €9 suchthat p’ « p K q K q',thus I(p,q) C I(p’,q"). So,

F ={I(p,qQlp.q €9}

satisfies requirements of Corollary 2.11, and therefore, the first and the last statements
are equivalent. O

We stress that the cases considered above, namely the case of bounded Lorentzian
metric spaces and the case of metric spaces without at least one of the chronological
boundaries are the most interesting for possible physical applications. They cover, for
example, the local problems, when one is interested in a compact sub-region of the
spacetime, the case of infinitely extendable spacetime without any boundary, the Big
Bang scenarios and formation of a black hole where the singularity could, in principle,
be included in the space. Since the bounded case was thoroughly considered in [27],
it is instructive to concentrate in this paper on the case of spacetimes with one or both
chronological boundaries being empty.

Before finishing this preliminary general considerations, let us discuss the issue of
removing the chronological boundaries. We recall that in the bounded case, sometimes
it was more convenient to work with spaces with a spacelike boundary, and sometimes
with spaces without the spacelike boundary. Fortunately, it was possible to add or
remove the spacelike boundary without affecting most of the space properties. This is
not always so for the chronological boundary.
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Remark 2.15 In general, it is not true that (I (X), d|7(x)x1(x)) is a Lorentzian met-
ric space without a boundary. Removing the boundary may spoil the distinguishing
property (one can amend this problem by taking the distance quotient [27]) and also
the resulting set can still have non-empty chronological boundary, because in general
I(I(X)) # 1(X). Examples are provided by causets (i.e., finite bounded Lorentzian
metric spaces, see Subsection 2.2 of [27]).

In some important practical cases the chronological boundary can be removed.

Lemma 2.16 Let (X, d) be a Lorentzian metric space and assume that 1(X) is dense
in X in some topology satisfying the requirements of Definition2.1. Then I(X) is a
Lorentzian metric space with no chronological boundary.

That is, the points in 7(X) are still distinguished by d and so there is no need to
pass to the distance quotient. Also, the proof shows that if T is a topology that satisfies
(ii) of Definition 2.1 for X, then the induced topology satisfies the same property for
1(X).

Proof Clearly I(X) endowed with d" := d|x)x1(x) satisfies (i). Moreover, let us
show that d’ distinguishes points and that the chronological boundary is empty.

For the distinguishing property, i.e., property (iii), let x, y € 1(X). Thereis z € X
such that either d(x, z) # d(y, z) or d(z,x) # d(z, y). As usual, we consider only
the first possibility. Moreover, by symmetry between x and y we can always assume
d(x,z) <d(y,z). Take m such that d(x, z) < m < d(y, z) Consider the set

U={ueX|dx,u) <mandd(y, u) > mj}.

Clearly, U is open and z € U. Since I(X) is dense in X, there is some z' € U N I(X).
By construction, 7" distinguishes x from y.

In order to show that 7(X) has no chronological boundary, for every x € I(X)
we have to find p, g € I(X) such that p <« x < ¢. Note that /7 (x) and I~ (x) are
non-empty (as x € I(X)) open sets, thus they contain some points of the dense set
I1(X).

Let T be a topology that satisfies (ii) for X. The function d’ is continuous in the
induced topology T'. By Theorem2.14, in order to prove that 7(X) is a Lorentzian
metric space, it is sufficient to prove that for every p, g € 1(X), I(p, q) is relatively
compact in the induced topology. Observe that there are p’, ¢’ € I(X) such that
P < p K q < q,thus there is € > 0 sufficiently small such that

I(p,q) Cldy > e}N{d? > ey =1.(p',q) C 1(p'.q") C I(X),

where the second set is closed. This proves that Closurer (I(p,q)) C I(X) and
hence Closurey (I (p, q)) = Closurer (I (p, q)) N I(X) = Closurer (I(p, q)). Every
induced topology open covering of Closurer’ (I (p, q)) comes thus from a topology
open covering of Closurer (I (p, g)), and since the latter set is compact, we conclude
that 7 (p, g) is relatively compact in the induced topology. O
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Remark 2.17 For further use, we note that by the same argument one can show that if
(X, d) is a Lorentzian metric space, and /(X) is dense in X, then for every x,y € X
(notnecessarily in 7 (X)) suchthatx # y,thereisz € I(X) suchthatd(x, z) # d(y, z)
ord(z,x) #d(z,y).

3 Topology
3.1 General results

Definition2.1 mentions a topology 7" on the Lorentzian metric space (X, d). So far it
is not clear how many such topologies exist, and if there are any common topological
properties of Lorentzian metric spaces. The goal of this section is to clarify these
points.

Not much can be stated without conditions on the boundary.

Lemma 3.1 Let (X, d) be a Lorentzian metric space and let T be a topology satisfying
the requirements of property (ii) of Definition2.1. Then T is Hausdorff.

Proof The proof goes as in [27, Prop. 1.4.]. We use the notation and the terminology
there introduced. We already know that for every p, r € X the functions d;, and d" are
continuous. Let x 7 y. Since d distinguishes points we can find z such that d(z, x) =:
a # b :=d(z, y) (the other case being analogous). Set m = (a + b)/2. Then, only
one among x and y belongs to the open set {r : d(z,7) < m} = dz’] ((—o00, m)), the
other belonging to {r : d(z,r) > m} = dz_1 ((m, 00)), thus x and y are separated by
open sets. O

Much more can be said if we assume that the chronological boundary is empty. We
are going to use the following fact which follows from the proof of [27, Prop. 1.6] (so
we omit it here).

Lemma3.2 Let X be a topological space, x € X, and let </ be a family of open
subsets of X such that (a) for any y € X not coinciding with x there are A, B € <
satisfying x € A,y € B, AN B = @ and (b) there is U € </ suchthatx € U C C,
where C is compact. Then <7 is a subbasis for the neighborhood system of x.

Proposition 3.3 If (X, d) is a Lorentzian metric space with no chronological boundary,
thenatopology T, satisfying the property (ii) is Hausdorff, locally compact and unique.
Moreover, the sets of the form

{g:a<d(p,q) <biN{g:c<d(q,r) <e} (2)
with p,r € X and a, b, c,e € RU {—00, 0o}, form a subbasis for T.

Proof We start from local compactness. Since X has no chronological boundary, for
any x € X thereare p, g € X suchthatx € I(p, q). The chronological relation is open
because d is continuous; thus, the chronological diamonds are open. Compactness of
I(p, q) (Proposition 2.8) proves that every point has a compact neighborhood.
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Hausdorffness follows from Lemma3.1. Let us come to uniqueness. By the prop-
erties just proved, the family <7 given by the T-open sets of the form (2) satisfies
the assumptions (a) and (b) of [27, Prop. 1.6] (or Lemma3.2), and thus, it provides a
subbasis for the topology.

Any two topologies that share the same subbasis coincide, thus 7 is unique. O

From now on, if a Lorentzian metric space (X, d) has no chronological boundary,
we endow it with the unique topology satisfying property (ii), and refer to it as the
topology of the Lorentzian metric space (X, d) denoting it with .7.

Corollary 3.4 Let (X, d) and (Y, d) be two Lorentzian metric spaces without chrono-
logical boundary and let ¢ : X — Y be a bijective distance-preserving map. Then ¢
is a topological homeomorphism.

Proof 1t is clear that the preimage and image of a set of the form (2) under a distance-
preserving map are again a set of the form (2). So, by Proposition3.3 any such ¢ is
both continuous and open, and thus, it is a homeomorphism. O

It is natural to refer to bijective distance-preserving maps as isometries.
In the general case, only the neighborhood basis for points in 7(X) is determined
by d.

Proposition 3.5 Ler (X, d) be a Lorentzian metric space, and let x € 1(X). The sets
of the form (2) provide a subbasis of neighborhoods of x. If 1 (X) is dense in X (in any
topology of X satisfying requirements of the property (ii)), it is enough to consider the
points p,r € 1(X) in (2).

Proof 3.5 We intend to use Lemma 3.2, so we have to show that the family consisting
of the open sets of the form (2) satisfies the two properties. We have already seen
that these sets separate all points in Lemma 3.1, so we need only to show that every
x € 1(X) has a neighborhood among them contained in a compact set. Take p, g € X
such that x € I(p, q). Then, I(p, g) can be written in the form (2) and its closure is
compact by Proposition 2.8, as needed.

Now, assume that 7 (X) is dense in X. We have to show that the sets of neighborhoods
of the form (2) with the restriction p, r € I (X) is still large enough to apply Lemma 3.2.
By Lemma?2.16 for x € I(X) we can choose p,r € I(X) sothat p < x < r. Also,
using the same argument as in Proof of Lemma 2.16, we conclude thatforany y € X not
coinciding with x there is z € I(X) such that d(x, z) # d(y, z) ord(z, x) # d(z, y).
So, in the Proof of Lemma3.1 we can also use only the points of 7(X). O

The following result follows from Lemma?2.16 and comments given there, taking
into account that 7 (X), being without chronological boundary, has a unique topology
that satisfies (ii), which then necessarily has to be the induced topology.

Corollary 3.6 Let (X, d) be a Lorentzian metric space and assume that I (X) is dense in
X in some topology satisfying the requirements of Definition 2. 1. Then, the tautological
inclusion I (X) — X is atopological embedding (assuming that I (X) is endowed with
its unique, by Lemma2.16 and Proposition 3.3, topology).
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Lemma 3.7 Let (X, d) be a Lorentzian metric space. Consider x, p,q,r € X and
a,b € [—o00, o). Assume that p K x K q. Then, the following holds:

1. if p,q € (d)"'((a, b)), then x € (d,)" ((a, b));
2. ifp.g € @) '((a, b)), then x € (d")"'((a, b)).

Proof We prove the former statement, the proof of the latter being analogous. The case
b < 0 is trivially satisfied as the assumption in the implication is void, d) " ((a, b))
being empty. Thus, let us assume b > 0.

Assume that d(r, p),d(r, q) € (a, b). We have to show that d(r, x) € (a, b).

Let us begin with proving d(r,x) > a. If a < 0, this inequality follows from
non-negativity of d. If a > 0, we have d(r, p) > a > 0 and x > p, so

d(r,x)>d@r,p)+d(p,x) > a.

Now, let us prove d(r, x) < b. If d(r,x) = 0, then d(r, x) < b by positivity of b.
Otherwise, if d(r, x) > 0, then, by x < ¢,

d(r,q) =d(@r,x)+d(x,q).

Recall that d(r,q) < b. Therefore, by non-negativity of the Lorentzian distance,
d(r,x) < b. O

Corollary 3.8 Let (X, d) be a Lorentzian metric space, and let V. C X be a finite
intersection of sets of the form (2). If p,q € V, then I(p,q) C V.

Proof V is an intersection of sets considered in Lemma3.7. Applying the lemma to
each set and using elementary properties of intersections, we get the statement. O

Theorem 3.9 Let (X, d) be a Lorentzian metric space. Assume that for every x € X
we have x € I%=(x). Then the set of all chronological diamonds of X is a basis for the
topology of X. In other words, under these assumptions, the Lorentzian metric space
topology coincides with the Alexandrov topology.

Note that the assumption implies X = I(X), thus by Proposition 3.3 the topology
of X is uniquely determined.

Proof Fix an open set U C X and x € U. The assumptions imply the absence of
chronological boundary, thus by Proposition 3.3, there is V C U such thatx € V, and
V is afinite intersection of sets of the form (2). By assumption, thereare p € I~ (x)NV
andg € IT(x)NV.Clearly,x € I(p, q). By Corollary3.8,I(p, g) C V. We conclude
that starting from a point x and its open neighborhood U we can always find a sub-
neighborhood of the form 7(p, g) with some p, g € X, i.e., chronological diamonds
form a base of the topology of X. O

Further results on topology will be obtained in Proposition 3.20 by adding a count-
ability condition.
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3.2 Bounded regions of Lorentzian metric spaces

The local properties of a locally compact metric space can be studied by looking at
its bounded regions, and thus essentially reducing everything to the compact case.
Up to the issues with the chronological boundaries, the Lorentzian metric spaces are
locally compact (see Proposition3.3). So, it is instructive to use a similar strategy
for the Lorentzian metric spaces, with the bounded Lorentzian metric spaces playing
the roles of the compact regions. The main change in comparison with the standard
metric theory is that Definition2.1 included the distinguishing property (iii) which
is non-local. So, for a general space, not only we have to restrict our attention to a
compact region of the space, but also to take a distance quotient [27], losing more
information about the properties of the space. Still, this approach can be powerful
if used appropriately. In this subsection we develop this idea, mostly focusing on
topological application.

To start with, let us discuss how to get a bounded Lorentzian metric space from a
compact region of an unbounded one. For any subset Y C X, we introduce

IO(Y) ={yeYldx,y) =d(y,x)=0,Vx € Y}.

This set will play the role of a local spacelike infinity when we restrict our considera-
tions to the subset Y. We also introduce ¥ = Y \ 1°(Y).

Lemma3.10 Let (X,d) be a Lorentzian metric space without the chronological
boundary, and Y C X a compact subset. Let us endow Y with a distance function
dly .y and define

BY :=Y/~,

dpy = dlyy/~, where ~ is the equivalence relation on Y induced by the distance
Sunctiond|y  y (see Subsection 1.3 of [27]). Then, (BY , dy) is a bounded Lorentzian
metric space. The topology Ty of the bounded Lorenizian metric space BY coincides
with c7|Y/ ~.

Proof We need to verify three properties. Property (i) on the reverse triangle inequality
is trivially satisfied. By [27, Prop. 1.19], we need only to show that there is a topology
T for Y suchthatd|;, ; is continuous and {(p,q) € Y X Y : d(p, q) > €} is compact

inT xT.LetT = .7 |y, i.e., the induced topology on % by .7, then the induced
metric d|;.  is continuous in this induced topology. Moreover,

{(p.@) €Y xV:d(p,q) >el=1N{ xY)

thus it is compact in .7 x .7 and hence in T x T as .7 and T agree on Y.

Since ¥/ ~ does not contain i°, its topology is unique and coincides with any
(necessarily unique) topology satisfying property (ii) of bounded Lorentzian metric
space [27, Cor. 1.7]. In particular, 7 := T / ~ satisfies such property (because the
projection quotient of a compact set is a compact set), which concludes the proof. O
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Corollary 3.11 For any finite subset A C X of a Lorentzian metric space without the
chronological boundary, BI(A) is a bounded Lorentzian metric space. In particular,
the closure of any chronological diamond produces a bounded Lorentzian metric
space.

Proof By Proposition2.8 and Lemma 3.10. O

In the sequel, we omit the index Y in dpy, because it will be clear from the context.
However, it is very important to distinguish between a point x € Y and its equivalence
class [x]y € BY.Since we need to consider different compact sets Y to getinformation
about the whole space X, we will always keep the subscript Y of the equivalence class
[x]y.

Let us study the relation between the points of a Lorentzian metric space and the
corresponding equivalence classes in more detail. We interchangeably understand [x]y
both as a point of the bounded Lorentzian metric space BY and as the corresponding
subset of ¥ consisting of indistinguishable points. We will frequently use the obser-
vation that for x € ¥ and y € BY the statements [x]y = y and x € y are equivalent.

Intuitively, one would expect that if we enlarge the compact region Y, the equiv-
alence class of a fixed point x will shrink (because the larger is Y, the better it
distinguishes the points). There is a caveat in this argument, because as ¥ becomes
larger, new points equivalent to x may appear. The correct version of this statement is
the following.

Lemma 3.12 Let (X, d) be a Lorentzian metric space. Let p, q € X and let us consider
compact sets Y, Y' C X such that p,q € Y and I(p,q) CY CY'. Forx € I(p, q),
we have [x]y: C [x]y.

Proof Itis enough to consider the case p < ¢. Assumethaty € [x]y. Thend(p, y) =
d(p,x) > 0and d(y,q) = d(x,q) > 0,s0y € I(p,q) C Y. Moreover, for any
z€Y CY wehaved(x,z) = d(y,z) and d(z, x) = d(z, y). But this means that
y € [x]y as desired. O

A natural question is to what extent the space X can be reconstructed from its
bounded regions. The answer is given by the following lemma.

Lemma 3.13 Let X be a Lorentzian metric space without chronological boundary.
Take p,q € X and a family {Y,}nen of compacts subset of X. Assume that for every
n € Nitholds I(p,q) C Y, and p, q € Y,. Finally, assume that | J,, Y, = X. Then,

1. Forevery x € I(p, q) we have (,,[x]y,, = {x};

2. Suppose that a sequence of points y,, € BY, has been given, such that, regarding
them as equivalence classes, y,, C yn for any pair m > n, and y1 C I(p, q).
Then, there is one and only one x € 1(p, q) such that [x]y, = y, for everyn € N.

In other words, there is one-to-one correspondence between points of X and nested
families of equivalence classes.

We note that the present formulation can be applied to the o -compact Lorentzian
metric spaces only. However, it is easy to see that countability of the family {Y,}
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plays no role in the proof. In fact, we can take any enlarging family of compact sets
enumerated by any directed set. We omit this generalization for the sake of readability
of the statement, as we shall apply it only in the o -compact case.

Proof 1. Clearly, x € (,,[x]y,, as it belongs to all of its equivalence classes. Now
take y € ﬂm>l[x]ym and z € X. Thereism suchthatz € Y,,,.If 7 € IO(Ym), then
d(z,x) =d(z,y) = 0,and d(x,z) = d(y, z) = 0. Otherwise, z € fm, and, as
y € [xly,,d(x,z) =d(y,z) and d(z, x) = d(z, y). Since z is arbitrary, it means
that x = y. So, the only point in the intersection is x.

2. All equivalence classes y,, are closed (as intersections of closed sets), non-empty,
and contained in Y7. Moreover, the nesting property y,, C y, form > nimplies that
any finite subfamily of them has a non-empty intersection. Then by compactness
of Yy theset L = (1)~ ym is non-empty. Clearly, x € L if and only if for every m
it holds [x]y, = y.. But then, by the previously proven point, L contains exactly

m

one element, so such an element x is unique. O

The lemma above explains how the points of the original space can be recovered
from the equivalence classes of its bounded regions. Another useful observation is
that the open sets of a Lorentzian metric space without chronological boundary can
be recovered from the topologies of its bounded regions via the following procedure.

Lemma3.14 Let (X, d) be a Lorentzian metric space and let 9 C X be a generating
set. Then, for every x € X and open set O > x, there are an open set V C X, a finite
subset A C 9 and an open set U C BI(A) such that x € V C O where V is the
preimage of U under the canonical projection 1(A) — BI(A). If A does the job, so
does any larger finite set A’ C 4.

In other words, we can get the base of the topology of X by lifting the bases of
topologies of its bounded regions.

Proof Fix p,q € 4 sothat p <« x <« ¢ and let us replace O by O’ = O N I(p, q).
Clearly, x € O’ C O, so it is enough to find a sub-neighborhood of O’ satisfying the
requirements. By Proposition 3.3, we can find a sub-neighborhood V C O’ such that
x € V and

V=)@ (ai, b)) N[ )ds) " ((ci di))

i<n i<n
forsomen € N, ry,...,r,,81,...,8, € X and a;, b;, c;, d; € [—00, +00]. As ¥ is
a generating set, we can find a finite set A C ¢ so that r;,s; € I(I(A)) for every
i=1,...,n,and p,q € I(A).Wehave V C I(p, q) C I(A).Observe that all points

r; and s; belong to 1(A). Thus, V is the preimage of an open set U C BI(A) defined
by
U = (@) (@i, b)) 0 () Wisyiye) ™ (e di).-

i<n i<n

@ Springer



Lorentzian metric spaces and GH-convergence: The unbounded case Page 190f66 63

Lemma 3.15 Let{Y;};en be a compact exhaustion of a Lorentzian metric space without
chronological boundary (X, d). Assume that for eachn € N, ., C Y, is such that

S w=Alply,|p € S}

is dense in BY,. Then, .’ = |, o -7 is dense in X.

Proof To start with, we observe that for any finite set A we can find n € N such
that A C )D’n. Indeed, (X, d) has no chronological boundary, so A C I(A’) for some
finite set A’ C X. Forsomen € N, AU A C Y,. It is easy to see that in this case
ANY? =o.

Consider a non-empty open set O C X and let x € O. By Proposition 3.3, we can
find a subset V C O such that x € V and

V= (@) (@i, b)) 0 (s (cin di))

i<m i<m
for some m € N, ry, ..., rm,S1,...,8, € X and a;, b;, ¢c;,d; € [—00, +0o0]. Let
n € Nbesuchthatry,...,ry,,s1,...,5, € Y,. Then V NY, is the preimage of an

open set

U= (@) (@i, b)) N () disi1y,) " (e d)) C BY,

i<m i<m

under the canonical projection Y, — BY,. As.¥’, is dense in BY,, there is y €
U N.¥, and the representative y, y’ = [yly,, is such that y € V N.%. We have found
that any open set of X contains a point of .%, i.e., . is dense. O

Corollary 3.16 Let (X, d) be a Lorentzian metric space without chronological bound-
ary, and {Y,} be a compact exhaustion of X. Then, there is a dense countable subset
& C X such that for every n € N the set ¥ N'Yy, projects to a dense countable subset
of BY),.

Proof Each bounded Lorentzian metric space BY, has a countable dense subset ., C
BY, [27]. By choosing an arbitrary representative of each class, we can lift .7, to
< C X which projects to .#,. By Lemma3.15, . = J, o %5 is dense in X. At

the same time, for any n € N, .’ N Y, D .%, is dense in BY,,. O

3.3 Countably generated and sequenced spaces

Definition 3.17 Let (X, d) be a Lorentzian metric space. We say that X is countably
generated if it admits a countable generating set. We say that (X, d, {p* Jken) 1s a
sequenced Lorentzian metric space if (X, d) is a Lorentzian metric space and {p'};en
is a sequence of points in X such that

{p'li e N}
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is a generating set. We will refer to {p¥}zcy as a generating sequence.

Note that countably generated Lorentzian metric spaces do not have a chronological
boundary (Remark 2.13).

Proposition 3.18 Let (M, g) be a smooth globally hyperbolic Lorentzian manifold
(without boundary), and let (M, d) be the associated, by Proposition 2.4, Lorentzian
metric space. Then M is countably generated.

Proof Since M is a manifold, there is a countable dense subset 4 C M. For every
X € M both I'"(x) and I~ (x) are non-empty open sets, so there are p € I~ (x) N ¥4
and g € I (x) N¥. Therefore, & generates X. O

The difference between countably generated and sequenced Lorentzian metric
spaces is similar to the difference between metric spaces and pointed metric spaces.
We shall discuss some properties of countably generated Lorentzian metric spaces.

Observe that we can pass from a countably generated to a sequenced Lorentzian met-
ric space by fixing an order for the sequence, whenever it could be convenient. Given
two sequenced Lorentzian metric spaces, say (X, d, {p*}ren) and (X', d’, {p"*}ker),
it is natural to consider a special class of maps X — X', mapping p* to p’*. Clearly,
this class depends on specific choices for the generating sequences. In particular, we
introduce the following notion.

Definition 3.19 We say that two sequenced Lorentzian metric spaces

(X, d, {p"Ykew) and (X', d’, {p""}ren)

are isomorphic if there exists a bijective distance-preserving map ¢ : X — X’ such
that p'" = ¢(p") for every n € N. We also say that such a map ¢ is an isomorphism.

By Corollary 3.4, any isomorphism of sequenced Lorentzian metric spaces is an
isometry and thus a topological homeomorphism (see Corollary 3.4 and the paragraph
below it).

In Sect. 6, devoted to Gromov—Hausdorff convergence, the choice of the sequence
will be of importance.

Proposition 3.20 If (X, d) is a countably generated Lorentzian metric space, then its
topology is o -compact, second countable and Polish.

Proof We start from o-compactness. Let ¢ = {p”|n € N} be a countable generating
set of X. Set X" = I(p!,..., p™). Then

X:UX’”.
m

By Proposition 2.8 the sets I(p!, ..., p") are compact, so X is o-compact.
Let us prove second countability. We recall that for every m the topology .7 of the
bounded Lorentzian metric space BX"™ is second countable [27]. We then have only
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to show that a union of their countable bases (lifted to X) is a base of the topology .7 .
This follows from Lemma3.14.

Every second countable locally compact Hausdorff space (hence o-compact) is
Polish (see the argument in [23, Prop. 3.1][27, Theorem 1.10]). O

Corollary 3.21 Let (X, d) be a countably generated Lorentzian metric space. Then
there is a countable dense subset . C X. Moreover, if x,y € X and x # y, then
thereis z € . suchthatd(x, z) # d(y, z) ord(z, x) # d(z, y). Finally, the subbasis
of the topology of X is given by the sets of the form (2) with p,r € .&.

Proof Existence of a countable dense subset is a consequence of X being Polish. The
rest is identical to [27, Prop. 1.11, Cor. 1.14]. O

3.4 Bounded Lorentzian metric spaces

In Sect. 3.2, we have seen that the compact regions of a Lorentzian metric space produce
bounded Lorentzian metric spaces that provide information on the local properties of
the original space. We applied this idea in Proposition 3.20. In this subsection we go
in the reverse direction, namely, we study how the general theory of Lorentzian metric
spaces can be applied to the bounded case.

From Example 2.2, we already know that bounded Lorentzian metric spaces, as the
terminology suggests, are special cases of Lorentzian metric spaces. At the same time,
the bounded Lorentzian metric spaces do not belong to the class of the spaces without
boundary (and thus they cannot be countably generated) for which the most strong
results were achieved.

Lemma3.22 Let (X,d) be a bounded Lorentzian metric space. Then 1T (X) =
IT(X7)and I=(X) = I~ (X1). In particular, I(X) = I(XT U X™).

In other words, the boundaries have enough points to generate (in the sense of
Definition2.12) everything except the boundaries themselves.

Proof Let us first prove I17(X) = IT(X™). By monotonicity of I, IT(X™) C
IT(X), so we have to show the other inclusion only. Fix x € I*(X). By definition of
IT, thereis y € X such that e = d(y, x) > 0. Let p be a point of maximum of d* on
the compact set K = 1 (I¢), where m is the canonical projection X x X — X to the
first factor. As y € K we have d(p, x) > € > 0. Now, if there were r < p, then we
would have

d*(r) =d(r,x) > d(r, p) +d(p,x) > d(p,x) > €,

sor € K and p would not be a point of maximum, in contradiction to our assumption.
We conclude that p € X~ and p < x,i.e.,x € IT(X7).
The equality I~ (X) = I~ (X™) can be proven similarly. Finally,
IX)=I"XHNI" X)) cITXtuxHNnI Xtux)=IXTUx),
I(X*T U X™) C I(X) by monotonicity, so I(X) = I(XT U X™). O
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When the boundaries can be cut out, the resulting space is countably generated.

Theorem 3.23 Let (X, d) be a bounded Lorentzian metric space with the topology 7.
If 1(X) is dense in X, then (I1(X), dx)x1(x)) is a countably generated Lorentzian
metric space.

Note that the density assumption does not hold for finite causets.

Proof By Lemma?2.16, we need only to show that /(X) is countably generated.

By Remark 2.7, I (X) is open. It follows thatif .% is dense in X, then so is . N1 (X)
(take a non-empty open set O C X, then O N I(X) is also open and non-empty by
density of 1(X), so O N I(X) N . is non-empty).

Now let . be a countable dense set of X and set 4 = .’ N I(X). We claim that it
generates I (X). Indeed, take x € I(X) and consider the open sets /7 (x) and I~ ().
They are non-empty by definition of 7(X), thus there are some p € I~ (x) N ¥ and
g € I (x) NY as desired. O

Another question worth answering is how one can identify bounded Lorentzian
metric spaces among general Lorentzian metric spaces. We give one such criterion.

Lemma 3.24 The bounded Lorentzian metric spaces with spacelike boundary are pre-
cisely the Lorentzian metric spaces, such that

1. The spacelike infinity is not empty;
2. At least one of the topologies satisfying property (ii) of Definition 2.1 is compact.

Proof This is direct consequence of [27, Prop. 1.15]. O

4 Causal relation and time functions
4.1 Causal relation and global hyperbolicity

In a Lorentzian metric space, there is a natural chronological order relation, defined as
the set I = {d > 0}. In [27], a (maximal) causal relation compatible with the distance
function d and the reverse triangle inequality was defined. We recall it here, dropping
unnecessary topological assumptions for future convenience.

Definition 4.1 Let X be a set endowed with a function d : X x X — [0, +00)
satisfying the reverse triangle inequality (i.e., property (i) of a Lorentzian metric space).
The (extended/maximal) causal relation J C X x X is the set

J={(x,y) e X x X|d(p,y) 2d(p,x)andd(x, p) > d(y, p), Vp € X}. (3)
As in [27], we use the notation x < y for (x,y) € J,and x < y for x < y but

X # y.

Remark 4.2 1f (X, d) is a Lorentzian metric space and C C X is a compact subset,
then there are two natural orders on C , namely the restriction of J to € and the lift of
the causal order on BC. It is easy to see that the former is contained in the latter, i.e.,
forx,y e Co',x < yimplies [x]c < [y]lc.
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Definition 4.3 Let X and d be as in Definition4.1, and let us consider a set A C X.
We define the causal future of A as

JH(A)={peX|3qgeA p=q)
the causal past of A as
J(A)={peXlIgeA p=q}
and the causal hull of A as
J(A) = JT(A) NJT (A).
If A is finite it is convenient to use the notation

Ji(pls ~-~7pn) = Ji({pla "'7pn})a

and similarly for J.
We remark that this notation is compatible with the conventions of Sect. 1.1.

Theorem 4.4 Let (X, d) be as in Definition4.1. The relation J is closed, reflexive and
transitive, | C JandloJUJol C I.If(x,y), (y,2) € J, thend(x,y)+d(y,z) <
d(x, z). If (X, d) satisfies (iii), then J is antisymmetric.

Proof The proof of [27, Theorem 5.7] applies. Note that closedness follows from
continuity of d, while transitivity and the last two properties relating J to I follow
from the triangle inequality (but not from the other properties of a bounded Lorentzian
metric space). In particular, the compactness assumptions of property (ii) are never
used. The last statement on antisymmetry is clear from the definition of J. O

We establish a connection with the property of global hyperbolicity for ordered
spaces in the sense of [24, 25].

Theorem 4.5 Let (X, d) be a Lorentzian metric space without chronological boundary,
and C C X any compact subset. Let K be a closed order on X suchthat 1 C K C J.
Then the set K (C) is compact.

The typical choice will be K = J.

Proof By [33, Prop. 1.4] K™ (C) and K~ (C) are closed, so K (C) is closed.

Following [18], we are going to show that J(C) C I(A) for some finite set A C X.
By assumptions, K(C) C J(C), and I(A) is relatively compact by Proposition2.8,
so this will be enough to conclude that K (C) is compact.

For every x € C take p,q € X such that p < x < ¢. Then I(p, q) is an open
neighborhood of x, and thus, sets of this type form an open covering of C. So, there
is a finite set A C X such that C C I(A).

Now take x € J(C). It means that there are p, g € C such that p < x < g. Since
C C I(A), there are p’,q’ € A such that p’ < p and ¢ < ¢’. By Theorem4.4,
P K x K q’, therefore x € I(A). We conclude that J(C) C I(A). O
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In other words, in the absence of a chronological boundary, the property (ii) is
essentially the global hyperbolicity assumption in the sense of [24, 25]. Moreover, as
the next result finish clarifying, the extended causal relation J, which is in a sense the
maximal relation compatible with d, can be replaced by any smaller closed order K.

Theorem 4.6 Assume that (X, d) satisfies Definition2.1 except for the property (ii)
and that it has no chronological boundary. Then, (X, d) is a Lorentzian metric space
if and only if there is a relation K, I C K C J, and a topology of X with respect to
which d is continuous and K (C) is compact for every compact set C.

Note that for p, g € X, taking C = {p, g}, we get that K (p, q) is compact.

Proof If (X, d) is a Lorentzian metric space, then the claim on the existence of K
is true, due to Theorem4.5, taking K = J. For the converse, suppose that there is
a topology such that d is continuous and K (C) is compact for every compact set C,
then for every p, g € X, setting C = {p, g} we find I(p,q) C I(C) C K(C), and
since C is compact we conclude that 7 (p, g) is relatively compact (since (iii) holds,
any topology that makes d continuous is Hausdorff by the usual arguments, so every
compact set is closed). By Theorem2.14, (X, d) is a Lorentzian metric space. O

Remark 4.7 Let (X, d) be as above and assume that there is a generating set 4 C X.
By the property I o J U J o I C I, for every pair x, y € X there are p, ¢ € ¢ such
that J(x, y) C I(p, q).

Theorem 4.8 Assume that (X, d) satisfies Definition2.1 except for the property (ii),
and let 9 C X be a generating set. Then (X, d) is a Lorentzian metric space if and
only if there is a relation K, I C K C J, and a topology on X with respect to which
d is continuous and K (p, q) is compact for every p,q € 9.

This result is interesting already for spaces without chronological boundary as we
can make the choice 4 = X which clarifies the connection with a characterization
of global hyperbolicity in the smooth case [3] (causality, i.e., antisymmetry of J,
and compactness of causal diamonds), in the sense that, taking also into account
Theorem 4.6, property (ii) is reformulated as a compactness condition for K -causal
diamonds where the choice of K is largely arbitrary.

Proof We have only to establish equivalence between the compactness assumptions.
Assume that (X, d) is a Lorentzian metric space, then by Remark 4.7, for every p, g €
¢, since J(p, q) is closed, it is compact, and thus, the claim on the existence of K is
true, just choose K = J.

For the converse, observe that the sets of the form K (p, ¢), p,q € ¢ are closed
(since (iii) holds, any topology that makes d continuous is Hausdorff by the usual
arguments, so every compact setis closed). As I C K, I(p,q) C K(p,q),for p,q €
¢ and so these chronological diamonds are relatively compact. By Corollary2.11,
(X, d) is a Lorentzian metric space. O

Corollary 4.9 Let C C X be a compact subset of a Lorentzian metric space (X, d)
with no chronological boundary. Then BJ(C) is a bounded Lorentzian metric space.

Proof This follows from Lemma 3.10. O
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4.2 Time functions

In the bounded case, the existence of time functions constructed from d was used

recurrently in various arguments [27]. The existence of time functions is also an

interesting problem in itself. Let us look for similar results in the unbounded case.
First, let us recall the definition.

Definition 4.10 Let (X, d) be a Lorentzian metric space. A continuous function t :
X — R with t(x) < 7(y) whenever x < y is called a time function.

Lemma4.11 Let (X, d) be a countably generated Lorentzian metric space. Then, there
is a bounded time functiont : X — [—1, 1].

Proof Let .¥ C X be a countable dense subset in X (its existence follows from
Propositions 3.3). Fix an enumeration for .%, i.e., a sequence {x,},cn such that

{xuln € N} = ..

Let us set
o0

B 1 d(xl.’x) d(x,xi)
T(x)—zz_”<l+d(xi,x)_ 1+d(x,xi)). @

n=1

The expression in the parenthesis has absolute value bounded by 1, so the series
converges absolutely and |7 (x)| < 1. Now, if x < y, then d(x,, x) < d(x,,y) and
d(x, x,) = d(y, x;). Thus (using that ¢ HLI is increasing on [0, +00)) we get
7(x) < t(y). If in addition to that x # y, then some of the points of . distinguish x
from y (see Corollary 3.21), so some of the inequalities above become strict and we
get T(x) > 7(y). O

We will also need another variant of this construction.

Lemma4.12 Let (X, d) be a countably generated Lorentzian metric space, and let
{Yi}ien be a family of compact subsets of X such that Y; C Y for everyi < j, and

Uri=x

ieN
Then, there is a family of time functions
1 : BY; - [-1,1], i e N
such that the function t : X — [—1, 1]
T(x) := lim 7;([x]y,), Vx € X
i—00
is well-defined and provides a time function.

@ Springer



63  Page 26 of 66 A.Bykov et al.

In the lemma above, the expression under the limit in general makes sense only for
large enough values of i (namely, large enough to ensure that x € Y;), but the limit
depends on the tail of the sequence only, so the whole expression is well-defined.

Proof Let. be a countable dense subset of X such that .%; = .% N'¥; projects to a
dense countable subset of BY;, see Cor. 3.16 for the existence.

For each n let 57/, k € N be a denumerable sequence whose image is .7} (the
sequence shall have repetitions if .7, is finite).

Forn e Nand x € 1?,, set

n X dGkx) d(x. 5))
T, ([x]y,) = ZZ 2Jj+k (1 +d(s§,x) - 1+d(x,S§) .

k=1 j=1

Note that the right-hand side depends on the class [x]y, only, so 1, is a well-defined
function BY,, — [—1, 1] for each n € N. The proof that 7, is a time function goes in
the same way as in Lemma4.11.

Finally, for fixed x € X we have

00 o0 k k
1 d(s'yx) d(x,s-)
lim 7,([x]y,) = . . - ! :
n—oo " I;; 2J+k (1 +d(sh,x)  1+d(x,sh)

It is easy to see that the sum converges for any x € X, and the resulting function t is
a time function. O

Remark 4.13 In fact, we proved a stronger result. The convergence of 7, to T is actually
uniform. Moreover, there is a universal (independent of the space X) bound

|[Tp(x) —Tt(x)] <27"  (Vx € X).

Remark 4.14 1In the setting of Lemma4.11 (or Lemma4.12), for any two given x, y
such that x < y, by rescaling and shifting of 7, one can always ensure that t(x) = 0
and t(y) = 1.

5 Lorentzian length space
As in [27], we say that a continuous curve o : [a, b] — X is isochronal if a < s <

t < bimplies o (s) < o(t), isocausal if a < s <t < b implies o(s) < o(t), and
maximal if it is isocausal and if fora <t < t' < t” < b it satisfies

do(t), o) +d(o(), o) =d(o(t),o(")) )
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We recall that for any time function 7, by? [27, Prop. 5.8] any isocausal curve o can
be reparametrized to be t-uniform, i.e., such that t (o (s)) = s for any s in the domain
ofo.

Definition 5.1 We say that a Lorentzian metric space (X, d) is a Lorentzian prelength
space if forevery (x, y) € I there exists an isocausal curve o : [a, b] — X connecting
x to y. We say that X is a Lorentzian length space, if for any (x, y) € [ there is a
maximal curve o : [a, b] — X connecting x to y.

Remark 5.2 We note that the notions of Lorentzian (pre)length spaces differ from
homonymous notions introduced in [21]. In fact, any Lorentzian metric space can be
considered as a prelength space of [21] (but not vice versa). A closer analogue of the
prelength space property introduced above is the notion of causally path connected
prelength space of [21], but the analogy is not complete since in [21] only locally
Lipschitz curves are considered. The notions of Lorentzian length spaces here and
in [21] are close, save, again for the locally Lipschitz condition restricting the set of
the curves in the latter. Since the locally Lipschitz condition clearly depends on the
auxiliary metric, absent in our approach, more precise comparison is not possible.

For convenience, we extend the domain of definition of each curve to R by setting

on(ay), ifs <ay,
on(s) = y0u(s), ifs € [an, by] (6)
o,(by), ifs > b,.

Definition 5.3 Let (X, d) be a Lorentzian metric space and let o, : [a,, by,] = X, 0 :
[a, b] — X be continuous curves. We say that o,, converges pointwise (respectively,
converges uniformly) to o if a, — a, b, — b, and 6, converges to & pointwise
(respectively, uniformly with respect to a uniformity on X which should be specified).
Given a subset Q C R, we say that o,, converges pointwise on Q if a, — a, b, — b,
and &, ¢ converges pointwise to 6 .

Remark 5.4 We deal only with sequences of curves whose image is contained in a
compact subset. In this case, as we observed [27], there is no need to specify the
uniformity over the compact set as it is unique when it exists [45, Theorem 36.19].
A uniformity exists when (X, d) is countably generated because it is then Polish
(Proposition 3.20) and hence metrizable.

The following construction is of use.

Lemma5.5 Let (X, d) be a countably generated Lorentzian metric space, and let
T : X — R be a time function. Let a, b € R be such that a < b, and assume that Q
is a dense subset of [a, b] such that a,b € Q. Let ¢ : Q — X be such that

e T(£(1)) =1Vt € Q,

2 Of course, in [27] this was proved for bounded Lorentzian metric spaces, but the proof relies on continuity
and monotonicity of T and o only, thus applies to much more general setting.
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o (1) < ¢(t)) whenevert,t' € Q,a <t <t <b.

Then, ¢ extends to an isocausal curve ¢ : [a, b] — X parametrised by t. Moreover,
if ¢ satisfies the maximality condition (5) for all t,t',t" € Q, then ¢ is maximal.

Remark 5.6 We note that this lemma has a consequence that is interesting by itself in
the case Q = [a, b]: a monotonous map [a, b] — X parametrized by a time function
(i.e., any map satisfying the two conditions above) is necessarily continuous and thus
an isocausal curve.

Proof The key idea is extracted from the proof of [27, Theorem 5.12]. To begin with,
let us verify that ¢ < ¢ implies the strict inequality £ (¢) < ¢(¢'). Indeed by the first
property of ¢,

¢ =t <t'=7@{)),
which, together with the definition of a time function, excludes the possibility ¢ (¢) =
¢(1).

To finish the proof, we have to show that ¢ is Cauchy continuous,® thus has a
continuous extension. Here we use the fact that X is completely metrizable (Proposi-
tion 3.20) and fix some complete metric y. Note that the extension will be 7-uniform
and isocausal due to closedness of J. For that, analogously to [27], we assume the
contrary, namely that there is a Cauchy sequence ¢,, € Q such that ¢ (g;,) is not Cauchy.
Define r = lim,, ¢,. Since ¢(g,) is not Cauchy, we can find € > 0 and sequences ny,
my, my < nj, such that

Y (& @Gn)s $(Gmy)) > €

for all k € N. By passing to subsequences, we can assume that limy ¢(gp,) = w,
limg £(gn,) = z (note that J(¢(a), £(b)) is compact). We have y(w,z) > €, so
w # z. Moreover, we have {(qn,) < £(qn,), thus, since J is closed, w < z. We
conclude that T(w) < t(z). But by the continuity of t, 7({(w)) = t(¢(z)) = r,
which contradicts the fact that 7 is a time function. So, such subsequences do not exist
and ¢ is Cauchy continuous. Therefore, it can be extended to [a, b]. Its extension E is
isocausal by closedness of J, and parametrized by t by continuity of the latter.
Finally, we note that the maximality condition (5) is closed, so, as long as we deal
with continuous curves, it holds for all arguments if and only if it holds on a dense
subset. m|

Theorem 5.7 Let us consider a countably generated Lorentzian metric space (X, d),
let K be a compact subset of X, let 0, : [ay, b,] — K be a sequence of continuous
curves, and let o : [a,b] — K be yet another continuous curve. The sequence oy,
uniformly converges to o iff for each z € X the sequences of functions d, o 6, and
d*® o 6, converge uniformly to d, o & and d* o &, respectively.

From now on, we shall be somewhat sloppy in distinguishing between o and &,
hoping that it shall not cause confusion.

Proof Assume that o,, converges to o uniformly. Note that the restrictions to K of the
continuous functions d* and d, are uniformly continuous. As a consequence, uniform

3 We recall that a function is called Cauchy continuous if it maps Cauchy sequences to Cauchy sequences.
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convergence is preserved in the sense that d; o 0, (d* o 0,,) uniformly converges to
d; o o (resp. d* o o) whenever o, uniformly converges to . This gives one of the
implications.

Conversely, suppose that for each z € X the sequences of functions d; o o, and
d* o 0, converge uniformly, respectively, to d, o o and d*® o 0. Let y be any metric
inducing the topology of X. Fix € > 0. By continuity of y, for any € [a, b] there is
a an open set W; C X x X such that (o (¢),0(t)) € W;, and

y(x,y) <€, Vx,y) € W,

We can always assume that W, = V; x V;, where V; is a finite intersection of sets
of the form (2). By continuity of o, there are s;, f; € R such thats; <t < f;, and
o ((st, ft) Nla, b]) C V;. Note that the sets (s;, f;) form an open cover of [a, b], so
we can find some finite m and {¢, ..., t,,} € [a, b] such that

m
U, £i) o La, b1.
i=1
It is always possible to choose s/, f/ € (s, fi;) N [a, b] so that
m
s/, #1=la. b].
i=1
The sets V;; in the most general case can be described as:

!

v, = ﬂ ((dpj)—l ((ai b,-’j))) N (dpj)_l ((ci,j ei,j))>) @)

j=1
forsome/ € N,and {p;...., p;} C X and* aj j,bij,cij, eij €[—00,+00]. Define
aj j= inf (d”(o(1))),
T osissf]
b= sup (% (o).
si<t<f/
/ .
c¢; .= inf (d,.(c(1))),
i,j S{StSf-,( 1’/( ( )))
1 1
/
€ ;= sup (dp_j (o(t))).
si<t<f!
4 Here we use the same set of points py, ..., p; to define the neighborhoods V;; for eachi € {1, ..., m}

for notational purposes. Such a presentation is always possible, since for every p € X we have

(dp)_l ((—o0, +00)) = (dp)_l ((—00, +00)) = X. Therefore, we can always enlarge the set of points
involved in the right hand side of (7) without affecting the left-hand side. In particular, we can work with a
union of sets of points, needed to define each V.
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As we are working with continuous functions on compact regions, the infima and
suprema are actually maximums and minimums, SO a,f j,blf i € (ai,j, b;, j) and
c i el’.j € (ci,j,ei,j) for all i, j for which it makes sense. Then there is § > 0
such that alf’ . — 8, bl’.’ i +38 € (aij,b;j)and cl/,’j -8, el’.’j +68 € (cij.ei ).

To conclude the proof, let N € N be such that V¢, Vn > N, Vi € {1,...,1}

|dP" 0 0,(t) —dP oo (1) <€, and |dp, 0 0u(t) —dp 0o (1)| <.

Existence of such a number N follows from uniform convergence of functions d”i o
on — dP oo and d; 0 0, — d); o o. Then for ¢ € [s!, f/] we have 0, (1) € V,
whenever n > N. This implies

y(o(t),o0,(t)) <€, Yt, Yn > N

Existence of such a number N for every € > 0 is precisely the uniform convergence. O

Corollary 5.8 Let Q C R be a dense set. A sequence of isocausal curves o,, uniformly
converges to an isocausal curve o iff it converges pointwise on Q.

In particular, by setting Q = R, we get that the pointwise and uniform convergence
for isocausal curves coincide. Note that the requirement that o is isocausal curve is
essential, because there are sequences of strictly decreasing functions [0, 1] — [0, 1]
that converge to zero pointwise on (0, 1] but not at 0, which gives a counterexample
for X = R with the natural Lorentzian metric space structure.

Proof Obviously, we need to check only one of the implications. Letoy, : [a,, b,] — X
be a sequence of isocausal curves converging to o : [a,b] — X pointwise on Q.
Consider z € X. Consider the continuous non-decreasing function d; o 6 : R —
[0, 400). Since a, — a and b,, — b, without any loss of generality we may assume
that a,,, b, € [a — 1, b 4 1] for all n € N. By continuity of d, o o, we can find some
m € Nand sy, ..., s, € Q such that

si<a—1l<sm<---<b+1<sy,

in such a way that d; o o (sj1+1) — d; oo (s;) < €. Let N € N be such that for every
n>Nandi e{l,... 1},

ldz(on(si)) — d: (0 (si))| < €.

Such a number N exists by the assumed pointwise convergence.
Then, for ¢t € [s;, si+1] and n > N we have

|d; 0 0n(t) —d; 00 ()] < |d; 00,(t) —d; 0on(si)| + |d; 0 0u(si) —d; 00 (si)l
+ld; 0o (si) —d;00(t)]
< |d; 0 0u(sit1) — dz 0 0u(si)| + |dz 0 0y (5i) — dz 0 0 (s;)]
+|d; 0o (si) —d; 0o (sit1)|
<2|d;00(sit+1) —d; 0o0(s;)| + 3€ < Se.
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Here we have used the fact that
0<d;o0(s;)) —d;00(t) <d;o0(s;) —d;00(siy1), Vt € [s;, si41],

and similarly for d, o 0,,, because those functions are non-decreasing. This proves that
d, o 0, converges uniformly to d, o o. Replacing d, with d* and ‘non-decreasing’
with ‘non-increasing’ we get that d* o g, converges uniformly to d? o . So, the claim
follows from Theorem5.7. O

Theorem 5.9 (Limit curve theorem) Let (X, d) be a Lorentzian metric space without
chronological boundary. Let oy, : [a,, b,] — X be a sequence of isocausal curves
parametrized with respect to a given time function t, t(0,(t)) = t. Suppose that

lim o,(a,) = x, lim o,(b,) =y,
n—o n—oo

and x # y. Then there exists a t-uniform isocausal curve o : [a,b] — X and a
subsequence {0y, } that converges uniformly to o. If the curves o, are maximizing
(i.e., Equation (5) holds) then so is o.

Remark 5.10 It will be shown in the very beginning of the proof that under these
assumptions the curves stay in a compact set, so the uniform convergence is defined
unambiguously.

Proof Let p,q € X be such that p <« x and y <« ¢. Then for large enough n we
have o, (a,) > p and 0,(b,) < ¢q. By the isocausality of the curves, it follows that
for large enough n, 0, stays in the compact set /(p, g). By cutting the sequence if
necessary, we can assume that this happens for all n € N. This allows us to adopt most
of the technique of the proof of [27, Theorem 5.12].

Note that by the continuity of t,

lim t(a,) =1(x) =: a,
n—>oo

lim t(b,) = t(y) =: b.
n— oo

By passing to subsequences and the diagonal argument, we can ensure that for every
t € QN[a, b] the sequence oy, (1) has a limit which we denote with o (¢). It is easy to see
that T (o (¢)) = . Let us show that for ¢, 7 € QN [a, b], t < ¢’ implies o (¢) < o (¢).
Assume that this is not so, i.e., there is z € X such that d(z, o (t)) > d(z, 0 (t')) or
d(o(1),2) <d(o(t), 2).

For large enough n € N, d(0,,(t), z) < d(o,(t'), z) or d(z, 0,,(t)) < d(z, 0, (1)),
which is in contradiction with isocausality of o;,,. We conclude that such a point z
cannot exist, and thus o satisfies requirements of Lemma5.5 with Q = Q N [a, b],
i.e., it extends to an isocausal curve o : [a, b] — X.

The convergence o, — o (after passing to the subsequences according to the
procedure above) is uniform by Corollary 5.8 for Q = Q. O
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Being a (pre)length space is a local property, so one would expect that it can be
studied by looking at the bounded regions. This is indeed so, although establishing
this fact requires some work.

Theorem 5.11 Let (X, d) be a countably generated Lorentzian metric space. Let F
be a family of compact subsets of X such that for everym € Nand p', ... p" e X
there is F € F such that [(p', ..., p™) C F.

Then, the following statements are equivalent:

1. X is a prelength (resp. length) space;

2. Forany p,q,x,y € Xand F € .F suchthat p <« x Ly <L qandI(p,q) C F,
there is an isocausal (resp. maximal isocausal) curve connecting [x]f to [y]F in
BF.

Obvious examples of such families are the compact sets of the form 7(A) and J (A)
with A C ¢ running over all finite subset of a generating set 4 C X. In Sect.6, we
will see another example.

Remark 5.12 The first statement in Theorem 5.11 implies the second for any family §
of compact subsets of X (e.g., a family consisting of just one compact subset). This
will be clear from the proof, but formally follows from the given formulation, because
any family can be enlarged to one, satisfying the requirements of the theorem.

Proof 1. Assume that (X, d) is a prelength space. Take x, y, p,g € X and F € ¥
sothat p K x K y <K gand I(p,q) C F.Let¢ :[0,1] — X be an isocausal
curve connecting x with y in X. We want to project it to a curve connecting [x]r
with [y]F in BF. The main problem here is that the naive projection of ¢ may be
constant at some intervals of [0, 1] (and thus fails to be isocausal), so we have to
find the right parametrization.

Let us take a countable set .7 C F such that its projection to BF is dense, cf.
Corollary 3.16. Let us consider a sequence {si };rcy Whose image is ..
We construct a function 7 : X — [—1, 1] as in Lemma4.12

~ 0 i d(S.,',X) _ d(x,Sj)
= Otj; 27 (1 +d(sj, x) 1+d(x’sj)) s

Here ¢ > 0 and B can be always chosen so that 7z (x) = 0 and tr(y) = 1, as
noted in Remark 4.14. Clearly, 7|z passes to the quotient B F and becomes a time
function on B F which we denote in the same way.

For every ¢ € [0, 1], by continuity, we can always choose s and hence ¢ (s) on the
curve ¢ such that Tg(¢(s)) = t.

Note that although ¢(s) may be non-unique, its equivalence class in B F always
is, because T is a time function on B F. More explicitly, if £ (s) and ¢ (s") satisfy
r(2(s)) = tr(¢(s")) = t, for s # s, then without loss of generality we can
assume s < s’ which by isocausality implies ¢(s) < ¢(s’) and hence, since
JN(F x F) C Jr, [¢(s)]F < [¢(s")]F, thus since TF is a time function on BF
and tr([¢(s)]F) = tr([£(s")]F) = t it must be [£($)]F = [£(s)]F.
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So, there is a well-defined map ¢t +— [{(s(¢))]F such that (here s(¢) might be
regarded as a multivalued map), by the same argument of the previous paragraph,
satisfies r < t' = [¢(s(1))]F < [¢(s(t"))]F. Moreover, [¢(s(0)]F = [x]F and
[EGsN]F = [ylF.

The continuity of the map 7 +— [¢(s(¢))]F follows from Remark 5.6, thus, it is an
isocausal curve.

2. Conversely, assume that (X, d) has the property described in the second statement.
By fixing a countable generating set and its enumeration, we can always assume
that we have a sequenced Lorentzian metric space (X, d, {p"},en). Foreach n €
N, let F, € .Z be such that I(p!, ..., p™) C F,.

Letx,y € X, x < y. There is some m € N such that x,y € I(pl, e P™).
The second statement implies that for every n > m the points [x]f» and [y]F» are
connected by an isocausal curve in B F”, which we denote with o”. We intend to
prove that this implies the existence of an isocausal curve connecting x with y.
The rest of the proof follows the approach used several times in [27]. To start
with, let us choose a convenient parametrization. Namely, we apply Lemma4.12
to build time functions t” on BF" for every n € N in such a way that for any
peX

Jim 2% ([plpe) = T (p),

where 7 is a time function on X. By Remark4.14, we can assume that 7(x) = 0
and t(y) = 1. Assume that each curve ¢” is parametrized by the time function
", ie., t"(0"(t)) =t for t € (ay, by), where a, = t"*(x), b, = t"(y), see [27,
Prop. 5.8].
By Remark4.14

[t(@" () —t| <a27" (8)

for t € (an, by), where o € (0, +00) is the scaling constant. Similarly, |a,| <
a2 and |1 — b,| < @27". By enlarging m if necessary, we can always achieve
2™ < 1.

Forany n > m and t € (@27",1 — «2™") N Q take arbitrary representative
Cn(t) € o (t).Fort € [0, 027" ]1NQ set g, (1) = x,and fort € [l —a27",1]1NQ
set £ (1) = y.

Note that for any n > m and any ¢ € [0, 1] N Q we have

(e I(pt,....p™ C F™.

So, for fixed r we can find a convergent subsequence of ¢, (¢), and by the diagonal
argument make it convergent simultaneously forallz € [0, 1]NQ. Let ¢ (¢) stand for
the limit of the chosen subsequence of £, (¢). By passing to the limit in (8) (taking
into account that for every n € N, 7(£,(0)) = t(x) =0, (¢, (1)) =1(y) = 1,
we get

T(¢(t) =t, YVt € [0,1]1NQ. )

Let us verify that 1 < ¢’ implies ¢(r) < ¢(¢/). Assume the contrary. Then for
some ¢,t' € [0,1] and z € X we have r < t/, but d(z, (¢)) > d(z,¢(t")), or
d(¢(t),z) < d(¢(1), z)). Take N such that z € I(p', ..., pV). Then z € F, for
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all n > N. By construction [£,(¢)]F, < [£:(t')]F,, so for every n > N we have

d(z, &an(1) < d(z, 5 (1), d(Ga(®),2) = d (G (1), 2).

By passing to subsequences and taking the limit, we get a contradiction with the
assumption made.

Together with (9), this makes ¢ admissible for Lemma5.5 with Q = [a, b] N Q.
Thus, ¢ extends to a continuous isocausal curve [0, 1] — X such that £(0) = x,

¢ =y.
3. Itis easy to see that in both arguments if we start from a maximal curve, we get a
maximal curve again. So, the version in the brackets follows easily. O

5.1 The length functional

In this subsection, we collect results on the length functional and the related equivalent
definition of length space. For this material, the general case does not differ signif-
icantly from the bounded one, so most of the statements and proofs are very close
to those in [27]. Yet, these results are important as they allow one to compare our
Lorentzian length spaces with alternative definitions existing in the literature.

Definition 5.13 Let (X, d) be a Lorentzian metric space, and let o : [0, 1] — X be
an isocausal curve. Its Lorentzian length is

k—1
L(o) :=inf ) d(o(t). o (1i41))
i=0
where the infimum is over the set of all partitions {zy, #1, t2, - - - , ¢}, k € N, t; € [0, 1],

ti <tit1,t0=0,1 = 1.
By the reverse triangle inequality, L(0) < d(x, y) forevery x, y € X.

Proposition5.14 Let o : [0, 1] — X be an isocausal curve with endpoints x and y.
We have L(o) = d(x, y) iff o is maximal.

Proof The proof of [27, Prop. 6.2] applies without any change. O

Theorem 5.15 (Upper semi-continuity of the length functional)
Let (X, d) be a Lorentzian metric space. Let oy, - [0, 1] - X and o : [0, 1] — X be
isocausal curves and suppose that o,, — o pointwise. Then

lim sup L(0,) < L(0).

Proof The proof of [27, Theorem 6.3] applies without any change. O

Let (X, d) be a Lorentzian prelength space. Then for x < y we can define

d(x,y)=  sup  L(0),
o(0)=x,0(l)=y
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where the supremum goes over isocausal curves. If x < y fails, we define d (x,y) =0.
Then we have the following.

Theorem 5.16 Let (X, d) be a countably generated Lorentzian prelength space. The
following conditions are equivalent

(i) d =d,

(ii) (X, d) is a length space.

Proof The proof of [27, Theorem 6.4] applies with the Limit Curve Theorem [27,
Theorem 5.12] replaced by its unbounded version Theorem 5.9. O

For further use, it is convenient to introduce the reduced causal relation J.

Definition 5.17 Let (X, d) be a Lorentzian prelength space. The restricted causal
relation J C J is defined as the set of pairs of points connected by an isocausal curve
or coincident.

Note that with this definition the prelength space condition reads I C J.

Proposition 5.18 Ler (X, d) be a countably generated Lorentzian prelength space.
Then for every (x,y) € I, x # Yy, there exists a isocausal curve o : [a,b] — X
connecting x to y.

Proof The proof of [27, Prop. 5.14] applies with Limit Curve Theorem [27, Theorem
5.12] replaced by its unbounded version Theorem 5.9. O

Corollary 5.19 Let (X, d) be a countably generated Lorentzian prelength space. The
restricted causal relation J is reflexive, transitive, antisymmetric and closed. Moreover,
IcJandloJUJol CI.

Corollary 5.20 Let (X, d) be a countably generated Lorentzian length spaceand x, y €
X. Define
[(x,y) = sup L(o),
o (0)=x,0(1)=y
where we set sup @ = —oo. Thenl(x,y) =d(x,y) if (x,y) € j andl(x,y) = —o0
otherwise.

Proof If x < y, then the statement follows from Theorem5.16. If x < y fails, then
any isocausal curve connecting x with y necessarily has zero length. So, in the case
(x, y) € J, when such a curve exists, [(x, y) = 0, and [(x, y) = —oo otherwise. 0O

5.2 Approaches using the time-separation function

In the application of rough spacetime geometry to optimal transport, it has proved
convenient to adopt a modified two-point function / of codomain {—oo} U [0, +00)
which we might call time-separation, in order to distinguish it from d, and for consis-
tency with recent literature. It contains more information than the Lorentzian distance
d, as we shall clarify in a moment.
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In arecent work by Braun and McCann [7] the authors rephrased some of our results
on bounded Lorentzian metric spaces by means of the function /. The translation
between the two settings might be not immediately obvious to readers not acquainted
to both formalisms, so it is investigated in some detail here. Compared to Kunzinger-
Samann’s approach [21], to which previous work by these authors relied, our approach
has some important advantages as the absence of any auxiliary metric.

In the KS-approach, an additional metric was used to parametrize curves, prove
the limit curve theorem, define causality properties such as non-total imprisonment
and global hyperbolicity, in analogy to the smooth setting, and thus, its presence can
be regarded as a distinct feature of KS’s approach. Instead, our approach relies just
on function d, in fact stability under Gromov—Hausdorff convergence was used to
identify the best definition for a (pre)length space based on function d.

Braun and McCann [7] studied a non-compact framework with assumptions con-
ceived so as to obtain, in compact regions, bounded Lorentzian metric spaces, and
hence so as to import our results on topology (e.g., Polish property), limit curve theo-
rems, absence of additional metric, etc. to their non-compact setting (see [7, Appendix
B]). They were not concerned with Gromov—Hausdorff convergence, so they included
in their definitions properties that can be shown not to be preserved under GH-limits.
Those properties were meant to facilitate additional results. For instance, their assump-
tion that through every point passes an isochronal curve implies that J = I by [27,
Remark 5.2].

Let us compare the classes of spacetimes considered in [7] with that given by
Definition2.1. Since they are based on the notion of bounded Lorentzian metric space
[27] over compact subsets, they should not be too different. This expectation will be
confirmed, cf. Corollary 5.27.

We shall use repeatedly the definition of positive part of a number belonging to
{—o0} U [0, +00). This is given by (x)4+ := x if x > 0 and (x)4 := 0 otherwise.
It is also denoted x4 for brevity. This function is non-decreasing, that is, for x, y €
{—o00} U[0, 400), wehave x <y = x4 < yy.

In Definition 2.1, we have a set X and a continuous functiond : X x X — [0, +00).
In [7], the so-called time-separation function / appears. Unlike the Lorentzian distance
d, the time-separation function / is allowed to take also the infinite value —oo. Its
topological properties are weaker than those of d: the function [ itself is only upper
semi-continuous, while the lower semi-continuity is required for its positive part [
only.

Remark 5.21 The most general setting of [7] allows also /4 (x, y) = +oo for some
x,y € X. However, other assumptions made in [7], namely causality and the length
space property, exclude this possibility [7, Cor. 2.17]. For this reason, and in order to
simplify the exposition, we assume that / is valued in {—oo} U [0, 4-00) from the very
beginning.

Lemma5.22 Let X be a topological space, | : X x X — {—o0o} U [0, 400) an
arbitrary function. Then the following conditions are equivalent:

1. 1l is upper continuous, and L is lower semi-continuous;
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2. 14 is continuous and the set
K= {(x,y) € X x X|l(x,y) = 0}
is closed.

Proof Let us assume that [ is upper semi-continuous. The sets
Re={(x,y) € X x X|l(x,y) <c}

are open for all ¢ € R. It follows that K; = X x X'\ Ry is closed. Moreover, it implies
that for any c the sets

Re={(x,y) € X x X|l+(x,y) <c}

are open. Indeed, if ¢ < 0, then R, = &, otherwise R, = Iéc. We conclude that
the upper semi-continuity of / together with the lower semi-continuity of /4 implies
continuity of /1 and closedness of K;.

Now let us assume that [ is continuous and K; is closed. We have to show only
that / is upper semi-continuous, i.e., that the sets R, defined above are open for all
values of ¢. If ¢ < 0, then Iéc = X x X\ K;, and thus is open. If ¢ > 0, then ﬁc = R,,
which is open by continuity of /.. O

Proposition 5.23 Let X be a topological space endowed with a continuous function
d: XxX — [0,+00) and a closed relation K such thatd(x, y) > 0implies (x,y) €
K (ie., I C K). Then there is a unique functionl : X x X — {—o00}U[0, +00) such
thatly = d and K; = K. It is given by

I(x,y) =d(x, ), V(x,y) € K,
l(x,y) = —00, V(x,y) e X x X\ K.
Proof 1t is immediate from the definitions. O

So, we conclude that there is a one-to-one correspondence between functions /
satisfying the properties listed in the first statement of Lemma5.22 and pairs (d, K),
where d is continuous function on X x X and K is a closed relation such that / C K.

In the rest of this subsection we will use these objects interchangeably.

We are ready to show that the reverse triangle inequality assumption imposed in
[7] is equivalent to the reverse triangle inequality of Definition2.1 plus some natural
properties for the relation K.

Lemma 5.24 The following conditions are equivalent:

1. [ satisfies the extended reverse triangle inequality, i.e., [(x,z) > [(x,y) +1(y, 2)
forany x,y,z € X;

2. d satisfies the (restricted) reverse triangle inequality, the relation K is transitive,
and K C J;
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Proof Let us assume that / satisfies the extended reverse triangle inequality. Then d
satisfies the usual restricted one as d and [ coincide when they are positive. Moreover,
if (x,y) € Kand (y,z) € K,thenl(x,z) > I(x,y)+1(y,z) > 0,50 (x,z2) € K, 1i.e.,
K is transitive. Finally, to establish K C J we have to show that for every (x, y) € K
and z € X we have d(x, z) > d(y, z) and d(z, y) > d(z, x). In fact,as I(x, y) > 0

I(x,2) = 1(x, y) +1(y,2) = I(y, 2).
and
[(z,y) > 1(z,x) + 1(x,y) >1(z, x).

This implies that d(x, z) > d(y, z) and d(z, y) > d(z, x) as desired.
Conversely, let us assume that all the conditions of the second statement are satisfied
and let us show that

l(x,2) > 1(x,y)+1(y,2), Vx,y,z € X.

If either [(x, y) or I(y, z) is equal to —oo, then the inequality is trivial. So, we assume
that (x, y) € K and (y, z) € K. By transitivity of K, (x, z) € K, so we need only to
prove that

d(x,z) >d(x,y)+d(y,2)

whenever (x, y), (v,z) € K. If d(x,y) > 0 and d(y, z) > O, the desired inequality
follows from the (restricted) reverse triangular inequality, so the only non-trivial case
is for d(x,y) = O or d(y,z) = 0. But as (x, y),(y,z) € K C J, we have the
inequalities

d(x,z) =d(y,z), d(x,2)=d(x,y),

which are precisely the extended triangle inequalities in the cases d(x, y) = 0 and
d(y, z) = 0, respectively. O

Lemma 5.25 The following conditions are equivalent:
1. The relation K| is antisymmetric;
2. The function | satisfies: if for some x,y € X

min(l(-xv y)’ l(yv x)) > —00,

then x = y.
Further, the following conditions are equivalent:

1. The relation K| is reflexive;
2. The function | satisfies: for every x, [(x, x) > Q.

Joining the two equivalences: K; is antisymmetric and reflexive iff the causality con-
dition of [ 7, Def. 2.1] holds.

Proof Straightforward consequence of definition of K;. O
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Remark 5.26 Note that if the equivalent conditions of Lemma5.24 are satisfied and
d distinguishes points, then K is automatically antisymmetric (because J is, and
K CJ).

From Lemmas5.22-5.25, we conclude that a topological space endowed with a
signed time-separation function / in the sense of [7, Def. 2.1] is exactly the same
as a space endowed with a function d satisfying all the properties of Definition 2.1
except for the compactness assumption of property (ii) and the distinguishing property
(iii), and endowed with an additional intermediate closed causal relation K. We recall
from Sect. 4 that the compactness condition of property (ii) is essentially equivalent to
global hyperbolicity. Without it, the class of the spaces is too general to establish any
strong common properties. In fact, in the major part of [7] stronger conditions have
been imposed. In particular, the so-called ‘First standing assumption’ [7, Hypothesis
2.9] includes, among other conditions, compactness of the sets K;(p, g) and absence
of the chronological boundary, which means that all such spaces can be considered
within the setting of this paper. In fact, we have the following result.

Corollary 5.27 There is a one-to-one correspondence between the following objects:

1. Lorentzian length spaces (X, d) such that any point lies on an isochronal curve;
2. Length metric spacetimes in the sense of [7, Def. 2.7] satisfying the ‘first standing
assumption’ [7, Hypothesis 2.9].

Note that the fact that every point lies on an isochronal curve implies p € I=(p)
which implies / = J by [27, Remark 5.2],so I = K = J and there is no gap between
K and J in the context of [7] under their first standing assumption. By Theorem 3.9,
this assumption also implies that the Lorentzian metric space topology coincides with
the Alexandrov topology (we refer to these results as the no-gaps theorem).

Proof Recall that in [7] one works with a first countable space X endowed with a time-
separation function /, which is allowed to take values in {—oco}U[0, +o0]. The latter is
assumed to satisfy the extended reverse triangle inequality, be upper semi-continuous,
have a lower semi-continuous positive part and satisfy causality conditions (see the
comment after Lemma 5.25). By [7, Def. 2.7], the space is called a length metric space
if (a) every point is a midpoint of a timelike curve, and (b) the time-separation function
is the supremum of the lengths of isocausal curves connecting the given two points.
Finally, The First Standing Assumption in addition to that imposes compactness of
the causal diamonds defined by the causal relation K;.

2 = 1. Let us first show that any length metric spacetime (X, /) satisfying the
first standing assumption is a Lorentzian metric space. By Remark 5.21, under these
assumptions /(x, y) < 4oo for all x, y € X, so we can apply Lemma5.22 to define
Lorentzian distance function d from the time-separation /. By Lemma5.24, d = [
satisfies the reverse triangle inequality. The distinguishing property (iii) follows from
[7, Corollary 2.21]. So, (X, d) satisfies Definition2.1 except for property (ii). Tak-
ing into account that property (a) of [7, Def. 2.7] implies absence of chronological
boundary, and d is continuous in the original topology of X (Lemma5.22), we apply
Theorem4.8 to K = K; and establish that The First Standing Assumptions implies
property (ii). We need only to show that (X, d) is a length space. It is a prelength
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space in our sense, because for any x < y, d(x, y) is positive and a supremum of the
lengths of isocausal curves connecting x with y, thus at least one such curve exists. It
is a Lorentzian length space by Theorem 5.16.

Before going to the converse direction, let us check if any information is lost when
we pass from (X, ) to (X, d). Potentially, the additional ingredients of the former are
the original topology of X and the relation K;. As a byproduct of the argument above,
the original topology of X is equal to its unique Lorentzian metric space topology. By
[27, Remark 5.2 ], the existence of an isochronal curve passing through every point
implies J = I. Thus, the only possibility is K; = J.

1= 2. We need only to prove that if (X, d) is a Lorentzian length space with any
point lying on an isochronal curve, then (X, /) with [ being such that /4 = d and
K; = J is a length metric spacetime satisfying The First Standing Assumption.

To start with, we have to prove that the topology of X is first countable. By [7,
Remark 2.8], the Alexandrov topology (called there the chronological topology) is
first countable in this setting. Thus, it is enough to show that the Alexandrov topology
is equal to the Lorentzian metric space topology of X. For that, let U C X be an
open set and x € U. By assumptions, there is an isochronal curve y : [0, 1] — X
such that ¥ (1/2) = x. Then, there are a, b € y~'(U) such that a < 1/2 < b, thus
y(a) € I"(x) NU and y(b) € I (x) N U. By Theorem3.9, this implies that the
Alexandrov and the Lorentzian metric space topologies of X coincide.

Then by Lemmas 5.22-5.25, the pair (d, J) produces a time-separating function /.
By [27, Remark 5.2, Cor. 5.16] in our setting J = J , so this / in fact coincides with
the one defined in Corollary 5.20. So, by that corollary, for every x, y € X, I(x, y) is
a supremum of lengths of isocausal curves connecting x with y, and thus (X, /) is a
length metric spacetime. O

6 Gromov-Hausdorff convergence

In this section, we define the Gromov—Hausdorff convergence for non-compact Loren-
tzian metric spaces following the philosophy of the Gromov—Hausdorff convergence
of pointed metric spaces.

It is convenient to introduce the following additional notation. For a sequenced
Lorentzian metric space (X, d, (p")nen), we define X™ = I(pl,...,p™) U
{p', ..., p"}. Alternatively, we can write

Xm = IR(pla --~’pm)5

where Ir = I U A is the reflexive chronological relation with A C X x X standing
for the diagonal. It will be also convenient to have a short notation for equivalence
classes in BX™, so we define [x]™ = [x]xm».

For a relation R C X x X’ we use the notation Ry := 71(R) and R, := m>(R),
where 7| and m, are the canonical projections X x X’ — X and X x X' — X’
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respectively. In this notation, R is a correspondence if and only if Ry = X and
Ry, = X'. If X and X’ are endowed with Lorentzian distance functions d and d’
respectively, by distortion of the relation R we mean

disR= sup  |d(x,y) —d'(x",y)l.
(x,x"),(y,y)eR

Note that we assume that the distortion is defined independently of R being a corre-
spondence.

6.1 Quasi-correspondences

Roughly speaking, in metric geometry one says that a sequence of pointed metric
spaces {(pn, X»)}nen converges to a pointed metric space (p, X) if for any R > 0
the sequence of balls Bg(p,) C X, converges to the ball Bg(p) C X. There are,
however, two important details. Firstly, it is necessary to require that, in the right sense,
the sequence of points p,, converges to p, otherwise the limit may fail to be unique
[8]. Secondly, the direct realization of this idea, e.g., the requirement of the existence,
for large enough n, of a correspondence of arbitrarily small distortion between the
balls Br(p,) and B(p) is too restrictive. It is much more practical to require that the
ball Br(p,) is mapped to some set ¥ C X that only approximates Bg(p). Namely, in
[8] it is required that an e-neighborhood (in the sense of the Hausdorff distance) of Y
contains Br_¢(p).

The natural analogue of a ball in the Lorentzian case is a closed chronological
diamond. However, in general, a spacetime cannot be written as a union of an increasing
sequence of chronological diamonds, so we should work with closed chronological
sets I(p!, ..., p™) instead. Another fundamental difference from the metric case is
that the causal diamond is defined by two points instead of one point and a number. For
this reason, we should deal with the sequenced spaces instead of the pointed ones. The
points of the chosen generating sequence, similarly to the preferred points of pointed
spaces, have two roles: they define compact sub-regions and serve as benchmarks
ensuring uniqueness of the limit. Moreover, we cannot slightly adjust the radius to
get a subset of the causal diamond, and therefore, we need another way to deform it.
These ideas lead to the concept of quasi-correspondence to which this subsection is
devoted.

Definition 6.1 Let (X, d, {p*}ren) and (X', d’, {p’*}ren) be sequenced Lorentzian
metric spaces. For m € N and € > 0, we say that R C X" x X" is an (m, €)
quasi-correspondence between (X, d, {p*}xen) and (X', d’, {p’*}xen) (or just (m, €)
X — X'-quasi-correspondence) if the following holds:

e R is compact;

o I.(p,....p"™ C Ry

o I.(p'l, ..., p"™) C Ry;

e disR < ¢;

o (p,p"YeRforr=1,...,m.
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X/
")

Fig.1 The (m, €) quasi-correspondence

Remark 6.2 Clearly, if R is an (m, €) X — X’ quasi-correspondence, then it is also an
(m, €’) X — X’ quasi-correspondence for any €’ > €.

Remark 6.3 The compactness assumption is not essential and is introduced for conve-
nience only. Indeed, if R satisfies all the conditions but compactness, then its closure
R is compact and still satisfies the remaining properties, cf. [27, Prop. 4.5].

Remark 6.4 One can view an (m, €) quasi-correspondence as a usual correspondence
between the compact spaces R and R, such that

R is compact;

I(p',....p") C Ry C X™;
I(p'', ..., p"™) C Ry C X'™;
disR < €;
(p',p"YyeRforr=1,...,m.

See also Fig. 1

Lemma 6.5 If (X, d, {p*lken) and (X', d', {p'*}ken) are sequenced Lorentzian metric
spaces, and R is an (m,€) X — X' quasi-correspondence, then RT is an (m, €)
X' — X-quasi-correspondence. If in addition to that (X", d", {p"*}ren) is a sequenced
Lorentzian metric space and R' isan (m, €') X" — X’ quasi-correspondence, then R'oR
isa(m,e+€) X" — X quasi-correspondence.

Proof The only non-trivial fact is that for R, R’ as in the second statement,
Iewe(p'e ... p™) C (R0 R, e (P’ ... p"™) C (R o R):.

We concentrate on the first inclusion, the other can be shown analogously. Consider
x € Iy (p', ..., p™). Then there are some i, j € {1, ..., m} such that d(p, x) >
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€ + € and d(x, pf) > ¢+ €. Since x € Ie(pl, ..., p™) C Ry, there is also some
x" € X’ such that (x, x’) € R. We have

dip'',x)>d(p',x)—e=>¢€, d&',p7)>dx, pl)—e=>¢€,

sox e I.(p'l,...p"™) C R'|. Thus, there is x” € X' such that (x’, x”) € R’, and
therefore (x, x”) € R’ o R. We conclude that x € (R’ o R);.
The distortion estimates are the same as in [27, Lemma 4.8], the restis clear. 0O

The two lemmas above are generalizations of the corresponding properties
of the usual correspondences. Instead, the next ones are specific for the quasi-
correspondences, and this is essentially the reason to introduce them. We start from
the following result.

Lemma 6.6 Let X and X' be two Lorentzian metric spaces, andletY C X andY' C X'
be compact subsets. Let R C Y x Y’ be a compact correspondence such that disR < €
where € > 0. Letm € Nand p',...,p" €Y, p'l, ..., p™ € Y' and let us assume
that the following conditions hold:

o I.(p',....p"HCY;
o L(p, ... pMCY;
o (p',p'")y e Rforeachi =1,...,m.

The relation

R = RO (el p™) x I (p'T o p™)),
satisfies disR’ < disR, I.(p', ..., p™) C R and IL(p'l,....p"™ C R,.

Proof By construction R’ C R, so disR’ < disR < e.

Let us show that Ie(pl, .o p™M C R’l. For that take x € Ie(pl, ..., p™. By
assumptions x € Ry, so there is x’ € Y’ such that (x, x’) € R. We intend to show that
x' e I(p't, ..., p"™), which would imply (x, x’) € R’ and thus x € R}. Since x €
I.(p', ..., p™),therearei, j € {1,...,m}suchthatd(p’, x) > e and d(x, p/) > €.
Taking into account that (x, x') € R, (p', p'") € R, (p/, p'/) € R and disR < €, we
get

ld(p', x) —d'(p", x| < e,

ld(x, p/) —d'(x', p')| <e.

thus ' '
d(p",x") >0, d',p")>0,
sox’ e I(p', ..., p'"™.
The proof of the inclusion Ic(p'!, ..., p'™) C R} is analogous. O

Corollary 6.7 Let (X, d, {p*}ren) and (X', d’,{p’*}ken) be sequenced Lorentzian
metric spaces. Let {ry}ren be an increasing sequence of natural numbers such that

{(p"k e N} and {p*|k € N}
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are still generating sets of X and X', respectively. Let R be a (m, €) X — X' quasi-
correspondence and let | € N be such that r; < m. The relation

R'=RN (IR(p”, P < Ir(p™, . P’”))

is a (I, €) quasi-correspondence between (X, d, {p"*}ren) and (X', d’, { p'* }xeN).

Proof Keeping in mind Remark 6.4, apply Lemma6.6 with Y = R, Y/ = Ry, and
p, ..., p" (respectively, p’'t, ..., p'™) playing the role ofpl, ..., p" (respectively,
Pl ™. O

Corollary 6.8 Let (X, d) be a bounded Lorentzian metric space such that 1(X) is
dense, and similarly for (X', d"). Let R C X x X' be a compact correspondence such
that disR < € and let {p*}ren be a generating sequence for 1(X). Then, for every
m € N it is possible to find a generating sequence {p'*}xen of 1(X') such that for
every | < m there is a (I, €) quasi-correspondence between (I(X), d, {p*}ren) and
X, d', (P Yeer)-

Recall that under the above assumptions, 7(X) and I(X’) are countably generated
(Theorem 3.23).

Proof Without loss of generality, we can assume that X and X’ include the spacelike
boundary, so that they are compact. Let {g¥}rcx be any generating sequence of 7(X”)
and let 0 < § < (e — disR)/2. For each k € {1, ..., m} let p”’¥ € X’ be such that
(p*, p"*) € R and choose p’* € I(X’) so that yx/(p’*, p’*) < 8, where yx is the
distinction metric [27] of X’. Such a point p’f always exists because /(X’) is dense
and the distinction metric is continuous. Set p"** = ¢k for k € N. Clearly, this
defines a generating sequence {p’*}zery of X’. Then, for each [ € {1, ..., m} apply
Lemma6.6to Y = X, Y = X’ and p', ... p! (respectively, p'!, ... p’") instead of
pl, ... p™ (respectively, p’!, ... p’™) where the correspondence is RU{(p*, p'*), k =
1,---,m}. O

An important property of the Gromov—Hausdorff distance is its positivity on pairs
of non-isometric spaces. This allows us to use it as a true measure of similarity of two
metric spaces. The following result plays a similar role for the quasi-correspondences.

Proposition 6.9 Ler (X, d, {p*lren) and (X', d’, {p"*}ren) be two sequenced Loren-
tzian metric spaces. Then the following statements are equivalent:

1. (X,d, {p")kew) and (X', d', {p" }xen) are isomorphic;
2. Foreverym € Nand e > 0 there is a (m, €) X — X'-quasi-correspondence Ry, .

We recall that the notion of isomorphism of sequenced Lorentzian metric space is
introduced in Definition 3.19.

Proof If ¢ : X — X’ is an isomorphism, then
Rpe = {(x,p(x))|x € X"}
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is a (m,e) X — X’ quasi-correspondence. So, we have to prove only the converse
implication.

Let us denote with R,  the quasi-correspondences of the second statement. We
shall need some preliminary constructions.

Let {€,,}men be a decreasing sequence of positive numbers converging to zero. For
every m € Nweset O = Ry e, -

Let .¥ C X be a countable dense subset of X. Without any loss of generality,
we can assume that p* € . for each k € N (or include the sequence {p*}ien in
). Forevery m € Nand x € ¥ N Iem(pl, ..., p™) we choose ¢, (x) € X' so
that (x, ¢, (x)) € Q. We also define for every k < m, ¢, (p¥) = p’*. These two
conditions are compatible by the defining properties of the quasi-correspondences.
This construction defines ¢, (x) for each x € .7, provided that m is sufficiently large.

Let us show that forevery r € N, x € . N Igr(pl, ..., p"),and m > r we have
¢m(x) € X'". Indeed, for every such a point x there are i, j € {l, ..., r} such that

d(p',x) = €, d(x, p)) > &,

which implies d(p'’, ¢ (x)) > 0, d(¢,(x), p’/) > 0, and thus ¢,,(x) € X'". Here
we used the assumption €, > ¢, form > r. The set X" is compact, so for each x € .
the sequence ¢, (x) has a convergent subsequence. By the diagonal argument we can
do it simultaneously for all x € .7

The procedure above produces amap ¢ : . — X'.

By straightforward arguments, ¢ preserves the distance, and ¢ (p¥) = p’* for all
k € N. Let us show that ¢ can be extended to a distance-preserving map X — X'.
The argument is very close to the proof of [27, Prop. 4.18]. Let x € X, then there are
some i, j € Nand € > 0 such that

d(p',x) > €, d(x, p/) > e.
Since X is first countable, there is a sequence {x,},en of points of . such that
d(pi,xn) > ¢, d(x,, pj) > €,

and x, — x asx — oo. Take m € N such thati,j < m and ¢, < €. Then
¢(x,) € X™. As X' is compact, we can set ¢(x) to be the limit of an arbitrarily
chosen convergent subsequence of {¢ (x,)},en. By the same argument as in [27, Prop.
4.18], ¢ is distance-preserving. Therefore, ¢ is continuous, as preimage of any set of
the subbsasis (2) of X’ contains a set of the analogous subbasis of X. It follows that
¢(X") C X'" forevery r € N.

By reversing the roles of X and X', we can obtain another distance-preserving map
¢’ : X’ — X, such that ¢'(X'™) C X" and ¢'(p'™) = p™ for all m € N.

The distance-preserving maps pass to the quotient under ~, and thus, we can define
sequences of the distance-preserving maps ¢” = |, /~ and ¢"" = ¢'[;,, / ~. Note
that the characterizing property of ¢™ is that " ([x]™) = [¢(x)]" for any x € xm,

As BX" and BX'" are bounded Lorentzian metric spaces, by [27, Theorem 3.5]
it follows that for every m the map ¢™ is bijective. We are going to show that this
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implies the bijectivity of ¢. Namely, that for x” € X’ there is exactly one x € X such
that ¢ (x) = x’.

Take [ such that x’ € I(p’',..., p'"). Leti,j € {1,...,1} be such that x’ €
I(p'", p'7). Then for any m > I, by bijectivity of ¢”, there is a unique x” € BX"
such that ¢™ (x) = [x’]™. We claim that x" are nested, i.e., for m > n > [ we have
x™ C x". Indeed, take y € x™. Note that ¢ (y) € I(p'', p'/) (because [¢p(y)]" =
[x'1", where x’ € I(p"!, p'/)). Thus, we can apply Lemma3.12 to derive

X elpMI™ CloMI" = ¢"([y1").

But this means that ¢" ([y]") = [x']", thus [y]" = x" (note that the injectivity of ¢",
implying uniqueness of x” is essential at this point) which is the same as y € x". As
this holds for arbitrary y € x™, we conclude that x™ C x".

Applying the second statement of Lemma3.13 to the family {x"},,>;, we get that
there is one and only one point x € X such that x: [x]”" = x™ for any m > [. By
construction, property = of x is equivalent to

[P =[x,  Vm =1
Applying the first statement of Lemma3.13,

{00} = Nz [P O™ = Ny (11" = (¥},

which reads ¢ (x) = x’. The argument above shows that for any x” € X’ there is a
unique x € X such that ¢ (x) = x’, so this concludes the proof of the bijectivity of ¢.
O

Remark 6.10 From the proof of Proposition 6.9, we see that a sufficient condition for
the isomorphism of the Lorentzian metric spaces (X, d, {p*}ren) and (X', d’, {p’*})
is the existence of an (m, €,,) X — X’ quasi-correspondence for every m € N, where
€n > 0and lim,, . €, > 0.

6.2 Gromov-Hausdorff convergence

Definition 6.11 We say that the sequence of sequenced Lorentzian metric spaces
(Xn, dn, {py}men) GH-converges to the sequenced Lorentzian metric space
(X,d, {p"}men) if, for every m and § > 0, there exists ng, such that for every n > ng
there exists an (m, §) X, — X quasi-correspondence.

The following alternative formulation is less insightful, but often more practical.

Lemma 6.12 Let {5, }men be a sequence of real positive numbers such that

lim §,, =0.

m— 00
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Let (Xp,dy, { Pﬁ}keN) be a sequence of sequenced Lorentzian metric spaces, and
let (X, d, {p*}reny) be one more sequenced Lorentzian metric space. The following
statements are equivalent:

1. (Xp, dn, {p&}ken) GH-converges to (X, d, {p*}xen);

2. There is an increasing sequence of integers { Ny, }men and relations R, C X, x X
forn € N, such that for every m € N and n such that Ny, < n < Ny, Ry isa
(m, 8n) X,y — X quasi-correspondence.

The main advantage of this formulation is that instead of several families of cor-
respondences (one for each m) we have just one family R, which is both enlarging
so that its domains eventually exhaust the whole space, and becoming precise as n
Srows.

It is also convenient to introduce, along with N,,, a dual sequence

r, = max{m € Njn > N,,}. (10)
It is easy to see that r,, is (not necessarily strictly) increasing,
Npy <n<Npy1 < r,=m, Yn,meN, (11

and
N, = min{n € N|r,, > m]}. (12)

Proof Let us assume that (X,,, d,, {pﬁ}keN) G H-converges to (X, d, {pk}keN). For
every m € N, there is N, such that for every n > N,, there is an X,, — X quasi-
correspondence R of order m and distortion 4,,. By increasing N,, when necessary,
we can always make it into a strictly increasing sequence. Set R, = R™'", where
ry, is defined by (11). Taking (11) into account, we get that for every n such that
N <n < Npt1, Ry isa (m, §,,) X,, — X quasi-correspondence. We conclude that
the first statement implies the second one.

For the converse, assume that N,,, and R, as in the second statement are given for
each m, n € N. Fix m € N and € > 0. Then there is my € N such that for every
m’ > mo we have §,,, < €. We can always assume that mo > m. In order to prove the
Gromov—Hausdorff convergence, we have to show that we can pick some N such that
for every n > N there is an (m, €) X,, — X quasi-correspondence R),. We intend to
show that this holds for N = N,,,. By the assumption, forn > Ny, thereisan (r,, §,,,)
X, — X quasi-correspondence R,. Here r, is defined by (11). By Remark 6.2, R, is
also a (r,, €) quasi-correspondence. Note that n > N,, implies r, > m, so, applying
Corollary 6.7, there is a (m, €) X, — X quasi-correspondence R),. We conclude that
the second statement implies the first one. O

Theorem 6.13 Suppose that a sequence of sequenced Lorentzian metric spaces
(X, dy, { pﬁ JkeN) G H-converges to both the sequenced Lorentzian metric spaces
(X, d, {p"}ken) and (X', d’, {p"*}ren), then X and X' are isomorphic.

Proof Let us consider a sequence of positive numbers €,, such that lim,,_, o €, = 0.
By Proposition 6.9 and Remark 6.10, in order to show that X and X’ are isomorphic it
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is enough to build an (m, €,,) X — X’ quasi-correspondence. Applying Lemma6.12 to
€m /2 in the place of €,,, forevery m € N there is some n such that there is an (m, €, /2)
X, — X quasi-correspondences R,, and an (m, €,,/2) X, — X’ quasi-correspondences

R),. Then by Lemma6.5, Q,, = R;,1R,£ isan (m, €,,) X — X’ quasi-correspondence.
O

6.3 Dependence of GH-limit on the generating sequences

This section can be skipped on first reading. We want to study how the GH-convergence
and GH-limit depend on the chosen generating sequence. We start with the following
observation.

Lemma 6.14 Let Y be a generating set of a Lorentzian metric space (X, d) and S C &G
be a finite subset. Then 4 \ S is a generating set of X.

Proof The proof goes by induction on the cardinality of S. The base S = @ is clear.
So, suppose that the result is already established for S| < n and let us prove it for

Because ¥ is a generating set, and the chronological order is anti-reflexive, there are
some g, r € 4\ {p"} such that ¢ <« p" < r. By transitivity of the chronological
order, it follows that

(&) = IEG\{p"D,

s0 ¥ \ {p"} is a generating set. But then by inductive assumption

G\S = @\(p"D\lp'. ... "
is a again a generating set. O

Theorem 6.15 Let (X,,, d,, {pﬁ}keN) be a sequence of sequenced Lorentzian metric
spaces GH-convergent to a sequenced Lorentzian metric space (X, d, {p*}ren). Let
(" ken be another generating sequence for X. Then, it is possible to choose for each
n € Na generating sequence {q,ll‘}keNfor X, so that (X, dy, {q,’f}keN) GH-converges
10 (X, d, {q"}kew)-

Moreover, suppose that there is a set A C N and a function p : A — N such that
for every k € A, g = pP®. Assume that at least one of the following conditions
hold:

(a) The image of p is a co-finite subset of N;
(b) The set N\ A is infinite.

Then, we can accomplish the above result while satisfying
foreveryn e Nandk € A

=
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With option (a), the theorem allows one to remove finitely many points from the
generating set, change the order, add or remove duplicates, and add finite or countable
amount of the new points. The idea behind the co-finiteness assumption is that it
ensures q,]f being a generating set (by Lemma6.14).

The option (b) (which includes the case A = &, i.e., the main statement of the
theorem) instead allows to change the generating set drastically, keeping arbitrary
small portion of the original points. Then we need sufficient points so as to get a new
generating set. This is why condition (b) appeared.

Proof We start from the main statement. For every k € N let us choose (k) € N and
€r > 0, in such a way that

el (p', ... pt»).

Without loss of generality we can assume that €, is decreasing, €, — 0, and u is
increasing, and @ (k) > k for every k € N.

Let 6, = e /2.

Let {Np}mens {R"}nen be sequences described in Lemma6.12 associated to the
sequence Jyy, .

Set N;, = N, (m). As a composition of two increasing maps, N, is also increasing.
Analogously to (11) we can define

r, = max{m € Njn > N, },

which implies r), < r,.

Let n be given and let k < r;,. This is equivalent to n > N; = N, ) and hence to
w(k) < ry, where r, is defined by (11).

Recall that R" is a (r,,, &,,,) X, — X quasi-correspondence, so the conditions above
imply (note that k < w(k) <r, sod,, < <€)

el ... .p"") I, (', ... p™) C RS

Therefore, for k < r,’l, we can choose qfl so that (q,’i, qk) € R". Forall k > r,’l we pick
q,’f in such a way that for each n the sequence {q,’f}keN is generating.

Now let us build new quasi-correspondences R'" between the spaces (X, d,,
{q"}ken) and (X, d, {g*}ren). For k < r, we have

max  du(qf. pl) > max d(q", pl) =6, = e — 8, = 200 — 8, = 6,
Jeil,ra} Je(l,.,pn(h)}

max  d,(ph.g") > max  d(p/.q") =8, > e —8, =28 — 5, =6,
jelliora) jellan (b))

Thus, q,’f € Igm ( p,ll, R pf{’), and, by the reverse triangle inequality (or transitivity
of Is, , see Sect. 1.1),

Is, @y, - n") C a5, (P - ) C s, (Pys - pI) C RY.
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Similarly,

I, (q'.....q"") C by, (p'.....p"™) C s, (p'..... p") C RS.

These two inclusions together with the condition (q,’f, q*) € R" foreachk < r], allows
us to use Lemma6.6 to build from R" an (r, §,) quasi-correspondence

R™"=R"N (IR(q}l, . ..,qZ”) x Ir(q!, ...,qZ”))

between the spaces (X, d, {qﬁ}keN) and (X, d, {qk}kEN). By the analogue of (11),
this means that whenever N, < n < N, 41 R) is an (m = r),$,,) quasi-
correspondence, hencea (m = r),, 8y ) quasi-correspondence (because r), < rpimplies
8,1 > 8y,), s0 by Lemma6.12, (X,,, dy, {g} }ken) GH-converges to (X, d, {g* }ren).

Finally, let us move to the additional statement. Assume that there is a set A C N
and a function p : A — N such that g* = p?® for any k € A. Then we can adjust
the function u so that

u(m) > X p (k).

When, repeating construction of N,, and r;, we get that for every k € A such that

k < r! itholds p(k) < w(k) < ry, and thus (p2®, pP®) € R"_ This allows to set

gk = p2™ without destroying the construction. Now we need to show that it is also

possible to set q,’; = ph ® for k > r), (and k € A). We recall that the only constraint
for qfl with large values of k is that {qfl}keN is a generating sequence. Here the proof
goes in different ways for the options (a) and (b).

(a) If the image of p is co-finite, then for every n € N the set {q,’lc |k € N} contains the
set {pﬁ}keN \ S,, where S, is finite. So, by Lemma6.14 {q,’jlk € N} generates X,
independently of the choice made for qs fork ¢ A.

(b) Ifthe set B = N\ A is infinite, then

B, = {k € Blk > r,}

is also infinite for any n € N. In the construction above the points q,’f with k € B,
can be chosen arbitrarily, so we can always ensure that {q,’f |k € B,}is agenerating
set of X,,. O

An example

We finish by an example showing that the GH-limit in fact depends on the chosen
generating sequences. Set X, = (0, +00), dy(x,y) = (x — y)4, p%k =n+k,
pk=l =pn —k+1fork <nand p?*~! = (k —n+ 1)~! for k > n. Itis easy to see
that for eachn € N, (X,,, dp, { p’,j }ken) is a sequenced Lorentzian metric space.

Now set X = R, d(x,y) = (x — )+, ka = k, py‘*1 = 1 — k. This

defines yet another Lorentzian metric space (X, d, { pk}keN). Moreover, the sequence
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(X, d,, {pﬁ}keN) GH-converges to (X, d, {p*}ken) (of course if we had chosen the
same generating sequences for all X,, they would have been the same space and the
G H-limit would have been X = (0, +00) with that same sequence, which shows that
the limit depends on the sequence).

Let us prove this claim. For any n € N there is a function ¢, : X, — X defined by

Pn(x) = x —n.

Itis easy to see that ¢, ( pfg) = pffork < 2n—1,and ¢, is clearly distance-preserving.
Thus, it allows us to define an (i, §) X,, — X quasi-correspondence forany m < 2n—1
and any § > 0.

6.4 Relation to bounded GH-convergence

In the metric space theory, any convergent sequence of compact metric spaces can be
made into a convergent sequence of pointed spaces (with the same limit) by choosing
the preferred points appropriately. This result cannot be directly generalized to our
setting, because bounded spaces cannot be sequenced. Instead, we have the following.

Proposition 6.16 Let (X, d,) be a sequence of bounded Lorentzian metric spaces
GH-convergent to a Lorentzian metric space (X, d). Suppose that for each n the
subset 1(Xy) is dense in X,, and similarly 1(X) is dense in X, and let {pk}keN
be a generating sequence of 1(X). Then there are generating sequences { Pﬁ}keN of
1(Xy) (for each n € N) such that the sequence of sequenced Lorentzian metric spaces
(I(Xn), dn, {py}ren) GH-converges to (1(X), d, { p*}ew).

Proof From the assumptions, it follows that we can choose for each n € N a corre-
spondence R, C X, x X in such a way that disR,, < §,, where §,, — 0 asn — oo.
Then, by Corollary 6.8, we can choose for each n a generating sequence { p,’j }een of X,
such that forevery [ < n thereis an (I, §,) I1(X,) — I (X) quasi-correspondence. Since
3, converges to zero, for any given m > 0 and € > 0 we can find for large enough n
(larger than m and such that §, < €) a (m, €) I(X,) — I(X) quasi-correspondence. O

6.5 GH-limit stability of (pre)length spaces

Theorem 6.17 Let X, be a sequence of sequenced Lorentzian (pre)length spaces GH-
convergent to a Lorentzian metric space X. Then, X is a Lorentzian (pre)length space.

We give two proofs, one based on the results for bounded Lorentzian metric spaces,
another direct.

Proof We provide details only for the prelength space case, the preservation of
the maximization property being simple. Define the family of subsets of X: % =
{I(p,q@)|p.q € X, € > 0}. Clearly, .% satisfies the requirement of Theorem5.11, so
we can use an alternative formulation of the length property provided by it. Namely,
we have to show that for every n,m € N, ¢ > 0 and every r,x,y,s € X such
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that r <K * € y < sand r,s € Ie(pl, ..., p™) there is an isocausal curve
in BI.(p', ..., p™) connecting [x]; (1. my With [y]; 1. m). From now on we
assume that such 7, x, y, s, € and m are given. Set § = min(d(r, x), d(x, y), d(y, s))

Fix a sequence {;;}men of real positive numbers converging to zero, and let
{Nm}meN, {rnlnen and {R"},cn be the sequences provided by Lemma6.12. Define
" = R" Ny ((p', ..., p™). We have Ty = I.(p',....p™), so T" is a
' — I (p',..., p™) correspondence, and disT" < §,. So, we have a sequence of
bounded Lorentzian metric spaces BT{" GH-convergent to B/, ( pl, ..., p™). Choose
N € Nsuch that§, < § foralln > N.

For each n > N, we can choose ry,, $;,, X, Yn € TI” so that

(rn. 1), (Sn,8), (xXn, X), (yu, ¥) € T1n~
We have
d(rp,x,) >86—068,>0, dxp,yn) >8—6,>0, d(yu,sy)>8—58, >0,

s0r, K x5 K yp K sp. By Theorem5.11, for every n > N there is an isocausal
curve in BT|' connecting [x,] with [y,]. By construction in the proof of [27, Theorem
5.18], it yields an isocausal curve connecting x with y in BI.(p!, ..., p™). O

Direct proof of Theorem 6.17 Let us consider a sequence of sequenced Lorentzian met-
ric spaces (X, dn, { pﬁ}keN) GH-convergent to a sequenced Lorentzian metric space
(X,d, {pk}keN), and let us assume that all X,, are prelength spaces.

Let §,, be a decreasing sequence of positive real numbers converging to zero, and
let { Ny }meNs {rnlnen, {R" }nen be the sequences provided by Lemma6.12.

Let us find a convenient time function on X to parametrize the curve that we are
going to construct, and the approximations 7, on the spaces X,. Let . C X be a
countable dense subset and let us define . = X N Is, (p', ..., pl) for every [ € N.
Let {sli }ien be a sequence whose image is .7 ! (possibly with repetitions)

For any n,[,i € Nwith/ < r, let sf’n € X" be such that (sf’n, sf) € R". It exists
because sf € R}.Forl > ry, the points slg’n € X, can be chosen arbitrarily. We define
the time function as in proof of Lemma4.11

=& d(s*. p) d(p,s%)
T(p) ~—0‘ZZ 9 jtk+1 (1 +d(s§, p) a 1+d(p,S§») o

k=1 j=1

The constants & > 0 and $ are chosen so that t(x) = 0, (y) = 1 and the proof that
T is a time function remains the same. Let us define

T, 00 k k
U 1 d(s’ ., p) d(p,s5 )
Tn(P) e E E j+k+1 .]J’lk _ ]vl’lk +’3
Pl 2 1+d(s5,.p)  1+d(p,s;,)

By the same argument used for 7, 7,(p) < 1,(q) if p < ¢q, 7, is continuous, but 7,
does not have to be a time function, because the set {sfc 21k < rn} does not have to
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distinguish points of X,,. Observe that for (p’, p) € R" we have’

[T (p) — T(P)| < €n, 13)

where €, = «(8,, +27"), and lim;, .o €, = 0.

Let us prove the prelength space property. Let x, y € X be such that x < y.
We have to find an isocausal curve connecting x with y. Let m € N and § > 0 be
such that x,y € Is (pl, ..., p"™). By enlarging m if necessary, we can assume that
8; < min(8/2,d(x, y)) for all [ > m. Thus, x,y € (R"), for every n > N,,. This
allows us to choose for every n > N, points x,, y, € X, so that (x,, x) € R" and
(yn, y) € R". Note that by the assumptions r,, > m and

d(x,, y,) >d(x,y) =6, > 0.

So, x, and y, are connected by an isocausal curve in X, for all n > N,,. Choose for
each n > N, such a curve o, : [0, 1] — X,,. For a similar reason, we have, using
8—26,,>208/2>6,

Xno Yn € Ispp (Pl - PP C L5, (Phs oo PR, Y1 = N (14)

We are ready to build an isocausal curve ¢ : [0, 1] — X connecting x with y. For
anyn > N, anda € (¢,, 1 —€,) NQ, let z,(a) € X" be a point on the curve o,, such
that

T(zn(a)) = a.

Note that such a point always exists because by Eq. (13)
70 (04(0)) = 7, (x) < €, Tw(on(1)) = t(y) = 1 — €.

Fora € [0, €,) N Q set z,(a) = x,, and fora € (1 —¢,, 1] N Q set z,(a) = y,. By
(14) we always have z,(a) € Is,, (p,i, ..., ph) C R!, so we can choose ¢,(a) € X
such that

(zn(@), Eu(a)) € R".

In particular, we choose ¢,(0) = x and ¢, (1) = y. Note that

Zn(a) € Jn(xns yl’l) C I(S(P,l,, M) p:{l)v

so for large enough 1, ¢,(a) € I(p', ..., p™) which is relatively compact.

So, for fixed a we can always pass to a convergent sequence &y, (@). By the diagonal
argument we can make this sequence convergent for every a € [0, 1] € Q. Let ¢(a)
denote the limits of these subsequences. In particular, {(0) = x and ¢(1) = y.

From

[T(¢n(a)) —al = |t(&n(@)) — Tu(zu(@))| < €4,

5 We use that ﬁ T

—Ly)glx—y\forx,y>0.
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by taking the limit on the appropriately chosen subsequences, t({(a)) = a fora €
[0,1]N Q.

We intend to apply Lemma5.5. For that, we have only to show that for any ¢, ' €
[0, 11N @Q such that ¢t < ¢/, £(¢r) < ¢(¢'). Suppose that this is not so. Then, there is
z € X such that either d(£ (1), z) < d(¢(t'),z) ord(z, £(t)) > d(z, £(¢")). Define

A =max (d(¢(1'),2) — d(&(1), 2),d(z, ¢ (1) — d(z, £ (1)) > 0.

Let m' > m be such that for every [ > m/, z € Ial(pl, ...,pYH and A > 25 Let
n > N, so that r, > m’ (and hence z € Is,, (p',....p") C R?%) and such that

t,t' €{0,1}U(e,, 1 —e,) NQ.
But z € R%, so we can find 7/ € X, such that (z/, z) € R". We have
T (2n () = ta(za () =1 —1 > 0,
and
max(dy (2, (1), 2') — dn (22 (), 2'), dn (2, 20 (1)) — dn (2, 20 (1)) = A =28, > 0.
Taking into account that by construction, both z,, (') and z,(¢) lie on an isocausal

curve; this gives a contradiction. So, ¢ (¢) < ¢(¢') whenever ¢ < t’, and ¢ extends, by
Lemma5.5, to an isocausal curve connecting x to y. O

7 Canonical quasi-uniform structure of Lorentzian metric spaces

This section is devoted to the exploration of some global properties of a Lorentzian
metric space.

7.1 Kuratowski-like embedding

In [27], the metrizability of bounded Lorentzian metric spaces was shown via
a Kuratowski-like embedding. We already know from Proposition3.20 that the
countably generated Lorentzian metric spaces are Polish and therefore completely
metrizable. Still it may be interesting to find such an embedding in the unbounded
case. As a side result, we shall show how to construct examples of metrics on countably
generated Lorentzian metric spaces.

Similarly to [27], for a Lorentzian metric space X we define a map

I:X— CX)xC(X),
x = (dy,d").
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Unlike the bounded case, in general X cannot be assumed to be compact, and thus,
C(X) is not a Banach space. The natural topology for C (X) is that of uniform conver-
gence on compact subsets, i.e., the locally convex topology generated by the seminorms

Ilfllx = sup | f(x)]

xekK

parametrized by compact sets K C X. It makes C(X) into a Fréchet space provided
X is o-compact [44]. In particular, if X is countably generated, C(X) is completely
metrizable.

Lemma 7.1 Let (X, d) be a Lorentzian metric space. Then I : X — C(X) x C(X)
defined above is continuous.

Proof Fix x € X, a compact set K C X and € > 0. We have to show that there is a
neighborhood W C X of x such that whenever y € W we have ||d; — d,||x < € and
[ld* —d’||x <e.

By continuity of d, for any z € K we can find neighborhoods V| and V;, respec-
tively, of x and z such that for any y € V{ and w € V5 we have

d(x.2) — d(y, w)| < g

As K is compact, we can choose zp, ..., 2, so that U?=1 szi O K. Let W =
(i_; V{'. Take y € W; and z € K. For some i we have z € V,', and thus

ld(x,2) —d(y,2)| < |d(x,2) —d(x,z)| + |d(x,z;) —d(y,2)| <e.

So, for every y € Wy, ||dy — dy||x < €. Similarly, for another compact set K" and
constant €/ > 0 we can construct W5 such that ||d* — d”||x: < € whenever y € W»,
so by setting W = W; N W, we get continuity of 1. O

Theorem 7.2 Let (X, d) be a Lorentzian metric space without chronological boundary.
Then I is a homeomorphism onto its image.

If. in addition to that, X is countably generated, and {p*}ien is a generating
sequence for X, then the function y : X x X — [0, +00) defined by

o o0 ;
o lld = dylxm o ld =
(x,y) := 27" + 27"
ey mZ:l [+ 11y — dyl[xn ,,,Zzl T+ [1d* = d*[|m

is a metric on X inducing the Lorentzian metric space topology T. Here X™ =
Ir(pl, ..., p™) as in Sect.6.

Proof Clearly, I is injective, so we need only to show thatitis an open map.Let O C X
be an open set and x € O. We have to show that there is an open neighborhood V of
I(x)suchthat VN I(X) C 1(0).
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By Proposition 3.3, there are some points pi, ..., pn, g1, - - -, gy € X and numbers
ai,...,ay,b1,....by,c1,...,cn, €1, ...,e, € [[—00, +00] such that
n
xeW=()dp) (@i, b)) N (@) ((ci.e)) C O. (15)

i=1

Note that a;, ¢; < +00 and b;, e; > —oo because W # (. The case in which all
aj, b;, ci, e; are infinite is trivial as W = X (which implies O = X and so we can
take V = C(X) x C(X)), so it is safe to assume that at least some of them is finite.
Define finite (and thus compact) set K = {p1, ..., pu,qq, .., qn} and

¢ = min min (d(pi.x) —ai,bj —d(pi, x),d(x,qi) — ci,e; — d(x, q7)).
Note that 0 < € < oo due to (15), and assumption that W # X. Set

V={(f.8) e CX)x CX)| IIf —dxllk <€ llg—d"llx <€}

Clearly, V is an open neighborhood of 7(x). Moreover, if I(y) € V,theny € W, so
VNI(X)CI(W)CI(0),as desired.

For the second statement (we do not insist in giving a detailed proof as it shall
also follows from the independent proofs of Sect. 7.4), let us show that the topology of
C(X) x C(X) isin fact generated by seminorms || -|| x=. Let K be a compact set. Since
X has no chronological boundary, K can be covered by chronological diamonds, and
thus, by compactness of K, K C I(A) for some finite set A C X. Then, taking m
large enough to ensure A C I(pl, ..., p™), we have K C X™. Therefore,

I f1lk =< [1f11xm.

Thus, C(X) x C(X) is a locally convex topological vector space with topology
generated by a countable set of seminorms. It is a standard result of functional analysis
that such spaces are metrizable, and y defined in the statement is the /-pullback for
the standard choice of the corresponding metric [44, Chapter 10]. O

Remark 7.3 Although the metric y is induced by a complete metric on C(X) x C(X),
it is not in general true that y is a complete metric of X, because the image of I is not
necessary closed. For example, consider a bounded Lorentzian metric space X with
a dense chronological interior and a spacelike boundary i®. Consider a sequence of
points x; € 1(X) converging to i 0. Then, it is easy to see that {/ (x;)};cN converges to
(0,0) in C(X) x C(X), while the sequence x; itself has no limit in /(X).

7.2 Basics of quasi-uniform spaces

In the following sections, we determine a canonical quasi-uniformity associated with
a Lorentzian metric space. To start with, let us recall the notion of quasi-uniformity.

We refer to [14, 33] for further details and motivation (the term semi-uniformity
used by Nachbin is not standard nowadays).
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Definition 7.4 Let X be a set. A quasi-uniformity (or a quasi-uniform structure) 2 is
a filter on the set X x X such that

1. Every element U € 2 contains the diagonal,
A={x,x)|xeX}cU

2. Forevery U € 2 thereis V € Zsuchthat VoV C U.
If, in addition to that, 2 satisfies
3. forevery U € 2, U € 2, where® U™ := {(x, y)| (y,x) € U}.

we say that 2 is an uniformity (or a uniform structure). A space X endowed with a
(quasi)uniformity is a (quasi)uniform space.

Remark 7.5 Itis easy to see that if a collection Q of subset of X x X satisfies conditions
1-2 (respectively, conditions 1-3) of the definition above, then it generates a filter 2
which is a quasi-uniformity (respectively, a uniformity) for X.

If 2 is a quasi-uniformity, then
U =2"=UnV U,V e

is a uniformity, and
G=()2:="yecaU

is a preorder (reflexive and transitive relation), to which we refer, respectively, as
the uniformity and the preorder associated with 2. So, any quasi-uniform space is a
preordered uniform space. The uniformity is Hausdorff if and only if the preorder is
antisymmetric [33] (hence an order).

Starting from a uniformity %/, we define the topology T (%) associated with % ,
by setting the filter of neighborhoods of a point x € X as that generated by the sets of
the form

Ulx]:=={ye X|(x,y) e %}.

If 2 is a quasi-uniformity, % is the associated uniformity 7 (2%*) is the topology
associated with 2. So, any quasi-uniform space induces a topological preordered space
(X, 7(2%), () 2), which turns out to be a closed preordered space as the preorder G is
closed in the product topology [33, Proposition I1.2.8]. Every closed preordered space
that arises in this way for some quasi-uniformity is said to be quasi-uniformizable.

To every metric space (X, /) naturally corresponds a uniform structure, defined as
a filter generated by all sets of the form

{(x,y) e X x X| d(x,y) <1},

with 7 running over (0, +00). Itis easy to see that the associated topology is the metric
space topology.

6 We stick here to the standard notation in the theory of quasi-uniformities.
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The concept of uniformity allows one to extend the notions initially introduced for
metric spaces to a larger class of topological spaces and avoid explicit choice of metric
when it is not really needed. In particular, we will need the following.

Definition 7.6 Let (X, %), (X', %) be two uniform spaces. We say that a map f :
X — X' is uniformly continuous if for any U’ € %' there is U € % such that

(f x HW) ={(f), fFONI (x,y) €U C U

Any uniformly continuous map is continuous with respect to the associated topolo-
gies. Moreover, if (X, i) and (X', h’) are metric spaces, thenamap f : X — Y is
uniformly continuous in the usual metric geometry sense if and only if it is uniformly
continuous map between the corresponding uniform spaces.

Definition 7.7 Let {x,},<nN be a sequence of point of a uniform space (X, % ). We say
that x,, is a Cauchy sequence if for any U € % there is N € N such that

(xn,x,'l) eUVn,n > N.

Again, clearly, this definition coincides with the usual one if the uniform structure
is induced by a metric.
We also need the following construction.

Definition 7.8 Let X be a set, and {(Xy, Ly, folacw be a family of quasi-uniform
spaces (X, Zy) and maps fy : X — X,. Then by initial quasi-uniform structure we
mean the filter generated by the sets of the form

(fa X fo) T U) = {(x, ) € X x X| (fa(x), fu(y)) € U},

with all possible indices @ € 7 and all possible U € 2.

It is easy to see (e.g., via Remark7.5) that this construction indeed produces a
quasi-uniformity. Moreover, we have the following.

Lemma 7.9 Let X be a set, and {( Xy, Lo, fu)}acey be as in Definition7.8. Let 2 be
the initial quasi-uniformity of this family.
Then,

1. The uniformity 2% is the initial uniformity of the family {(Xo, 25, fo)lacw-
2. The topology T (2%) is the initial topology of the family {(X«, T(25), fo)lacor-

To finish this exposition, let us give an elementary example which will be useful
in a moment. On the real line R, we introduce the canonical quasi-uniform structure
Ir as the filter generated by the sets of the form

{(x,y) eR] —1t<y—x},
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for all possible r > 0. Evidently, (x, x) € U, forallx € Rand? > 0,and U, 20U, > C
U;. So, Zp is a quasi-uniformity by Remark 7.5. Note that the associated uniformity
is generated as a filter by the sets of the form

{G,y) e Rl |y —x| <1},

and thus coincides with the usual metric uniformity. On the other hand, the order,
associated with 2p is the usual order < of R. We also need the dual quasi-uniformity

25" ={U7" U e 2g).

Clearly, the uniformities and topologies associated with Zg and 25 ! coincide. The
order associated with Qﬂgl is >.

7.3 Lorentzian metric space as a quasi-uniform space

It is known that in the smooth setting globally hyperbolic spacetimes are quasi-
uniformizable [24]. This result generalizes to Lorentzian metric spaces and actually
we point out that there exists an associated canonical quasi-uniformity.

Theorem 7.10 Let (X, d) be a Lorentzian metric space without chronological bound-
ary. Let 2 be the initial quasi-uniformity of the family of maps

dp: X - R, 2g) and d¥:X — (R, 25").

The topology associated with 2, T (2%), coincides with the Lorentzian metric space
topology. The order associated with 2, (| 2, is the extended causal relation J.

From now on, we refer to 2 constructed in the theorem above as the quasi-
uniformity of the Lorentzian metric space X. All related notions, such as uniform
convergence, are considered with respect to this quasi-uniformity unless explicitly
stated otherwise.

Proof By Proposition 3.3, the Lorentzian metric space topology is precisely the initial
topology of functions (d,, d”) with p € X. So, by Lemma7.9, it is the topology
associated with 2.

Now, let G be the order associated with 2. For a pair of points x, y € X, (x, y) € G
if and only if forany p € X and ¢ > 0,

-1 < dp(y) - dp(x)a

and
dP(y) —dP(x) <t.

This holds if and only if (x, y) € J,s0J = G. O

We provide new proofs of Lemma5.5 and Theorem 5.7.
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Lemma7.11 Let (X, d) be a countably generated Lorentzian metric space, and let
T : X — R be a time function. Let a, b € R be such that a < b, and assume that Q
is a dense subset of [a, b] such thata,b € Q. Let ¢ : Q — X be such that

e T(¢(1)=1VteQ,
o (1) <¢(t') whenevert,t' € Q,a <t <t <b.

Then, ¢ extends to an isocausal curveE : [a, b] — X parametrized by t, r(E(s)) =s.
Moreover; if ¢ satisfies the maximality condition (5) for all t,t',t" € Q, then ¢ is
maximal.

Proof Let p,q € X be such that p <« ¢(a) and ¢ > ¢(b). Then for every t € Q,
¢(1) € J(&(a), 5(b)) C I(p, q).

Let us show that ¢ is Cauchy continuous, i.e., it maps a Cauchy sequence to a
Cauchy sequence. Here the uniformity structure of Q is the one associated with the
metric on Q induced from [a, b], and for X we use the quasi-uniformity defined in
Theorem 7.10. By construction of Theorem7.10, it is enough to show that for every
z € X the functions d* o ¢ and d; o ¢ are Cauchy continuous. Assume that for some
sequence {t,} of points in Q and z € X the sequence {d,(£(#,))} is not Cauchy. Then,
there is € > 0 and, for every n € N, integers m,,, [, > n such that

d:(8(tm,)) —d:(¢(1,)) > €. (16)

Note that this is possible only if #,,, > 1, for every n € N, because d; o ¢ is non-
decreasing. Thus,

é—(tm,l) = {(tln)~ a7

Since these sequences take values in the compact set I (p, g), by passing to subse-
quences we can assume that

lim ¢(ty,) =x, lim &(1,) =y.
n—oo n— o0

for some x, y € I(p, q). Note that this procedure does not spoil the condition m,,, [, >
n for all n € N. By taking the limit of (16-17), we have d;(x) —d,(y) > e and x > y.
Thus, x > y,and t := 7(x) — 7(y) > 0. By cutting finitely many terms of the
sequences m,, [, we may always assume that 7 (£ (t,,)) — t(£(#,)) > t/2. In other
words, for every n € N there are integers [,, m, > n such thatt,,, — 1, > t/2,1i.e.,
the sequence {#,} cannot be Cauchy. This concludes the proof of Cauchy continuity
of d, o ¢ for every z € X. Analogously, d* o ¢ is Cauchy continuous for all z € X.
So, ¢ is Cauchy continuous.

To finish the proof, we use the uniqueness of the uniformity on the compact set
I(p, q). In particular, the uniformity induced from Lorentzian metric space X coin-
cides with the uniformity associated with a complete continuous metric, which exists
since X is a Polish space (Proposition3.20). So, the Cauchy continuous function ¢
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has a continuous extension’ ¢. The claimed properties of the extension, including
maximality of ¢ provided that ¢ is maximal, easily follow by continuity. O

Theorem 7.12 Let us consider a countably generated Lorentzian metric space (X, d),
let K be a compact subset of X, let oy, : [an, by] — K be a sequence of continuous
curves, and let o : [a,b] — K be yet another continuous curve. The sequence oy,
uniformly converges to o iff for each z € X the sequences of functions d, o 6, and
d® o 6, converge uniformly to d, o 6 and d* o &, respectively.

Proof This follows from the construction of the uniformity of a Lorentzian metric
space. O

7.4 The quasi-metric of a sequenced Lorentzian metric space

In the previous section, we have introduced a quasi-uniformity canonically associated
with a Lorentzian metric space. Actually, there is a useful second option which we
call the fine quasi-uniformity of (X, d), denoting it .%. It is generated by sets of the
following form

{e. 0] sup(dy —dy) < a, sup(d* —d”) < b}
K K

where K is a compact subset of X and a,b € (0, +o0]. It is easy to check that it
is indeed a quasi-uniformity. It contains the quasi-uniformity of the previous section
which is obtained by restricting K to finite subsets.

We have still the validity of the following result

Theorem 7.13 Let (X, d) be a Lorentzian metric space without chronological bound-
ary. Let F be the fine quasi-uniformity of (X, d). The topology associated with F,
T (F*), coincides with the Lorentzian metric space topology. The order associated
with F, (| .F, is the extended causal relation J.

Proof Since £ C %, we have (.% C (|2 = J. Butif (x,y) € J we have for
every z € K, d,(z) > dy(z) thus for every a > 0, supg (dy — d,) < a and similarly
for the other inequality, which proves that (x, y) belongs to every element of .%, and
hence J = () .Z.

As 2 C 7 the topology 7 (F*) is finer than 7 (2*), thus we have only
to prove the other direction. We need only to prove that the neighborhood of x,
W = {y| supg |dy — dx| < a} contains a 7 (2*) neighborhood (the proof for the
neighborhoods {y| supy |d* —d”| < b} being analogous). This result uses the conti-
nuity of the function d. We know that 7 (2*) is the Lorentzian metric space topology
thus forevery z € K suchthat |d(z) —dx(z)| < a, as d is continuous in such topology
we can find U?, V¢ € T(2%), (x,z) € U? x V% such that for (y',7') € U* x V%,
the inequality |dy/(z') — dy(z')| < a still holds. Let {z;} be a finite family of points

7 Actually we could use directly the following fact. A uniformly continuous function from a dense subset
of a uniform space into a complete uniform space can be extended (uniquely) into a uniformly continuous
function on the whole space.
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such that {V%} cover K and set U = N;U%, then for (y,z) € U x K, we have for
some i, z € V¥, and hence (y,z) € U% x V% which implies |dy(z) — d(z)| < a,
ie,x e U C W.AsU € 7T(2*) we conclude that 7 (2*) is finer than 7 (#*). 0O

A quasi-pseudo-metric [19, 36] on a set X is a function p : X x X — [0, 400)
such that for x, y,z € X

(i) plx,x) =0,
(i) p(x,z) < p(x, y) + p(y. 2).
The quasi-pseudo-metric is called pseudo-metric if p(x, y) = p(y, x). Itis called
a (Albert’s) quasi-metric if p(x,y) = p(y,x) =0 = x = y. If p is a quasi-pseudo-
metric then ¢, defined by
q(x,y) = p(y,x),

is a quasi-pseudo-metric called conjugate of p. This structure, called quasi-pseudo-
metric space, is denoted (X, p, ¢) and we might equivalently use the notation p~!
for q.

From a quasi-pseudo-metric space (X, p, ¢), we can construct a quasi-uniformity
U, and subsequently an associated topological preordered space

X, TU"). (W)

Indeed, Nachbin [33] defines the quasi-uniformity {/ as the filter generated by the
countable base
W,={(x,y) e X xX:px,y) <1/n}. (18)

thus the graph of the preorderis G = (U = {(x, y) : p(x, y) = 0} and the topology
T (U*) is that of the pseudo-metric p + ¢. In particular, this topology is Hausdorff if
and only if p 4 ¢ is a metric i.e., p is a quasi-metric, which is the case if and only if
the preorder G is an order.

Example7.14 For X = R, the canonical quasi-uniformity 2 is induced by the
1

pseudo-metric p(x, y) = max(x — y, 0), while Qﬂgl is induced by p~".

If a quasi-uniformity admits a quasi-pseudo-metric, then it is quasi-pseudo-
metrizable. Nachbin [33, Theorem 8] proves that they are precisely the quasi-
uniformities that admit a countable base (for the filter). The quasi-pseudo-metric,
in general, is not uniquely determined.

It is known that in the smooth setting globally hyperbolic spacetimes are quasi-
metrizable [24]. This result generalizes to Lorentzian metric spaces as a consequence
of the following stronger theorem (we denote |r|™ := max(r, 0) and for a function f
and a set K on the domain of f, || f|I% := supg | 1T = |supg fI7).

Theorem 7.15 Let (X, d) be a countably generated Lorentzian metric space and let
{p*)ken be generating sequence for X, then the function p : X x X — [0, +00)
defined by

e8] + 00 X 11+
_ ||dy_dx||Xm — ||d _d)HXm
X, y) = E " + E 27"
PO = 2 i, T A T e i
m=1 Y X m=1
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is a quasi-metric for the fine quasi-uniformity of (X, d). In particular, J = p~1(0)
and y, the metric of Theorem7.2, is Lipschitz equivalent to p + p~', in fact y <
p+p~ ! <2y.Here X™ = Ig(p', ..., p™) as in Sect.6.

The constructed quasi-metric is not uniquely determined as it depends on the chosen

sequence. However, we have clearly a canonically associated quasi-metric to every
sequenced Lorentzian metric space.

Proof For a continuous function f over a compact set K, || f|lx = max(||f||;2, | —

flix) thus

Il /1% Il = flix /1% Il = flix
L+ 11fllx _max(1+||f||}’ 1+ —fll}) : L+ 11 f1lg i L= flix

A W=Flk _, [Ifl
LIS T+ —=fll ~ T+1fllk

From these inequalities, we get y < p + p~! < 2y. If we can show that p induces
the canonical fine quasi-uniformity .# of the Lorentzian metric space, then, by the
general theory of quasi-pseudo-metrics, p + p~! induces the topology 7 (.%*) which,
as shown previously, is the topology of the Lorentzian metric space. Note that p+ p~!
is a metric because J is antisymmetric, so p is a quasi-metric. Observe that p satisfies
the triangle inequality p(x, z) < p(x,y) + p(y, z) because, dropping the index X™
for shortness,

lld: —dll™  _ _llde = dylI" +1ldy — dull”
L+ld: —diell™ = 1+ |lde — dy|IT + |ldy — di||*

_ lld; —dy|I* n lldy — d|I*
T L ld —dyllt + ldy —dillt L+ [lde — dyllT + |ldy — dil|t
||dy_dx||+ ||dz_dy||+

T 14 lldy —dellt L ld = dylIT

In the first inequality, we used ||d; — dy||" < ||d; — dy||* +||dy — dy||T and the fact
that the composition of the non-decreasing maps x +— x/(1 + x) and x — |x|7, is
non-decreasing. The term %
The identity p(x, x) = 0 is clear.

It remains to show that p induces the fine quasi-uniformity .%.

Let us prove that the quasi-uniformity induced by p is finer than that by .%. Let
K C X be a compact set, then there is k € N such that K € X*. Forany x, y € X we
have

from the sum defining p is treated analogously.

lldy — dell %
1+ [Idy — ds I

thus the set {(x, y)| supg(dy — dy) < a} contains the filter element {p < €} for
sufficiently small € > 0. Similarly, the set {(x, y)| supg(d* — d”) < b} contains a
filter element induced by p.

<2"p(x,y).
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Let us prove that the quasi-uniformity induced by p is coarser than that by .%. Let
0 < € < 1 and let k be so large that 2=*=1 < ¢/2. For j < k, [ldy — dx||;,. <

|ldy — d || thus
k

0 k

p(x y) < Z 27111 ||d} — dxll-;(_m + 2 Z L + Z Z,m ”dx — d"”;(_m
T UHlldy —dillye 50,20 o Tl = e
\ldy — dell 5 ld¥ —d*||fw €

Tt lldy —dilly Tl = a2

Thus, the .7 element given by the intersection of supym (dy — dy) < (4676) and
supym (d* —d¥) < (4676) is contained in the set {p < €}. O

8 Conclusions

In a previous work, we introduced an abstract notion of Lorentzian metric space
restricting ourselves to the bounded case. The goal there was to show the feasibility
of the approach, the general strategy being that of being guided by the stability under
GH-convergence for the identification of the correct definition of the Lorentzian (pre-
)length space concept. Having obtained such objective, we turned in this work to
the removal of the boundedness condition. This has introduced some technicalities,
particularly when it comes to study GH-convergence, as one has to attach a sequence
to the space, unlike the metric theory where a point is sufficient.

In other directions, we confirmed the validity of some nice results, such as the
GH-stability of the (pre-)length property, the existence of time functions, the validity
of the limit curve theorem, the upper semi-continuity of the length functional, the
characterization of the length space property via the length functional.

Finally, in some directions our investigation into the non-compact case also eluci-
dated several aspects of our original construction. For instance, we clarified that our
Lorentzian metric space definition can be reformulated in terms of very desirable and
minimal properties such as the reverse triangle inequality, compactness of chronolog-
ical diamonds, and distinction via the Lorentzian distance, all of them reminiscent of
conditions entering the property of global hyperbolicity in the smooth setting. We also
realized that our Lorentzian metric space is canonically quasi-uniformizable, a fact
that leads to considerable simplification, e.g., in dealing with the limit curve theorem.
Sequenced Lorentzian metric spaces are even canonically quasi-metrizable (and hence
the topology is canonically metrizable), which could suggest new ways to attack old
problems related to the precompactness of families of Lorentzian metric spaces.
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