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Abstract

This thesis is a study of several aspects of noncommutative geometry arising in
the context of string theory and field theories. The first chapter contains a brief
introduction to noncommutative geometry, surveying relevant topics in string theory
and exploring the connections between noncommutative geometry and string theory.
Four different topics are then studied in depth: the noncommutative model of the
D1-D3 brane intersection in a background magnetic field, intersecting solitons and
their fluctuations in noncommutative scalar field theory, gravity duals of nonlocal
field theories, and the M(atrix) model for the noncommutative deformation of the

(2,0) theory on the five-brane.
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Chapter 1

Introduction

In this introductory chapter, we review basic concepts from several recent topics in
string theory central to the material in this thesis. These topics are: noncommutative
geometry, nonabelian coordinates of D-branes, Matrix models, and noncommutative
geometry in string theory. The subject is vast, and we treat all topics in the most
cursory fashion. The main purpose of this chapter is to show how noncommutative
geometry arises from string theory, and how its many different manifestations are
connected.

The last section of this chapter contains an outline of the rest of the thesis.

For clarity of nomenclature, the word noncommutative will always refer to a prop-
erty of spacetime coordinates, while the word nonabelian will refer to a property of
gauge groups. Hence, a noncommutative gauge theory is a gauge theory defined on
a noncommutative space, and a nonabelian gauge theory is a gauge theory with a
nonabelian gauge group. The two properties being independent, one can speak of
nonabelian commutative gauge theories, abelian noncommutative gauge theories and

nonabelian noncommutative gauge theories.
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1.1 What is noncommutative geometry?

Noncommutative geometry in simplest terms is the idea that space coordinates (say,
z and y) do not have to commute with each other, i.e., that zy — yz = [z,y] # 0.
Since commutation relations are used in quantum mechanics to express uncertainty,
noncommuting coordinates were proposed to quantize space at small distances. Until
recently, such proposals were not taken very seriously, since they require an a priori
violation of locality and Lorentz invariance. The idea of noncommutative geometry
was first put on a solid mathematical footing by Alain Connes [33] in 1980, where
it was applied to noncommutative tori. In 1997 noncommutative gauge theories
were realized as limits of M-theory and string theory [34, 44|, raising an interest
in noncommutative theories of all kinds. Since then, noncommutative geometry has
been shown to appear in string theory in several different guises. It provides a testing
ground for the consequences of nonlocality in a setting simpler than that of a full
blown string theory. Using noncommutative theories as an effective description of
certain string scenarios has led to new insights into the physics of these scenarios.
Outside of string theory, noncommutative deformations of well known theories (such
as the Yang-Mills theory) provide an insight into these theories by introducing an
extra parameter in which to do perturbation theory. Sometimes (as, for example, in
chapter 5 of this thesis), introducing noncommutativity resolves certain singularities,
or regulates the theory under study.

Noncommuting coordinates have been introduced in theoretical condensed matter
physics, as a formalism to describe the physics of the Quantum Hall Effect (QHE)
at the first Landau level [57]. Since this is a simple example of noncommutativity,
arising in a physically significant situation, we will start with a review of this set-up
(see, for example, [56]).



The QHE is a phenomenon exhibited by a two-dimensional electron gas in a strong
uniform magnetic field normal to the plane of the system, characterized by a nearly
vanishing dissipation and by quantization of the Hall conductance in units of e?/h
(for more details, see [56]). The Hamiltonian for this system, in symmetric gauge

A= —%r x B = (—By/2, Bz/?) (L1)
is
1 e \2 1 e e2B?
Hgue = e (p+ EA) = 2mep2+ 2mecBL + 8_m¢—c2(z2 +y?), (1.2)

where L = zp, — yp. is the angular momentum. The spectrum of this Hamiltonian
contains highly degenerate Landau levels with energy (n + 1)Aw,, where w. = eB/m.c
is the cyclotron frequency. At the lowest Landan level, 1/w,, the solutions are pa-
rameterized by a nonnegative integer m, corresponding to the angular momentum:
L - ¢ = —hmo,, (the awkward minus sign is necessary to conform to high-energy
conventions about which functions are considered holomorphic and which are con-

sidered antiholomorphic), and can be explicitly written in terms of z = (z + i#y)/l

as
b= T (L3)
where
= g. (1.4)

Since any nonnegative m is allowed, this implies that any wavefunction of the form
f(Rem s (1.5)

(for £(Z) an antiholomorphic function of z) is a solution to Hamilton’s equation with
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energy %ﬁwc. Hence, the subspace of the lowest Landau level (LLL) is equivalent
to the Hilbert space of antiholomorphic functions, on which we can define an inner

product
@ = [Ty seter . (16)
Under this equivalence
#z)=f(Re e LLL & f(3), (1.7)

the action of 2! on any ¢ € LLL corresponds to multiplication by z of f(2),
o o zf(3). (1.8)

The adjoint of this operator, though, when restricted to LLL, is not the multiplication

by z, but corresponds to the action of 28/9Z on f(Z), as can be seen from

dedy oo 28\ -3
[ 2 g f( 282) €

= d;—:yg‘ (2% ) e~ = (g, 2%f ) (1.9)

(29, F) = (9, 2f)

valid for all g. Thus,

-9 & 20/0zf(z) - (1.10)
We obtain the following commutation relationship, valid when the physics is restricted
to the LLL:

[z,2=2. (1.11)



Recalling that z = (z + iy)/l and defining # = I* we obtain

[Z.9] =0 = iefcé- X (1.12)

This equation captures the essence of noncommutative geometry. By restricting our
attention to the lowest Landau level, we have created a one-particle quantum me-
chanical system in which the coordinates do not commute with each other.

Before we talk any further about the properties of this system, let us generalize to

an arbitrary number of noncommutative directions d. The equation above generalizes

to

[£%, 27] = 6 (1.13)

where i, j run from 1 to d and @ is a d x d antisymmetric matrix. For simplicity, we
will assume here that @ has full rank, which means maximal noncommutativity. This
necessarily implies that d is even.

In order to study this further, we define an algebra of all complex linear com-
binations of products of the variables i*, denoted by R3. Since different #'s do not
commute, this is a noncommutative algebra. We will now briefly review the properties
of this algebra, and the associated geometry, roughly following [47].

In order to talk about the physics in this set-up, we will need concepts of deriva-

tives and integrals. A simple set of derivatives can be defined by the relations

&F = & (1.14)
[airajl = 0. (1°15)

These relations allow us to calculate the derivative of any element of R4, using

8(fa) = 3(f)g + fd:(g) for any f,§ € RS. The integral is fixed (up to a nor-



malization), by the requirement that f 3 f = 0. To see this, consider the momentum
- basis for R4, which is defined as the set of eigenfunctions of the derivative operators

09,e™*F = ik;e'** . (1.16)

- In this basis, the integral is simply defined as
é .
; [ e = §(k) . (L.17)
‘ This abstract definition of R seems to have little to do with geometry. We would
i like to be able to think of R¢ as a deformation of R?. In order to make a connection

between these two objects, we define a linear map from R3 to functions on R%:

S: f = fla), (1.18)

%such that
| Stfal = 171 » Sl (1.19)
where * is some deformed law of multiplication for functions on R?, different from
the usual pointwise multiplication.

The inversion of S poses an ordering ambiguity. What should S~'(z;z,) be? It
| could be Z;Z,, or £,%;, or maybe %(1‘:1:2'2 + £%;). The most common choice for S~*

is the Weyl ordering, defined by

f@) =570 = gy [ FE 1), (1.20)
f(k) =S[fiR) = [ e f(z) . (1.21)

From this definition, we can compute the star-product, x. For the basis elements in

6
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: Space
1 f A
@ = G [ &k f(R)e=
1 .
900 = G [ &R g(K)e®=
1 1 . vz
(fxg)(z) = (27),/‘1"‘ W[dd’" f(k)g(K)e™ x e

momentum space, we easily get that

kT o R T — o—§07kik} Lilk+K )z

(1.22)

using the CBH formula. From this, we can compute the star-product in position

1 | W ot
= &y [ d*k f(k)e"""'(%_—y / &K g(K)e* = e 10K

~ e (3000, f@@)| _ -

This is known as the Moyal star-product:

(f *9)(=) = exp (3690..0; ) f(=)g(=)| _

z=z’

(1.23)

" We now have two different ways to think about noncommutative geometry. We can

either think in terms of a noncommutative algebra of operators i*, or in terms of

product, *.

functions of commutative variables z* whose multiplication is defined to be the star-

The noncommutative algebra picture becomes more clear when we interpret the

elements of the algebra as acting on a Hilbert space of the harmonic oscillator (HO).
Restricting the discussion to two dimensions, d = 2, and with positive # defined by
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[£!, %] = i0, we can define raising and lowering operators

a = (& +i#%)/V20 (1.24)
o' = (&' - iz?)/V26 (1.25)

i
1

:
¢ with standard commutation relations
i

[a,af]=1. (1.26)

Thus, any product of #*’s becomes a Fock space operator acting on the Hilbert space

P

of a HO. The integral over all R§ becomes the trace over the Hilbert space:

/f = (2n6) Tryo . (1.27)

where the normalization can be checked using the definition (1.17).

The Fock space formalism can be extended to an arbitrary even number of dimen-
sions d as follows. By applying a linear transformation to the coordinates i*, we can
bring the antisymmetric matrix 8% into canonical form. The new coordinates are then
pairwise noncommutative, and the problem breaks into d/2 independent HOs. Thus,
the noncommutative algebra can be interpreted as the Fock space of d/2 independent

HOs.

We have treated the flat non-compact noncommutative space in some detail. Non-

1

commutative algebras can also be constructed for other geometries. Let us briefly

examine two of the more important ones - the noncommutative torus and the non-

commitative sphere.



The noncommutative 2-torus is defined using two matrices U and V such that

UV =a"'VU , (1.28)

fora =e*/N. fU = & and V = ¥ with [£, j] = i, then we would have § = 2x/N.
1 However, we don’t have to define U and V in terms of £ and y; instead, we define
them in terms of equations (1.28). The advantage to this is that relation (1.28) can
{ be realized in a finite representation, as the 't Hooft clock-and-shift NxN matrices

(1 \
U = o?

\ oVt

(1.29)
(1 \
1
V =
1
\ 1 )

We then interpret this as a 2-torus (z,y) ~ (z + 27, y) ~ (z,y + 2w), by identifying
U with = and V with €¥. This can easily be extended to d dimensions by taking
U.U; = e~*%U;U;. In order to replace any function on the d-torus with an element

in the noncommutative algebra, we write the function as a Fourier sum and replace
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€% with Uy;:

fEn.nz)= Y, @™ - Y al]U7. (1.30)
d J

mri=lr'ﬂd ntvi‘: lv"-s

The noncommutative torus was the first extensively studied noncommutative system

{ [33, 34, 44]. It is central to the construction of the M-theory membrane in Matrix

theory, as will be explained in section 1.3.

Another noncommutative algebra with a classical geometric interpretation and a
finite matrix representation is the noncommutative sphere S2. Consider the algebra
generated by 3 NxN matrices z* for ¢ = 1,2, 3, with the commutation relationship

[z}, 2] = i%e‘jkr" . (1.31)

This is a (rescaled) N-dimensional representation of the SU(2) algebra. The classical
interpretation for large N is that of a sphere with radius R + O(1/N?),

P+ PP+ (PP =R (1 - ‘\%) Id. (1.32)

-

This construction is also used in the Matrix model of M-theory, to construct compact

membranes. We will have more to say about the noncommutative sphere in chapter

2.

{1.1.1 Noncommutative gauge field theories

In this subsection, we will briefly introduce the basic concepts in noncommutative

gauge field theories. For more details, see [47, 79, 80|.
As always, the starting point is a gauge field A, which here takes values in the

10



noncommutative algebra. We define the associated field strength to be
Fyj = 8:A; — 354: +i[Ai, 45] . (1.33)

The important thing to keep in mind is that the commutator does not vanish even
for an abelian theory, since A is an element of a noncommutative algebra.

A transforms under gauge transformations with an infinitesimal parameter € as

0cA; = O;e +i[A;, €] , (1.34)

which implies that the field strength transforms as

6€Rj = i[RJr el y (1-35)

and thus we have a gauge invariant action

1
-3 / F?. (1.36)

The interesting thing is that the gauge symmetry group of this theory is much larger
that in the commutative case. For example, it includes spacetime translations. Let
e = u*(#");;z7. Then

SeA; = WA + W (0 . (1.37)

Ignoring the physically irrelevant constant shift in A, this is nothing but a translation
by »*. In fact, the gauge symmetry group contains all spacetime diffeomorphisms.
Taking the unification of spacetime symmetries and gauge symmetries further,

11



notice that we can replace the covariant derivatives D; = 8; + iA; with an operator
Ci= (-6~ 1),-,-:1.‘" + 14 (1.38)

so that

D; —+[C:, | - (1.39)

Then, the field strength is just
Fyi = i[C,Ci] — (07Y); (1.40)
and the Yang-Mills action becomes the ‘Matrix model’ action
S ="Tr([C:.C;] — (07")5)° . (1.41)

This action for matrix variables C; arises in many different contexts. How is the
d-dimensional (and noncommutative) space to emerge back from this action? The
answer lies in the (¢~');-term. This term limits the configurations under consid-
eration to those with Tr([C;,C;]) = (6~"');;. We can think of each @ as defining a
topologically different sector of the matrix model. Fixing this topological invariance
fixes both the dimensionality of the noncommutative space and the noncommutativ-
ity parameter §. We will see that a nontrivial trace for the elements of the matrix
algebra under consideration is a common theme in the ways in which noncommautative

geometry arises in string theory and in matrix models.

Having introduced the basic concepts in noncommautative geometry, we can now pro-

ceed to explore how it arises naturally in the string theoretic setting.

12



1.2 Nonabelian branes

In its perturbative formulation, closed string theory is a two dimensional sigma model,
the target space of which is identified with spacetime. The various fields living in
; spacetime, such as the metric and the different gauge fields, form the parameters
1 of the sigma model. Their equations of motion are determined by requiring that the
] sigma model be conformally invariant on worldsheets of any genus (higher genii corre-
n sponding to string loop corrections). Thus, the equations of motion for all background
fields are computed by setting the beta functions of the corresponding couplings to
zero.

The introduction of open strings is equivalent to introducing a boundary in the
sigma model worldsheet. Different boundary conditions correspond to objects in the
target space-time. These objects can roughly be called the ‘branes’ in the theory.
A brane is nothing more than that part of the background which determines the
boundary conditions for the propagation of an open string. Again, the boundary
conditions must be such as to define a ‘good’ boundary conformal field theory (BCFT)
on the woridsheet. What constitutes a ‘good’ BCFT is still an open problem (see [51]
for a review and a list of further references).

The most studied and best understood branes in string theory are the Dp-branes
(for an introduction, see for example [92, 93, 96, 95, 111]). A Dp-brane is a (p+1)-
dimensional surface in the target spacetime on which open strings can end. Their
importance was first appreciated when Polchinski pointed out [94] that they corre-
spond to certain solitonic solutions in supergravity and are charged under the RR
form-fields. Thus, the D-branes are nonperturbative objects in string theory, the
study of which opened a window into previously inaccessible regimes.

A single Dp-brane in (D+1) dimensions is described by its position and a world-

13




volume U(1) gauge field A of dimension (p+1). Because of diffeomorphism invariance,
{ the position can be described by (D-p) scalar fields @, corresponding to transverse

displacements from some fixed configuration. Together, there are (D+1) bosonic de-
l grees of freedom, corresponding to the (D+1) massless bosonic string modes for an
{ open string with its ends on the Dp-brane. In addition, for a superstring, there are
] appropriate fermionic fields, which we will ignore. The action for the background
fields A and ® can be determined as described above, by requiring conformal invari-

ance of the BCFT. In a purely bosonic theory, the answer is the Born-Infeld action
[82],

Sgr = -T, [ &€ e?\/~det (P[G + B] + 2nc’F) , (1.42)

where T, is the brane tension, P[G + B] denotes the pullback of the background
metric and the NSNS two-form field to the worldvolume of the brane, ¢ is the dilaton
and F = dA is the field strength corresponding to the gauge potential A. For a flat
background metric G = 7, with B = 0 and ¢ = const, a flat Dp-brane localized
at X* =0fori=p+1,...,D +1 in static gauge X* = & for i = 0,...,p, with
small transverse displacements ®, and a weak gauge field A, the Born-Infeld action
simplifies to the U(1) Yang-Mills action (plus a constant corresponding to the energy
density of the Dp-brane, which we will ignore):

1 [ 2 :
S= —m[dﬂ’lf (Fe-!' W(BXF) + fermions . (1.43)

The scalars ¢ transform in the adjoint of the U(1) (i.e. trivially).

Consider now N flat coincident Dp-branes in this same setting. As was first
{pointed out by Witten [119], there are now N? massless open string modes, since each
string has two ends that can be attached to either one of the N branes. It turns

out that the massless fields arrange themselves precisely in the right way to fill out

i “



the gauge field components and the adjoint scalars of a U(N) YM theory. The low
energy description of N flat coincident Dp-branes in a trivial background is thus the
U(N) gauge theory with (D-p) scalars corresponding to the transverse displacements.
The nonabelian generalization of the Born-Infeld action, which would describe N
coincident Dp-branes in arbitrary (but slow-varying) backgrounds to all orders in o’
is not fully known. There are proposals for this action, see [88, 115] and references
therein for more details. We will talk more about the nonabelian Born-Infeld action
and its solutions in chapter 2.

It is somewhat strange that the transverse displacements of the D-branes are now
described by N x N hermitian matricess How do we interpret these in terms of
classical positions?

The answers comes when we analyze the YM action. It contains a potential term

proportional to

- Tr [, [[®*, 9] . (1.44)

This term is minimized when the matrices ®* all commute with each other. In that
case, they can be simultaneously diagonalized, and their eigenvalues correspond to
the classical positions of the N D-branes. The residual Sy permutation symmetry
corresponds to permuting the (identical) branes.

The question then arises: What if the matrix coordinates of the D-branes cannot
be simultaneously diagona.lizéd? In this case, there is no classical interpretation of the
coordinates and the geometry arising in such a set up is intrinsically noncommutative.
We will see shortly how essentially all known instances of noncommutative geometry
in string theory arise precisely from this matrix nature of D-brane geometry.

The simplest, and at the same time most generic, case of noncommutative geom-

etry in string theory arises from a further analysis of (1.44) (see [103] for a review

15



and references therein for further details). For a static configuration, the equations

of motion for ¥s are simply

[®%, [®%, 8] =0, (1.45)

and their solutions are

[*,97] = 09 Idyw - (1.46)

This is precisely the commutation relationship for the generating coordinates in non-
commutative geometry (1.13)! There is just one problem - the equation above can
only be satisfied with N infinite. Let us for a moment accept the possibility of an
infinite number of Dp-branes. If the rank of # is r, we can then interpret (1.46)
as a configuration in which r of the transverse directions have ‘expanded’ to form
a D(p+r)-brane with r noncommutative directions. It can then be shown (see, for
example, [103]), that the effective action for this object is the YM action in (p+r)
dimensions, r of which are noncommutative. We will return to this point later, when
discussing matrix models.

The above simple example shows that it is possible to build higher dimensional
D-branes out of lower dimensional ones (we will see more examples of that, including
cases involving a finite number of D-branes, in Chapter 2). Is it also possible to obtain
lower dimensional branes from higher dimensional ones? The answer is yes. In fact,
it is yes in more than one way. Here, we will discuss how dissolved lower dimensional
branes can be thought of as being equivalent to worldvolume gauge fields in a higher
dimensional brane. In chapter 3, we will talk about another way of obtaining lower
dimensional branes from higher dimensional ones, as solitons in the string tachyon
field.

The Born-Infeld action for a single D-brane is only half the story. As was men-
tioned above, a Dp-brane is also a source for the corresponding RR form-field. For

16



example, a D2-brane in type IIA string theory is a source for the three-form field
A®_ But that is not its only coupling to the RR sector fields. The total coupling of a

single Dp-brane to the RR fields can be compactly written as a Chern-Simon action

term
Scs = / dP+ig (P [Z A""]) A 5 (F+B) (1.47)
k

The way to read this formula is to expand the exponential and retain all RR fields
A%®) which lead to the correct total dimension of the form under the integral. For
example, for a flat D2-brane in flat background and B = 0, we have

2B — [ dVE (AD +2wa’ AV AF) . (1.48)

So, in this case, if [ F # 0, the D2-brane carries a D0-brane charge, since it acts
as a source for A"). This observation was first made by Witten [120], for Dp-branes
carrying D(p-4)-brane charge due to a non vanishing instanton number [ FAF. It was
then extended to all dimensions by Douglas [43]. While the argument for the Chern-
Simon action above can be made from string theory using anomaly cancellation,
simpler arguments can be given from T-duality (see [111] for a review and further
references).

The important point is that lower dimensional branes can be thought of as arising
from nontrivial gauge field configurations on higher dimensional branes. We can think
of the worldvolume gauge field as corresponding to a dissolved density of some lower
dimensional D-branes.

The nonabelian version of the Chern-Simon action [88] elucidates further the dual
picture of higher dimensional branes arising from lower dimensional ones. This action
is

Scs = pp f STr (P [eh"""’*"*(z:A(“)eW B)] e F) , (1.49)
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where ip is an interior product by &¢, for example igipsgA? = %Ag) [®%, ®7]. Since
each ig ‘eats’ an index, it reduces the dimension of the form and allows a coupling to

higher dimensional RR fields. As an example, D0-branes couple to A®

u / STr (P [%Aﬁ.;,{(zm')[@*,@]]) : (1.50)

For concreteness, let [®*, $?] = #. Then, we can think of having one DO-brane per
cell with an area 6 (up to some numerical constants) and hence 8! as the density -
of DO-branes forming a D2-brane. This density of D0-branes should correspond to a
gauge field on the resulting D2-brane equal to F = 6~! and it does - see chapter 2
for the details. The point to take away is this: bound states of D-branes of different
dimensions can be described from two different points of view, that of the higher
dimensional branes and that of the lower dimensional branes. When described in
terms of the higher dimensional branes, the lower dimensional ones arise as nontrivial
gauge field configurations. When described in terms of the lower dimensional branes,
the higher dimensional ones arise as nontrivial commutator terms for transverse co-
ordinates.

The discussion above was meant to convey the general ideas only. The details
are a little more complicated. When discussing the non compact case, care has to
be taken to deal properly with the fact that we need an infinite number of D-branes
and that all worldvolume mtegrals are over a non compact space. This difficulty can
be avoided if a compact space is used (for example, a torus) on which the branes are
wrapped. By treating the situation on a torus, infinite matrices can be obtained even
from a finite number of D-branes (see [111] for a review and further references). Since
this set-up will not arise in the rest of this thesis, we will not talk about it here.

We started this section by defining a brane to be any consistent boundary condi-
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tion for open strings. Studying these in all generality is very hard, and we quickly
specialized to the restricted class of D-brane boundary conditions, defined as a re-
striction to some hyperplane in the target spacetime. Yet, from the above discussion,
it is quite clear that to say that a ‘D-brane is a surface on which strings can end’ is
misleading. Nonabelian brane configurations can lead to physically complicated sys-
tems with little or no geometrical interpretation, and hence to boundary conditions
we would originally not recognize as D-branes. Studying noncommutative geometry
as it arises in nonabelian brane configurations is a way of understanding the physics
behind at least some of the configurations with no classical interpretation in geometry,
leading perhaps to some understanding of all branes.

The fact that D-branes of one dimension can be constructed out of D-branes of
another dimension points perhaps to the existence of some ‘stuff’ out of which all D-
branes are ‘made’. This ‘stuff” would be a good candidate for the degrees of freedom
in a nonperturbative formulation of string theory. The Matrix model of M-theory,

which is our next subject, suggests that this ‘stuff’ is simply DO-branes.

1.3 M(atrix) models

In this section, we will briefly review some key ideas of the Matrix model. For more
details, see the reviews [13, 14, 111, 114].

The Matrix model for M-theory was proposed in 1997 by Banks, Fischler, Shenker
and Susskind (BFSS) [15]. They were motivated by the work on DO-branes and by
string dualities. When M-theory is compactified on a small space-like circle, the
resulting theory is the type IIA string theory, and the quanta corresponding to mo-
mentum in the compact direction are the D0-branes. In a frame of reference with a
very large momentum around the compact direction, the dynamics of 11-dimensional
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§ M-theory becomes essentially non relativistic. In the dual TIA string theory, this
} dynamics is described by the large N limit of a non relativistic system of DO-branes.
The BFSS conjecture was later extended to include finite N [110, 102}, in a set-up
where M-theory is compactified on a light-like circle.
As was described in the previous section, the dynamics of N DO-branes is the SYM
theory in (1 + 0) dimensions. The Lagrangian can be obtained from 10-dimensional
| SYM by dimensional reduction and is equal to [114]

1

L= 2¢l,

Tr [ X°X® + %[X“, X®}? + fermions ] (1.51)

in fixed gauge Ag = 0. The X®s are the 9 N x N matrixes describing the positions
of the DO-branes.

This Lagrangian was obtained much before BFSS, in the context of quantizing the
supermembrane (see [114] for details and citations to original work). The idea there
was to regularize the quantum theory of a two-dimensional membrane by approxi-
mating its classical geometry with a set of matrices, in a fashion similar to that used
to obtain the noncommutative versions of the torus and the sphere in section 1.1.
The matrix model for the membrane was thought to be ill behaved, since it contained
a continuous spectrum due to instabilities associated with the membrane developing
long, thin spikes. The BFSS model reinterpreted the theory as being the second quan-
tized theory of the membrane, and not, as was originally assumed, the first quantized
theory. This naturally explained the existence of the continuous spectrum.

How can the quantum mechanical model given by (1.51) contain a second quan-
tized version of M-theory? The first important fact, resting on the supersymmetric
pature of the action, is that the theory contains a bound state of N DO-branes with

zero binding energy. This bound state is interpreted in the 11-dimensional theory as a
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graviton with N units of momentum in the compact direction. Thus, a single graviton
{multiplet in 11 dimensions with pyp = N/R is represented by N DO-branes. The cor-
§ responding wave function is ¥5(X} . y). and it has the property that ¥e(Xixn) =0
Ywhen Xi,_y is far from Iy, y, where r* is the transverse position of the graviton.
A multi-particle state can be built out of block-diagonal matrices, each block of size
N, corresponding to one graviton with momentum pyp = N, /R. The (approximate)

1 wavefunction for k particles is claimed to be [13]

k
Y= ‘l[)(rl_..tk) exp (—-Iilr" —_ rle:bW,,b) ® zbg(vacch) (1.52)
=1

where 7% is the position of at* graviton and Wab is the off-diagonal block between
gravitons a and b. This wavefunction is appropriate as long as all {r* — £P| are large,
since then the potential energy term in the action makes the off-diagonal blocks
W,, into high-frequency harmonic oscillators which can be integrated out to give
Gaussian ground states. This is the asymptotic state for k separated gravitons. When
one or more of |r* — r®| become small, the off-diagonal degrees of freedom cannot be
integrated out, the different blocks interact with each other and the gravitons scatter.
] In the scattering process, the blocks can change size (longitudinal momentum being
exchanged between gravitons), or the number of blocks might change (creation and
annihilation of gravitons). In principle, the scattering cross section for any process
can be obtained this way. Notice that the notion of spacetime is only recovered
from the well separated asymptotic states and is meaningless when the gravitons are
interacting.
Thus, in classical matrix theory the off-diagonal elements are set to zero and the
gravitons do not interact. Upon quantization, the fluctuations about this configura-
tion include the set of off-diagonal oscillators W;. These need to be integrated over
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to obtain the effective theory for the gravitons’ motion. It can be shown that one
loop effects reproduce the 1/r* Newtonian interactions of 11-dimensional supergrav-
: ity. Higher order loops reproduce general-relativistic corrections.

{ M-theory has two kinds of extended objects - the two-dimensional membrane
and the five-dimensional membrane (the five-brane). The two-dimensional membrane
jcan easily be constructed in matrix theory, using the techniques described towards
';the end of section 1.1. We have discussed there the toroidal and spherical case,
but this analysis can be extended to any Riemann surface. As was the case with
the noncommutative plane, the noncommutative deformation of any surface can be

obtained by studying the lowest Landau level of electrons moving on the surface in a

i uniform magnetic field.

The five-brane is more difficult to study. When it is wrapped around the compact
direction, it corresponds to a D4-brane in type IIA theory. Thus, its Matrix model
is the large N limit of N D0-branes bound to one D4-brane [21]. When all of the
five-brane is in the transverse directions, the problem is more difficult. In type IIA

string we get an NS5-brane and N D0-branes, which are described by what is called
i ‘a little string theory’ {41, 101, 22]. We will have more to say about this in chapter 5.
: That a large N limit of matrix quantum mechanics may contain all the physics
" of a theory with gravity and extended objects is quite remarkable. That there are
. deep connections between nonabelian matrix coordinates and noncommutative geom-
etry should be plain by now. Noncommautative geometry allows us to study certain

_ configurations arising from matrix mechanics in a simpler setting.



1.4 Noncommutative geometry in string theory

] We have argued that noncommutative geometry arises naturally in string theory when
we build higher dimensional objects from lower dimensional ones (for example, when
we build higher dimensional D-branes out of D0-branes in the Matrix model). In
section 1.2 we saw that the argument can be reversed, and that the lower dimensional
branes can be interpreted as worldvolume fields in the higher dimensional branes. Can
the arisal of noncommutative geometry be understood in this context? The answer,

as given by Seiberg and Witten in {104}, is yes. The starting point for their argument,

which we will review briefly here, is a Dp-brane in a background NSNS field B;;. The
T matrix B is assumed to have rank r, which is even. r < p, since any components of B
! normal to the brane can be gauged away, and since B is assumed to have no time-like
components. With this field, the worldsheet action for an open string attached to the

Dp-brane is

S=1= [8 QP — 5 /8 _Byrdye (1.53)

where ¥ denotes the string worldsheet and 8X is its boundary. This action implies

; the following boundary conditions along the Dp-brane
(g.-,-a J_.'Di + %Q'Bijalrj ) laz =0, (1.54)

where g;; is the background metric. With these boundary conditions, the propagator
. can be computed as [49, 26, 1]

(z*(2)2? () = —o [ g% log|z — 2| — g7 log|z — 7| (1.55)
’ . o2 1 i 2—7
+ GYlog|z - Z] +21ra'0. Iogz_z, + const |,



{where G;; is the ‘open string metric’, given by

= (;55m), = (75508 7=55)
G = ({——} = g
g+2ma’BJ ¢ g+2na’B ° g —2nad’B
Gy = g;—(2nd)?(Bg™'B),, , (1.56)
; and 6% is the noncommutativity parameter,
6 = 2ra’ —r 7 —(27a)? ( 1 B 1 (1.57)
- g+2raB), g+2na’B~ g—2xa’B) .

( )a and ( )s denote the antisymmetric and the symmetric part of a matrix, respec-
{tively. At the open string boundary, z = 7 and 2’ = 7/, for 7, 7’ real, the propagator

1simplifies to

() (1)) = —a'G¥ log(r — P) + %a*fe(f —7), (1.58)

%setting the constant in equation (1.56) to a convenient value. Also, €(7) = sign(7). It
is clear from this expression why G;; is called the open string metric - it is the effective
metric as seen by the open strings in the background magnetic field. To interpret g9,

£

5 notice that at equal time, above equation gives the following commutator

|

; [(r), 2 (r)] = 69 . (1.59)
2 Thus, z’s are noncommautative coordinates, just like in equation (1.13). In their paper,
Seiberg and Witten further argue that in the o’ — 0 limit, the effective theory for
‘ states on the brane reduces to the noncommutative deformation of the usual gauge
theory which would live in the Dp-brane in zero background field. All that one has
to do, they argue, to obtain the effective theory in the presence of the background
’ B-field, is to replace the closed string metric g;; with the open string metric G;; and
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fegular multiplication with the noncommutative star-product = with parameter ¢ in
1he effective action for a Dp-brane in a zero background field.

{ It is perhaps amusing to see how G and @ can be obtained from the nonabelian

Born-Infeld theory. The nonabelian Born-Infeld action will be given in chapter 2.

HHere, let us just cite this action for N DO-branes in a static configuration,

S = Ty STr y[det (6} + 2mic![®,8%|(G + 27’ B)s; ) (1.60)

Assuming that we are looking for a solution of the form [®¢, 7] = i, the equation

of motion is

;—o\ﬂiet (1 — 2ra’8(g +27a’'B)) =0, (1.61)
1
‘whose solution is
| 1
0 = 2ma’ (———) . (1.62)
g+2ma’BJ

Thxs is the noncommutativity parameter which appeared in the Seiberg and Witten
Etreatment. One more time, we see that the two pictures, one in which the lower
édimensional object is treated as fundamental, and one in which the higher dimensional
| object is treated as fundamental, are complimentary and give compatible answers.

i
1

‘1.5 Outline of thesis

’ In the reminder of this thesis, we will study four different situations in which non-

. commutative geometry plays a role.

In chapter 2, the starting point is the nonabelian Born-Infeld action. We will

3 study there the D3-D1 brane intersection in a nonzero NS-NS background two-form

: field B, as described from the point of view of the effective theory of D1-branes.
This analysis follows [35], where it was shown that a bundle of D1-branes can expand

25



out to a nonabelian ‘funnel’ interpreted as a D3-brane to which the D1-branes are
J attached. We extend this analysis to a nonzero background field, and show that not

only the correct ‘tilted bion’ geometry is reproduced, but that the resuiting D3-brane
carries the correct worldvolume gauge field [77]. To this end, we make a proposal

for including possible worldvolume gauge fields when mapping a noncommutative

§ geometrical brane solution onto a corresponding commutative brane description.

In chapter 3 we study intersecting solitons in 2 noncommutative scalar field theory
[18]. Solitons in noncommutative scalar field theory in the large noncommutativity
limit were first constructed in [58]. Based on the conjecture by Sen [106], when the
scalar field is interpreted as the string tachyon, the solitons can be interpreted as
D-branes [69]. Noncommutative field theory provides a simple testing ground for
the conjectures about the role of the open string tachyon. In chapter 3, we examine
the intersections, fluctuations and deformations of codimension two solitons in field
theory on noncommutative R*, in the limit of large noncommutativity. We find that
holomorphic deformations are zero modes of flat branes, and we show that there is a
zero mode localized at the intersection of two solitons.

An important recent development in string theory is the discovery of the celebrated
AdS/CFT correspondence, and of gravity duals in general. Gravity duals can be used
as a tool to understand nonperturbative behavior of field theories. One of the features
of noncommutative field theéories is that they are not local. The gravity duals of
nonlocal field theories in the large N limit exhibit a novel behavior near the boundary.
To explore this, in chapter 4 we present and study the duals of dipole theories [16],
which are a particular class of nonlocal theories with fundamental dipole fields, simpler
to study than the noncommutative field theory. The nonlocal interactions are manifest

in the metric of the gravity dual. We compare the situation to that in noncommutative
SYM.
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Finally, in chapter 5, we study quantum mechanics on the hyper-Kahler manifold
that is the blow-up of an A;-singularity [53]. This system is relevant for the Matrix
model of the five-brane in M-theory. The blow up of the singularity corresponds to a

noncommutative regularization of the theory under study.




| Chapter 2

The tilted noncommutative bion

This chapter is devoted to a study of the D1-D3 brane intersection in the noncom-
mutative picture provided by the nonabelian action describing a bundle of D1-branes
[77]. We will show that the noncommutative bion solution from (35] can be general-
ized to include a nonzero NS-NS two-form field B. The geometry extracted from our
generalized solution agrees with the ‘dual’ picture provided by the abelian theory on
a D3-brane in the presence of a nonzero B. Even better, we will be able to argue
that the nonabelian calculation makes a prediction for the worldvolume gauge field
on the D3-brane and we will find that this agrees with the abelian calculation as
well. Although limited to BPS configurations, we can regard these considerations as
a significant further test of the validity of the nonabelian Born-Infeld action proposed
by Myers in [88].

2.1 Introduction

As was described in section 1.2, the low energy dynamics of a single D-brane is
described by the Born-Infeld action, (1.42). As was also described there, the gauge
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group for a stack of N superposed D-branes is enhanced from U(1)" to U(N) and
the brane worldvolume supports a U(N) gauge field as well as a set of scalars in the
‘; adjoint representation of U(IV) (one for each of the transverse coordinates). Much
: effort has been devoted to generalizing the Born-Infeld action so as to describe the
dynamics of multiple superposed D-branes to all orders in o/. A specific proposal for
a generalized action involving such fields has recently been given by Myers in [88]
‘ (see also references in this paper for other work on this problem). For a Dp-brane in
! static gauge, Myers’ action takes the following, rather forbidding, form:

)

Sar=-T, / &g STr e x 2.1)

\/~ 4et(Pu(G + AB) + (G + AB)(Q" ~ 8)5(G + AB);,] + AFus) det(Qs) ,

where

Q; = 6} + i\[@*, ®*|(G + AB)y; , (2.2)

= 2nd’, a,b are indices in the worldvolume of the Dp-branes, ¢, 7,k are in the

" transverse space and u,v are ten-dimensional indices. The & are N x N matrix
: scalar fields describing the transverse displacements of the branes and F,; is the
 worldvolume gauge field (both fields are in the adjoint representation of U(N)). The
» symbol Py[M] stands for a pullback of the ten-dimensional matrix M to the brane
worldvolume in which the matrix coordinates ®* define the surface to which to pull
back and all derivatives of these coordinates are made gauge covariant. Finally, STr is
Tseytlin’s symmetrized trace operation [115]. We refer the reader to Myers’ paper [88]
for a more complete definition and a discussion of useful simplifying approximations.
Whether or not this action is “exact”, it does seem to capture a lot of information
. about such structures as the commutators of the ®’s with themselves, which vanish
in the U(1) limit and cannot be directly inferred from the abelian Born-Infeld action.
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In [35], Myers’ action was applied to a stack of N D1-branes in a flat background
and it was shown that the transverse coordinates of the Dl-branes ‘flare-out’ to a
flat three-dimensional space. This was interpreted as a description of a collection of
D1-branes attached to an orthogonal D3-brane, one of the standard D-brane intersec-
tions. This situation has a ‘dual’ description in terms of a single (abelian) D3-brane
carrying a point magnetic charge. Using the Born-Infeld action, one finds that a
magnetic monopole of strength N produces a singularity in the D3-brane’s transverse
displacement, a ‘spike’ which can be interpreted as N D1-strings attached to the D3-
brane (27, 55]. To the extent that it is possible to compare them, there is a perfect
quantitative match between the two pictures. The states in question are BPS states
and this match is evidence that the Myers’ action (2.1) captures the dynamics of BPS
states at least.

In this chapter, we extend these considerations to a more complex example of
a BPS state: we generalize the solution of [35] to include a nonzero background
NS-NS two-form field B, in a direction transverse to the Dl-branes, but parallel
to the emergent D3-brane. In the ‘dual’ description on the D3-brane, the B field
becomes a U(1) magnetic field on the D3-brane which pulls on the magnetic charge
associated with the D1-brane. Simple force balance considerations suggest that the
spike representing the D1-branes should be tilted away from the direction normal to
the D3-brane, and this is precisely what is found in explicit solutions of the Born-Infeld
equations [74, 87]. We will show that this system can be analyzed in the nonabelian
D1-brane picture and that there is, once again, a perfect quantitative match between
the results of the two dual calculations. One slight novelty of our approach is that
we can demonstrate this agreement not only for geometrical quantities, but also for
worldvolume gauge fields.

The chapter is organized as follows: In section 2.2, we review how the bion arises in
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the abelian theory on a D3-brane, both with and without a B-field. In section 2.3, we
review the construction of the nonabelian bion, and then extend it to a nonzero B-field.
In section 2.4, we take a brief detour and describe how lower dimensional D-branes can
form flat, noncommutative, higher dimensional D-branes equipped with worldvolume
gauge fields. In this context we show how the higher dimensional worldvolume gauge
field is constructed out of the lower dimensional noncommuting coordinates. Finally,
in section 2.5, we apply this recipe to the gauge field on the bion of section 2.3
and show that there is perfect agreement between the two approaches, in both the
geometry and the field strength on the brane.

2.2 The Bion solution on a D3-brane

Consider the abelian Born-Infeld action for a single D3-brane in flat space. Let the
D3-brane extend in 0123-directions, and let the coordinates on the brane be denoted
by z*, i = 0,...,3. Restricting the brane to have displacement in only one of the
transverse directions, we can take the (static gauge) embedding coordinates of the
brane in the ten-dimensional space to be X* =z, i=0,...,3; X*=0,a=4,...,8;
X? = o(z*). Then there exists a static (BPS) solution of the Born-Infeld action
corresponding to placing N units of U(1) magnetic charge at the origin of coordinates
on the brane [27]:

X =ole) = T 23)

where ¢ = ma/N, and N is an integer. This magnetic bion solution to the Born—Infeld
action corresponds to N superposed D1-strings attached to the D3-brane at the origin.
It is “reliable” in the sense that the effect of unknown higher-order corrections in o’
and g to the action can be made systematically small in the large-N limit (see [27] for
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details). At a fixed X? = o, the cross-section of the deformed D3-brane is a 2-sphere
with a radius
o) =22 2.4
o
In the presence of a two-form field B parallel to the world volume of the brane,

(3Bdz! A dz® to be concrete), the above solution is modified as follows [87]:

g q
= —_— (2.5)
cos(a)  /(z')2 + (z2) + cos(a)?(z® — tan(a)o)?

where tan(a) = 2wro’B. Because the transverse displacement o is not a single-valued
function of the base coordinates z*, the geometry is somewhat obscure. It is more
transparent in rotated coordinates defined by

y! = x! (2.6)
Y2 = x2
Y® = cos(a)X?® - sin(a)X?®

Y* = sin(a)X® + cos(a)X? .
Choosing Y'?? as the worldvolume coordinates, the embedding becomes

Y23 (y) = 23, Y4(y) = tan(a) * +

(2.7)

. S
V) + @7 + )2

It is easy to see that this describes D1-strings tilted away from the normal to the

D3-brane by an angle  (when B — 0, @ — 0, and the branes become orthogonal).
Reverting to the original coordinates (2.5), we can show that the D3-brane at

a fixed transverse displacement X°® = o is an ellipsoid of revolution defined by the
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equation
_ zz . (z3 —otan(a))?
SFa TS A (28)

with major and minor axes

ro) =ra(o) =cos(@ Y, ryo) = TEX. (29)

For large o, the ellipsoid becomes small and defines a slice through the D1-brane
that is attached to the D3-brane. The ellipsoid is centered at brane coordinates
(X1, X2, X3) = (0,0, tan(ar)o) and the fact that X3 varies linearly with o implements
the tilt of the D1-brane. The tilting arises for simple reasons of force balance. The Di-
brane spike behaves like a magnetic charge from the point of view of the worldvolume
gauge theory; the background B field is equivalent to a uniform magnetic field on the
D3-brane and exerts a force on the magnetic charge which must be balanced by a
component of the D1-brane tension along the D3-brane .

The gauge field on the brane is particularly easy to obtain in the tilted coordinates
(2.6). The configurations under discussion are not the most general solution of the
equations of motion: they are special minimal energy solutions that satisfy the BPS

condition (and preserve some supersymmetry). The BPS condition relates the total

¢ 2-form field on the brane to the divergence of the transverse displacement scalar as
follows [27, 55]: '

(2xa’)e"*(F + B)j = :i: Y‘ =TT yz)z+ PEETE y* +tan(a)6i . (2.10)

The ambiguous sign encodes the difference between a D3- and a D3-brane. From this



we read off that the magnetic field B; = 7% Fy is just

N .
Bi(v) = Forie g2y + GOREE ¥ (2-11)

- or a Coulomb field due to N charges. The end of the D1-brane(s) acts as a magnetic
' charge and the space-time B field provides an effective uniform magnetic field which

b
: ; exerts a force on the magnetic charge, hence tilting the D1-branes.
z Note that for the upper sign (D3-brane), when N is positive, the D1-brane(s) run

‘towards’ the D3-brane, and when it is negative, they run ‘away’ from the D3-brane.
For the lower sign (D3-brane case), the end of the D1-brane(s) running ‘towards’ the
! — —

D3-brane acts as a positive magnetic source and the end of the D1-brane(s) running

‘away’ from D3-brane acts as negative one. We will encounter the same four cases in

our dual treatment by the nonabelian D1-branes.

2.3 Dual treatment by nonabelian D1-branes

" In describing the intersection of one D3-brane with N D1l-branes, one has the option
of starting from the dynamics of the D3-brane and trying to derive the D1-branes (this
was the approach of the previous section), or of starting from the nonabelian dynamics

- of multiple D1-branes and trying to derive the D3-brane. The latter approach has

" been applied in [35] to the case in which there is no background B field. In this
section we will review that work and show how to generalize it to the case where
B # 0 and the bion is tilted.

| We begin by reviewing the results from [35] on the B = 0 case, while introducing

' some notation which will be useful later. We consider the nonabelian Born—Infeld
action of equation (2.1) specialized to the case of N coincident D1-branes, flat back-
ground spé.cetime (G, = M), vanishing B field, vanishing worldvolume gauge field
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and constant dilaton. The action then depends only on the N x N matrix transverse
. scalar fields ®%'s. In general, i = 1,...,8, but since we are interested in studying the
. D1 /D3-brane intersection, we will allow only three transverse coordinate fields to be
active (i = 1,2,3). The explicit reduction of the static gauge action (X° = 7 and
X?® =o) is then

| Spr = —T [ dodr ST/~ det(ms + N0,5Q;'5,89)det(@) , (2.12)

: where

QY =67 +i)\[®*, 9] . (2.13)

Since the dilaton is constant, we incorporate it in the tension T} as a factor of gL
We look for static solutions (i.e., ® = ®(c) only). Since we have no hope of
finding a general static solution of these nonlinear matrix equations, we make some
simplifying assumptions which have a chance of being valid on the restricted class of
BPS solutions. The action (2.12) depends only on the two matrix structures 0. P*
, and W; = Lie;x[®’, §*] and, because of the nature of the ST'r instruction, they may
" be treated as commuting quantities until the final step of doing the gauge trace to
evaluate the action. This allows us to evaluate the determinants in the definition of

~ the action (2.12) and to convert the energy functional to the following form:

Upo = [ doSTrT+ N@SR + (W) + M@EW,)E.  (214)

: Continuing to treat & and W* as commuting objects, we see that this energy func-

: tional can be written as a sum of two squares

Upo = [ doSTr/(L £ ABW)e + (0T F Wy, (2.15)
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and is minimized by a displacement field satisfying the first-order BPS-like equation

: & = +W,. This equation, written more explicitly as

e e e A aCEE AR TR T rewe te

8<I>i = :i:é’ieijk[@j, le v (2.16)

is known as the Nahm equation [40]. The + ultimately corresponds to the choice
between a bundle of D1- or Dil-branes. The Nahm equation is a very plausible
candidate for the exact equation to be satisfied by a BPS solution of this system and
the fact that the Myers action (2.12) implies it in the BPS limit is very satisfactory.

The Nahm equation has the trivial solution & = 0 which corresponds to an in-
finitely long bundle of coincident D1-branes. In [35], 2 much more interesting solution

was found by starting with the following ansatz:

& = R(o)e’, (e, a?,a®) =X, (2.17)

. where a* form an N x N representation of the generators of an SU(2) subgroup of

U(N), [@}, o] = 2ie;xa®. With this ansatz, both 3®* and W are proportional to the

- generator matrix o’. When the ansatz is substituted into the BPS condition (2.16),

we obtain a simple equation for f?.,

R =F2R%, (2.18)
which is solved by
- 1
R=ig—. (2.19)

" Substituting the ansatz (2.17) into (2.14) leads to the following effective action for
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R(o) :

Us—olR(0)] = / doSTry[(1 + N(RYX)(1+ A(R)X?) . (220)

1 It can be shown that (2.19) satisfies the equations of motion following from the action

(2.20).

This solution maps very nicely onto the bion solution of the previous section. Ata
fixed point || on the Di-brane stack, the geometry given by (2.17) is that of a sphere l
with the physical radius R? = %Tr((]i")2 (the only sensible way to pass from the
matrix transverse displacement field A®* to a pure number describing the geometry).

For the ansatz under consideration, this gives
A2 . N
R(o)* = N—TIP(@‘)2 = MR(o)*C , (2.21)

where C is the quadratic Casimir, equal to N2 — 1 for an irreducible representation

of SU(2). This gives
AVNZ -1 ~ o’ N
(2lol) lol

for large N, in agreement with equation (2.4). This completes our synopsis of the .

(2.22)

arguments given in [35] for the agreement between the commutative and noncommu-

~ tative approaches to the D1/D3-brane intersection.

A simple argument can be made at this point to strengthen the meaning of equa-~
tion (2.22). At a fixed o, the Fourier transform of the density of the D1-strings is
given by [112, 113]

(k) = Tr (e"*"i"‘) : (2.23)

. 'This is simply the operator to which the 09-component of the RR 2-form C®, C,



couples. For the solution (2.17), this is evaluated to give

__sin(ANRJk})

PE) = = R

; (2.24)
which for N > 1, and k such that (ANR)™! < [k] < (AR)™! (i.e., for momentum
large enough to resolve the size of the sphere, but not large enough to resolve the :

individual brane constituents) gives

sin(ANR|k|)

plk) = AEIR]

(2.25)

This is precisely the Fourier transform of the density distribution representing a thin
shell,

A(k) = [ B reEp(z) (2.26)

R '4
for plz) = ﬁ?&uz{ —R) with R=ANR= -’%lﬂ

r

in agreement with equation (2.22).

To distinguish the various cases involving branes and antibranes, note that o
can either run from —oo to 0, in which case the D1(D1)-branes run ‘towards’ the
D3(D3)-brane plane, or from 0 to oo, in which case the D1(D1)-branes run ‘away’ the
D3(D3)-brane plane. We have thus four cases:

A : Stack of D1-branes expanding to a D3-brane , 3®%* = +W; and o € (—o0,0)
B : Stack of D1-branes expanding to a D3-brane , 8%* = +W; and o € (0, )
C : Stack of D1-branes expanding to a D3-brane , 3&* = —W; and o € (—00,0)

D : Stack of Di-branes expanding to a D3-brane , 3&* = —W; and o € (0, 00)

38



D1 D1

o

D1 D1
Figure 2.1: The four cases A-D discussed in the text.

Cases A and D correspond to the D1(D1I)-branes running ‘towards’ (‘away from’)
the D3(D3)-brane plane, and thus should represent a positive magnetic charge, while
Cases B and C should represent a negative magnetic charge. We will see shortly that
this is the case and that the four cases match the four cases found in the abelian
treatment of the same problem starting from the D3-brane (see the end of section
2.2).

Our next step is to turn on the background B field in order to study the tilted
bion from the noncommutative D1-brane point of view. The only difference from the
previous case is that we turn on the component B, = const. of the background B
field (remember that the D1-brane worldvolume spans the (X?°, X?) plane and that
only the ¢ = 1, 2, 3 components of the matrix transverse displacement field are allowed
to be nonzero). It is still the case that the action is a functional only of the fields 8%*
and ¢;;%x[®7, ®*] and the same reasoning as before leads us to treat these quantities
as commuting objects inside the STr instruction. In this way, the action (2.1) can
be reduced to something much more explicit. To get the most transparent results, it
helps to define rescaled fields

o1=V (1 + /\282) . P2 =1/ (1 + 1\232)‘»2 y Y3 = P; , (2.27)
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' and to redefine the commutator W as

Wi = siesle, ot - 3B . (2.28)

After some rather tedious algebra (made much easier by MAPLE) to evaluate the
determinants in the definition of the action, we get a result for the energy functional
that is almost identical to (2.14):

1 - -
Usso =~ [ doSTr( T X@R + R + N OPWiP

- \/_TTITT# [ doSTr\/(LZ ROGW. + @G TWE .  (2.29)

The action is still ‘linearized’ by taking d¢* = +W;, which means that the BPS
condition in the presence of a background B field is

Bg: = kilzenle?, o] + 63iB) . (2.30)

- This is precisely the generalization of the Nahm equation that has been derived in

the context of studies of magnetic monopoles in noncommutative field theory [10].

It is a plausible candidate for the exact BPS condition for the nonabelian D1-brane

. system and we will show that it gives a detailed account of the physics of the tilted

- bion. The fact that the generalized Nahm equation is implied by the Myers action is

further evidence for the essential correctness of the latter.

In order to solve the modified equations of motion, we have to slightly modify

" the ansatz (2.17), expressing the fields ¢ in terms of generators of an N-dimensional
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representation of SU(2) and a scalar function R(o):

- ; B
‘=R P — .

(2.31)

When this modified ansatz is substituted into the BPS equation (2.30), we obtain the
same equation for R as before, namely R’ = F2R?: solution (2.19) still holds. If we
collect the generators into a modified triplet X = (a',a?,¢® + —2%) and use (2.31), |

the action (2.29) can be expressed as an effective action for R(o):

Uso[B(0)] = ——— - / doSTr\/(1 + R(RYX)(1 + 42(R)X?) . (232)

V1+ A2

This looks the same as (2.20) but is not quite because X now depends on R. Nev-
ertheless, the same radial function (2.19) continues to be a solution, further testing
the compatibility of the action with the BPS condition. Notice that this does not |
conclusively prove that the ansatz (2.31) with (2.19) is a solution to the full equations
of motion implied by (2.29).

It is easily seen that this solution corresponds to the tilted bion solution discussed
in the previous section. Equation (2.27) matches the ratios of axes given in (2.9). .
The over-all size of the spheroid agrees with (2.9) by an argument identical to that
given for B = 0. The shift of its center is given by

Af(o) = %tr(;\@‘) — A% (2.33)
(by virtue of the fact that tr(af) = 0), where

tan(a)lo for cases A and D.
N SV (@)lo] forc (230

—tan(a)|o| for cases B and C.
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Thus, in cases A and D, the bion tilts in agreement with section 2.2. In the other two
cases, it tilts in the oppesite direction. The interpretation is that D1-branes coming -
‘towards’ the D3-brane correspond to a positively charged magnetic monopole, while
D1-branes coming ‘away from’ the D3-brane correspond to a negatively charged one.
Similarly, D1-strings coming ‘away from’ the D3-brane correspond to a positively
charged magnetic monopole, while D1-branes coming ‘towards’ the D3-brane corre- ;
spond to a negatively charged one. The geometry of the tilted bion inferred from :
the nonabelian dynamics of D1-branes perfectly matches the results of the abelian

D3-brane calculation summarized in the previous section.

2.4 Flat D(p + r)-brane from Dp-branes

It is known that within Yang-Mills theory, lower dimensional branes can expand to -
form higher dimensional noncommutative branes (see, for example, [103] and refer-
ences therein). In this section, we show how this construction can be extended to the
nonlinear case of the nonabelian BI action. The point of this exercise (which looks
like a detour from the line of argument of the rest of the chapter) is to infer a specific .
recipe for evaluating the worldvolume gauge fields in the noncommutative description
of a D-brane. In the next section we will apply the spirit of this recipe to the curved
branes which are our primary interest.

We take the spacetime metric to be the flat Minkowski metric (g,, = n..), the
dilaton to be constant and the worldvolume gauge field to be zero. We take the
background two-form field B to have nonzero (constant) components only in directions
transverse to the brane, i,7,k = p+1,...,9. The world-volume of the branes is
parametrized by X® = ¢%,a = 0,...,p (i.e. we are using the static gauge) and the

transverse fluctuations are X* = A®*, where & are N x N matrices in the adjoint of
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the gauge group.
We will look for solutions where the transverse scalars ® are not functions of the

brane coordinates o°. In this case, the action (2.1) for the nonabelian dynamics of N
Dp-branes reduces to

S=—gT, [ #2#STr (\[det(@)) - (2.35)

where the explicit form of Q is displayed in (2.2). It is easy to to show that matrices
&%, satisfying
. i
[®%, ¥°] = le NxN » (2.36)

where 6% is an arbitrary (9 — p) x (9 — p) antisymmetric matrix of c-numbers, solve
the equations of motion. Substituting this solution into the general definition of Q,
(2.2), gives

Q=8 — X' (g+ AB); - (2.37)

0 can have any even rank r up to 9 — p. With no loss of generality, we can block
diagonalize @ so that 6#“ # 0 for u,v = p+1,...,p+r. The remaining directions will
be denoted by m,n = p+r+1,...,9 and of course 8 = 0 for ¢, n in their appropriate
ranges. From now on, & = 6#” will denote an invertible, r x r matrix with inverse 6,,,.
Also, let us restrict our attention to background two-form fields B only in directions
p+1,...,p+r, since the other components can simply be gauged away.

The above can be summarized by saying that solution (2.36) divides the $*’s into
/2 pairs satisfying canonical commutation relations and 9 — p — r other commuting
coordinates (which we can drop from further consideration). The slight hitch is that
canonical commutation relations can only be realized on infinite-dimensional function
spaces, and not on finite-dimensional matrices. The solution only makes sense if we
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take N — oo and reinterpret all matrix operations (multiplication, trace, etc.) in the
action as the corresponding Hilbert space operations. Fortunately, the technology for
doing this sort of thing has been worked out in the study of noncommutative field the-
ory over the past couple of years and has been briefly described in section 1.1. Indeed,
the physics of small fluctuations about (2.36) is best described by a noncommutative
field theory on the r-dimensional base space spanned by the noncommuting ®*. It é
is in this sense that we will interpret the existence of r noncommuting transverse '
displacement fields on the Dp-brane as creating an effective D(p-+r)-brane. We will
first show that the energetics of (2.36) are indistinguishable from that of an abelian
D(p-+r)-brane with a certain worldvolume gauge field (which is the quantity that is
the focus of our interest).

To establish the desired result, we make use of an equivalence described in the
introduction in section 1.1 between actions built on ordinary integrals of functions
of ordinary coordinates, but with a noncommutative definition of multiplication of
functions (the *-product or Moyal product) and actions where functions become op-
erators on a harmonic oscillator Hilbert space and the action is computed as the trace
of an operator on that Hilbert space (integral over space becomes Hilbert space trace} -
[34, 58]. In our interpretation of (2.36), the STr operation in the action (2.35) is to
be thought of as a trace over operators on a Hilbert space. As in equation (1.27) ,
the trace can be recast as an integral over the associated noncommuting coordinates,
but we need the exact relative normalization. The identification we need has been

worked out in the noncommutative field theory literature [103]:
& z* «— (2n)ZPf(9)STr , (2.38)

where Pf denotes the Pfaffian: Pf(#)®> = det(#). Putting the various pieces of the
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puzzle together, we can express the action for our solution in the form of an equivalent

integral of an energy density over a D(r+p)-brane worldsheet:

S@) = —¢T, / dvz“d'z“\/z_—%_@ (\/fdet(6} — x-6%( + AB)))
= —gT,(2nN)% [ #od o+ (Vdetlg + AB — M) - (2.39)

Since Ty, = Tp(27A) "%, the object we have constructed has the right energy density '
to be a D(p-+r)-brane with a world-volume F-flux equal to —4~!. Noncommutative
coordinates for a lower dimensional brane have, in a simple context, been converted to
a higher dimensional brane carrying a worldvolume gauge field. For future reference,
the interesting thing is the way the gauge field arises via the commutator of the
lower-dimensional matrix coordinates (2.36).

To give this idea a more demanding test, we will now check whether we can
reproduce the correct Chern-Simon couplings. We will need the nonabelian Chern-
Simons action proposed by Myers in [88]

Scs =y [ STr (P [¢™+(EC™eB)] &F) |, (2.40) -

where ig is an interior product by ®¢, for example igioA® = 1 (-;f') [®%, ®7]. (We refer
the reader to Myers’ paper for the precise definition of the symbol Aigie and other
notation). For concreteness, specialize to p=1 (nonabelian D-strings extending in the
01-directions), with # and B nonzero only in the 23-directions. Examine the coupling
to C@, specifically, to the Cp; component. Expand the action (2.40) and pick off the

coupling of interest to obtain

S = 753 [dz“dzlSTrCol ((1 + (iz\iQiQ)z\B) . (2.41)
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Using the solution (2.36) for ®, we have (i\igis)\B = iA\?[®!, $%|B;» = —0B. Passing
from ST to [ according to (2.38) we obtain an expression for this interaction in terms

of an integral over the D(p + r)-brane worldvolume:
S= ;z:;/dzodz‘dzzdz:’cm (B et 0-1) - (2.42)

This is precisely the right coupling for a D3-brane with a world-volume field Fp3 =
—0~!. The world-volume field F suggested here corresponds precisely to the field
which one would expect to get from the D-strings dissolved in a D3-brane with density
6~! per area normal to the D-strings. Solution (2.36) corresponds to exactly this
density of D-strings.

The lesson we learn from this computation is that when Dp-branes expand to
form a D(p + r)-brane, the world volume gauge field F on the D(p + r)-brane can be
computed from the inverse of the density of Dp-branes, which in turn can be obtained

from the commutators of the transverse coordinates.

2.5 The Worldvolume Gauge Field on the Dual-
Bion

In this section, we will take the prescription given in section 2.4 for identifying the
worldvolume gauge field implicit in a set of noncommuting coordinates and adapt it
to the bion problem under discussion.

We begin with the simple example of N Dl-branes (N large) with B = 0 (the
set-up of section 2.3). Choose the solution (2.17) based on the N x N representation
of SU(2) and further specialize to the representation where o® is diagonal: o =
diag(N —-1,N —-3,N —5,...,—N +3,—N + 1). The sphere described by equation
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(2.17) at a fixed o goes through a point (X!, X% X%) = (0,0,R = wa’N/|o|). A
small patch of the sphere near this point is described by the cormer k x k blocks
of the full SU(2) representation matrixes of, where k < N. Explicitly, replace o®
with diag(N — 1,N — 3,...,N — 2k + 1), which for £ « N is approximately just
N Iixi. The small patch of the sphere is now described by the same commutator as

the noncommutative plane (section 2.4),

- N
[®', #%] = i(2R)®* — Fio— - (2.43)
The ‘+’-sign corresponds to cases B and C, and the *—"-sign corresponds to cases A

and D in section 2.3. Following section 2.4, we now write

' = —iN*[@!, 9% = XN (2.44)
- AT g2 .
so that the identification F = —8™! gives
202 N
Fe=tpy=*m- (2-45)

Referring back to (2.11) in section 2.2, we see that this is indeed the correct value of
the worldvolume gauge field. Again, in cases A and D, we obtain the ‘—’-sign while
in cases B and C, we obtain the opposite sign and monopole charge. This is all in
agreement with expectations from (2.11). The essence of this computation is that
the commutator [®¢, 7] defines a two-form field in the worldvolume of the D3-brane,
whose inverse is the worldvolume gauge field F.

Computing the worldvolume gauge field in case of B # 0 is very similar, except
the geometry is more complicated. To avoid any formulas with multiple + signs, we

will specialize to case A above, choosing o < 0 and R = (20)! (the other three cases
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are similar). We want to evaluate the gauge field on the tilted D3-brane implied by
the nonabelian solution (2.31) and compare it to the result of a direct calculation
given in (2.11). To do this, it is best to convert (2.31) to the coordinates given in
(2.6). Defining rotated variables

¥ o= 9,
¥ = &%,
¥ = cos(a)®® —sin(a)o/A,

¥ = sin(a)®® + cos(a)o/A, (2.46)
and then inserting (2.31) gives

1
1 _ 2ol
¥ cos(a) 55 @

¥ = cos(a)zio_ a?, (2.47)

- 1 3

v o= cos(a)zaa ,
L o
cos(a) A~

o= sin(a)—;; a® +

To check that this makes sense, take N large and pass to the classical limit, by setting



af = Nn' where (n!)? + (n?)? + (n®)? = 1. The ¥’s become classical coordinates

Nnao'
o

A2 5 Y2 = cos(a)N

AL Y= cos(a) n!,

n? . (2.48)

AP 5 Y3= cos(a) Nw

AP Y= sin(a)NT- nd +

I
S
L)
&
+

in perfect correspondence with equation (2.7).
In section 2.4 we showed that the worldvolume gauge field is computed from the
commutators of the transverse scalars. Using (2.47) to compute the commutators and

comparing with (2.36), we obtain the following noncommutativity tensor O:

2
i, ] = oo X @ g, Acos(@) kyk gy

20 c
2 - -
-i,\z[\pl,\p“]:-zi\;;":f—“—)wz - -is‘%(“lyz =eH, (2.49)
2 - -
a2, v = 2 Sne) s;;(“) g o A5 s‘;‘“)yl =™,

—iN[E, ¥ =0 - 0=6*,

where i, 7,k = 1, ..., 3. Finally, we need to pull the two-tensor © back to the worldvol-
ume of the D3-brane, to the worldvolume coordinates of (2.7). With a little algebra,
it can be checked that 6 (u,v =1, ...,4) satisfies

) 4l ) d

= o o

69 | (2.50)



where

g7 = .’\_@ ity — VP + 2+ () e /~

N (2.51)

(the minus sign is a consequence of our having chosen case A, o < 0). According
to section 2.4, the worldvolume gauge field is the negative inverse of the noncommu-
tativity tensor 6. However, the tensor of (2.51) is not invertible: it acts in three
dimensions and has one zero eigenvalue. Following section 2.4, the inversion of 6
is to be carried out on the subspace orthogonal to the subspace of zero eigenvalues.
With this understanding, we obtain the following result for the gauge field on the

D3-brane
N

Fo = (=00 = 2{(y')? + (#7)% + (°)2P/2 i (2.52)

in perfect agreement with the abelian D3-brane result, equation (2.11). This is what

we wanted to show.



- Chapter 3

Noncommutative solitons

i In this chapter we will study the fluctuations of a two-dimensional soliton (2-brane)
in scalar noncommutative field theory in four dimensions, in the limit of large non-
commutativity. When the scalar field is taken to be the string tachyon, these solitons
find an interpretation in string theory as D-branes. On the geometrical level, a plane
in four dimensions can be deformed into a curved minimal area surface, and we find
that holomorphic deformations are the zero modes of flat branes when described as
noncommutative solitons.

We also begin the study of intersecting 2-branes in this theory. Geometricaily, -
two intersecting planes can be deformed into a single smooth minimal area surface.
In string theory, the latter phenomenon is related to a zero-mode which appears at
the intersection of two D-branes [105]. We show that there is a zero mode localized
at the intersection of two solitons.

Following [58], we will work in the large noncommutativity limit but include the
kinetic energy to first order.

The chapter is organized as follows. In section 3.1 we review previous work leading

to the construction of D-branes as noncommutative solitons. In section 3.2 we study
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the deformation modes of a single 2-brane in 4D scalar NCFT. In section 3.3 we
review the geometry of the deformation of intersecting planes. We will show that half
of the deformation modes correspond to the deformations of the flat 2-brane into a
holomorphic curve embedded in R*. The other half correspond to anti-holomorphic
fluctuations. In section 3.4 we describe the solution corresponding to two intersecting
branes and study the zero-modes that correspond to their deformations. In section

3.5 some extensions to the case of multiple branes and more dimensions are discussed. i

3.1 Noncommutative solitons, tachyon condensa-
tion and D-branes

In this section, we review some previous work on noncommutative solitons in scalar
field theories in the limit of large noncommutativity [58|, and on tachyon condensation
[106]. These two ideas will then be put together, interpreting the noncommutative

scalar field as the string tachyon, and the solitons as D-branes [66, 70, 38, 69, 68, 71].

3.1.1 Noncommutative solitons

First, let us review the construction of [58] for a single codimension-2 brane in the

theory with action:
[ae2 + v (3.1)

Here:

o
V=) g, V(B)=a®*x®+a®xPx®+---. (3.2)
n=2
We take spacetime to be commutative and define the «-product as in equation (1.23):

Sx¥ = DeTsmn T E Y, (3.3)
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so that:

Ty xph —h*xT =10 . (3.4)

Taking the limit # — oo and rescaling the coordinates, the kinetic term is of order
1/6 and can be neglected. For now, the 2,y coordinates are still commutative.

We set z; = z; + iy; and define a Hilbert space H; with the harmonic oscillator
basis, |n) for n =0, 1,..., such that &l |n) = vn+ L|n + 1) and @ |n) = /n|n —1). .
If & is a function of z; and y;, the Weyl formula (1.21) transforms it into an operator :
on this Hilbert space:

é= 2% / ¢ B(21, 51 )eF %R | (3.5)

Then z; = V20a, and Z; — \/2_0&{. From now on, €, ¥,... will denote ordinary
functions and ®, ¥, ... will denote the corresponding operators.

Let us assume that V(®) has a minimum at A # 0. One can then construct a
soliton by setting:

d=\P, P:=P. (3.6)

The operator & satisfies V(®) = V(\)P and hence V'(®) = 0. The corresponding
(Weyl transformed) solution, ®, is constant in the 2, direction. For any unitary
operator, U, V’(ﬁ"’ @ﬁ) is also zero.

If we include the kinetic term, only the operators of the form

P=la)al, le)=e"4""20), (3.7)

corresponding to projections onto a coherent state of the harmonic oscillator, remain



e

as good solitons. To see this we can write the kinetic energy as

1 . .
K = —ggur(fen @]+ 3} (38)
. e. . . . |e,. .
I = J;(al +a{), h= —z\/;(al —a{) .

For P = |p){¢|, we find

CK=azt+ g, (39)

where

Az = (9|21} — (B0 . Av? = (olFile) — (dlinle) (3.10)

are the uncertainties in ; and ;. Now we can see that the coherent states, |a),

minimize the kinetic energy. This is because:
Az} + Ayt > 287185 2 1, (3.11)

and the equalities hold only for a coherent state. Thus, in the space of all possi-
ble unitary transformations, U, acting on &, the kinetic energy has flat directions
corresponding to translating the brane rigidly in the z; direction.

The results of [58], some of which were summarized here, have been extended to
gauge theories in [61, 97, 60, 11, 2, 67, 62, 12, 91].

Now, let us add two extra noncommutative directions:
Ty kY — kT =TakYp—Yox T2 =10 . (3.12)

As with z;, z» corresponds to an operator on a Hilbert space H,. ®, as a function
of T, Y1, Z2 and ¥, corresponds to an operator on the Hilbert space H = H1 @H,- H
has a basis | N, n) defined by &}|N,n) = VN + 1IN + 1,n), @&|N,n) = VNIN — 1,n),
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al|N,n) = vR+1|N,n+1) and @|N,n) = /n|N,n —1). This is just the tensor
product of the harmonic oscillator eigenstates in each Hilbert space. The soliton de-
scribed above, corresponding to a codimension-2 brane with 2z, = 0, is now described

by & = AP,, where P, is given by
R [+ <]
P =Y"10,n)(0,n] . (3.13)
n=0
The codimension-2 brane with 2, = 0 is similarly given by ® = \P,,

oo
P =Y IN,0}N.0| . (3.14)
N=0

3.1.2 Tachyon condensation

We will briefly review the idea of Sen [106], that D-branes are interpreted as solitons
in the string tachyon field.

The bosonic D25-brane has a tachyon living on its world volume. The mass of the
tachyon is m, ., .» = —1/c/, and the potential is shown schematically in figure 3.1.
It has been suggested [106] that the stable minimum of the potential corresponds to
a ‘vacuum’ theory — one in which the (unstable) D25-brane has decayed and thus in .
which there are no possible open string excitations. This requires the difference in
energy between the unstable local maximum and the local minimum to be equal to

the D25-brane tension.

The effective action for the tachyon is

S =T [ @%z/(9) (% f(H)g*a,tot + ... — V(t)) . (3.15)

where °...’ denotes higher derivative terms.

55



Y A

- ——— S A ok

V(®)

Figure 3.1: The tachyon potential in bosonic string theory.

With the potential V(t), it is possible to construct unstable solitons asymptotic to
the closed string vacuum, i.e. for which asymptotically ¢ — 0, but ¢ # 0 around some
hyperplane. This soliton solution can be interpreted as a D-brane of lower dimension.
These solitons have been studied in (truncated) string field theory and in boundary
string field theory, but there many difficulties remain. In particular, the presence of -
higher derivatives in the kinetic energy terms in string field theory makes study there
quite difficult.

3.1.3 Noncommutative tachyon and solitons

The study of tachyon condensation is greatly simplified in the presence of a strong
magnetic field B. As described in the introductory chapter in section 1.4, the presence
of magnetic field can be accounted for by replacing all regular products with the star
product x, while replacing the closed string metric g with the open string metric G.
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Thus, one obtains the following action for the tachyon

S =T [ &5z,/(G) (% FE)G*otat + ... — V(t)) . (3.16)

where *-products are implicit.

As described at the beginning of this section (for the particular case of four di-
mensions, but the idea is trivially extended to any number of dimensions), in the :
limit of large noncommutativity (large B-field), the kinetic energy terms, including
the higher derivative terms, can be dropped and soliton solutions can be constructed.
These should correspond to lower dimensional D-branes. In this set-up, it is possible
to show that the solitons can be interpreted as D-branes, since they have tke right

properties, such as correct tensions and tachyon masses. [69].

3.2 Unitary fluctuations of single 2-brane

We will now explore the zero-energy fluctuations about the 2-brane solution presented
in section 3.1. Consider the soliton given by UtB,U, where U is some unitary operator
on H = H; ® H,. We are interested in the kinetic energy as a function of U. Thisis .
more involved than before, so we will work only to second order with

T=eh =14ih + -%32\2 +O(e) (3.17)

for € real and small and A Hermitian. Define

Ao, 5y =Y BLiLi) . (3.18)
I £3
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| Following (58], we now obtain the effective Hamiltonian for small fluctuations of the :

brane. In the operator language, the kinetic energy is:

2 2 ;
K = —50 3 eelln, 8 + [ 8 = 35 3 er(lGe, 8168, afl} |
k=1 k=1 A
2
= Zu{dAd- ) (bad)dad), (3.19)
k=1

apa—e s s

where H is the harmonic oscillator Hamiltonian,

i |
B=)" (&E&g + %) . (3-20)
k=1

Any projection operator, A, such as our soliton, projects onto a subspace, H 4, of !
the Hilbert space H. Let |é), i € S, be a basis for H 4. Then we can write the kinetic '
energy as |

iI€S:k=1,2 i,jES;k=1.2

K=%Z| ¥ @ala+adi-2 Y l(iléllj)lz) . e

This form is sometimes more useful for calculation.

For fluctuations about P;, to second order in € we obtain:

ek = Saes2 42| S (k- M- 3P
k >2,5,k>0 3.k20
- Suen(i- ¥ we- T )
i20 >1,20 r>120

- Y ViG+D) @8 +b’;.i.ll7’}‘;‘)] : (3.22)

Lij>1



This can be rearranged to the positive definite form:

9
ek = T+28[ S omeErE+ ) dn?
2% k>0 21320
2
|\/k+1b’§,-— Vi+ 1b’;;11| ] . (3.23)
r>1;5.k20

" Here, T is an infinite constant corresponding to the zero-point energy of the infinite
brane. The massless modes must satisfy

—-——— v

=0 (for I > 2),
f 82, =0(fori > 1), (3.24)
j
vm+ 167, = vn+ "",ﬁl . (3.25)
The solution to these constraints is
form<n
, (3-26)
‘/ Ben-n form>2n

where ¢ (m = 0,1,...) are arbitrary constants. Note that when looking at the .
original form of the kinetic energy (3.23), we are cancelling two divergent sums. If
we demand that all sums converge, the following solution is not legitimate. Throwing

caution to the wind, we define the entire holomorphic function f(¢) = -, cm(™- A

can then be written as:

=&l f(@) + a1 f(a2)' + O(&) , (3:27)
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and the transformed soliton is:
&= \NTIBU, U =édasG+asGa) L o). (3.28)

Physically, this is interpreted as a deformation of the brane from z; = 0 to 2; =
V20¢f (ﬁ). We can now understand the divergences in this solution as stemming
from the fact that a nonconstant entire function cannot be bounded and, as such, :
these are infinitely large deformations of the brane. If we cut off the sums to force
them to be finite, we can still understand these as local approximate zero modes.

We can rearrange the terms in the kinetic energy into the following (also positive

definite) form:

; ]
saK=T+2¢| 3 IohlP+ D klbhol®
L 1>2k20 21420
2
+ Y ,/j+lb’;j—\/k+1b’;;il| ] (3-29)
21,5k20

Repeating the above analysis, we find that the massless modes for this form of the

kinetic energy are

0 form>n
B, = : (3.30)
&c,._m form<n
Taking again f(¢) = 3_,, cm{™, we obtain
A =2 f(d) - af(@) - (3.31)

This corresponds to a deformation of the brane from z; =0 to z; = 20¢ f (5215), an

antiholomorphic deformation.
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3.3 Classical Geometry

We will consider surfaces in R* that can be described by a holomorphic equation
when R is identified with C2. Such surfaces have a minimal area in the sense that
small deformations of the surface, keeping the boundary conditions at infinity intact,

never decrease the area. Let the coordinates be:
2k = Tk + Wk k=1,2. (3.32)

Consider first a surface that spans the z-direction and is given by the equa-
tion z; = 0. Small holomorphic deformations are described by z; = €f(z2) with
f(z) = Y22 ,ca2™ a holomorphic fanction. These are the fluctuations we found in
the previous section. Of course, antiholomorphic fluctuations are also allowed.

Now consider adding a second surface spanning the z; direction, with the equation
z, = 0. The two surfaces can be represented together by the equation z,2; = 0. This
reducible surface can be deformed into a smooth irreducible surface given by 2122 = ¢
where ¢ is a complex number. This is the only holomorphic deformation of the
singular surface z,2, = 0 that preserves the boundary conditions z; — 0 as |z} = oo
and 2z, — 0 as |z;| — o0.

In this case, we see that the possible deformations are given by z; =€ f(z2) where
f(2) = 2 _, ca2™ is allowed to have a simple pole at z = 0. More generally, if we
add r surfaces given by the planes z = &; (j = 1...r), we can have deformations
z; = €f(z2) where f is a meromorphic function that is allowed to have simple poles
at &, ...,&. If we add a surface 2z = 0 with multiplicity k, then f(z) is allowed to
have a pole of k** order at the origin.
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3.4 Intersecting D2-Branes

3.4.1 Construction of the Intersecting Soliton

In the previous section, we constructed a D2-brane at z; = 0 as 6, = AP, and a
D2-brane at z; = 0 as &, = AP;. We now wish to find a soliton & = AP which
asymptotically looks like &, + &,. This is straightforward. We define

Py’ = P[ + Pz - Tlplpz, ‘bn = z\P,, . (3.33)

This will be a projection operator for n = 1 or n = 2. To distinguish between the
two solutions, we need to calculate their kinetic energy. (3.21). While each solution
has an infinite kinetic energy because of its infinite extent, the difference is finite and

easy to calculate:
4N?

K(&2) — K(®=1) = - - (3-34)

Thus, n = 1 corresponds to the solution with the lower kinetic energy. We propose
that this solution corresponds to two intersecting branes. The n = 2 solution is

similar, but it has a ‘hole’ attached at the intersection:

-~

Pn=2 = P,,:l - Plpz . (3.35)

In a sense, it is as if a 0-brane (represented by P, P,) had been removed. This solution
will turn out to be unstable to small unitary perturbations.

3.4.2 Fluctuations

We now wish to repeat the calculation of the effective Hamiltonian for small filuctua-

tions of the two intersecting branes. Consider the fluctuation given by ot f’,,ﬂ’ ., where
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U is again a unitary operator on H = #; ® Ha. As before, let

-~

U=e*=1+ieA — %e’[\z +O(e) , (3.36)

with € real and small and A hermitian. One can calculate the kinetic energy for this
soliton to second order in €. This is most conveniently done from equation (3.21).

In the n = 1 case, we define

Alo?j) = zb;ilIri) y Iv irj Z 1 v
1 £3

Ao = Y iy, LiJ21,
Ii

A0,0) = Y dulld). Lix1. (3.37)
I

After consolidation of terms, (3.21) becomes:

0 0 - .
okt = 5EK(@e) +2¢ Lz Je5P+ Y dieP
>2,jk21 j>2J.K>1
2 2
+ > l\/k+lbf,j -Vi+1 ,j;j,l[ + ) |\/K + 15, - VT + 1c§:l§,|
Ja.k2>1 Ji.K>1
+ Y JidglP+ D sldsf
12,521 22021
2 2
+ 3 |ds- Vit +Y |dos = VI 1 4 ] : (3.38)
Ja>1 ’ Jg>t
where K (®,,) is the (infinite) energy of an undistorted soliton discussed in previous
subsection.
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Using the same procedure as before, we obtain the following zero modes:

,
0 form+1l<n
4 form+1l=n
bn = | va (3.39)
dm form=n
i ‘/%,'pm_,. form>n
and )
forM+1< N
forM+1=N
Ny = . (3.40)

0

d

v/

do1 forM =N
§ ‘/%qM_N for M >N

with d;; for all J,j > 2 equal to zero. The p’s and ¢’s are arbitrary constants.

These can be used to define two entire holomorphic functions fi(¢) = Y, Pm(™
and f2(C) = Y axCY. These zero modes, just as for a single brane, correspond to
deformations of the two branes: 2} = €fi(z2) and z, = €f2(21)- As in the case of a
single brane, the terms in the kinetic energy can be rearranged to make apparent the
antiholomorphic deformations.

A new phenomenon is the mode corresponding to a non-zero dp together with
b5 i1 =du(k+1)"Y2and ¢y, = du(K+ 1)~Y/2 5o that the terms in kinetic energy

that are differences vanish. This mode might be thought of as

(3.41)

This is a complex mode (two real modes) corresponding to the extra degrees of free-

dom living on the intersection of the two branes.
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We now consider the case of 7 = 2. Here, (3.21) reduces to

0 e = .
el = K@)+ 23[ Y 5P+ Yl
I>2,5k>1 22 K>1 ~
2 2

Jj k21 Ji.K>1

+ (T + k= DBk + 3 — Dbl + (k- DI
Jke>2 2 k>2

+ S G+ KDl + 30 — Dietjl + X (K = Dk,
K22 22 K>2

+ STRBEP+ Y KIS+ Y bk + &5l + D lele + Bl
k>2 K>2 K>2 k>2

- el e 4Bl (342

The zero modes, which we will not write out explicitly, include our familiar entire
holomorphic and anti-holomorphic deformations of the branes. More importantly,
we now have unstable modes given by b}, + &% # 0 and ¢}, + bj # O together with
constraints setting the terms that are differences to zero. These two modes correspond
to moving the aforementioned ‘hole’ away from the intersection along either of the
two branes. We also note that the above effective Hamiltonian has an additional
zero mode given by A = a(a})? + &(@&)? (and similarly for a;), which corresponds
to distorting the shape of the hole from the Gaussian ground state of a harmonic

oscillator into a squeezed state.

3.5 Extension to Multiple Branes

Our construction for two intersecting D2-branes can easily be extended to a larger

number of branes.

For example, let P{‘ be a projection operator corresponding to a stack of K branes
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at z; = 0 and PE be a projection operator corresponding to a stack of L branes at

2z» = 0. This means that P{‘ can be written as a sum of K projection operators
-~ K -
BE=)"# (3.43)
i=l1

with pip} = 6pi, each 5% being a projection operator for a single brane. Similarly,

L
Bp=3 #- (3.44)
=1
Now, any operator of the form
-~ - K L . .
BE+ P -3 nubip (3.45)
=1 j=1

for n;; = 1,2 corresponds to an intersection of these two stacks.
As another example, let us take RS, i.e. three complex dimensions. Let P,
correspond to a codimension-2 brane at z; =0, Py; correspond to a codimension-2

brane at z; =0 and 1331 correspond to a codimension-2 brane at zz = 0. Then it can

be checked that

P+ Pn+ Py — Tthzsp:n - Tmf’uf’:n - Tlatplzpz;
+{mh2 + ms + M — 1 — 1) Pi2Pr Py (3-46)
is a projection operator corresponding to the intersection of all three branes at a

point, provided we set M2, 73, m. 1 € {1,2}- It is straightforward, if a bit tedious,
to extend this to any number of branes.



Chapter 4

Gravity duals of nonlocal field

theories

The gravity duals of nonlocal field theories in the large NV limit exhibit a novel behavior
near the boundary. In this chapter, we present and study the gravity duals of dipole
theories — a particular class of nonlocal theories with fundamental dipole fields. The
nonlocal interactions are manifest in the metric of the gravity dual. We compare the
situation to that in noncommutative SYM.

The chapter begins with a brief introduction to the most studied gravity dual -
the AdS-CFT correspondence, followed by an introduction to its extension to non-

commutative SYM.

4.1 Introduction

The AdS-CFT correspondence is a remarkable idea that type IIB superstring theory
on a particular background (AdSs x S5) is dual, or equivalent, to a conformal field
theory, the N'=4 SYM. The idea was originally proposed in [83, 63, 121]. For



introductory reviews, see for example {5, 78].
N =4 U(N) SYM theory lives on the world-volume of N coincident D3-branes.

For large N and maximal supersymmetry, these branes are a heavy object in type IIB

supergravity, with a metric
ds? = H(r)"} (d* — d? —da} — dof) — H(r)? (dr + rdQf) ,  (41)

where
H(r)y=1+ (%)4 ; (4.2)

and a constant dilaton background ¢ = ¢g. The geometry of this solution is such
that the branes are at the end of a semi-infinite throat at r — 0. For large r, away

from the branes, the space is flat. For r <« R, this metric becomes
2 2
ds® = [(%) (dt2 —dz? - dz2 — dz§) - (‘—f'-) drz] - R2dQ2 , (4.3)

which is just the metric for AdSs x S® of equal radii, R. We can rewrite this metric

in terms of u = R?/r,
R\?
ds? = [(;) (dtz—dx%-dzg-dzg-duz)] — R24Z . (4.4)

At the boundary, which is located at u — 0, r — oc, the metric of AdSs becomes
infinite. The boundary is described by classical geometry, and quantum gravity on
AdS; corresponds to a local field theory on a classical space [84, 63, 121, 5].

The AdS-CFT conjecture is that type IIB string theory on the background given
by (4.4) is equivalent to the conformal field theory living on the worldvolume of
the stack of D3-branes, namely N = 4 U(N) SYM. There are several different ways



of justifying this conjecture. A simple way to think about it is that there are two
different but equivalent descriptions of a stack of D3-branes. One description is via
the metric (4.2). In this description, the branes themselves are described by the
throat region r — 0, i.e. by the metric (4.4). The other, equivalent, description is as
an effective theory living on the branes themselves, which is the CFT.

What is the precise statement of correspondence between these two theories?
Consider any field living in the bulk, and the corresponding operator in the CFT
living on the branes, which acts as a source for the bulk field. For example, from the

Born-Infeld action, we have an interaction term [78]
Sint = -{i[d“z tr (i jﬁ) (4.5)

between the dilaton and ¢rF2. This means that a dilaton can be converted into a
pair of gluons on the worldvolume. In general, we have a coupling between a bulk
field ¢(z,u) and an operator O(z) in the CFT,

Sine = / d*z ¢(z,0)0(z) . (4.6)

The generating functional of the connected correlation functions of O in the CFT
is conjectured to be equal to the extremum of the classical string theory action I,

subject to constraints that the bulk field ¢(z,u) = ¢o(z) at u =R
Wig(@)] = (/= #E°@) = |y urizonta) - (4.7)

The exact point at which the boundary conditions are imposed on the string theory
side is not important, since the theory is conformally invariant and so any 4 = Ucutoft

will do. One can think of uqyes as simply the UV regulator for the theory, since the
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radial coordinate of AdSs can be thought of as an energy scale of the gauge theory,
with © — 0 being the UV region.

We mentioned above that since the metric of AdSs becomes infinite at the bound-
ary, the boundary is described by classical geometry, and quantum gravity on AdSs
corresponds to a local field theory on a classical space. The AdS/CFT correspondence
can be extended to field theories on a noncommutative space [72, 84, 7|. The gravity
dual for the large N limit of N' = 4 SYM theory on a noncommutative R* (NCSYM)

with the noncommutativity in the 2,3 directions has the metric {72, 84]
R2
ds? = F-(dt2 — dz? — h(dz3 + dz3) — du?) , (4.8)

where h = ;{f;g with 8 = 63 the determining typical length scale in the theory. Here
the boundary, u — 0, is no longer classical. Indeed some components of the metric
tend to zero on the boundary.

Our motivation in this chapter is to understand how nonlocality in the field the-
ory affects the metric of its gravity dual near the boundary. Unfortunately, field
theories on noncommutative spaces can be quite complicated; they exhibit UV/IR
mixing and nonlocal behavior on varying scales. UV/IR mixing, which means that
high momentum is associated with large-scale nonlocality and arbitrarily small mo-
mentum introduces a new short-distance scale, can even obstruct the renormalization
procedure [86, 116]. Altfxough N = 4 NCSYM is a finite theory and renormalizability
is not an issue, noncommutative geometry doesn’t appear to be the simplest way to
introduce nonlocality. There is a simpler way.

We study a class of nonlocal gauge field theories in which some of the fields
correspond to dipoles of a constant length. Such theories were discussed in [17] in

the context of T-duality in noncommutative geometry. They were realized in string
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theory in a different setting in [37]. Also see {122, 29, 30] for previous appearances of
such theories.

At low energies these “dipole theories” can be described as a deformation of N = 4
SYM by a vector operator of conformal dimension 5. This can be compared to the
deformation by a tensor operator of conformal dimension 6 that describes NCSYM
at low energy [104, 81, 54]. If the conformal dimension and the size of the Lorentz
representation is an indication of simplicity, then it is reasonable to expect that dipole
theories might be simpler than NCSYM.

The more interesting questions, however, hover in the UV region of the theory. At
distances shorter than the scale of the nonlocality, we expect to find new phenomena.

Our ultimate goal is to answer the following questions:
e How is the nonlocality of the dipole theory manifested in the boundary metric?

e How does this manifestation of nonlocality compare to that of noncommutative

geometry? Are these features genmeric to the gravity duals of nonlocal field

theories?

In section 4.6 we answer the first question for a particularly simple dipole theory. In
section 4.9, we show that this effect is analogous to a feature of the supergravity dual
of noncommutative geometry. We also make some comments about the nature of the
supergravity dual for generic nonlocal theories.

The particular dipole theory that we study breaks supersymmetry entirely. We
chose to work with it because the supergravity equations are simplified. The fermionic
degrees of freedom, however, require extra care. In fact, type-0 string theory with a
strong RR field strength has to be used in order to correctly describe the gravity dual
[16].

This chapter is organized as follows. In section 4.2 we review the construction of
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dipole theories. In section 4.3 we describe a simple string theory realization of these
theories and then calculate their gravity dual in section 4.4. In section 4.5 we study
the geometry of the gravity dual. In section 4.6 we demonstrate the nonlocality of the
boundary. In section 4.7 we compute some correlation functions and show how they
exhibit some generic features of nonlocality. In section 4.8 we compute the gravity
dual for generic dipole theories. Finally, in section 4.9 we discuss how the features
we have found here might be generic to the supergravity duals of all nonlocal field

theories.

4.2 Dipole Theories

Dipole theories are nonlocal field theories that also break Lorentz invariance. They
were obtained in [17] by studying the T-duals of twisted fields in noncommutative

gauge theory. Below, we will describe how to make a dipole theory out of an ordinary
field theory.

4.2.1 Definition

We start with a local and Lorentz invariant field theory in d dimensions. In order to
turn it into a nonlocal theory we assign to every field ®, a vector L% (x = 1...d).
We will call this the “dipole vector” of the field.

The fields ®, can be scalars, fermions, or have higher spin. Next, we define a

noncommutative product
~ 1 1
(Pr*B2), = P1(z — —2-L2)<I>2(:: + §L1) . (4.9)

It is easy to check that this defines an associative product provided that the vector



assignment is additive, that is, &;%x®; is assigned the dipole vector L; + L. For CPT
symmetry, we will require that if ® has dipole vector L then the charge conjugate
field, &%, is assigned the dipole vector —L. We will also require that gauge fields have
zero dipole length.

In order to construct the Lagrangian of the dipole theory we need to replace
the ordinary product of fields with the noncommutative x-product (4.9). In general,
there might be some ordering ambiguity, but the theories we will consider below are
SU(N) gauge theories and have a natural ordering induced from the noncommutative
products of N x N matrices.

We have seen that the requirement of associativity translates into a requirement of
additivity for the dipole vectors. One way to ensure this is to have a global conserved
charge in the theory such that a field ®, has charge Q,. We then pick a constant
vector L* and assign to every field &, (a = 1...n, where n is the number of fields
in the theory) the dipole vector Q,L*. More generally, we can have m global charges
such that a field ®, has the charges Q;, (f = 1...m). We can then pick a constant
dxmmatrix 9% (g =1...dand j =1...m) and assign the field ®, a dipole vector

j";l OMQq.

Extending this definition by allowing Q, to be the momentum we see that non-
commutative Yang-Mills theory can also be thought of as a dipole theory. The matrix
©%i then becomes 8*” (v = 1...d) and is required to be antisymmetric. The dipole

lengths are then both proportional to and transverse to the momentum [23, 123, 107].

4.2.2 A Dipole Deformation of N =4 SYM

The dipole theories that we study in the rest of this chapter can be obtained from
ordinary SU(N) N' =4 SYM in 3+1D by turning the scalars and fermions into dipole
fields. N = 4 SYM has 6 real scalars in the representation 6 of the R-symmetry group

3
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SU(4) and 4 Weyl fermions in the representation 4 of SU(4). We will use the global

R-symmetry charges to determine the dipole vectors of the various fields as follows.
Pick 3 constant commuting elements V¥* € su(4) (z = 1...3 and we will not consider

time-like dipole vectors in this chapter), where su(4) is the Lie algebra of SU(4).

Take V¥ to have dimensions of length. Denote the matrix elements of V# in the

representation 4 as (7;‘; (j,E=1...4). Here U* is a traceless Hermitian 4 x 4 matrix. :

Denote the matrix elements of V* in the representation 6 as M, (a,b=1...6). M*
is a real antisymmetric 6 x 6 matrix.

Let ud (a,I = 1...6) be an eigenvector of M* with (real) eigenvalue L¥ so that
>, MUY = Ltud). u® does not depend on p because [M*,M*] = 0. Let ¢,
(@ = 1...6) be the 6 real scalar fields of N'=4 SYM. Then the complex valued

 scalar fields ¢® = 3=, u®¢, are assigned a dipole vector with components 2w L

POV Y

i b b b B e 4 e = e e

(s = 1...d). Similarly, the fermionic fields are assigned dipole vectors that are
determined by the eigenvalues of the matrices U».

4.2.3 Supersymmetry

C e e ———

The dipole theories obtained from /' = 4 SYM in the previous subsection are parame- -

terized by d constant traceless Hermitian 4 x 4 matrices U». For simplicity we will set
U! = 02 = 0 and U = 3. Thus, the dipole vectors are all in the 3™ direction. The
matrix U has dimensions of length, and its eigenvalues determine the dipole vectors
of the various fields. Let the eigenvalues be a;, az, a3, —(a1 + a2 + a3). Then, the
dipole vectors of the various scalar fields are given by +(a; + ;) (1 <i<j < 3).

The number of sapersymmetries that are preserved by the dipole theory is deter- -

mined by the rank r of U:

e If r =4, then the theory is not supersymmetric at all.
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e If r = 3, there is one zero eigenvalue that we take by convention to be a3 =0,

and the theory has N’ = 1 supersymmetry.

e If r = 2, there are two zero eigenvalues that we take to be a; = a3 = 0. The
theory then has A = 2 supersymmetry. The vector multiplet of N =4 SYM
decomposes as a vector multiplet and a hypermultiplet of ' = 2 SYM. All the
fields in the A” = 2 vector multiplet have dipole vector 0, and the fields in the
hypermultiplet have dipole vectors +a;.

Because we can realize dipole theories without supersymmetry, one might ask if
poles similar to those discovered in [86, 116] might arise in the perturbative expansion
of the theory. In fact, they do not. This can be seen by examining the expression of
[86, 116] for the effective cutoff

1

VAZ+ (602

We recognize 6p as the length of the dipoles in noncommutative geometry. Thus, the

Aeg — (4.10)

analogous expression in our theory is

At — \/——A——_% . (4.11)

which, as it is independent of the momenta, gives rise to no new poles.

4.3 String Theory Realization of Dipole Theories

In order to find the gravity dual of the large N limit of a particular dipole theory, we
need to find a simple string theory realization for it. We now do this for a large class
of dipole theories.
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In [37], a realization of dipole theories with A = 2 supersymmetry was suggested
using D3-branes that probe the center of a modified Taub-NUT geometry. While
this realization is convenient for a BPS analysis it is hard to extract the gravity dual
from it, and it is not obvious how to generalize it to dipole theories that break N =2
supersymmetry.

Fortunately, the Taub-NUT space that was used in [37] is not an essential in-
gredient. We can find an alternative setting that has the same behavior near the
brane probes. This setting, which we will describe below, has the disadvantage that
the geometry is not asymptotically Euclidean at infinity. Nevertheless, it has been
constructed in string theory [99] and is good for extracting the gravity duals that
we seek. Other worldsheet CFTs that break Lorentz invariance have been studied in
[39].

The backgrounds that we consider are twisted versions of type-II string theory.
They are related to the Melvin solution [85] and are in fact identical to the back-
grounds discussed in [48] and more recently in {36, 109]. As was shown in [48], the
twisted backgrounds are unstable, and the instability is similar to that discussed in
[118]. This instability is exponentially suppressed as g, — 0 and is likely to be com-
pletely absent when some supersymmetry is preserved. For the time being we will
ignore the instability. We will return to this point in the discussion.

4.3.1 The T-dual of a Twist

We will first describe a type-II background without branes and then later we will add
the brane probes. Consider type-IIA string theory on a space that is R>' modded
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out by the isometry

6

U : (zo, T1, T2, T3, {Ta+a }ouy) +* (To» 1, Z2, T3 + 2R3, {2 ObaZ3tala=1) - (4.12)
=1

Here O € SO(6) is an orthogonal matrix. The twisted compactification is parame-
terized by Rs and, because we need to define the action on fermions, an element of
Spin(6) = SU(4). This background is, in general, modified by quantum corrections,
but O and R; are defined by their asymptotic values at infinity. We will denote this
background by X (O, R;). Note that if R; > 0, the isometry U has no fixed points
and therefore O is not necessarily of finite order.

Now consider probing X (O, R3) with D2-branes in directions (o, Z1, T2) and then
taking the limit R; — O together with O = ez_m_f,:ﬂ’ where M is a finite matrix of
the Lie algebra so(6) = su(4) with dimensions of length, and 2"‘-—; is the inverse string
tension.

When M = 0, we can perform T-duality to transform the D2-branes into D3-
branes. When M # 0, we will now show the low energy description of the probe is a

dipole theory.

4.3.2 Branes Probing Dual Twists

We wish to find the low energy Lagrangian describing D2-branes that probe the
twisted geometry of subsection 4.3.1. The light degrees of freedom come from the
strings with two Dirichlet boundary conditions, i.e., fundamental strings with ends
on the D2-branes. Because Rz — 0, we have to set the string oscillators to their
ground states, but the winding number can be arbitrary.

To obtain the Lagrangian, we can adopt a procedure similar to the one described

in [31, 108, 32] for noncommutative gauge theories. Also, the construction that we

({4



present here is reminiscent of the construction in {44]. In momentum space, the action
of the dipole theory is obtained from the action of N' = 4 SYM by inserting certain
phases. Let ®;(p1),...,®.(p,) be fields in the adjoint representation of U(N) and
suppose that N = 4 SYM has a term of the form

tr{®y(p1) - - - Pulpa) } » (4.13)

in the Lagrangian (of course n < 4). The variables p; are the momenta. Let the

dipole vectors of the fields be L;,...,L,. We have

Y L=0, Y m=0. (4.14)
=1 =1

The dipole theory is obtained from the ordinary N’ = 4 SYM theory by inserting the
phases

e DisicisnPils (4.15)

in front of terms like (4.13). Now let us consider branes probing X (O, R3). For
simplicity, let us assume that the twist, O, acts only on Z = X8 +iX® as Z — e**Z.
We will refer to the angular momentum corresponding to rotation in the Z-plane as
the Z-charge.

In the case that o = 0 we know that the theory on the D2-brane probe is N' = 4
SYM. The states with momentum along the 3" direction, in the SYM theory, corre-
spond to winding states along the 3™ direction in the string theory setting.

Now let us turn on the twist, . Consider a string disc amplitude that calculates
the interaction of n open string states with winding numbers w,, ..., w, and with Z-
charges qi, . . ., q,. The worldsheet theory has a global U(1) symmetry corresponding

to the Z charge. The string vertex operators that correspond to the external states

8
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Figure 4.1: An r-point amplitude with vertex operators that carry winding numbers.
It requires r cuts on the worldsheet.

are charged under this U(1) symmetry. The disc worldsheet has cuts that emanate
from the external vertex operators on the boundary. Along the j** cut, the worldsheet
field Z jumps by a phase e**%. We can redefine the field Z to be continuous, but then
i there will be additional phases coming from the vertex operators on the boundary. It

is easy to see that this phase is
eeticicicn Bi% (4.16)
This is illustrated in figure 4.1. It agrees with (4.15) because
L;= a’—gs-q,- .  pPi=o 'Raw;. (4.17)

In 3+1D, the photon of the U(1) C U(N) center of the gauge group is likely to



become massive via a dynamical mechanism similar to the one described in [46] for
quiver theories, so that the gauge group is actually just SU(N), but we will ignore
this for the time being.

. 4.4 Supergravity Solution for a Twisted Brane

- We now turn to the task of describing the supergravity duals of these dipole theories.

We will use the string theory realization of dipole theories as described in the previous

section.

We will find the exact classical supergravity solutions in four steps:

1. We start with the D3-brane solution of type-IIB classical supergravity and com-

pactify one of the directions parallel to the D3-branes. We will call it the 3¢
direction.

2. We perform T-duality on the 37¢ direction to obtain a solution that describes
D2-branes in type-IIA. The solution, however, will be translationally invariant

along the 37 direction, and, as such, it describes smeared rather than localized
D2-branes.

3. We now insert a transverse SO(6) twist into the geometry by hand. This is
accomplished by simply changing the boundary conditions for the 6 transverse
coordinates as we complete a circle around the 3™ direction. Locally, the metric

is unchanged.
4. Finally, we use T-duality to turn the smeared D2-branes back to D3-branes.

We will restrict ourselves mostly to cases where all the dipole vectors of the fields
in the theory are oriented in the same direction. This was direction 3 above. In
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section 4.8 we present the generalization for generic dipole vectors. We now turn to

. the details.

[ 4.4.1 The Type-IIB D3-Brane

First, the conventions. We work in the (+,—,...,—) metric. Greek indices are

R N LI TOPUSE R VR

p,v = 0...2. The time direction is t = zo. The direction that we T-dualize is
the 37¢. The remaining directions, perpendicular to the brane, are labeled by roman
indices a,b = 4...9. All metrics will be in string frame.

We start with the metric for a D3-brane (note that all the z’s have dimensions of

length)
ds?_ = H-3(df? — do? — dud — da?) — Hi(6dzdz”) , (4.18)
where
R4 »2 a
H=1+ w0 R = 4wg,Na'*, r? =04z, (4.19)

and we have the following backgrounds for the RR 4-from potential and the dilaton
respectively
Os=—H"', ®=e™. (4:20)

Next, we compactify along z* with radius R; = R. The metric is now
ds? = H-}(df? — 5, do*ds” — R2di2) — H3(0pdz%dz’) . (4.21)

Note that Z; is now dimensionless and periodic I3 ~ I3 + 27.
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. 4.4.2 A Smeared D2-Brane with a Twist

We now T-dualize around z3. Following [24, 25, 19], we have

CE =8H"! &% =gH:

ds? = H} (d? — da? — daf) — H (%rdi +df+---+dgd) . (422)

This is a smeared D2-brane. We can now add a twist to the transverse directions
I4,--- ,Zg as we travel around the circle z3. In particular, we take an element of the

Lie algebra so(6), Qq, and change the metric to

ds* = H™%(d — dz} — dzf)

2
- H {a'zn-zda:-g +3° (d.r., -3 Q,,,,:r,,d:i::,) } i (4.23)
G b

We can expand this out, giving

ds? = H~i(dt?® — dz} — dz})

- H}{(o®R? + QORI + di7dE - 2ETOF dis} . (424)

where Z is the vector formed by z, (a = 4...9).



4.4.3 And Back to the D3-Brane

Once again, we apply the T-duality formulae (recall that Z3 is dimensionless, while
all the other coordinates have dimension of length)

Y o'? "
& = H z(az-dz{-dzg-a,zR_2+fTQTQfdz§)
TN . (dzTQz)?
- Hi(dFTdE - o —oes) - (4.25)
We also have
Cay = H'
dETQF
Z“:B"’“‘Iz‘ T~ TR+ Q0%
o) = . (4.26)

1+ 2R2E7QTQF

which we will address later on.

Defining £ = r# so that |[#i]| = 1, our metric becomes

2 _ 1 aIZ A
ds" = H i(dtz'dzf“d‘g"aﬂa-zwszzmﬁd’?‘)

rt

-~ PRI

TQTdﬁ)z) . (4.27)

4.4.4 The Near-Horizon Limit

In these coordinates, the horizon is at r = 0, and so the near-horizon limit is small.

We can therefore approximate

s R4 R\?
Hz—‘/1+7—~(—r- A (4.28)




Substituting this into the metric, we obtain

2
2 _ 2 - - _ o s
i = (r/R) (atz do? — de} — —r ,ngﬁuzg)
R? 2f 3-T 72 1 Tl 721\2
?{drz-k (dn dn — a'z(rR)-2+ﬁTQTQﬁ(n Q dn)) . (4.29)

Finally, we make the substitution u = R?/r

ds® = 1:_22 (‘“2 ~ do} —dzg — E7+ ,\u;“zTQTQﬁdﬁ) - Rz%uz—z
- R? (dﬁTdﬁ e A’;;TQT Qﬁ(ﬁTQTdﬁ)z) , (4.30)
r where A2 = %;- = 47g2, N. The dilaton and the NSNS 2-form field are
AZ
Z:B:-,,dﬁ" = =3 roroadh o
S = 13 %';Azlﬁ"ﬂ"ﬂﬁ ' (431)

Now we take the limit R — oo keeping RQ2 = M fixed. We also redefine £3 = 3.
i Note that z3, u and M have dimensions of length. We find

R? u?
ds® = ?(dtz-dz%-dzg—duz—u2+,\2ﬁTMTMﬁdI§)
. 22
_ 2 42T g AT a T 7212
R (dn i — —— e (AT M dn)) : (4.32)

The NSNS 2-form field and the dilaton are

. 22 T
;B““““ = —Eram A MA.
u?
—do) _— } .
e = £ at M M (4.33)
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Given this form of the metric it is not obvious that the region % >> 1 indeed de-
1 couples from the bulk, as we have assumed. In principle, one can calculate scattering

amplitudes for gravitons as in [65, 64]. In some cases one can see from the scattering
i amplitudes that the bulk does not decouple (see for instance [6]).

In our case, the geometry is strongly coupled when u is small, as will be discussed
in more detail in subsection 4.6.1, and evaluating the scattering amplitudes is difficult.
1 Nevertheless, there is no reason to expect that the bulk will not decouple. The dipole-
theories describe well defined renormalizable theories that do not require additional .
degrees of freedom in the UV.

4.5 The Geometry of the Supergravity

We now investigate some of the geometrical features of the metric (4.32). The key
things to note are the behavior of z3 coordinate and the S5 as a function of u. We
first discuss the generic behavior and then gjve a detailed analysis of a useful special
case that will occupy us for the remainder of the chapter. General deformations of

i the S® were also studied in a slightly different context in [50].

4.5.1 The Boundary

The behavior near the boundary is governed by the rank of M. For maximal rank, the
quadratic function i7 M™ M+ is always positive definite. It has 12 local extrema on
S5. These consist of pairs of antipodal points — each pair corresponds to an eigenvector
of MT M with the two (+) sign options. The metric (4.32) is asymptotically AdS, x
S! x S5 where the S° is deformed, and both the S' and S® are small compared to the

* AdS.

If the rank of M is less than maximal, the quadratic form 7" M T M has a locus of
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zeroes. This locus is S~ where r = 2, 4 are the possible nonzero values for the rank.
Locally on the zero locus, the metric is indistinguishable from ordinary AdS; x S°.
* This should be related to the fact that some scalar fields do not have a dipole length.

. We do not claim to understand the exact connection.

The metric on S® becomes degenerate as u — 0. For M of maximal rank, the
' metricon S® at u =0 is
i
R2(a" M dn)?

i
f At MTMn

ds® = R3dn" div —

(4.34)

Let 7, a unit vector in RS, parameterize a point p € S°. Then M1 defines a direction
; in the tangent space T,S®, since ATMnr = 0. It is easy to see that the metric is
degenerate along this direction. Thus, M7 defines a vector field on S® along which
the metric is degenerate. This is the vector field induced by the infinitesimal SO(6)
action on S° given by M € so(6). To analyze the degenerate S° further we need to
know more about the eigenvalues of M. Let the eigenvalues be +ia,, +iag, tias. If
a; = az = a3 then the flow lines of the vector field M7 are closed circles. S can be
| described as a circle bundle over CP?, and the vector field is along the circle. At u =0
the S° then shrinks to CP2. This particular case will be discussed more extensively
in the next section. For the general case, we can identify R® with C* and introduce

the following coordinates

: B i
e®rcos® ePrsinf e ) . (4.35)

Goas) =\ e iz vier
In these coordinates, the deformation of the sphere only affects the three coordinates
a, B and . The vector Mi is solely along this torus and, for generic ratios between
these angles, the flow is dense in this torus. However, this is not a true fibration, and

to avoid such complications we will only work with the simpler case.
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4.5.2 The Hopf Fibration

" The case when all three eigenvalues of M are equal is the case where all of the scalar
_ fields have the same dipole length. The analysis of the UV behavior of the theory
~ will significantly simplify in this situation.

We set §i§a1=a2=asand

( 0)

0
0 0
0 0
0 0
0
L

()
e o O
o O

(4.36)

-L

-L
0
0
0
0
0

o © © ©o bt

o ©
o © © v

\ 0y

For L # 0, this choice of M breaks all of the supersymmetry but it preserves a
U(3) C SO(6) subgroup of the R-symmetry. The advantage of this choice of M is
that the factor a7 M T M# = L2 is independent of /i. According to the definition of
M in subsection 4.2.2, the bosons have dipole lengths +2rL, three of the fermions
have dipole lengths +xL and the remaining (complex) fermion has length +3xL.
We now write the metric on the deformed S® explicitly. Let a unit vector @t which

parameterizes S° in C* be given by

A= & __€a e (4.37)
Vi+lelP+18F V1+laf +1B2 1+ la2+|BI? ) .

with « and B complex. Thus, the S® is given as a circle fibration parametrized by 7
- over CP? parametrized by « and B. This is the famed Hopf fibration. The advantage
of these coordinates is that the vector M points along the direction of the fiber for
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M given as in (4.36).

It can be shown that the metric on a regular S° is in these coordinates

a2 + [dB _ _|ada + BdB[?

1+lef2+ |82 (L+|a?2+|BI%)2
( . Im(ade+BdB)\’

¥ (d” 1+lal2+lﬂlz) ’

di'dn =

(4.38)

© where the first 2 terms describe the Fubini-Study metric on CP2.

For our deformed sphere, the metric is

AT re Az(ﬁTMTdﬁ)z
AR~ e NATM M7
|def? + |dBJ? |ada + BdB|?
1+[aZ+ B2 (1 +lal? +181%)?
u? Im(@da + BdB) \*
u? + \2[2 T T |2 + |82 ) ’

(4.39)

The 5 x 5 determinant of the above metric can be calculated to be

1
u?+ »EE) L+l + 8PP

det g = ( (4.40)

Thus, the salient features of our deformed S® are as follows

e It has the structure of an S! (Hopf) fibration over a base CP2. An SU(3)
subgroup of SO(6) acts freely on CP2.

e Invariance of the metric of the deformed S under U(3) C SO(6) implies that
the metric on the base CP? is independent of the position, and the metric on

the fiber S! is similarly homogeneous due to the U(1) isometry which rotates
the fibers.
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e The radius of the fiber is independent of the CP? coordinate and is given by

u
p(u) = R—F—==- (4.41)
Vu2+ \2[2
e The volume of CP? is constant and given by
L
Vo!ume(CPz) = —2'R . (4.42)
Finally, in these coordinates, the NSNS 2-form is given by
2L
B=————dz3;Avy . 4.43
w2+ LS 4 (4.43)

Here ¥ is the global angular 1-form of the Hopf fibration. In the notation of (4.38),

it is given by
Im (ada + BdB)
= . 44
Y=t T ar + 8P (44
The 3-form field strength is given by
H—dB—-—’EE—-dz l\(frp-i-—ﬁu———dul\dz AY (4.45)
w2+ N[z (u2 + A2L?)2 * ) ’

Here dv is the closed harmonic 2-form that generates H”(CPz, Z).

4.6 Nonlocality in the Supergravity Dual

In this section, we will show how the nonlocality of the field theory is manifested in

' the geometry of the boundary of the supergravity. We will continue to work with the

| special case described above in 4.5.2. In this situation, as described in that section,

the fiber shrinks to zero size on the boundary, and, as such, should be T-dualized
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to obtain a classical description. This will make the dipole nature of the nonlocality

evident.

i 4.6.1 T-duality of the Fiber

As we approach the boundary of our solution, u — 0, the volume of the base CcP?
remains a constant. However, the circle fibered along it shrinks to zero size. Note

that the dilaton also approaches zero since

gXo—o) = —i— . (4.46)
u? + A2L2
It is easy to see that the curvature of the deformed S® is still of the order of magnitude
of %{, even when u < \L. However, when p(u) becomes of the order of magnitude
of the string length, o/*/2, we cannot trust the supergravity approximation anymore.
This happens when u ~ o'/2R~IAL = AV2L.

Since the circle shrinks to zero, we have to perform T-duality on that direction.

. There is a subtlety that complicates matters when we consider fermions [16}, but we

. will naively apply the standard T-duality formulae anyway.

Again using the equations of [24, 25, 19], we obtain type-IIA with the metric

2 = Rt a2 R? dos+ Lo - 2
ds” = ﬁ( —azT) — 2"'1“2)-?(41’3‘!'5&7) ’@d’)'z

—(constant CP?) . (4.47)
We also have
_e*_ &
* = 3T Vaw ]
Z Hogds® = MLy Im(ada + BdB) ) (4.48)

= (u? + X2L2)2 1+ |af® + 18]
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where H is the 3-form NSNS field strength. In addition, there is a non-trivial RR
4-form field strength which we will not write down. Note that the type-IIA dilaton
becomes a constant. Despite the ominous factor %:- < 1 in (4.47), we see that type-
TIA supergravity is a good approximation. No two points that are closer than o 172

are identified. The only identification is

("'71:3: 7) ~ ("’73377 + 2‘") (4'49)

and the distance between those two points is large when u — 0.

4.6.2 Nonlocality on the Boundary

The metric in equation (4.47) is a striking manifestation of the nonlocality of the
field theory in the boundary metric. It describes the 3 direction fibered over a small
circle of radius 9',5 parameterized by v. The proper distance between the point with
coordinates (z3,7) and the point with coordinates (z3 + 2L, y) ~ (z3,7 — 27) is
-2-’% which is of stringy scale. On the other hand, the proper distance between (z3, )
and (z3 + A, 7) is of order 2 — 0o when A is not an integer multiple of 2xL and
u — 0. In the field theory, this is translated into nonlocal interactions between fields
at points that are separated by a distance of L = 2rL. If we think of the matter
content of the dual SYM theory as constituting momentum modes along the S°, then,
after T-duality, the nonlocality should be reflected in the winding number around the
T-dual circle. This is exactly what we see here.

The metric (4.47) also shows that the 4D superconformal group is restored since
the new coordinate z3 + I:'y can be attached to the AdS; part of the metric to form
AdSs. This is to be expected because the nonlocal interactions have a minimal
distance L. At short distances the vicinity of each point should look like a 4D CFT
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and the interactions with fields at distance L seems like an interaction with extra

degrees of freedom outside the small neighborhood of the point.

4.6.3 A Note on Momentum Conservation

It is interesting to note that, because S° is contractible, the winding number along
the S! fiber is not conserved. This is equivalent to the fact that the fibration has a
nontrivial first Chern class. In order to contract the circle, however, one needs to pull
it around a nontrivial 2-cycle of the base CPZ. So, a concrete process that violates
winding number conservation is to start with a small string on CP? and then to grad-
ually increase its size until it extends around the equator of a topologically nontrivial
CP! = S? inside CP2. Then we contract the string along the other hemisphere of the
CP!. At the end of the process, the string is wound around the fiber S!. This process
requires energy scales of the order of the circumference of the equator of the CcP!,
ie, E~R/d

Because of this, after T-duality, momentum along the y-direction also must not
be conserved. After T-duality, the v-circle is fibered trivially over the CP2. Instead,
we have a 3-form NSNS field strength, H.,4;, along the circle and two directions inside |
the CP2. It is easy to see that H,,; is proportional to dyAw where w is the harmonic
2-form on CP2.

The process that violates momentum conservation along the <y-direction is the
same as before. We start with a pointlike string inside CP? and deform it to go
arouud a nontrivial 2-cycle inside CP? and then shrink it back to a point. Let X (o, 7)
be the closed path of the string as a function of time T and string coordinate 0 <
o < 2mw. Note that when both ¢ and T vary, the function X(o,7) spans a surface
that is homologically equivalent to the nontrivial 2-cycle inside CP2. The violation

of momentum conservation is due to the “magnetic” forces on a moving string in the
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presence of an H = dB field strength. The total y-momentum transfer is

/ Fy(r)dr = / H,40,X%0, X dodr = / w=1. (4.50)

The RHS is the integral of the 2-form w along the nontrivial 2-cycle.

4.7 Correlation Functions

In a local field theory, correlation functions of operators, (O(z)O(y)), have short dis-
tance singularities when £ — y. In dipole theories, we expect a singularity to appear
also when =z — y & L;, where L; is one of the characteristic vectors of nonlocality as
in section 4.2. In the special case we study in this chapter, the length of the char-
acteristic vectors of the scalars is L = 2rL. For operators O(z) that have no dipole

length of their own (for example tr{F;f,}) we therefore expect

c
(O(z)O(¥)) —rzaprr T — (4.51)

and then in momentum space we expect to find a term that behaves like

Ceik-[.
-

(O(K)'O(K)) —koco (4.52)
For operators O(z) that do have a length we expect the behavior of the correlation
function to be more complicated since the operators contain nonlocal Wilson lines. It
is likely that the correlation functions exhibit an exponential behavior ~ eV (CODSt)lksiL
analogous to that of noncommutative geometry [59, 98]. ! For the rest of this discus-

sion we will restrict ourselves to operators O(z) with dipole length zero.
'We are grateful to M. Rozali for a discussion on this point.
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We can use the AdS/CFT correspondence to compute these correlation functions

in the large N limit. We will restrict ourselves to the special case where the R-

symmetry is broken from Spin(6) down to U(3), as in section 4.5.2. Because the
1 AdS/CFT correspondence directly probes the nonperturbative nature of the field

theory, it is perhaps a bit too much to expect to see the exact form above, but, in the
limit of high momentum along the dipole direction, a sign of nonlocality would be a
rapid oscillation in the correlation function in momentum space.

It is, in general, a difficult problem to decouple the fields on a nontrivial back-
ground such as any of the examples in this chapter. Following [59], we will simply
postulate that there exists a massless scalar living on our spacetime.? In particular,
it should satisfy the field equation

3, (e""\/det g ¢*8,8(Z, u)) =0, (4.53)

where T = (£, z,, 22, Z3)-

This is still quite a difficult problem to solve, but we will soon see how it can be

. simplified. In particular, we recall the determinant of the metric of the sphere, (4.40),

* in the Hopf fibration coordinates. Including the AdS portion of the metric, we have

u? 2 1
_— 20 - -10 N :
det g =R uz+mz) ¥ AT o + IBPP (454)

- We immediately see that this factors into a contribution that depends on the sphere

and one that depends on the AdS. Thus, because our metric is block diagonal, we

can choose our scalar field to be constant on the sphere, and all contributions from the

sphere will cancel out of our equations. Another happy fact is that the contribution
from the dilaton exactly cancels the »?/(v” + A2L2) term reducing this to almost the

2We are grateful to LR. Klebanov for explaining the relevant issues to us.
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; standard massless field equation on AdS space.

As usual, the most interesting part of the equation comes from the u coordinate,

SO we write

&(Z,u) = p(u)e* . (4.55)

1 Then o satisfies the following equation

D1 ol

F\2
w0, (3500w + (k* _Pes) ) o(u) =0. (456)
g If we expand this, we obtain
; ¢ - %p’ + (k2 - ——(M:;L )2) p=0. (4.57)

We recognize this as the equation for a massive field in ordinary AdS space with
mR = AkzL. Thus, we can copy the final result from equation (44) of [63]

_ w
OO =-en sk +ags L (SR) R, s

8x2 TI'(v)
" where v = \/4 + (ksL)2.

Let us now take the limit that k3 — oo. In this limit, we have

)ZAksi

v\ 2 z\k;;f; kleR
OO ~ s (EREE) 5= (55

=) \ 1) (xS (4.59)

- It exhibits an oscillatory behavior but not quite what we have anticipated. We ex-
. pected the wavelength of the nonlocal behavior to be an integer multiple of the dipole
length. This is not what we observe here. This is a puzzling phenomenon, but it is

consistent with the observation from the supergravity dual that the scale of the non-
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locality is actually AL rather than just L. Since AL >> L there is no immediate

| contradiction. It could be that in the large X limit the dominant contribution to

the nonlocal behavior of the correlation function comes from the nonlocality on scale

[AJL (where [)\] is the integer that is closest to A). It is important to realize, however,
that the supergravity approximation ceases to be valid when u < o/'>R"!, as we
explained in subsection 4.6.1. This suggests that the above calculation may not be
entirely valid. This is worthy of further investigation.

4.8 Generic Orientation of the Dipole Vectors

In section 4.4 we promised to describe the supergravity solution for generic dipole
theories where the various dipole vectors are not all along the same direction. In
order to avoid clutter, we will set o/ = 1 in this section.

We start with a D3-brane extended in the 0123 directions, compactified on a T3
with radii (R;, R», R3). The relevant non-zero fields are

ds? = \71_17 (df? — (Ridz*)? — (Redz®)? — (Rydz®)?) — VE(dz®)?

1
Coiz = g
¢ = @, (4.60)
where
R‘l
H=1+— 2= (). (4.61)

' The roman indices a,b,... run from 4 to 9, and we use greek indices to indicate

- the compactified directions 1,2,3. Starting from the solution (4.60), we perform the

T-duality transformation three times, in the three compactified directions using the
formulae of [24, 25, 19]. The answer, which is a D0-brane smeared over the T-dual
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torus T° : (B7Y, B;', R5Y), is

o - (8 (5) - (5)) - vrer

o _ 4
C' = i
B2
e2p—wo) — 4.62
RRRE (4.62)

Now, we introduce the three twists, by replacing
dz® — dz® - ) _(Qh2’)dz* (4.63)
"

where (Q#)T = —Q# are commuting elements of SO(6). The metric with the twist is

o = g ((5) + (5) (%))

- VH (df - (22)dz) (4.64)

We T-dualize three times to get back the metric for a D3-brane with a dipole theory
living on it. Define M* = R,Q* (no contraction over x) and z* = ra” where AT =1
With some work, the metric turns out to be (here and below there is no contracticn

in terms like R, dz")

1
ax a\T ax [ Tm#
- ‘/I_E_I_faﬁnfxuv [6°< + r*(m )2;‘ 1 + ) ] . oy R
— VH(r?*dnTdn)
v VE (ﬂ‘«mm [ - r2n) o] [P 4 ) o] () ()



where we have defined

D= -é-eahe,‘,w [67" + r2(m*)Tm*] [¢#* + r*(m®)Tm*] [ +r}(m")Tm"] (4.66)
and
m® = M%# . (4.67)
The other nonzero fields are
s =
BWdz*AdA® = —VHj, d' TSR (4.68)
_ Teapyrpe [6°% + 3 (m)Tm"] [P + r2(mf) Tm*] [(R,dz")A((m*)" dir)]
- 2D
e2lp—vo) — % .

For M! = M? = 0 this reduces to the answers for a single twist. It is interesting
to ask what happens when the twists, M*, do not commute. In this situation, the
Ricci scalar of the twisted metric (4.64) has a field strength term, and thus the metric

is no longer a solution to the supergravity equations.

4.9 Discussion

We have shown how the nonlocality of dipole theories is manifested in the super-
gravity dual. We discovered that the metric becomes degenerate at the boundary of
the spacetime and that this could be used to explicitly demonstrate the nonlocality.
Although this feature of the metric was shown using the naive T-duality to type-ITA
and, as was argued in [16], one actually gets type-0A with a strong RR field strength,
we believe that the metric still has this general structure. This should be a generic
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feature of the supergravity duals of nonlocal field theories. It is not a surprising re-
sult. Nomlocality, when realized in some limit of string theory, cannot be a purely
supergravity effect. The nonlocality must be a result of the inclusion of some stringy
degrees of freedom on the boundary. The degeneracy of the metric in string frame
means that we cannot treat the boundary as classical, and this is the source of the
nonlocality.

It is worthwhile to compare this situation to that in noncommutative geometry
to see if we can distill some more general features of the supergravity dual. The
discussion that follows has some features in common with [44],[73, 76, 8, 100]. 3

Recall that the metric of the supergravity dual of NCSYM is [72, 84] (ignoring
dimensionless constants)

4
d32=2—‘13(dt2—¢h:§-u4:'02( 2-i-d::.%)--duz) . (4.69)
The other fields are
ut
& = ut + 62
]
Ba = i@

We see that both the second and third directions go to zero length on the boundary,
indicating some sort of stringy effect. Note that here, the degeneracy is in the AdS
part of the metric indicating that the nonlocality is part of the space that the field

: theory lives on. This is in contrast to our dipole theories where the degeneracy is on
- the S° indicating that the nonlocality is part of the field content of the theory.

Following the same procedure as in 4.6.2, we compactify these directions and T-

3WemgatefnlwA.Hashﬁnowﬁ)rpohﬁngommmeofmmemfetmcesandfordng
this with us.




dualize along one of them, say the second. As before, the presence of the B-field gives

rise to cross terms in the metric. Specifically, after T-duality, we have, isolating the
2 and 3 directions

dz2 dzodzs  u? + Pu2
ds? = (u* + 6) u;+20 f‘z L e dz? . (4.70)

If we take the u — 0 limit, we can rewrite this as

ds? = %(em2 + dz3)? (4.71)

R servy

This has almost the same form as the metric we obtained in section 4.6.1. When we
traverse the 2-circle, the above coordinate gets shifted by 8. As T-duality interchanges
momentum with winding, we interpret this as a dipole in the 3 direction with length
equal to # times the momentum. This is exactly the situation in NCSYM.

What are the general features of the supergravity duals of nonlocal field theories
‘ that we can infer from this?

e The metric becomes degenerate on the boundary of AdS.

[P,

e The NSNS 2-form field has a component along the degenerate direction.
e We can (perhaps after compactification) T-dualize along this direction.

e After T-duality, the NSNS 2-form field induces off-diagonal terms in the metric

that can be interpreted as a fibration over a string scale circle.

e The nonlocality of the field theory is manifested by the shift in the new coordi-

nate as we go around the string scale circle.

While these features may not be generic for all nonlocal theories, it is not unreasonable

to assume that they may be generic for the generalized dipole theories mentioned
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at the end of section 4.2.1 of which both the dipoles discussed here and those of
noncommutative geometry are a special case. In [17] a generalization of dipoles to
the case of the (2,0) theory was proposed where, instead of constant length dipoles,
there are constant area “discpoles”. This should have a supergravity dual of the from
AdS; x S*. It would be interesting to investigate the effects of nonlocality on the
supergravity in this situation.

Before concluding let us return to a loose end from the beginning of section 4.3.
We mentioned that the twisted string theory backgrounds are unstable if supersym-
metry is broken. This instability was discussed in [48, 36, 109] and is related to
the instability of Kaluza-Klein compactifications without supersymmetry [118]. In
section 4.5.2 we used a nonsupersymmetric twisted theory, and we therefore expect
it to be unstable. However, the probability for decay per unit time and volume is

exponentially suppressed as g, — 0. In the large N limit (keeping g,V fixed) we can
‘ therefore assume that the background is stable. It is interesting to ask whether the
dipole field theory on the probe is also unstable. We will not address this question
here. One possibility suggested by O. Abarony is that a potential is generated on the
Coulomb branch of the dipole field theory that makes the origin unstable. This is

currently under investigation.
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Chapter 5

M(atrix)-Theory Scattering on the

Noncommutative Five-brane

In this chapter, we study the quantum mechanics on the hyper-Kahler manifold that
is the blow-up of an A;-singularity. This system is relevant for M(atrix)-theory as it
was conjectured to describe scattering in the “noncommutative” deformation of the
superconformal (2,0) theory living on the worldvolume of a stack of & five-branes,
which is a free 541D tensor multiplet. We study the M(atrix)-model in the sector
with two units of longitudinal light-like momentum.

5.1 Introduction

As was mentioned in section 1.3, the five-brane of M-theory is not a very well under-
stood object.

A single five-brane is described at low energies by a free tensor multiplet with

- N = (2,0) supersymmetry. An extension of the free tensor multiplet to an interacting

theory has been suggested in [4] and [89, 20]. It was motivated by the string theory
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realization [34, 44] of gauge theories on 2 noncommutative R*. This conjectured 5+1D
theory breaks Lorenz invariance explicitly. It is assumed to depend on a constant anti-
self-dual 3-form parameter ©%* of dimension (Mass)™>. At low energies the theory
reduces to the free tensor multiplet.

In [104] a consistent limit of the five-brane with a strong 3-form field-strength was
presented and it was suggested that at low-energies this limit describes a decoupled
noncommautative (2, 0)-theory. This is similar to the noncommutative theory obtained
on a D-brane in the presence of a magnetic field. For a single D4-brane, the action of
the worldvolume U(1) gauge-theory on a noncommutative R* can be expanded as the
free action plus terms that are of higher order (in the noncommutativity) and depend
only on the magnetic field field and its derivatives [104]. Similarly, the equations of
motion of the noncommutative (5+1)D theory can, presumably, be expanded in 6%,
We will derive the leading terms in section 5.2.

For a stack of five-branes, the low energy theory which lives on the world-volume
of these branes is a superconformal U(k) gauge theory with (2,0) supersymmetries.
The theory contains k tensor multiplets, each consisting of five scalars, a self-dual
field strength (with 3 independent components) and a (eight-dimensional) fermion,
see [3] and references within.

One of the exciting features about the interacting noncommutative theory is that
it has a conjectured M(atrix)-model [15] that is described in terms of a quantum
mechanics on a nonsingular space [4, 89, 20].

Recall that M-theory, when compactified on a small circle, becomes type IIA string
theory. Considering this dual type IIA theory helps clarify the problem of the five-

branes. When we compactify, on a direction parallel to the five-branes, the duality
" between M-theory and type IIA theory turns five-branes into D4-branes. These D4-

branes are described by a U(k) gauge theory. Boosting the original M-theory along
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the compact direction by N units of compact momentum produces N D0-branes. It
is known that D0-branes can bind to D4-branes; in fact, N DO-branes bound to k
D4-branes can be thought of as N instantons in the U(k) gauge theory living on the
k D4-branes [43]. The correct Matrix model for the (2, 0); theory is thus SUSY QM,
and the target space on which it ‘lives’ must be the space My of N instantons of
U(k) theory on R* (3, 4]. This space can be obtained by the usual ADHM [4, 9, 89]
construction, and is given by [89, 20]

(X, X+ [V, Y + 2tZ - wiw . 6
(X,Y]+ Ztw =0

where X,Y are complex N x N matrices; Z,W are complex & x N matrices and the

action of U(N) which we must quotient out by hand is
X ->gXgt, Y -gYg!, Z - 2Zgt, W -oWg*. (5.2)

Due to the U(N) quotient, the manifold My is singular at the origin. This singu-

larity, arising from conformal invariance (implying that any instanton can be rescaled

to arbitrarily small size) needs to be resolved. The proposed resolution [89, 20] is to

introduce a finite nonlocality into the theory, via noncommutative geometry.
Following [89], modify My to define a smooth manifold My« by

X, Xt YN+ Z3Z-W'W = €ldy,
X XM+, Y]+ Eldyyn U . (5.3)
(X, Y]+ Z'W

0

The conical singularity at the origin has been blown up to a sphere of radius £. This
modified moduli space weorks in the ADHM construction when we replace R* with its

noncommutative version. Defining z; = z! + iz? and z; = 23 + iz*, we postulate that
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these coordinates do not commute:

fou 2l = [l = -5 (5.4)

The ADHM construction now follows. Thus, My, parameterizes the space of in-
stantons, but in the U(k) gauge theory on noncommutative R*. This is an interesting
example of using a noncommutative deformation of a theory act as a regulator, in
this case introducing a scale into the theory.

The simplest nontrivial sector of this M(atrix)-model is the sector with longi-
tudinal light-cone momentum p; = 2/R), where Ry is the radius of the light-like
direction. It describes the scattering of two massless particles, corresponding to the
tensor multiplet, each with longitudinal, light-cone, momentum of p; = 1/R;. This is
similar to the calculations of scattering of gravitons and their supersymmetric part-
ners {45, 90, 112] in the M(atrix)-model of 10+1D M-theory. The M(atrix)-model
for the noncommutative tensor multiplet with py = 2/R; is described by quantum
mechanics on a blown-up A,-singularity. In this chapter we will study this quantum
mechanics and calculate the low energy scattering, in the quantum mechanics.

The organization is as follows. In section 5.2 we describe the leading order low-
energy limit of the noncommutative five-brane theory. That is our motivation for
.; studying the quantum mechanics on a blown-up A; singularity. In section 5.3 we
describe it in detail. In subsection 5.3.3 we calculate the s-wave scattering amplitude.

In section 5.4, we present the calculation for scattering of two scalar particles in
| field-theory, up to order O(©)2.
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5.2 Motivation: noncommutative five-brane

One motivation for studying the QM on the blown-up Aj-singularity is that it is the
M(atrix)-model for the noncommutative deformation of a free 5+1D tensor-multiplet.

We will now describe this theory at lowest order in the “noncommutativity.”

5.2.1 Free five-brane

A single five-brane is described, at low-energies, by a free tensor multiplet of N = (2,0)
supersymmetry. The bosonic fields are 5 free scalars, ¢ (I = 1...5) and a 3-form

tensor field-strength H;; with equations of motion:

1 -
Hije = -gféjumﬂlm, GuHij =0 . (5.5)

Here, indices are lowered and raised with the metric:
Nondz™dz™ = —dz} + d2? + da3 + dz3 + da? + dz? | (5.6)

and the anti-symmetric e-symbol is normalized such that: €o123¢s = +1. In particular,
we have: Hgj» = Hys. The notation [ij ... k] means complete anti-symmetrization.
Thus:

1
T'[il--iul = ? Z (—)‘T;c(l)--—ta(u)’

- GESn

The normalization is such that on 3-cycles:

/. H’.-,-gdz:,-drjdzg €2z . (5.7)
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Later on, we will need the propagator:

(k) 0)) = [ PG ) 58)

We calculate it by adding a self-dual part to Hy; and writing it as Hjj, = 30 By
with the action (see for instance [52] for details):

-ﬁ [ Hyp H* %5 . (5.9)

We then keep only the anti-self-dual part of the propagator. The result is:

18“ r S 1 3 L
Gijkamn(p) = 2 + ic Pl Py 5,-521 - Efijk”[ ‘p ])

T
+3 (esjetmn — 680,835 M o) (5.10)

9.2.2 The interacting theory

The interacting theory is described by interactions L,,,(6) that depend on a constant
" anti-self-dual 3-form O It satisfies:

1 -
Oiji = -Efijklmnehm . (5.11)
Lin; involves the fields ¢/, Hj;., the fermions and their derivatives.
To first order in O, the interactions can be described by a self-dual dimension-9
operator, Ojj, in the free theory. The interaction is §/, — 0950,
The bosonic part of the interaction turns out to be:

6L = —l—e‘f"H--,H"""Hmk + 59“‘3,»,‘,&@’3”@’ +0(©)*. (5.12)
96 b 4
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Here, H should not be confused with the critical asymptotic value of the tensor field-
strength on the five-brane in the construction of the theory from M-theory. The field
H is fluctuating and is assumed to go to zero at infinity.

At order O(0)?, the scalar fields have a quartic interaction:
-gnheﬁ*e'mai@'aj&a,«p’am@’ : (5.13)
These terms can be determined by dimensional reduction, as we will now explain.

5.2.3 Dimensional reduction to (4+1)D

If we compactify on S! of circumference 27 R, the dimensional reduction to (4+1)D
proceeds according to:

F,, =27xRH,;, @ =" F=41’R, o' =2x)%?R®'. (5.14)

To first order in 8, the 4+1D action is [81, 54]:

1 1

Livip = ?aﬂila" o' + “?F wF*
1 1

+ - 6 Fya’} Ffu - —292

o 0*F,,F"F,,
0% F,.8,6/0° ! — %0“”F,.,3,¢’8'¢‘ : (5.15)

1
7 7
Assuming that supersymmetry protects the leading interactions from loop-corrections,

~ we can obtain (5.12)-(5.13) by requiring that dimensional reduction should produce
. the latter corrections in 4+1D SYM.
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5.3 QM on a blown-up A; singularity

In this section we will describe in detail the quantum mechanics on the target space

— the blown up A;-singularity. The quantum mechanics has N” = 8 supersymmetry

e wdeo i s s dubimrr ot o e 417

and this is related to the hyper-Kahler structure on the target space. For a generic
description of QM on hyper-Kahler manifolds, see [75].

5.3.1 The geometry

As described in the first section, the M(atrix)-model of k coincident five-branes in the

B e AW . bl o il o

sector with longitudinal momentum py = N is postulated [4, 89, 20] to be described
~ by quantum mechanics on the manifold My defined by

[;Y,Xf] +[Y,Yf] +21Z-W'wW = EzIdeN

X.¥] 4 Z'W JU(N) , (5.16)
LY+

. where the group U(N) acts on the N x N complex matrices X and Y and on the kx N
} complex matrices Z and W in the natural way. For any NV and £, the trace of matrices
! X and Y is a flat four-dimensional space R* and so we can write My x = R* x Mnx.
% This flat four-dimensional part corresponds to the center-of-mass coordinates. We
| study a single five-brane, k = 1, and N = 2. The manifold My—zx_; = M is the
} blown-up A; singularity. Iﬁ must be the same as My-, k=2, as can be confirmed
explicitly. The metric is easier to obtain in the second case, for £ = 2, N = 1, when

i

| M can be embedded in C* as
Tr (At Ao;) = €26 A~e*d, (5.17)
where A is a 2 x 2 complex matrix and o; are the Pauli matrices.
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These conditions (ignoring the U(1) quotient for now) can be satisfied by param-

eterizing A as follows

coshr 0

A=¢&g , (5.18)
0 sinhr

where g is an arbitrary element of SU(2), and &, r and e are real. The induced metric
on this five-(real)dimensional manifold is given by

%‘A—) = cosh(2r) [drz + %Tt(dgfdg)] + mThl(zT) [(1 0)dg'g (%)]2
+ cosh(2r) [de + coshi(2r)(1 0)dg'y (%)]2 . (5.19)

To obtain the U(1) quotient, we must choose a function €(r, g) such that the distance
between (r,g,€(r,g)) and (r + dr,g + dg, e(r + dr, g + dg)) is minimized. This cor-
responds to choosing €(r, g) in such a way that the last term in the above equation

vanishes. Thus, the metric on M is simply

ds?|p 1 1 1\1*
? = cosh(2r) [d’l’z + E"&(dg’dg}] + m [(IO)dgfg (6)] . (5.20)

It is apparent from equation (5.17) that M is invariant under SU(2) acting on A
on the left and under U(1) acting on the right. g can be parametrized by three angles
@, ¢ and a in such a way as to make these symmetries explicit

cos(B/2)e =2 _sin(9/2)e'—>—9)2
g= : . (5.21)
sin(@ /2)ez(c+¢)/2 cos(f /2)ei(-c+o)/2

0 runs from 0 to 7, and ¢ and & run from 0 to 2x. With this parametrization we find
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" that the metric becomes

ds® = 52{ cosh(2r)dr? + —— cosh (2") — = 2(d6? + sin® 0d¢?) (5.22)

cosh?(2r) — 1
* “Zcosh(en) P~ mm’)z} '

It will be convenient to make the change of variables cosh(2r) = R? (R runs from 1

gtooo)

—52{

i
It is apparent that, for large R, M approaches flat space, namely R*/Z3. This is the

R;}-z;l(da _ cosad¢)2} . (5.23)

—(da2 + sin® 0d¢?) +

metric for the blown-up A, singularity.

For later reference, let us here record that the scalar Laplacian is

5.2{ 1, (R“R- 153)

| - [ 50 (sin60s)

v2

,,)]
4
+ Wﬁ'-—naﬁ} ’ (524

and that it is fully separable.
It is known that the manifold M is a hyper-Kahler manifold, a fact crucial to the

existence of N’ = 8 supersymmetric QM. An explicit hyper-Kahler structure for M
will now be given.
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The following

a = (R“—l)"“sin%exp(%(a-{-cb))

b = (R*-1)"*cos gexp (%(a - ¢)) (5.25)

" are good complex coordinates for M. In these coordinates, the metric is

o n —gm = (ai + bb)3 + bb
oa T T aa+ b6b)2y/(ad + bb)? + 1

; _ (a@ + bb)* +aa

9 =M = bb)2/(ag + BB + 1

| e B ___
b = Jta (a@ + bb)2\/(aa + bb)2 + 1

ab

(ad + bb)2\/(aa + bb)Z + 1

which is clearly Hermitian and easily confirmed to be Kahler, with a Kahler potential

(5.26)

K=X-tan"'X where X = (aa+bb)2+1. (5.27)

: Also, the determinant is g = 1,s0 M is Ricci-flat, since R;; = —0;0; Indet(g). The
Kahler form, Q;, is as usual (2,)5 = —(@1); = i¢;5. We have 2 more Kahler forms (2,
: and Q;, satisfying the hyper-Kahler condition g7(Qa)as(Q)rs = €ase(Qe)ss + dasgss:

' where a =1, j. Explicitly, these are (written in the complex coordinates (a, b, @, b))

(0 i 0 o) (0 1 o o)

00 0 10 0 0

(R2)as = (R)as = | (5.28)
0 00 —i 0 0 0 1
\0 0 i 0) \0 0 -1 o0/
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Later, we will need a complex structure defined as usual by
(Q2)as = —GarJ] - (5.29)

5.3.2 Quantization

The construction of the N = 8 supersymmetric algebra and its representation in a
coordinate basis presented in this section is general to any 2-(complex)dimensional
hyper-Kahler manifold. We will first construct the N’ = 4 supersymmetric quantum
algebra, following a procedure similar to that in [42], and then extent the supersym-
metry to N = 8.

The Lagrangian is obtained by dimensionally reducing the d=4, N' = 1 chiral
supergravity Lagrangian in flat space [117]. Since after dimensional reduction the
original SO(3,1) spinor indices lose their meaning, we will use SU(2) spinors, making
no distinction between dotted and undotted spinor indices. Writing SU(2) spinors on

the right and SO(3,1) spinors on the left (using the spinor conventions in [117]) we
define

xX*=x", X" = ~Xa =0 "Xa - (5.30)

The spinor products can be defined in our conventions as

VX = €ast™X’ =¥"Xa
'I;X = faﬂ’l;“xﬂ = 9%*Xa (5.31)
X = sV =VXa -
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Notice that this implies that (x*)f = X, and (xa)' = —%* which in turn gives

(xo) = —xo (x9) = —xo (x¢)t = x9 - (5.32)

Finally, following [117], €!? = —¢;2 = 1.
In this notation, the dimensionally reduced Lagrangian is

3127 . -3 i 1 i -7=
£ = g5#'F —iggid (Do) — RO X (E X))
o i t jyvei L i =il =
~ 9587 — 558 (Dex’) + 595(De0 )X — R X (EX) - (5.33)
where Dyx* = x + I, x*2" and the two forms of the Lagrangian differ only by a total

time derivative. We will use the second form, which is real.

The conjugate momenta are

oL i

P, = i 952 — §ak9f5,‘€" X
= ac -3 'i N
F = o5=07+ 531%'3)(‘?('
B N P
e = e T W
_ a i .
Tja = Fr = +3%jXa » (5.34)

and their canonical Poisson brackets are

{5, P} =6 {#,B} =4
X, ms} = —605 {5, mp} =655 . (5.35)

114



L I -

P

This system possesses fermionic constraints of the second kind

i s _ i
i =m0+ 596)(‘"' =0 ja = Tja — 59i5Xa =0, (5.36)

whose Poisson bracket is
{97, 438} = —igi;05 - (5.37)

Following standard procedure [28], we define the Dirac brackets

{o,0}p = {o,0} — {0, ¢} (o }{¢~,,o} {o. &35} ¢7,0} . (5.38)

T

Canonical quantization proceeds by substituting {o,0}p — —¢[o,0] or —i{o,0}, as
appropriate. Evaluating the Dirac brackets for all quantities, we obtain the following
algebra

[, P]=ist [£B]l=i {x*.x}=g953. (5.39)
The commutators of z; and z; with the fermions x** and ¥/ vanish. Define
] = _ i )
K = 50055 x5 K; = —5095%°%5 - (5.40)

The commutation relationships of P; and P, alone are not as relevant to what will

follow as the commutation relationships involving P + K and P + K. With some

work, it can be shown that

[(P+ K, x] =il (P+ K5 =0
(P+RK)nx =0 [(P+K) il =iz  (541)
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and that

[(P+K)i,(P+ K}l =[(P+K);(P+K)] = 0 (5.42)
[(P+K),(P+K);] = —Rguax®%® .

The (classical) Hamiltonian obtained by the standard procedure is
- _ 1 ) a:
H = ¢"(P + K)i(P + K); + 1 Rgas (X'x*) (¢ X’) (5.43)
Since R,; = g‘iRg,,,; = 0, there are no ordering ambiguities and thus (5.43) can be

simply taken to be the quantum Hamiltonian. A very important cyclic identity for

the fermionic coordinates is that

x*(¥9) +v*(dx) + 6*(x¥) =0 . (5.44)

This identity must be used with care for the quantum fermionic coordinates, since
they have non-trivial anti-commutation relationships. Nevertheless, the Hamiltonian

can be rewritten as
H = F(p+ K)i(p+ K); — 3Raa( ©)0CK) - (5.45)
The (classical) supersymm;try transformations are given by {117}
8¢z = Ex* bex™* = —i€"% — (& I - (5.46)

With some work, the Noether current can be calculated for the real form of the
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Lagrangian (5.33) to be
Jsusy = g3 Ex’ — g58'€X - (5.47)

The minus sign is related to the minus sign in equation (5.32). Defining the SUSY

generators through Jsysy = Q6. + Qo™ we obtain that
QR = 959X = (P + K)ix™® Qu =9526 = (P+K);2, . (548)

There are no ordering ambiguities when interpreting these as quantum operators.
It is now a matter of another careful computation to confirm that the Q’s satisfy
the SUSY algebra

{Q*. @} ={Qa.Qs} =0 {Q°.Qs} =63H . (5.49)

We must represent this algebra in a coordinate basis. There are 4 fermionic
coordinates and thus the Hilbert space can be written as a 2* = 16-dimensional
vector of complex functions of z and Z. Equation (5.39) suggests that we associate
P; with —i8; and P; with —ig;. Naively, this would disagree with (5.41) and (5.43).
We need to pay attention to how these partial derivatives act on the fermionic basis.

Let us begin by noticing that

[(P + K&, x2] = (P + K)x, %] =0 {x2. 2} = 653 . (5.50)
and
[(P + I—{)B X‘QI = [(P + K)fr iﬂ =0 {Xicr ikﬂ} = 5;63 . (5'51)
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Define |{) by )‘(f,l 3) = xisld) = 0. It is consistent with all commutation relationships
to write that (P + K)i[f(z,2)| V)] = (=i8:f(z,2))| 1) and (P + K)5[f(z.2)| )] =
—i05f(z,Z)| }). From the no-fermions state | ) we can construct the one-fermion
state in two ways: using X** or x§. Let [x**) = x*[1) and [x§) = x§|4) = g5x**|1)-
It can be then checked by an explicit calculation that the following is consistent with

all commutation relationships

(P+ K)ilfi(z,D)IxD)] = (—id:fi(z,2)Ix5)
(P + K)3lfia(2, D) IX*™)] = (—i85fia(z 2))IX) - (5.52)

Thus, one should think of |}) as being independent of both z and Z, of x** and x¢ as
being holomorphic functions and x§ and %32 as being antiholomorphic functions.
We can continue this procedure by defining two, three and four-fermion states
Ixx)» Ixxx) and |xxxx), and checking each time that the commutation relationships
work. The computation is made easier if one notices that the four-fermion state
Ixxxx) is the same as | 1) defined by x5| 1) = x**| 1) = 0 and that |xxx) can be
written as |[x) = x| 1). With this explicit construction, we can write the energy
eigenvalue equation H|) = EJ} as a differential equation. Notice that H commutes
with the fermion number operator x*x; and so we can write different differential
equations for each fermion number. For the no-fermions state, f|l), H|) = E|) can

be written as
—-g98:0;f(2,2) = Ef(z,2) . (5.53)

For the one-fermion states, fio(z, Z)|x**), the equation is

90285 fia + 9 T%3 fra = Eficr - (5.54)
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And, finally, for the two-fermion states, fumas(2, Z)|X™*x™?), we obtain

~0"040; famap + 99 (C%0; famas + [0 fra8) — Rubmdd™ 9™ facas

= Efamas - (5.55)

The equations for three- and four-fermion states can be obtained by analogy to (5.54)
and (5.53).

Given the tensor J defined in equation (5.29), we obtain four more supersymmetry

generators

S® = (P + R); 5 Se=(P+K)JiR, . (5.56)
These can be confirmed to satisfy N' = 8 SUSY algebra, namely
{Q*.Qs} = {S*, S5} =05 (5.57)

and

{Q*, 55} = {5=,Qs} = {@=.Q°} = {S5*.Q°} =
{5%,5°} = {Qa, Qs} = {5, @5} = {Sa. S5} = 0. (5.58)

In proving the above relationships, we need to use the properties of J: the metric is

hermitian, J is covariantly constant and the Nijenhuis tensor, N(J), vanishes.

5.3.3 Scattering

Consider the simplest scattering question - s-wave scattering of one of the scalar
particles in the low energy regime. This is described by equation (5.53), —V?f = Ef.
The Laplacian was given in equation (5.24). For s-wave scattering, f = f(R) and the
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differential equation to be solved is

TN (R‘ = 1amf(zz)) —EEf(R) . (5.59)
Let y* = £2E < 1 and define z = yR. We can then rewrite (5.59) as
Lo, (@a,f(z)) —f(z) . (5.60)

For £ <« 1/y we can treat the RHS of equation (5.60) as a small perturbation.

Keeping the solution finite at x=y, we obtain a solution as an expansion in y

) -—zzyz-i- 192 - ﬁz v® +o(®) . (5.61)
For z > y, rewrite (5.60) as
- 30 (P0uf (@) ~ S(@) = —' 50 (10:1)) - (5.62)
$3 z 4 - 13 4 -

The RHS is again a small perturbation. The solution with the RHS set to zero is the

asymptotic solution at infinity

2 Ji(yz) + aYa(yz)
Y z

(5.63)

(the factor (2/y) is for convenience only). We need to obtain the lowest order correc-

tion due to the RHS, which is —y®/24z%. The expansion in y is thus

1- 1227 + oyt ( L sy (5.64)

1 6
9216 24:2) 1ry2:r:2

Since the region of validity of the two expansions (5.61) and (5.64) in y overlaps for
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z ~ 1, they should match. We need to cancel the =2 terms in expansion (5.64), and

thus

ry®  w&E?
9% = 96

—

(5.65)

5.3.4 The SO(5) symmetry and two-particle states

The tensor multiplet on the five-brane contains 5 real scalars with an SO(5) symme-
try. This symmetry should somehow be visible in the M(atrix)-model we have just
constructed. In this section we will find the SO(5) symmetry which commutes with
the Hamiltonian and construct a real five-dimensional representation of it.

The SO(5) symmetry we are looking for contains the SO(3)q symmetry acting
naturally on the three Kahler forms ,’s, as well as the SU(2) = SO(3); symmetry
acting on the fermionic indices. Since the SO(5) symmetry is connected to the scalars,
it should act non-trivially on the states f]l), f|1) and |[x"*x™). Let us see what
is the action of the SO(3)q symmetry on the fermion vacuum states. For example,
consider using Q; + €Q; instead of 2, to define the complex coordinates (2, 5 ). The
required change of coordinates is

dz* = d2* + eg (Qp)zpd 7" dZ — dZ* + g () jadz" . (5.66)

This being just a change of variables, we know how it will act on the fermionic
variables x**

X = X + g ()55 % X + eg7 () X" - (5.67)
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The new i’s must annihilate the new vacuum, and so we infer that

1) = 143 — 3e(@a)s (e + X% 14) (5.68)

where 1,2 are concrete fermionic indices. Similarly, we obtain the action on |1)

1) = 11) - 5e(@)5 (V0" + F20%) 1), (5.69)

which can be rewritten as

1) 1) = 3e(@a)s (" + X2 14) (5.70)
if we define that
11 = Y - (5.71)

We also need

(Q2)i5 (0 + X%) 1) = (Q2)is O +x%) 1) +4e (1) +[4) - (5-72)

Repeating this calculation for the change of coordinates generated by using Q; + Q3
instead of Q;,we obtain that the following three states form a basis for a real three

dimensional representation-of SO(3)q

—\}—5 A1 +15)
;W(Qz)ij O + xX2?) 1)
% aH -1 - (5.73)

The first and third states are singlets under SO(3)s, but the second one is not - it
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is part of a triplet. Filling in the triplet gives us the complete basis for the SO(5)

representation we were after

) = 25N+
) = 55 (¢ — ) 1)
| #) = 5750 (80 + X 1)
1) = @) (XN + XM 1D
g ) = %(m—m). (5.74)

i By construction the SO(5) transformations must commute with the Hamiltonian.

This manifests itself in the fact that

H (fi(z 2)l6)) = (-V*fil2.2) |67 , (5.75)

as can be checked explicitly. All five of the scalars have the same equation of motion.
" We now know which of the 6 two-fermion states |xx) correspond to scalars and which
: to the 3-form field. The later is represented by the singlet states under SO(3), namely

by fij€aslX*®x??) where fi; = f; has three independent components as needed.

5.3.5 Relation to the M(atrix)-model

ik bbb m e

The calculation that we performed should be compared with the O(©)? scattering
' in the M(atrix)-model of the noncommutative tensor multiplet. We will not perform

the comparison in detail here, but only sketch the general picture. For the scattering

of two massless particles, there are 4 Feynman diagrams that contribute at 0(©)2.

One is from the quartic vertex (5.13) and the other contributions are from the tree
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diagrams (the s, t, u channels) with two cubic ®®H vertices as in (5.12) and an {HH]

~ propagator.
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Let us see what does this all mean for scattering of two scalar particles on the five-
brane. Let the fermionic coordinates corresponding to the center-of-mass coordinates
be denoted by % , and those corresponding to the individual particles be A** =
(x*® + ¥*)/2 and B* = (x'* — ¢**)/2. Since for scattering we are only interested
in asymptotic states, we can assume that everything happens on a flat manifold.
Now, a state of two identical scalars A and B is just [¢°)4]|¢")s where we chose a
specific direction under the SO(5). This can be rewritten in terms of the separated
coordinates x and ¢

16%)al6°) 8

LI0ADE+ 11als + (1005 + [Dal1)s)]
- %(Il)c»u)x*-lT)olT)x)+Zl)¢lscalar)x (5.76)
+ 3" Dol3-form), .

Choosing another-two particle state, we obtain

5 194l + 1Da1Ds = (1DalDe+ DAl Da)]
- -gqmmx+m¢mx)+z:t>¢lsca1ar>x (5.77)
+ 3 D)ol3-form), -

[6%)4l¢%) 8

Thus, the scattering matrix for ¥/4f — ¥/’ will bave a form

4(8*} 80" S 164 16" 8 = -%01 +02+03 (5.78)
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and that for ¥/y! — y¥iy! will be

w81 561 S 1494 165 = 501+ 02 + 03, (5.79)

where

I

oy

x(i Is“r)x = x(T [S11)x
(Z x(scalar[) S (}: Iscalar)x)
o5 = (X x(@form|) 5 (3 3-form),) (5.80)

o2

and where we have ignored the (trivial) evolution of the center-of-mass coordinates.

The answers are as we would expect: the difference (equal to 0,) between the
matrix element for ¥4/ — ¥'y! and for ¥/ — w/y’ arises to the lowest order
in the effective theory from the extra four-scalar vertex ¥/¢/%/¢”/ which is zero for
I = J. The other two pieces, o, and o3 will have different momentum behavior, as
can be seen in an explicit Feynman diagram computation.

It is interesting to see what happens in the approximation of a large impact
parameter. From the M(atrix)-model we expect a force that behaves as v?/r* where
r is the distance between the particles and v is the relative transverse velocity. In
the large impact parameter approximation, the ¢-channel dominates. From (5.10) we
see that the H-propagator behaves as ,—,‘; when there is no longitudinal momentum

transfer. The two ®®H vertices should contribute a v2.

5.4 Scattering in the field theory

In this section we will describe how to calculate the scattering in field theory. Let

us consider the scattering of two scalars to lowest nontrivial order. There are two
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contributions. One from the O(6)? quartic vertex and one from a tree diagram with
an H-field exchanged. Let us consider the amplitude

All’tt:l‘ (plv D2, D3, p4) ? (5'81)

with py + p2 =p3 + Da-
The amplitude is a sum of s, ¢, u channels and a quartic vertex:

A=A +A,+ A+ 4,4 - (5.82)
[37p3 I4rp4
I3vp3 I‘h Ps 131p3 I47p4 \/ I3vp3 [47 P4
'
> ..... < + X + E + X
Li,p; L,p» §Li,; b, p> I, bp2
[lvpl 127p2

5.4.1 The Feynman rules

The Feynman rules are as follows.

5
Hﬁ,;--< = O (e + OF (o)
PNt
,_--.p.- o 36% . rs_s‘[__l_ . ufstari
HyrHon = 3lontion (P55 — e 7'

+3 (eijklmu - 66{,76,’-52;%%%)
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The propagator is:

36« 1
(Hijk(P)Hlm(-P')) = S —7—ThiMsmln P[iP["&;&:l - -Pufijk"['tp'l 5(6)(11 —-p)
p? +ie 1 6

™ s ot]
+3 (eijklmu — 6617536} }"lfﬂmxﬂnt) 8 p-p) -

The cubic vertex is:

N L L
! AL (oup) = ﬁ&;ae‘[” (Pz)kl(h)z'*';e—x'dhue‘[’ ()" (P2): -

{ In terms of p = p, + p» and ¢ = p; — P2, We can write this as:

The quartic interaction is:
Ay = OO0 puprpups;(On00nt — OnRdnL)

+1pe©*PO9D i3 Pt (01, 130121 — O 1201514)

Let us define:

p§p1+p21 q=p — P2 r=p3—ps-

We have:
P=-¢=—*  p-q=p-r=0.

OO U NPT VST RSP DY S

1
o[[ [ze‘('qu[q‘ -

+730gO PO Dy PP Pa (01, 101215 — O1 10121 ) -

(5.83)

(5.84)

(5.85)

(5.86)

(5.87)

(5.88)
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We get A, = A’,é;l RO I, with

T T
A, = +§nc;9"°°9“" PaTsPdTe + chfe"“‘e“" PadsPdde
T T
+szﬂbeflc:9“°°9dd PaPd — I—GTM‘ TheNlef O 0% gurq

+-2%9“"‘9“" PaQsTcPadeT s + E}q:r‘ncfe“”"e“" PalsPde -
(5.89)
The t-channel is given by the same expression (5.89) with
p=ps—p, Qq=P3+h, T=Pa+p2, (5.90)
and the u-channel is given by (5.89) with:
P=pPa—P. g=Pat+h, T=p+p2. (5.91)

5.4.2 Large impact parameters

The approximation of large impact parameter corresponds to t 2> s, u. In this case
the t-channel amplitude dominates. We can Fourier transform to obtain a force that
behaves, at large distances, like %2; The H-propagator indeed generates a force that

behaves as & (because it is a harmonic function only in the transverse directions).
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In this approximation with keep only the t-channel and we set:

= _ 2 Rll - E 2 i
2! (7 p, ( 213),3"),
1
—R_Il.),
P = T+ 38 R+ 50 ),

—— -.Rll-olz

— I g RII L, 1., 1
Ps = ( v Ept 2(v+2i")vR“)'
The notation is:
pi = (Ber PioPis) » P2 =D — 2Di—Pis - (5.92)

" and Ry, is the radius of the light-like direction of M(atrix)-theory. We set:

P = (53“(6’1-’)’0)?
g = (27, Rn(if*' ﬁg) )

ro= (<25 Ry@+ ), 321 (5.93)

and assume that [p] < |7].
Following [4, 89, 20], we set the nonzero components of © to be 8+ = 6%, with

a,b=1...4 and @ is anti-self-dual on R:. We find that the amplitude is proportional

to:

32 6r
A x ——0"’1)., 0% pyv. + ——T°7Nc 6°°0% papya - (5.94)
B 7% Bp ’

After a Fourier transform with respect to P, this indeed produces a force that is
proportional to v?/r*.
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