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Abstract: Since the development of Brans–Dicke gravity, it has become well-known that a conformal

transformation of the metric can reformulate this theory, transferring the coupling of the scalar field

from the Ricci scalar to the matter sector. Specifically, in this new frame, known as the Einstein frame,

Brans–Dicke gravity is reformulated as General Relativity supplemented by an additional scalar field.

In 1959, Hans Adolf Buchdahl utilized an elegant technique to derive a set of solutions for the vacuum

field equations within this gravitational framework. In this paper, we extend Buchdahl’s method

to incorporate the cosmological constant and to the scalar-tensor cases beyond the Brans–Dicke

archetypal theory, thereby, with a conformal transformation of the metric, obtaining solutions for

a version of Brans–Dicke theory that includes a quadratic potential. More specifically, we obtain

synchronous solutions in the following contexts: in scalar-tensor gravity with massless scalar fields,

Brans–Dicke theory with a quadratic potential, where we obtain specific synchronous metrics to the

Schwarzschild–de Sitter metric, the Nariai solution, and a hyperbolically foliated solution.

Keywords: Buchdahl’s theorem; Brans–Dicke gravity; reciprocal solutions

1. Introduction

The Brans–Dicke theory [1,2], proposed by Carl Brans and Robert H. Dicke in 1961,
is an alternative to Einstein’s General Theory of Relativity (GR). It introduces a varying
gravitational “constant” by incorporating a scalar field φ alongside the tensor field gµν of
GR. The strength of the coupling between the scalar field and the metric tensor is dictated
by the Brans–Dicke parameter ω. As ω → ∞, Brans–Dicke theory approaches GR, with
the scalar field becoming less influential. The theory can be tested against observations,
such as the perihelion shift of Mercury, light deflection by the Sun, and time delay of
radar signals [3]. Constraints on ω from these tests have required ω to be very large,
making the theory increasingly similar to GR in the observed regime. However, the
Brans–Dicke framework can be generalized to Scalar-Tensor theory by allowing for more
general coupling functions and potential terms for the scalar field, thereby accommodating
a broader range of theoretical possibilities and observational phenomena (we refer the
reader to [4] for more details). This generalization enables a more flexible description of
gravitational interactions and has important implications for cosmology, particularly in
explaining the accelerated expansion of the universe and testing alternative models of
gravity (see [5,6] for details).

An interesting application to Scalar-Tensor (ST) theory is Buchdahl’s work on recip-
rocal static metrics and scalar fields within GR, which offered a profound exploration of
the mathematical structures underlying gravitational fields. In 1954, Buchdahl initiated
the study of these metrics, which exhibit a symmetry under a reciprocal transformation
of the radial coordinate [7]. He extended this analysis, in 1956, by presenting explicit
solutions to the gravitational field equations that remain invariant under these transfor-
mations [8]. Later, in 1959, Buchdahl further investigated the role of scalar fields in this
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context [9], demonstrating how these fields interact with and modify the reciprocal static
metrics. In fact, his powerful technique enabled him to construct the most general two-
parameter family of solutions of the static field equations, which was later generalized to
D-dimensions [10]. In fact, Buchdahl’s procedure produced the explicit expressions for the
solutions sought by Bergmann and Leipnik [11], who discovered a two-parameter family of
solutions, of which the Schwarzschild solutions form a one-parameter subfamily. Here, the
metric tensor and scalar field were only implicitly expressed as algebraic and logarithmic
functions of the radial coordinate r, except for special one-parameter subfamilies where
explicit expressions were obtainable. Indeed, this work collectively highlight Buchdahl’s
significant contributions to understanding the complex solutions of Einstein’s equations,
revealing the subtle relationships between scalar fields and spacetime geometry.

Buchdahl’s work has inspired much research over the years [12–31] (we refer the
reader to [32] for a recent review). Here, we extend Buchdahl’s method to incorporate the
cosmological constant, thereby, with a conformal transformation of the metric, obtaining
solutions for a version of Brans–Dicke theory that includes a quadratic potential. We
also devise an application of the Buchdahl reciprocity mechanism to derive solutions
of Brans–Dicke theory with a stiff matter content, conveyed by a massless scalar field.
This constitutes a novel realization of the Buchdahl’s correspondence between solutions
overcoming the restriction to vacuum settings.

This paper is organized in the following manner: In Section 2, we introduce the
fundamental concepts of conformal transformations, synchronous metrics, and Buchdahl’s
reciprocity procedures. In Section 3, we extend Buchdahl’s technique in the presence of a
cosmological constant, and find a one-parameter set of static solutions. In Section 4, we
consider specific applications, namely, to scalar-tensor gravity with massless scalar fields,
to Brans–Dicke theory with a quadratic potential, where we obtain specific synchronous
solutions to the Schwarzschild–de Sitter metric, the Nariai solution, and a hyperbolically
foliated solution.

2. Symmetries of Nested Conformal Transformations

2.1. Conformal Transformation

Consider a given metric ḡab supposedly a solution of Einstein’s field equations. Con-
sider that it transforms under the following rescaling:

ḡab −→ gab = Ω
2 ḡab , (1)

where Ω is a regular (analytic) function of the space-time coordinates. We are introducing a
scaling which may vary from point to point, and as a consequence, the relevant geometric
quantities involved in the gravitational theory are modified. The connections become

Γ
a

bc = Γ̄
a
bc + δa

b∂c(log Ω) + δa
c ∂(log Ω)− gbc∂a(log Ω) . (2)

It is immediately apparent that the scalar function involved in the definition of the
conformal transformation induces the presence of an additional term in the transformed
connection. We write

Γ
a

bc = Γ̄
a
bc + γa

bc , (3)

and this carries to the Ricci tensor in the following manner:

Rab = R̄ab + Pab , (4)



Symmetry 2024, 16, 881 3 of 16

where the Pab tensor is the “Ricci” tensor constructed from the connection γa
bc. The form

of this extra D-dimensional Ricci tensor is [33]

Pab = −(D − 2)∇a∇b log Ω − gab∇c∇c log Ω

+(D − 2)∇a log Ω∇b log Ω (5)

−(D − 2)∇c log Ω∇c log Ω ,

where the trace P yields

P ≡ Pa
a = Ω

−2 R̄ − Ω
−2
[

2(D − 2)∇a∇a log Ω

−(D − 2)(D − 1)∇a log Ω∇a log Ω

]

. (6)

From the conformal transformation (1), there is no prescription for transforming
objects such as scalar fields, vectors, or general tensors. However, it seems appropriate to
assume that these objects will undergo scale transformations similar to (1), such as

ψ −→ ψ̄ = Ω
s ψ , (7)

or
Tab −→ T̄ab = Ω

p Tab . (8)

Using these elements, we obtain for the transformed Einstein field equations the
following expression:

Rab −
1

2
gab R = R̄ab −

1

2
gab R̄ − (D − 2)[∇a∇b log Ω − gab ∇c∇c log Ω]

−∇a log Ω∇b log Ω
3 − D

2
gab ∇c log Ω∇c log Ω . (9)

where Rab − 1
2 gab R = 8πG Tab.

2.2. Synchronous Metric

Consider the synchronous metric, with D = 4:

ds2 = −dt2 + γijdxidxj , (10)

with i, j,= 1, 2, 3. The non-trivial components of the connection are given by

Γ
0

ij =
1

2
∂0γij ≡ 2Kij

Γ
i
0j =

1

2
γik ∂0γkj = 2Ki

j (11)

Γ
i
jk =

1

2
γim

(

∂jγmk + ∂kγjm − ∂mγjk

)

≡ Λ
i
jk ,

where Kij is the extrinsic curvature. From these we derive the Ricci tensor:

R0
0 = −1

2

∂

∂t
K j

j −
1

4
K j

mKm
j (12)

R0
j =

1

2

(

∇mKm
j −∇jK

m
m

)

(13)

Ri
j = ∗Ri

j −
1

2
√

γ

∂

∂t

(√
γKi

j

)

(14)

and ∗Ri
j is the 3-dimensional Ricci tensor associated with the metric induced on the spatial

hypersurfaces γjk. γ is its determinant.
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Thus, if the metric is static, an isometry exists, characterized by a time-like Killing
vector orthogonal to the spatial hypersurfaces. Then γjk does not depend on the time

coordinate t, so that, on the one hand, Kij = 0, and on the other, we have R0
0 = 0, and

Ri
j =

∗Ri
j. This implies that R = ∗R. It follows that, if both Ra

b = 0 and R = 0, so are
∗Ri

j = 0 = R = ∗R. In other words, if the metric ḡab describes a vacuum solution, so
does γij.

2.3. Buchdahl’s Reciprocity

The idea underlying Buchdahl’s reciprocity can then be perceived in the following
way. If we consider a metric gab that has the form

gab = diag
(

eν(r), hab(r, θ, ψ)
)

, (15)

the line element can be cast as

ds2 = eν(r)
(

−dt2 + e−ν(r) hab(r, θ, ψ)dxadxb
)

= eν(r)
(

−dt2 + γij dxidxj
)

, (16)

where γij = e−ν(r) hab(r, θ, ψ) is independent of the time coordinate.
Therefore, if the synchronous metric were to be a solution of Einstein’s vacuum field

equations, and gab is the conformal rescaling of the latter synchronous metric, with

Ω
2(r) = eν(r) , (17)

then from Equation (1), we verify that gab is the solution of the vacuum, plus a scalar field,
which coincides with the re-scaling factor Ω.

One question that is interesting to address is how this result can be understood in
terms of symmetries. When the synchronous metric (10) describes a static vacuum solution,
then it admits, as mentioned above, a time-like Killing vector that is orthogonal to the
hypersurfaces endowed with the metric γij. The Killing vector Xa satisfies the equation

∇̄aXb + ∇̄bXa = 0 , (18)

where ∇̄a = hb
a ∇b is the projected ∇ operator onto the spatial part of gab. The conformal

transformation preserves angles; hence, if the Killing field is orthogonal to γij, it will also
be orthogonal to hab.

Thus, the objective here is to analyze how the Killing vector field is transformed from
one conformally related metric to the other, in order to assess whether a scalar field that is
a Killing of one of the metrics is also a Killing of its image under the conformal transforma-
tion. Furthermore, we will explore the cosmological constant in this context, and extend
Buchdahl’s result to the scalar-tensor cases beyond the Brans–Dicke archetypal theory.

3. Solutions from Buchdahl’s Method with Λ

To obtain solutions to the field equations, consider the following Lagrangian given by

L = R − 2Λ − µgab∂aψ∂bψ , (19)

where R is the Ricci scalar of the 4-dimensional metric gab, µ is a constant parameter, and ψ
is a scalar field. In the following, we will deduce in detail Buchadahl’s method carried out
in [9], with the inclusion of the cosmological constant Λ.
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3.1. Buchdahl’s Method

To start, consider a metric gab, with signature (−,+,+,+), that has a cyclic coordinate
xs such that

∂sgab = 0 , gks = 0 , (20)

where k, l = (0, 1, 2, ..., s − 1, s + 1, ..., D ≥ 3). With this defined, consider now the following
line element:

ds2 = gss(dxs)2 + ĝkldxkdxl , (21)

which can be written in the following compact notation:

gab ≡ (gss, ĝkl) , (22)

where gss is associated with the cyclic coordinate (xs), which in our case is considered
to be the time coordinate x0; ĝkl is a 3-dimensional metric, of the Riemann space M̂3,
independent of the xs-coordinate.

Without loss of generality, one can consider ĝkl = e2σgkl . More specifically, ĝkl is
conformal to the gkl metric, with the Riemann space M̂3 being conformal to the Riemann
space M3, where σ is a scalar function that is independent of the cyclic coordinate. In
the same line of thought, one can define g00 = −e2γ where γ is also a scalar function
independent of the cyclic coordinate. In this way, gab can be written as

gab =
(

−e2γ, e2σgkl

)

= e2γ
(

−1, e2ωgkl

)

= e2γ ḡab , (23)

where
ḡab =

(

−1, e2ωgkl

)

= (−1, ḡkl) , (24)

with ω = σ − γ. The ḡkl metric is the conformal metric of gkl associated with e2ω, whose
space is the Riemann space M̄3, which is conformal to the Riemann space M3.

As verified in Section 2, in the presence of a rescaling of the metric, there is a relation-
ship between the Ricci scalar of the original metric, gab (R[gab]), and the Ricci scalar of the
transformed metric, ḡab (R[ḡab]), as seen in Equation (6). This transformation leads to the
following relation:

R[gab] = e−2γ
{

R̄[ḡab] + 6□̄γ + 6ḡab∂aγ∂bγ
}

, (25)

where □̄ is the d’Alembert operator defined as □̄ ≡ ḡab∇̄a∇̄b. Due to γ being independent
of the time coordinate, and taking into account Equation (24), the covariant derivatives
present in the d’Alembert operator ḡab∇̄a∇̄b reduces to ḡkl∇̄k∇̄l , where ∇̄ are the covariant
derivatives with respect to the metric ḡab. Thus, Equation (25) can be written as

R[gab] = e−2γ
{

R̄[ḡab] + 6ḡkl∇̄l∇̄kγ + 6ḡkl∂kγ∂lγ
}

. (26)

Due to the synchronous nature of the metric (24), which can be rewritten as

ds2 = −dt2 + ḡkl dxkdxl , (27)

if ḡkl does not depend on the isolated coordinate, xs, then the Ricci scalar associated with
the metric ḡab is equal to the one associated with ḡkl , as seen in the previous section. With
this equality, one can write the Ricci scalar associated with gab in terms of the Ricci scalar
associated with gkl . From Equation (6), this relation is given by

R̄[ḡab] = R̄[ḡkl ] = e−2ω
{

R[gkl ] + 2gkl∇l∇kω + 2gkl∂kω∂lω
}

, (28)
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allowing one to rewrite Equation (26) as

R[gab] = e−2γ−2ω
{

R[gkl ] + 2gkl∇l∇kω + 2gkl∂kω∂lω + 6gkl∇l∇kγ + 6gkl∂kγ∂lγ
}

. (29)

To simplify this relation, it is essential to recognize that there are two distinct covariant
derivatives at play with respect to γ: one associated with the metric ḡkl , ∇̄l∇̄kγ, and
another related to the metric gkl , ∇l∇kω (where ω = σ − γ). Therefore, in order to simplify
the expression for the Ricci tensor, we must express ∇̄l∇̄k in terms of ∇l∇k. Given that
∇̄kγ = ∇kγ = ∂kγ, and considering the conformal relationship between the metrics as
described in Equation (3), one can write

∇̄l∇̄kγ = ∂l∂kγ − Γ̄
i
kl∂iγ

= ∂l∂kγ − Γ
i
kl∂iγ − δi

k∂lω∂iγ − δi
l∂kω∂iγ + gkl g

im∂mω∂iγ (30)

= ∇l∇kγ − δi
l∂kω∂iγ + gkl g

im∂mω∂iγ .

Reintroducing this new expression in Equation (29) and using the definition of ω, the final
result is given by

R[gab] = e−2σ
{

R[gkl ] + 2gkl(2∇l∇kσ +∇l∇kγ + ∂kσ∂lγ + ∂kσ∂lσ + ∂kγ∂lγ)
}

. (31)

Working with conformal transformations, the determinant of the metric gab can be
expressed as a conformal factor times the determinant of the gkl metric. Thus,

√

−|gab|, a
tensor density of weight 1, can be related to

√

−|ḡab| in the following way:

√

−|gab| = (eγ)D
√

−|ḡab| = e4γ
√

|ḡab| . (32)

Due to the way that the metric ḡab is constructed, one has
√

−|ḡab| =
√

−|ḡkl |, so that,
due to conformal relation between the metric ḡkl and gkl , this can be expressed as

√

−|ḡab| =
√

−|ḡkl | = e3ω
√

|gkl | , (33)

allowing one to rewrite Equation (32) as

√

−|gab| = e3σ+γ
√

−|gkl | . (34)

Multiplying Equation (31) by
√

−|gab|, one obtains that the gab metric has a scalar
curvature density R (R

√

−|gab|) given by

R = eγ+σ
√

−|gkl |
{

R[gkl ] + 2gkl(2∇l∇kσ +∇l∇kγ + ∂kσ∂lσ + ∂kσ∂lγ + ∂kγ∂lγ)
}

. (35)

Considering now that both γ and σ are functions of a scalar ϕ(xk) (that is independent
on the cyclic coordinate), one obtains

R = eγ+σ
√

−|gkl |
{

R[gkl ] + 2gkl
[

(2σ′ + γ′)∇l∇k ϕ

+
(

2σ′′ + γ′′ + σ′2 + γ′2 + σ′γ′
)

∂k ϕ∂l ϕ
]}

, (36)

where the prime represents a derivative with respect to ϕ. With the variational principle
being the primary tool for our deduction, it is useful to express this scalar curvature
density in terms of an ordinary divergence, which does not contribute to the field equations.
Following the same reasoning, it can be asserted that discrepancies originating from the
parameter R may be disregarded, given their non-contribution to the field equations
whenever R assumes an additive role within the Lagrangian framework.
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The reduction is made possible by the exponential eσ(ϕ)+γ(ϕ) in the following way:

∇l∇keσ(ϕ)+γ(ϕ) =
{

(

σ′ + γ′)∇l∇k ϕ +
(

σ′′ + γ′′ + (σ′ + γ′)2
)

∂k ϕ∂l ϕ
}

eσ(ϕ)+γ(ϕ) , (37)

which can be written as

(∇l∇k ϕ) eσ(ϕ)+γ(ϕ) =
∇l∇keσ(ϕ)+γ(ϕ)

(σ′ + γ′)
−
[

σ′′ + γ′′

σ′ + γ′ + (σ′ + γ′)
]

∂k ϕ∂l ϕ eσ(ϕ)+γ(ϕ) . (38)

The factor in square brackets on the right-hand side, when multiplied by the metric gkl , is
only an ordinary divergence if the σ′ + γ′ term is a constant. This means that σ′ and γ′

must be constant, which implies that σ and γ are linear in ϕ, so σ′′ = 0 and γ′′ = 0, so that
we have

(∇l∇k ϕ)eσ(ϕ)+γ(ϕ) = ∇l∇k

(

eσ(ϕ)+γ(ϕ)

(σ′ + γ′)

)

− (σ′ + γ′)∂k ϕ∂l ϕ eσ(ϕ)+γ(ϕ) . (39)

Introducing this expression in Equation (36) leads to

R = eγ+σ
√

−|gkl |
{

R[gkl ]− 2gkl
(

σ′2 + 2σ′γ′)∂k ϕ∂l ϕ
}

+gkl∇l∇k

[(

2 +
(2σ′)

(σ′ + γ′)

)

eσ(ϕ)+γ(ϕ)

]

.
= eγ+σ

√

−|gkl |
{

R[gkl ]− 2gkl
(

σ′2 + 2σ′γ′)∂k ϕ∂l ϕ
}

, (40)

where
.
= represents an equality between two expressions that only differ from an ordinary

divergence. Without the possibility to remove such a divergence, it is not possible to
construct this method because the curvature density does not end up in a way that allows
one to build a relation with the Lagrangian in Equation (19).

Considering that σ = αϕ and γ = (1− α)ϕ, the previous equation can be reformulated
as

R(α)
.
= eϕ

√

−|gkl |
{

R[gkl ]− 2gkl
(

α(2 − α)
)

∂k ϕ∂l ϕ
)

}

, (41)

which for α = 0 reduces to

R(0)
.
= eϕ

√

−|gkl |{R[gkl ]} , (42)

allowing one to rewrite Equation (41) as

R(α) + 2gkl
(

α(2 − α)
)

∂k ϕ∂l ϕ
.
= R(0) , (43)

so that
∫

d4x

[

R(α) + 2eϕgkl
√

−|gkl |
(

α(2 − α)
)

∂k ϕ∂l ϕ
)

]

≡
∫

d4x R(0) , (44)

for all variations of gkl and ϕ that vanish at the boundary.
In Buchdahl’s work, it is imposed that (−e2ϕ, gkl) (gab metric, from Equation (23), with

α = 0) is a static solution of the field equations for empty space. This renders the right side
of the previous equation equal to zero, allowing one to derive the solutions for the field
equations obtained from the Lagrangian

L = R − µgab∂aψ∂bψ , (45)

leading to the result from [9].
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3.2. Buchdahl’s Method with Λ

To obtain the solutions for the field equations derived from the Lagrangian given in
Equation (19) using Buchdahl’s method, it is essential to introduce two key steps in the
derivation process. The first step consists in subtracting

∫

d4x 2Λ
√

−|gab| from both sides
of Equation (44), resulting in

∫

d4x

[

R(α) + 2eϕgkl
√

−|gkl |
(

α(2 − α)
)

∂k ϕ∂l ϕ
)

− 2Λ

√

−|gab|
]

=
∫

d4x

[

R(0)− 2Λ

√

−|gab|
]

, (46)

for all variations of gkl and ϕ that vanish at the boundary. As in the previous case, it is
necessary to render the right side of the equation equal to zero. However, by introducing
the new term, the second step needed to obtain the solutions desired is to impose the
condition that the (gkl , e2ϕ) metric must be a static solution of the field equations

Rab = Λgab , (47)

instead of the vacuum solutions, therefore making the right-hand side of Equation (46)
equal to zero. Thus, Equation (46) becomes

∫

d4x

[

R(α) + 2gkleϕ
√

−|gkl |
(

α(2 − α)
)

∂k ϕ∂l ϕ
)

− 2Λ

√

−|gab|
]

= 0 , (48)

which, by using Equation (34), can be written as

∫

d4x
√

−|gab|
[

R(α)− 2Λ + e−2αϕgkl
(

2α(2 − α)
)

∂k ϕ∂l ϕ
)

]

= 0 . (49)

One must keep in mind that the field equations that arise from Equation (19) will be
satisfied by the functions gab (gab ≡ (′gkl ,

′ g00)) and ψ if

∫

d4x
√

−|gab|
[

R − 2Λ − µgab∂aψ∂bψ
]

= 0 , (50)

for arbitrary variations that disappear at the boundary. By comparing Equation (49) with

Equation (50), it is clear that by considering ′gkl = e2αϕgkl ,
′g00 = −e2(1−α)ϕ, ϕ = ψ

2κ , where

κ is an arbitrary constant and α = (1 ±
√

1 + 2µκ2) by Equation (49), the condition (50)
is satisfied.

With this result, one concludes that the field equations from the Lagrangian (19) have
a one-parameter set of pairs of static solutions given by

gab =
(

−(−g00)
1−α, (−g00)

αgkl

)

, (51)

ψ = κ ln(−g00) , (52)

α = 1 ±
√

1 + 2µκ2 , (53)

respectively. The metric gab of Equation (19) is a solution of the field equations of the action
defined by this Lagrangian, and g00 and gkl are the components of the metric, which is a
solution of the field Equation (47). These static solutions remain valid for the field equations
derived from (45), contingent upon the condition that the metric with the components g00

and gkl satisfies the vacuum Einstein field equations.
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4. Applications

4.1. Scalar-Tensor Gravity Theory

As previously exposed, an appropriate conformal transformation of the space-time
metric has the ability to map the ST theory onto GR, plus a scalar field that is coupled to
matter. If we consider a vacuum configuration, this means that the ST, and in particular the
Brans–Dicke solution, is applied into GR plus a single scalar field, which happens to be
the redefinition of the scalar field that originally couples to the curvature of the spacetime.
We say that we have transformed the theory from the original Jordan frame to a target
Einstein frame.

Thus, Buchdahl’s result on reciprocal static metrics [9] conveys a simple correspon-
dence between vacuum solutions from two alternative gravity theories, namely the ST and
GR theories. Indeed, as it establishes the correspondence between a vacuum GR solution
and a reciprocal GR solution with a massless scalar field, the latter can be interpreted as the
Einstein frame representation of a vacuum Brans–Dicke solution [34] in the Jordan frame.
If we have a solution of vacuum GR, we can use the latter device based on the conformal
rescaling to generate a solution of the ST theory.

The generalized Brans–Dicke scalar-tensor field equations are obtained from the
action [3,35]

S =
1

16π

∫

d4x
√

−g

[

φR − ω(φ)

φ
∂aφ∂bφ + 16πLm

]

, (54)

where R is the Ricci curvature scalar of the spacetime associated with the gab metric, φ is the
Brans–Dicke scalar field, ω(φ) is the coupling parameter, and Lm represents the Lagrangian
for the matter sector.

Varying the action (54) with respect to the two dynamical variables gab and φ leads to

Rab −
1

2
gabR = 8π

Tab

φ
+

1

φ
(∇a∇bφ − gab□φ) +

ω(φ)

φ2

(

gc
agd

b −
1

2
gabgcd

)

∂cφ∂dφ , (55)

and

□φ =
1

2ω(φ) + 3

(

8πT − gcd∂cω∂dφ
)

, (56)

respectively, where T ≡ Ta
a is the trace of the energy–momentum tensor of the matter

defined as

Tab =
2√−g

∂

∂gab
(
√

−gLm) . (57)

It is known that a theory featuring a gravitational coupling that fluctuates, such as ST
gravity, can be seen as being equivalent to another theory where the gravitational coupling
remains constant, but masses and lengths exhibit variation [2]. This equivalence can be
demonstrated mathematically through the utilization of a conformally rescaled metric. By
considering the following conformal transformation [36]

ĝab =
φ

φ0
gab , (58)

where φ0 is an arbitrary constant introduced to keep the conformal factor dimensionless,
the action from Equation (54) becomes

S =
1

16π

∫

d4x
√

−ĝ

[

1

φ0
R̂ + 16π

(

−1

2
∂aψ∂bψ +

(

φ0

φ

)2

Lm

)]

, (59)

where we introduce a new scalar field ψ(φ) defined by

dψ =

√

φ0
(3 + 2ω(φ))

16π

dφ

φ
, (60)
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With this transformation and considering φ0 ≡ G−1, the action (54) is reduced simply to
the Einstein–Hilbert action of GR with a scalar field, being called the Einstein frame, while
Equation (54) is denoted by the Jordan frame.

4.2. Scalar-Tensor Gravity Plus a Massless Scalar Field

In the Jordan frame, when the content of the matter Lagrangian is a massless scalar-
field such as

Lm = −1

2
∂aχ∂bχ , (61)

that has the wave equation
□χ = 0 . (62)

The conformal transformation to the Einstein frame leads to a composite Lagrangian
for the matter massless scalar field and the transformed scalar-field given by

Lφ+χ = −1

2
ĝab

(

∂aχ∂bχ

Gφ
+ ∂aψ∂bψ

)

= −1

2
ĝab

(

∂aχ∂bχ

Gφ
+

3 + 2w(φ)

16πG

∂aφ∂bφ

φ2

)

. (63)

If the fields are a function of a single variable, which is a condition imposed by
spherical symmetry or homogeneity, then χ can be written as a function of φ, allowing one
to define the composite scalar

dϕ =

√

3 + 2ω̃(φ)

16πG

dφ

φ
, (64)

where

ω̃(φ) = ω(φ) + 8πφ

(

dχ

dφ

)2

. (65)

Therefore, the action of this ST theory in the Einstein frame is

S =
1

16πG

∫

d4x
√

−|ĝ|
[

R̂ + 16πG

(

−1

2
ĝab∂a ϕ∂b ϕ

)]

. (66)

It is important to emphasize that the Einstein metric should constitute a solution for
the massless field/stiff fluid. In other words, solving the field equations for the massless
scalar, we have [37,38]

□̂χ = ĝab ∂aφ∂bχ

φ
. (67)

These results establish a relationship between a ST theory with matter in the Jor-
dan frame and a corresponding vacuum conformal scalar-tensor theory in the Einstein
frame. This conclusion aligns with the demonstration in [36], which showed that, within
a Friedmann-Lemaître-Robertson-Walker (FLRW) cosmological description, assuming a
perfect fluid described by the barotropic equation of state p = (γ − 1)ρ, the specific case
where γ = 2, corresponding to stiff matter (characterized by the long wavelength modes of
a massless scalar field), exhibits an equivalence to the vacuum case.

Thus, it is possible to map a solution from the Einstein frame to the Jordan frame, even
in the presence of matter in the latter. (An alternative derivation of scalar-tensor solutions
with a massless field was done in [38].) Applying the result of Equation (52) within the
framework of a spherically symmetric metric, which satisfies the vacuum field equations of
GR, inherently ensures that the scalar fields are functions of a single variable. Consequently,
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this allows for the derivation of an expression for the composite scalar field that is solely
dependent on the metric used, given by

ϕ = κ ln(−g00) . (68)

In the scenario where ω̃ is constant, the composite scalar χ is given by the differen-
tial equation

dχ

dθ
= ±

√

ω̃ − ω(φ)

8πφ
, (69)

and, in conjunction with Equations (64) and (68), leads to

φ = (−g00)
κ
√

16πG/3+2ω̃ . (70)

Furthermore, if the coupling parameter ω(φ) of the Jordan frame is constant, denoted
as ω0, then Equation (69) simplifies to

χ = ±2ηφ
1
2 , (71)

where η is

η ≡
√

ω̃ − ω0

8π
. (72)

In addition, as shown in [37], the relation of the massless scalar field and the original
scalar-field encodes two interacting stiff fluids that have a dynamical effect of a single
perfect stiff fluid; in other words,

ρ = ρχ + ρφ , (73)

with parallel velocities, u = uχ = uφ (condition satisfied if χ is a function of φ), and

pχ = ρχ =
1

2

∣

∣

∣

∣

ĝab ∂aχ∂bχ

Gφ

∣

∣

∣

∣

, (74)

pφ = ρφ =
1

2

∣

∣

∣

∣

ĝab 3 + 2w(φ)

16πG

∂aφ∂bφ

φ2

∣

∣

∣

∣

. (75)

With the previous results for φ and χ for the case of ω̃ and ω constant, the perfect stiff
fluid is an energy density given by

ρ =
1

2

(∣

∣

∣

∣

η2

G

∂aφ∂bφ

φ2

∣

∣

∣

∣

+

∣

∣

∣

∣

3 + 2ω

16πG

∂aφ∂bφ

φ2

∣

∣

∣

∣

)

, (76)

where φ is given by Equation (70).

4.3. Brans–Dicke Theory with a Quadratic Potential

The scalar-tensor field equations for the Brans–Dicke theory with a potential are
obtained from the action

S =
1

16π

∫

d4x
√

−g

[

φR − ωBD

φ
∂aφ∂bφ − 2V(φ)

]

+ SM , (77)

where R is the Ricci curvature scalar of the spacetime associated with the gab metric, φ is the
Brans–Dicke scalar field, ωBD is the dimensionless Brans–Dicke coupling constant, V(φ) is
a scalar field potential, and SM is the action for the matter sector.

Varying the action (77) with respect to the two dynamical variables gab and φ leads to

Rab −
1

2
gabR = 8π

Tab

φ
+

1

φ
(∇a∇bφ − gab□φ) +

ωBD

φ2

(

∂aφ∂bφ − 1

2
gab∂cφ∂cφ

)

− gab

φ
V(φ) , (78)
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and

2ωBD
□φ

φ
− ωBD

φ
gab∂aφ∂bφ + R = 2

∂V

∂φ
, (79)

respectively.
Using the conformal transformation given by Equation (58) and considering a vacuum,

the action (77) takes the form

S =
φ0

16π

∫

d4x
√

−ĝ

{

R̂ − 8π

φ0
∂aψ∂bψ − U(ψ)

}

, (80)

where we introduce a new scalar field ψ(φ) defined by

dψ =

√

φ0
(3 + 2ωBD)

16π

dφ

φ
, (81)

and where

U(ψ) =
2Vφ3

0

φ2
. (82)

Once again considering φ0 = G−1, the action (77) is reduced to the Einstein–Hilbert
action of GR plus a scalar field.

Considering V(φ) = Λ
φ2

φ3
0

leads to

S =
1

16πG

∫

d4x
√

−ĝ
{

R̂ − 2Λ − 8πG ∂aψ∂bψ
}

, (83)

which is the action (19) with µ = 8πG (a different definition of the scalar ψ, due to different
units for example, leads to a different value for the µ constant) that has a set of static
solutions (51) and (52) for the field equations that arise from varying the action with respect
to ĝab and ψ.

Therefore, the static solutions for the field equations obtained from Equation (77) with

V(φ) = Λ
φ2

φ3
0

are related with the ones from Equation (83) by the conformal factor leading to

gab =
(

−φ0(−ḡ00)
1−α− κ

β , φ0(−ḡ00)
α− κ

β ḡkl

)

, (84)

φ = (−ḡ00)
κ
β , (85)

α =
(

1 ±
√

1 + 16πGκ2
)

, (86)

where gab = (g00, gkl) is the static metric that is the solution of the vacuum field equations

derived from Equation (77) with V(φ) = Λ
φ2

φ3
0

, ḡ00 and ḡkl are the components of the

static metric ḡab = (ḡ00, ḡkl), which must be a solution of the field Equation (47), and

β =
√

φ0
(3+2ωBD)

16π , which depends on the value of ωBD.

4.3.1. The Schwarzschild–de Sitter Metric

A case of particular interest is the known Schwarzschild–de Sitter metric [39], de-
scribed by the line element

ds2 = −
(

1 − 2m

r
− Λ

3
r2

)

dt2 +

(

1 − 2m

r
− Λ

3
r2

)−1

dr2 + r2dΩ
2 . (87)
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Thus, by Equations (84) and (85), a solution of the field Equations (78) and (79), with

V(φ) = Λ
φ2

φ3
0

(with φ0 = 1), is given by

ds2 = −
(

1 − 2m

r
− Λ

3
r2

)1−α− κ
β

dt2 +

(

1 − 2m

r
− Λ

3
r2

)1+α− κ
β

dr2

+

(

1 − 2m

r
− Λ

3
r2

)α− κ
β

r2dΩ
2 , (88)

and

φ =

(

1 − 2m

r
− Λ

3
r2

)
κ
β

. (89)

4.3.2. The Nariai Solution

Another special case is the neutral Nariai solution given by [40]

ds2 = Λ
−1
(

− sin2(χ)dτ2 + dθ2 + dχ2 + sin2(θ)dψ2
)

, (90)

where θ and χ both run from 0 to π, and ψ has period 2π. For this metric, by choosing τ as
the cyclic coordinate, the set of solutions is

ds2 = −
( sin(χ)

Λ

)1−α− κ
β

dτ2 + Λ
−1−α+ κ

β

(

sin(χ)
)α− κ

β
(dθ2 + dχ2 + sin2(θ)dψ2) , (91)

and with

φ =
( sin(χ)

Λ

)
κ
β

. (92)

4.3.3. Hyperbolically Foliated Solution

It is also possible to apply the present extension of Buchdahl’s result to hyperbolically
foliated spacetimes. For instance, consider the metric given by

ds2 = −eµ(r) dt2 + eλ(r) dr2 + r2 (du2 + sinh2 u dv2) , (93)

where the usual 2−d spheres are replaced by pseudo-spheres, dσ2 = du2 + sinh2 u dv2,
that are surfaces of negative, constant curvature [41–44]

In the presence of the cosmological constant Λ, the general relativistic solution is

eµ(r) = e−λ(r) =

(

Λ

3
r2 +

2µ

r
− 1

)

, (94)

where µ is an integration constant. Notice that this solution extends the one referred to as
degenerate solutions of class A [43–45].

The scalar-tensor generalization of the metric (93) then becomes

ds2 = −
(

Λ

3
r2 +

2µ

r
− 1

)B

dt2 +

(

Λ

3
r2 +

2µ

r
− 1

)−B

dr2 (95)

+

(

Λ

3
r2 +

2µ

r
− 1

)1−B

r2 (du2 + sinh2 u dv2) ,

ϕ(r) =

√

C2(2ω + 3)

16π
ϕ0 ln

(

2µ

r
− 1

)

, (96)

where

C2 =
1 − B2

2ω + 3
− 1 ≤ B ≤ 1 . (97)
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This clearly reduces to the GR limit when B = 1, and hence C = 0, implying that G = Φ
−1

is constant. This solution like the previous ones also exhibits two branches corresponding
to C = ±{(1 − B2)/(2ω + 3)}1/2.

As noted in [46], the r = 2µ limit represents a true singularity, rather than just a
coordinate singularity, which is evident from the analysis of the curvature invariants. In
the spherically symmetric case, it was shown in [46] that the singularity at r = 2µ manifests
as a point, causing the event horizon of the black hole to shrink to a point. In the Einstein
frame, this occurs because the energy density of the scalar field diverges. In the scenario
under consideration, the r = 2µ condition now corresponds to the areal radius of the

pseudo-spheres, R = (2µ/r − 1)(1−B)/2, r, which become zero.
Reverting ϕ =

∫ √

Φ0(2ω + 3)/(16π)d ln(Φ/Φ0), and the conformal transformation,
gab = (Λ

3 r2 + 2µ/r − 1)−C g̃ab, we can recast this solution in the original frame in which
the scalar-field is coupled to the geometry and the content is a vacuum, i.e., the Jordan
frame. We derive the following solution

Φ(r) = Φ0

(

Λ

3
r2 +

2µ

r
− 1

)C

, (98)

and

ds2 = −
(

Λ

3
r2 +

2µ

r
− 1

)B−C

dt2 +

(

Λ

3
r2 +

2µ

r
− 1

)−B−C

dr2

+

(

Λ

3
r2 +

2µ

r
− 1

)1−B−C

r2 (du2 + sinh2 u dv2) . (99)

The gravitational constant G = Φ
−1 decays from an infinite value at r = 0 to a vanishing

value at r = 2µ when C > 0, and conversely, grows from zero at r = 0 to become infinite at
r = 2µ, when C > 0.

5. Summary and Discussion

The Brans–Dicke theory, introduced in 1961, modifies GR by incorporating a scalar
field φ alongside the tensor field gµν, and can be extended to the Scalar-Tensor (ST) theory
by allowing for more general coupling functions and potential terms. This extension pro-
vides a more flexible framework for describing gravitational interactions and has significant
implications for cosmology. A notable application of ST theory is Buchdahl’s work on
reciprocal static metrics and scalar fields within GR. Buchdahl’s studies from the 1950s
explored metrics with symmetry under reciprocal transformations, providing explicit solu-
tions to the gravitational field equations. His techniques were instrumental in constructing
a two-parameter family of solutions, including the Schwarzschild solutions as a special
case, revealing intricate relationships between scalar fields and spacetime geometry.

Buchdahl’s contributions have inspired extensive research over the years, and in
this work, we have extended Buchdahl’s method to include the cosmological constant
and applied it to scalar-tensor cases beyond the traditional Brans–Dicke theory. More
specifically, through a conformal transformation of the metric, we obtained new solutions
for a version of Brans–Dicke theory incorporating a quadratic potential. We have also
relaxed the application of Buchdahl’s reciprocity to solutions of scalar-tensor theories that
are not constrained to a vacuum, and include a minimally coupled massless scalar field in
the Jordan frame. The latter is equivalent to a stiff matter component and hence may be
seen as an extension of Buchdahl’s method of generating scalar-tensor solutions.

In future research, we will further explore these extensions and physical issues that
emerge in scalar vacuum solutions [47]. In particular, we will investigate in greater detail
the solutions, as well as case studies that were here presented mainly as illustrations. A
more specific and complete analysis of each class of solutions was beyond the scope of the
present work, devoted to the method of generating solutions. We will also envisage the
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application of Buchdahl’s program to other classes of modified gravity theories, and to
metrics endowed with spacelike Killing vectors that are of cosmological interest [48–50].
Further investigations of the results devised by Buchdahl’s program seem likely to open
prospects for providing deeper insights into the nature of gravity and the dynamics of
the universe.
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