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Abstract

Parametrized and random unitary (or orthogonal) n-qubit circuits play a central role in quantum
information. As such, one could naturally assume that circuits implementing symplectic trans-
formations would attract similar attention. However, this is not the case, as SP(d/2)—the group
of d x d unitary symplectic matrices—has thus far been overlooked. In this work, we aim at start-
ing to fill this gap. We begin by presenting a universal set of generators G for the symplectic algebra
sp(d/2), consisting of one- and two-qubit Pauli operators acting on neighboring sites in a one-
dimensional lattice. Here, we uncover two critical differences between such set, and equivalent
ones for unitary and orthogonal circuits. Namely, we find that the operators in G cannot generate
arbitrary local symplectic unitaries and that they are not translationally invariant. We then review
the Schur—Weyl duality between the symplectic group and the Brauer algebra, and use tools from
Weingarten calculus to prove that Pauli measurements at the output of Haar random symplectic
circuits can converge to Gaussian processes. As a by-product, such analysis provides us with con-
centration bounds for Pauli measurements in circuits that form #-designs over SP(d/2). To fin-
ish, we present tensor-network tools to analyze shallow random symplectic circuits, and we use
these to numerically show that computational-basis measurements anti-concentrate at logarithmic
depth.

1. Introduction

The underlying mathematical structures behind the circuits implemented in the standard gate model of
quantum computation are those of unitaries and groups. For instance, given an available set of imple-
mentable gates one can wonder what kind of interesting evolutions are available by their composition.
Here, one can study specific combinations of gates (creating a single unitary to solve a given problem),
random combinations (e.g. average properties as a function of the number of gates taken), or properties
of all possible combinations (what is the emerging group structure).

The connection between quantum computing and group theory has led to the discovery of univer-
sal gate sets capable of approximating any evolution in U(d), the unitary group of dimension d [1-4].
Moreover, researchers have also studied architectures that can only implement unitaries from a subgroup
of U(d), such as circuits composed of gates from the Clifford group [5, 6], or from some representa-
tion of a Lie group, like matchgate circuits [7—13], group-equivariant circuits [14-20] or circuits with
translationally-invariant generators [21]. The analysis of such architectures has led to insightful results
on their classical simulability [22-28], their use in quantum machine learning [29-36], and on how
imposing locality in the generating gates can lead to failures to achieve (subgroup) universality [37—-42].

In the previous context, the study of random quantum circuits has been particularly active [43].
These circuits exhibit the appealing feature of being analytically tractable, e.g. via Weingarten calcu-
lus [44-46], providing a test-bed for quantum advantage in sampling problems [26, 47-53] and for
probing quantum many-body dynamics and the emergence of quantum chaos [54-56]. For instance,
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Figure 1. Schematic representation of our main results. (a) When compared against other groups, the compact group SP(d/2)

of d x d symplectic unitaries has received considerably less attention. (b) Here we introduce tools to study SP(d/2), such as
presenting easy-to-implement circuit architectures capable of producing any symplectic evolution. We also review the Weingarten
calculus for this group and use it to study properties of random symplectic circuits, like their convergence to Gaussian processes
(deep circuits) or the emergence of anti-concentration (shallow circuits).

the convergence of random circuits to #-designs over U(d) and the appearance of the anti-concentration
phenomenon have been the subject of numerous works [57-68]. Crucially, the study of random circuits
has been mainly focused on the unitary group, with significantly less attention being payed to circuits
sampled from Lie subgroups of U(d) (with some notable recent exceptions [49, 65, 68]).

In this work, we contribute to the body of knowledge of circuits that belong to subgroups of U(d) by
studying quantum circuits implementing transformations from the compact symplectic group SP(d/2)
(see figure 1). This Lie group consists of all the d x d unitary symplectic matrices, which are unitaries
that preserve a non-degenerate anti-symmetric bilinear form €. Despite its importance in random mat-
rix theory [69], and classical [70] and quantum [71] dynamics, this group has been mostly neglected
in the recent literature. Let us recall that the compact symplectic group is the only proper subgroup of
the special unitary group $U(d) that exhibits pure-state controllability [72]. This means that any pure
quantum state can be reached from any other pure quantum state by means of a symplectic unitary.
This fact, together with the observation that the symplectic group is the key group describing the phase-
space dynamics of both classical and quantum systems provides the necessary motivation to study sym-
plectic quantum circuits (as they could be used to simulate such dynamics on a quantum computer).

We begin by discussing how the non-uniqueness of €2 is a salient and important feature of SP(d/2)
that is not present when studying circuits that implement evolutions from the unitary or orthogonal
groups. This up-to-congruence freedom can be exploited to show that when the canonical form of {2 is
used, we can find a set of generators for the Lie algebra sp(d/2) consisting of one- and two-qubit Paulis
acting on neighboring sites in a one-dimensional lattice. This set of generators leads to quantum circuit
architectures that implement symplectic transformations and that are universal in SP(d/2). Remarkably,
these circuits cannot be built from translationally-invariant local generators [21]. In fact, circuits built
from locally-symplectic quantum gates do not necessarily produce globally-symplectic transformations,
but instead span the entire special unitary group SU(d).

After identifying how to produce symplectic evolutions on a quantum computer, we review the
Schur—Weyl duality between the symplectic group and the Brauer algebra, showing that it can be used
along with the Weingarten calculus [44, 45] (which we present via tensor notation) to compute average
properties of symplectic random circuits. In particular, we prove that the outputs of Haar random sym-
plectic circuits can converge in distribution to Gaussian processes (GPs) when the measurement operator
is traceless and involutory. This fact allows us to provide concentration bounds for Haar random sym-
plectic circuits, and show that Pauli expectation values concentrate exponentially in the Hilbert space
dimension. That is, doubly exponentially in the number of qubits. Furthermore, we give concentration
bounds for random circuits that form #-designs over SPP(d/2). Finally, following the results in [68], we
present tensor-network-based tools capable of analyzing average properties of shallow symplectic ran-
dom circuits. Notably, we use these to numerically show that computational-basis measurement appear
to anti-concentrate at logarithmic-depth, indicating that these circuits may be used in quantum suprem-
acy experiments [26, 47-53].
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2. Preliminaries

In this section, we introduce some basic concepts that will be used throughout this work. We begin by
recalling that the standard representation of the compact symplectic group SP(d/2) := SP(d;C) N $U(d)
consists of all d x d unitary matrices (with d an even number), such that any S € SP(d/2) satisfies the
relation

STQs=Q, (1)

where € is a non-degenerate anti-symmetric bilinear form. In other words, SP(d/2) is the group of
unitary matrices that preserve the product x’Qy for vectors x,y € C% Then, we recall that the Lie
algebra associated with SP(d/2) is the symplectic Lie algebra, denoted as sp(d/2), whose elements are
d x d anti-Hermitian matrices, such that any M € sp(d/2) satisfies

MO =—-QM. (2)

Moreover, any orthogonal basis for the symplectic Lie algebra is of dimension d(d+ 1)/2.
Here, we remark that €2 in equations (1) and (2) is not uniquely defined. Typically, one uses the
Darboux basis—or canonical form—in which € takes the form

0 ]1d/2>
0= , 3
(ﬂd/z 0 (3)

with 14/, being the d/2 x d/2 identity matrix. In this work we will assume that € is given by

equation (3), as any other non-degenerate anti-symmetric bilinear form 2’ can always be mapped to
by a change of basis Q€2'QT = Q, with a d x d orthogonal matrix Q (i.e. such that QT = Q~'). To finish,
we recall that (2 has the elementary properties

P =-1,;, and QQT=0"Q=1,. (4)
3. Pauli operator basis for the symplectic Lie algebra

Let us now focus on the case when d = 2" so that the symplectic unitaries act on the Hilbert space H =
(C*)®" of n qubits. With this choice one can verify that

Q=iYye1®" ! (5)

with Y the Pauli matrix and 1 the 2 x 2 identity. Here, we ask the following question: What is a natural
choice for the basis elements of the standard representation of the symplectic Lie algebra sp(d/2)? As we prove
in appendix A, the following proposition holds.

Proposition 1. A basis for the standard representation of the sp(d/2) algebra is
Bsp(d/z) Ei{{X,Y,Z}@PS} U 1{]1 ®Pa} R (6)

where Ps and P, belong to the sets of arbitrary symmetric and anti-symmetric Pauli strings on n — 1 qubits,
respectively, and 1,X,Y, Z are the usual 2 x 2 Pauli matrices.

We recall that {P;} and {P,} are composed of all Paulis acting on n— 1 qubits with an even or odd
number of Y’s, respectively. It is interesting to note that equations (5) and (6) reveal that the first qubit
plays a privileged role. As we will see below, this asymmetry will translate into the structure of sym-
plectic quantum circuits. In particular, it will be responsible for the lack of translational invariance in
the generators of the circuit.

4. Quantum circuits for symplectic unitaries

The fact that the matrices in SP(d/2) are unitary implies that they can be implemented by quantum
circuits. While some architectures for such symplectic unitaries have been found [73, 74], they do not
make use of the canonical form of (2 and are composed of non-local gates obtained by either correlating
parameters [74] or by using non-local generators [73].

3
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Figure 2. Quantum circuits for symplectic unitaries. Example of the basic building block for the implementation of symplectic
unitary transformations on a quantum computer. The notation Ry, stands for ¢!/, with independent 8; angles in each gate. As
stated in theorem 1, the Lie closure of the generators appearing in this circuit, which are not translationally invariant, produces
sp(d/2). This implies that any symplectic unitary from the SP(d/2) group can be implemented by a quantum circuit architecture
consisting of blocks of this form.

Our first contribution is to show that by taking {2 as in equation (5), we can find a set local generat-
ors G for which circuits of the form

U= Hei9[H1 , (7)
1

where 0; are real-valued parameters and H) € G, are universal and can therefore produce any unitary in
SP(d/2). In particular, the following theorem, whose proof can be found in appendix B, holds.

Theorem 1. The set of unitaries of the form in equation (7), with generators taken from
G ={Vi}j_, U{Xi¥i, YiXi } 5, UX U Zi 2, (8)
is universal in SP(d/2), as
spang (iG)Lie = sp (d/2) . 9)

Here, (iG)1;e is the Lie closure of iG, i.e. the set of operators obtained by the nested commutation of the elements
inig.
In equation (8), X;, Y; and Z; denote the Pauli operators acting on the ith qubit.

Let us now discuss the implications of theorem 1. First, we note that the quantum circuits obtained
from the set of generators in equation (8) can be implemented with one- and two-qubit gates acting on
nearest neighbors on a one-dimensional chain of qubits with open boundary conditions (see figure 2).
Moreover, each gate has an independent parameter. These features render the circuits readily implement-
able with the topologies and connectivities available in near-term quantum hardware.

A second important implication of theorem 1 is that symplectic circuits are not translationally
invariant in the sense that the local generators {H;} are not the same on each pair of adjacent qubits.
This is in stark contrast with the unitary and orthogonal groups U(d) and O(d), as these can be con-
structed from translationally invariant generators [21]. As mentioned in the previous section, the lack of
translational invariance for the symplectic group can be traced back to the asymmetric structure of the
Q=1iY® 19""! matrix.

In fact, we can see that to construct quantum circuits that implement symplectic transformations in
SP(d/2), one can choose local generators from the special orthogonal algebra s0(4) acting on the last
n—1 qubits, such as {Y® 1,1 ® Y,X® Y,Y® X}. The reason is that il @ P, belongs to Bg(4/,) for all
anti-symmetric Paulis P, according to equation (6), and this set is a basis for s0(d/2). Then, in order
to generate 50(d/2) in the last n — 1 qubits, it suffices to employ the local generators of s0(4) on each
pair of nearest neighbors in those n— 1 qubits [21]. Following this reasoning, we now need a different
set of generators acting on the first pair of qubits. It can be shown that adding operators from the sp(2)
algebra such as {X®1,Y® 1,Z® Z} acting on the first pair of qubits completely generates sp(d/2), and
nothing else (see appendix B).
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Figure 3. Circuits with local symplectic gates are not symplectic. Example of a building block consisting of two-qubit symplectic
gates. This architecture is universal for quantum computation, as the Lie closure of all the generators leads to su(d), and thus any
(special) unitary transformation can be decomposed into a circuit consisting of these gates.

To finish, we note that we have defined symplectic transformations with respect to the canonical
form of the {2 matrix in equation (5). If we were to choose a different (2, there always exist an ortho-
gonal change of basis that would take as back to the canonical form, as explained in section 2. This
would then correspond to global unitaries acting at the beginning and end of the circuit.

5. Circuits with local symplectic gates are not symplectic

In the previous section we have shown that one can generate globally symplectic unitaries in SP(d/2) by
implementing locally symplectic unitaries on the first two qubits, plus orthogonal unitaries acting on the
second through last qubits. This raises the question as to what happens if we construct a circuit where
all gates are locally symplectic (including those acting on the second through last qubits). For example,
we can consider circuits such as those in figure 3, where local gates from SP(2) are implemented on
neighboring qubits on a one-dimensional connectivity.

Following proposition 1, one possible choice of generators for the local gates that produce universal
SIP(2) circuits is {X®1,Y®1,1®Y,X® X}, since these suffice to generate all the basis B (2 elements
via (nested) commutation. Given that this set of generators is translationally invariant, it falls under the
general classification of [21]. In particular, it is known that they produce unitary universal circuits (up
to a global phase), that is, their Lie closure leads to su(d). For the shake of completeness, we formalize
this claim in the following proposition, proved in appendix C.

Proposition 2. The set of unitaries of the form in equation (7), with generators taken from

n—1
G = J {6, Y5, i1, XiXiga } (10)
i=1
is universal in SU(d), as
spang (iGy )rie = su(d) . (11)

Ultimately, the expressive power of locally-symplectic circuits stems from the simple observation that
the compact symplectic group is not amenable to the tensor product structure of the Hilbert space of
qubits, in contrast to the orthogonal and unitary groups. More precisely, let U, O be unitary and ortho-
gonal matrices, respectively. Then, 1, ® U is unitary for any Hilbert space partition index s, and analog-
ously for O. However, if S is a symplectic matrix, then 1,® S is not symplectic in general. Indeed, taking
) from equation (5), we have that 1 ® STQ1 ® S =iY® SS, which is not equal to 2 unless S is also
orthogonal. This implies that local symplectic generators that do not belong to the special orthogonal
Lie algebra (e.g. X® 1 and X® X) on the last n — 1 qubits are no longer in the symplectic algebra when
tensored with identities on the rest of the qubits. Hence, it is clear that quantum circuits with locally-
symplectic gates will be able to generate non-symplectic transformations.

5
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6. Symplectic Weingarten calculus

Now that we know how to construct quantum circuits that implement symplectic transformations, we
turn to study their average properties. In particular, if we assume that the circuits that we implement
sample unitaries according to the Haar measure over SP(d/2), either exactly or approximately, we can
leverage the tools from the symplectic Weingarten calculus [44, 45]. For ease of notation, we will also
use diagrammatic tensor notation to simplify computations. We refer the reader to [46, 75] for an in-
depth treatment of Weingarten calculus on the unitary and orthogonal groups from a quantum informa-
tion perspective.

The goal of Weingarten calculus is to compute integrals of polynomials in the entries of matrices
(and their complex conjugates) over the left-and-right-invariant Haar measure on a compact matrix Lie
group G. This can be shown to be equivalent to computing matrix entries of the following operator,

T [x /du veix (Uh)®". (12)

Here, 7;30) [X] is called the tth fold twirl of X over G, X belongs to the set of bounded operators B(H®")
acting on H®', and du(U) is the Haar measure on G. Importantly, in practice one often encounters cir-
cuits that are not fully Haar random but that are sufficiently so to reproduce the first + moments of the
Haar random distribution, i.e. to match the twirl in equation (12). These are called ¢-designs.

It is straightforward to show that the twirl is an orthogonal projector onto the tth order commutant
Cs () of the tensor representation of G, that is, the vector subspace of all matrices that commute with U®?
for all U € G. Hence, we can write

TV X Zw T [PIX] P, (13)

where the {P,} operators are a basis that spans Cg) (note that they need not be orthonormal, nor
Hermitian), and W is the Gram matrix of the aforementioned basis with respect to the Hilbert-Schmidt
inner product, i.e. it is the matrix whose entries are W, = Tr[PLP,,]. In summary, in order to compute

TG(t) [X], one needs to find a set of operators spanning Cg), compute the corresponding Gram matrix,
and invert it (or in some cases perform the pseudo-inverse).

Perhaps the main ingredient necessary for using equation (13), is the knowledge of a basis for Cg).
While in some cases such basis might not be readily available, when G is the standard representation
of a unitary, orthogonal or symplectic group, one can use the Schur—Weyl duality to obtain such basis.
In particular, when G is the unitary group, then Cg) is found to be spanned by a representation of
the symmetric group S, [76], whereas if G is the orthogonal or the symplectic group, its commutant is
spanned by some representation of the Brauer algebra B,(d) [44] (with 6 = d for the orthogonal group,
and 0 = —d for the symplectic group).

We recall that the Brauer algebra B,(d) is an associative algebra that has a basis consisting of all pos-
sible pairings of a set of size 2t. That is, given a set of 2t items, the basis elements of the Brauer algebra
correspond to all possible ways of splitting them into pairs. This has two important implications. First,
we can see that all the permutations in S; are also in B,(J), as these corresponds to the pairings that can
only connect the first ¢ items to the remainder ones. Second, a straightforward calculation reveals that

there are D, = %?,‘ (2t — 1)!! elements in the aforementioned basis of the Brauer algebra. Here we also

note that every basis element ¢ € 9B8,() can be completely specified by ¢ disjoint pairs, as

o={{,0 (M) U U{no (A} (14)

In figure 4, we diagrammatically show all the elements o € B;(—d) for t = 1,2 (as well as some for

t = 3) using tensor representation. Additionally, a Brauer algebra 2,(4) depends on a parameter ¢ and
has the structure of a Z(0)-algebra. This implies that when we multiply two basis elements in 25,(),

we do not necessarily obtain a basis element from %,(J) but rather a bais element in 2B,(J) times an
integer power of §. Diagrammatically, this means that when we connect (multiply) two diagrams, closed
loops can appear. Then, the power to which the factor J is raised is equal to the number of closed loops
formed.
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Figure 4. Elements of the Brauer algebra 2B(—d). Here we present all the elements of B,(—d) for t =1 and ¢ = 2, as well as some
elements for t = 3. In all cases we introduce their tensor representation visualization, their decomposition into disjoint pairs, and
when convenient, their representation F,;. We use the convention whereby we first enumerate all the items on the left-hand side
from top to bottom and then the items on the right-hand side (also from top to bottom).

While the previous determines how the abstract Brauer algebra is defined, we still need to specify
how its elements are represented and how they act on H®". In particular, we here consider the repres-
entation Fy : B,(—d) — B(H®') such that

d
= Z HQU(/\'Y’U ”’))|it+1ait+2""7i2l>

i1yeenyiy=17=1

X (ir,ia, i Ty (15)

Xy (s 7
where h(\y,0(A\y)) = 1if Ay,0(\y) <norif \y,0()\y) >n and zero otherwise, and where Q,(»)
indicates that the € matrix acts on the o(\,)-th copy of the Hilbert space.

Equipped with the previous knowledge, let us consider specific values of t. In each case, we
will present the basis elements of B,(—d) as well as explicitly compute the formula for the twirl in
equation (13). First, we consider the case when t=1. As shown in figure 4, ®B;(—d) contains a single
element {{1,2}} whose representation is given by

Fa({{1,2}}) Zhl (ir] =14, (16)
=1

which indeed confirms that the representation of SP(d/2) is irreducible (the only element in the t =1
commutant is the identity). As such, we find

W= (d), (17)

and thus

Tty X = —=1a. (18)

Then, when t =2, 9B,(—d) contains three elements given by {{1,3},{2,4}}, {{1,4},{2,3}}, and
{{1,2},{3,4}}, whose representations are

d

Fa({{1,3},{2,4}}) = Z |ivi2) (iria| :=1a @ 1g,

i, =1
d

Fd({{la4}v{2v3}}) = Z ‘i1i2><i2il| :=SWAP,

in,i=1
d
Fi({{1.2},{3.4}}) = > 14®Qfirir) (izia| 14 ® Q :=TI,.

i1, =1

Recalling that the maximally-entangled Bell state |®T) between the two copies of H is |®) =
ﬁ 22:1 |i,1), we find that I, = d(1,®@ Q) | )P T |(1, ® Q). The identification of II; with the Bell
state shows that Il satisfies an analogous of the so-called ricochet property [77],

(A®B)II;=d (1,®BQAT) |27 )1 1,0 Q=d (AQ'B" @ 1,) |+ )2T|1,®Q, (19)

7
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Figure 5. Computation of the Gram matrix elements. (a) Tensor representation of the trace operation. (b) We diagrammatically
show how to compute all the matrix entries of W for t = 2, using tensor notation. The computation of these matrix elements
leads to equation (20).

which allows one to readily verify that II; belongs to Célzp)( 42 In this t+ =2 case, the Gram matrix is

& d —d
W=|d & 4|, (20)
—d d &
leading to the formula for the two-fold twirl,
2) (d—1)Tr[X] — Tr [XSWAP] + Tr [XIL]

7é]P’(d/2) [X] = 1,1,

d(d+1)(d—2)
—Tr[X] + (d — 1) Tr [XSWAP] — Tr [XIL]
d(d+1)(d—2)
Tr [X] — Tr [XSWAP] + (d — 1) Tr [XTL]
d(d+1)(d—2)

SWAP

1L, (21)

We refer to figure 5 for a visualization in tensor notation of how the elements of the Gram
matrix (20) are computed.

Given that the dimension of B,(—d) is D; = (2t — 1)!!, keeping track of all the elements in the com-
mutant of SP(d/2) quickly becomes intractable as ¢ grows. However, we can derive asymptotic formulas
that can be used to perform calculations in the large d limit. Here, the key is to realize that the Gram
matrix is given by

1
w=d (np, + dB) , (22)

with B a matrix whose entries are in O(1). We refer the reader to appendix D for additional details on
why W takes this form, but it should be noted that there is a very close analogy between the approxim-
ate orthogonality of permutations in the #-fold commutant of the unitary group (see [75, 76]) and that
of the generators of the Brauer algebras in the orthogonal’s and symplectic’s commutants.

Equation (22) allows us to write

1
W_IZE(HDH'C); (23)

where the matrix entries of C are in O(1/d). To see this, suppose we write B in a basis such that it is
diagonal. Then, in this basis W~! is diagonal with entries [W™!],,,, = m =4(1— %’;\“), so let
us write it as W' = & (1, 4+ D). Since all the matrix entries of B are in O(1), so are its eigenvalues, i.e.
A € O(1) VY, which implies that the entries of D are at most O(1/d). Finally, C and D are related by

a unitary change of basis, and therefore the matrix entries of C are suppressed as O(1/d). Once we have

8



10P Publishing

Quantum Sci. Technol. 11 (2026) 015012 D Garcia-Martin et al

found WL, all that is left is to evaluate equation (13), which leads to

1 1
Tty X = = > Tr[XFa(o")] Fa(o) + = > oo T [XEa(o")] Fa(m),  (qa)
ocE€B(—d) o,mEB(—d)

where the ¢ , are the matrix entries of C in equation (23), and thus are upper bounded as O(1/d).
Moreover, we here recall that given some o € B,(—d), we define its transpose as o = {{\; +t,0(\;) +
tpU---U{\+t,0(A) + t}}, where the sum is taken mod #. Note that if we fix ¢t and take the limit

d — o0, the second sum in equation (24) gets asymptotically suppressed with the Hilbert space dimen-
sion d.

7. GPs from random symplectic circuits

Recently it has been shown that Pauli measurement outcomes at the output of Haar random circuits
sampled from U(d) or O(d) [75, 78] (as well as the outputs of some shallow quantum neural net-
works [79]) converge in distribution to GPs under certain assumptions. In this section we will show that
the asymptotic Weingarten tools previously presented can be used to prove that such phenomenon will
also occur for Haar random symplectic quantum circuits.

In particular, we will consider a setting where we are given a set 2 = {p1,...,pm} of n-qubit
quantum states on a d-dimensional Hilbert space. We then take the m states from 2 and send them
through a unitary U which is sampled according to the Haar measure over SP(d/2). At the output of
the circuit we measure the expectation value of a Pauli operator O taken from isp(d/2) .” This leads to a
set of quantities of the form

C(p;) =Tt [UpU' O], (25)
which we collect in a length-m vector

We will say that ¢ forms a GP iff it follows a multivariate Gaussian distribution, which we denote
as M (p,X).* We recall that a multivariate Gaussian A (g, X) is completely determined by its m-
dimensional mean vector u = (E[C(p1)],...,E[C(p,)]), and its m x m dimensional covariance matrix
with entries Xjy = Cov[C(p;),C(pj )], as all higher moments can be computed from p and X alone via
Wick’s theorem [80]. Hence, in what follows we will determine conditions for which % forms a GP, and
report only its mean and its covariance matrix entries.

First, we can show that the following theorem holds (see appendix E for a proof).

Theorem 2. Let € be a vector of expectation values of the Hermitian operator O over a set of states from 9, as
in equation (26). If Tr[pjp;| € 2 (1/ poly(log(d))) and ‘Tr[ijQp}] € o(1/poly(log(d))) Vj,j’, then in the

large d-limit € forms a GP with mean vector p = 0 and covariance matrix

5, _ Il

i = d (27)

Interestingly, we see here that the states for which theorem 2 holds and € forms a GP are such that
their inner products are at most polynomially vanishing with n. However, when we conjugate them
by Q@ =iY® 1,4/,, effectively leading to rotated states p; = Y,p;Y; (up to a minus sign), then the inner
products between the p; and the original p]f are strictly smaller than polynomially vanishing with n. We
use precisely this condition to create a set 2 of such states in figure 6, where we show that the distribu-
tion indeed converges to a multivariate Gaussian with positive correlation. In particular, we there con-
sider a system of n=24 qubits and sample 10* independent unitaries from SP(d/2).’

Next, we are also able to prove convergence to a GP in a different regime. Namely, when the overlaps
between p; (as well as between its transformed version p;) and p; remain at most polynomially vanish-
ing. This result is stated in the next theorem, whose proof we present in appendix F.

3 Our results also hold if instead of a Pauli O from isp(d/2) we take O’ = SOST, with S an arbitrary matrix from SP(d/2).

4 Alternatively, we can also say that ¢ forms a GP iff every linear combination of its entries follows a univariate Gaussian distribution.
> Sampling from SP(d/2) can be achieved by initializing a random ‘EI X %i quaternionic matrix, mapping it to its complex d x d repres-
entation and performing a QR decomposition of the latter, as explained in [81].
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Figure 6. Random symplectic circuits form Gaussian processes. We show the emergence of a Gaussian process for the set of pure
states p1 = [11)(31| and pz = [2)(t2], with [¢01) = [0)®" and [¢2) = % (10y®" + |0)|1)|0)®"=2), where the number of
qubits is 7= 24. The measurement operator is O = Y,. The statistics are obtained by sampling 10* independent unitaries from
SP(d/2). Together with the three-dimensional normalized histogram of sampled values of C(p;), we plot the separate samples
counts for the two states considered (orange and blue scatter data) overlaid with the predicted Gaussian distribution.

Theorem 3. Let € be a vector of expectation values of the Hermitian operator O over a set of states from 9, as
in equation (26). If ‘Tr[pjpj/] + Tr[ijQp}] € Q(1/poly(log(d))) Vj,j’, then in the large d-limit € forms a
GP with mean vector p = 0 and covariance matrix

2T -0
%y = — LA CEPJPJ] : (28)

Here, we defined Try[pjp;] as follows. Given that any quantum state can be written as p = >, ckPs,
where the sum runs over all d*> Pauli matrices (including the identity) and —1 < ¢ < 1 Vk, it follows

that

Z Py + Z Py |, (29)

K\ Pocisp(d)2) K\ Pitisp(d/2)

A
|
Ul

where we separated p into its algebra and out-of-the-algebra components, i.e. p = pg + pg. Then,
Trg[pjpy] is simply the Hilbert-Schmidt product between the algebra components of p; and pj. For

instance,

1
Trg [pin] =5 ). 4 (30)

k\ Preisp(d/2)

Note that a crucial difference between equations (27) and (28) is that in the former all covariances
must be positive (i.e. we have a positively correlated GP), whereas in the latter the covariances can be
negative. Finally, we prove in appendix G that there exist states for which symplectic quantum circuits

form uncorrelated GPs.

Theorem 4. Let € be a vector of expectation values of the Hermitian operator O over a set of states from 9, as
in equation (26). If Tr[p] + Tr[ijijT] € Q(1/poly(log(d))) Vj and Tr[pjpj| = —Tr[ijijﬂ Vj#j’, then
in the large d-limit € forms a GP with mean vector p = 0 and diagonal covariance matrix

2Trg [p]-z] Y]

=9 ¢ =7 (31)
0 it £
Let us remark that to understand the technical conditions in Theorems 3 and 4, we can use the fol-

lowing equation (proven in appendix E),

Tr [pjpj/] +Tr [Qp]Qp]ﬂ = 2T1'g [pjpj/] . (32)
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It follows that in order for theorem 3 to hold, we require that the (absolute value of the) inner products
between the algebra components of p; and p; are at most polynomially vanishing in log(d) for all j,j'.
Analogously, in theorem 4, the condition is that the algebra components of p; are at most polynomially
vanishing in log(d) Vj, while the inner product of the algebra components of p; and p; is exactly zero

Vi#j'
8. Concentration of measure in symplectic circuits

In this section, we show that we can leverage the knowledge of the exact output distribution of random
symplectic quantum circuits to characterize the concentration of measure phenomenon in these circuits.
In particular, we provide concentration bounds for circuits that are sampled from the Haar measure on
the symplectic group, and also for circuits that form #-designs over SP(d/2). In the case of Haar random
symplectic circuits we compute tail probabilities to obtain the desired bound. For symplectic t-designs,
we use an extension of Chebyshev’s inequality to arbitrary moments. Our first result is:

Corollary 1. Let C(pj) be the expectation value of a Haar random symplectic quantum circuit as in
equation (25). If the conditions under which theorems 2, 3 and 4 hold are satisfied, then

o ]

VAT ) )

Pr(IC(p) > ¢) € O

This corollary, proven in appendix H, shows that Haar random symplectic processes concentrate
exponentially in the Hilbert space dimension. That is, doubly-exponentially in the number of qubits.
This feature is analogous to that encountered in random unitary and orthogonal quantum circuits [75,
82]. Intuitively, we can understand this result from the fact that the probability density function of a
Gaussian distribution decreases exponentially with 1/02, and here o? is itself exponentially decreasing
with the number of qubits (see equation (27)). We also remark that the smaller the component of p; in
the algebra, i.e. the smaller Try [pjz} is, the more concentrated C(p;) becomes, in agreement with the res-
ults in 29, 30].

This extreme concentration of measure comes at the expense of the exponential (in the number of
qubits) time or depth that is required to obtain a truly Haar random circuit [83]. In practice, how-
ever, one often encounters circuits that are not fully random but instead form ¢-designs. Therefore, if
U forms a t-design over SP(d/2), we can provide tight concentration bounds for the circuit outputs (see
appendix I for a proof).

Corollary 2. Let C(pj) be the expectation value of a quantum circuit that forms a t-design over SP(d/2) as in
equation (25). If the conditions under which theorems 2, 3 and 4 hold are satisfied, then

[£/2]
2Trg [pﬂ

i (34)

Pr(|C(pj)|=c) €O | (2[t/2] — 1!

This result implies that symplectic 2-designs will concentrate as O(1/d), 4-designs as O(1/d?), 6-
designs as O(1/d?), etc. Note that for =2 the bound in equation (34) is analogous to the known con-
centration result for unitary 2-designs (i.e. barren plateaus [36, 84, 85]).

9. Anti-concentration in symplectic circuits

Let us now study the emergence of anti-concentration in symplectic quantum circuits that form 2-
designs over the SP(d/2) group. Anti-concentration roughly refers to the property that the output
probabilities after measuring in the computational basis are not concentrated in a small subset of bit-
strings [66, 67]. More precisely, we say that quantum circuits sampled from a measure u (e.g. the Haar
measure) on a set of unitaries exhibit anti-concentration when there exist constants «, 3 > 0 such that

Prov, (| (U0 > 5) > 8, (35)

for all computational-basis states |x), with x € {0,1}". That is, the probability that for a unitary U
sampled from p, all bit-string probabilities are at most a non-zero constant factor away from the uni-
form distribution, is lower-bounded by a positive constant. Anti-concentration has been shown to be a
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very important property, as it is a necessary condition for the hardness of classical simulation in random
circuit sampling [26, 47-53]. Here, we prove that Haar random symplectic circuits and circuit ensembles
that form symplectic 2-designs anti-concentrate, as stated in the following theorem.

Theorem 5. Let i be the Haar measure on SP(d/2), or a measure giving rise to a 2-design over SP(d/2). Then,

2

1—
Prow, (|00 > §) > B5

7 (36)

foro<a< 1.

A detailed proof of this theorem can be found in appendix J. We note that the anti-concentration
result can also be understood from the so-called collision probability [66], defined as

2=Eum | Y. po(’| =2'Buny [po ()] (37)

x€{0,1}®"

where py(x) = |<x|U|O>®”\2, which can be found to be equal to

2

BESE (9

ZH
when g is the Haar measure over SP(d/2). Hence, we can see that the probability measurements are
indeed at most a non-zero constant factor away from the uniform distribution (for which z=1/d).

10. Shallow locally random symplectic circuits

In the previous sections we have discussed tools to work with random quantum circuits that are Haar
random, or that form a ¢-design over SP(d/2). However, one might be interested in studying the prop-
erties of shallow random circuits sampled, according to some measure dU, from some set of unitaries
S C SP(d/2). Here, one needs to evaluate tth order twirls such as

T X = / duu®x (vh)®, (39)
S
or concomitantly, we need to compute the tth moment operator
T = / dUU® @ (UH)®". (40)
s

Now, given that S need not be a group, one cannot directly leverage the Weingarten calculus to evaluate
these quantities. However, the analysis of 7;(') and 7A"5(t) can become tractable again under the assump-
tion that the circuit is composed of gates that are sampled according to the Haar measure from some
local group. In particular, let us consider a circuit which takes the form

v=[Juw, (41)
1

where we assume that U; acts non-trivially on k; (non-necessarily neighboring) qubits whose indexes we
denote as I;, and where we omitted the parameter dependency for ease of notation. For instance, if U; is
a three-qubit gate acting on the first, second, and third qubits, we would have k; =3 and I; = {1,2,3}.
Then, it is standard to assume that each Uj is independently sampled from a local group G; C U(2*)
according to its associated Haar measure dyu;(Uj). In this scenario, we can see that if we write

T =178, (42)
j
where
T = [ du(U) UP' & (U™, (43)
G
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Figure 7. Shallow locally random symplectic circuits. Architecture employed to study the properties of shallow random sym-
plectic circuits. Here, the notation SP(2) (SO(4)) implies that the unitary is sampled from the Haar measure over SP(2)
(SO(4)). The gates shown in the picture, arranged in a brick-layered fashion and acting on neighboring qubits in a one-
dimensional lattice, define one layer for the numerical experiments presented in section 10.

then each individual tth moment operator 7%50 associated to each local gate can be evaluated via the
Weingarten calculus as a projector onto the tth fold commutant of G;.

The previous idea of studying circuits composed of random local gates has been explored in [56, 60,
61, 68, 85-96], and it has been shown that the task of computing the moment operator can be mapped
to that of analyzing a Markov chain-like process obtained from the product of the non-orthogonal pro-
jectors 7A‘G(f). Importantly, it is worth highlighting the fact that most of the previous references work with
random quantum circuits composed of gates sampled from U(4) (with the notable exception of [68]).
Thus, little to-no-attention has been payed to local random circuits leading to sets of unitaries S that
belong to the symplectic group. As such, the question of who the local groups G; can be so that one still
obtains (globally) symplectic unitaries in S has not been yet addressed.

While a priori one could be tempted to choose all G; as SP(2K~1), this would lead to non-symplectic
unitaries (as we have already seen that arbitrary unitaries can be constructed from locally symplectic
gates, see section 5). Instead, referring to proposition 1 we find that the most natural choice is

k .
G — @(2 1) , 1.f 1¢1, (44)
SP(24-1), if1el.

That is, if the gate U; acts non-trivially on the first qubit, then it must be sampled from a symplectic
local group SP(25~1), while if it does not act on the first qubit, then it must be sampled from an ortho-
gonal local group O@(2%). In fact, it follows directly from the proof of theorem 1 that such circuits will
produce unitaries in SP(d/2).

Given equation (44), one can analyze features of locally random circuits such as how fast will their
properties converge to those of a t-design over SP(d/2). As an example, let us study the depth at which
the probability outcomes in the computational basis anti-concentrate, for a circuit composed of two-
qubit Haar random gates acting in a brick-layered fashion on neighboring qubits (see figure 7). Here,
we need to evaluate the second moment operators ’7;%22) and 77_0()2)’ which respectively project onto their
commutants spanned by {14 ® 14, SWAP,II} and {1, ® 14,SWAP,IT}, with IT = (1, ® Q)IL(1; ® Q).
From here, we can study the action of ’7’8%32) and 7\('0()2) simply by studying how they project their local
commutants onto each other. In particular, we can leverage the recently developed tensor-network
formalism of [68] to numerically investigate the behavior of the collision probability z defined in
equation (37).

We will analyze how z changes as a function of the number of layers #; in the circuit (where a layer
is defined as in figure 7) for different qubit numbers, as this scaling can be used to diagnose the depth
at which the architecture at hand anti-concentrates. In figure 8, we show how z approaches zy with

increasing circuit depth for a system of n =22 qubits. There we also present the depth n; for which the
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Figure 8. Random symplectic quantum circuits anti-concentrate. The top panel shows the scaling of the collision probability z
(blue line) as a function of the number of layers n;, for a system size of n = 22 qubits. The dashed black line is the value z; to
which z converges as the circuit converges to a 2-design. The inset shows the difference |zy — z|. In the bottom panel we show
the number of layers nj’ needed to attain |zy — z| < 5, where we chose € = 0.01, for different system sizes ranging from 2 to 22
qubits. The inset shows the same data in log-x scale, providing evidence for symplectic circuits anti-concentration happening at
logarithmic depth.

difference |zy — z| becomes smaller than €/d, for some small constant e. In particular, we deem the con-
dition |z — 2| < § as the emergence of anti-concentration [66]. Our numerical results show that anti-

concentration happens at logarithmic depth, i.e. nj = O(log(n)), which is the same scaling observed for
quantum circuits composed of random unitary and orthogonal local gates [66, 68].

11. Conclusions

In this work, we have addressed the study of quantum circuits implementing symplectic unitary trans-
formations. In particular, we have introduced a simple universal architecture for symplectic unitaries that
can be readily implemented on near-term quantum hardware, as it only requires one- and two-qubit
gates acting on nearest neighbors in a one-dimensional lattice. Furthermore, we have derived proper-

ties of random symplectic circuits, both in the deep and shallow regimes, including a proof that the cir-
cuits’ outputs can converge to GPs (e.g. when measuring a Pauli) or exhibit the anti-concentration phe-
nomenon (when performing computational-basis measurements). It remains to be proven whether these
circuits anti-concentrate at logarithmic depth, although our numerical experiments suggest that this is
indeed the case. In addition, we stress that the fact that symplectic quantum circuits form GPs opens the
door to applying Bayesian inference techniques for learning tasks [75].

Interestingly, our work reveals some key differences between circuits that implement unitary or
orthogonal evolutions, and those that implement symplectic ones. For instance, we have shown that the
structure of the symplectic Lie algebra and its associated Lie group places a privileged role on a single
qubit in the system, thus breaking typical qubit-exchange symmetries appearing when working with
U(2") or @(2"). This small, albeit important difference makes it such that care must be taken when con-
structing symplectic circuits, as translationally invariant sets of generators are not available. It also leads
to potentially counter-intuitive results, such as circuits composed of locally symplectic gates being able to
produce non-symplectic unitaries.

Looking forward, we expect that our constructions will encourage the community to explore the sim-
ulation of physical processes described via symplectic unitaries, as these can now be compiled to qubit
architectures and therefore implemented in most currently-available quantum hardware. Indeed, we hope

that our work will spark the interest on quantum circuits that produce symplectic evolutions, and that
compelling applications will be discovered soon.
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Note added

After the completion of this work, it was found that symplectic quantum circuits can be employed to
efficiently solve BQP-complete problems directly related to the simulation of Gaussian bosonic circuits
on exponentially many modes, thus obtaining an exponential quantum advantage [97]. Furthermore,

it has been discovered that the orbits of random unitary circuits and random symplectic circuits are
unconditionally indistinguishable for any ¢, and any number of measurement shots. That is, the ensemble
of pure quantum states that one obtains by applying U®' to an arbitrary pure state |1))®" is completely
identical irrespective of whether U is drawn from the unitary or symplectic Haar measures [98].

Appendix A. Proof of proposition 1

In this appendix, we provide the proof of proposition 1, which we recall for convenience.

Proposition 1. A basis for the standard representation of the sp(d/2) algebra is
Bsp(d/z) El{{X, Y,Z}@PS} U 1{]1 ®Pa} R (A1)

where Ps and P, belong to the sets of arbitrary symmetric and anti-symmetric Pauli strings on n — 1 qubits,
respectively, and 1,X,Y, Z are the usual 2 x 2 Pauli matrices.

Proof. We first recall that any matrix M € sp(d/2) satisfies M) = —QM. Then, we note that Q2 =iY ®
1,4/, Hence, we are looking for Pauli strings P satisfying PI(Y® 14/) = —(Y®1,4/,)P. We know that

PT = Pif and only if the number of Y’s in P is even, and PT = —P otherwise. Therefore, the Pauli matrices
belonging to isp(d/2) have to anti-commute with (Y® 1,4/,) when PT = P, and commute with it when

PT = —P. Given that any Pauli commutes with 14, it follows that all Pauli strings in isp(d/2) have the form
{X,Y,Z} @ Ps or 1 ® P,, with P; a symmetric and P, an anti-symmetric Pauli string. Since M'Q = —QM is
a linear equation, all (real) linear combinations of such Paulis also belong in isp(d/2). Finally, the dimen-
sion of By (4/2) can be checked to be d(d + 1) /2, which is precisely dim(sp(d/2)), as follows. The set {P;}
({P.}) is composed of all Paulis acting on n — 1 qubits with an even (odd) number of Y’s, and it is an ortho-
gonal basis for the space of symmetric (anti-symmetric) matrices. Therefore, the dimensions of {P;} and
{P,}are N; =2""1(2"71 + 1) /2 and N, = 2"71(2"~! — 1) /2, respectively. As such, there are 3N; + N, =
2" (2" +1) = d(d+1)/2 elements in By, (4/5), which is precisely the dimension of sp(d/2). We then con-
clude that Bgy4/,) is a basis of sp(d/2). O

As a sanity check, we can show that the operators in equation (Al) are indeed closed under com-
mutation, so that they form a Lie algebra. For this purpose, we can make use of the properties of the
commutator of symmetric and anti-symmetric matrices. In particular, let P,, P!, P’ be anti-symmetric
Pauli strings and P, P/, P!’ symmetric Pauli strings. Then, we have that ([P,,P!])T = (P,P. — P/P,)T =
P!P, — P,P! = —[P,,P!]. Similarly, we find that ([P;,P!])T = —[P;,P!] and ([P,,Py])T = [P, P;]. That is,
the commutator of two anti-symmetric or symmetric Paulis is anti-symmetric, whereas the commutator
of a symmetric and an anti-symmetric one is symmetric (this is the reason why symmetric matrices do
not form a Lie algebra under commutation). Therefore, the commutator of non-commuting matrices of
the form [il ® P,,il ® P]] gives a matrix of the same form il ® P,’, up to real constant factors that can
be ignored. The non-zero commutators [il ® P,,i{X,Y,Z} ® P] have the form i{X,Y,Z} ® P/. Besides,
the commutator [iX ® Py,iX ® P/] returns either zero or a matrix of the form {1 ® P,} (the same hap-
pens if we replace X by Y or Z in the first qubit). The commutator [iX ® P;,iZ® P/] gives iY® P!’ or
zero, which is true because we are commuting two symmetric matrices, and hence we must obtain an
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anti-symmetric one. And finally, [iX® P;,iY® P!] results in iZ® P!’ or zero, and analogously under
the exchange X <+ Z on the first qubit. Therefore, the set of operators in proposition 1 is closed under
commutation.

Appendix B. Proof of theorem 1

We here prove theorem 1, which reads as

Theorem 1. The set of unitaries of the form in equation (7), with generators taken from
G = {Yi}i_, U{XiYin, YiXin }[2, UX U Z1 2, (B1)
is universal in SPP(d/2), as
spang (iG)Lie = sp (d/2) . (B2)

Here (iG)y1;e is the Lie closure of iG, i.e. the set of operators obtained by the nested commutation of the elements
inig.

Proof. We begin by showing that the generators {Y;}!_, U {X;Yi;1, YiXi11}/—, produce the full special
orthogonal algebra s0(d/2) in the last n — 1 qubits. This algebra is the span (over the real numbers) of all
the real anti-symmetric matrices. In other words, it is the span of all the Pauli strings with an odd number of
Y’s (times 7). Clearly, the generators Y® 1, 1 ® ¥, Y® X and X ® Y generate the full so(4) algebra, as it can
be checked by direct calculation. From here, we proceed by induction. That is, we show that if we have the
full s0(2%) algebra for some k, we obtain the 50(2%*!) algebra by adding the operators 1 ® Y, 11 ® Y® X
and 1,1 ® X®Y, and taking commutators (see also [21]). In particular, we notice that any anti-symmetric
Pauli string with support on k + 1 site takes the form Py ® Y or P, ® {1,X, Z}, where P; and P, are arbitrary
symmetric and anti-symmetric Pauli strings on k sites, respectively. Since we already have the full 50(2F)
algebra, we have all Pauli strings of the form P, ® 1, where the support of P, on the kth site can be any of

{1, X, Yi,Z}. Commuting 1,—1 ® X ® Y with all Pauli strings P, ® 1 such that the support of P, on the kth
site is Y, produces all operators of the form Ps ® Y such that the support of Ps on the kth site is Z;. Further
commuting the latter with Y} gives all the operators Py ® Y such that the support of P; on the kth site is Xj.
Likewise, commuting 1,1 ® X ® Y with all Pauli strings P, ® 1 such that the support of P, on the kth site is
Zy, produces all operators of the form Ps ® Y such that the support of Ps on the kth site is Y. We now com-
pute the commutators of 1,1 ® Y ® X with operators Py ® Y such that the support of P on the kth site is
Yi. This gives us all operators P, ® Z such that the support of P, on the kth site is 1, which upon commuta-
tion with Yj gives us all operators P, ® X such that the support of P, on the kth site is 1. Now, we know that
the 50(2F) algebra contains all the anti-symmetric Paulis (times i). Hence, commuting operators from so(2*)
with P, ® {X, Z} such that the support of P, on the kth site is 1, we can generate all operators of the form

P, ® {X,Z}. The last step is to obtain the operators P; ® Y such that the support of P; on the kth site is 1. We
achieve this via commutation of 1,1 ® Y® X with operators of the form P, ® Z such that the support of P,
on the kth site is Y.

We are left with the task of showing that adding the operators X; and Z, 7, indeed generates the sp(d/2)
algebra, i.e. all the operators in equation (A1). Those of the form i{1 ® P,} are already generated by the
orthogonal operators in the last n — 1 qubits. Then, starting with the commutators of Z;Z, with the oper-
ators 1 ® Ps, we get all operators Z ® P such that the support of P on the second qubit is X, or Y,. Further
commuting those with and X, Y; and Y, we obtain all operators of the form {X,Y,Z} ® P; such that the
support of P on the second qubit is not 1. To generate the remaining algebra operators, we commute Z, 2,
with the operators {X, Y} ® Ps with support Z, on the second qubit, and then all the resulting operators
with X;. This way, we have generated all the operators in equation (A1). Since the algebra is closed under
commutation, and all our operators belong to it, this concludes the proof. O

Appendix C. Proof of proposition 2

Here, we present the proof of proposition 2, that we restate for convenience.

Proposition 2. The set of unitaries of the form in equation (7), with generators taken from

n—1

G = [J X, Y0, Yipr, XiXin } (C1)
i=1
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is universal in $U(d), as
spang (iGr )i = su(d) . (C2)

Proof. The first step is to notice that we can generate via commutators the full special unitary algebra
su(d/2) in the first n — 1 qubits. This is true because we have the single-qubit operators X, Y, Z acting on

all of the latter, and also the two-qubit operators X ® X on all qubit pairs {(q,q + 1)}2;12. Commuting X ® X
with the single-qubit Paulis, we obtain all the two-qubit nearest-neighbors Pauli operators. From here, one
can generate the entire su(d/2) algebra as detailed in [15]. The last step is computing the commutators of
operators in su(d/2) with the generators acting on the last two qubits. Here, we note that commuting with
Y, just transforms X,,_; into Z,_; (up to a constant factor), and vice versa, and hence it does not gen-
erate any new linearly independent operator, since we already have the entire su(d/2) algebra. The same is
true for commutators with X,,_;. Furthermore, all operators in su(d/2) have trivial support in the last qubit
and therefore commute with Y,,. We then turn to the commutations with the two-qubit operators acting on
the last pair of qubits, which are {{X,Y,Z} ® {X,Z}} according to equation (A1). Commuting these with
operators in su(d/2) produce all operators of the form P® {X,,,Z,}, where P # 1,.—: has support on the
first n — 1 qubits and {X,,,Z, } are the X, Z Pauli matrices acting on the nth qubit. Further commuting the
latter, we can obtain all three-qubit operators of the form P,_, ® P,_, ® Y, where P, and P,_, are arbit-
rary Pauli operators (different from the identity) acting on the qubits # — 2 and n — 1. Finally, commuting
g Y, 2®Y,_1®Y,withY, ,®Y,_; ®X,, we get Z,, from which we can generate all single-qubit and
two-qubit operators acting on the last two qubits. Since we know that these are universal for quantum com-
putation, we have generated the full su(d) algebra. O

Appendix D. Asymptotic Weingarten calculus

We now discuss the reasons why the Gram matrix W in equation (22) takes that form, namely

W d <]1Dr + ;B) 7 (D1)

with the entries of B € O(1). This follows from the fact that Tr[F;(c7)F4(0)] = d' Vo € B,(—d)

and |Tr [Fa(oT)Fa(m)]| < d'~! when 7 # 0. Diagrammatically, o and ¢ are specular images of

each other Vo € B,(—d). For the case of permutations in S, it is then clear that Tr [Fy(c”)Fy(c)] =

Tr [Fi(0) Fa(o)] = Tr [15] = d', as o7 = o' and F4(c~!) = F4(o)T. For the rest of the elements in
%,(—d), which do not have an inverse, we notice that o and o are such that for every pair A,,0(\,) <
t there exists a pair Ay/,07(\,/) >t such that \,» =\, +tand oT(\,/) = o(\,) + t. A similar result
holds for every pair A,o () >t (this is a consequence of o and o being specular images). Hence, the
number of —d factors (or equivalently, closed loops) that appear in F;(cT)F;(0) is even, and we have
Tr[Fs(oT)F4(o)] = d'. All other entries of the Gram matrix, Tr[F;(c7)F,(7)] where 7 # o, are the same
as those for the representation of the Brauer algebra 9B,(d) from the orthogonal Schur-Weyl duality, up
to a minus sign in some entries. Therefore, it follows that |Tr [Fy(c)Fy(m)]| < d'~" (see e.g. supple-
mental proposition 13 in [75]), and so we find equation (D1).

Appendix E. Proof of theorem 2
In this appendix we provide the proof of theorem 2, which states that the outputs of random symplectic

quantum circuits converge in distribution to a GP under certain conditions.

Theorem 2. Let € be a vector of expectation values of the Hermitian operator O over a set of states from 9, as
in equation (26). If Tr[p;p;] € Q(1/ poly(log(d))) and ‘Tr[ijijT] € o(1/poly(logd)) ¥j,j’, then in the

large d-limit € forms a GP with mean vector p = 0 and covariance matrix

T s0;1
Y= LA [Z]p]} : (E1)

Proof. Our goal is to compute the moments of ¢, that is, quantities of the form
Ese(a/2) [C (1) -+ C(pi)] - (E2)

Using the linearity of the trace, and the fact that Tr[A] Tr[B] = Tr[A ® B], we find that
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/ du (U) Tr [Up;, UTO] - Tr [Up;, UTO]
SP(d/2)

=Tr l /S i dp (U) UA (UN) ¥ 0% | =Tr [7;;@ 1y [A] o®‘} , (E3)

where we defined A = p;, ® - -+ ® pj,. We first exactly compute the first and second moments. For t = 1, we
have

1
Esp(as2) [C(p)] = Tr {TS(I;’)(d/Z) (0] O} = {dd O] -0

where we used equation (18) and the property that O is traceless. The second-order twirl is given by
equation (21), i.e.

e A (d—1)Tr[A] — Tr [ASWAP] + Tr [AIL]
SP(d/2) ©H d(d+1)(d—2)
—Tr[A] + (d — 1) Tr [ASWAP] — Tr[ATL)
d(d+1)(d—2)
Tr[A] — Tr [ASWAP] + (d — 1) Tr [AIL] T

1,1,

SWAP

s- E4
dd+1)(d-2) (E4)
Using equations (E4) and (19), the covariance matrix entries are found to be
SP 1 T
Let us evaluate Tr[QPjQPjT | for Pauli operators P;, Py, which gives
déi; ifPecisp(0/2
Tr [iY @ 1), PjiY @ 11d/2pﬂ _ Jdoji 1 ewp'( /2), (E6)
—ddjj»  otherwise.
Since every quantum state can be written as
1
p= aZCkPka (E7)
where the ¢ are real coefficients such that —1 < ¢ < 1 Vk, it follows that
1
T| _
Tr [ijQp]} =7 Z q— Z a
K\Py€isp(d/2) k\Py¢isp(d/2)
=2Tr, [pﬂ —Tr [p]z] , (E8)
where we defined Trg [] as in equation (30). Analogously,
Tr {ijQpﬂ =2Try [pipy | — Tt [pipy] - (E9)
Hence, we arrive at the following expression for the covariance matrix entries,
2Tr [p-p-/]
D3l it 1 U L N E10
i dr1 (E10)
Using that Tr[pjpy] € (1/poly(log(d))) and Tr[ijQp]ﬂ € o(1/poly(logd)) ¥j,j’, we can approximate

this covariance in the large-d limit as in equation (E1). We remark here that we could have substituted any
Pauli P; by O’ = SP;ST, where S € SP(d/2), in equation (E6), and that equation would still hold. This fol-
lows from the symplectic condition STQS = 2 and the fact that the transpose of a symplectic matrix is sym-
plectic. This implies that our GP results will also be valid when we replace O by O'.

To compute higher moments we will use the asymptotic Weingarten calculus for the symplectic group
explained in section 6. In particular, equation (24) gives
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T[Tt WP = 5 30 Wl (e) A T [Fa(e) 0
UG‘B( d)
+ ) C:gf Tr [Fa (o") A] Tr [Fa () O%]. (E11)
o,meEB,(—d)

Let us first focus on the factors of the form Tr [F;(c) O®']. It is straightforward to show that
Tr[0O®'] = 0 whenever o contains a cycle of odd length (this is a consequence of O being traceless), and
‘Tr [F4(c)O%" ‘ = dl°l, where || is the number of cycles in o, otherwise. We refer to supplemental proposi-

tion 6 in [75] for a detailed derivation of the previous when o is a permutation.
When o is not a permutation, we simply note that for all o

o]
Tr [Fa(0) 0% = £ [[ Tr [o‘falﬂﬂ’a} — 44l (E12)

a=1

where the product runs over the cycles in o, |c,| is the length of the cycle ¢,, and b,, is the number of pairs
(i,¢0 (7)) in ¢, such that both i and ¢, (i) < ¢ (i.e. the number of pairs (7, ¢, (7)) that are in the first column).
Here, we used the fact that (2 either commutes or anti-commutes with O, together with O = +0 and

QF = —Q = Q=" It is clear then that | Tr [F;(0)0%'] = dl°|
of disjoint length-two cycles. Otherwise it is at least ; times smaller. Moreover, if o is a product of disjoint
length-two cycles, then Tr [F4(0)O®"] = d'/? since Tr[20Q07] = d when O is a Pauli in isp(d/2).

We then need to study the terms of the form Tr [F4(¢7)A]. When o is a permutation, it holds that

is maximized whenever o consists of a product

Tr [Fd(UT)A] ‘ < 1. (see supplemental proposition 7 in [75]). Moreover this is also true for the non-

permutation elements in 8,(—d). To see this, it suffices to notice that when one expands ‘Tr [Fa(cT)A] ’
there will appear quantities of the form (4;|Q2]1; ) in addition to those of the form (¢;]1)y) in the products.
Since Q1)) is just another quantum state |1y ), the result follows. This implies that Tr [F4(c7)A] cannot be

large so as to compensate the factors O(1/d) by which

Tr [F4(0) O%"] ’ are suppressed when o is not the dis-
joint product of length-two cycles. They could however be very small in principle, and that is why we require
Trlpjpy] € Q(1/poly(log(d))) Vj.j', which implies that Tr [F4(cT)A| € ©(1/poly(log(d))) when ¢ T is a
disjoint product of length-two cycles.

We now recall that the permutations such that ¢ = o are known as involutions and must consist of
a product of disjoint transpositions plus fixed points. More generally, we have that for an element o €
B,(—d) to satisfy that o = o1 it must consist of a product of disjoint length-two cycles and fixed points.
We denote as T the set of permutations in o € S, that are a product of disjoint length-two cycles. Therefore,

using (E11) and the fact that ‘Tr[ijQp}] ’ € 0(1/poly(logd)) Vj,j’ (this condition allows us to only retain

the contribution from the elements in T}, instead of all the o € B,(—d) that are the product of disjoint
length-two cycles), we arrive at

(1) 1
Ir [,Eﬂi(d/Z)[ O®t} d‘/2 ZTr Fd +O<dz/2+1) ‘ (E13)

o€eT,

Or just retaining the leading-order terms,

[Tgp(d/z)[ ]O®t} ~ r/z Z H Tf P;P; ) (E14)

o€T, (jj')eoc

where the product runs over all the cycles (7,j') in o.

The last step is comparing equation (E14) with the moments of a multivariate Gaussian, which are given
by Wick’s or Isserlis’ theorem [80]. This theorem states that, for random variables X;, X5, ..., X; that form a
GP, the tth order moment is E[X; X, --- X,] = 0 if ¢ is odd, and

E[X X, Z H Cov [X (E15)
o€Ti(jj’)€o
if t is even. Clearly, equation (E14) matches equation (E15) by identifying Cov[Xj, Xj] = Lf"/] asin
equation (E1). Finally, it can be proven that these moments uniquely determine the distribution of ¢ using
Carleman’s condition (see [75]). Hence, ¢ forms a GP. O
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Appendix E. Proof of theorem 3

In this appendix we prove theorem 3, which is a more general statement about the convergence to GPs
of ramdom symplectic quantum circuits than that from theorem 2.

Theorem 3. Let € be a vector of expectation values of the Hermitian operator O over a set of states from 9, as
in equation (26). If‘Tr[pjpj/] + Tr[ijijT] € Q(1/poly(log(d))) Vj,j’, then in the large d-limit € forms a

GP with mean vector p = 0 and covariance matrix

2Trg [pjpy ]

X = J

(F1)

Proof. The proof of this result is completely analogous to that of theorem 2. The only difference is that we
now need to retain all the contributions coming from the set of elements of the Brauer algebra consisting of
disjoint products of length-two cycles (that we denote ¥;), and not just those arising from the elements in

T;. This is so because of the condition ‘Tr[pjpj/] + Tr[ijQp]?] € Q(1/poly(log(d))) ¥j,j’.

Hence, instead of equation (E13), we find

() ® 1
Tr [TSIP’(d/z) [A]O t] dr/z Z Tr Fd +O (dt/2+l> : (F2)
cET,

Now, we can group the contributions in the previous equation as follows. Let us consider a permutation
o € T,. For each pair (j,j') € o, we can substitute the transposition by a two-length cycle that is not a per-
mutation, obtaining an element in ¥;. This amounts to replacing a factor Tr [pjpj/] by a factor Tr[ijijT] in

Tr [F4(c")A]. We can do this for every possible pair (j,j’), and thus, we have that

Z Tt [Fy (o) Z H (Tr pipy] +Tr {ijﬂpj D (E3)

0ET; c€T(jj')€o

Therefore, using (E9) we arrive at

Ir [TSSP{)(dﬂ)[ O®t] dr/zz H ZTrg P]P; . (F4)

o€Ti(j,j’)

Again, comparing equations (F4) and (E15) it is clear that they match by identifying Cov[Xj, Xy] = %ﬁpf}

as in equation (F1) (note that we approximated d + 1 ~ d for large d, see equation (E10)). We conclude that
€ forms a GP. O

Appendix G. Proof of Theorem 4

We here present the proof of theorem 4, which shows that random symplectic quantum circuits can
form uncorrelated GPs.

Theorem 4. Let € be a vector of expectation values of the Hermitian operator O over a set of states from 9, as
in equation (26). If Tr[p; ]+ Tr[Qp]Qp] | € Q(1/poly(log(d))) Vj and Tr|pjpj] = Tr[QpJQp] |Vi#j', then
in the large d-limit € forms a GP with mean vector p = 0 and diagonal covariance matrix

2Trg [pf] Y}
Yjjp=9q ¢ =] : (G1)
0 ifj#

Proof. To prove this result we will use a somewhat different strategy than that employed in the proofs of
Theorems 2 and 3. Namely, we will leverage the fact the if ¢ is a GP with zero mean (i.e. ;& = 0), then any
linear combination of its entries, L= y ajC( pj), where the g; are constants, follows a Gaussian distribution
N(0,0%) with 0* = 3. ., ajay Cov[C(p;), C(py ).

Let us then compute the moments of L. For the first moment, we have
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Espa/2) [£ Z“J Espay2) [C(p))] = (G2)

For the second moment,

Esp(a/) [£7]

= Z“J“J' Ese(as2) [C(pj) - Cpy)]
= Z a; Bsp(a)2) [C (Pj)z}

_ Ej:ajz 2Trgd[ﬂf] 7 3

where we used equation (E5) together with the condition that Tr[p;p;/] = —Tr[ijijT,] Vj#j'. Ttis clear
that equation (G3) matches 0% = Z] o ajay +Cov[C(p;), C(pj )], when the covariance matrix entries are given

as in equation (G1).
Then, we find that every higher-order moment takes the form

t
Espay2) [L£'] = Z (1 , )ESIP(d/z) [l C(p1)" ---alnC(pm)™] | (G4)
tietty=t > T

where all the t; are non-negative. When  is odd, it follows that Egp(4/2) [a}' C(p1)" - - a's C(p)"] = 0
from the fact that Tr [F;(c)O%] Vo € 9B,(—d), as explained in appendix E. This matches the odd moments
of a Gaussian distribution. When £ is even, we begin by proving that given two set of values {f1,..., %, }

and {#{,...,t,}

Ese(as2) [C(p1)" -+ C(pm)"™]

y T €o(1), (G5)
Esparn [Clo)" - Clom)*]
whenever there exists an odd number in {#,...,,} but all numbers in {#{,...,t,,} are even. To see that this
is case, we simply note that if there exists an odd number in {#,,...,,}, then there is at least one length-

two cycle in any element in T, that connects two different states pj, py (with j # j') in Tr [F4(c7)A]. For
each such pair (j,j') € o7, we can either have a transposition or a two-length cycle that is not a permuta-
tion (which we recall produce a factor Tr [p]-p]-/} or Tr[ijijT], respectively). Hence, since Tr[p;p;] =
fTr[ijQp]ﬂ Vj # j' we find that the sum of all contributions to equation (E11) coming from elements in
%; is zero, and so we need to take into account elements o € B,(—d) that are not the product of disjoint
length-two cycles in order to compute the larger non-zero contributions to Egp(,/2) [C(p1)" - - - C(pm)™].
However, we already know from appendices E and F that these are suppressed as O(1/d) compared to the

values Egp(4/2) Cpy)ti--- C(pm)’/m} when all the numbers in {#{, ..., } are even. Thus, equation (G5)
holds.
Following these considerations, we find that the leading-order contributions give us (for even ¢)

t 1 m
Esp(a/2) [L1] = E (t1 , )ES]P’(d/Z) [alC(p1)" -+ alnC(pm)™]
sy bm

fibe =t
Hyeneyby €VEN
tj/z
m 2Trg {pg}
— _ ua _ U
RO )| (R
it tty=t > j=1
Hyenoyly €VED
5/2
m 2Tr [p}
4 9 |Fj
- Z i th & (Ge6)
4ty =t = =
tye.e by €VEN

where we used that ;! = £!1(¢; — 1)!1.
We need to show that Egp(4/2) [L£'] matches the even moments of a variable X following a zero-mean
Gaussian distribution, which are given by

E[X] = (t—1)llo". (G7)
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To do this, we begin by computing
t/2

Z“J“J Cov [C(pj),C(py)]

t/2
2Trg {pj}

2

> ( )ﬁ ZTrgM j, (G8)

ki
b+ =t/2 =1

where we used equation (G3). Now, since the sum in equation (G6) is restricted to even values t1, ..., t,, we
can re-write it by re-labeling #; = 2k;, obtaining

kj

f m K 27Tr, p}
j= .

2ki 442k, =t =1
Since t; = 2k; is a bijective function, there are exactly the same number of terms in the sums in

equations (G6) and (G8). To show that equations (G9) is indeed equal to equations (G7) for all possible val-
ues of the constants a;, we need to prove that

(2 ):ﬂ
(t 1)"<k1,...,km T o) (G10)

which follows from the properties of the double factorial for even and odd numbers. Namely, (2k;)!! = 2kik;!

and (t— 1!l = 2,/2(t/2), , which imply
! (t/2)! fl
Gl1
22 (t/2)! T, k! 2,/21—[ (G11)
Hence, ¢ forms a GP. O
Appendix H. Proof of corollary 1
Let us now prove corollary 1, which reads as follows.
Corollary 1. Let C(pj) be the expectation value of a Haar random symplectic quantum circuit as in
equation (25). If the conditions under which theorems 2, 3 and 4 hold are satisfied, then
o ]
Pr(|C(pj)|=c) €0 (H1)

cV/de™/ /(4Trg [p])

Proof. Since the marginal distributions of a GP are Gaussian, C(p;) follows a Gaussian distribution

N(0,0?) with 02 = % (see equation (E10)). Thus, we have that

/ e L]
,/wTrg p]
(H2)

cVd
2Try [p]z]

(|C pz =

= Erfc

—2
where Erfc is the complementary error function. Using the fact that for large x, Erfc[x] < jﬁ, we find
equation (H1). O
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Appendix 1. Proof of corollary 2

In this section we present the proof for Corollary 2, which reads

Corollary 2. Let C(p;) be the expectation value of a quantum circuit that forms a t-design over SP(d/2) as in
equation (25). If the conditions under which theorems 2, 3 and 4 hold are satisfied, then

STy /2
2Trg [pj}
Pr(|C(p)|=c) €O (2[t/2] — 1! —z (I1)
Proof. Here we can use the generalization of Chebyshev’s inequality to higher-order moments,
E[|X-E[X]]|
pe(x B > 0 < A P, @)
c
for ¢ > 0 and for t > 2. Since Egp(4/,)[C(pj)] = 0, this inequality simplifies to
E C(pj) |
Pr(|C(p) | =) < sea/2) [1C () I'] ) (13)

Ct
If an ensemble of quantum circuits forms a ¢-design over SIP(d/2), then we can readily evaluate E[C(p;)],

. . o . 2Trg [} .
as this quantity matches the ¢ first moment of a N/(0, 02) distribution with 0% = %. In particular, we
know that since the odd moments are zero, we only need to take into account the largest even moment that
the #-design matches. Therefore, using

[t/2]
E[IG(o)"*] = 2L1/2) - )IE |G ()]
[t/2]
2Trg [pﬂ
=@l - [ ) (14)
and plugging it into equation (I3), we arrive at (I1). O

Appendix J. Proof of theorem 5

In this appendix we prove that sufficiently-random symplectic quantum circuits anti-concentrate, as
stated in theorem 5. We recall this result for convenience.

Theorem 5. Let pu be the Haar measure on SP(d/2), or a measure giving rise to a 2-design over SP(d/2). Then,

2
Prov, (|00 > 2) > L20L o

QU

for0<a< 1.

Proof. In order to show anti-concentration, we will use Paley—Zygmund inequality [49, 66], which states
that for a random variable 2 > 0 with finite variance, it holds that

E[Z)

pr(y>cE[y])>(1—c)zm,

(J2)

where 0 < ¢ < 1. In our case, 2 = Tr[Upo U'IL,] with py = (|0)(0])®" and II,, = |x)(x|. Hence, we need to
compute

Esp(a/a) [Tr [UpoU'TL] ] = Tr |11, / du(U) UpoU'
SP(d/2)
. (J3)
1
=Tr |, —2| ==
[ d} d

23



10P Publishing Quantum Sci. Technol. 11 (2026) 015012 D Garcia-Martin et al

where we used equation (18). We also need to compute
2
Esp(a/2) {Tr [UpoU'TL,] }

=Tr

®2
e [ (U ()
SP(d/2)

T o2 1,® 1,4+ SWAP
B * d(d+1)
2 - ZH

Tdd+1) 4’

(J4)

where we used equation (21), together with Tr [p§*| = 1, Tr [p’”SWAP] = Tr [p}] = 1, and

Tr [p(‘)g’zﬂs]
=Tr[(1a® QpOng) 1]
= Tr (14 ® Qpo$2p0) 1]

1y ]1d®9( 3 Pi)Q( 3 Pi’) I (J5)

2
L P;c{1,7}®" Py e{1,2}®"
1
= ETI’ 1,® Z QPiQPi) II| =0.
Pe{1,2}%®"
Hence, we arrive at
« dd+1
Pry-,. (\<x|U|0>®”|2 > g) > (1-a) %, (J6)

which implies

pro, | dui0) > 3) > L20) 07)

QU

Appendix K. Tensor network-based calculation of the moments of shallow random
SPP(2) circuits

Let us recall that in [68] the authors present a toolbox to compute expectation values of circuits com-
posed of local random gates via tensor networks. As mentioned in the main text, the key idea developed
therein is to map the evaluation of ’7}0) in equation (42) to a Markov-chain like process where the Aé]t)
only act on their local commutants. As such, in order to use such formalism, we need to a tensor rep-
resentation for the superoperators 7;%3()2) = fSIP’(z) du(V)V®2 @ (V*)®? and ?—S(é))(zi) = fg®(4) du(V)ve2 e
(V*)®2_

We have shown in the main text that a basis for Cgp)(z) is {1,® 14,SWAP,IL}, where we recall that
these operators act on two copies of the two qubits targeted by a SP(2) gate. We will refer to these two
two-qubit systems as A and B. With this in mind, we note that

1,4+ Sa ®]lB+SB

SWAP = SWAP, ® SWAP = I (K1)
where §;=X;, ® Xj, + Y), ® Y}, + Z;, ® Z;,. In the same spirit one finds
—1,+S4 _13+B
= —-At5a o 1stBp (K2)

2 2 7

where By =Xj, ® Xj, — Y}, ® Y}, + Z;, ® Z;,. Due to these factorization properties, we can see that
7’;;22) projects in a basis that can be decomposed as a tensor product of the form {1,S}, ® {1,S,B}3.
Crucially, we remark that the asymmetry of this basis arises from the fact that there is a preferred qubit

in our construction of symplectic circuits.
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Then, we recall that it was shown in [68] that ’7\'5%)( 5 will project on a local tensor product basis of

the form {1,S,B}, ® {1,S,B}5, meaning that we can describe the full action of 7152) as acting on a vec-
tor space of dimension 2 x 3"~! (which again reveals the special role played by the first qubit). The only
thing that remains is to describe the action of ’T p() and TS@( g In this space. Given that the descrip-

tion of 72%)( 5 in the aforementioned basis was already presented in [68], we here now only derive that

of T%()z) In particular, all that we need to do is to compute how this operator acts on all basis states in
{1, S} ® {1,S,B}, which we can compute via the twirl map of equation (21). A direct calculation reveals
that 7@(2) acts on this reduced space as a matrix 7 given by

1 0 0 0 0 0
0 1/4 3/20 1/10 1/4 —3/20
0 3/20 1/4 —1/10 3/20 —1/4
T= (K3)
0 3/20 —3/20 3/10 3/20 3/20
0 3/5 0 3/5 3/5 0
o 0 -3/5 3/5 0 35
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