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Abstract. Riemann’s principle “force equals geometry” provided the basis for Einstein’s
General Relativity - the geometric theory of gravitation. In this paper, we follow this principle
to derive the dynamics for any conservative force. We introduce the relativity of spacetime: an
object lives in its own spacetime, whose geometry is determined by all of the forces affecting
it. We also introduce the Generalized Principle of Inertia which unifies Newton’s first and
second laws and states that: An inanimate object moves freely, that is, with zero acceleration,
in its own spacetime. We derive the metric of an object’s spacetime in two ways. The first
way uses conservation of energy to derive a Newtonian metric. We reveal a physical deficiency
of this metric (responsible for the inability of Newtonian dynamics to account for relativistic
behavior), and remove it. The dynamics defined by the corrected Newtonian metric leads to a
new Relativistic Newtonian Dynamics (RND) for both massive objects and massless particles
moving in any static, conservative force field, not necessarily gravitational. In the case of the
gravitational field of a static, spherically symmetric mass distribution, this metric turns out to be
the Schwarzschild metric. This dynamics reduces in the weak field, low velocity limit to classical
Newtonian dynamics and also exactly reproduces the classical tests of General Relativity. In the
second way, we obtain the RN D metric directly, without first obtaining a Newtonian metric.
Instead of conservation of energy, we use conservation of angular momentum, a carefully defined
Newtonian limit and Tangherlini’s condition. The non-static case is handled by applying Lorentz
covariance to the static case.

1. Introduction

Bernhard Riemann, although best known as a mathematician, became interested in physics
in his early twenties. His lifelong dream was to develop the mathematics to unify the
laws of electricity, magnetism, light and gravitation. At an 1894 conference in Vienna, the
mathematician Felix Klein said:

“I must mention, first of all, that Riemann devoted much time and thought to
physical considerations. Grown up under the tradition which is represented by the
combinations of the names of Gauss and Wilhelm Weber, influenced on the other hand
by Herbart’s philosophy, he endeavored again and again to find a general mathematical
formulation for the laws underlying all natural phenomena .... The point to which I
wish to call your attention is that these physical views are the mainspring of Riemann’s

purely mathematical investigations [1]

9

Riemann’s approach to physics was geometric. As pointed out in [2], “one of the main features
of the local geometry conceived by Riemann is that it is well suited to the study of gravity and
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more general fields in physics.” He believed that the forces at play in a system determine the
geometry of the system. For Riemann, force equals geometry.

The application of Riemann’s mathematics to physics would have to wait for two more
essential ideas. While Riemann considered how forces affect space, physics must be carried
out in spacetime. One must consider trajectories in spacetime, not in space. For example, in flat
spacetime, an object moves with constant velocity if and only if his trajectory in spacetime is a
straight line. On the other hand, knowing that an object moves along a straight line in space
tells one nothing about whether the object is accelerating. As Minkowski said, “Henceforth,
space by itself, and time by itself, are doomed to fade away into mere shadows, and only a
kind of union of the two will preserve an independent reality [3].” This led to the second idea.
Riemann worked only with positive definite metrics, whereas Minkowski’s metric on spacetime is
not positive definite. The relaxing of the requirement of positive-definiteness to non-degeneracy
led to the development of pseudo-Riemannian geometry.

Fifty years after Riemann’s death, Einstein used pseudo-Riemannian geometry as the
cornerstone of General Relativity (GR). Acknowledging his reliance on Riemann, Einstein said:

“But the physicists were still far removed from such a way of thinking; space was
still, for them, a rigid, homogeneous something, incapable of changing or assuming
various states. Only the genius of Riemann, solitary and uncomprehended, had already
won its way to a new conception of space, in which space was deprived of its rigidity,
and the possibility of its partaking in physical events was recognized. This intellectual
achievement commands our admiration all the more for having preceded Faraday’s and
Maxwell’s field theory of electricity [4].”

GR is a direct application of “force equals geometry.” In GR, the gravitational force curves
spacetime. Since, by the Equivalence Principle, the acceleration of an object in a gravitational
field is independent of its mass, curved spacetime can be considered a stage on which objects
move. In other words, the geometry is the same for all objects. However, the Equivalence
Principle holds only for gravitation. In this way, GR singles out the gravitational force from
other forces which are not treated geometrically. For example, the potential of an electric force
depends on the charge of the particle, and the particle’s acceleration depends on its charge-to-
mass ratio. Thus, the electric field does not create a common stage on which all particles move.
Indeed, a neutral particle does not feel any electric force at all. The way spacetime curves due to
an electric potential depends on both the potential and intrinsic properties of the object. This
was also recognized in the geometric approach of [5]. How, then, are we to apply Riemann’s
principle of “force equals geometry” to other forces?

We answer this question here for any conservative force. One of the main new ideas is the
relativity of spacetime. This means that spacetime is an object-dependent notion. An object
lives in its own spacetime, its own geometric world, which is defined by the forces which affect
it. For example, in the vicinity of an electric field, a charged particle and a neutral particle exist
in different worlds, in different spacetimes. In fact, for the neutral particle, the electric field
does not exist. Likewise, in the vicinity of a magnet, a piece of iron and a piece of plastic live
in two different worlds.

The second new idea is the Generalized Principle of Inertia. It is based on the fact that
an inanimate object has no internal mechanism with which to change its velocity. Hence,
it has constant velocity, or zero acceleration, in its own world (spacetime). The Generalized
Principle of Inertia unifies Newton’s first and second laws and states that: An inanimate
object moves freely, that is, with zero acceleration, in its own spacetime, whose
geometry is determined by all of the forces affecting it. This is a generalization, or more
accurately, a relativization of Einstein’s idea.

In GR, a freely-falling object in a gravitational field moves along a geodesic determined by
the metric of the spacetime. With respect to this metric, the object’s acceleration is zero. The
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Generalized Principle of Inertia extends this idea so that every object moves along a geodesic in
its spacetime. This geodesic is with respect to an appropriate metric, which we call the metric
of the object’s spacetime. The metric in GR is determined solely by the gravitational sources,
while in our model, the metric of the object’s spacetime depends on all of the forces affecting the
object. In the case of static, conservative forces, the metric will depend only on the potentials
of these forces, defined in some preferred inertial frame, which may be the rest frame of the
Universe.

Since the motion is by geodesics, we use a variational principle and derive Euler-Lagrange
type equations and the ensuing conservation laws.

“Many results in both classical and quantum physics can be expressed as variational
principles, and it is often when expressed in this form that their physical meaning is
most clearly understood. Moreover, once a physical phenomenon has been written
as a variational principle, ... it is usually possible to identify conserved quantities,
or symmetries of the system of interest, that otherwise might be found only with
considerable effort [6].”

In the classification [7] of alternative gravitation theories, our theory is a preferred frame,
Lagrangian-based metric theory.
We call our theory Relativistic Newtonian Dynamics (RND). RN D has the following features:

(i) It is based on the classical, unmodified Newtonian potential.

) It avoids the complicated field equations of GR.

(iii) It reveals the physical mechanism responsible for relativistic phenomena.
)

For the gravitational field of a non-rotating, spherically symmetric mass distribution, the
RN D metric is the Schwarzschild metric

(v) RN D exactly reproduces the classical tests of GR.
(vi) It is also valid for non-spherically symmetric fields.

(vii) It does not rely on the Equivalence Principle, and so is applicable to any combination of
conservative force fields whose potentials vanish at infinity.

We note that the RND metric was also derived in [8] using the escape trajectory and the
influence of the potential on spacetime.

In the literature, there are other alternative approaches to reproducing the relativistic
gravitational features of GR. One approach uses modified Newtonian-like potentials. This so-
called “pseudo-Newtonian” approach, introduced in [9], is much simpler mathematically than
GR, with no need for covariant differentiation and complicated tensorial equations. Numerous
authors ([10, 11, 12, 13, 14, 15, 16]) have proposed various modified Newtonian-like potentials.
However, none of these potentials are able to reproduce the tests of GR, even in the weak field
regime. Moreover, as stated in [17], most of these modified potentials “are arbitrarily proposed
in an ad hoc way” and, more fundamentally, are “not a physical analogue of local gravity and
are not based on any robust physical theory and do not satisfy Poisson’s equation.”

More recently, the above shortcomings were addressed in [18]. Using a metric approach
and hypothesizing a generic relativistic gravitational action and a corresponding Lagrangian,
the authors derive a velocity-dependent relativistic potential which generalizes the classical
Newtonian potential. For a static, spherically symmetric geometry, this potential exactly
reproduces relativistic gravitational features, including the tests of GR. Even more recently,
one finds a fundamental grounding to these velocity-dependent pseudo-Newtonian potentials in
[19]. The authors generalize the pseudo-Newtonian approach to any stationary spacetime. They
also include additional forces, such as the electromagnetic force.
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2. A geometric approach to dynamics
We present the preferred frame, Lagrangian approach to geometrize the motion of an object
of mass m in a force field. The results here are quite general and may be applied to any force
field. Later, we will consider the particular case of a static, spherically symmetric, attractive
force field.
Let
ds® = gag(q)dqdq’ (1)
be the metric of the object’s spacetime, where ¢%, a = 0, 1, 2, 3 are the coordinates of an inertial
observer far removed from the sources of the field. This is similar to Earth-based observations
of motion within a distant galaxy and to observations within the solar system measured with
respect to the far-removed stars.
In order to define the length of the trajectory, we introduce the following function L of the
eight independent variables ¢%, ¢:

L (q’ (j) = mc\/ gaﬁ(q)(ja(jﬁv (2)

where the constant mc has been chosen to be compatible with the classical notion of momentum.
Let ¢ : 0 = x,a < 0 < b be a trajectory of an object of mass m, where o is an arbitrary
parameter. The length [(q) of the trajectory ¢ is given by

b ds b dq
l(q) = mc/a %da = /a L <q, da> do. (3)

It is well known that the length of the trajectory does not depend on the parametrization.
From the Generalized Principle of Inertia, the length of the trajectory ¢(o) is extremal. By
a standard argument, it follows that ¢(o) satisfies the Euler-Lagrange equations

oL d 0L
og 7 oG " W

where L is defined by (2) and ¢ = j—g. In this case, the conjugate momentum p,, is

]
Dy = oL - chw% = mcyg @ (5)
M Qg lg=ta —  ds/do s
Note that the second term in equation (4) contains differentiation by two parameters on the
curve. The first differentiation is by s, as seen in equation (5). The second differentiation is by
o. In order to obtain a differential equation with a single parameter, we will choose o to be
proportional to s. More precisely, we choose o to be the parameter

T=cls, (6)

called proper time, which is proportional to s and reduces to the coordinate time ¢ in the classical
limit.

Using 7 will turn equation (4) into a second-order differential equation. We denote
differentiation of ¢ with respect to 7 by ¢. From (4) and (5), the Euler-Lagrange equations
become

oL  dp,
— Fr 7
Oght dr’ (7)
where
Py = mguad”. (8)
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Note that momentum is a covector, while velocity is a vector. Therefore, the metric is necessary
in (8) in order to lower the index. It can be shown that (7) is equivalent to the geodesic equation.
The following proposition follows immediately from equation (7).

Proposition 1  If the metric coefficients g,3 do not depend on the coordinate ¢*, then the u
component p,, = mgugqﬁ of the conjugate momentum is conserved on the trajectory.

3. Method I: Relativistic Metric from Newtonian metric

3.1. Geometric Formulation of Newtonian Dynamics

We begin our derivation by applying the geometric approach to classical Newtonian dynamics.
Based on the discussion in the previous section, we replace the coordinate time ¢ (the classical
evolution parameter) by the proper time 7. In this modification, Newton’s second law for a force

with potential U becomes
md27X - VU (9)
dr? '

Taking the Euclidean dot product of both sides of (9) with x gives

mx-x=—-VU - X,
which, upon integration, yields
mx>?
T‘FU(X):E, (10)

where the integral of motion E is the total energy on the object’s worldline. The only difference
between equation (10) and the classical energy conservation equation is the kinetic energy term,
in which dx/dt has been replaced by x. In the classical limit, we have dt = d7, and then equation
(10) reduces to the classical energy conservation equation.

Assume now that the potential U(x) < 0 and vanishes at infinity. Introduce the dimensionless

potential
—2U(x)
u(x) = ———, 11
()= (11)
where ¢ denotes the speed of light. With this definition, equation (10) yields the dimensionless
energy conservation equation

)'(2

2
where £ denotes the dimensionless total energy on the worldline. The total energy is a sum of
kinetic energy, depending on the magnitude of the velocity, and potential energy, depending on
position.

We turn now to the construction of the metric of the object’s spacetime, for motion satisfying
(9), where U is the potential of a static force. In our inertial lab frame, the metric is of the form

—u=~E, (12)

ds® = f(x)c2dt* — g(x)dx?, (13)

where f(x) and g(x) depend solely on x. Note that there are no anisotropic terms in the metric
because in Newtonian dynamics, space is isotropic. Moreover, assuming Einstein synchrony, a
straightforward argument shows that there are no time-space cross terms (see [20], page 187).

For u(x) < 1, the worldlines are approximately straight, implying that this metric is
asymptotically Minkowski. Hence, f(x) — 1 and g(x) — 1 as u(x) — 0.

Since the metric is static, Proposition 1 implies that the zero component of the conjugate
momentum is conserved. Thus,

fe)i=k , i= (14)
X = =
’ fx)’
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for some constant k related to the total energy on the worldline. The square of the norm with
respect to (13) of the four-velocity (t,)'() is

Fx)P? - g(x)%* = ¢,
which, by the use of (14), leads to

k> %2
- —9(x)
f(x)
This can be considered a conservation equation on the worldline.

We can now determine the metric coefficients f(x) and g(x) by comparing this conservation
to the energy conservation. Adding 1 to both sides of equation (12) and dividing by —(1 — u),

we obtain )
1 )
<5+1—X>:1. (16)

S =1L (15)

1—u c?
Comparing (15) and (16), and using f(x) — 1 as u — 0, one obtains

g(x)zliu L f®)=l-u , k=vEFL (17)

From (13) and (17), we obtain the Newtonian metric

1

ds® = (1 — u(x))cPdt? — e

dx>. (18)

Reversing our argument shows that a trajectory which is minimal with respect to this metric
satisfies Newton’s second law (9).
In order to complete the spacetime description of the worldline, from (14) and (17) we obtain

i k _ vE+1
1—u(x) 1-—u(x)

(19)

3.2. Preferability of our Newtonian metric
In the GR literature, we find several metrics, like (18), whose first-order approximation leads to
Newtonian dynamics. For example, in terms of u, the metric in [20] is

ds® = (1 — u(x))c2dt* — dx?, (20)
and in [21] and [22], the metric is
452 = (1= u(x))e2di? — (1 + u(x))dx>. (21)

Lagrangians L and Ly are said to be equivalent (L; ~ Lo) if they lead to the same equation
of motion. It is obvious that if Ly = a + bLq, for constants a and b, then L1 ~ Ly. For the three
metrics (18), (20) and (21), we have

L= = e/T—uJ,

where 8% = v?/c* and f(u) = 2,1 and 1 + u, respectively. In the low velocity (82 < 1) and
weak field (u < 1) limit, the first-order approximation in v and 32 is

11,
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Dividing by ¢, subtracting 1, and then multiplying by —mc?, yields the classical Lagrangian

1
L=-mv?-U.
2
Hence, in the first-order approximation, all three metrics lead to classical Newtonian dynamics.
From this point of view, there is no reason to prefer any one of the metrics over the other two.
We thus compare the equations of motion for these metrics. The equation of motion for our
metric (18) is equation (9), while for the metrics (20) and (21), the equations of motion are

%2
1+ %
14+ 2U

mc?

mx = —VU

and
_4Ux%?
e mcs
mx = VUil_ TIER
m2ct

respectively. The relative simplicity of equation (9) makes our metric (18) preferable over the
others.

3.3. The deficiency of the Newtonian metric and the corrected metric

The huge success of Newtonian dynamics implies that the Newtonian metric (18) is close to
the one that governs the laws of Nature. Nevertheless, the observed astrophysical deviations
from the predictions of this dynamics indicate that this metric has a deficiency and needs to be
corrected.

It is natural to assume that time intervals are influenced by the potential and should be
altered by a factor defined by this potential when translated to the inertial frame. This influence
is handled by the coefficient 1—wu of ¢2dt? in (18) and accurately predicts the known gravitational
time dilation in a spherically symmetric gravitational field. It is also natural to assume that
the space increments in the direction of the gradient VU are influenced by the potential and
should be altered by a factor defined by this potential when translated to the inertial frame.
This influence is also present in (18).

However, the metric (18) is deficient in that it is isotropic - it alters the spatial increments
equally in all spatial directions. The potential, on the other hand, influences only the direction
of the gradient VU and has no influence on the spatial increments in the directions transverse
to the gradient. To remove this problem, we alter the metric so that the potential affects only
the direction of the force, in the same way as is in (18), and leaves the transverse directions
unaffected.

More precisely, introduce at each x where VU (x) # 0 a normalized vector

n(x) = L(X) (22)
IVU(x)]
in the direction of the gradient of U(x), or the negative of the direction of the force. Let
dx, = (dx -n)n and dx; = dx — (dx - n)n, respectively, denote the projections of the
spatial increment dx in the parallel and transverse directions to n(x). With this notation,
the Relativistic Newtonian Dynamics (RND) metric is

ds® = (1 — u(x))cAdt* — dx? — dx? . (23)

_
1 —u(x)

At the points xg = 1‘6 where VU (xg) = 0, the normalized vector n is not defined. We claim
that on any smooth trajectory q(o) in spacetime with g(oq) = (29,%0) = 7o, the metric (23) can
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be extended continuously to the point zy. The Taylor expansion of the potential U(x) at xg to
second order is U(x) &~ U(x0)+ U jx(x0) (27 —2)(2*— ). The limit of n(0) as Ao = o—ay — 0
on the trajectory ¢(o) can be calculated by the limit along its tangent line zf§ + a*Ac, where

a is the tangent vector to the trajectory, and use of the second-order approximation of U (x) to
calculate VU (x). This yields VU(x(Ac))x, = U jx(x0)(a? Ac) = bAc. Hence,

lim n(Ac)=— lim n(Ao).
Aoc—0+ Aoc—0—

Since the metric is not affected by the sign of n, this proves our claim. Moreover, since, in
general, the measure of such points xg is zero, the length of the trajectory is not affected by the
metric at these points.

In the case of the gravitational field of a non-rotating, spherically symmetric body of mass
M, in spherical coordinates with origin at its center, the potential is U(r) = —GmM /r, and the
dimensionless potential (11) is u(r) = 2GM/c*r = rs/r, where s = 2G' M /c? is the Schwarzschild
radius. In this case, the metric (23) is

ds® = (1 - %> Fdt? — dr? — r2df* — r* sin® 0d?, (24)

1—rg/r

which is the well-known Schwarzschild metric ([23]). It is shown in section 5 that RN D passes
the classical tests of GR.

3.4. The Equations of Relativistic Newtonian Dynamics

We now obtain the dimensionless and dimensional energy conservation equations and equations
of motion of RN D. The derivation is similar to the reversal of the derivation in Section 3.1 for
the metric (18). Since the metric (23) is static, Proposition 1 implies here, as in (14), that

. k
Tl (25)

The square of the norm with respect to (23) of the four-velocity  is

k? 1
c? — X2 — %2 =2 (26)

l—u 1—u ™

Multiplying by 167“, using x2 = x2 + %2, and rearranging terms, we obtain the dimensionless
energy conservation equation

-2 -2

X X5, 9

— —u—u—ya =k*—1. 27
2 U UCQ ( )

The corresponding dimensional energy conservation equation is

) )
U + UK = E, (28)
where the integral of motion F is the total energy on the worldline. As in the energy conservation
equation (10) of modified Newtonian dynamics, equation (28) has a kinetic energy term and a
potential energy term. But in (28), there is also a mized term which depends on both the velocity
of the object and the potential. This means that in order to reproduce relativistic effects, one
can no longer distinguish between potential and kinetic energy, as in Newtonian dynamics. This
also explains the need to include the velocity in the modified Newtonian potentials proposed in
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[17, 18, 24, 25, 26]. The mixed term in (28) is approximately 32U (x) and is therefore only seen
for high velocities or in high-precision experiments. Note that we can also write (28) as

% (52 + (1 —uw)x2) + U(x) = E. (29)
This is the usual “kinetic plus potential” energy from of energy conservation, only now the
square of the velocity is computed with respect to the metric (23). Notice also that the force in
RND is no longer conservative.

Let ¢ = U/m denote the potential per unit mass. Differentiating equation (28) with respect
to 7, one obtains the equation of motion of RN D

)

%= Vo - Voo + ngg)(x I, (30)
which has now two additional terms not appearing in the corresponding classical equation (9).
In the classical regime, both of these terms are small and have therefore gone unrecognized.

For potentials such as the gravitational potential, for which ¢ is independent of m, equations
(27) and (30) can be extended to massless particles as well by using the symbol e, which equals
1 for objects with non-zero mass and 0 for massless particles. However, for massless particles,
the proper time 7 is not defined. Instead, we will use an affine parameter (see, for example,
[23]). There is no need here to specify this parameter, because to test our theory, we obtain
parameter-free equations.

For massless particles, the norm of the four-velocity & = (i, X) is 0. Replacing ¢? by 0 on the
right-hand side of equation (26), we obtain

) -2

X X

C%"—i—(l—u) (5—1—6) = k2. (31)
Differentiating with respect to 7 yields, in turn,

)
k= —eVo - Vol + 2¢g)(x -f)n, (32)
which is valid everywhere except on the Schwarzschild horizon. Equations (31) and (32) are,
respectively, the dimensionless energy conservation equation and the dimensionless equation of
motion for objects/particles in RN D. Equations (25) and (32) provide a complete description
of a worldline in RN D.

Note that even though the classical force is zero for a massless particle, the second and third
terms in the equation of motion (32) nevertheless remain and account for phenomena such as
gravitational lensing and the Shapiro time delay. In the classical regime, both of these terms
are small and have therefore gone unrecognized. Details of the derivation of (30) can be found
in [27] and [28].

It is clear from these equations that RN D reduces in the low velocity, weak field limit to
classical Newtonian dynamics.

4. Method II: Relativistic metric from Tangherlini’s condition

In this section, we derive the RN D metric directly, that is, without first obtaining a Newtonian
metric. The derivation here is based on a carefully defined Newtonian limit and Tangherlini’s
condition, which states that the metric coefficients must satisfy gy g, = —1 [29].
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4.1. The metric of an object moving in a static, spherically symmetric, attractive central force

field

Here, we derive the metric of the spacetime of an object of mass m moving in a static,
spherically symmetric, attractive central force field. Let K., be an inertial frame whose origin
is at infinity. Let K be the same frame but with the origin shifted to the center of symmetry of
the field. We use standard spherical coordinates ct,r,0,¢ in K. Let U(r) denote the potential
of this field. We assume that U < 0 and vanishes at infinity.

4.2. The implications of spherical symmetry
We turn now to the construction of the metric of the object’s spacetime. From spherical
symmetry, the metric in K is of the form

ds* = f(r)dt® — g(r)dr® — h(r)r*(d6? + sin® 0dy?). (33)

Since the force is static, the metric coefficients do not depend on ¢t. Moreover, there are no
time-space cross terms (see [20], page 187). By spherical symmetry, the functions f,g and h
cannot depend on ¢. For u(r) < 1, the worldlines are approximately straight, implying that
this metric is asymptotically the Minkowski metric

Nap :diag(L_l:_la_l)' (34)
Hence,
lim f(r) = lim g(r) = lim h(r) =1. (35)

Without loss of generality, we may assume that the motion is in the plane § = 7/2. Since
the metric coefficients do not depend on ¢, Proposition 1 implies that the ¢ component of the
conjugate momentum is conserved on the trajectory of the object. Thus,

h(r)r?p = J, (36)

for some constant J. Since the force is central, the acceleration t is parallel to r implying that
the angular momentum per unit mass r x ¥ = 72¢ is also conserved on the trajectory. Thus h(r)
remain constant for any values r on the trajectory of the object. Since around any value r > 0
there can be a trajectory of the object, this imply that h(r) is constant for all » and from (35)

h(r) = 1. (37)

4.83. Newtonian approximation for radial motion

Since angular momentum conservation does not provide any information about radial motion
(¢ = constant), we now consider radial motion. The function L(x,2) defined by (2) in this case
becomes

L(z,2)= mC\/f(r)CZi2 — g(r)r2. (38)

From (8), the r-momentum is p, = —mg(r)7, and the r component of the Euler-Lagrange
equation (7) is

m (f’(r)cQt'2 - g'(r)f"2) + mg (r)i? + mgi =0 (39)

2
Dividing (33) by d72, we obtain the norm equation

f(r)Et? — g(r)i? = 2, (40)

10
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implying that ¢*£? = (T) + g?"g *2, Substituting this into (39), we obtain

1 "(r "(r)\ . Af(r
2\\f(r) ~ g(r) fr)g(r)
In Newtonian dynamics, the acceleration of an object depends only on the forces acting on
it and on the object’s mass, but is independent of its velocity. As explained in the previous
section, in the geometric approach to dynamics, the acceleration should be # = %. Can we

define the metric so that this acceleration for radial motion will be independent on the velocity
of the object? From equation (41), it follows that this can be achieved if we set

£r) g
o) e

(
which implies that In(f(r)g(r)) = const and f(r)g(r) = const. Using (35), this implies that
f(r)g(r) =1. (43)

The condition (43) was also used in [29]. For some interesting conditions equivalent to (43), see
[30] and [31]. Under this condition, (41) becomes

&gm. )

0, (42)

=

The function f(r) will be defined from the classical limit. Let 79 be an arbitrary value of r.
Consider the radial motion of an object whose velocity at rg is v(rg) = 0. We now connect this

object’s acceleration 7 with the classical acceleration % at rg. Since near the point rg, we have
dr = +/ f(r)dt, the acceleration 7 at r¢ is

er  d (1 dr 21 @
L aTr oa foLary / -1/
T_dTQ_dT<\/fdt>_< 2f32f< ) fdt2>fl2'

Since v(rg) = 0, we have
e
f(TQ) dt2 0

The Newtonian radial acceleration in tensorial form is flt;" =m- ?715 U, (see [32]). Since the

P(ro) =

(45)

object’s spacetime is not flat, this formula should be replaced by ¢ dtQ =m ¢g"U ,3- For radial

motion with metric (33) satisfying (43), this acceleration is Z? = —ml(r) U — i fn) 4 Hence,
the acceleration # at rg is

.. 1 d*r 1 ro) dU 1dU

o) = o | =2 JEOA) LA (46)

f(ro) dit2 Irg f(ro) m drlre — modr ln

This is the analog of Newton’s second law which, for geometric dynamics, holds only in the case
in which the velocity is in the direction of the acceleration. Equation (46) holds for any radial
motion, not just motion with has zero velocity at some point, since the acceleration 7 which
satisfies (44) is independent of the velocity of the object. Moreover, since ry was arbitrary, the

radial acceleration is | dU
Ff=———. (47)

m dr

11
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For radial motion, the geometrization of Newton’s second law involves only replacing the time
parameter with the proper time parameter. Our derivation assumes only that 7 is independent
of the velocity, that Newton’s second law holds for motion with initial zero velocity and that
the raising the index of the covector % to the acceleration vector is done via the metric of the

object’s spacetime.

’ au
From (44), we obtain % = 4= Thus, f(r) = n%gQ + const, and from (35), f(r) =1+ nzfcé
Introducing the dimensionless potential

B —2U(r)

u(r) = T2 (48)
we have

flr)=1—u(r), (49)
and from (43),

o) = =y (50)

Thus, using u(r) defined by (48), the metric (33) is

1

ds* = (1 — u(r))cEdt* — =)

dr? — r?(d6? + sin? 0dp?), (51)

which in the case of the gravitational field of a spherically symmetric mass distribution is the
Schwarzschild metric. This metric was also derived without using Einstein’s equation in [33],
from assumptions different from those used here.

The metric (51) can be generalized to motion under any conservative force with potential
U(x), as follows. As in the previous section, introduce at each x where VU (x) # 0 a normalized
vector

VU (x)

n(x) = U (x| (52)

in the direction of the gradient of U(x), or the negative of the direction of the force. Let
dx, = (dx -n)n and dx; = dx — (dx - n)n, respectively, denote the projections of the spatial
increment dx in the parallel and transverse directions to n(x). With this notation, our metric
(51) becomes

ds® = (1 — u(x))cdt? — dx? — dx? , (53)

1
1 —u(x)
which is the RN D metric.

5. The Classical Tests of GR

In this section, we show that RN D passes the following classical tests of GR:
1) the anomalous precession of Mercury

2) the periastron advance of a binary star

3) gravitational lensing

4) the Shapiro time delay

o~ o~~~

For the gravitational field of a non-rotating, spherically symmetric body of mass M, the unit
vector n, defined by (52), is the radial direction, so %, = r. If the initial position and velocity
of the object/particle are in the plane § = /2, then they will remain in this plane throughout
the motion ([34]). Thus, one may chose the coordinate system so that § = /2.

12
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Moreover, the metric coefficients (24) are independent of ¢. Hence, by Proposition 1, we
have

r2¢ =J, (54)

where, for objects with non-zero mass, the constant J has the meaning of angular momentum
per unit mass. This implies that X2, = r2? = ‘7{7, and one can rewrite equation (31) as

2 2
"1 — () <‘2] + s) = k2. (55)

c2 c2r2

This, together with the definition of J, leads to the path equation for a central force

< J dr>2+(1_u(r)) <C*2]j2 H) gty (56)

cr? dp

which depends on the two integrals of motion k£ and J and coincides with the geodesic equation
of the Schwarzschild metric ([23]).
Furthermore, from (25) and (54), the time dependence equation for a central force on this
path is
dt kr?

dp = Tl 57)

For a non-rotating, spherically symmetric object of mass M, the dimensionless gravitational
potential defined by (11) is u(r) = =, where 74 = 2(52M is its Schwarzschild radius.
1. To describe the trajectory of Mercury (¢ = 1) in the gravitational field of the Sun, we

rewrite (56) in terms of the dimensionless potential energy u by substituting r = r4/u. Defining

crg

the orbit parameter y = % ( g )2, we obtain the RN D equation for the planetary orbit

d 2
<d“) =’ —u? + 2uu + 2u(k? — 1), (58)
P

which is similar to the corresponding equation in GR (see, for example, [35]).
The corresponding classical Newtonian equation for this orbit is

2
<d“> = —u® + 2pu + 2u(k* - 1). (59)
dep
For a bounded orbit, the maximum and minimum values of u are the roots u,, u, of the quadratic
on the right-hand side of this equation, corresponding to the perigee and apogee, respectively.
This equation has the obvious classical solution u.(p) = p(l + ecos(¢ — o)), where g is
the polar angle of the perigee and e is the eccentricity of the orbit. Here, u, = pu(1 +€) and
uq = p(1—e). Then p = (up—+u,)/2 is the average energy on the trajectory. In polar coordinates,
we have
_ rs/ 1

1+ ecos(p — o)’

Tcl(()@) (60)
which is a non-precessing ellipse. The reason there is no precession is that the radial and angular
periodicities are both equal to 27. This is no longer the case in RND dynamics, due to the
anisotropy of the metric (24).

The RN D solution (the solution of (58)) is of the form u(p) = pu(1 + ecosa(y)), where the
angle « satisfies (o) = (). As in the classical case, u,, u, are again roots of the cubic on the

13
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right-hand side of equation (58), but this cubic has an additional root ug = 1—(up+u,) = 1—2p.
Substituting this into (58), one obtains da/dp = /1 — 3 — pe cos o and the explicit dependence

() = @o + / (1—3u— pecosd)”'/*da, (61)
0
which eventually yields the known perihelion precession formula ([23])
e(27) — (0) — 27 ~ 3Tpu—. (62)

Substituting the value of p for Mercury, we obtain its observed anomalous precession.

2.  Since, in RN D, we use the unmodified Newtonian potential, the potential of a binary
star is the same as the potential of a classical two-body problem. Therefore, we can reduce the
problem to a one-body problem in the gravitational field of an object with mass M, the combined
mass of the binary, located at the center of mass of the binary. Hence, the RN D treatment of
the binary is the same as for Mercury and will once again produce precessing elliptic orbits for
each component of the binary, with precession given by (62). As shown in [36], this leads to a

periastron advance

2/3 —5/3

o= g GMT (B (63)
2(1—e?) \2m

where P, is the orbital period of the binary and w is the angular position of the periastron. This
formula is identical to the post-Keplerian formula for the relativistic advance of the periastron
found in [37].

3.  Gravitational lensing and the Shapiro time delay (or gravitational time delay) describe
the deflection of a light ray and the slowing of a light pulse (¢ = 0) as it moves from a point
A to a point B in the gravitational potential of a spherically symmetric massive object of mass
M. Denote by 7o the distance from the point P on the trajectory closest to the massive object.

Slnce = 0 at the point P, it follows from (56) that
J? 73

. . 4

k2 1—rg/ro (64)

To obtain the formula for gravitational lensing, substitute (64) into (56), which yields

2 2
ro dr _Ts\TO _ 4 _Ts
<r2d4p) +<1 r>r2_1 ro (65)

For any angle ¢ on the trajectory, one may associate an angle a(p) for which r(¢) = 7(«), where
7(a) = FO- is the straight-line approximation of the trajectory at the point P, chosen to be the

- _ r? da
which implies 4 d<p (:oscz7~ o and

dp Ts 1 -1/
—=(1-— —_— .
da ( ) <sma * 14 sina)) (66)

Hence, the deflection angle of a light ray moving from A to B is
1 —-1/2
1) 1——= do — 67
¢= / ( 0<Sma+1+sma)> “aTm (67)

14
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where a4, ap are the a values of the points A and B, respectively. Assuming that these points
are very remote from the massive body (a4 =~ 7, ap ~ 0) and that r; /1y < 1, the weak deflection

angle becomes

s n 2o AGM (68)

o c2rg

which is identical to the angle given by Einstein’s formula for weak gravitational lensing using
GR ([23, 38]).

4. To obtain the formula for the Shapiro time delay, one substitutes the value of J/ck
from (64) into the RN D time dependence equation for a central force (57). Hence, the time of
passage of light from the point P to B is given by

7r/27'2\/ —re/T
co(Tg —Tp) :/ Mdg&. (69)

For the common case rs/ro < 1, we work in first order in r5/79. Then, using (66) and the same

substitution r = ;70— as above, the time propagation between P and B is

c(Tp—Tp) = xp+rsln TB:;JUB, (70)

where x5 denotes the x coordinate of B. Using this approximation, the Shapiro time delay for
a signal traveling from A to B and back is

dxp|z 4l

2 b
o

rsln (71)

which is the known formula for the Shapiro time delay ([23, 38]), confirmed by several
experiments.

6. The RN D metric of several objects moving in an inertial frame

If the inertial frame K is the rest frame of the Universe, and the rest frame K’ of the Sun
moves uniformly with respect to K, then as pointed out in [39], the theory will pass the tests of
GR only if it is Lorentz covariant. Therefore, we now extend the previous results by imposing
Lorentz covariance. In electromagnetism, the potential of a moving charge can be defined from
the potential of a stationary charge by applying Lorentz covariance. This leads to the Liénard-
Wiechert retarded four-potential. Our approach here is similar.

Consider a spherically symmetric object of rest mass M moving uniformly in an inertial frame
K. Denote by P = z* the spacetime point in K at which we want to define the four-potential.
Let L : (2/)*(7) denote the worldline of the object generating the gravitational field. Let the
point @ = 2/(7(x)) be the unique point of intersection of the past light cone at P with the
worldline 2/(7), see Figure 1. The time on the worldline of the object corresponding to this
intersection is uniquely determined by the point P. It is called the retarded time and will be
denoted by 7(x). Note that radiation emitted at @ = 2/(7(x)) at the retarded time will reach
P at time t = (2 — (2/)%(7(2)))/c.

The four-potential per unit mass at P, in an inertial frame, is given by

—GMuw,,
@r@) —2) v

where 2/(7(xz)) — x is the relative position of P and the position of the object at the retarded
time, and w is its four-velocity at that time. Formula (72) certainly holds in an inertial frame

Aa(P) =

(72)
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Figure 1. The four-vectors 2’ — x, w associated with an observer and a moving object.

in which M is at rest. By Lorentz invariance, this formula holds in any inertial frame. The
derivation parallels that of the Liénard-Wiechert potentials of the field of an arbitrarily moving
charge (see, for example, [40], pp. 174-6).

Now consider a gravitational field generated by several objects of masses M; with worldlines
(7). The total four-potential of the sources is the sum of the individual four-potentials (see
[42]). To calculate the total four-potential, we have to define first their retarded times 7;(x),
their relative positions 2’ (7;(z)) — x, and their four-velocities w; at the retarded time. Then,

J
the total gravitational four-potential at P is

—GM;(wj)a

Ay(P) =3, . (73)
¢ (@ (@) — @) w
Note that this four-potential tends to 0 when P is far removed from the sources.
Denote the time and spatial components of the four potential by
Ay = (P,—A), (74)

where the spatial part has a minus sign because it is a co-vector. Since each individual four-
potential is a timelike vector, the total four-potential is also timelike. Therefore, we can apply
a Lorentz transformation A from K to an inertial frame K’ such that A(A) = (U,0,0,0). In
K', the four-potential behaves like a “static” potential since it has zero spatial component.
Therefore, in K’, the metric is defined by formula (23), with u defined by (11) and n defined by
(52). To obtain the metric in K, apply the inverse Lorentz transformation A~! to the metric in
K'.

7. Discussion

Riemann’s approach to unify the laws of electricity, magnetism, light and gravitation was
geometric. He believed that the forces at play in a system determine the geometry of the
system. Put simply, for Riemann, force equals geometry. His quest failed, unfortunately, because
he considered how forces affect space, not spacetime. Nevertheless, his geometric approach led to
the development of pseudo-Riemannian geometry which fifty years later provided the cornerstone
for Einstein’s GR. However, GR singles out the gravitational force from other forces which are
not treated geometrically.

In this paper we introduced the relativity of spacetime in order to apply Riemann’s principle
of “force equals geometry” to the dynamics under any conservative force. We accomplished
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this by describing the geometry of the spacetime of a moving object via a metric derived from
the potential of the force field acting on the object. Since an inanimate object has no internal
mechanism with which to change its velocity, it has constant velocity in its own world. This
led us to formulate our new Generalized Principle of Inertia, which states that: An inanimate
object moves freely, that is, with zero acceleration, in its own spacetime, whose
geometry is determined by all of the forces affecting it.

This is a generalization, or more accurately, a relativization of what Einstein accomplished.
In GR, an object freely falling in a gravitational field is in free motion. Along a geodesic,
the acceleration is zero. The Generalized Principle of Inertia states that every object is in
free motion in its own world, determined by the forces which affect it. Thus, we assumed the
existence of a metric with respect to which the length of the object’s trajectory is extremal,
enabling us to use a variational principle and conserved quantities to calculate trajectories.

Specifically, we began by treating classical Newtonian dynamics within this framework. Using
second Newton’s law and energy conservation, we derived a Newtonian metric. Nevertheless,
this Newtonian metric is still deficient, since it fails to reproduce the tests of GR. The deficiency
lies in the fact that this metric is isotropic, while the potential influences only the direction of the
force and has no influence on directions transverse to the force. We removed this deficiency and
obtained a corrected Newtonian metric (23). The dynamics built on the corrected metric is called
Relativistic Newtonian Dynamics (RND). We derived the dimensionless energy conservation
equation (31) and the dimensionless equation of motion (32) of RN D, for both massless particles
and objects with non-zero mass. For a gravitational field of a spherically symmetric massive
body, the RN D metric is the Schwarzschild metric.

It is clear from these equations that this dynamics reduces in the low velocity, weak field limit
to classical Newtonian dynamics. Moreover, as a partial validation of our approach, we have
shown in section 5 that for a gravitational potential, RN D exactly reproduces the classical tests
of GR. The derivation of our metric is much simpler than in GR and uses potentials defined by
the sources via Poisson’s equation for the static case. We expect RN D to be useful for studying
relativistic gravitational astrophysical (or other) phenomena.

The first approach reveals why Newtonian dynamics cannot produce relativistic behavior
and what modification is needed to produce such behavior. However, this approach is based
on energy conservation which relies on a flat metric and not on the Generalized Principle of
Inertia. This led us to the second approach which uses only the metric-free parts of Newtonian
dynamics.

In our second approach, we took advantage of the symmetry of the problem and angular
momentum conservation, which helped to derive the form of the metric in the direction transverse
to the force. The remaining part of the metric was obtained from considering radial motion.
We defined the metric so that for radial motion, the proper acceleration is independent of the
velocity, as in the classical case. This property, which is equivalent to Tangherlini’s condition,
cannot be kept for arbitrary motion, only for motion in the direction of the force. We used the
classical limit to complete the derivation of the metric.

In classical physics, the total energy has two mutually exclusive contributions: the kinetic
energy depending only on the magnitude of the velocity of the object, and the potential energy
depending on the field and the object’s position. This leads to the isotropy of the spatial part
of the Newtonian metric (18). In RN D, on the other hand, the metric is not spatially isotropic
because space is not isotropic. The direction of the force is a preferred direction for the given
object. This is reflected in the additional term
)

Ux)=5
of the energy conservation equation (28), which depends on both the position and the velocity of
the moving object. This implies that in order to reproduce relativistic effects, one can no longer
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separate these contributions. Indeed, some authors [17, 18, 24, 25, 26] have defined velocity-
dependent “potentials” in order to reproduce relativistic effects. However, these potentials are
not potentials in the true sense. They are “Newtonian analogous potentials” (see [18]).

The non-static case is handled as follows. First, we consider a single source which is moving
in our inertial frame. Using Lorentz invariance, the potential of this source at a given spacetime
point becomes a four-potential, which depends on the position of the source at the retarded
time with respect to the given spacetime point. For several sources, the metric of the object’s
spacetime depends on the sum of the four-potential of the sources which affect our object. The
formula for the four-potentials is similar to the that of the Liénard-Wiechert potentials. Since
the total four-potential is timelike, there is an inertial frame in which it behaves like a scalar
potential. In this frame, the metric is defined as in the static case. The metric in the original
frame is then computed via a Lorentz transformation. A similar approach can be found in [42].

At this stage, the RN D model does not describe modern tests of GR beyond the classical
tests. In particular, since the potential of a collapsing binary is not static, the model in its
current form does not provide a mechanism for the recently discovered gravitational waves by
the LIGO team. We hope to extend the model to handle these modern tests as well.

Our methodology here differs from the standard approach in the way we define the radial
coordinate r. The standard approach (see [20, 44], for example) is to define r so that a sphere of
radius 7 has surface area 47r2. Our approach, on the other hand, is to measure r in the inertial
frame at infinity. This is a more natural way to define the radial coordinate, since, in practice,
this is what is measured.
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