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Abstract

The variational quantum eigensolver (VQE) is one of the most prominent algorithms using near-
term quantum devices, designed to find the ground state of a Hamiltonian. In VQE, a classical
optimizer iteratively updates the parameters in the quantum circuit. Among various optimization
methods, the quantum natural gradient descent (QNG) stands out as a promising optimization
approach for VQE. However, standard QNG only leverages the quantum Fisher information of the
entire system and treats each subsystem equally in the optimization process, without accounting
for the different weights and contributions of each subsystem corresponding to each local term

in the Hamiltonian. To address this limitation, we propose a Weighted Approximate QNG (WA-
QNG) method tailored for k-local Hamiltonians. In this paper, we theoretically analyze the poten-
tial advantages of WA-QNG compared to QNG from three distinct perspectives and reveal its con-
nection with the Gauss—Newton method. We also show it outperforms the standard QNG descent
in the numerical simulations for seeking the ground state of the Hamiltonian.

1. Introduction

Quantum computing is widely regarded as having potential advances in numerous fields. However, due
to the limitations of the noise and scale of current Noisy intermediate-scale (NISQ) quantum devices
[1], algorithms such as Shor’s [2] and Grover’s [3] still remain beyond practical implementation. A com-
putational paradigm well-suited for current NISQ quantum devices is that of the variational quantum
algorithms, which is a kind of variational hybrid approach [4]. These algorithms leverage a feedback
loop between classical and quantum computers. In this paradigm, the quantum computer evaluates an
objective function formulated by a parameterized quantum circuit, while the classical computer employs
an optimizer to iteratively update the circuit parameters to seek the optimal value [5].

Variational quantum algorithms have drawn significant attention across various fields, including
quantum physics and quantum chemistry [6, 7], optimization [8, 9], and machine learning [10, 11].
Among these, one of the most well-known variational quantum algorithms is the variational quantum
eigensolver (VQE) [7]. VQE is designed to find the ground state of a given quantum system. In this
algorithm, a variational quantum circuit is employed to estimate the expectation value of the system
with respect to a given Hamiltonian. Additionally, a classical optimizer iteratively updates the para-
meters in the quantum circuit to minimize the expectation value. Through this optimization process,
the algorithm is expected to converge to a solution that closely approximates the ground state. Despite
the high potential in this field, VQEs also face several challenges during optimization, such as barren
plateaus [12—15]. Therefore, developing efficient optimization methods for VQEs is of great importance.

The optimizer in VQE plays a crucial role in determining the algorithm’s performance. In addition
to the most basic gradient descent method (referred to as vanilla gradient descent in this context), more
advanced variants such as stochastic gradient descent [16] and Adam [17] are widely adopted. Among
these, the quantum natural gradient descent (QNG) [18] emerges as a promising approach. It is the
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quantum analog of natural gradient descent [19, 20] in its classical counterpart. QNG leverages the
quantum Fisher information matrix [21] of the quantum system. It captures the geometric information
and is expected to obtain better convergence performance in the optimization process.

In the standard formulation of QNG, the quantum Fisher information used in the optimization step
corresponds to the entire quantum system. However, in VQE, particularly in quantum chemistry, the
Hamiltonian H is often expressed as a summation of several local terms H,, with maximum locality &,
where H="_ h,,H,, with the corresponding output of the quantum circuit tr(pH) =) hutr(pmHyn).
Recent studies [15, 22] have shown that leveraging the locality structure of k-local Hamiltonian can
improve the performance of finding ground state.

For a k-local Hamiltonian, each subsystem p,, corresponding to each local term H,, contributes dif-
ferently to the final output of the quantum circuit due to the different weights h,,. Therefore, a potential
improvement for standard QNG is to assign these subsystems with different weights during the train-
ing, rather than only using the quantum Fisher information matrix of the entire system, where all sub-
systems are treated equally. Hence, here we propose a new approach, the Weighted Approximate QNG
(WA-QNG), which takes the different weights and contributions of the subsystem corresponding to each
local observable term into account.

In WA-QNG, we replace the quantum Fisher information matrix of the entire quantum system with
the weighted summation of the Hilbert—Schmidt metric tensors of the subsystems corresponding to each
local term in the optimization step. We theoretically analyze the potential advantages of WA-QNG com-
pared to QNG from three distinct perspectives and reveal its connection to the Gauss—Newton method.
Our method displays efficient convergence speed compared to standard QNG in the numerical simu-
lations. Furthermore, we show that the Hilbert-Schmidt metric tensor required for WA-QNG can be
efficiently estimated using the classical shadow method [23] for k-local Hamiltonians.

The remainder of the paper will be structured as follows. Section 2 introduces the preliminary
background knowledge, including the VQE and the QNG descent. Section 3 formulates the WA-QNG
method and theoretically analyzes its potential advantages over standard QNG from three different
perspectives. Section 4 explores the connection between WA-QNG and the Gauss—Newton method.
Section 5 discusses the computational costs of WA-QNG compared to standard QNG. Section 6 presents
the numerical results to support our theoretical analysis. Finally, section 7 concludes the paper.

2. Background

In this section, we provide a brief overview of the foundational background relevant to this paper. First,
we briefly introduce VQE and explain its working principles. Then, we give the definition of the QNG
descent and discuss its relation with quantum Fisher information.

2.1. Variational quantum eigensolver

The goal of the VQE, initially introduced by [7], is to approximately seek the ground state pgs with
respect to a Hamiltonian H. A variational quantum circuit is used to prepare a variational quantum state
po» where pg = U(0)]0)(0|UT(6). The expectation value with respect to the Hamiltonian H is evaluated
by the quantum computer. An illustration of variational quantum circuit in VQE is given in figure 1.
Hence, the variation quantum circuit realizes the following function f:

f(0) = tr(poH). (1)

According to the definition, the ground state pgs is the lowest energy state of the given Hamiltonian
H. Hence, seeking the ground state by adjusting the parameter 6 is equivalent to minimizing the func-
tion f(0).

The value of function f(6) is fed to a classical computer in the optimization process. The classical
computer employs an optimizer, where f(6) is the objective function, to iteratively update the parameters
in the quantum circuit. The most common optimization method is the vanilla gradient descent. In each
optimization step, the parameters are updated by:

gk+1) — (o) _ nvf(g(k)) )

where Vfis the gradient of the objective function and 7 is the learning rate. In general, the gradient can
be approximated using a naive finite difference method. In VQE, however, the most common approach
to obtain the exact gradient is through the parameter-shift rule [24, 25], up to finite sampling errors.
The general working principle of VQE is also illustrated in figure 1. After sufficient training with an
expressive variational circuit, VQE is expected to produce a good approximation of the ground state.
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Figure 1. Left: An illustration of the variational quantum circuit in VQE. A parameterized quantum circuit U(0) is used to
prepare a variational quantum state pg. By adjusting the parameter 6, the quantum circuit aims to prepare the state py that
approximates the ground state pcs by minimizing the objective function f(6). Right: The general working principle of VQE.
The quantum computer evaluates the expectation value f(0) = tr(pg H), while the classical computer employs an optimizer to
iteratively update the parameters 6 to minimize the objective function f(6).

2.2.QNG
Each optimization update step in vanilla gradient descent can be formulated as the following constrained
optimization problem [20, 26] for a small € with a small change § in parameter space:

méin f(0+9)

3
st |62 <e ©)

This constrained optimization problem seeks to minimize the objective function f within a local
neighborhood of %), Note that solving this problem by applying a first-order Taylor approximation to f
leads to the derivation of the vanilla gradient descent step in equation (2).

A limitation of this method is that each step is inherently tied to the Euclidean geometry of
the parameter space, as the Euclidean distance is used to define the local neighborhood in the con-
strained optimization problem. However, the distances in the optimization landscape can be distorted
in reparameterization—for example, directions that were equally steep may become scaled differently,
potentially leading to inefficiencies in the optimization process [18, 19].

An illustration is shown in figure 2. The parameter space is a Euclidean space [0, 7] x [0,27], where
each coordinate corresponds to the polar angle and azimuthal angle of a sphere. The parametrization
maps each point in the original parameter space to a point on the surface of a unit sphere using the
coordinate transformation x = sin(6) cos(¢), y = sin(0) sin(¢), z = cos(#). In the original parameter
space, the distances between points A and B (red line) and between points C and D (purple line) are
the same in terms of Euclidean distance. However, after parametrization onto the sphere, their distances
differ significantly °. An intuitive example is as follows: Suppose the original parameter space consists
of latitude and longitude pairs, and the parametrization maps each pair to a point on the surface of the
Earth. It is more natural to describe distances using the great-circle path distance defined directly on the
Earth’s surface (i.e. distance after parametrization) rather than the Euclidean distance between latitude
and longitude pairs (i.e. distance in the parameter space).

Similarly, in the parametrization from the parameter 6 to the variational quantum state pp, the dis-
tance distortion can also occur. Changes with the same Euclidean distance in the parameter space can
result in different changes in the variational quantum state py. Therefore, it is more natural to use a dis-
tance metric defined directly for the variational quantum state py to reformulate the constrained optim-
ization problem, rather than relying on the Euclidean distance defined for 6 in the original parameter
space:

méin f(6+9)

(4)
st.  Dr(po,pots) <¢

where the distance metric Dg(p,0) =1 — (tr(y/\/po/p))* is the fidelity distance. For pure states
p=|0){(¢| and o = |1) ()|, the fidelity distance can also be formulated as Dr(|¢),[1)) =1 — [{¢|1))|*.

3 In figure 2, we use the chord length as the distance metric between two points on the sphere for simplicity. Note that the chord length
is always proportional to the great-circle distance, which represents the true geodesic distance on the sphere.
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Figure 2. An illustration of distance distortion in the parametrization. The original parameter space is an Euclidean space. The
parametrization maps the point in the parameter space to a point on the sphere with radius r = 1 by the coordinate transform-
ation x = sin(0) cos(¢), y = sin(0) sin(¢), z = cos(H). The distances from A to B (red line) and from C to D (purple line) are
the same in the original parameter space. However, after parametrization to the sphere, the distances are distorted and become
different.

Solving the above optimization problem derives the QNG update step:
o+0 =0 —yrtvf(6®) (5)

where Ft is the pseudo-inverse of the quantum Fisher information matrix F at %), and 7 is the learn-
ing rate. For a pure state |1)(6)), the quantum Fisher information matrix F is given by:

O N A
ry=are{ G150 - oG} (©

where 0; denotes the i-th element of the parameter 6, and F;; represents the (i, j)-th entry of the
quantum Fisher information matrix F. For details on the derivation, please refer to [18] and [27]. A
detailed discussion of the derivation is also provided in appendix D. QNG has been shown to achieve
better performance compared to vanilla gradient descent in previous studies [18, 19, 28].

3. WA-QNG

In this section, we present the formulation of the WA-QNG method and discuss its potential advantages.
First, we highlight the limitation of QNG, where the weights of subsystems corresponding to each local
term are not considered. To address this issue, we introduce WA-QNG, which leverages the weighted
sum of the Hilbert—Schmidt metric tensors of each subsystem in the optimization step. Additionally, we
demonstrate WA-QNG’s potential advantages from three different perspectives.

3.1. Limitation of QNG

The quantum Fisher information matrix of pg in equation (5) represents the quantum Fisher informa-
tion matrix of the entire quantum system. A key limitation is that this quantum Fisher information does
not incorporate any information about the Hamiltonian. Consequently, QNG utilizes the same quantum
Fisher information matrix F in the update formula for two different Hamiltonians, which captures the
sensitivity of the quantum state with respect to parameter changes. However, in VQE, we care more
about how the sensitivity of the final objective function value with respect to parameter changes, rather
than the sensitivity of the quantum state with respect to parameter changes itself. Therefore, information
about the Hamiltonian should also be taken into account during the optimization process.

Consider a k-local Hamiltonian H= ), h,,H,, and its expectation value tr(pgH) = >, hutr(pmHpy),
where each H,, is a Pauli string that acts non-trivially on a subsystem state p,, of k qubits. Intuitively,
the contributions of each subsystem p,, are different due to the associated weights h,,. An illustration
(shown in figure 3) is the 3-qubit toy Hamiltonian H = Z12; + 22,75 + X; + 0.5X; + 1.5X5. The con-
tributions of the five subsystems, corresponding to the five terms in the Hamiltonian, are weighted by
their respective coefficients. Therefore, in the optimization process, a potential improvement is to also
assign appropriate weights to each subsystem, rather than treating them equally as in standard QNG.

In addition, as the total system size increases, the parameter sensitivity within each subsystem may dif-
fer significantly from that of the entire system. In such cases, the quantum Fisher information matrix F
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Figure 3. An illustration when the Hamiltonian is H = Z,Z, + 22,Z, + X; 4+ 0.5X, 4 1.5X3. The small rectangles indicate that
the corresponding Hamiltonian term acts on that subsystem. And the width of rectangles reflects the magnitude of each coef-
ficient hy,. Each subsystem contributes differently to the output due to the coefficients, suggesting that they should be assigned
different weights in the optimization process.

of the entire system may struggle to capture the parameter sensitivity of each subsystem. To address all
these aspects that are overlooked in QNG, we propose the WA-QNG method.

3.2. Method formulation
In this subsection, we formalize the WA-QNG method. Suppose the target Hamiltonian to solve is H =
> hmHp. Then the update formula of WA-QNG is then given by:

gUk+1) — gk _ nW+Vf(9<k>) (7)

where W= ﬁ thfnTm, and T,, represents the Hilbert-Schmidt metric tensor [29, 30] of the m-th
subsystem corfnes"i)onding to the observable term H,,. The i-th row j-th column element of each T,, is
that (T,,);j = tr(0; pm0jpm). Because the coefficient h,, can be negative, we use square-weighted summa-
tion instead of direct-weighted summation. The prefactor <%= is to make WA-QNG consistent with
QNG: If each term H,, in the Hamiltonian acts globally on the whole quantum system, then WA-QNG
will reduce to QNG and W = 2T = F. The proof of this equivalence is detailed in appendix A. From this
perspective, WA-QNG can be regarded as a more generalized form of the original QNG.

In the following, we further motivate and explain why the matrix W, namely the weighted average of
the Hilbert—Schmidt metric tensors of each subsystem, is chosen in the updated formula of WA-QNG,
and also why it is expected to perform well from three different interpretative perspectives.

3.3. Intuitive interpretation
The quantum Fisher information matrix F of the entire system is used in the optimization step of QNG.
Mathematically, because F is unrelated to the index m, it can be rewritten as:

F=1-F
1

5 )

where h,, is the m-th coefficient of the k-local Hamiltonian H= ), h,,H,,. However, since the m-th
observable term H,, and coefficient h,, are only associated with the subsystem p,,, an intuitive way
to address the different contributions of each subsystem is to replace F in equation (8) with F,,, the
quantum Fisher information matrix of the corresponding subsystem p,,. Therefore, we define a new
matrix F:

F=

1
S > B Fo. 9)

Compared to equations (8) and (9) incorporates a weighted sum of the quantum Fisher information
matrices of individual subsystems. Here, h2, serves as a weight to quantify the influence of each sub-
system. By taking a weighted sum over the quantum Fisher information matrix of each subsystem p,,
corresponding to H,,, this formulation explicitly accounts for the different weights and contributions of
each subsystem.

However, since each subsystem state will be a mixed state in general, and as noted in [21, 29, 31],
the estimation of the quantum Fisher information for a mixed state is generally a more computationally
demanding task than for a pure state. Consequently, estimating the matrix F,, required in equation (9)
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is computationally demanding. To deal with this problem, [29, 30] propose using the Hilbert—Schmidt
metric tensor T as an approximation of the quantum Fisher information F in QNG for a mixed state,
where F =~ 2T when the mixed state is close to being pure and does not change dramatically with para-
meters. We also demonstrate this approximation relation in appendix C. Therefore, we can approximate
each F,, in equation (9) using the Hilbert-Schmidt metric tensor T),:

2 2
W= mthT,ﬂ (10)

here we exactly obtain the matrix W used in equation (7) of the update rule of WA-QNG. Equation (9)
introduces a weighted average to account for the relative importance of each subsystem. From

equation (9) to equation (10), the Hilbert-Schmidt metric tensor is employed to approximate the
quantum Fisher information matrix of each subsystem state. Hence, this is where the name of our
method WA-QNG: QNG comes from.

3.4. Optimization interpretation

The constrained optimization problem defined in equation (4) uses the fidelity distance Dy as the dis-
tance metric. As discussed in section 2.2, using Dy instead of the Euclidean distance in the parameter
space leads to the derivation of the QNG update formula. However, the distance metric Dy for the entire
quantum system still does not account for the different weights of each subsystem with respect to the
observable terms. To capture this characteristic, we introduce the following distance:

Dy (p(0+9),p(0)) =

Zm

where h,, is the m-th coefficient of the k-local Hamiltonian H= ), h,,H,,, and p,, represents the sub-
system state of p(f) corresponding to the m-th subsystem. Additionally, the coefficient h2, serves as a
weight in the weighted averaging process of the 2-norm distance, thereby accounting for the different
contributions of each subsystem. Hence, similar to equation (4), we define the following constrained
optimization problem for each update step:

2
2 Zh2m||pm(9+5)_/)m(9)“§ (11)

m(sin f(0+9)

(12)
st. Dw(p(0),p(0+9))<e

From the constrained optimization problem defined above, we can derive the same update rule of
WA-QNG as given in equation (7). Thus, we establish WA-QNG from the optimization perspective. The
detailed derivation from this optimization problem to WA-QNG is provided in appendix D.

3.5. Geometric interpretation

The interpretation in the previous subsection can be further explained from the perspective of
Riemannian geometry. In general, consider a function F: © — M from the parameter space © C R
to a Riemannian manifold M equipped with a Riemannian metric gaq. A pullback metric * g on © is
induced by function F, which is defined as [32]:

gij = (F*ga) (d0;, db;)
=gM (@F(@),@-F(@)). (13)

Then, the Riemannian gradient descent [18, 19, 33] with pullback metric can be defined for M:
oD = 6) — e (0) v (6W). (14)

Now, consider a quantum state p(f) prepared by a parameterized circuit. For QNG, the quantum
circuit defines a mapping function F: R4 — HY, where HY represents the N x N Hermitian matrix

4 Strictly, only when F is an immersion, the pullback metric defined in equation (13) is guaranteed actually to be a Riemannian metric.
However, the pullback metric defined in equation (13) is always well-defined and ensures that the update formula in equation (14)
works in general.
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space. In this view, QNG can be considered to work with the pullback metric of the Frobenius inner
product gi(p, o) = tr(po) defined on Hermitian matrix space:

g (0) = (F*gu) (d6;, d6j)
=gu (8ip(0),0p(0))
=tr (0ip(0)9p(0)) (15)

which is consistent with the update rule of QNG in equation (5), up to a constant factor 2. In WA-
QNG, to address the different weights and contributions of each subsystem, we view the mapping func-
tion F as:

05 q(0) = ——— 111 (6), - agpua (6)] (16)

V2w i

where the g(#) is a point in the product space H; X --- x Hjs where each subsystem p,,, € H,,. This
product space is equipped with an inner product {(p1,...,pm), (01,...,0M)) = szltr(pmam).
Similarly, the pullback metric can also be obtained as:

gi(0) = (0iq(0),0,9(0))

zlm SRt (90m (6) 90 (6)) (17)

which is consistent with the update rule of WA-QNG in equation (7), also up to a constant factor 2.
Compared to QNG, since each subsystem is explicitly represented with its corresponding coefficient in
the direct product space, the pullback Riemannian metric tensor is more likely to account for the differ-
ent weights of each subsystem.

4. Relation with Gauss—Newton method

As illustrated in [20], second-order optimization methods that leverage Fisher information can be inter-
preted as a generalized Gauss—Newton method. Here, we also demonstrate that the objective function
equation (1) can be approximately transferred into a weighted non-linear least squares problem when
each subsystem is close to being pure and does not change significantly with respect to parameters.
Under this condition, we prove that WA-QNG is equivalent to the Gauss—Newton method for this non-
linear least squares problem.

Let H,, = —H,, and H,, = ']:I for simplicity in the derivation. Also note that all constant factors,
such as ﬁ, do not affect the optimization formulation, as they can ultimately be absorbed into the
learning rate. For simplicity, we use the symbol < to represent two minimization problem are equival-
ent up to a constant factor. Starting from the optimization problem in equation (1), we can perform the

following transformation:
mintr (p(0) H)

. 1
& min S ;tr(hmpm (0)H,,)

& mein ﬁ Z —tr (hmpm (0) Hm)
i o (tr (12,02, (0)) — 2tr (ypm (0) Hy) +tr (H2,)) . (18)

o 2o

I mPy) and
tr(H?,), are added into the summation. The latter is a constant so it does not affect the optimization.
For the former, we leverage the assumption that each subsystem is close to being pure and does not
change significantly with respect to the parameters. Under this condition, the term tr(h2,p2,) remains

Note that the third transformation is an approximate one, where two additional terms, tr(h2
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close to a constant K2, while the term 2tr(h,,p,,H,,) dominants the gradient in the optimization prob-
lem. When p,, is exactly pure, the approximate transformation becomes exact. We then continue the
transformation:

S (tr (B2,02,(0)) — 2tr (hypy (0) Hy) + tr (H2,))
2om M

o -
= memm Em: [[Bmpm (0) — Hinll2

min
0

. 1 N
< min thgnzm:h,anvec(pm (0)) — vec (Hp) ||*. (19)

In the final expression of equation (19), we observe that the original problem is transformed into a
non-linear least squares problem. The update formula of Gauss—Newton method [34] for such a non-
linear least squares problem with weights is given by:

o0 =0 — gy (177,) ' 177 (o) -

7(0) is often referred to as the residual vector which is defined in equation (21) in our case, and J; is the
Jacobian of the residual with respect to the parameter 6.

#(0) = [hl (vec(pl) — vec (I:II)) sy (vec(pM) — vec (HM))] 1)

V2w M

Note that, as the objective function is defined by equation (19), where f(0) = ﬁ > hEl vec(pm)

—vec(H,,)||* = 77, equation (20) can be rewritten into:
00 =00~ (2171,) " v (0W). (22)

One can verify that the matrix W defined in WA-QNG satisfies the relation: W = 2]rT J:. Hence, the
update rule in equation (22) is fully equivalent to the update rule of WA-QNG in equation (7). The
details of the relationship between the matrix W and the Gauss—Newton method are provided in
appendix E.

Thus, we have demonstrated that WA-QNG is approximately equivalent to the Gauss—Newton
method for a nonlinear least squares problem, under the assumption that each subsystem is close to
being pure and does not vary significantly with respect to the parameters. Under this condition, WA-
QNG is expected to inherit the favorable properties of the Gauss—Newton method and has the potential
to outperform ordinary gradient descent.

5. Complexity analysis

In this section, we analyze the computational complexity in each optimization step of WA-QNG in com-
parison with standard QNG.

For both methods, it is necessary to estimate the gradient and the metric tensor at each optimization
step. The computational costs for the gradient Vf are identical for both methods, so the main compar-
ison lies in the computational cost of obtaining the metric F in equation (5) and the weighted metric
W in equation (7). For simplicity, the computational complexity discussed in this section refers particu-
larly to that of computing the metric tensor, as the complexity of computing the gradient is the same for
both methods.

For standard QNG, it is necessary to estimate the elements of the matrix F, so the number of ele-
ments to be estimated scales with v*, where v is the number of parameters in the circuit. For WA-QNG,
each metric tensor of the subsystem in the weighted summation must be estimated, so the total number
of elements to be estimated scales with mv?, where m is the number of local terms in the Hamiltonian.
For both methods, each element in the corresponding matrices can be estimated using the Hadamard
test or the Swap test [22, 29], both of which require additional ancillary circuits. In this case, WA-QNG
requires a larger number of tests in each optimization step compared to standard QNG.

In scenarios with limited circuit scale, where additional ancillary circuits are not feasible, the clas-
sical shadow technique [23] can be employed to estimate the required elements of the matrices for both
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methods. We show that the complexity of obtaining each element in the metric tensor is O(2F), where k
is the locality of the corresponding subsystem. The detailed derivation is provided in appendix B. For
standard QNG, the quantum Fisher information matrix corresponds to the entire system, involving

all qubits, i.e. k=mn. In contrast, for WA-QNG, each metric tensor T}, in the weighted summation is
associated only with a k-local subsystem. Therefore, the time complexity for estimating F in QNG is
O(v*-2"), while that for estimating W in WA-QNG is O(m? - 2F).

In typical applications, the number of Hamiltonian terms m does not grow exponentially with the
number of qubits n. For example, in molecular systems, m = O(n4) [29]. Therefore, in scenarios with
limited circuit scale, where the classical shadow technique is used to estimate metric tensors, WA-QNG is
more shot-efficient than standard QNG in each optimization step. This is because the cost of WA-QNG
scales exponentially with the locality k, while that of standard QNG scales exponentially with the total
number of qubits #.

However, in both scenarios, each optimization step of WA-QNG remains more effective than that of
standard QNG in terms of optimization performance. We will show this numerically in the next section.

6. Numerical results

In this section, we present the results of the numerical simulations. First, we compare the overall per-
formance of standard QNG and WA-QNG for the 1D Ising model and Heisenberg model in section 6.1.
Additionally, to better evaluate whether the design of WA-QNG to capture the different weights of sub-
systems effectively improves upon standard QNG, we design numerics to examine the effects of subsys-
tem weights and the number of qubits in sections 6.2 and 6.3 respectively.

6.1. Performance comparison
To evaluate the performance of WA-QNG, we test it alongside standard QNG on the VQE for a 1D Ising
model and Heisenberg model. Their Hamiltonians are given as follows, respectively:

H=) ZZ+Y X (23)
(i) i

H=) (XX;+YiYj+Z2Z) (24)
(i)

(ij) in the Hamiltonian denotes that the i-th and j-th qubits are the nearest neighbors. The vari-
ational quantum circuit used in our numerics is the widely used EfficientSU2, illustrated in figure 4
for the 4-qubit, single-layer example. In our numerics, we evaluate QNG and WA-QNG for these two
Hamiltonians on 10-, 12-, and 14-qubit cases with a single-layer circuit. In addition, for the 10-qubit
case, we also evaluate the methods with multiple EfficientSU2 layers to examine the influence of the
number of layers.

In our numerics, standard QNG and vanilla gradient descent are used as baseline methods for com-
parison with WA-QNG. Both WA-QNG and QNG require additional shots to estimate the metric tensor,
whereas vanilla gradient descent does not. For a detailed comparison between standard QNG and vanilla
gradient descent, please refer to [18]. As discussed in section 4, WA-QNG has a solid theoretical con-
nection to the Gauss—Newton method when each subsystem is nearly pure. To achieve this, we propose
initializing the variational circuit with small angles to ensure low entanglement at the start. Moreover,
small-angle initialization is believed to help mitigate issues such as the Barren Plateau problem [13, 35].
In our numerics, each parameter is uniformly randomly selected from the intervals [—1, 1], which limits
the angle magnitude to be relatively small while maintaining adequate randomness to evaluate the meth-
ods. To ensure a fair comparison, the learning rate for all methods is set to 0.02, and the parameters
are initialized identically across all methods. Each configuration is independently run 50 times, and the
learning curves presented in the following sections are averaged over these runs with standard deviation
shading. All numerics are conducted on classical simulators, where both expectation values and metric
tensors can be tracked precisely.

The learning curves of three methods for the 10-, 12-, and 14-qubit Ising and Heisenberg mod-
els with a single-layer circuit are shown in figures 5 and 6, respectively. Across all instances, WA-QNG
exhibits a markedly faster convergence than both QNG and vanilla gradient descent, with the latter being
the slowest and failing to converge within 500 optimization steps. These findings suggest that WA-QNG
possesses a potential advantage in convergence speed compared to the other two methods. In the Ising
model cases, WA-QNG attains an explicitly better average final convergence value than QNG, while in
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Figure 4. An example of a 4-qubit EfficientSU2 circuit. It consists of single-qubit rotation gates R, and R, followed by a series of
CNOT gates to enhance entanglement.
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Figure 5. The learning curves of the three methods for Ising model of 10, 12, 14 qubits on 1-layer EfficientSU2 circuit.

the Heisenberg model cases, the two methods yield almost the same final average convergence values,
with WA-QNG still maintaining a slight advantage. This indicates that WA-QNG can provide superior,
or at least competitive, performance compared to standard QNG in terms of the ability to escape local
minima.

One may note that all three methods fail to converge to the true ground-state energy. This can
be attributed to two reasons. First, the EfficientSU2 circuit used in the numerics is not guaranteed to
include the ground state within its expressible space. Second, both WA-QNG and standard QNG may
become trapped in local minima during the optimization process. Hence, the numerics in this work
mainly aim to compare the relative performance between WA-QNG and standard QNG as gradient-
based local search optimization methods. The absolute performance, related to global convergence to
the true minimum, remains a great challenge in the optimization field.

The learning curves of the three methods for the 10-qubit Ising and Heisenberg models with multi-
layer circuits are shown in figures 7 and 8, respectively. The results indicate that the potential advant-
ages discussed in the single-layer case still hold when the number of layers increases. Furthermore, both
WA-QNG and standard QNG reach a sightly better average convergence value compared to the single-
layer circuit—although increasing the number of layers makes the optimization landscape more complex,
it also enlarges the expressive space of the variational circuit, which may contain better solutions with
lower cost function values. This result also suggests that WA-QNG can still perform well in a more com-
plicated landscape.

In addition, we also provide numerical simulations for the four-qubit Ising and Heisenberg mod-
els using a four-layer EfficientSU2 circuit, for which the ground state lies within the search space, as a
supplement to the numerics discussed above. As shown in figure 9, both WA-QNG and QNG converge
to the ground-state energy in this setting, where the circuit is sufficiently expressive, and WA-QNG still
exhibits a faster convergence rate. In contrast, vanilla gradient descent remains trapped in a local min-
imum and fails to reach the ground state. This result further highlights the importance of the choice of
optimizer in VQE: even when the ansatz is sufficiently expressive, a suboptimal optimizer may lead the
optimization process to local minima and thus limit overall performance.

6.2. Weights of subsystems
To better understand how accounting for the different weights of each subsystem in WA-QNG plays a
central role in improving optimization performance compared to standard QNG, we conduct numerics
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Figure 6. The learning curves of the three methods for Heisenberg model of 10, 12, 14 qubits on 1-layer EfficientSU2 circuit.
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Figure 7. The learning curves of the three methods for Ising model of 10 qubits on 2, 3-layer EfficientSU2 circuit.
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Figure 8. The learning curves of the three methods for Heisenberg model of 10 qubits on 2, 3-layer EfficientSU2 circuit.
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Figure 9. The learning curves of the three methods for Ising and Heisenberg model of 4 qubits on 4-layer EfficientSU2 circuit.

using the following 3-qubit toy Ising model, with « set to 0.8, 0.6, 0.4 and 0.2:
H= lez +Zng + Ole + (3 — ZCY)XZ + OéXg. (25)

As « decreases from 0.8 to 0.2, the weights of the subsystems become increasingly unbalanced,
with the contribution of the subsystem associated with the second qubit to the output growing larger.
Therefore, if incorporating subsystem weights into the optimization is really effective, WA-QNG is expec-
ted to exhibit increasingly better performance compared to QNG as « decreases.

To intuitively quantify the performance gap between WA-QNG and standard QNG, we use the dif-
ference in cost function values at the same optimization step on the learning curves as an indicator. For
a fair comparison, this difference is normalized by dividing it by the difference between the initial and
converged cost function value. The cost function value gap curve during training and the discrete area
under the gap curve (also representing the discrete area between the learning curves of WA-QNG and
QNG, namely the AUC) are presented in figure 10.

As o decreases from 0.8 to 0.2, the contribution of the subsystem on the second qubit increases. The
numerical results align with the theoretical analysis, as the discrete AUC indeed increases with decreasing
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Figure 10. The cost function value gap curves and corresponding discrete AUC between WA-QNG and QNG under different
values of o for the Hamiltonian H = 212, + 2,73 + aXi + (3 — 2a)X> + aX3. A smaller « increases the weight of the subsys-
tem on the second qubit in the output, leading to a scenario where WA-QNG should outperform QNG more significantly. This
figure indicates that the theoretical analysis aligns with the numerical results that WA-QNG indeed achieves greater performance
improvement over QNG as « gradually decreases.

. It indicates that capturing the different weights and contributions of each subsystem in WA-QNG
effectively improves optimization performance compared to standard QNG. This result implies that
WA-QNG is more suitable for situations where the coefficients of each observable term in the k-local
Hamiltonian vary significantly and are unbalanced.

6.3. Locality of Hamiltonian

As mentioned in section 3.1, when the entire system becomes significantly larger than the subsystems
that directly contribute to the output, the sensitivity of each parameter in the total system differs con-
siderably from that of each subsystem. Under this condition, WA-QNG is expected to outperform stand-
ard QNG to a greater extent. To gain a clearer understanding, we conduct numerics using an n-qubit
toy Ising model Hamiltonian, with n varying from 2 to 5, while fixing the maximum locality of the
Hamiltonian terms to be 2:

n—1 n
H= ZZ,’Z,‘_H + ZX,‘ (26)

i=1 i=1

As n increases, the ratio between the locality of Hamiltonian term and the global system size
becomes smaller, and the sensitivity of each parameter in each subsystem differs more significantly from
that of the entire system, as each observable term in H is at most 2-local. Consequently, WA-QNG is
expected to perform increasingly better as n increases compared to standard QNG. Similar to the pre-
vious subsection, the cost function value gap curve during training and the discrete AUC are shown
in figure 11. For a fair comparison, this difference is also normalized by dividing it by the difference
between the initial and converged cost function value.

The numerical results agree with the theoretical analysis. As n increases, the discrete AUC also
increases, indicating a more significant performance improvement for WA-QNG. This suggests that WA-
QNG is particularly well-suited for scenarios where the total system size n is much larger than the local-
ity factor k for a k-local Hamiltonian. QNG is a special case of WA-QNG when k= n.

7. Discussion and conclusion

In this work, we mainly introduce the WA-QNG, which accounts for the different weights and contri-
butions of each subsystem in the optimization process. In particular, we propose using the matrix W =
ﬁ >, BT, instead of the quantum Fisher information matrix of the entire system in each optim-
ization step. We provide three perspectives to explain the effectiveness and potential advantages of WA-
QNG. Firstly, the matrix W in WA-QNG can be interpreted as an approximation of the weighted aver-
age of the quantum Fisher information matrix of each subsystem contributing to the output. Secondly,
from an optimization view, we illustrate that WA-QNG can be derived from a constrained optimization
problem where the Euclidean distance in the parameter space is replaced by a weighted sum over the 2-
norm distances between density matrices. We further explain that WA-QNG can also be derived from an
information geometric perspective, where it emerges as a pullback metric. Additionally, we demonstrate
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Figure 11. The cost function value gap curves and corresponding discrete AUC between WA-QNG and QNG under different val-
ues of n for the Hamiltonian H = Z'-H]l ZiZix1+ Y], Xi. Alarger n decreases the ratio between the locality of Hamiltonian

i=

term and the global system size becomes smaller, and increases the difference in parameter sensitivity of each subsystem com-
pared to that of the entire system, leading to a scenario where WA-QNG should outperform QNG more significantly. This figure
shows that the theoretical analysis aligns with the numerical results, indicating that WA-QNG achieves greater performance
improvement over QNG as n increases with a fixed locality factor k.

that the optimization task can be approximately transformed into a non-linear least squares problem,
where WA-QNG is equivalent to the Gauss—Newton method.

To evaluate the performance of WA-QNG, we conduct numerical simulations on the variational
eigensolver for the Ising model and Heisenberg model. The results indicate that WA-QNG achieves
superior optimization performance compared to standard QNG. Additionally, we perform further
numerics to investigate the source of WA-QNG’s advantage. Our findings indicate two key factors. The
first is accounting for the weights of each subsystem indeed improves optimization performance. The
second is the Hilbert—Schmidt metric tensor for each subsystem provides a better representation of para-
meter sensitivity within subsystems compared to using the quantum Fisher information matrix of the
entire system. The numerical results are consistent with the theoretical analysis.

In sections 4 and 3.3, we mention that WA-QNG has a stronger theoretical explanation from both its
approximation to quantum Fisher information matrix and its connection with Gauss—Newton method
when each subsystem state is close to being pure and does not change significantly with parameters.
However, this assumption is not necessary for WA-QNG to perform better than standard QNG. In the
numerics, we observe that WA-QNG still outperforms standard QNG, even when the final target is an
entanglement state where each subsystem is mixed.

Since the focus of this paper is to introduce the novelty of WA-QNG itself, we track the exact
expectation values and metric tensors of the quantum circuit. In practical applications, these quantit-
ies can only be estimated through finite shots, which introduces shot noise. Additionally, we assume that
the circuit is noise-free, which is not the case in real-world implementations. Investigating the effects of
shot noise and circuit noise on WA-QNG is left as a potential direction for future work.

This work primarily focuses on optimization for the quantum eigensolver. However, since QNG
can also be applied to optimize other variational quantum algorithms such as the variational quantum
classifier in the field of machine learning, we believe WA-QNG is expected to be extendable to these
tasks similarly. Given the formulation of WA-QNG, any variational algorithm employing a cost function
defined by the expected value of a k-local Hamiltonian could potentially benefit from WA-QNG beyond
ground state energy problems. While evaluating the performance of WA-QNG in these broader applica-
tions is beyond the scope of this work, it remains a promising direction for future research.

In conclusion, WA-QNG offers a promising and efficient optimization method for VQEs. By account-
ing for the weights of each subsystem that contributes to the output, WA-QNG presents a potential
research direction for optimization in variational quantum algorithms.
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Appendix A. QNG as a special case of WA-QNG

When a term H,, in the Hamiltonian acts globally on the entire quantum system, the corresponding
nontrivial subsystem p,, becomes the full system p. In this scenario, each T,, no longer depends on the
index m, causing the terms )_, h2, in the weighted summation to cancels out with that in the prefactor.
As a consequence, the matrix W exactly reduces to the Hilbert—-Schmidt metric tensor of the whole
quantum system pg with a constant factor 2, where the i-th row and j-th column element of the mat-
rix W is as follows:

W = 2tr (0ipgipy ) (27)

Now we prove the matrix W is equal to the quantum Fisher information matrix F. The variational
state py on the whole system is a pure state, so we can write the state pg as pg = |¢)(d|. So we only have
to prove the right side of equation (27) is equal to that of equation (6):

Wi = 2tr (G-pajp)
=2tr (9; (|6)(8]) 9; (|6)(¢]))
=2tr ((|0i9) ¢|+|¢> (@9]) (10:0) (¢l + |6)(950]))
= 2tr (18 8)(0190) (0| + 31 8) (93] + |6)(0; D|0jp) (] + |6) (D 6] 0) (Byb])
= 2(019;6)(10: ) + 2(0; 619) (90| 6) +2(590; 0) +2(0: 9|9j)
= 2(0;0|0; 6) +2(0;010,0) — 2(0|0300) (3; 0| 6) — 2(|0i65) (D))
= 4Re ((0,010,0) — (0:6|)(00))
=F; (28)

Appendix B. Estimate Hilbert—-Schmidt metric tensor via classical shadows

In this section, we demonstrate that the Hilbert—Schmidt metric tensor T > used in WA-QNG can be
efficiently estimated by classical shadow and bound the shots required to obtain the element Tj;. To
avoid confusion in the derivation, we will use calligraphic font 7 to represent the Hilbert—-Schmidt met-
ric tensor in the following section.

B.1. Parameter-shift rule
First, the parameter-shift rule can be applied to compute each element of the matrix 7

Tii = 2tr (9; poOipo)

1
= Etf ((Pa+§e, - Pe—ge;) (P9+§e,- - Pe—gej))

1
=3 (tr (p9+%fip9+%€j) —tr (po+zepo-5¢) —tr (Po—TePo+3e) +1r (pe—%ffp(’—%%‘)) (29)

where ¢; represents the unit vector with the i-th element set to one and all other elements set to zero. To
estimate 7T;;, we only need to estimate the four terms in equation (29) respectively. To estimate the entire
matrix 7, we can estimate each element individually, meaning the total cost scales quadratically with the
number of parameters. Thus, if we can bound the cost of estimating the term like tr(po), we can also
bound the total cost. In our case, where the Hamiltonian is k-local, we show the cost of estimating such
term tr(po) via classical shadow is exponential to the subsystem size k rather than the size of the whole
system 7.

> Here for notation simplify, we omit the subscript for each T, in the definition of the matrix W in 3.2.

14



10P Publishing

Quantum Sci. Technol. 11 (2026) 015060 C Shi et al

B.2. Classical shadow
The classical shadow technique constructs a series of unbiased estimators [)(t) (1 <t< T, where T is the
total number of the classical shadows constructed) for a state p, with the property that E[p(")] = p. Each
M is represented as:

p = @ (3U1T|B,-><B,-|U,» - 11) (30)
i=1

where n is the system size, b is a binary string obtained by measurements, and b; represents the i-th bit
of b (either 0 or 1). U denotes the corresponding random Pauli gate applied to the i-th qubit. For more
details on the data acquisition process in the classical shadow technique, please refer to [23] and [14].
Two important properties of each estimator p(*) are as fellows:

E [tr ([)(t) O)} =tr(pO) (31)

var [ir (590)] <2 (0?) (32)

where w(O) represents the number of qubits on which the observable O acts nontrivially. For the details
of derivation of equations (31) and (32), please refer to the paper [36].
To reduce error, an empirical average is taken over all samples to construct the estimator p:

T
1
5— — 5
p= Zp : (33)
From equations (31) and (32), the following properties of the estimator p can be derived:

E[tr (p0)] = tr (pO) (34)
2vOr (0?)

Var[tr (pO)] < T

(35)

B.3. Construct estimator for Hilbert—-Schmidt metric tensor

As discussed in appendix B.1, estimating the Hilbert-Schmidt metric tensor via the classical shadow
technique requires constructing an estimator for terms like tr(po). Similar to the estimator used for
estimating purity in [23] and [36], the following estimator can be constructed for the term like tr(po).
For simplicity, we denote p = tr(pc), then the corresponding estimator p is:

5= % S ( P0) 5.<j>) (36)
ij

where each p() and 6 (1 <i,j < T) is obtained using the classical shadow technique as described in
equation (30). Because p() and () are independent, we have:

E[p]=E %Z” (ﬁ(i)&(j))
= % ZE [tr (ﬁ(i)&(j)ﬂ
— % ;tr (E {ﬁ(i)} E [ﬁ(j)])

=tr(po)

Hence, the estimator p is also an unbiased estimator for p. To bound the computational cost, we also
need to bound the variance of the estimator p.
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B.4. Bounding variance
According to the definition of the variance of a random variable, we have: p.

Var[p] = E (6 - p)’]

=E % Z (tr (ﬁ(i)&(j)) —tr (,oa))
ij

0w [(4 (R A )

The summation in equation (38) can be divided into the following three cases. Suppose the density
operator p and o are systems of n-qubit.

2

1. When i#k and j# I: There are T?(T — 1)? terms. For each term, we have:

E| (55" —tr<pa>)( (W6 0) — tr(po))]
= (E [ ] —tr(po)) (E [ (j)&(k))} —tr(po))
0.

(39)

2. When i=k but j#1, or j=1but i# k: There are 2T?(T — 1) terms. Without loss of generality, we take
the case where i=k but j# [ as an example. The calculation in another case is the same. For each term,
we have:

E[(ur(p969) — tr(po)) (1r(pP6 ") — tr(po)) |
_F [tr( P06 Yer( ,3(1')(;(1))} —tX(po)

_F {tr( 82600 &m)} —t?(po)
—E[w?(p00)| - (o)

= Var [tr(ﬁ(’)a))}

2
2", (40)

The third equality in equation (40) relies on the property that, when the unbiased estimators p and
¢ are independent, then E[p ® 6] = p ® 0. The details of this property can be found in [36]. The first
inequality is from equation (32).

3. When i=k and j=1I: There are T? terms. For each term, we have:

B[ (tr(596D) = tr(por)) (tr(506D) — tr(por))|
=E [} (5069)] -t (por)

— Var [tr( () (J)))}

— Var [tr(sw ® (}0‘)))}

<2"Otr(8?)

— gin (41)

The third equality follows from the property tr(Sp @ o) = tr(po), where S € C2"*2" is the SWAP
operator. The details of this property can be found in [37]. The inequality arises from equation (32).
The last equality holds because S acts on 2% qubits and satisfies S = L.

Hence, the final result of equation (38) shall be upper bounded by:

Varlp) = ZZE [(tr( (k)> - tr(Po)) (tr (f)(j)&(l)) - tr(pa))]
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<= (27°(T—1)2"+ T?2*")

X T4
o 2n+l + 24n (42)
ST T

B.5. Bounding shots

Using the bound of variance equation (42), we can derive the upper bound of total shots required in
the estimation for the term like tr(po). Following the assumption in the reference paper [14] that, the
T can be very large where the expression of equation (42) is dominated by the first term. Following
Chebyshev’s inequality:

R 2n+1
Prilp—pl> €S 7 (43)
Then, a measurement budget that scales as
2n+1
T>—5 (44)

with probability 1 — § suffice to control the estimation error below e. Hence, the lower bound of shots
required to estimate a term like tr(po) is O(2""!), where n is the system size of the quantum density
operator p and o.

In our case, there are four terms like tr(po) in the equation (29) required to estimate for the element
Tij» and each term is only k-local. Hence the cost of shots required to estimate each element 7j; is O(4 -
2k1), which is exponential to the subsystem size k instead of the entire system size 7.

Appendix C. Approximate quantum Fisher information via Hilbert-Schmidt metric
tensor

In this section, we provide a simple proof that the Hilbert—Schmidt metric tensor serves as an approxim-
ation to the quantum Fisher information matrix F when the state p is close to being pure and does not
change significantly with parameters. Moreover, this approximation becomes exact when p is pure.

For a state p =Y _,_, r&|rk)(rc|, suppose the dominant eigenvector [29, 30] is |rq) with eigenvalue ry.
When state p is close to being pure, the dominant eigenvalue satisfies 7y ~ 1, while all other eigenvalues
satisty rr = 0. For the state p, we show its Hilbert-Schmidt metric tensor can be computed and simpli-
fied as:

Ory Or F
tr (9ip0yp) = ?; : 87; T Z@?k = > nr- 2Re [(By el ) (i Ojm)]
k ! k Kl k£1

r2
< (Fa);

F; (45)

Q

Q

N o

where (Fq);; represents the (i, 7)-th element of the quantum Fisher information matrix of the dominant
state. The derivation of the first equation will be explained in detail in the following discussion. When
the state p is close to being pure, the other eigenvalues are higher-order infinitesimals compared to the
dominant eigenvalues. Consequently, the second and third terms in the first equation can be approxim-
ated as é(Fd),j. If the state does not change drastically with respect to the parameters, the first term will
also be small. In practical applications, this can be achieved by initializing the variational quantum cir-
cuit with low entanglement and setting the learning rate to a small value. Moreover, because r4 ~ 1 and

the state |r4) dominants p, we can obtain %(Fd),j ~ 1Fjj. However, this approximation assumption is not
necessary for WA-QNG to be well defined or to outperform standard QNG.

Now, we provide a brief derivation of the first equation. For simplicity of notation, we denote the
three terms in 0;p = >, Oirk|ri) (re| + D k| Oirie) (rie| + > 1e|ri) (Oire| as Ay, Bi, and Cj respectively.
Similarly, for d;p we can also denote A;, B; and C; for the three terms analogously. Hence, we can
express:

tr (9;p0;p) (46)
=tr (AiAj) +tr (A,‘Bj) +tr (A,‘Cj) +tr (BiAj) +tr (B,'Bj) +tr (BiCj) +tr (CiAj) +tr (C,'Bj) +tr (CiCj) .
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We can compute these terms separately.
1. tI'(AI‘A]‘):

- (91’]( 8rk
tr (A,AJ) =tr ( %8—6] rk><rk|>

8rk ark

00; 9; “7)
2. tr(A;B;j) and tr(A;Cj):
tI'(AiC) —|—tr AB Z 89 (G5l i) +Z 89 (il Ojre)
=0 (48)
3. tr(B;iCj) and tr(C;B)):
tr (BiG;) + tr (C;B;) Z (Ol 0ire) + > i (Direl D)
k
= Z [(8: 1|0 ] (49)
k

4. tr(B;B;) and tr(C;Cj):
tr (BiB)) +tr (C:C;) = Zrm (r|0jmi) (nlDire) + (D) (D el ) (Djmil ) )

*fz 2Re 8rk|rk><rk|8rk fZrkr1~2Re[(8,»rk|rl><rk\8jrl>] (50)
K k£l

5. tr(C;A;j) and tr(B;A)):

tr (CIA]) + tr (BIA]) = ri<rk|airk> + ri<al rk|rk> .
=0 (51)

By combining these results, we obtain the first equation in equation (45).
Appendix D. Deriving WA-QNG optimization step from geometric interpretation

According to the Lagrange multiplier method, the constrained optimization problem in equation (12)
can be formulated as:

d* = arg;mnf(ﬁ—l—d) +A (Z )

th lpm (0 +d) — (9)||§—e>. (52)
For the trace 2-norm term, applying the first-order Taylor expansion to p,,(6 4+ d), we obtain:
[19m (0 +d) = pm (0) 113 2 || (6) +Z Bipm (0)di — p (0) |13

—||Zapm )d;|[3

=tr (Zzaipmajpmdi dj)
i ]
= Z Ztr (3,~pm3jpm) d,‘ dj. (53)
i
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Substituting equations (53) into (52) and applying the first-order Taylor expansion to f{6 + d), we
obtain:

Z Ztr 8pm8]pm) did; — \e

j

:arg;ninf( )+ V£(6) d+zz (Z 3 th tr (Bipm me)> did; — \e

= argminf(0) + Vf(0)" d+ /\dTWd — Xe (54)
d

~ arg;ninf ©)+VF©O)"

where the matrix W is exactly the same matrix defined in WA-QNG in equation (7). Since we are com-
puting the minimum, equation (54) should satisfy the Karush—-Kuhn—Tucker conditions [38]. Here, it
simply means that the derivative of the right side with respect to d should be zero:

0= Vf(0) + 2 Wd
1
d= _EWW(G)' (55)

Equation (55) indicates the optimal update direction in WA-QNG. Since the Lagrange multiplier A
can be absorbed into the learning rate, the above formula can be exactly transformed into the update
formula of WA-QNG, as given in equation (7).

Appendix E. Relation with Gauss—Newton method supplement

Here we verify the relation W = 2JJ,. The (i,j)-th element of the Jacobian J; is:

hi 0 (vec(p;) — vec (H))

V 2 99

kb Ovec(py)
IRV

Hence, the (i,7)-th element of 7], should be:

U r)ij - Z () Uiy

k

(]f)ij =

(56)

hi <Bvec (px) Ovec (pk)>

_ hi
Z h2 thtr apka]pk)

m m k
1 2
=S 5D h (Tw)y
1
Hence, we have proved the relation W= 2IrT Ir.
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