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1. Introduction

For a time there has been considerable uncertainty about the
firat radially excited #P meson state. Only recently/4’5/ clear and
independent evidenceas for its existence in the form ofJD (1250) at
a somewhat higher mass value from the analysis of cross section data
on e*e} Ty Tand e+e"—> 7 °%o has been found. However, in the pa-
pers 4,5 the parametrization of corresponding c¢ross sections in the
form of a auperposition of asimple Breit-Wigner formulas has been ta-
ken, which must not be the most suitable, because masses and widths
observed directly in an experiment need not be a true measure of
the underlyiny, resonance parametera and they can be modified sipni-
ficantly through interference with sn appropriate nonresonant back-
pround. Theretore, in this paper, we upe for a determination of the
Jf(lwuo) paramgters (besldes the other adjustable parametors of the
modei) the more accomplished unltarized analytic VMD modol/("‘l/. in
which alao contributions of the nonresonant background are lncorpo-
rated in a vory natural way. Moreover, inutead ol" the only data ou

e*ﬁ'-“) ;'”‘fJf", the plon form factor data from the whole exloting

" .
range of meapured momenta -10GeVy” 7410 t:nV‘) are nnalynnd almul -
)
Ltancounly, An a result, Lthe occurrence of {) (1250) reponance In
p*(f_, ”-f”-*- procoay id contirmed apain and a coincldenco 1o §ln
) ' /8,97

mamy value with thal determinod in Linn boen tound. Howover,
Lhe voluens of other reponance pacrametorn are difforont.
by the next gection we brletly oamarize the anitarized analytio

VMO modal o1 the paon Form factor nnd alon we prove that Lhe asymnp-

R 1 .
Lotic helwmviong - A aof tho wode) ban to be Cixed pinen Lha
1t wom
mapl optimnl anymptolle bohaviour / |‘ - et enforcad by Lhe

v

dntn In conlradictn the veoul Lo of QL. Heotlion Vo In devolad Lo

Lhe andyis of all oxisbing rellable plon Form Factor datea and all
mljnntable parmneters of Lhe model are dotormined, unlike the paporn
/4,5/ .

’ S s CLLL Iy, procaedore evolunting aloo Lthetr errors by Lhe

H
swlantinllon) anImdn/ /. Conclugions nre drawy iy secblon 4,
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.. Unitarized analytic VMD model of the plon form factor

It is well-known/9/ that the eleciromagnetic structure of the
p.on ig totally described by one scalar function Fz'r(-é) depending
orn the four momentum transfer squared f=-62 of the photon and di-
rectly measurable in the process e+e_-+¢7*ﬂ‘ through the crosa

section

SleesT )= T4 3/ cf
e Ef Fe)+Re Y

(%

wliere

3
%
3 m
R a(mw (mwﬂ_él”'z) [Ffwage“)F/w_>J7£r_jjé 2

2%
o is the fine structure constant, ﬂ:[4— %"_'!] is the velocity
of the outgoing pion and the phape P is given through the _}o and

tv mesgons parameters by the expression 10/
m, I,
Y= are z(‘,; _ PP (3)
”’2‘_ ”]2
S w

There are, however, also other processes, lixe J/'?D—) 4_*1"*@—/2/ and
J/¥-> F ty-, elving the experimental behaviocur of [;fg)l'm' e 7o)
and the processes e Ay N , T e > Fe - from which axperi-
mental information on F'.(f) for #c01s extracted.

The most prouperous approach in the description of al! Lheae
data from a gtobul polnt of view, which roflectag main Yonturas ol
the plon form factor exporimental information, im the voctor-meson=-

—-dominance (VMD) model
- 2 Ve ~
N Fe7) 4 Fa, )
E ()= o (Toss /)
y ()= S, 2 (4)
_—d .
» "Iv I
whare the gummation le oarriod oul only over inoveclor vacblor mesons
(rurthor we restriot oursslvean Lo '1/‘_-/)),;’;.” ) )n,, are Lhelr wannoea,
IEAEN N 4
‘/” and f' nre Vm:l.or‘-nmnon«plun-p{(m and univernal veostor..
—lllﬂﬂldl ooupling conatlants renpeclively. Really, By.(4) Lakas Into
acoount the fact of the creation of vurtoun vector mesons In Lha

reaclton ("f,.' » ¥ ’J Toexplioltly, b im normallved for / 7y iy

Lha rolation “ v
2 i) !

and governs the asymptotic behaviour
g_[i} ~ 47 / (6a)
e -
predicted’ 11=13/ £or the pion by QCD up to the logarithmic correc-
tion as follows

r2
F )~ 897"
d (11- 22, )(-¢) bp -0/ ®
where j[: 93 MeV is the pion decay constant, Qf ig the number of

quark fyla‘!ours and A= 100 MeV 1s the QCD scale parameter.
Nevertheless, VMD model (4) beaides thiease positive features has

(6b)

algo a meries of shortcomings, e.g. it acquires infinite values in
the contradiction with measured croes ssction (1) at the vector meson
positions i‘: m: and 1t doea not respect the unitarity condition

FIn bk [t) = F_;/t)A?[f) * &L2) ”

with /q,‘ to be the D -wave isovector 7 ¥ scattering amplitude and
with oYHj representing higher inelastic contributions. It is also
ghort of a smooth nonresonant background, which seems to be crucial
In obtaining true values of resonance parameters from the existing
experimental Information on the pion form factor.

We note that all these d?fe$;a ol the standard VMD model are
by

pion form ractor analytic properties ( see Flg. 1) into (4), which

overcome by the incorporation of the two-cut approximation of

t plane
» 'o =T z by ;—__ :0
v
t v WY
t 4mi" d _
.
oo ST o t=4m

My |
a) I'wo-oul appronimation of the analylin propertlies of the oleotr,-
magnntic plon form nelory
h) alrnelare of Lthe correasponding four shesled Hlemann aurfnoe,
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finally leads to the unitarized analytic VMD model of the electro-
magnetic atructure of the pion. The two-cut analytic structure is
generated (see Fig. 1) by 'é-' 4';”0_2 and #= 'LL“e)é;”z (it will be
left as a free parameter ofthe resultant model), sauare—roct-branch
points. Then utilizing the conformsl mapping

1= [C+-4]% e ®
and the inverse Zhukoveky transformation
% %
Wit)= ; [_[ I TP AR LT
. ~ ? Me
16,77 4 214;*2]11.[ L 1] %
{(vmo) 2 2
F[/\;%é] ) A )
{W W/mwr,c)(w-l/%)/w/ff/%)

where VV’ denotes the VMD pole pesition in the W-plane (mee Fig. ¢)
and the asymptotlc behaviour (ua) is ensured by the power "2" of the
common normalized factor in tront of the sum. If, further, wc use

leads

(10)

1] lx1/w? %
W plane

L]
1/w9

Fig.
Hesult ol the mupping of tho four-sheetod Hliemann puriace
onto one W-plane

. 2
r1/ for the mausveu of veclor mosons, rr{,, < A,” und

‘{ f,, !lu y Introduce Lhe nonzero valuen of vee lor mesoan /”
widt by means of Lhe changen

_ , /
o okt i 7 o1
\X/ll,f(l"';) g Wv/(I'u)

i nnquul 1L I ug

(11)

714,15/ by a nor-

malized factor consisting of one pole and one zero on the positive

real axis (see¢ Fig. 2) ingide the unit circle in W-plane, which corres-
ponds to the negative real axie of the second Riemann sheet in - va-
riable, we finally obtain the unitarized analytic VMD model of the

pion form factor

F[W(tﬂ" [W/-W }/W P)
1 v\’/"' (W-W,) (W, )
o § 00 ) (W) (W= 1w ) (w,- 4/ L0 07
- W) (W-vg ) (W~ YW,) (W~ 9%%) fr/

D (%, e ) W) (W, W ) W, )
:?iJ ( W - W ) /VV - ﬁ)/VV'+ W7_)['ﬂ7 H7 // /6[ /sﬁz)

end take into account the left-hand cut contribution

”3Jﬂ}”

defined on a four-sheeted Riemann esurface where V4 ~poles (always at
complex conjurate points) are placed on the second and fourth sheets;
nnd‘F:fﬁ'—polon, on the third and fcurth sheets. In the next sectlion
this model will be used ftor Lhe analysle of the pion form fector data
to determine thie rerunance parametors h]r’ /;J fl-"v /ﬁ_ [”_‘—J?fnlf') Ho=
wygver, before we draw our stilention to the asymptotio behaviour of
().

Though In princlple the change of the power ot the norualized
factor in tfront of the wum in (1?) to an arbitrary popitive integer

an lollowg
2 N
/ W W
» (13)
- W/
loads Lo Libe pend oo .mutl«»n/"'ll of the plon form faotor asymptotio
balinvio o off Lhe oy Y
. 2
Fis)n ¢ (14)
7 {. » oo

withoutl any vidlation of positive teatures of the model (12) reached
by the lpnoorporatlion of thoe analytiolty Into (4), turtlier we prove
that only ponltive sven M in allowed 1n (14) in acoordance with (6bh).

Heally, the analytic coutinuation uf (th) to the upper boundary
of the plon Fform factor out on the pomitive real axls -7 by means of
the subetitulian fFr # f’l"'



4 > te T (15)
leads to the expressions 2
7 £
Ke /fr[f)~‘ e z ) (16a)
bovos [M-Fn )t tnt/n
and 2
T 6472,
I £ () ~ - . (16b)

Y (H-20.)¢ B0 4/A?
respectively, from which one can see immediately that in the asympto-
tic region of the pion form factor Ke e,ﬁﬁ) dominates the J;nFV'(tj .

Now we prove that the latter comes true in (12) only under the
agsumption that M is a positive even number,

Really, for -(:—'r;too on the {irst Riemann sheet, W"’—'/ (Bee
Pig. 2), then all terms in thesum in (12) are, n the limit -é+oo
constant and the pion form factor asymptotic behaviour is ensured
only by the normalized factor (13) placed in front ot the sum in (12).
As a conaequunce. taking into account also the change (13), Eq.(12)
very near to the point \)’/:—{ can be rewritten into the form

/‘;[W{t)]: /%-W)A4//7*1V)A{C‘(f): [+ IY/)/VB/A) (o)

where Pm Blt)sptor Lt 00 . Moreover, for —/4-,_"’< Pl SN

) W(t)]: 1 l.e. W(t)= .‘jf‘ “(t) s Where Rg, (—’_"v‘q"})/ [ Ho gaon aa
P F . o, the relation (17) in the asymptotic roglon

takea the following form

. ™
F;[W/f-J/”m (¢ Sin «/yu) B4 (111)
trom whilch 1LV ¢ evident that

a) it M ovon, then f“yle/f)/l’ur { *ton in dominataod
- I/
by Ke Fo1t): ‘ ,
b) 1t M im odd, Lhan F,,/ Lj-’//f)/ tor ¢ »pas 1o dominataed
W bk JE) .
ml /t)

In order to respect the connaquenco of Lhe porturbative Qub pl-
van by (1ba,b), one has to Lake /7 tn (1) to be a positive aven
Integor, Hlnco the aoymplotic vehaviour (na) la right behind " "2
taken 1n /1 to be nearaal to the farm (LL), ona hes to flx o

n (1.0). /\/.,")

Conaaquently, ona ovannol take Lhe resonahon paramelers ln r1/ to

O

be true because they have been determined in a fitting procedure
of the pion form factor data by meansiof (12) with a wrong asyupto-
tic behaviour.

3. Analysis of gll existing reliable pion form factor data

The unitarized analytic VMD model (12) conatructed in the pre-
vious section depends on the following 12 adjustable parameters

v@/ \X/Pi—ﬁ:&;e/ My, T, f.;,.r/}f,. /ﬂ':ﬁf,}a’y (19)

with the clear physical meaning. Their number is reduced to 11 by
equation (5) conserved also by the model (12) which is a consequence
of a normalization of the pion form fector to the pion electric char-
se taken to be equal to one., In the analysis of data we choose the
ratio of coupling constants 7%} /%; o(/ﬂ-meeon to be expressed by
means of (5) through the co'cp/{inp; rations of the other resonances
contained in the model (17).

To take into account also the isospin violating Co-—» Tfl;-
decay leadiny to the so-called p-.o interference effect ine-ré’——*yff_,
we correct the pion form factor by adding {(see the cross section (1))
the Ureit-Wigner form of the (v -meson multiplied by a complex pP-¢o
interference amplitude Re'¥ where K i@ defined by the relation (2)
and the phage 1a expresaed throuuhhp and (> meson parameters
by the relation (3). So, finally there are 1 {res perameters to be
detormined In a fitting procedure of data affixing the amplitude
Lo the provioun 11 adjuntable parameters of tin model (1) and taking
Lho valuen of @ (1H3) renonnncoe paramotera rom the Heview of Par-
Huhnhmwrueu/ud.

Moat ?glthu ugad Ln the annlynls plon Corm faactor deta are com-

ptled in / . But theare are nlwvo the most recently obtalned data
/1,107 which In the comblnatlion with the pravious ones pliven all
Lopather 93 exporimental pointe. Nevertholusa, taking Into acocount
Lho recent l'nnullm/l‘.“/ on a diyeot compatitilily check of Lhe apace-
ke reglon daln oblained from alectroproduotion proocesses with the
moat rellable onen obltatned From eley + '] Te wa l'ind/"]o/ Y doublful
olootroproduction plon form factor dale with & correapondiny partial
\(z,l() « They are oxoluded I'rom turther analysin.

The moat optiwal desoription (see Figs. Ja,b) of the remainling,
S rellable plon torm faclor experlimental points from Lhe range ol
momsnta ~9.°070 unv;.){v‘( DO l} GaV’ 1n achlevad wlth)(z’./f- e/ and

the followlng values of parameterat



T I‘r‘l‘[ T % T LN S

| Fqe (411

ey
(=]
o

| PO S B E ,.,_J

ﬁ!‘r T ¥ T

a)

bod 4.

5 t 1GevV:) 10

F T LA AL R S i S I R e o T’—r— e R et Tj
_[, ) ]
=
T
100
0! =] l 5

4

+

. P I I P l ' i I« ] v ’I i
1] 7 [A G 8 1 (Gev 110
Py, 3.

+ 2
-é,-”; 1.3 = 0.1 GeV

Mo =76213 Mev I7 =143%5 MeV

Mg =1422290 MeV E,, =6852170 MeV J,{;” /;fd =~0, 180,02 .

M =1682%56 MeV [, =402%81 Mev ool =+0.16%0,01 (20)
0's 2

¥, =0.46%0,15 W, =0.64%0.25 “p,g #" ~0.014220,0037

The values of —J[;'T /'{) and ¢ calculated from (5) and (3) respectively
are the following: -

/f = 1,02%0,02 and ¥ = 106.3°%0,4° (21)

frrp
The errors of all parameters in (20) were determined by looking for
the change of Q(z corresponding to 68.3% of a confidence level for
12 free parameters/b .
The existing identity between the pion form ractor phase

snd the p-wave isovector 74 phase phift §7{/in the elastic region
{practically up to almost 1 Gev’z) following from the pion form factor
nitarity condition enables in principle to verify to what extent the
model (17) and the unitarity condltion hold. The comparison of the

#) Comparlaon of the prediction of the modal (1)) with Lhe values of
parame tars (0) and (1) with all existing reliahle pron~form-

~factor data from the range of momenta -9.7’
L) Exhibitton ot o (110), 17 ('l;":()) and £ (1,00
thie plon form faotor behaviouy 1o delanll,

H

|

O @eVr by 9,519 eV’ ,
contributions ta

shiculated from (12) with existing d.ata/m/ on E’/f/ in Pig.4
delt)
180°
120"
60"
b lGev?)
0" | ) ) 1 | |

04

1.0

Flge. 4. The predioted plon form factor phase b' ¢) trom (1) and ita
vomparimon with Lhe lU—vuvu lH()Vnul.(.)l‘f»;//t/phlllb shift data /21/,
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shows that our unitarized analytic pion form factor model (12) with
the values of parameters (20) and (21) obeys the unitarity conditicn.

4, Conclusion

The unitarized analytic pion form factor model (12) was const-
ructed, which (see Fig. 3a) is able to reproduce all existing pion
form factor data. A clear occurrence of all three isovector vector
mesons f (770), s P /(1250) and P//(1b00) is demonstrated in Fig. 3b.
The evaluated mass of O/ (12503, Py =1422= f90 Mev, coincides with the
value obtained recently from the process” & f > 7 ,7' and indepen-
dently from the process/S/ e*e"—> F°> o The parametrization of the
corresponding cross sections was made only in the form of a super-
position of Breit-Wigner formulas.

There are iwo points (see Fig. 3a) around 5 GeV® and the last
time-like region experimental point obteined fromZ%/' decay, which
are not reproduced by our pion form factor model (12), They could
”(2150) re-

2

be congldered am indications for the exlstence of the

socnance, the inclusion of which into (12) could lead even to a better

agreement with the data. Howover, to do & definlte conclusion abhout
the_p”l (2150) in Cfg',,];fjf"morc precise and dense data are required
in the resion of thie regonance. More precise data in the royion of
other resonances included into the model (12) noeed also required

in order to diminigh errurs of most of the parameters (20).

The authors sare indebted to Dr. L.Martinovic TlFor the holp In
the correct numerical evoluetion of the parameler values (20) and

their errors.
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