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Abstract

This manuscript is concerned with a mechanism for explaining the mass spectrum of
the charged leptons within (5 + 1)-dimensional braneworlds. As a preliminary objective,
new two co-dimensional thick braneworlds ought to be proposed and investigated. By
considering a twofold-warp factor constructed from two intersecting warp factors and
scalar fields that generates the extra dimension defect, an alternative bulk configuration
is examined. With the brane localization thus driven by two crossing scalar fields, the
possible solvable models obtained from such a two co-dimensional setup are systematically
discussed. The obtained solutions are classified into two subsets, string and intersecting-like.
The intersecting-like models are sorted in six different models organized into two subsets
for which some of their physical properties are evaluated. For models I and I, in the
first subset, Einstein equation solutions are rigidly defined, up to some arbitrary constant.
For models I11, IV, V and VI, in the second subset, an additional degree of freedom not
constrained by Einstein equations is admitted. For all intersecting-like models, gravity and
standard matter fields are shown to be localized in the vicinity of the brane. Finally, by
studying the zero modes of leptons, which are localized by the inclusion of a non-trivial
gauge field, over asymmetric versions of the classified braneworlds, one is able to model
the masses of the electron, muon and tauon based on two parameters: the gauge field

strength and the ratio between the sizes of the co-dimensions.

Palavras-chave: Higher Dimensions, Braneworlds, Lepton Masses.
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1 Introduction

In the last decades, inspired by the modern attempts of unifying all interactions,
the idea of extra dimensions has been currently scrutinized [1]. Admitting the possibility
of extra dimensions playing some role in physics requires a deeper understanding of the
evinced observation of three space dimensions [1]. A naive explanation for the (3 + 1)-
dimensional universe is based on the idea that extra dimensions can be compactified with
a tiny radius of the order of the Planck length (&~ 10723 ¢m) [1]. In this scenario, all the
effects due to additional dimensions would be hidden to experimental measurements [1]. In
such a context, Arkani-Hamed-Dimopoulos-Dvali (ADD) [2] and Randall-Sundrum (RS)
[3, 4] seminal papers diffused the possibility of implementing large extra dimensions into
realistic phenomenological contexts [1]. In particular, as suggested by the ADD model [2],
one of the most inspiring motivations for pursuing large extra dimensions in physics is the
possibility of resolving the hierarchy problem [2] in quantum field theories [1]. While the
ADD model was performed on a flat space, Randall-Sundrum (RS) models [3, 4] assume
that the brane should gravitate, being spatially localized by an extra dimension warping

effect so as to explain the field hierarchy [1].

In order to motivate further studies in higher-dimensional braneworld models,
it is relevant to provide a minimal review of the RS models, that exemplifies some of
braneworlds main ideas. The RS models can be broken down into two contrasting models,
by the different topologies one can couple to a one-dimensional co-space, R or S. For the

first RS model [3] the metric is assumed to satisfy the ansatz
g = 2@y do" @ da¥ + ridyp @ do, (1.1)

where ¢ € S, r is the radius of S! and A is the so called warp factor, and to obey the

action

SRgz/dx5\/—_g<2M3R—A) —/dx5\/—_g[—5 (@) A+6(p—m)A], (1.2)

where it is understood that one has two branes; one with energy —A at ¢ = 0, called the
hidden brane, and the other with energy A at ¢ = 7, called the TeV brane. All Standard
Model (SM) fields are thus assumed to be confined to the TeV brane.

Varying Eq. (1.2) with respect to g and solving for the warp factor, A, gives

| A
A==r “TonP T +rke. (1.3)

Imposing mirror symmetry, ¢ € S'/Z,, the metric of space-time is thus

g= e’QTkl‘p‘anx“dx” + r2dp?. (1.4)
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With the RS setup at hand, one can finally investigate the physical scales of matter
fields that are confined on the TeV brane. Relevant to the hierarchy problem, consider the
action of the Higgs field,

Sy = / A/~ grev [ggigvm H,+ i 2H'H — (HTH)Q}
—/dx

After canonical normalization, H = ™" H, one finds

—2rkm ,uVHT H + Iu26—4rk:7rHTH )\e—4rkﬂ' (HTH) :l (15)

. . N
Su = [ i’ {nWHLH,V e T — (1) ] , (1.6)
which is the action of an ordinary Higgs field, but with a vacuum expectation value (v.e.v.)

that is exponentially suppressed,

—rkm
Veff = He = e "y, (1.7)

VA

Since all the mass parameters of the SM are set by the v.e.v. of the Higgs field, then every

mass scale admits a exponential suppression on the TeV brane.

On the other hand, the gravitational scale of gravity is calculated differently. Gravity
is not bound to the branes, thus its gravitational scale is calculated by the integration on
the new dimensions. Consider that a particle of mass M is included in the configuration,
this will induce perturbations to the gravitational background and one will be able to read
the gravitational strength from the perturbed action. The gravitational portion of the

perturbed action thus takes the form

S, = 2M° /_ " dgpe2rklel / dzty/—g® R

= 2%3 (1 — 6_2””) /dx4 —g@WRW (1.8)
k ’ '
which corresponds to the four-dimensional action, with an effective gravitational scale
given by
M3 — 4T KT
Mpﬁ:?@—e“). (1.9)

The gravitational scale is weakly dependent on the size of the new dimension, if r is very

large.

Every mass scale is exponentially suppressed by large values of r, while the gravity
scale is mostly independent of it. Therefore if the bare value of the Higgs mass is of the
order of the fundamental Planck scale, then the four-dimensional effective Higgs mass is
exponentially suppressed to the weak scale. While the effective value of the gravitational
scale is almost unaffected by the size of the new dimensions and should be close in value

to the Planck scale. As a consequence, the RS model warped metric admits an elegant
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alternative explanation to the hierarchy problem, in contrast to the ADD compactification
[3].

The second RS model can be build from the the first one. Resuming from Egs.
(1.2) and (1.4), but taking the TeV brane to infinity, implies in a single brane setup with

an infinitely extended extra dimension, and the metric
g= e_Qrk‘y%de“dx” + dy?, (1.10)

where y € R. In such a scenario, the curvature of space engenders a localization mechanism
which admits a suppression of the higher-dimensional terms, thus recovering, within certain
limits, the Newton’s gravitation theory in the brane even when the additional dimensions
are of infinity extent. This is in direct contrast to the ADD models, which requires the

additional dimensions to be compactified in a torus.

Higher dimensional theories by themselves have also supported braneworld scenarios
driven by topological defects [5] where the fields of the SM are hypothetically confined by
brane-like regions of space [2, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 1]. Given that RS models
rely on thin branes, and the standard model fields are confined in a thin slice of space, a
more realistic framework suggests that the matter fields ought to be smeared over extra
dimensions. The novel paradigm thus led to several spin-off models, including the now
so-called thick braneworlds, where the thin brane is replaced by a topological defect,
an equivalent structure to those ones introduced for describing domain walls [5, 1]. The
thick brane framework has thus been considered as an engendering tool for obtaining
the configuration to the RS model, by admitting some lump-like (non-topological) defect
solution for the warp factor [1]. In this case, the non-topological nature of curvature begets
the same localization mechanism of the RS models for gravitational and matter fields in
the brane, which may host some internal structure [15, 16, 17, 18, 19, 20, 21, 22, 23, 1].

Besides working as a platform for the resolution of the hierarchy problem, thick
braneworlds in (4 + 1)-dimensions [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29,
30, 31, 32, 33, 34, 1] have include the dark scalar field dynamics into their formulation.
Notwithstanding the ferment in this field, theoretical and phenomenological connections
with cosmology and astroparticle physics have also been evaluated [35, 36, 37, 38, 39, 40,
41, 42,43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 1]. More recently,
in the strict theoretical front, the possibility of traversable wormholes in RS models [61]

has also been suggested [1].

Regardless of the lack of experimental verification, the study of higher-dimensional
theories is a promising theoretical front, because this framework allows the connection
between two phenomena, that initially seem to be uncorrelated. Apart from having played
a prominent role in our understanding of the hierarchy problem, higher dimensions have

also been proposed as a means to unifying gravity and electromagnetism by the seminal
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Kaluza-Klein models [62]. Our ultimate goal with this manuscript is to include another
one of this correlations. Based on the existence of a six-dimensional thick braneworld
model, a mechanism for explaining the charged lepton mass spectrum is proposed, and, as

a consequence, the existence of three lepton generations is justified.

As a preliminary objective, six-dimensional thick braneworlds ought to be con-
structed, classified and investigated. Particularly, the separable solutions of thick braneworlds
are classified into two contrasting set of models, the string and intersecting-like. String-like
have already been widely investigated [63, 64, 65, 66, 67, 68]. On the other hand, the
intersecting-like consists on a novel kind of solution and can be broken into six analytical

models, for which the physical and localization properties shall be evaluated.

This manuscript is thus organized as follows. Ch. 2 presents the elementary intro-
duction to the (54 1)-dimensional setup and provides a classification of separable solutions
that will serve as a background for every construction in following chapters. Ch. 3 addresses
the localization of the gravitational and the stability of the configurations, providing the
conditions for each one of the models of Ch. 2 to be physically acceptable. Ch. 4 is
devoted to the localization of matter fields, establishing the foundations of six-dimensional
fermionic matter. Ch. 5 presents the main result of the manuscript: a higher-dimensional
mechanism for explaining the masses of the leptons. Our conclusions are drawn in Ch. 6

pointing out the most relevant features of the proposed models.

It is important to emphasize that: the content of Ch. 2 is a strict reproduction
of the content of the manuscript “(5+1)-Dimensional Analytical Brane-World Models:
Intersecting Thick Branes” [1], the content of Ch. 3 is a strict reproduction of the content
of the manuscript “Gravity Localization on Intersecting Thick Braneworlds” [69], and the
content of Ch. 5 is a strict reproduction of the content of the manuscript “Asymmetrical
braneworlds and the charged lepton mass spectrum” [70], all from the author, all of them
with some sufficient literary adaptations in order to establish a cohesive timeline for this

thesis content.
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2 Six-Dimensional Braneworlds

With the ultimate proposal of enlarging the phenomenology alternatives for thick
brane scenarios, the present chapter intents to investigate six-dimensional braneworlds,
an idea already explored through different facets which include, for instance, thin branes
and string-like defects [63, 64, 65, 66, 67, 68, 71, 72, 73, 74, 75, 76, 77, 1]. However,
instead of considering string-like defects as they are typically engendered from thick brane
1-dim warping mechanisms, the possibility of a larger classification of solution is here
admitted. By considering a twofold-warp factor which is separable into two intersecting
warp factors respectively driven by two intersecting scalar fields, several novel solutions
for thick braneworld models are obtained and the possible construction are classified [1].
In fact, with respect to the featured compact internal structure, some of the resulting
constructions here admitted shall contrast with the second RS model. Otherwise, the
involved scalar fields and self-gravity mechanisms shall consistently resemble the well-
succeeded thick braneworld models in admitting lump-like defect solutions for the warp
factors [1]. Considering the eventual complexity of some (5 + 1)-dimensional metrics,
this chapter is constrained to finding and classifying classical solutions that define the
corresponding braneworld scenarios so as to prepare the clean framework for describing

the localization of gravitational and matter fields in following chapters [1].

By placing braneworlds over some novel topological spaces append the possibility
of some new physics. While five-dimensional setups have only two manifolds, R and S!,
for the topology of the internal one-dimensional space, six-dimensional braneworlds may
exhibit a wide range of topologies from the two-dimensional space [1]. Due to the compact
features of S?, our straightforward proposal lies in constructing the total space from a
priori internal space S?, where, in particular, it is not regarded as the sphere, but as a set
with a space topology homeomorphic to the sphere [1]. Considering a departing topological
manifold with a defined metric, and that S?, as a coupled structure, intrinsically carries
several different metrics, models over two distinct geometries of S?, the sphere and the

spheroid, can be solved and evaluated [1].

A more specialized summary of the above procedure is provided by a departure
metric given by & = e 2/du ® du + e ?"dv ® dv, which is nothing but the conformally
flat metric [78] o = ¢ 28 (du ® du + dv ® dv) for any (pseudo-) Riemannian space of two
dimensions, (B?, o), although it is written in terms of different coordinates [1]. Despite
dealing with braneworld models with two co-dimensions, the choice of the coordinates
implying into the conformally flat form of the metric is too restrictive. For the purpose of
finding Einstein equation solutions for the warp factor A, the conformally flat approach

would be intractable. When considering separable solutions one assumes a twofold-warp
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factor A, A = A(u) + fl(v), and separable metric components, i.e. f = f(u) + f(v) and
h = h(u) + h(v), where A and A depend on two different variables with independent
warping characteristics [1]. The setup for the corresponding brane is provided by two
scalar fields, ¢ and (, which also depend on the same two different variables, evidently
with ¢, = (, = 0 [1]. The separable solutions can thus be classified in two different sets;
the set of string-like solutions that are driven by a single scalar field ¢ (¢ = 0), and the
set of intersecting-like solutions that are driven by two intersecting scalar fields, ¢ and
(. The intersecting-like result into two subset of sorted analytical solutions composing of
six different models: from I to VI, for which the physical properties and the reducibility
to (4 + 1) scenarios shall be evaluated. At the intersection of the sets of string and

intersecting-like one finds trivial-like solutions that will also be evaluated.

The chapter is thus organized as follows. Sec. 2.1 presents the elementary introduc-
tion to the (5 + 1)-dimensional setup driven by two scalar fields and sets the equations to
be solved. Sec. 2.3 is devoted to separable solutions and its classification. In particular, the
case of intersecting-like thick branes is discussed, to which the solutions for the so-called
models from [ to VI are obtained. Considering that only for models I and I, in the
above-mentioned first subset, Einstein equation solutions are rigidly defined, and that,
for models 111, IV, V and VI, in the above-mentioned second subset, an additional
degree of freedom, related to the coupled fields that are not constrained by Einstein
equations, is admitted, and fixing the geometry of the internal space is mandatory for
definitely determining all the fields. Such aspects and their complete understanding are
thus evaluated in Sec. 2.4.3. Finally, In Sec. 2.2, a simple initial consistency check for the

Newtonian gravitational constant is provided.

2.1 Six-Dimensional Braneworlds from Scalar fields

The space-time is postulated to be a six-dimensional manifold (E®, g) that is, as
a set, equivalent to the product space M* x B2 where (M*, w) is some four-dimensional
pseudo-Riemannian manifold and (B?, ) is some two-dimensional Riemannian manifold.

The geometry of E® is represented by the metric,
g=e *w,dr" ®da" + 0;;dr’ @ da?, (2.1)

where A is the warp factor, w is the metric of the space-time M* (w : M* — T©2M*)
and o is the metric of the internal space B? (o : B2 — T2 B2). Here A : B> — R, which
means that A = A(u,v), with v = 2* and v = 2° w,, : M* = R; and 0;; : B> — R.
Clarifying the notation, Greek indices (y, v,...) are valued in the set {0, 1,2, 3}, uppercase
Latin indices (M, N.,...) are valued in {0,1,2,3,4,5}, lowercase Latin indices (m, n, i,
J,...) are valued in {4,5} (and represent the bulk co-dimensions) and the labels z* = u and

x5 = v, represent the choice of coordinates for the co-dimensions (B?); the use of notation
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Tys = T, whenever suited, indicates that "4” = "u” and ”5” = "v”; derivatives, whenever
suited, will be represented by a comma, i.e. f, := 0f/0x"; finally, tensors when being
referred to its (abstract) entirety will be in boldface, as g, but its components will be cast

in regular font, as g, .

Suppose that matter in this space are of scalar nature and it corresponds to two
canonical real scalar fields minimally coupled to gravity [1]. The action for gravity is the

usual Einstein-Hilbert action in six dimensions so as to have

S = Sgu + Sy, (2.2)
Sex = / S/ —g2M* R, (2.3)

and gUN gUN
— / dSz\/—¢g <2¢,M¢,N + TC,MC,N + V) ; (2.4)

where ¢ : B2 — R (¢=¢(u,v)), ¢ : B> = R (¢=((u,v)), V is some function of ¢ and (,
and g = det (gan). Varying Sgg and S, with respect to the metric, g, one finds

MN
6SEH = 2M4 /d61’5 (gMN) vV—Eg (gQR — RMN> s (25)
and
gMP gNK MN /4K K
0S5 = /d TOguN vV — l g (0.x9.p+ (KxCp) — g 5 <¢ 2¢’K + S + V>
(2.6)
which results into the usual Einstein equations,
1 Tun
— _ — 2.
Gun = Run 29MNR o (2.7)
where one defined
K K
Tyun = o uP N+ CuCN — guN (¢ 2¢’K + ¢ ;’K + V) - (2.8)

On the other hand, the equations of motion of the scalar fields can be determined

by varying S, with respect to both scalar fields,

35sl = [ %280 | (V89" Vo), — VEV 29)

55ulc = [ 8¢ [(V=ga"¥eu) , — v=rVe]. (210)

which implies in

06 = —= [V=89""on] ,

[\/_gMNcN] =V, (2.12)

=V, (2.11)

¢

ﬁ -3l
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For the configurations considered here, eqs. (2.11) and (2.12) will be completely
redundant, since the solutions of (2.7) will already determine the scalar fields ¢ and ¢ [1].
This can be straightforwardly proven by first noting that the conservation of the stress

energy tensor implies
(V)" =0 = (V&))" =0, (2.13)
which, for the two scalar fields, results into
(VD)™ = N (Op = V) + ¢N (O¢ = V) = 0. (2.14)

In the following sections, the accomplishment of the intersecting thick brane scenario shall
admit scalar fields, ¢ = ¢(u) and ¢ = ((v), regarded as independent quantities one from

each other, with ¢, = ¢, = 0 [1]. From such an assumption one has

(ViGN =0 He=Ve=10, (2.15)
0O¢C— Ve =0.
This means that any solution of Eq. (2.7) also satisfies Egs. (2.11) and (2.12) for the scalar
fields. Nevertheless, this is only true for very particular configurations, which include the
case ¢, = (, = 0. Therefore, in this case, the redundancy of the scalar field Egs. (2.11)
and (2.12) are clear' [1].

More generically, to realize the field equations one first writes down the components
of the Einstein tensor through a straightforward — even if long and tedious — process. To
simplify the following steps, a rescaling of the metric given by g = e724§ can be used to

remove the conformal factor, where one defines
g = w,da” ® dz¥ + 6;;d2’ @ da? (2.16)
and & = e*!a. Notice that the metric § is factorable since w,,, : M* — R and 6;; : B> — R,

and the calculations that follow can be easily extended to any dimension [1].

One can now write the relation between the operators compatible with g and g:
the connection, the Riemann and the Einstein tensors compatible with g, calling it V,
RM ypo and Gyn, respectively, and those ones compatible with §, calling it V, RM ypq

and G MN, respectively.

The Levi-Civita connections, Ricci tensors and Ricci scalars compatible with metrics

g and g are related by the equations

0y =0y — Anob — Aok + A i G, (2.17)

1 The analytical solutions must not only define the metric, but also the scalar fields as functions of u

and v, which does not necessarily implies into identifying V explicitly in terms of the scalar fields, i.e.

Y =V(¢, Q).
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Ruy = Run + 4V VA + GunbA + 4V AVNA — 4 iy VAV p A, (2.18)
and
R = [R+ 2504 - 20V"AVpA| | (2.19)
respectively.

The Einstein equations are thus re-defined in terms of the metric g rather than g.
Meanwhile, the Einstein tensor of the metric g can be recast in terms of the metric g and
A, in the form of

To compute Gy in order to obtain the equations of motion, one firstly notices

that the Riemann tensor R is factorable,

A A

R=Rr,, (") 9 ® de® @ da¥’ @ da” 4+ 7, (2°) 9 ® do* @ d’ @ da°

oxr oxi
0 ~ 0
_ p K fe v v J s k l c
=R’ (77) p @ dz® @ do” @ da¥ + X7, (z%) oy ®@dz® @ da’ @ dz®,  (2.21)

where R?_ encodes de curvature of (M*, w), and which has been labeled by R” and

apy

R7,,, encodes de curvature of (B2, &), which has been labeled by 37,,. [1]. From here on R

and A are the curvature and covariant derivative compatible with w. Analogously, > and

apy’

A are compatible with o, with 3. being compatible with &. Also, a shortened notation
given in terms of A := w* A, A, and A? := ¢ A\;/A\; shall be useful in the following steps
[1].

From the Riemann tensor, the set of expressions for Ricci tensors and Riccis scalar

are given by

ﬁ,uz/ == ﬁM,uMV = ﬁn,um/ = RH,LLIQV (xp> == R/,LI/ (xp) ) (222)
and
R="Ryy =w"R,, + 675, =R+3, (2.24)

which can be re-introduced into Eq. (2.20) so as to return

1 1 A " g
G = Ry = 50w R = Swu® — 4w, NPA+6w,,69A;A;, (2.25)
and
S 1 A X 1 S A A N A Amn
Gij e EU — 50'2']'2 - 502']'7?, -+ 4 AZA]A + 4AJA7]’ - 40’@'& A + 6(7@'(7 A,nA,m- (226)
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Finally, by substituting the above expressions into Einstein field equations decoupled from
Eq. (2.7), one finds

1 1o y
Roup— =R = Wy lzz +AA2A — 65 A A, —

e 4 <¢’K¢,K K
2

oy LT

and
~ 1 ~ PN ~
5ij — 50 (R+5) +4AA;A+44,4; - 45,;,A%A

K K
P | ¢ W)

1
+ 66Z-j6m”A,nA7m = m [QSJ'QS,]' + C,i(,j - 6_2Aa'ij (

. (2.28)

Since R, and R are functions of space-time, M*, and f]ij and 3 are functions of the
internal space, B2, then one may separate variables at Eqs. (2.27) and (2.28). Through a
more familiar notation, one chooses a separation constant which can be interpreted as the

so-called cosmological constant A [1]. After some mathematical manipulations, one thus

obtains
R[,LV = Awuuy (229)
L& A y e (olo, (¢
S+ ANA — 669 AA  — : : =—-A 2.
2+ 667 A A, 4M4<2+2+V : (2.30)
and

~ 1 ~ PO ~
5ij — 504 (4A+2) +4 A0 A+44,A ;- 46,;,A%A

1 1 1
= 1 [%Qij + (s — e 246y (¢ j’l + CQC’I + V)] . (231)

+66,6™A LA,

From a geometrical perspective, Egs. (2.30) and (2.31) clearly illustrate why the
two co-dimensional problem is circumstantially more complicated then one co-dimensional
analysis [1]. The existence of curvature for the internal space B? increases the complexity
of the equations to be solved. For a one co-dimension problem, the equations are, up to
some constants, equivalent, but the curvature is null. In addition, the complexity that
arises solely from topological considerations is evinced: while for one co-dimension there
are only two possible topologies, R! or S!, for two co-dimensions a vaster scenario can be

explored [1].

2.1.1 The Geometry of the Brane

From the above results, Eq. (2.29) defines the geometry of space-time (M*, w), and

one can readily obtain some solutions summarized by [1]

1. if A =0, a solution is a Minkowski space, w = n;
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2. if A > 0, a solution is a de Sitter space of four dimensions (dS*), w = w™;
3. if A <0, a solution is an anti-de Sitter space of four dimensions (AdS?); w = w™;

4. there are also FRW space-times solutions of these equations for all values of A [36].

Therefore one may fit each of these (3 + 1) solutions in the model construction
that follows. Again, to simplify the notation, whenever one is dealing with a space-time
M* where A = 0, its metric will be labeled i, while either for A > 0 or for A < 0, it will
be labeled either by w™ or by w™, respectively. Eq. (2.29) does not completely determine
the curvature of space-time, since the Riemann tensor is not completely specified. In later
chapters, one will restrict the brane to be of constant curvature, i.e. the Riemann tensor

A

R(Mpl/ = 5 (w5pwuu - wél/wup) ) (232)

this will lead to significant simplifications to the equations, specially when dealing with

gravitational perturbations.

2.1.2 The Geometry of The Internal Space

Hence the subsequent steps can be resumed by obtaining the solutions for Egs. (2.30)
and (2.31), which define the geometry of the internal space (B2, &) [1]. However, since they
are still expressed in terms of &, it should be simpler to work with the started geometry

preliminarily resumed by o. Turning back to such a departure metric, one firstly writes

ééj = Eij + A,j(sf- + széé — 14750180'1‘]‘7 (233)
S =e 8- 20%4], (2.35)

and
AZAJA = AZA]A - 2A,iA,j + O'ZSO'ijAlevs, (236)

which, once substituted into Egs. (2.30) and (2.31), after some straightforward manipula-

tions, leads to

1%
AMA

= 2Ae* +2A2A —8A™A,,, (2.37)

and

Zij — O'Z‘jA€2A + 4AZA]A — O'Z‘jA2A + 4O'Z‘jA’mA7m - 4A7iA7j = W, (238)
from which one can notice that some coordinate degree of freedom is still present [1].
Egs. (2.37) and (2.38) encode the needed information to determine the geometry of space
(B2, o), the warp factor, A, and the scalar fields, ¢ and ¢. Turning back to the systematic

procedure for solving Eqs. (2.37) and (2.38), one can state the following theorem [78],
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Theorem 1 Every two-dimensional (pseudo-) Riemannian space (B* o) is conformally

flat.

This means that, without loss of generality, one can consider the metric of the

space of co-dimensions to be conformally flat, i.e.

o =e 2P (du @ du + dv ® dv) . (2.39)

As previously argued, one has made a previous choice for the coordinates so as to
be able to write the resulting expression for the metric. However, since Eq. (2.38) may not
be analytically solvable, it would be counterproductive to keep that expressed in terms
of conformal coordinates [1]. A more treatable set coordinates for solving the resulting
differential equations, that do not result in a conformally flat metric, can be identified by

rewriting the system in terms of the following metric,
o= Ty @ du+ e M dy @ do. (2.40)

This is not the most general metric choice?, but it does allow for some leeway when solving
the equations [1]. Naturally, this is equivalent to the conformally flat form, since one has
just used a different set of coordinates. By substituting the metric choice from (2.40) into
the field Eqs. (2.37) and (2.38), it is straightforward to write

Y,
8M*

= A e (A + Aufu — Auhoy — 44,2
+ e (Apo+ Auhy — Ay fo—4A4,2) | (2.41)

¢+ Cu” _ 2h—2f

4M4 (f,vv + f,vh,v - f,v2 + 4A,v2 - 3f,UA,U - A,m} - A,vh,v>

+ h,uu + f,uh,u - h,u2 + 3A,uu + Sf,uA,u + A,uh,u - A62A_2f7 (242)

¢,v2 + C,U2 — €2f_2h

2 2
7 (P + s = ho® + 4A,% = 3h Ay — Ay — Auf)

+ f,vv + f,vh,v - f,v2 + 3A,Uv + 3h,UA,U + Aﬂ}f,’l) - A€2A_2h7 (243)

and

¢,u¢,v + C,uC,v .
e = A Af A+ b A, — 4ALA, (2.44)

From Eqs. (2.41)-(2.44) one can determine the warp factor and scalar fields, and
consequently obtaining the defect that generates the thick brane. From this point, different
techniques must be employed for solving Eqgs. (2.41)-(2.44) analytically [1]. One may

separate the techniques into two opposite categories:

2 The most general one would allow non-diagonal terms.
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1. Starting from a predetermined internal space (B?, o), which in some other words
correspond to the preliminary knowledge of f and A, one can thus calculate the warp
factor A;

2. Starting with no knowledge of the geometry of the internal space (B2, o), i.e. of f
and h, one thus assume some simplifying hypothesis so as to solve the equations in
order to find A, f and h.

Our focus will be on the second technique, which can be later connected to the first
one by using their solutions to fit them into predetermined geometries. Looking at the
second technique, the equations will necessarily determine the metric, but the topology
of B? will still remain undetermined. This fact is true, since the metric does not have,
in general, enough information to define the topological properties of space, with the
exception of some of the compact characteristics of the latter, which is only possible
because of the bulk geometry® [1]. Besides this special topological invariant, not many
topological statements can be extracted about the spaces here within, unless it is imposed
a priori. Such an indeterminacy will be advantageous to the model building, since the

same solution may fit different topologies and thus configure distinctive space-times [1].

2.2 The Newtonian Gravitational Constant

For any braneworld model to be physically acceptable it must recover a finite
four-dimensional gravitational coupling strength, which can be calculated directly from
the one in the bulk by applying a simple procedure. Substituting the ansatz for the bulk
metric, Eq. (2.1), into the gravitational action and isolating the terms that specify the

curvature of the brane,

S, :/6d4xdy2\/—_g2M4R~2M4/ dy”* Ve ! /4d4x\/—w7€+--., (2.45)
E B2 M

from which one can read the gravitational field strength (or Planck Scale) for the brane,

M,? = M* / dy? Vae A, (2.46)
B

where G ~ M, 2. Eq. (2.46) establishes the first condition for a braneworld model to be
physically acceptable, and also serves as the first consistency check for the linear approach:
if the Planck scale calculated from this procedure does not coincide with the one associated
with the linear approach, then the model in question is inconsistent. Fortunately, for any
braneworld model the Planck scale coincides in every approach, as shall be presented
in Ch. 3. For the present chapter, this will be the only condition imposed for physical
acceptable solutions. However, in Ch. 3, the stability and effective Newtonian theory will

also be be imposed and addressed for each one of the intersecting-like models.
3

According to Refs. [79, 80], one can extract out of Einstein equations whether or not the space B? is
non-compact.
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2.3 Classification of Separable Solutions

Solving Eqs. (2.42)-(2.44) in general is not a straightforward task, but there is a
particularly interesting way in which the separable solutions of Eqs. (2.41)-(2.44) can be

classified. By separable solutions we mean the ones that satisfy
¢ =¢(u), ( =((v), A= A(v) + A(u), f = f(v) + f(u) and h = h(v) + h(u), (2.47)

which allows one to apply a separation of variables technique to Eqs. (2.41)-(2.44). Excep-
tionally, Eq. (2.44) implies into

foAy+h,A, —A,A, =0, (2.48)

which can be solved under two independent hypothesis [1].

Firstly, when either Av or fLu are set equal to zero, thus one has either f » =0,
if /Alﬂ, =0, or iLu = 0, if flu = 0, — consequently, the most simplified scenario [1]. For
instance, with A = 0, and arbitrarily setting h = 0, the resulting metric would be cast in
the form of

g= e’Mdex“ ®dz” + e Y du® du+ e 2dv @ dv, (2.49)

which leads to a string-like defect for the warp factor [1]. If the coordinates are chosen

such that f = h, then the warp factor and scalar fields satisfy the field equations,
1%

8M4 = A62A + 62}1 (A,uu - 4A,u2> ) (250)
S -
4]&.4 = h,uu + 3A,uu + 4h7uA7u — A€2A72h’ (251)
and )
4%\1)44 - ﬁv““ + 4‘47%2 - 4]3,%’41# - A,uu - A€2A72h = 07 (252)

where C' is some constant. Generically C' = 0 and ¢ = 0, otherwise ( = C'v, which is not
allowed by the boundary conditions, since the solutions have to fit topologies* like the

ones shown in Figs. 1a and 1b.

These set of solutions have already been widely investigated [63, 64, 65, 66, 67, 68|
even when they are not driven by scalar fields. Considering our more general interest,
such constructions will not be further pursued. However, it is worth to mention that
several models that shall be more deeply understood also have, as limiting cases, string-like

solutions for the warp factor.

Furthermore, solutions like Eq. (2.49) do not necessarily entail in string-like defects,

since the latter requires specific topological impositions. Generally, solutions like the

4 Note that the variable v will generally be interpreted as an angular variable in this set of solutions,

otherwise there be no other way of localizing standard fields in this configurations.
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previous can fit many kinds of topologies, particularly R? leads to string-like defects, like
Fig. 1a. But solutions like Eq. (2.49) over R x S (Fig. 1b), T? and S? are also possible,
yet they do not engender string-like defects because they constrain either u or v to be
compactified. Regardless, throughout this work, every metric like Eq. (2.49) shall be

labeled a string-like solution.

(b)

Figure 1 — (a) A string-like defect example for the warp factor. (b) A non-string-like
example for the warp factor.

Within the string-like solutions there is a particular subset that will be of interest

later. These are constructed by enforcing h = A, leading to the metric
g=c2 (Wpde! @ dz” + dv @ dv + du ® du) , (2.53)

where the warp factor and scalar fields satisfy the field equations:

8 ;\24 = At 2 (A, —44,2), (2.54)
G’ i i
4]’\24 =44, +4A,°2 — A, (2.55)
and
5
4M4 = —A, (2.56)

which lead to equivalent, up to some constants, models to the seminal five-dimensional
braneworld models constructed previously in the literature. Thus, in this work, any metric
like Eq. (2.53) shall be labeled trivial-like, because they are trivially deduced from five-
dimensional models. Generically, the scalar field { and the cosmological constant have to

be null, otherwise the scalar would not fit the topology of spaces like Figs. 1a and 1b.

Secondly, the most promising scenario emerges from considering non-vanishing
values for both components, A, and A, [1]. Following a simplified stratagem, from
Eq. (2.48), one may write f=pAand h = (1—p) A, where p € R, while h and f are
mapped by an aleatory correspondence with the coordinates w and v [1]. In this case, the

metric is recast in the form of

g= e’er’Q‘indx“ ®dz + e A du® du + e e 20 PAqy @ do, (2.57)
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which leads to a novel class of solutions which indeed is not covered by the metric from
(2.49) [1]. From now on, solutions like Eq. (2.57) shall be labelled intersecting-like, because
the different components of the two-fold warp factor, A and A, are associated with the

intersecting defects of the scalar fields ¢ and (, respectively.

The separable solutions can thus be classified into two distinct sets:

1. The set of string-like solutions, St, defined by Eq. (2.49);

2. The set of intersecting-like solutions, Im, defined by Eq. (2.57).

At the intersection of St with Im one finds the set of trivial-like solutions Tr,
defined by metric Eq. (2.53), i.e. In N St = Tr.

2.4 Intersecting Braneworlds

As argued before both the metrics of string and trivial-like solutions, Eqgs. (2.49)
and (2.53), are a consequence of a defect generated by a single scalar field, ¢, since ¢
is, generically, null. On the other hand, for branes regarded as the intersection between
the defects generated by ¢, such that ¢, = 0, and by ¢, such that (,, = 0, which are
achieved through an appropriate choice of coordinates, u and v, one can follow the strong
supposition that the warp factor A and the functions f and h will all be separable functions
of u and v [1], i.e. they satisfy Eq. (2.47).

As implicitly mentioned, from the metric Eq. (2.57), one can realize that the
exchange of coordinates u <+ v (as well as f <> h), does not modifies the space-time, which
is just re-labeled in terms of v <+ v. This means that a model with p = p; is equivalent to a
model with p = 1 — p;, which can be mathematically expressed in terms of the equivalence
relation, Vp € R : p ~ 1 — p, i.e. for any p value there is an equivalent model with p
replaced by 1 — p [1]. Thus, the algorithm for solving the equations of motion can be

constrained by choosing, for instance,
peR/~={peR|p=1/2},
such that the equations to be solved, (2.41)-(2.43), can be resumed by

SVJ\/[4 —e2PAp2f {(p —5) fl,uQ + f,ufl,u + Auu]

1 2he2(1-p)A [iz,vfl,v —(p+4) 12171)2 + flm} + Aemem, (2.58)

ez(pfl)ﬁeﬂgb’u?

AMA 262(p_1)A62f {p (1 - p) fi,u2 + (4 - p) fN‘,uA,u + (4 - p) A,uu} - AerA62(1—p)A

+e e [(4—3p—p*) A2+ (p— D hyAu+(p—1) A, (259)
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and

6_2pA62h

ng —201-p)A 2f {p (5 —p) A7u2 _ pfu;lu _ pAW} _ Ae2PA201-p)A

+e A [p(1—p) A2+ B+p) hoAs+(B+p) Au].  (260)
Notice that Eq. (2.58) just defines the potential as a function of u and v [1]. Unless
one imposes to the potential V its analytical dependence on ¢ and/or ¢, which would
suppress some degrees of freedom from Eqs. (2.59) and (2.60), Eq. (2.58) is redundant
to the solutions from Egs. (2.59) and (2.60) when they are used to obtain V. Otherwise,
the analytical solutions for Egs. (2.59) and (2.60) can be obtained under the following

constraints [1].

1. When A = 0, thus the brane is flat;

2. When A #0, but p=0 (or p=1).

This happens because the term with the cosmological constant will necessarily contribute

to a function that depends on both variables, unless p = 0 (or p = 1) or the brane is flat
(A=0).

2.4.1 The Flat Brane Case (A = 0)

After applying the separation of variables technique, Egs. (2.59) and (2.60) are

written as o
(4+p)A% —h,A,— A, = %eme%, (2.61)
' —D
¢ 5 = = = 7 i
ap~ WP fadu—p(1L=p) AL = (A =p) Au = Cre™ XA (2.62)
(5 - p) AQu - f,uA,u - le,uu = @67%662(17}7)14, (263)
’ b
and
o’ ~oa A A i 2
4]’\}4 —(B+p h,A,—p(l—p) Aij —B4+p Ay = Cohe™2PAe2h, (2.64)

where C; € R, i € {1, 2}, are the separation constants. To find solutions of Eqgs. (2.61)-(2.64)
one needs to separate the p =0 (or p = 1) case from the p # 0 (or p # 1).

2411 Thep#0 (or p# 1) Case (Models I and I1)

Essentially, the above introduced sequence of steps for preparing the equations of
motion to be solved corresponds to some kind of suppression of unnecessary degrees of

freedom [1]. Looking at Eqs. (2.61)-(2.64), the coordinate freedom are represented by h
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and f. Again, the coordinate constraints, h = pfl and f = (1—p) A, are chosen in order

to simplify the equation manipulability. With the metric in the form of
g = ey det @ da¥ 4 e 2P (dy @ du + dv ® do) (2.65)

corresponds to the singular configuration for which a conformally flat approach simplifies
the equation resolutions. From Eqs. (2.61) and (2.63), the solutions obtained are expressed
by

A=A, — leln { cosh {2% (v + vo)} }, (2.66)

and

A=A, - iln { cosh [2cu(u + uo)} } (2.67)

where, without loss of generality, one set the boundary conditions as given by Ay = Ay = 0,

with
e, = — G and ¢,” = @, (2.68)
p—1 P

where ¢,, ¢, € C, but either I'm(c;) = 0 or Re(c;) = 0, since Cy, Cy and p are real constants.

To develop models which can “localize” fields on the brane, one may break this
solution into two different configurations, one for p > 2 and I'm(c,) = 0, and another for
p <2 and Re(c,) = 0. They correspond to the models that shall be further explored in
appendix A.

Starting with p > 2 (Im(c,) = 0), which is now labeled model I, one finds the

metric (ug = v9 = 0),

cos (%2
g’ = \/cosh (2¢,u) |cos <712go> Nuda! @ dz” + CO’Sh (1 ? )’ " (du ® du + r’dp ® dgp) .
(2.69)
Scalar fields and potential are resumed by
2
VI = —8M* sech® /2 (2¢,u) sec?’? (T;@) (cuz - 127«2) : (2.70)

of = j:2]\/[2\/a_¢{u,/1 + by — \2/:7) arcsinh [\/@tanh (QCUU)}

m 1+ bd)\/l + by tanh? (20uu) + 1 — by tanh (2% )
I , (2.71)
Cu
W1+ b¢\/ + by tanh? ZCu ) + 1+ by tanh <2cuu>
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and

4r\/2a \/1—b4tan
2) \/1 + b arcsin {1/1+b<sin (Wﬂ
n\/l—b¢+(1+bg cos (ny) 2

—b arctanh [ ﬁ\/jlksin (%> }, (2.72)

\/(bg + 1) cos (ny) —be +1

¢f =+ M2 cos (ngo)

where the following constants have been defined,

n? (5 —2p) c,2

gy = — (1 _p) 1672 + (p - 4) Cu27 b¢ = Tu7 (273)
n? (3 + 2p) n?
= pCu2 + (3 +p) ]_67”2 and bc = —W, (274)

through which the constraints as, > 0, by > —1, ac > 0 and b, < 0 are sufficient and
necessary conditions for obtaining real scalar fields, ¢ and ¢ (cf. Egs. (2.71) and (2.72)).

Besides the singularities exhibited by the scalar field ¢!, the behavior of the variable
u suggests that an infinite amount of energy to achieve model I configuration is required

(see appendix A) [1]. The Planck scale for model I is

iea (52 1 (55)
S CONION

and model I presents the structure capable of localizing the gravitational field.

12
Mpl =

(2.75)

To avoid such a shortcoming, the model 17, with p < 4 and Re(c,) = 0, can be

introduced. In this case, the metric can be stated as (ug = vy = 0),

QH = \J cos (f) Cos (n;o)
(2.76)

The Planck scale associated with metric Eq. (2.76) will be singular if p > 4, as can be seen

p
M (p2d0 ® 6 + r?dyp @ dp) .

Nuwda! @ da” + ‘COS (% ‘

in Sec. 2.2. The scalar fields and potential for such a configuration are as follows,

_ 10 ne 12 n?
VI = Misect=P)/2 <2 ) secP/? (2) <2p2 + 2r2> ; (2.77)

le 4p\/2 \/]_ —b¢tan <l20> l(9
= +M? V1+0b in [/1 4 bysin | —
! cos( ) l\/l—b¢+(1+b¢)cos(l9){ + ¢arcs1n[ + ¢sm<2>]

+Fb¢arctanhb V2y/Zhosin (3)

(by + 1) cos (10) — by + 1

}, (2.78)
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and

4ry\/2ac4/1 —b tan? (#) o
n\/l - bg\—/F (1 :bc s (ny {mamsm {m sin <290>}

+ 4/ —b¢ arctanh[ ﬂﬁsm( ) }7 (2.79)

\/bg+1 ) cos (ny) — b + 1

M= +£M?cos (mp)

where one identifies the following constants,

n? 12 (5—2p)i?

- —(1— —(p—4 b, = —~— =/ 2.80
[2 n? (3 +2p)n?

= — 3 db=———"— 2.81

1= "Pigp HBHP) g and b 16r2a; (281)

In this case, ay > 0, by < 0, ac > 0 and bs < 0 are the sufficient and necessary

conditions for assuring real scalar fields. The Planck scale for model 17 is

ree)r () , (2.82)
o))

and model [T presents the structure capable of localizing the gravitational field.

M;lﬂ = AM*prr

The scalar fields exhibit several singularities, depending on the values for n and [.
These singularities explains the number of cusps in the warp factor. In order to realize
physically consistent solutions, the required energy to achieve their internal structure
must be finite [1]. Even though model 17 exhibits several singularities as depicted by the
scalar fields, the total energy necessary to accomplish model I7 is finite (see appendix
A). This is an evinced advantage with respect to the model I [1]. Although model I7 has
finite total energy, one may still argue against its physical significance, due to its recurrent

singularities, a shortcoming that must be considered in the following model issues [1].

2412 Thep =0 (or p=1) Case (Model I11)

The third option of analytical models with flat branes, with two scalar fields and

p = 0, starts from setting f =0 and 7 = A, which leads to the subsequent metric,
g= e‘er_QAdex“ ®dr’ + e Y du® du + e e Adv ® dv. (2.83)

Again, from Eqgs. (2.58)-(2.60), after separation of variables and some straightforward
manipulations, one finds the following system of equations,

1%
8M4

= (<542 + fudu+ Au) +Ce*, (2.84)
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C=—c (44,2 — A,h, —AL), (2.86)
and
Gl i g
g = 3hoA, +34,, (2.87)

where C' € R is some separation constant. Here one can interpret Eqs. (2.84) and (2.85)
as defining the potential and the scalar field ¢, respectively, and one can actually solve

Egs. (2.86) and (2.87). By choosing h = 0 straightforwardly implies into the solution

AT = 4, — iln ‘cos {2\/6(1) + vo)} , (2.88)

and
¢ = £2v/3M? arctanh {sin [2\/5 (v+ Uo)” , (2.89)

which, from now on, shall be called model 71 and for which, without loss of generality,

one can set Ay = 0 and vy = 0 [1].

Given the periodicity of ATZ, one departs from the choice of v = ro, where ¢ € St

and r is the radius of S'. Since the metric must be continuous in S' one must have that

e~24 must also be continuous in S', which means that

’cos (2\/5r27r)‘ =|cos(0)]=1 = C=—,neN.
Therefore one may write the metric, with Ag =0 and vy = 0, as

(%)
cos | —
2

which expresses a setup with a Minkowski brane (A = 0) with two scalar fields [1]. Both

e 2, dr" © dz” + e Y du @ du + r’e A dep ® de, (2.90)

the scalar field ¢//1 and warp factor A/l are, up to some constant, equivalent in form
to those ones from model I, as depicted in Figs. 31a and 32b. Considering the possible
values of n, only n = 1 configuration does not require the modulus in y/|cos (ngp/2)|, since

cos (¢/2) is strictly positive in this region [1]. The Planck scale for model 17 is
r(3 .
2 _ _
M = 2\/%]\/[47°7F Eé% /due Te=34, (2.91)
4

and model 111 presents the structure capable of localizing the gravitational field.

In this case, one may be tempted to interpret each of the cusps of the warp factor
as forming different branes [1]. However, since the unique localizing parameter in this
model is the radius r of S!, it is better to interpret such a configuration as a single brane

with some internal structure as the same is true for models I and I7 [1].
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38
In this case, before evaluating metric g'/!, scalar field ¢ and potential configurations,

one should turn the attention to the associated stress energy tensor [1]. For p = 0 models,
from Eqs. (2.84) and (2.85), the total stress energy tensor can be separated as follows,
(2.92)

Tun = Ty + Tiins

¢ _ ¢
Tyn = CulN — gunN 5 (2.93)
and
6 _ ¢" ok
Tyn = OMON — guN 5 TV (2.94)

which allows one to focus on the stress energy tensor driven by the scalar field ¢ (2.93),
3/2
(2.95)

4,2
e 3Mntny, ne
TMV = —T Sec 7

which is depicted Fig. 2. Of course, Fig. 2 evinces that the T’ /f,ﬁ” singularities shall support a

111 s«
T%,

¥

Figure 2 — Stress energy tensor Tlfim = —TZTﬁiH /3M*n*n,, as a function of ¢, for n =1
(black line), n = 2 (black dashed line), n = 3 (red line) and n = 4 (red dashed

line).
number of cusps in the warp factor. From the perspective of the bulk, the energy necessary

1/2

to achieve such a configuration can be computed in terms of
dep,

crr CII 6 ™ ne
E., _/EGTW v—gd’r . )

sec (2
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where the last integral converges for all values of n [1]. Therefore, the energy of these
models, as far as ( is concerned, is finite. Although the energy needed for this configuration
is finite, one may still argue against the physical significance of this model, due to the

number of singularities in the stress energy tensor [1].

To complete the model one now only lacks the dependence of the warp factor to
the u coordinate related to A, to the scalar field ¢, as well as to the potential V [1]. For
model 77 these fields must satisfy Eqs. (2.84) and (2.85). Notice here that while V, ¢ and
A are still undetermined, f is a mere choice of coordinates. Therefore one has complete
freedom for choosing one of such fields, as long as further analytical integration is allowed
for the other two fields. This means that a multitude of solutions can be find as to fit such
a building procedure. As will be presented later a similar set of equations for A, ¢ and V
will be found for different solutions of A and (, this is to be expected since the equations
are separated in the variables u and v. Later a couple of examples will be proposed, all of
which start by assuming A. This is simply to achieve an intended geometry for (B2, o),

which shall lead to a common solution set for A, ¢ and V for all the models with p = 0 [1].

To resume, model 111 also contains a trivial extension of well known models of
(4 4+ 1)-dimensional braneworlds. Looking at Eqgs. (2.84) and (2.85), one should notice
that, for f =n =0 (which is nothing but a choice of coordinates and C' = 0), exactly
the same equations, up to some constants, are obtained from such a five-dimensional
case [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28]. These models contain, which is
nothing surprising, trivial extensions of the five-dimensional braneworld models so deeply
considered in the previously quoted works. One may call it trivial because the metric takes

the form,

g=c24 (nw,dx“ ®dr” +ridy ® dgo) + du ® du, (2.96)

which is nothing but the same metric of five-dimensional setup with an additional co-
dimensional compactified structure as S!, and with the defect generated by the scalar field

¢ and potential V (¢ = 0) [1].

2.4.2 The Bent Brane Case (p =0, A #0)

Considering the bent brane case, Eqs. (2.58)-(2.60) with A # 0 and p = 0, no
preliminary assumption about the curvature of M* (i.e. about A # 0) is required [1].
Departing from the metric Eq. (2.83), and after some straightforward manipulations
involving Egs. (2.58)-(2.60) (for p = 0), they can be cast in the form of

C =Nt — ™ (44,2 = A b, — A,,), (2.97)

and

G’

T = 3he A, 134, - Ae*Ae=2h, (2.98)
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where C' € R is the separation constant. Again, the expressions defining the potential V
and the scalar field ¢ are given by Eqgs. (2.84) and (2.85), which correspond to the flat
brane model with p = 0. To solve Eq. (2.97), one can set: i) either (, =0 (¢ = 0); i) or
C =0, but ¢, # 0 [1].

It means that only when two scalar fields are present and the brane is not flat
that some additional supposition (C' = 0) about the solution must be made, in all other
cases one can generally solve these equations [1]. The last possible construction, i.e. C' # 0
and ¢, # 0, leads to a highly enhanced equation that is not of straightforward analytical
solution. Regardless, an implicit method can be applied to generally solve the equations,

but the solutions will not be of straightforward interpretation.

In particular, the first case, with ¢ = 0, is the most interesting one [1]. It corresponds
to a model with a single scalar field which drives a smooth behavior with no singularities

in the stress energy tensor, which are ingrained in the other configurations (I, IT and I11)

[1].

2.4.2.1 The Single Scalar Field Case (Model IV)

Starting from the constraint imposed by ¢ = 0, model IV is resumed by the
behavior of a single scalar field [1]. To solve Egs. (2.97) and (2.98) one can set h = 0 in
order to obtain some simplifications. Thus, combining Eqs. (2.97) and (2.98), one can
write

A ya

3¢ — A= (2.99)

/\/72 U+U0

which exhibits three different solution which depends on the values of A and C, i.e.

- ]
V’|@+mﬁ},ﬁQA<O, (2.101)

>

),ﬁCzOMﬁA>O, (2.100)

. A
A:—ln{Q 3||(/|*|COSh

. A
AV = —In{ 24/ —
H{VSC

which are all consistent with Eqs. (2.97) and (2.98) [1].

2

and

cos[‘<§7(1;+-uo)] } Lif A > 0, (2.102)

Clearly, the solutions from (2.100) and (2.101) do not depict RS-like features:
gravity is not localized along the corresponding extra dimension, unless one could force v
to be periodic [1]. Nevertheless, the warp factors (2.100) and (2.101) are not periodic and
no thin brane can supply the required boundary conditions. Gravity can be localized only

by setting C' = A = 0, which leads to constraining A(v) = A, (Ay € R), and by supposing
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v =ry, with ¢ € S'. In this case, one has the same trivial case from Eq. (2.96), which

corresponds to a trivial extension of five-dimensional braneworlds [1].

On the other hand, looking at solution (2.102), which is periodic, i.e. with v = r¢,
where ¢ € S!, one does find more appealing localization features, which emerge from its
compact characteristic [1]. Since one expects the metric to be continuous, then the warp

24

factor e=24 shall also be periodic and continuous in S', i.e. (for vy = 0),

2
cos? <\/26r27r> =cos’(0)=1 = C = %, n e N*, (2.103)
T

where one should notice that n # 0, since the warp factor is ill defined for n = 0 [1].

Since the peculiarities related to the solutions from Egs. (2.100) and (2.101) have

already been discussed, one should pay more attention to the solution from Eq. (2.102) [1].
In this case, the related metric, with v = 0, is written as

472\ ne
v o_ 2
o = e (5

> et dat @ da + eV du @ du + rle M dp @ dp,  (2.104)

which corresponds to the most appealing solutions once some physical conditions are
imposed [1]. In particular, it only works either for a de Sitter brane (A > 0) or, at least,
for a space with positive constant curvature. Clearly, since no scalar field ( is effective, the
energy to achieve such a configuration is finite. Fig. 3 depicts the form of the warp factor
e_ZAIV, which explains why this model should be more relevant then models I, I7 and I11:
there are no cusps in the warp factor. This corresponds to a straightforward consequence

of no singularities in the stress energy tensor [1]. The Planck scale for model IV is
2 4r3A P i
MY = M4W7r/due Je34 (2.105)
and model IV presents the structure capable of localizing the gravitational field.

Even with singularities eliminated from the stress energy tensor, this model still
exhibits curvature singularities. Whenever cos? (ng/2) = 0 the warp factor is null and the
metric would have vanishing components. This could be an effect of a badly defined choice
of coordinates, and represent some form of horizon [1]. In this context, the Kretschmann

scalar for model IV reads,

K =R"NPCR/npo (2.106)
i | 3n? ne\ [n? ne - 5n?
_ 44 2 2 2
=€ {7”2 sec <2> er tan (2> + 4A’u + 27,,/.4
+ e MR (u) + 1642 + 404" — A,f}, (2.107)

which results into curvature singularities, since this scalar invariant is singular whenever
cos? (np/2) =0 [1].
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Another interesting property of model IV is the constant 4A/3C' that multiplies
the warp factor. This constant can not be removed from the warp factor, otherwise it
will not be a solution of Egs. (2.97) and (2.98). Yet if one increases the value of C, the
warp factor becomes not only more localized, but also exhibits a decreasing amplitude
[1]. In fact, one could expect the maximum value of the warp factor to be one, thus one
could impose 4A/3C = 1. For A assuming tiny values, one should have tiny values for
C. Therefore, the warp factor would not be exceptionally localized. Here, no concerns to
such relation between C' and A will be made, then C' will be regarded as a completely

independent value [1].

1.0}
0.8}

0.6}

_97 AlV
e 2A

0.4}

0.2}

Figure 3 — Warp factor e=24" of model IV as a function of @, for n = 1 (black line),
n = 2 (black dashed line), n = 3 (red line) and n = 4 (red dashed line).

One again only lacks the dependence of the warp factor on the u coordinate related
to A, to the scalar field ¢, as well as to the potential V. In this case, the involved fields must
satisfy Eqgs. (2.84) and (2.85), with C' = n?/r? for model IV. Therefore, the dependence
of these quantities on wu is equivalent to that obtained for the flat brane model 111, with
metric (2.76), and with the distinction being only due to the value of C: for model 111,
the constant C' = n?/1672, n € N, while for model IV, the constant C = n?/r?, n € N*.
Egs. (2.84) and (2.85) will be solved in a redundant way, for models /71, IV and V in

section 2.4.3.
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2.4.2.2 The C=0 Case (Model V)

So far one has built models over a flat and de Sitter branes, the whole spectrum of

possible values of A can be filled by anti-de Sitter brane solutions [1].

To realize analytical solutions of Eq. (2.97) when two scalar fields are present and
the brane is bent, i.e. the space-time curvature of M* is non null, one must constrain C' to
0. Other values of C' do not allow strict analytical calculations [1]. A simplified scenario is
accomplished by setting h = A so as to reduce Eqs. (2.97) and (2.98) for the warp factor
A and (, respectively, to the now called model V', for which

A A 1
AV = Ay — 3 In |cos [\/3 Al (v + vo)} : (2.108)

and
2

¢V = i4\]>4§ arctanh {sin {m (v+ U(]):| } : (2.109)

with A < 0. The solution A for positive values of A does not exhibit RS-like features [1].

Due to the periodicity of flv, one is able to choose v = rp, where ¢ € S'. Since the metric

2A

must be continuous, one must also have =24 continuous in S!, therefore

2/3
[cos <\/3 |A]r27r)] =1 = r= 5 ;L|A|’ n e NT, (2.110)

where simplified expressions are yielded from choosing Ay = 0 and vy = 0. For such a
completely contrasting result, obviously there is no relation between C' and the radius r
of S, as well as A is a free parameter. In fact, the radius r of S! is constrained by the
value of the cosmological constant A one chooses for the space-time M*, and the metric is

written as

g" = cos?/? (?) e’zAw; dz* @dz” +e > du@du+r? cos?? (?) e A dp®dy, (2.111)

v

which expresses a compactified setup for an anti-de Sitter brane (A < 0) scenario at M*,
with constant negative curvature and two scalar fields. In Fig. 4a the form of the warp
factor is exhibited for different values of n. The form of the scalar field is exactly the same
as the one depicted in Fig. 32b [1]. But the scalar field now depends on the ¢ coordinate,

which is different from that one considered in model /. The Planck scale for model V is
MYy = 4rM4/du e Fe 3 (2.112)

and model V' presents the structure capable of localizing the gravitational field.

Fig. (4b) depicts the stress energy tensor, T¢,,, for the scalar field ¢,
AM* 2w
I T e <W> , (2.113)

T¢ =
#v 3r2 2
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24" of model V; as a function of . (b) The stress energy
tensor T, = —T5,3r% /4M*n’w,, of model V as a function of ¢. The plots are
for n =1 (solid black line), n = 2 (black dashed line), n = 3 (solid red line)

and n =4 (red dashed line).

Figure 4 — (a) The warp factor e~

which evidently exhibit singularities correlated to the number of cusps exhibited by the
warp factor. Again, from the perspective of the bulk, one has the finite formation energy

given by
¢V ¢V 6 " /3 (1P
E., /EG Iy, vV—gd’r /_7T sec ( 5 ) de. (2.114)

To complete the model, one notices that the fields must satisfy Eqgs. (2.84) and
(2.85) with C' = 0, such that

8;\}44 = (<542 + fulu+ Auu) (2.115)
and
0.2 i -
4M4 =A4fuAu+ 4A s (2.116)

By choosing coordinates such that f = 0, one recovers the same equations, up to
some constants, as in the five-dimensional thick braneworlds with a single scalar field. It
means that, one more time one has a non-trivial extension of the usual five-dimensional
braneworld models, which can be ratified by setting f = n = 0 into Egs. (2.111), (2.108)
and (2.109) [1].

2.4.2.3 The General Bent Brane (Model V1)

Egs. (2.97) and (2.98) can be generally solved by proposing an implicit method;
we assume coordinates such that A is a linear function and solve Eqgs. (2.97) and (2.98)

for il, instead of A. This assumption can be understood by the metric

g = e*QAe’Mdex“dx” +e 2 A% 4 o2 (2.117)
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where coordinates have been chosen such that the coordinate v, in metric (2.57), coincides
with A. Eqs. (2.97) and (2.98) can then be written as

O = Ae* — 4™ + M 4, (2.118)
and )
jj\% =3 ; — Ao, (2.119)

Eq. (2.118) is integrable and has the solution

L1 i At C
h=-In|Cbe + —— — — 2.12
5 n | Cbe™ + 3 ik ( 0)
Therefore, the metric of space-time takes the implicit form
—2A —2A W —24 dA? —2f 1 2
g=e "¢ Twydrtda” +e + e du”, (2.121)

i 24
Chedd 4 2= — €

which is the analytical solution of Eqs. (2.97) and (2.98), but it is given in an implicit
form, since the components of the metric are functions of the warp factor. On the other

hand, the scalar field is a solution of

Cam _ 12ee (2.122)
1= T a4 AeA :
AM besd A2 1

which is real valued as long as b > 0.

It is still possible to evaluate the localization features of metric (2.121), but, ideally,
it would be interesting to find the solution for coordinates such that® h =0, i.c. are flat

with relation to v.

In flat coordinates v, the warp factor A is a solution of the equation

Ae2A
3 4’

dA?

i 2A
ChesA 4+ AeT _¢

—dv? = A, = i\/ CbesA + (2.123)

4

Thus the implicit method has reduced Eq. (2.97), which is a second order non-linear
differential equation, to Eq. (2.123), which is a first order non-linear equation. Although
some simplification was achieved, Eq. (2.123) is still not integrable, unless b = 0, which
simply leads to model IV%. Even if one is not able to solve Eq. (2.123) one can now

evaluate the localization properties of this space-time, which was not possible with only
Eq. (2.97).

The solutions of Eq. (2.123) can present RS features if and only if they present a

finite effective volume. This is generally achieved if the warp factor asymptotes to zero and

In this coordinates the metric would take the form g = e*QAAe*zAdex“dx” + e 2Aqu? 4 e=2F du2.
The same is true when C' = 0, but, to integrate, coordinates have to be chosen in order to achieve the
metric component as e 24de2.

6
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Figure 5 — The Planck scale, v'CMy'/M?\/ [ e=34e~1 du, as a function of the cosmological
constant, A/C.

presents a global maximum. If the global maximum is located at v = 0, then a necessary

condition for RS features is

N N 1 A
AmU:O:Oand AUO—O@b—Z—%EO (2124)

which is a necessary condition for localizing gravity and other fields. The Planck scale for
model V1 is

—2A . ~
/ a4 / dueTe 34, (2.125)
¢f A) 8 4 Ae2d _

3

vIZ _
Mpl

The profile of Mg{ I? ig described as a function of A in Fig. 5, from which one can conclude

that model VI presents the structure capable of localizing the gravitational field.

The equation for the scalar field ¢ can also be evaluated in this flat coordinate
system,

Co = £2M*V12Cbe™, (2.126)

which is likely singular at the boundary, since el diverges at v — oco. This singular behavior
is clearly avoidable if b = 0, but the model reduces to model I'V. Even if the scalar field is

divergent, the resulting energy density is well behaved for the entire configuration.

To realize that the effective volume of metric (2.121) is finite, and, therefore,

presents RS features, it is simpler to assume a system of coordinates such that

A =In[cosh (y)], (2.127)
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which implies in the metric

tanh® (y) dy?

e 2 du.
£ [cosh8 (y) — 1} + £ cosh® (y) {1 — cosh® (y)}

g = e 2 |sech? (v) wydztda” +

(2.128)
It is straightforward to notice that metric (2.128) is well behaved at the center of the
configuration and presents a finite effective volume. Yet the curvature will most likely be
singular at the boundary, this will not be explored further. On the other hand, the scalar

field is then a solution of

(v’ 12b tanh? (y)
AMHA - A sech®(y) sech®(y) (2129)
b+ 3C o 4

Eq. (2.129) is clearly not easy to integrate, but one can find its asymptotic behavior,

S /T tanh () = C - £2VI2M log feosh ()] (2.130)

which necessarily diverges at y — oo, therefore singularities at the boundary for the scalar

fields are unavoidable in this model. But, as mentioned before, the energy density will be

well behaved at the entirety of the configuration.

2.4.3 Setups From Predetermined Internal Spaces

In the previous sections, a first subset of models I and 11 for intersecting thick
branes was obtained and discussed in terms of the model degenerate dependence on a
single co-dimensional coordinate v <+ u. A second subset, for models 111, IV, V and VI,
which include a split dependence between v and u and admit some additional freedom in
the choice of the field parameters A, ¢, and V, has also been evaluated [1]. In this section,
the hypothesis of constraining such additional degree of freedom by imposing a geometry

for (B?, o) shall be considered [1].

As previously argued, Egs. (2.84) and (2.85) form a common set of equations for
all the p = 0 models. These two equations involve three field parameters A, ¢, and V. Due
to the remnant degree of freedom, Eqgs. (2.84) and (2.85) can be recast in to a first order
configuration (see [81]) to be solved [1]. Given that p = 0, one finds that the metric of the

internal space B? takes the form of
o=eYdu®du+e e dv® do. (2.131)

Thus the choice of A and f fixes the geometry of B2, since h is nothing but a choice of
coordinates which has been previously specified for each model. That makes choosing
the field A a better option than fixing either ¢ or V, in manner that one can achieve an
intended geometry [1]. For this reason, these spaces have a predetermined geometry, since

one does not determine it from the field equations, but chooses A and f such that an
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expected geometry is achieved. As long as one is able to cast the metric of the internal
space as (2.131), the geometrical interpretation that follows is straightforward [1]. The
tricky thing here is finding a combination of A and f that allows for the integration at
Eq. (2.85). In the following subsections, solutions to these equations will be provided by
a choice of the metric of the internal space B? that allows for the respective analytical
integration of Eq. (2.85).

In particular, when h = 0 and the coordinate v is compactified as S* (models ITT
and V') one is able to cast the metric (2.131) in a particular fashion so that the internal
space could be a sphere or spheroid (subsecs. 2.4.6 and 2.4.7). Since models 11 and IV
have the same common geometry and topology for the internal space, the solutions that
follow are common to both of them [1]. Model V' can also share these specific solutions
for A, ¢ and V, but the applied geometrical interpretation shall not be valid in the latter

cases [1].

2.4.4 Solving Egs. (2.84) and (2.85)

When one chooses coordinates such that f = 0, Eqs. (2.84) and (2.85) are similar
in structure to the equations that define five-dimensional bent braneworlds [81, 82, 83],
reminded that there are some constraints imposed by the separation constants, A and C.

Therefore, a departure solution as, for instance, due to Ref. [82],

A=—In : (2.132)

cos [a (u + uo) }

can be considered. Notice that one is able to choose a (u + ug) = 0, with 6 € [—7/2,7/2],
as long as one allows for the singularities at £ /2 for the scalar field. Thus one is able to
consider u to be compactified as S', just imposing a = 1/2r, where r is the radius of S*. It
allows one to run 6 from —7 to . As an example, for the sphere models that follow, one

regards a = 1/r, ug = —rn /2, and thus u € [0, r7] [1].

From Eqs. (2.84) and (2.85), scalar field, ¢, and potential, V, are cast as
[ C |
¢, = £2M*"|/4 — — arctanh { sin [a (u+ ug) } }, (2.133)
a

V<—8M4a2{5— (4_C> sec? [a(u—i—uo)}}. (2.134)

and

a?

which, in this case, allows for an explicit correspondence given by

_ 4 2) e . Q 2 ag
V. =8M"a {5 (4 &2)cosh [QMZ\/W]}' (2.135)

When C = 4a? the scalar field ¢, is null and the potential V, is a constant, thus

one either has either a single scalar field ¢, as for models 11 and V', or no scalar field, as
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for model V. For model IV, since no scalar field is present, ( = ¢ = 0, the potential is a
constant. Once returning to Einstein equations, one then finds Gy = —5Cgyn/2, and
thus E° is nothing but a de Sitter space of six dimensions (dS®) written in some unusual
system of coordinates. The form of the scalar field ¢. can be seen in Fig. 32b, while the

potential V. is depicted in Fig. 6.

1.0}
0.5
0.0}

~0.5}

—1.0F/
i

A N T S M A X
—1.0 -0.5 0.0 0.5 1.0
¢>|<

S
Figure 6 — Potential V* = V. /32M%a* as a function of the scalar field ¢ = ¢./4M>.
The plots are for C = 0 (solid black line), C' = a?/4 (dotted black line),

C = a? (dashed black line), C = 2a? (solid red line), C' = 3a* (dotted red line),
C = Ta?/2 (dashed red line).

The corresponding metric of such configuration is given by

g’ = cos® [a (u+ up) }e‘zmwwdx“ ® dz” + cos? [a (u + uo) }e_QBJdv ® dv + du ® du.

(2.136)
where the index J in g;], A7 and h’ refers to one of the models I1I, IV or V (i.e.
J =1III, A7 = AT refers to the warp factor of model I1T). See that the warp factor
from Eq. (2.136) exhibit the same pattern as for model IV (2.104) cf. Fig. 3 [1].

Other configurations can also be achieved by choosing f to be non-null, thus even if
the warp factor given by Eq. (2.132), the configuration would be different. As an example,

one may consider the following choice of f,
~ 1 9
f= —iln 1 — K cos {a(u—i—uo)} : (2.137)

where £ is a constant such that £ € (0,1). For k = 0, one recovers the metric from

(2.136). As it shall be clarified in the following subsection, this choice corresponds to a
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reduction of the spheroid model, for which

g’ =cos? [a (u + )] (e_QAJdex“dm” + e_QEJdv2)

+ {1 — K cos® [a (u+ uo)”du2, (2.138)

where A7 and i’ could be any of the functions determined in models 111, IV or V.

Analytical solution for Eq. (2.85) are constrained by the choice of C' = 4d?, i.e.
with J = II1 and IV at (2.138). In this cases, upon an integration of Eq. (2.85), one has

\/E <in [ﬁ(z—f—uo)

43\322 = Fv1 — karctanh : (2.139)
\/1 — K cos? [\/6(?“0)
and
v 5(1—%)—4%(1—%)(3082[%
< _ , (2.140)
20M4 {1 . K/COSQ |:\/a(u+u0) }2
2

and no longer does the scalar field shall exhibit singularities at /2. It is straightforward

‘\'i:;"‘; '\'\'L';'f/ 0.0F __'—_’/:'.-. Sa— - *

—4n 37 -2n -m O n 2n 3n 4n -10 -8 -6 -4 -2 0 2 4 6 8 10
o

(a) (b)

Figure 7 — (a) Scalar field ¢! = ¢./4M? as a function of § = a (u + ug). (b) Potential
V¢ = (1-k)V./2CM* (5 — 4k) as a function of ¢* = ¢./4M?*\/1 — k. The
plots are for k = 0.1 (solid black line), x = 0.2 (dashed black line), x = 0.4
(dotted black line), x = 0.6 (solid blue line), x = 0.8 (dashed blue line), x = 0.9
(dotted blue line), k = 0.99 (solid red line) and x = 0.999 (dashed red line).

to invert the expression for ¢ so as to write the potential V as a function of ¢. After some
forthright manipulations one finds,
1 + 4 (]. — fi) COSh2 (Mﬁﬁ)

(1 — k) cosh? (4M2‘f;m)

V. =20M* : (2.141)

from which scalar field and potential forms are depicted in Fig. 7.



2.4. Intersecting Braneworlds 51

The warp factor for the metric (2.138) is exactly the same as in (2.136), but due
to the contribution from g,,, the u coordinate has a different meaning. Thus it would be
interesting to change coordinates to be able to better compare how the metric (2.138)
fares against the one from (2.136). To this end, one chooses a new coordinate y, with such
luck that

Vv
dy = \J 1 — Kk cos? lQ (u+ uo)] du, (2.142)
upon which, after an integration, one finds

_sz<\/6
V=5 5

where F (z|m) is the elliptic integral of second kind. The inverted expression results into

VCy
21—k

where E~! is the inverse function of the elliptic integral of second kind. Then one may

(u+ up) —

" ) , (2.143)

?(u +ug) = B! (

n ) , (2.144)

k—1

write the metric (2.138) in the term of the coordinate y as

gg = cos® |E~! my
2v1 — kK

2

K

k—1

)] (e_zAJdex“dx” + 6_2EJdv2) + dy?. (2.145)
Finally, the warp factor e~ A and the scalar field ¢ as functions of y can be seen in Fig. 8.
Clearly, from Fig. 8, as x gets closer to 1, the warp factor becomes more localized, and in
the limit of x going to 1, a thin brane is recovered [1]. Hence & is the localizing parameter
in this model: as it gets closer to 1, the brane should be closer to a thin brane and the
matter distribution in this model should look more like a cusped function, which can only
be realized by looking at metric (2.145). Otherwise, one generally prefers to work with
(2.138) since a straightforward geometrical interpretation is achieved when one applies

this geometry to S2.

Note that the setup from Eq. (2.138) could also be considered in the five-dimensional
context, since the equations are, up to some constant, equivalent. From the previous choice
of f, one can thus construct some novel models of bent branes in five dimensions, since

the metric is just given by

S

2

Al

g = Cos (u + ug) (u+up)

wdatdx” + {1 — K cos?

} du?,  (2.146)

where A is the curvature of space-time (M*, w).

2.45 The Geometry of S?

This section is dedicated to demonstrating some of the possible geometry one can

couple to S2. One starts by first considering a general geometry for S?, namely an ellipsoid.
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s
y b
(a) (b)

Figure 8 — (a) Warp factor e=24 as a function of y* = v/Cy/2. (b) Scalar field ¢ = ¢, /4M>
as a function of y* = v/C'y/2. The plots are for £ = 0.1 (solid black line), £ = 0.2
(dashed black line), x = 0.4 (dotted black line), x = 0.6 (solid blue line), k = 0.8
(dashed blue line), k = 0.9 (dotted blue line), x = 0.99 (solid red line) and
k= 0.999 (dashed red line).

In this context an ellipsoid is S?, but with a particularly distorted metric. This metric can
be determined from its immersion” in (R(3), 7), where = is the usual Euclidean metric.

For a triaxial ellipsoid, the immersion® is a map ® : S?* — R?, where it is defined by
(0,0) — P(0, ) := (acos(p) sin (0),bsin () sin (0) ,ccos (7)), (2.147)

with a, b and ¢ being the three radii that define ellipsoid. Then, from @, it is possible to
define a pull-back ®* of T(®2R3:

o* . TOARG) 5 7O (2.148)
according to
Y= e(X,)Y) = (') (X,Y) =~ (9.X,9.Y), (2.149)
where @, is the push-forward on T'M induced by ®, which is defined by
, iod
(0, X) = X“a(gyz), (2.150)

where, finally, z and y are the coordinate chart maps for R? and S?, respectively, also
with ¢ € {1,2,3} and a € {1,2}. Substituting the above expressions back, one finds the
components of the metric € of §?,

(20 ®)d (27 0 D)

" S (2.151)

Eab = YVij
which leads to the metric,

€= {az cos? (¢) cos® (0) + b*sin® () cos? () + ¢*sin® (0)} de?

+ sin (2¢) sin (260) dedd + [a2 sin? (¢) + b? cos? ((p)} sin® (0) dp*. (2.152)

7
8

The map is considered to be an immersion since the first derivatives of the map must be injective.
An immersion of a compact space, such as S?, is also an embedding.
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This is a triaxial set-up. It is a bit complicated, and even if one could find coordinates
such that the off diagonal terms are null, which is always possible, one would end up with
an extremely enhanced metric which can be simplified by making assumptions about the
radii a and b into a spheroid configuration or a diaxial ellipsoid, i.e. a = b =1r and ¢ = p,

which would return the metric
€= {7'2 cos? () + p* sin? (0)} df @ df + r*sin? (A) dy ® de. (2.153)

This result removes the off-diagonal terms, which turn the procedure into simpler analytical

calculations, which should be still simpler for » = p, as it returns
¢ =7r2df ® df + r*sin? (F) dy @ dp. (2.154)

Metrics from (2.153) and (2.154) are exactly the metrics used in sec. 2.4.3.

2.4.6 The Sphere Models

An interesting application of the models constructed in previous sections is con-

cerned with the possibility of constructing braneworlds over S2.

The sphere models, for instance, starts with the assumption that the internal space
(B2, o) is a sphere, or in other words, (B?, o) = (S?, ), where ¢ is given by Eq. (2.154).
In this case, one has chosen u = 76, f = 0 and A = —1In[sin (§)], as well as ¢ € [—7, 7]
and 6 € [0, 7] [1]. This choice corresponds to exactly the same as the one from Eq. (2.132),
where now one choses uy = 7/2r, a = 1/r and u only takes values at the subinterval
[0, r7]. See that this choice for f and A is also allowed for model V, which however does
not have the internal space metric as from Eq. (2.154) [1]. For this reason, model V' will

be disregarded in this section.

Turning to the point from Eq. (2.154), Eqgs. (2.84) and (2.85) are easily solved so

as to return the quantities

4 2
V= sM [5 —4 (1 — CZ“) csc? «91 , (2.155)

r2

¢ =F+AM?*\[1 — Of In [tan (Zﬂ , (2.156)

such that the potential as a function of ¢ is given by

Y= sM! 5— (4 - C’r2) cosh? ¢ (2.157)
r? AM2\/1— <=
For ¢ read as a real scalar field, one has

Cr? 4
1——> < — 2.1
20 = <, (2.158)

and

from which, for models 111 and IV, the constraints over C' restrict the number of possible

models to its dependence on the value of n,
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1' CIII — n2/16r2 — n €& {O, 1,2,37475767 77 8}7

2. CV =n?/r? = ne{l,2}.

Thus one can have, for model 711, nine different configurations for the scalar field
and potential, each for different values of n. Meanwhile, for model IV, there are only two

different configurations [1].

When C = 4/r? (n =8 for model I11 or n = 2 for model IV') one finds a vacuum:
the scalar field ¢ is null and the potential V is a constant. For model IV, this configuration
turns out to be dS°. In Fig. 9a the scalar, warp factor and potential, for different values

of C', are presented. The potential as a function of ¢ can be seen in Fig. 7b. For models

2.0
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Figure 9 — (a) Scalar field ¢* = ¢/4,/1 — C/4 (thick black line), warp factor A (thick
black dashed line) and potential V* =V /4. (b) The 6 dependence of the stress
energy tensor T%,,, T¢ ,, = —sin?0 T%",/8. The plots are for C = 0 (thin
black line), C' = 1/16 (thin black dotted line), C' = 1/4 (thin black dashed
line), C' = 9/16 (thin black dot-dashed line), C' =1 (thin red line), C' = 25/16
(thin red dotted line), C' = 9/4 (thin red dashed line), C' = 49/16 (thin red
dot-dashed line) and C' = 4 (thick black solid line), with M =r = 1.

IIT and IV the complete metric can be written in the form,

g"'T =,/ |cos <n2go> sin? 0 Ny dzt @ da” + r? df ® df + r?sin® (0) dp @ dy, (2.159)
v 4r° A 2 (PN . 2, I v 2 2 .2
9 T3z <2> sin” 6w, dv¥ @ dz” +r° df @ df + 77 sin” (0) dp @ dp. (2.160)

=24 of models IIT and IV for various values of n.

Figs. 10 and 11 depict the warp factor e
Finally, using the definition from Eq. (2.94), the stress energy tensor of the scalar field ¢
can be obtained for different models. Redundantly, the explicit form of T¢", is common

to all models (/11 and I'V') and is only a function of 6,

4 2
ror ~ SM 5 [3 (1 - Oi) csc? (0) — 51 . (2.161)

r2
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Figure 10 — Warp factor e=24 of model II1 in a spherical plot, with r = A = 1. The top
figures are for n = 0, 1, 2, 3 and 4 (from left to right) and the bottom ones
are for n = 5, 6, 7 and 8 (from left to right).

O o¢

Figure 11 — Warp factor e=24 of model IV for n = 1 (left figure) and n = 2 (right figure)
in a spherical plot, with r = A = 1.

Despite exhibiting some singularities, 7', is localized and non-singular, since once it is
multiplied by the warp factor it becomes well behaved [1]. In Fig. 9b, the 6 dependence of
T?,, is depicted for several values of C. Clearly the total energy in these models, as far
as ¢ is concerned, is finite, given that the stress energy tensor is localized. In fact, for all

these scenarios, the total stress energy tensor is given by

24M*n,, 2 5 2

-2 [ ()« (oo )] o
32M*A 2 5

Tlfl‘,/ = T“’:V cos? (%) [1 — nz —3 sin? (9)] ) (2.163)

So far these models have been presented in spherical coordinates, the introduction

of stereographic coordinates, i.e.

u =7 cot (g) cos () | (2.164)
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and

v =rcot (g) sin (¢) , (2.165)

allows one to rewrite the metrics of models 111 and IV as

gl = 472 (u® + v?)
(r2 4+ u? + v2)2

and

472 (u® +0?) | 4r?A n
v _ 2
g (1 v2)2 3z 08T |5 arceos

n u
cos | = arccos | ————
[2 (VU2 +’02>]

N da*dz” + du? + do? }, (2.166)

U + v 2 2
— | | w dz*dz” + du” + dv
2 (\/uz + 112)] m ’
(2.167)

respectively.

One can thus notice the advantage of choosing the initial metric of B? as from
Eq. (2.40) if, on the other hand, one had started with a conformally flat form. As can be
seen from expressions (2.166) and (2.167), it would not be straightforward finding these
solutions, since the warp factor is, most notably, not separable in u and v [1]. Moreover,
one could express all the warp factors without the use of arccos and so on. In this case,
the warp factor of models 171 and IV for all the allowed values of n can be depicted as

they appear in Figs. 12 and 13.

—2A

Figure 12 — Warp factor e of model 111 in stereographic coordinates. The top figures
are for n =0, 1, 2, 3 and 4 (from left to right) and the bottom ones are for
n=>5,6, 7 and 8 (from left to right).

From Figs. 12 and 13 it is clear the localization of the warp factor, even when the
space goes to infinity. Therefore these models give rise to thick branes over the sphere where
the only adjustable localization parameter is the radius r of the sphere. This corresponds
to a detriment to the model since it would be interesting to have a parameter to make the

brane thiner while maintaining the radius of the sphere fixed [1].
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Figure 13 — Warp factor =24 of model IV for n = 1 (left figure) and n = 2 (right figure),
in stereographic coordinates.

2.47 The Spheroid Models

Departing from the model over the sphere, one may consider that the ground
space (B? o) is a spheroid. In some other words, (B?, o) = (S?, €), where ¢ is given by Eq.
(2.153). The difference between sphere and spheroid models is simply due to the geometry
represented by the metric €. The spheroid built here is a di-axial ellipsoid, with radii r

and p. In this case, the setup variables are

u=ro, (2.168)
j= —% n{[1 - ksin® (0)] }, (2.169)

and
1 = —In[sin (9)], (2.170)

where k = 1 — p?/r?. Setting x = 0, one recovers the model over the sphere. See that this
is mapped by the metric from Eq. (2.138) where one just imposes uy = 7/2r, a = 1/r.
Thus, through Egs. (2.84) and (2.85), one can determine the potential and scalar field as

v o _ 2 11—k B ) )
AM* ~ 72[1 — sin? (0)] L — sin? (0) 4 cot (9)] +2C csc” (0) (2.171)
and , ( |
ve-  4A(l-k 2 2 4 )
M T s (0) (4= Cr®)cot* (0) = (1 = w) C1?, (2.172)

In this case, if C' > 4/r? then the left side of equation (2.172) is not necessarily positive
for all 6 values. Notice that as 0 approaches 7/2 the term with cot(f) goes to infinity,

while the other terms remain finite [1]. This means that ¢ would necessarily be imaginary
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for some value of #, which is not allowed. Therefore, one has C' < 4/r2. In fact, one can
not solve (2.172) in general. It can only be solved analytically when C' = 4/r?, which is
translated into choosing n = 8 for model 11 or n = 2 for model IV [1]. Henceforward up
to the end only this cases will be considered. For C' = 4/r?, the scalar field Eq. (2.172) is

easily integrated,

¢ = FAM?*/1 — karctanh [ Visin (6) ] ; (2.173)

1 — kcos? (6)

and, if Kk =1 or kK = 0, one finds a vacuum solution. From Fig. 14a the profile of the scalar
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Figure 14 — (a) Scalar field ¢* = ¢/4M? as a function of §. (b) The § dependence of the

stress energy tensor T%,,, T, = —sin?0 T%" (1 — k)/8(5 — 3k). The plots
are for k = 0.1 (solid black line), x = 0.2 (dashed black line), x = 0.4 (dotted
black line), k = 0.6 (solid blue line), k = 0.8 (dashed blue line), k = 0.9

(dotted blue line), £ = 0.99 (solid red line) and x = 0.999 (dashed red line).

field can be read as a topological or kink-like defect. The potential V in terms of ¢ is
exactly as given by Eq. (2.141) (cf. Fig. 7b), and the stress energy tensor of ¢, which is
common to all models, is given by

8M* (1 — k) [5 — 3ksin? (0)]

T, = —¢*, 5
r2[1 — kZsin? (0)]

(2.174)

Differently from the sphere models, these models possess another localizing param-
eter other than the radius r. As k approaches 1 the stress energy tensor becomes more
and more localized, from Fig. 14b one can notice such a behavior. Consequently, these
models give rise to thick branes that are even more interesting than the spherical ones, as

one chooses x closer to 1 the thinner the distribution of matter becomes [1].

To more appropriately present the localizing effect that x has on the model, it is
convenient to show how it can affect the warp factor. To do this, the change of coordinates

as given by (2.143) is preeminent. By writing

dy = /1 — ksin? (0) d6, (2.175)
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thus one must choose y = F (0 |r), where F (0 |r) is the elliptic integral of second kind.
The inverse is simply expressed abstractly by § = E~!(y|x), where E~! (y|x) is the
inverse function of the elliptic integral of second kind. Then one is able to express the

metric and the scalar field in terms of the coordinate y by
g’ = ¢4 gin? [E_l (y |/<)} Wy dztdz” + r? sin? {E‘l (y |/f)} de? +r2dy®,  (2.176)

and

. E._l
¢ = F4M?\/1 — karctanh Vrsin| lx)] ) (2.177)
V1= rkcos? [E-1 (y|x)]
where both quantities are valued in the domain [F (0|x) = 0, E (7 |k)], 1.e. y € [0, E (7 |r)].

24 and the scalar field ¢, in terms of y, are depicted in Fig. (15). From

The warp factor e™
Fig. (15) one can notice that the closer x gets to 1 the more the thick brane looks like
a thin brane, thus the more localized is the model. One had already depured it from
the stress energy tensor pattern, but the above analysis paints a better picture of the
localization of the model. Of course, express the same quantities in terms of 8 instead of y,

turns back the expected analytical form.
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Figure 15 — (a) Scalar field ¢* = ¢/4M? as a function of 6. (b) The 6 dependence of the
stress energy tensor T?,,, T, = —sin? T%" (1 — k)/8(5 — 3k). The plots
are for k = 0.1 (solid black line), x = 0.2 (dashed black line), x = 0.4 (dotted
black line), k = 0.6 (solid blue line), x = 0.8 (dashed blue line), k = 0.9

(dotted blue line), k = 0.99 (solid red line) and x = 0.999 (dashed red line).

Finally one can express the metric for models /17 and IV by

g'"h = \/|cos (4¢)| sin® () w,, dztdz” + r* [1 — ksin? (6’)} d6? +r*sin? (9) de?, (2.178)

ZA
i % cos® () sin? (0) w,, dz'dz” +r? [1 — ksin? (0)} d6? +r?sin? (9) dy?, (2.179)

with the warp factor being essentially the same as in the C' = 4/r? spherical model, as

depicted in Figs. 10 and 11. In this fashion one can realize that the spherical models with
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C = 4/r* represent a braneworld model in a vacuum for ¢, while the spheroid models
represent a topological defect that alternate between two vacuums like depicted in Fig. 14a

(or 15b).

Unfortunately, it is not so simple to find stereographic coordinates for the spheroids
as it was for the sphere. It is feasible to analytical calculations, but the expressions are
too complicated for a meaningful analysis. Here no appeal to a different set of coordinates

will be made to discuss the properties of these models.
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3 Gravity Localization

Additional dimensions introduces a novel problem: Why have the co-dimensions
not been measured before? Here we point to the simple fact that we observe the universe
through light, then there should be no way of knowing if new dimensions do exist if light is
confined to the brane (or at least at the vicinity of the brane). The new dimensions could be
“invisible” to electromagnetism for all we know. But this is not the case for gravity. Gravity
is space-time itself, therefore it should perceive the new dimensions and corrections to its
interactions should follow. But experiments severely restricts the gravitational interaction
to be very similar, up to a sensible limit, to the Newtonian one. Therefore any realistic

brane model must be required to satisfy:

1. The brane is stable;

2. Four-dimensional Newtonian gravity is recovered.

Both are checked by perturbing the bulk metric, by adding a test particle of mass M
inside the brane, that perturbs the gravitational interaction, one hopes that it resembles

Newtonian gravity to a certain degree.

Considering that any braneworld model should recover standard four-dimensional
physics, at least within reasonable limits [7], and assuming that all physical fields must
be localized in a brane-like region of space, it is natural to suppose that the braneworld
solutions classified in the previous chapter admit the localization of gravity for all configu-
rations [69]. Besides the inherent classical aspects, from systematic metric perturbations
over the braneworld [3, 4], which renders a linearized formulation that encompass non-
linear aspects of gravity, the equations for the metric fluctuations can be reduced to time
independent Schrodinger-like equations [3, 4, 22, 71, 82], which are then subjected to
some separation of variables technique that results into the quantum mechanical analogue
problem [69].

The quantum mechanical aspects will then be further extended to the interpretation
of the associated wave functions, solutions of such Schrodinger-like equation, which are
not only relevant for the localization on the brane, but also for identifying the Newtonian
limit [69]. Recovering the Newtonian gravity in the brane, up to a sensitive limit, is indeed
an important test for braneworld models. One may determine the Newtonian limit by
assuming that perturbations of the metric are generated by a particle of mass M [69]. As
a first approach, the effective coupling between the massive particle with gravity becomes
dependent on the normalization of the graviton modes and on its value at the position

of the particle (which is generically placed at the maximum of the wave functions of the
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zero mode) [69]. However, a more realistic description would consider any particle to be
smeared over the co-dimensions [71, 84], in contrast to a Dirac delta localization. In this
case, the gravitational constant would no longer depend on the value of the graviton
modes at the position of the particle, but would be determined by an average value of the
matter distribution with the graviton modes [69]. For the proposal considered here, the
simplified stratagem of a Dirac delta distribution is enough, since one can at least determine
the correct gravitational constant, even if failing to ascertain the correct gravitational

interaction® [69)].

Broadly speaking, the pertinence of considering six-dimensional braneworlds resides
in obtaining Schrodinger-like linearized equations for a two (and not only one) dimensional
curved background [69]. For string and trivial-like solutions the inherited Schrodinger-like
equations always allows for a further separation of the co-dimensional variables. On one
hand, intersecting-like branes allow for a further separation of the co-dimensional variables
for a subset of our models (from /I to VI). On the other hand, for another subset
(models I and IT), the variables are not separable unless the graviton mass is null [69].
Furthermore, for one of the intersecting-like models, IV, the Schrodinger-like equations
solutions are analytically defined for the entire spectrum of gravitons [69]. In particular,
this provides a wide range for the mass spectrum. For models I, I, I11 and V' I, however,
only zero modes can be analytically extracted, while from model V' one can extract some
of the massive modes. Regardless, some remarkable features are still accomplished from
the Newtonian limit for all these models, from I to VI, as they shall be scrutinized along
this chapter [69].

The chapter is thus organized as follows. Sec. 3.1 is devoted to determine the
equations for the gravitational perturbations and the effective for a general background.
One also defines the condition for localization. Subsecs. 3.1.3 and 3.1.5 presents the
straightforward mapping of the perturbed equations to the quantum mechanical analogue
problem that describes the localization and spectrum of the graviton modes for the proposed
classification. Finally, in Sec. 3.2, the Schrédinger equation for each of intersecting-like
braneworld model is yielded and their corresponding spectrum of gravitons as well as their

Newtonian limits are obtained.

3.1 Gravitational Fluctuations

A basic requirement of any braneworld model is that it reproduces, up to a sensible
limit, Newtonian gravity [3, 4, 22, 71, 82, 69]. The Newtonian limit of any braneworld

model can be studied within the framework of linearized gravity, where it is assumed

1 Generically, the Newtonian limit of some braneworld should append some modifications to the

gravitational interaction. To avoid contradictions with experimental data one expects the corrections
to be insignificant above some scale, thus recovering Newtonian gravity.
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that the spacetime can be described by small fluctuations about a given background
[69]. Following similar arguments as outlined by [71]?, tensorial perturbations of (2.1) are

written as

g= e 24 (gunN + @wuN) dzMdaN = e 24 (W + @] datda” + aijdyidyj, (3.1)

where @, are functions such that @, : M* x B2 — R (i.e. @, (2”,u,v)), and w;; = 0
[69]. Several objects are now necessary to determine the perturbations of the Einstein
tensor, including the inverse metric and the connections compatible with g [69]. The

inverse metric can be assumed to be

——1 A

gl=¢

g+ (w‘l)MN} Our © O, (3.2)

MN

_1\MN . . . .
where (ww™!) refers to the inverse of w, while @ refers to wjsy with indexes raised

by g. Since wn and (wil)MN are small perturbations then one finds
A _ AN A AAN —1\AN 2
045 =g gy = 0"+ "N ovs + (@) gus + O(=?), (3.3)

which implies in

MN
(w—l) — _oMN _ _wABgAMgBN’ (34)

and the inverse metric can be written as
g ' =AW (W — )0, ® 0, + 070 ® 9;, (3.5)

On the other hand, the connections compatible with g can be expressed in terms of the

connections compatible with g, to first order in w, as
T8y =T v —ANOE Ay 08+ A 507 gun+A s wyun—Asw gun+(0T) ) (3.6)

where (5F)ﬂN is a true tensor, since it is the difference between two connections. The

components (61“); n can be determined by noting that
?ngN =0 <— @pLTJMN = QMK(SF]I\(U; -+ gNK(SF]I\(/[P, (37)
permuting some of the indexes and summing in a particular order implies® in

oy = 507" (@NYDMK +Vywgy — @KWMN) : (3.8)

N | —

Extending this line of reasoning in order to account for a curved four-dimensional space [85].
Actually, the following result is true for any difference between two connections (not only for small
perturbations) that is compatible with some metric.

3
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With this results in hand the Einstein tensor (Gjsy) compatible with g is then expressed,
up to the first order in w,,, by

GMN =Guyn + 0GyN

—_

1. Ao 1. Ao 1. N A A
=Gyn + igPKVPVNwMK + §gPKvPVMwKN - §DWMN - = PKVMVNWPK

A

. . PK
— —wynR+ —gunwpx R

— DN

1. TN A A . apa
5 5 — —aund P9V pVswrp + igMNgSDDwSD

2
— 24Pk (@NWMK + Vuwgy — @KTDMN) Ap+6wyng™ AsAp

+ 29N 9" R P (@KWPD + Vpwkp — @DWPK) Ag— 4moynOA

— 60N P wps AsAp +49ung” i PwspV VKA, (3.9)

where gyv = €*4gyn and V is a covariant derivative compatible with g. Introducing
the assumed constraints, wy; = A, = 0, fixing the gauge @MwMN = MNoyn = 0,
noticing the commutation properties of the covariant derivatives* and considering that®

wpﬁfip“ = 0, one obtains the first order perturbed Einstein tensor in the form of

1 A A A
0G uN =§9<5w4(M Ry — @ Rearpn — §DwMN

A

N[ —

+269A NV jwun + wun (657ij AGA; —40A - R) , (3.10)

where t(MN) = tMN + tNM-

One would also expect perturbations in the configuration of the scalar fields (A,
¢ and (), but the scalar and tensorial perturbations are completely decoupled one from
cach other when linear perturbations are considered [71] (see Sec. 3.1.1 for further details)
[69]. For this reason, when dealing with the dynamics of the gravitational field, one can
disregard the perturbations of the scalar fields [69].

The perturbation of the scalar fields are completely dissociated from the tensorial
perturbations, yet the stress energy tensor will still be perturbed in this configurations,
since the metric fluctuations induce perturbations in the stress energy tensor [69]. In
particular, in the context of our analysis, only stress energy tensors constructed out of
scalar fields shall be considered. The stress energy tensor calculated out of metric g is

then given by

~ KS KS
Tun = Ty — e XAy <9 sk | 900K | V) . (3.11)

2 2

Following the same stratagem from Ref. [71], one finds that

KS KS
g ¢2,S¢,K+9 %SC,K+V>’

’ZDMPTPN = —WMN < (312)

APKS _ APKY € ~SDAPK A ~SD A
g " VpVNwyr =3 "VNVpouk —§°77 " wskRpmpn + §° " wusRpN.

Which is true whenever one assumes the gauge condition ™™ wy;n = 0.
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which can be used to derive the perturbations of the stress energy tensor,

N . N 1A
§Thry = AM* g%y Ren + AM wnry (6glﬂA,iA,j 404 - ZR) . (3.13)
Finally, equalizing the first order contributions, Gy n and 6Ty, from Egs. (3.10) and
(3.13), through the Einstein equation, one finds

1 2 ~A1] S 1A A A
—§D’WMN -+ 26 ]AJ'VJ'WMN == §g<5w<[M RN]5 + wépR(;MpN, (314)

where t(ysn) = tan—tnar. The above result be simplified by noticing that @jwMN = WMN,j;

since f’;VM = 0 and that g is factorable. One thus has

T- K 9 « v v SV s d c

R=TR",, («") 5 & et @ da” @ da” + 37 (%) 527 © de* ® da’ @ dz®,  (3.15)
with R”,,, and 527, encoding the curvature of (M? w) and (B2, &), respectively (cf. [1]).
To summarize, one can still write the equation for the perturbation of the gravitational

field for general bent branes,
v,y — 467 A, = 0@ R s — 20° Reppn, (3.16)

and notice that, for solutions (2.69), (2.76), (2.90), (2.104), (2.111) and (2.121), only
the Ricci tensor is written as R,, = Aw,,. For further simplifications, a maximally
symmetric spacetime (M* w) can be assumed, i.e. Ry = (Wspwpw — Wepwy,) A/3, such
that Eq. (3.16) is thus simplified into the form of

2A

|jww, — 46ijA,in7j = ?ww, (3.17)

which describes the tensorial perturbation in the bulk [69].

3.1.1 The Decoupling Between Scalar and Tensorial Perturbations

In Sec. 3.1, the perturbations were cast form of Eq. (3.1). Just as a preliminary
consideration, the general form from Eq. (3.1) should involve perturbations of the warp
factor, yet this can be disregarded because the latter can always be encompassed by @, ,

as follows,

g —e 24 (W + @) dztdz” + o5dy’dy’
=e " (W + T — 20Aw,,) drt'dz” + oy;dy'dy’, (3.18)
where A = A+ 6A and §A is the perturbation of the warp factor [69]. In which concerns

the scalar perturbation related to d A, every calculation of Sec. 3.1 follows straightforwardly

from defining @,, = w,, —20Aw,,.
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Of course, to clear up the above statement, from a more explicit approach, once that
one assumes the metric to be (3.18), the gravitational portion of the action, if expanded

up to the second order in the perturbative parameters, can be written as

S, =2M* / dz\/—g R
—o* / dre 00 [R + ¢4 (£ — 2424 — 20444, + 1004
—20A" A, — @, R" — 20w A A,

+ 2M4/d6$6_2A\/ —Wwo [@5 (QSNWW@NWW — gs”w‘“’@yww)
nw RVA A 1 uv » w KUY © A
— 200ty w™A A, — Zw w4+ 10", @™V ,V,

1~ A 5 ~
— —VKw“”VKwW — §w’”’w,ﬂ,DA + 5w’“’wWA’PA7p
1~ A N
- 2v TN B + T Ry + 595 2V, — V) As|. (3.19)

The only terms that can exhibit some coupling between the tensorial, @,,, and warp
factor, 0 A, perturbations are® e 24w, R* and e 24w A ,A . By construction, these
terms are null, since A, = ¢, = ¢, = 0. Therefore, there is no coupling between w,,, and

0A, such that neither w,, nor dA do affect one each other.

Likewise, the effects of the scalar fields (¢ and ¢) on the localization of gravitational
fields can also be evaluated. For the metric described by Eq. (3.1), the action of the scalar
fields is written as

MN
S ] [wm - —cMcN +V (o, c)]
MN =MN ]

== faatv=a (1= g mn) [ S baido + TGl +V (3.0

MN M ‘|

/dxﬁ\/_wMNwMN [d)beN + 7CM<N +V(9,¢)

MN g
—/dxﬁv [¢M¢N+CM<N
MN MN

+ b+ TGl +v (5.0)] 320)

6 There are also oMV @N(SA and wMNgMNgAB@A@B(SA, which are ei-

ther null wMNﬁMN‘(}AB@A@B(SA = O) or contribute only as a boundary term

(wMN@M@N(SA =Vu (ZUMN@NéA)) in the transverse traceless gauge (@MWMN = MNoyN =

0) [69]. Therefore, one has a vanishing contribution from (8,9, — $w.,w*?0,05) 64, i.e. the
fluctuations of the scalar contributions are completely decoupled from the transverse traceless
gravitational fluctuations, which is consistent with preliminary results in six-dimensional models [71].
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where ¢ = ¢ + 6¢ and ¢ = ¢ + §¢. The only relevant terms for the coupling between
tensorial and scalar perturbations are cw™¥ gzg Mgg, ~ and @M E Mé ~, which once again are

evidently null since @V ¢ ; = @MV = 0.

Hence, to summarize, the tensorial fluctuations, w,,, are completely decoupled
from the scalar perturbations, i.e. § A, d¢ and ¢, and the action that drives the dynamics
of w,, can be cast in the form of (3.40), as pointed out in Ref. [71]. In the above context,
one can disregard the perturbations of the scalar fields when dealing with the dynamics
of gravity [69]. Note that the decoupling of scalar perturbations only happen because
we assumed " to vanish, in general tensorial perturbations can only couple with scalar

perturbations by terms alike @ ¢ ;¢ ;.

3.1.2 The Perturbed Action

In Sec. 2.2, the action for gravity was presented to the zero-th order in w. But to
determine the dynamical portion of the perturbations one needs to determine the action

to the second order in w. The gravitational portion of the action is given by
3, = 20* / Rv—gdz, (3.21)

where g = det (¢). Thus one is required to calculate the Ricci scalar, R, and the metric
determinant, g, both to second order in w. To achieve one must determine the inverse of

the metric and the connections to second order. The inverse metric can be written as

o R 9, 9,
gl=e (gMN _oMN 529MN) S ® SN (3.22)

which satisfies
Gupgd”"N = (Gup + @up) (ﬁDN — PV + 529DN) = 0 (3.23)

therefore one must have that

§2gMN = oM PN (3.24)
The connections on the other hand is given by
Ty =Ty — Anoh — Ano% + A g™ gun
+ A 5§ @y — A" gun + (OT) 3y + 8Ty, (3.25)

where 6I" are §°T" are tensor fields. The condition of compatibility between the metric and

the covariant derivative then implies

_ Vewun = omuxdlE, + vl L,
Vplun =0 —> PWMN = gMKOL Np T gNKOL yrp (3.26)

@MK(VFﬁp + QNK(SQFAK/[P = —wMKéFﬁp — LTJNK5F]\K/[P.
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The first equation is exactly (3.7), and from it we have already isolated 6I'%,

00y = 53" (Vywuk + Vumky — Vo) - (3.27)

N —

From equation (3.26), one now isolates 6I'};; by summing the permutations in a particular
order to find

1 _\SK /. ~ N
52F]1\?N = 9 (w 1) (VNWMD +Vyuwpn — VD?IJMN> . (3.28)
All the previous can be substituted in the expression of the Ricci scalar, to find it to

second order in w,
p_ 24) A APK M __DN P Sty M AMNE
R =e {R—WPKR +w " pw RMN+VS VMTDS —4g VSWMN

_gMNwSD@NwMD + gSNwPD@NwPD B EA]SNwPD@DwPN + ?]MNwSD@DwMN}
- i@MngsﬁKWPS@KwMN + ;@KWMN@NWMK - i@KwMN@KwMN
10|04 = 255757 (2Vmpy — Vomrk) As = 2T pVicA + 0" s K10
—I—;QSJWPK (Q@KWPJ — @JwPK) Ags+ ;@PKwSJ (Q@KWPJ — @JWPK) A,S}
— 20 [§P A pA s — KA pA s+ ="K A pA L] } (3.29)

On the other hand, the determinant of the metric is given by

\/—g = 676A\/— det [QMN + wMN] = 676A\/— det [QSN] det [5}?4 + QSPYDPM]

1 1
= eGA\/—Q\/l + oMy — inNwMN + inMwNN

1 1 1
= 676A\/ —g (1 + inM - ZYDMNWMN + SWMMWNN> (330)

Substituting Egs. (3.29) and (3.30) in action (3.21), then introducing the assumed con-
straints, wy; = A, = 0, fixing the gauge VMwyy = §Vwyy = 0 and discarding

boundary terms, leads to the gravitational perturbed action
L= 2M4/d6x\/—gR, (3.31)

and

Lo o 1 .5 .
5, = 2M* / dSze—14,/ —g{ — FVE DV, — { @ R~ S @, A

. 1 - ~ ~ . ~
+ 5w, A'A,; + §V”w’“jvyww + w“gw‘s”RW — V"V, A Z}, (3.32)

where S, represents the zero-th order term, and from it the Planck scale was determined

in Sec. 2.2. It is 0.5, that contains the dynamical portion of the perturbations. But to
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realize the complete formalism one still needs to determine the action for the matter fields,

to second order in w, which is given by

N gMN gMN
Sy = /dﬁx\/ —g (—2¢,M¢,N - ?C,M(,N - V)
; ] 2A (GMN _ pMN o MDoN
= /dﬁxe_GA\/ -4 <1 - 4wMNWMN> [— ( 5 >¢,M¢,N
24 (QMN — MN wMDwND>
— 5 Cuin =V
. 1 MN MN
= /dﬁxe"m\/—g <1 — 4wMNwMN> [—g2¢,M¢,N - %C,MC,N — V]
= Sy + 05w, (3.33)
where one defines
- ; gMN gMN
Sy = / Qay/=g | =" bmbn — =5 CauCa = V| (3.34)

and

o o ] . (3.35)

1
0Sy = /dﬁxe_GA\/jﬁszNwMN l92¢,M¢,N + QTQMC,N +V

The perturbed portion of the matter action can be better expressed if one employs that

MJ__D _ —24_MN ¢’K¢,K C’KC,K
oo yTip = —e 2w N wyup 5 + 5 +V], (3.36)
and
T A ~ g
wM‘]wDMML\]/ﬁl = w“”w‘squ; — 4w, 0A + 60" w,,§"7 A;A;. (3.37)

Substituting in the perturbed matter action leads to
§Su = —M* / dore [~ (00" G5 — 40" @, A + 60w, A, A ;) . (3.38)
Resuming from the total action,
S =8, 4 Sy =Sy + Su+ 065, +8Su =S+ 65, (3.39)

substituting Egs. (3.32) and (3.38), imposing a constant curvature space’, and discarding

boundary terms, one finds the total perturbed action as

)

1. ~ . A
68 =2M* / dSze ™t/ —g [ — szvaKwW — 97"V, A,

which will later select the localized solutions of Eq. (3.17), which namely describe the
four-dimensional gravity. Varying action (3.40) with respect to @™ reduces to Eq. (3.17),

as expected.

_ A
Reuum - 3 (weuwum - Wemwuu)-
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3.1.3 The Quantum Mechanical Analogy

Eq. (3.17) can be readily refined by assuming a separation of variables algorithm,

@y = Y, Pro(u, )70, (27), (3.41)

mel

which implies into two equations,

(A-m?)ap =0, (3.42)
and
A 2 ~1] 2A 2
A2y, 4545 = (T —m? ) By, (3.43)

where A = w*V, Vs, A2 =50V, V: and m? is a separation constant.
B J

A simpler form of Eq. (3.43) can be achieved by rescaling the field ®,, = e?4x,,,,

so as to give

. y N 2A
—A%y, 42 (26”/17144,]» — A2A) Xm = <m2 — 3) Xoms (3.44)

which shall be identified with a time independent Schrédinger-like equation in curved space

(B2, &), with the energy Fgy = m? — 2A/3 and the “quantum mechanical” potential

) A . 1 .
— AL N2 — FUA A 554 A .
Vou(u,v) =2 (2474, — A?A) =2 [20— AA, 7 (Voo Aﬂ),j}. (3.45)
A “flat” Schrodinger-like equation is indeed solely justified for a conformally flat
metric (f = h =0 <= & = ~), with v = diag (1,1) [69]. Otherwise the curvature of
(B2, &) is completely arbitrary, and the curvature intricacies introduce the possibility of

some additional localization aspect [69].

The set I is populated by the eigenvalues of Eq. (3.44), which give the masses of
the gravitational fluctuations [69]. If I does not contain any tachyonic states, i.e. states
with imaginary masses (m? < 0), then the brane model is stable by tensorial perturbations.

Otherwise, the configuration may present instabilities.

3.1.4 On the Stability of the Scalar Fields

As identified in previous sections, the scalar field perturbation is completely decou-
pled from tensorial ones, thus it be addressed separately. If the potential for the scalar fields
do not present a local minima, occurrence of instabilities is not discarded [69]. However,
the dynamics of the scalar field is not only governed by the potential, but also by the
curvature of space, i.e. A, h and f. Thus, even if there not being local minima from V,
stable configurations are possible under particular conditions [69]. As an example, consider
models 11, IV and V [1]. The scalar field ¢ follows a similar structure to the ones found
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in five-dimensional models [81, 82, 83, 1], thus should be stable by extension. Since model
IV only presents one scalar field (¢) it should be stable [69]. On the other hand, scalar
field ¢ could exhibit instabilities in models 111 and V| since potential V is independent on

¢ [69]. But the existence of curvature implies in the constraint equation,
O(C+0¢) =0 = O(6¢) —467A,;(5¢) ; =0. (3.46)

Therefore, the scalar field ( satisfies the same stability equation (with A = 0) as the
gravitational field (cf. Eq. (3.17)), and should be stable if the gravitational field is® [69]. The
stability of braneworld models is thus completely determined by the tensorial perturbations
[69].

3.1.5 The Effective Action and Localization

The quantum mechanical analogy can be further extended by determining the
effective action and analyzing its properties [69]. Following the same algorithm from

Eq. (3.41), the action for the perturbations can be written as

_ ~ 1 A v
08 = 2M4 Z /d6x6 4 \V _g{ - iq)rmq)rmv (wrm)u Vi (wmz)uu

m1,ma2€l

1 — Vo~ Ai 2 7] —~ UV [~
- Z (wml)ﬂ (wm2),u,1/ Vv q>m1viq)m2 -0 ]q)ml (YZWH)‘u (wmz)w/ qu)mzAﬂ'

where one has employed the fact that @Z [Cbmj (ﬁmj)w} = (%m]);w @Z@m]., which is true

because g is factorisable and IA“]”H vanishes. After some straightforward simplifications, Eq.
(3.47) can be reduced to

68 =2M* / PavVee D, / d'z —w{ — i@“ (@) Vi (@),

m,mel

and after rescaling the scalar field by ®,, = e?y,,, one finds

M* ~ VATl Avar—i0 MY T=Tn
5= X[ @onan [ doV=o (TEVE - mEEL), (3.0)

which corresponds to the same problem driven by Eq. (3.42), if and only if the gravitational

modes are

8  Similarly, the stability analysis for models I and II is more intricate, since the potential depends on

both ¢ and (.
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1. Normalizable, i.e. 0 < /de\/gme # 00, Ym el
2. Orthogonal, i.e. /d2y\/§Xme =0 if m # m.

When the above conditions are satisfied, for operators compatible with w, the

action reads
08 = —%4 > CyvVoym? | dav—w (AT AT v indovill 3.50
5 meﬂ/ Yy axm/ x w( wh quy+mwmwuy), (3.50)
which does not provide a coupling between the different states @,,,. In this scope, variations
of action (3.50) lead to the Eq. (3.42). In particular, in higher-dimensional theories there
should be as many massive gravitons as can be fit in the set I, which contains the

normalizable states of the Schrodinger equation (3.44) [69].

The requirement of normalizability again ratifies the quantum mechanical analogy.
The gravitational modes y,, must satisfy a Schrodinger-like equation and be normalized in
the curved space (B2, &), and the localization of gravity at the vicinity of the brane now
becomes contingent on the “quantum mechanical” problem described by Egs. (3.44) and
(3.50) [69]. The problem of locality is then reduced to solving the “quantum mechanical”
problem described by Eq. (3.44) according to the normalization condition from Eq. (3.50)
[69].

One can also note that the gravitational strength of the gravitation perturbation is

directly related to such normalizability,
M4

here this value is of no importance, what really matters is that / d2x\/gxm2 is finite, or
in other words, each of the states y,, are normalizable in the curved space (B2, ). One
can understand this condition as follows. If the x,, were not normalizable the effective
gravitational strength G, of such mode, would be zero, then no four-dimensional effective
gravitational interaction would happen in the brane, since gravity would not couple to
four-dimensional matter, gravity would not look four-dimensional and the graviton would

not be “localized” in the brane.

3.1.6 The Newtonian Limit

Rigorously, for thick braneworlds, matter fields should be smeared over the bulk
[69]. But, for the sake of simplicity, the gravitational potential will be generated by a
point-like source of mass’ M. From a general standpoint, one may write the action of
matter fields as

Su= [ CoV/=GLu(®.9) (3.52)
This same strategy was employed by Ref. [71].

9
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where ® represents all matter fields. If g = g + ©o, where ©o is a perturbation, then the

matter action to first order in @ takes the form
- T
Su= [ ry=gLu (@.9)+ 3 [dae =g o (Fn)y 5 (353)
mel 2
where TH is the stress energy tensor calculated out of L£x(®,g). On the other hand, if
the matter is regarded as a point-like particle of mass M, then the stress energy tensor is,
M9 — 2P WM (2P )N (2F)

NS

Therefore, the action of a point-like particle, after substituting (3.54) into (3.53),

Sy = /\/l/dT —gunvMVN = TMN (39) (3.54)

up to the first order in w, is written as
S M 6 A Q P\—~m ,u. Vv
Sy = —5 > A% Xm0 (29 — 27 )a v (3.55)
mel
where v represents the velocity of the particle in space-time and z* is the position in E°.
After a re-parameterization of the proper time so to satisfy w,, v*v" = —1, for a particle
at yi, the total action, to the leading order in w, becomes

M4
55 =-3" lQ [ @yVen? [dlev=o (asw Az, + mErE,)

uv
mel
+M62A(yé) (yo) | dzto(at — x®)T™ viv” (3.56)
2 Xm yO nyv 9 .
where 2% and yj represent the position of the point-like particle in M* and B2, respectively.

Varying with respect to w leads to the equations of motion

(AQ _ m2> am M€2A(y6)xm(y6) vV, 0 (2 — )

- 2M4/d2y \/gme VW

(3.57)

Hence, the Newtonian limit is obtained through the 00 component of Eq. (3.57),
with v! = v? = v® = 0 and v° = 1/y/—wy, for a static particle [69]. Also supposing that
the particle finds itself at the center of a system of coordinates (r = 0), the configuration
has been stabilized, i.e. with @ independent of time, and the space displacements for
identifying the Newtonian potential are not of cosmological scale (r ~ 1/v/A) [69]. It allows
for setting the approximation w = 1 so to simplify the equations of motion into the form
of

(V2 —m?) &g, = m (%} 5(r), (3.58)

Do = e ) (3.59)

10 cos(mr)
r

The solution is true for as long as m € R, otherwise, i.e. m € C (Re(m) = 0), one would find
e*'VYLI’
—.

instead of
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so to obtain the Newtonian potential,

w i,l’ M64A(yé) m i\12 e~ mr
o (r) = 00%0 oy [f (5)] . (3.60)
mel 327rM4/d yVoxm? "

which can be considered in order to make the connection with the phenomenology of
braneworlds [69].

3.2 The Quantum Analogue Problem for Separable Solutions

The prescription of the preceding subsections can be readily particularized to
separable solutions. For the geometries described by Eq. (2.47), the quantum problem,
Eq. (3.44), is characterized by the equation

— ef h ( Xm u) N ei"f (efl’fxmm) ) + 2 [2621?2’3121’“2 — ef’il (ef’hﬁm) J Xm

49 [2623—2,?1217”2 . eh—f (sz—fﬁvv) ] Yom = p2A—2h 2,4 2f (m _ 3) Xm. (3.61)

A separation of variables technique, with y,, = et > ek Xk(u)Xkm(v), can be applied to
Eq. (3.61) if:

1. m =/2A/3 (i.e. the zero mode);

If h # Aand f # A the solutions of Eq. (3.61) are not separable unless m = /2A/3,
which always has the solution yo = be 24, as can be seen from Eq. (3.43) [71]. On the
other hand, whenever h = A the variables are separable and Eq. (3.61) is reduced to two

equations

A (ef—fl;(mkﬁ +2 {2@215‘2’4/1@2 — el (ef_AA,u) ] Xk = KXo, (3.62)

and

A A A A~

~ S+ [14,2 =2 (= ) Ay =240 =5 (= 1)

| PN 5o A_of 2A
b (P h) o 772002 e = 4720 (2 = S8 ) . (3.63)
4\ ’ 3
The normalization of the gravitational modes is fixed by
/\/_Xdeudv = Z/ A- fx;fdu/ 24-2hg 1 2dy < 0. (3.64)
kEK
Eq. (3.62) and the normalization condition for Y are precisely the same as in five

dimensions'! [69]. However, Eq. (3.63) represents a distinct problem'?, as it shall be

discussed in the following.
11

Since coordinates can always be chosen such that f = A.

12 Unless f = A, which is the case of trivial-like models.
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3.2.1 Intersecting-like Models

Following the same procedure, a separation of variables technique can be applied

to intersecting-like models if:

1. m =/2A/3 (i.e. the zero mode);

2. p=0 (or p=1) (i.e. for models I11, IV, V and V).

Models I and I will not present separable solutions, thus we will only be concerned with
the zero modes for these models. On the other hand, the Schrodinger-like equation for
models /11 to VI will be separable, but one will not always be able to solve the resulting

equations. Solely model I'V will have its full massive spectrum determined analytically.

3.2.1.1 Intesecting Branes: Models I and 1]

As argued before, for the p # 0 constructions, i.e. models I and I, one can merely

cos (¢>
2
0 ¥
II _ pII Z r
Xo =B J cos <2> cos<2>

where B! and B! are normalization constants. Wave functions (3.65) and (3.66) are

determine the zero modes as, respectively,

Xo = BI\/cosh (2¢,u) : (3.65)

and

: (3.66)

normalizable, since

o gy = B AT ()T (22)
V6 (x8) dudv = ( = , (3.67)
SRy =

and

2 27TF i-p T p£3
/x/E(ng) dudv = rp (B'") (52) (7 ) (3.68)

Additional massive modes are not straightforwardly obtained, thus the corrections
to the Newtonian gravity cannot be evaluated. The associated Planck scale M, is depicted
in Fig. 16.

Ordinarily, for brane models, the gravitational scale is controlled by the parameters
¢, and c¢,. In contrast, the strength of gravity for models I and I can be set by choosing
the parameter p, which can take widely different values when p 2 2, for model I, or p < 4,
for model I7 [69]. This is relevant when addressing the hierarchy problem, because a large

Planck scale can be achieved for any value of ¢, and ¢,. Unfortunately, model I is plagued



76 Chapter 3. Gravity Localization

40

30

10

Figure 16 — The Planck scale My, = 2M, /CuCy /M?\/T as a function of p. The plots are
for model I (red line) and I (black line).

by several modeling issues: the stress energy tensor has singularities and the total defect

energy formation is infinite. Model 1T on the other hand only presents singularities [69].

Even though models I and I are constructed from the same solution, the transition
from one to the other involves redefining ¢, from completely real, for model I, to completely
imaginary, for model 77 [69]. This transition will imply in a discontinuous behavior for any
physical constant, as exhibited by the discontinuity depicted in Fig. 16 at the boundary
between models I and 7 [69]. Except for when p = 3, in this case the transition is not

discontinuous.

3.2.1.2 Intesecting Branes: Model I1]

Eq. (3.63) for model I11 (represented by metric (2.90)) is expressed by

—XhE e = [C = K+ Csec® (2v/Cw) | 11 = R (3.69)
Cos (2\/51})

For the general massive case, Eq. (3.69) cannot be straightforwardly integrated,
and the unique immediate solution is the zero mode, which is proportional to the warp

factor when k£ = 0 [69]. For any k, the zero mode can be written as

o111 _ pIIl | 1 k)1 F2) o
Xor = Boi y/cos (2\/611) oI 1 1—4/1— el 14+4/1— ek 1; cos <2\/Ev) .
(3.70)
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The hypergeometric component, o F (o, 8;7; 2), have arguments such that y—a—f = 1/2,
thus a discontinuity of the first derivatives, at v = 0, is only avoidable if either o or S is a
non-positive integer —j, j € N (see Appendix B for further details) [69]. Otherwise, an
unphysical discontinuity is identified for the stress energy tensor of the perturbations, since
the latter depends on the first derivatives of (3.83) [69]. Therefore, the allowed values of
are given by [ = —j or [ = j+1/2, both implying into the same results. The first derivative
of (3.70) is necessarily discontinuous at v = 0, unless the first or second argument of the
hypergeometric function, 5 F}, is a non-positive integer —j, j € N, or k? = —8C'j(25 + 1)
[69]. This means that & = 0 should represent the zero mode for model I11, since Eq. (3.62)
is of similar structure to the quantum problem of five-dimensional models and thus be
expected that k? > 0. Regardless, some of the “possible” degeneracies of the zero mode,
for model 171, are depicted in Fig. 17 [69].

1.0
0.5}
:g -
T>< _
0.0
~0.5}F | | | |
-3 ~ 0 ) >
¢

Figure 17 — The degeneracies of the zero mode of model I1T as functions of ¢ = 2v/C for
J =0 (full line), j = 1 (dashed line), j = 2 (dotted line) and j = 3 (dot-dashed

line).

Eq. (3.69) can be still more simplified if one makes C' = 0 and v = ry, leading to a

trivial extension of five-dimensional models [1],

Xt e =1 (M = ) R (3.71)

mk,pp T

which results into

Xk = B cos (ng), (3.72)
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where m? = n?/r? + k* B is a normalization constant and one assumes boundary

conditions'® such that Y/I =0 at ¢ = 47 [69]. This trivial solution will be important for
the sphere models, where one will be able to compare trivial constructions with a more

sophisticated configuration, namely that one engendered by model IV [69].

3.2.1.3 Intesecting Branes: Model IV

To simplify the analysis that follows, it is more convenient to work with coordinates

such that
v = \/25 arcsin [tanh <\/§y>] : (3.73)

which, from Eq. (2.104), implies into the metric IV recasted as

4A i i i
9" = 0 sech? <\/26y> e 2w, de"de” 4+ e 2Adu? + e >4 sech? (\/_y> dy?. (3.74)

and the Schrodinger-like equation (3.63) becomes a Poschl-Teller equation [86],

—Rivee — A(A = 1) sech?® (2) Xive = E X0, (3.75)

mk,zz

where A = 24/1 — % + %, E = % — % and z = /Cy/2. The general solution of Eq. (3.75)

is

1
)an‘; =B cosh? (2) o F1 {oz, B; 5; — sinh? (z)}

3 —sinh?(2)|, (3.76)

+ By cosh® (2)sinh (2) o Fy [oz +=,0 —|—
with the parameters o = 1 ( - \/ﬁ> and [ = % ()\—i- \/ﬁ) Ifo<A<1 (ie k*>
15C/16) or E > 0 (i.e. m* > 17A) the above solutions correspond to propagating modes [69].
The existence of singularities at the boundaries of model IV makes the propagating modes
not unitary [82, 87, 69]. Otherwise, imposing unitary boundary conditions [82, 87, 69]
suppresses all propagating modes. In this case, the unitary spectrum shall be composed

uniquely of bound states'* [69)].

The normalization condition for {,.x, in terms of conformal coordinates (3.73),

reads
0< / ka dy # 0. (3.77)

Therefore, normalizable modes will exist for A > 1 and negative E, where

2,/1— 2 1
AIVJF = B} cosh’ 2) o Fy 5 —I—], 241 — kC’ — 7 Y — sinh? (z)] (3.78)

With the intent of discarding the sin (ny) terms.
Because they do not generate any flux into the singularities at the boundaries of space.

13
14
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represents normalizable even eigenstates, with mass eigenvalues

2
A |17 k2 1 k2 1
TS e L VY A ¥ < 11— = — = :
M 3|4 (\/70 2 j) U=u< cC v (3.79)
3 k2 3 —
2 +1, 2\/; — I St sinh (z)] (3.80)

represents normalizable odd eigenstates, with mass eigenvalues

2
A |17 23 23
A i Y Y S I clay1-2 2 81
ik 311 ( c 2 » 0si< c 1 (3.81)

where j and [ are natural numbers, and B, Jr are normalization constants. Some normalizable
modes are depicted in Fig. 18. The masses, as described by Egs. (3.79) and (3.81), are

strictly real valued as long as 0 < k? < 15C/16, while for imaginary values of k some

and

Uy~ =By cosh” V"' z)sinh (2) o F}

tachyonic states are allowed [69].

The constant k is defined out of the eigenvalue spectrum of Eq. (3.62), which
is exactly the same Schrodinger-like equation, with energy k2, of the well known five-
dimensional braneworld models [3, 4, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28,
29, 30, 31, 32, 33, 34, 82|. If the warp factor A leads to a stable braneworld configuration,
then the eigenvalues of Eq. (3.62) are positively valued, i.e. k* > 0, and model IV will be
a stable configuration [69].

Interestingly, model IV does not have a singular Ricci scalar'®, but it exhibits
a mass gap between the zero and massive modes [69]. This is noteworthy because one
would expect that a mass gap would imply in singularities of the Ricci scalar, which
always happens for five-dimensional models [87]. Thus, one may conjecture that mass gaps
and naked singularities are connected, but the singularity might be related with scalar

invariants other than the Ricci scalar [69].

3.2.1.4 Intesecting Branes: Model V'

Finally, once applied to model V', Eq. (3.63) is cast into the form of

N 1 2 94 /{Z2 R m2 17
Ry + l—4 sec” (y) + cos3 (y) e 2A3’A"| Ko = (3 A ) Ko (3.82)

where y = v,/3|A|. Fixing & = 0 transforms the above result, from Eq. (3.82), into a
trigonometric Poschl-Teller equation, with the straightforward solution identified by

v (4)oF ,/12m2 +17 |A 12m? + 17 |A| (3.83)
Xmo = C1y\/COS(Y) 201 | — ) ; ,cos , .
" it 12,/|A 4 12,/]A|

The singularities at the edges of space are associated with the Kretschmann scalar.

15
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Figure 18 — Normalized gravitational wave functions {!V for model IV as functions of
z = v\/C/2, for k?/C = 7/16 (black lines), k2/C = 0 (blue lines), k*/C =
—9/16 (red lines) and k*/C = —33/16 (brown lines). The full, dashed and
dot-dashed lines represent j = 0, [ = 0 and 5 = 1, respectively.

The hypergeometric component, o F (o, 8;; 2), have arguments such that y—a—f = 1/2,
thus a discontinuity of the first derivatives, at v = 0, is only avoidable if either o or
is a non-positive integer —j, j € N (see Appendix B for further details) [69]. Otherwise,
an unphysical discontinuity is identified for the stress energy tensor of the perturbations,
since the latter depends on the first derivatives of (3.83) [69]. Therefore, the allowed values

of m are given by

[2|A
m = |3|\/18j2+9j—1, (3.84)

The normalized profile of the wave function, Eq. (3.83), for several values of j is depicted
in Fig. 19 [69]. The zero mode presents a negative eigenvalue, m? = —,/ %, and therefore
points to a possible instability of model V.

3.2.1.5 Intesecting Branes: Model VI

The last intersecting braneworld, model VI, presents a enhanced Schrodinger-like

equation’t,

oo + Kkz _ 150) e2A i (30 _ A) (04

Coordinates are chosen such that h = A.

, 177

Xk = <m 12) Xk (3.85)

16



3.2. The Quantum Analogue Problem for Separable Solutions 81

o
&k
NN F

Figure 19 — Normalized gravitational wave functions ¥" for model V as functions of
y = v4/3|A|, for j = 0 (black lines), j = 1 (blue lines), j = 2 (red lines), j =3
(brown lines) and j = 4 (purple lines). The full, dashed and dot-dashed lines
represent 7 =0, [ = 0 and j = 1, respectively.

which is not of straightforward integration. Yet, the zero mode 3! = Byje 24 is a
normalizable solution, since

0o e24d A P o
2/ /du e fe34 (3.86)
0 C A\ ,84 L A2i_C
\/(4—3)68A+362A—4

/\/5 (XXI)Qdudv = By

is finite, where By is a normalization constant. Massive modes are not straightforwardly
obtained, and the corrections to Newtonian theory cannot be determined. The associated

Planck scale M, is depicted in Fig. 5.

3.2.2 The S? Models

The sphere models based on models I/ and IV [1] are achieved by assuming that
A= —In(sinf), f =0, u=rf and v = rp [69]. Therefore, Eq. (3.62) can be written as

{sin(@);{i@} 4 + kr?
) 79 T NC
- —6 =0 3.87
sin (0) [sin2 (6) ] X =5 (3.87)
which has the solution

)Zi = By Py kr?+4 (cos (0)) + BapQy kr+4 (cos (0)), (3.88)

where By, and B, are normalization constants.
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To avoid singularities and trivial null solutions (which would be non-normalizable),
expression (3.88) restricts the possible values of k& [69]. More precisely, normalizable modes
are exclusively achieved for k = —3/r? or k = 0, which are both depicted in Fig. 20.

Vkr24+4
2

However, the constant By, must be fixed to zero, since () is non-normalizable in this

space for all k.

T T 3z
0 4 2 4 n
0
Figure 20 — Normalized gravitational wave functions )Zi for the sphere models, for £ = 0
(full black line) and k& = —3/r? (black dashed line).

3.2.2.1 Model III (C = 0)

Let the sphere models be constructed out of model 71, with C' = 0, which is
supported by the metric

g =sin® (6) (nuydx“dx” + r2d<p2) + r?de?. (3.89)

The gravitational massive modes are then identified by

Xﬁ;ﬁ = By cos (ng) cos (0) sin (0), n # 1; (3.90)
XI%H = By cos (nyp)sin® (0), n # 2; (3.91)

and

x5! = By cos (2¢) sin? (0) + By cos (¢) cos () sin (6) . (3.92)
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In this case, a point-like source, placed at (0 = 7/2, ¢ = 0), produces a Newtonian

potential'” of the form
SM_1 if r>
—— i r
aM 1 9 2822 M4 r”
11
- - i ~ ) 3.93
(1) 287m2r2 M4 r ( er — 1) a1 (3.93)
272 M4 r2’ i<

Thus, in the region r > r, the corrections to the Newtonian potential are exponen-
tially suppressed, and one recovers the ordinary Newtonian theory [69]. Likewise, whenever
r < r, the result from (3.93) is dominated by the higher-dimensional term, thus gravity
behaves as if the universe was five-dimensional [69]. In summary, the Newtonian potential
behaves exactly like in a five-dimensional ADD model [2, 69]. On the other hand, the

Newtonian gravitational constant is

3
I _
Gy = 28722 N4’ (3.94)

which is similar to the Newtonian constant as determined from a six-dimensional ADD

model [2, 69].

3.2.2.2 Model IV

Model IV with a spherical internal space is characterized by the metric

412 A
gl = ; - cos” (n;o) sin® (0) w!, dzda” 4 r?d6* 4 r? sin? (0) dg?, (3.95)
n

where n € {1,2} and represents two distinct configurations of spherical models, which
shall be labeled IV} and IV3, for n = 1 and n = 2, respectively [69].

Correspondently, two normalizable graviton modes are identified,

Y Z B, cos? (g) sin? (6) (3.96)
3
and
Y = By sin (“20) cos? (g) sin’ (0) , (3.97)
3

L I I
where By and B, are normalization constants, and y QA/I and XL,@
3

aa- represent gravitons of
3

mass m = 1/2A/3 and m = 21/A/3, respectively. The Newtonian potential associated with
model I'V; is

2A

[Vl(r) o 9M e EN - 9M 1
N 9N T2NA TQ9pAN P2 M4

Here one assumes that By, = 0 for simpler equations.

(3.98)

17
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where the last approximation reinforces our choice of displacements much smaller than the
cosmological scale, i.e. r < 1/ V/A. Therefore, as far as the approximations here considered,
model V) implies, precisely, in Newton’s theory, with the gravitational constant

9
vy
ON' = J,ap pag (3.99)

which is dependent upon the cosmological constant A and the radius r of S%.

On the other hand, a spherical model with n = 2 (1V3) implies into two normalizable

gravitational modes:

XQA/Q = By cos® () sin? (6) , (3.100)
3
and
X4 = By sin () cos® (¢) sin? (8) 4 Bs cos (i) sin (6) cos (6) (3.101)
3

where By, By and Bs are normalization constants.

The Newtonian potential for such a configuration is expressed by

i IM e VET IM 1
r) = ~ —
N 212 MArAN  r T2 MArdA ¢’

(3.102)

where, once again, displacement are not of cosmological scale. Therefore model IV; also
implies in Newtonian theory, with the gravitational constant

9
G?VVQ _

= ST (3.103)

which is a similar result to that one from model 1V;.

Had one proposed a more realistic model for matter'®, then Egs. (3.97) and (3.101)
would have significant effects in both the gravitational constant and Newtonian potential,
which could imply into significant phenomenological differences between models I'V; and
IV; [69]. The same is true for model I11: in a more realistic description, Eq. (3.90) would
modify Eqgs. (3.93) and (3.94).

Just to conclude, considering that the grounds for the above discussed intersecting
braneworld models have been established, the localization of scalar, gauge and spinor fields

shall be in the core of the subsequent chapter.

18 Which is outside the scope of the present manuscript.
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4 Matter Localization

For any braneworld model to be physically acceptable it ought to recover standard
four dimensional physics, at least within reasonable limits [7], and all physical fields must
thus be localized in a brane-like region of space. Considering that the grounds for both the
classical and quantum gravitational analysis of separable braneworld models have been
established, the localization of scalar, gauge and spinor fields shall be in the core of our

investigations in this chapter.

Starting from an ordinary six-dimensional action for scalar, gauge and spinor fields,
the problem of localization will be reduced to evaluating a quantum analogue problem;
the physical fields will present co-dimensional profiles that are normalizable and are
solutions of a Schrédinger-like equation, i.e. they constitute wave functions. From the
perspective of an observer who believes the universe to be four-dimensional, the now so
called four-dimensional observer, the action of six-dimensional fields must be minimized
as if they were four-dimensional. Therefore the wave function of any physical field will

only contribute to the coupling constants of this four-dimensional effective field theory.

If a physical field wave function is not normalizable, then the effective coupling, after
canonical normalization, with other forms of matter would be zero and no coupling would
happen in the brane. Since a non-normalizable field does not couple to four-dimensional
matter, it would not look four-dimensional and be “localized” in the brane. This idea can

be stated precisely by the subsequent definition:

Definition 1 Let U be a field on the space (E®, g). We say that W is “localized” in the
3-Brane (M*, w) if it can be described by a four-dimensional effective field theory, i.e. the
scale of VU in the 3-Brane is finite.

In other words, if the setup predicts the scale of a field to be non-finite, i.e. non-normalizable,
then it is not localized in the Brane and can not be described effectively in four dimensions.
From a physical point of view, a four-dimensional observer will model six-dimensional
fields by the localizable modes, and their physical scale determined by the normalization
of its associated wave function. For the final objective of this manuscript, the leptons of
the SM will be identified with the zero modes of Weyl spinors, and their masses will be

determined from their wave functions.

For braneworld models in general, the inherited quantum problem for scalar fields
will be of similar nature to the gravitational one, and every conclusion drawn in Ch. 3
can be extended to scalar fields. Gauge fields on the other hand are notoriously difficult

to evaluate in a six-dimensional setup. The full massive spectrum is achievable if some
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exceptional assumptions are to be made, with the exception of the zero mode which can

be determined in more general terms.

Working with (5 + 1)-dimensions indeed is not only constrained to model building,
but also to localizing spin 1/2 particles without introducing additional fields, i.e. through
the same warp factor features that results into the gravity localization [64, 66, 67, 73]. In
some sense, this is not admitted in (4 + 1)-dimensions where some additional generating
mass field mechanisms are required to achieve localization [15, 16, 24, 29, 88, 89, 90, 91, 92].
With the exception of string-like solutions, which are not our main concern, non-interacting
Weyl spinors can not be localized in the vicinity of the braneworld. In particular, for Weyl
spinors with a charge associated to a gauge field, model I'V and trivial-like models are

shown to give rise to localizable modes.

The chapter is thus organized as follows. In Sec. 4.1, the localization of scalar
fields and their similarities to the gravitational field are discussed. Sec. 4.2 is devoted to
the localization of gauge fields. Finally, in Sec. 4.3 the localization aspects of fermionic
fields are described, and Weyl spinors are shown to be localizable, for intersecting-like
braneworlds, if an interacting gauge field is included with a non-trivial co-dimensional

profile.

4.1 Scalar Fields

The simplest form of matter is given by a scalar field, but the latter, as shall be
argued as follows, satisfies the same equations for localization as the gravitational field.

Starting from massless Klein-Gordon field, which is described by the action

1
Ska =3 / &2/ ZOMD (4.1)

and satisfies the equation

1 —— MN _
Eq. (4.2) can be readily refined by a rescaling by €24 and applying a separation of variables
algorithm,

O(x",u,v) = Y @y (2) & (u,0), (4.3)

mel

which implies into two equations,

[ —ww“”gb#}
Ve Y= m2g, (4.4)

and
— A+ (46 A A — 202 A) € = me. (4.5)
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where A? = 69V, V; and m? is a separation constant. Following the same algorithm from

Eq. (4.3), the Klein-Gordon action can be written as

Ska = ; Z /d2$\/§§m1€m2 /d4$\/__w (Wuy¢m17u¢m2,y + m2¢m1¢m2> : (4'6)

my,mo€l

From Eqgs. (4.5) and (4.6) it is clear that scalar fields satisfy the same quantum
mechanical analogue problem, with the identification m?—2A/3 — m?, as gravity. Therefore
the results provided in Ch. 3 faithfully represent the localization aspects of massless Klein-

Gordon fields!, and no further analysis is needed.

4.2 Gauge Fields

The massive modes of gauge fields in six dimensional braneworlds are notoriously
difficult to determine, unless some exceptional assumptions are made. On the other hand,
the localization of zero modes is of straightforward analysis. Starting from the action of a

U(1) gauge field in six dimensions,

1
Sp =~ /dﬁx\/_—g F2, (4.7)

it follows the field equations
VuF"N =0, (4.8)

where F? = Fy yFMY, Fryv = Vi Bag = By — Bayy and By, is the electromagnetic

potential. Eq. (4.8) can be broken into two equations, which after some manipulations are

given by
1 y
AFHP + — 7' W F;,| =0, 4.9
+ Nz {\/50 w L (4.9)
and .
ov — 1 Ak ~dj
/0 [ —ww" Fl’j],u * % {\/EU U]Fk]},l = 0. (4.10)

The usual quantum mechanical analogy can be applied to gauge fields, but Eqgs. (4.9) and

(4.10) still lack some refinements that are specific to the type of mode one is describing.

421 The Zero Mode

A zero mode is thus defined by the solutions of Eqs. (4.9) and (4.10) that satisfies
A F" = 0 and B;, = 0, otherwise the zero mode would not describe an ordinary four
dimensional gauge field. Therefore, by definition, the zero mode is described by the

equations
1 .
7 [\/E&JW”BV,Z»] =0, (4.11)

Massive Klein-Gordon field could also be considered, but the results are similar to the massless case.

1
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and

& 1 i
L s len, o

A straightforward solution of Eq. (4.11) is B, = B, (z*). Finally, the zero mode of a gauge
field is thus described by

1 .
A, F"" = 0 and 7 [\/E&”%”ij]J —0, (4.13)

which is equivalent to two gauge fields each one living in a four and two dimensional
spaces, respectively. One could also include currents J» to the action, and the same would

be true for zero modes.

The normalization of the zero mode is thus a trivial endeavor, since the space-time
components of the gauge field B, are independent from the co-dimensions, and the effective
action is given by

1
Sk = —Z/de\/ge_QA/d4x\/ —w F? (4.14)
where F? = wtewHBPF, whas and F,, = A, B, — A,B,. For all braneworlds models build

in Ch. 2, the co-dimensional portion of the integral in Eq. (4.14) converges, and the zero

mode of gauge fields are localizable.

422 The Massive Modes

The spectrum of massive modes require an even large refinement: one must assume
that the co-dimensional components of the gauge field vanish. Egs. (4.9) and (4.10) can
thus be written as .

v T A%, Y | =
AF 4 7 (Vo5 w B, =0, (4.15)

and

_Lj [\/__WWIWBVJ} 0. (4.16)

N

Eq. (4.16) can be trivially satisfied by the gauge fixing V,BM™ = 0, and after a separation

M

of variables technique,
B, =¢"> émB), (4.17)

Eq. (4.15) is reduced to two equations,

A, FPF = m*wh B™ (4.18)

v

and
— A2y, + (67 A A — A2A) ¢ = M2, (4.19)

which shall be identified with a time independent Schrodinger-like equation in curved

space (B?, &), with the energy Fgy = m? and the “quantum mechanical” potential

Vo (u,v) = 67 A jA; — A2A. (4.20)
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On the other hand, the action for the gauge field, once the Eq. (4.17) is applied,

can be written as
Sp = —i / dy*VEh,,2 / diey/—w F? — ; / S/~ FiF", (4.21)
thus the normalization is fixed by
/ Ay VG2 < oo. (4.22)

The localization of gauge fields now becomes contingent on the quantum mechanical
problem described by Eqgs. (4.19) and (4.22). This prescription can be readily particularized
to separable solutions. The Schrodinger-like equation, Eq. (4.19), for the geometries
described by Eq. (2.47) is characterized by the equation

P (ef*%m,u) - i (eilif(ﬁm;u) n {€2f2131;17u2 _ I (ef*f‘[l,u)

U u

o
+ |:e2ﬁ_2fA,v2 - eil_f (eh_f‘/sz) :| d)m - 62A_2B62A_2fm2¢m (423)

A separation of variables technique, with ¢,, = e S okek ék(u)émk(v), can be applied to

Eq. (4.23)if h = A or f = A. Whenever h = A the variables are separable and Eq. (4.23)

is reduced to two equations

A () [T () [, a2

and

- (ngk,vv + w 9

A=A —(h-f) A,- (f - h)
1,/4 A N2 s oi oA Cs A
+7 (fo—ho) + k% —Qh] Gk = Mg, (4.25)

where k2 is a separation constant. On the other hand, the normalization is resolved by

Z /du eAlf&kQ/dv eQA*ZiL(;ka < 00. (4.26)

keK

Finally, the quantum mechanical problem, Eq. (4.25), for model® IV, with coordi-
nate (3.73), is given by the Poschl-Teller equation,

_ngk,zz —A ()\ — 1) sech2 (Z) &mk = GQngk. (427)

Wherez:\/ay/2,/\:\/1—%+%and6:37\12—i. Ife>0(m?>2)or0<A<1
(k2 > %) then the solutions of Eq. (4.27) describe propagating modes. Otherwise, the
solutions of Eq. (4.27) describe bound states, which are given by
e Ysech (y)

2 Y

We neglect other intersecting-like models because of their lesser physical appeal.

Omr = Couk sech* 7! (y) o F1 (—j, 2X— 7 —1L; A —j; (4.28)

2
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with the associated eigenvalues

m

A
2=-_ 4.29
5 (4.20)

| =
|
—
—
|
W
Ql%
|
DN | —
|
.
~
[\

Therefore gauge fields in model IV posses a unique degenerate® bound state, for

A

15, between the zero and

j = 0, with mass m = 0, since A < 3/2. A mass gap, Am? =

massive modes is identified.

4.3 Fermionic Fields

The localization of bulk fermionic matter is usually investigated by considering
that the D-dimensional Dirac algebra is realized by the objects ['M = ¢M NFN , where e 5
denotes a D-dimensional vielbein, I'M satisfy the Clifford relation {FM N } = 2gMN I,
I’ is the j x j, with j = 2P/2 unitary matrix, and I'V are the gamma matrices in D-
dimensional flat space-time, i.e. they satisfy the Clifford relation {FM N } = 2pMNI,
Particularly, in a six dimensional space-time the Dirac matrices are 8 x 8 (j = 8), and the

following representation is assumed*

,.)/5 04 [4 04

4 .5 ) 4 74
0 7],andr5:zlo [], (4.30)

where v* are the usual four dimensional Dirac matrices in the chiral representation, which
in the signature {—, +, +, +} satisfy {y#,~v"} = 2n*I*, and

5 0.1.2_3 I2 02
V=YY = 2o (4.31)

is the usual four dimensional chirality matrix. Here the * are associated with a metric of
signature {—, 4, +, +}, and thus are related to 4, which are associated with a metric of
signature {4, —, —, —}, by the relation v* = i3*. Therefore, in the chiral representation,

the gamma matrices are as follows

102 12 | 0* oF
P =i [Iz 02] and ¥ =i [—ok 02] (4.32)

In the (4.30) representation the six dimensional chirality matrix is diagonal

i 04 _]4

=[] = [[4 o ] : (4.33)

therefore the representation (4.30) is also a chiral representation.

3
4

The zero mode presents some degeneracies associated to the separation constant k.
The equations that follow are simpler in the representation (4.30).
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To realize the Clifford relation in curved space time one defined T™ = ¢M TV, for
which {FM N } = 2¢MN]J. Thus the gamma matrices in curved space time are written

in terms of the frame basis, for which
gMN = QMPBNQT]]BQ, (434)

where the barred symbols, P, refer to the frame basis, el and the non-barred refer to
the coordinate basis, dp. The non-barred symbols are raised and lowered by the metric
g, while the barred symbols are raised and lowered by the Minkowski metric n. For the
metrics in the proposed classification, Eq. (2.1), one is able to also define the vielbein
associated with a factorizable metric,

-

9 =2tu"enp0 (4.35)

where ef = eAéﬁ, such that ey ” = e ¢y, F and eMP = ¢AgMP, Supposing that the only
non-vanishing components of ¢” are ¢,” and Eﬁ, which is allowed for a metric like Eq.
(2.1), then one is able to define

Wy = auﬁayﬂlrlﬂﬁ (436)
01 = bi'b,7; (4.37)

where a,” = ¢,” and b/’ = e b, = e7¢;" = ¢; represent the frame basis vectors

components in the coordinate basis 9, and 0;, respectively, and v = diag{1,1}.

4.3.1 Six-Dimensional Weyl Spinors

The action of a massless spinor in six dimensions can be expressed as
Sd = /dﬁx\/—gW(G)FMVM\I/(G), (438)
where W(G) = q/z6)F6. Here W is an eight component spinor and may be treated as,

\I;-l—
-

U = = Vg + Y,

where \I/E—E) are six dimensional Weyl spinors of different chirality. Varying the action Sy

with relation to @(6) implies in Dirac equation for 6-dimensional curved space-time,
YV = 0. (4.39)
The operator V), is a covariant derivative and acts on spinors as

VM‘IJ((;) = (8M + Q:M) \D(G) (4.40)
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where €y, is the spinor connection of (E® g) and is determined by

L un 1 1 + 5 Ha 1 ois _
Q:M = EQ:%NFMFN = Z {—28MTQTRQQ58[T QQ]T + ieS[Ra[M es] S]} FRFS'v (441)

one can now identify the different components of spin connections of E with the spin

connection constructed from M* and B?, as follows,

¢, =, — iA, e7%,” (1,15 = T31) (4.42)
and
¢ = irfrg {—;bﬂ 676" Oby; + ;bﬂga[jbi]”]} =B, (4.43)
where 2, is the spin connection related to space-time (M*, w),
%, = le {_; 0,7y a s+ ;an[p o }pﬁr,{, (4.44)

and B; is the spin connection related to the internal space (B?, ). Substituting Egs. (4.42)
and (4.43) in to Eq. (4.39) implies in

(#5T7V,, + D'T;) W) = 0, (4.45)
where one defines the operators

D — oS (au oA, - ;hu> and D — ¢~ Aeh (av oA, - ; fﬂ)) . (446)

Since Eq. (4.45) does not provide a mass for the spinors, then one can separate the

equations in the different chiralities,
(€77V, — D™y° +iD") U* =0, (4.47)

and
(8"59"V, = D"y —iD") ¥~ = 0. (4.48)

One can apply chiral splitting and a separation of variable technique,

L:t ,[7/1 xt + L m + R H
Rii ; 7}7?::2 “;] B Z [Lm(ua U) \Ijmi(x ) + Rm(u’v) \Dmi(x )} ! (4'49)

to Eqgs. (4.47) and (4.48), implying in

m

ANV, UL = ma Ol and AV, 0 = mo ol (4.50)
and for the co-dimensional components
meRE — D'LE +£iDLE =0, (4.51)

and
msLE + D'RE +£iD'RE = 0. (4.52)
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The positive and negative expressions in Eqs. (4.51) and (4.52) are exactly the same, one
just needs to identify m = my =m_, R,, = R}, = L, and L,, = L} = —R,,. Therefore,
one needs to solve either the positive or the negative version of Eqgs. (4.51) and (4.52). A

Schrodinger-like equation can be thus accomplished for the left and right-handed modes

of spinors®, respectively, as

m2R,, + D"D R, + i [Dﬁ, Dﬂ Ry + D'DR,, = 0, (4.53)
and

m2L,, + D"D"L,, — i [Dﬂ, D@] L, +D'D'L,, =0, (4.54)

where [D", D] = D*D" — DD, which generally doest not vanish.
On the other hand, the action for spinors is given by
Sd = /dﬁx\/ —g@(G)FMVM\I/(G)
_ / Ay =oVEe AW A0 (#,V,77 0 — DI — D)
+ /dﬁx\/ —wx/ge’E’A\Iflfyﬁ (E“p@u'y’jllur — DU, + z'D“E’\Iq) . (4.55)

Applying chiral splitting, a separation of variables techniques, Eq. (4.49), and Egs. (4.51)
and (4.52) implies in

Si=3 % [ @yVae R Ry [ dav/=w Ty, (5V, 00, — mavh,)
+ 5 [@yVee T L [ dlay/ =0T, (79,05, - mawE,)
D / d2yV/Ge AR Run_ / day/ T (39,08 —mavh )
Yy / yVGe AT Ly / day/ Ty, (39,05 —maUh ), (4.56)

where U = \IJT*yG. Action (4.56) corresponds to the same problem driven by Eq. (4.50) if

and only if the modes are orthonormal, i.e.
/dzy\/ge_MRﬁRm = 0 and /dzy\/ge_5Amem = 0m,s (4.57)
with weight v/&e~54. When the above condition is satisfied the effective action reads

=% / d'av/=w [T, (V. 0, —m L) + T, (9,0, —m ¥, )] (458)

mel
Therefore each one of the six dimensional Weyl spinors, \IJ(%), can be reduced to several
four dimensional Dirac spinors with mass m € I. So far no charge with relation to some

gauge field has been included to six dimensional spinors, therefore no difference between

> For the zero modes one does not need any refinement, Eqs. (4.51) and (4.52) can be solved as presented.
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the different chiral fermions have arisen. Eqgs. (4.53), (4.54) and (4.57) establishes the
quantum mechanical analogue problem for Weyl spinors. One now apply Eqgs. (4.53), (4.54)

and (4.57) to separable solutions, and to each one of the sets in the proposed classification
of Ch. 2.

For separable solutions the quantum mechanical analogue problem, after a rescaling
34 34 f+h

of the wave functions R,, = e24 R and L,, = e2”e 2z L,,, and choosing coordinates
such that f = A and h = A, is summarized by the equations
() ()

MR + AR+ AR, iRy — i R, = 0, (4.59)
’ ’ cA—f ’ cA—h :

o o (eﬁﬂi) <effA
M2 Lo + € 72AL i + €L gy — i L+ i~ L =0, (4.60)
) ) eA-f eA— ’
and

A separation of variables technique can solely be applied to Eqs. (4.59) and (4.60) if either
h=Aor f = A. Suppose a model for which & = A, which is true for most sets of the
classification, then Eqgs. (4.59) and (4.60) become

m* Ry + € AR s+ R — i (/7)) R =0, (4.62)

and
M Lo + €L+ Lonw +i (eF7) L =0, (4.63)

Clearly there is not potential to localize the wave functions in the u direction, therefore
one must assume it to be compactified as a circle, such that u = 70, where § € S!. Finally

one can apply a separation of variables,
R = Z eFOR (v), (4.64)
k

and
Z (4.65)

which after substitution in Eqs. (4.62) and (4.63) implies in the Schrodinger-like equations

A i o k2 i k] - A
_Rmkz,vv + [QQf_zAﬂ - (ef_A) v ; Rmk = mQRmk:a (466)
and 2 .
_ﬁmk,v’u + [62f_2Aﬂ + (6f_A) v ; ﬁmk - mQ‘CAmk' (467)

The previous equations do not intrinsically have the needed structure to localize spinors,

even if the space-time has the RS structure. None of the intersecting and trivial-like models
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have the needed structure to localize spinors. String-like solutions could lead to localization,
but will contradict with the localization of other fields. Model IV as an example leads to

the equation

3m? .

. % k
Rk (4.68)

—Rokww + | sech? (y) — sech (y) tanh (y) = | Rop =
r

r A
which does not have localizable solutions. But Weyl spinors are the simplest form of
fermions and it is possible that massive or charged fermions could lead to a localization
mechanism, the next subsection will propose that the inclusion of a gauge field leads to

the localization of fermionic matter.

4.3.2 Six-Dimensional Charged Weyl Spinors

Weyl spinors fail to be localizable in intersecting-like models, thus additional
interacting terms must be included if spinors ought to be localizable in the brane. Suppose
that a Weyl spinor interacts with some (0, ¢)-tensor field, with an associated interacting
term

Lint = aWThpnry g, DT TP, (4.69)

The equations of motion for Weyl spinors thus become
50"V, + DT + aThy gy g, T TY2 L TM | W = 0,

Suppose that ¢ is an even number or zero, thus the interacting term contributes necessarily

as
vy
v

()0,
()0

On the other hand, the dynamical terms in the differential equation contributes as

MMz | Moy — pMipMz | M,

(4.70)

(84517, + D'Ty) ¥ = (¢#,17V,, + D) E* (4.71)

Therefore there will be a coupling between W, and V_, and, after chiral splitting,
one finds four coupled differential equations for R*, R~, L™ and L~, which will necessarily
lead to fourth order differential equations. To avoid having to solve such an enhanced
problem, one must restrict ¢ to be odd, which necessarily decouples W, and W_, thus

leading to second order differential equations for R*, R~, L™ and L™.

The simplest tensorial interaction, for odd ¢, is with a U(1) gauge field By;. The
gauge field can thus be interpreted as a curvature to which the fermions couple, exactly
like the curvature of space-time. Suppose now a Weyl spinor coupled to a gauge field, By,

whose dynamics is governed by the action

Sy = / S/ —gUTM Dy, 0, (4.72)
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where D)y = V) — iBy,. If the gauge field finds itself in a zero mode, i.e. B, = B, (z¥)
and B; = B; (y/), the calculations to achieve the localization of charged Weyl spinors are
similar to the ones performed in Subsec. 4.3.1, and, after applying a separation of variables

technique and chiral splitting, one finds the equations

myRE —D'LE +iD'L: =0, (4.73)
and
msLE +D'RE +iD'RE = 0. (4.74)
where it is defined .
D' — e A (au 24, = sha - iBu> , (4.75)
and .
D’ = A (av —24, = S fu - @'Bv> . (4.76)

To solve Egs. (4.73) and (4.74) a separation of variables technique will generally be
necessary, which is only achievable if one assumes that B, = 0 and B, = B, (v). The
zero modes can thus be straightforwardly determined from Eqs. (4.73) and (4.74) for any
braneworld model. Take coordinates such that f = h and apply a separation of variables

technique to find
RS—L — 24t Z C,;teik“eij”eifB“d” (4.77)
&

and
L§ — 23 Z Dfeik“eik”ﬁf&d” (4.78)
k

The normalization condition for the zero modes reads

/dzy\/ge_SAPg[R(jf = ZéliC,:f/du/dvei(k_l)“eA_fei(l+k)”eizfB“d” =1, (4.79)
ol

and

/d2y\/§e_5Af§LaE =Y DliD,f/du/dvei(k_l)“eA_fei(Hk)”eqﬂfB“d” =1, (4.80)
kil

which can be satisfied at the same time by either R{ and Ly, or Ry and Lg if the integral

of B, leads to a localized function. Therefore zero modes must take one of two forms,

Lg ¥g, 0
0 R+ R
Ty = or Uo=1|" @z)? (4.81)
Lm wO—
Ry ¢t 0

On the other hand, massive modes are not so straightforward and more assumptions

will be necessary to achieve a separation of the co-dimensional variables for Eqs. (4.73)
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and (4.74). Once applied the identification m = my = m_, R, = R} = L. and

m

L, =L} =—R,, Egs. (4.73) and (4.74) can be combined to achieve two Schrodinger-like

equations,

m?Ry, + D"D" Ry, +i D" D'| Ry + D'D'Ry, = 0, (4.82)
and
MLy + DD Ly, — i [D", D] Ly + DD’ Ly, = 0, (4.83)

A

and h = A, and a separation of the co-dimensional variables is thus achievable if A = A or

Informed by the previous results in Sec. 4.3.1, one chooses coordinates such that f

cl

f = A. Choosing the first, h= A, and applying a separation of variables technique,

R = MR (v), (4.84)
k
and
Ln=>"e"L(v), (4.85)
k
leads to two Schrodinger-like equations,
L AN -k .
_Rmk,vv + 62f_2A (Bu - ) - <6f_A> -+ (ef_ABu) ] Rmk = mszlm (486)
r v v

and

_ﬁmk,vv + ﬁmk = m2ﬁmk7 (487>

A )2 C ok -
of 24 (g _F f-AY K _ (. f-4g
A (o B) () e
where u = 70, and 6 € S'. Eqs. (4.86) and (4.87) can finally be applied to the models
previously categorized, with the exception of models [ and /I that do not satisfy the
condition h = A.

4.3.2.1 Trivial-like Models

Once applied to trivial-like models, Eqs. (4.86) and (4.87) are cast as

R [ k> R R
_Rmk,vv + (Bu o ’I“) + Bu,v Remt; = m2Rmk’ (488>

and

Lo = MLy (4.89)

R [ i\ 2
_Emk,vv + <Bu - > - Bu,v
r

To realize a simple quantum mechanical potential, the gauge field is assumed to be

B, = btanh (Cv), (4.90)
which once applied to Eqgs. (4.88) and (4.89) implies in two Morse-Rosen equations,

—Royy + [—)\ (A — 1) sech® (y) — ks tanh (y)} Rk = € Rog, (4.91)
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and
—Linkyy + {—)\ (A + 1) sech? (y) — ks tanh (y)} Link = € Lok, (4.92)

b2 w2
rC” - roo — C? 4)2

The quantum mechanical potential associated with left and right-handed spinors are,

— X2 and b is a real valued constant.

where y = Cv, A =

respectively,

Ur = {—)\ (A — 1) sech? (y) — ks tanh (y)} ) (4.93)

and

U = {—)\ (A + 1) sech? (y) — ks tanh (y)} : (4.94)

The potentials Ugr and Uy, Egs. (4.93) and (4.94), have an associated global
minima® if A > 1 and 2\ (A — 1) > s|k|, and A > 0 and 2\ (A + 1) > s|k|, respectively.
Thus creating the conditions for producing bound states for all real valued s and integer k.
The quantum mechanical potential, Eqgs. (4.93) and (4.94), of the left and right-handed

equations are depicted in Fig. 21.

Figure 21 — (a) The quantum mechanical potential associated with right-handed spinors,
Ug, for A =4 (solid lines), A = 3 (dashed lines) and A = 2 (dotted lines). (b)
The quantum mechanical potential associated with left-handed spinors, Uy,
for A = 4 (solid lines), A = 3 (dashed lines), A = 2 (dot-dashed lines) and
A =1 (dotted lines). The plots are for k = 0 (blue lines), k = 1 (black lines)
and k = —1 (red lines), with s = 2.

The general solution of Egs. (4.91) and (4.92) are, respectively,

e
Rk =c1sech? (y) e”2 1y (q +1-MA+qq—p+1 ese;(y)>

¥ soch
+ ¢y sech? (y) e o Fy (—)\ +p+LA+pp—q+1; ese;(y)) , (4.95)

6 It is assumed that A > 0.
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and

e
Lk =di sech? (y) €2 Fy (q ~MA+1+qq—p+1; esec(y>>

2

¥ soch
+ dg sech? (y) e o Fy <—)\ +p, A+ 1+pip—qg+1; ese;(y)) , (4.96)

where ¢ = ¥YX——"—° 52\;%“252_6 and p = sign (k) ¥——75—— ;2—14:252 If e > —|k|lsorm> ‘)\ - %‘ then
Egs. (4.95) and (4.96) correspond to the propagating modes. Otherwise, for € < — |k| s,
the solutions (4.95) and (4.96) leads to the bound states

j —ksy . . ks . €Y sech
Rk =1 sech? 71 (y) e?C=-D, F) <—j,2)\ —7—1L A+ 20— 1) — 5 (?/)) 7
(4.97)
and
i —ksy . , ks . eYsech
Ly = dy sech® 771 (y) e300, Fy (—] —L2A = ;A + == 1) — 5 (?/)) ’
(4.98)
both associated with the mass eigenvalues
+1) 2 -5 -1
PR IS ) O 1) ke, (4.99)

2X(A—7—-1)
where” j is a natural number. In this way there is always a mass gap between the zero

and massive modes, be it the discrete or continuous modes.

4.3.2.2 Intersecting-like Models: Model IV

To readily employ Eqs. (4.86) and (4.87) to model IV it is convenient to work with
coordinates such that

2 .
v = e arcsin [tanh (z)], (4.100)

which, from Eq. (2.104), implies into the metric IV recasted as

4\ i i 4 i
i 30 sech? (2) e 4w, datdz” + e **du® + - sech? (z) e24d22. (4.101)

A simple quantum mechanical potential is realized if
B. = Bysinh (2), (4.102)
and Eqgs. (4.86) and (4.87) can thus be written as

— Ruk.zz + { [kaQ —a(a— 1)] sech® (z)

2
+ kb (1 — 2a) sech (z) tanh (2) }Rmk = (3:3 — a2> Rk, (4.103)

T With the exception of the zero mode that is constructed from Eq. (4.98) with j = —1.
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and

— Link 2z + { [/{:2b2 —a(a+ 1)} sech? (z)
3m?

— kb (1 + 2a) sech (z) tanh (z) }Lmk = <A — 32> Lok, (4.104)

where a = % and b = Q\%. The quantum mechanical potential associated with left and

right-handed spinors are, respectively,

Ur = {kb (1 — 2a)sech (2) tanh (2) — a(a — 1) sech? (2) + k?b® sech® (z)} : (4.105)
and

U, = {—kb (1 + 2a)sech (z) tanh (z) — a(a + 1) sech® (2) + k*b? sech? (z)} . (4.106)

The potentials Ur and Uy have an associated global minima for a > 1 and a > 0,
respectively, and they create the conditions for producing bound states for all real valued b
and integer k. The quantum mechanical potential, Eqs. (4.105) and (4.106), of the left and
right-handed equations are depicted in Fig. 22. If 3m? > aA the solutions of Eqs. (4.103)

Figure 22 — (a) The quantum mechanical potential associated with right-handed spinors,
Ug, for a =4 (solid lines), a = 3 (dashed lines) and a = 2 (dotted lines). (b)
The quantum mechanical potential associated with left-handed spinors, Uy,
for a = 4 (solid lines), a = 3 (dashed lines), a = 2 (dot-dashed lines) and a = 1
(dotted lines). The plots are for k£ = 0 (blue lines), k = 1 (black lines) and
k = —1 (red lines), with b = 4.

and (4.104) correspond to propagating modes, otherwise they are described by bound
states. For k = 0, Egs. (4.103) and (4.104) become a Posch-Teller equation, and the bound
states can be straightforwardly determined. The general case requires a more intricate
analysis. After returning to the departure coordinate v, from Eq. (4.100), thus recasting the
metric as (2.104), and rescaling the wavefunctions, R,,; = eéﬁkm and L, = eéﬁkm, the

Schrodinger-like equations, Eqgs. (4.103) and (4.104), become a trigonometric Morse-Rosen
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equation,

5 1 Yy . 1( 1)2 .
R Y b (a2 Vtan (D) 422 — = (a— =) VYR, =0, (4107
* ’yy+{4cos2 (%) (a 2) an<2)+ 1\77 2 g ( )

and

. [(1-1) 1 Yy 9. 9 1( 1)2 .
L —N kb —)tan (2 ) + k*b* — = = m =0, (4.108
Ly 7yy+{4cos2(@2’) <a+2) an(2)+ i\atg) (L ( )

where | = y/a? — %—i—% (or m = \/%/ﬁ — (l — ;)2> and y = v/Cv. The general solution

of Egs. (4.107) and (4.108) are, respectively,

~ . 2ikb—1 41 1 1 .
Ric =i (¢8)7" 73 ol <g> JF) (a 1= 2,0+ 2ikb; 2+ 2ikb + —ew>

Yy

g\ l—a—2ikb+1 1 3 ,
o (eh) 2 o (g) JF, (z 5 —a,l— 2ikb; S —a— kb, —ew) ,
(4.109)

and

—a—2ikb—141 1 1 :
) ot g) JF) (z — 5 — a0 - 2ikb; - —a — 2ikb; —e’y>

ﬁk :d1 (62%
u\at2ikb+i+l Yy 1. 3
+ ds (612) coS (2) o F1 <a + 1+ 5 2ikb + [;a + 2kbi + 5; —e’y) )

(4.110)

The asymptotic behavior of expressions (4.109) and (4.110) at y approaching +m

can be cast as

B ( i%)a+21kb7%+l cos! (%) L(1-20)T(20)
SRR L (2ikb+ 1T (a+1-1)
- (6%)1_21 212 cos! ! (¥) T (1 21) T (21)
I(a+1—3)T(1+2ikb)
cos' (¥)T'(1—20)T (21)
1—2ikb— )T (3 —a—1)
- (e%)”l 212 cos! ! (¥) T (1 21) T (21)
T(1+4—a)l(1—2ikb) |

re (ei%>—a—2ikb+%+l [F(

(4.111)
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and

ﬁk — d1 (62%)

ooyt [ cos' (4)T(1—20)T(20)
[(1—1-2ikb)T (3 —a—1)
- (ei%)l_zl 212 cos! ™! (4) T (1 —2) T (21)
(1= 4—a)T(l - 2ikb)
cos' (§)T'(1—20)T (21)
T (1+2ikb—1)T (a+3 1)
- (6%>1_2, 22 cos! ! (¥) T (1 21) T (21)
I (a+1+3)0 (2ikb+1)

. 1
i d2 (61% ) a+21kb+§+l

] , (4.112)

respectively. Thus, the bound states of Eqs. (4.107) and (4.108) are, respectively, the ones
for which® | =a—j — % and ¢; =0, and [ = %—1— a—j and dy = 0, where 5 € N. Otherwise,
expressions (4.109) and (4.110) will not be normalizable, since the components with
cos!™ (%) of expressions (4.111) and (4.112) will always imply in divergent integrands® for
the normalization. Explicitly, the eigenstates of Eqs. (4.107) and (4.108) are, respectively,
5 kby—ij¥ a—j—L (Y . o1 3 ‘ ;
Ryij = e 72 cos? 772 5 oF  (—j,a—7j — 5 22kb;§ —a— 2ikb; —e" ), (4.113)

and

. o » 1 1 |
Ly = dygel o= coga-i=3 (g) JF, (—j —l,a—j— 5 = 2ikb; 5 —a— kb, —ely) ,
(4.114)

m:\/g\/j—l—l\/Qa—j—l. (4.115)

where a > j+ 1. A normalizable zero mode is solely achieved for the left-handed expression,
from Eq. (4.114) with!® j = —1. Notice that there are left and right-handed normalizable
zero modes, because L,, = L} = —R, . Thus, a zero mode can be localized for the positive

left-handed spinors, while the right-handed can only be localized for negative ones'®.

with mass eigenvalues

Finally, returning to the coordinate z, from Eq. (4.100), and rescaling the wave
functions, one achieves the bound states of Egs. (4.103) and (4.104):

Ry :ckje%bmsm[tanh(z)] [sech (z) — i tanh (z)]j sech®™7/ 71 (2) x

1
X o F} (—j, a—j— 5 2ikb;2a — 2j — 1;1 4 [sech (z) + i tanh (z)]Q) . (4.116)

It is assumed that a > 0.
y

This is true because the normalization in this coordinates involve cos™2 (5) as an integration weight.

To achieve Eq. (4.114) the integer j was redefined to include —1 in its spectrum, thus j €
{-1,0,1,2,...}.

9
10

Lyt

0
11 0 0
The zero modes can be expressed by ¥ = 0 or U = Nk
0 Ly
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and

Ly; =dj e?baresinltanh@] [soch (2) — 4 tanh (2)) T sech®™ 7! (2) x
1
X o F} (—j —l,a—j— 5 2ikb;2a — 25 — 1;1 4 [sech (z) + i tanh (z)]2> .
(4.117)

Some of the normalizable modes, from Eqs. (4.116) and (4.117), are depicted in
Figs. 23, 24, 25 and 26. The cigenvalues of Eqgs. (4.103) and (4.104) are the same as a
Posch-Teller system, however the eigenstates are not symmetrical with respect to the
center of the configuration, which is justified by the shape and depth of the potentials Ur
and Up, as presented in Fig. 22.

1.0
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_ 0.6f
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Figure 23 — The normalized zero modes with a = b = 4, for £ = 0 (solid blue line), k =1
(solid red line), k = 2 (solid black line), k = 3 (solid brown line), k = —1
(dashed red line), & = —2 (dashed black line) and & = —3 (dashed brown
line).
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Figure 24 — (a) The normalized right-handed bound states. (b) The normalized left-handed

bound states. The plots are for £ = 0 (solid blue line), £ = 1 (solid red line),
k = 2 (solid black line), k = 3 (solid brown line), k = —1 (dashed red line),
k = —2 (dashed black line) and k = —3 (dashed brown line), with a=b =4
and 7 = 0.
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Figure 25 — (a) The normalized right-handed bound states. (b) The normalized left-handed

bound states. The plots are for £ = 0 (solid blue line), £ = 1 (solid red line),
k = 2 (solid black line), k = 3 (solid brown line), k = —1 (dashed red line),
k = —2 (dashed black line) and k = —3 (dashed brown line), with a=b =4
and j = 1.
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Figure 26 — (a) The normalized right-handed bound states. (b) The normalized left-handed
bound states. The plots are for k£ = 0 (solid blue line), £k = 1 (solid red line),
k = 2 (solid black line), & = 3 (solid brown line), k = —1 (dashed red line),
k = —2 (dashed black line) and k = —3 (dashed brown line), with a=b =4

and j = 2.
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5 Asymmetrical Branes and the Charged Lep-

ton Spectrum

Within the Standard Model (SM), the masses and mixings of the quarks and
leptons originates from their interactions with the Higgs field. Even though such inter-
actions have been experimentally confirmed, the interaction coupling constants are free
parameters and the generating mechanism of the relations between them is still unveiled.
Notwithstanding the well-defined mass spectrum exhibited by the three families of charged
leptons, an explanation for the mass values and their relative gaps is indeed an open
problem. Phenomenological approaches [93, 94] have been proposed through empirical
relations among the fermion masses, as an attempt of uncovering some of its underlying

physics!.

In a parallel context, extra dimensions have played a prominent role in our under-
standing of the hierarchy between the Planck and weak scales [2, 3]. Thus, it is natural
to assume that other properties of the SM could also be understood from such paradigm.
The mass spectrum of fermions should be no different. The most promising higher-
dimensional scenarios are based on braneworld models with non-factorizable geometries
3, 4, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 1, 69, 95],
where a Zo-symmetric brane is mostly assumed?. Nevertheless, generalization of these
models are obtained by relaxing the mirror symmetry across the brane [33, 51, 55, 98,
99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110]. The term “asymmetric” brane
refers to any braneworld model for which the mirror symmetry is not required. Here, an
asymmetric brane model will be an essential feature for realizing the spectrum of the

fermions.

In this chapter, a braneworld mechanism for explaining the charged lepton mass
spectrum is evaluated. Modeling the fermion spectrum through extra dimensions is
indeed not a new idea. It has been addressed in the literature through different contexts
(111,112, 113, 114, 115, 116, 117, 118, 119, 120, 121]. However, instead of either considering
that the distinct chiralities are differently placed over the extra dimensions [111, 112] or

relying on a non-trivial higher-dimensional Higgs and several other fields [113, 114, 115,

1 For instance, the so-called Koide’s mass formula [93, 94],

Me + My, + My 2

K= =, .
(Ve + g+ i) 3 o

provides such a speculative relation which can be translated as a weaker condition for the fractions
mu/me ~ 207 and m,/m, ~ 17, here m., m, and m,.
Since they are generally motivated by the Horava-Witten model [96, 97].

2
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116, 117, 118, 119, 120, 121], a simpler mechanism shall be here admitted. By considering
a six-dimensional braneworld constructed from an asymmetric conformally flat metric, a
non-trivial bulk profile for the gauge boson and a dark® scalar field, a single six-dimensional
charged spinorial field, whose dynamic is driven by an ordinary SU(2) x U(1) action, is
shown to give rise to several massive four-dimensional spinors. In particular, for the right
choice of the parameters, the number of massive spinors becomes exactly three, and their

mass spectrum shall coincide with that for the charged leptons.

Without a supporting action, i.e. without knowing the equations of motion, to
drive the dynamics of the leptons, one can construct some general ideas of how the leptons
masses might be realized for higher-dimensional models. First, assume a six-dimensional
model, be it a braneworld model or not, for which one of the additional dimensions is
compactified in a circle. Secondly, assume that a zero mode of leptons can be localized,
taking the form

Lo (6, y) élj(xu)
0

v =3 . , (5.2)
k

Ry, (0, y) ¥gi, ()
where 0 € S!, y is the other additional dimension and k¥ € Z. Thirdly, suppose that the

masses of the leptons is driven by an interaction with the Higgs field, i.e.
S = mO/d$6\/—g@(6)H\IJ(6), (5.3)

where H = ¢ (0, y) H (z") is a zero mode of the Higgs.

The mass term is determined by substituting Eq. (5.2) in action (5.3) and employing

canonical normalization, leading to

Sm = mo/dxﬁ\/—_gﬁ(G)H\I/(G)

Loy o
— — 4]0 0
_ moz/dxﬁf—g g ub T 0 0 Ryt |, LI
kil v 0 0
Ry o~
[ aye e LRy 6 [ datv=odH
= My 5 37 (54)
o \// dy2e 3428 ‘Lark‘ \// dy2e 3428 ’R&‘
o L+
where 9, = @Z),Zvo, UV = ?Qk_ and it is assumed that the right and left-handed mass
Ok

terms are the same.

3 Dark is used here to describe physical fields that only exist in the bulk, and are not perceived directly

by four dimensional observers.
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After breaking the gauge symmetry, the Higgs field acquires a vacuum expectation

value v, and the mass matrix observed by a four-dimensional observer becomes

M

V2 4o \// dy2e 3428 ‘LBLk‘Z\// dy2e34¢ 2P ‘R&‘Q

Note that the inclusion of the interacting term (5.3) is assumed to be irrelevant when

(5.5)

determining the wave functions of zero modes, for this reason one is able substitute Eq.

(5.2) in action (5.3) and realize Eq. (5.5). One can justify this in two ways:

1. One just assumes that the interacting term, Eq. (5.3), is a perturbation, therefore

not affecting the wave functions, and that the SM leptons are the zero modes;

2. One does not assume the interacting term to be a perturbation, but still defines that

the SM particles are the consequence of zero modes.

For the conclusions we wish to draw from this manuscript both of the previous options
are equivalent. We shall generally refer back to the first, since from it the massive modes

can be determined. Any other solution, besides the zero modes, should account for beyond

SM physics.

From Eq. (5.5) there are thus three approaches one can follow to achieve the masses
of the fermions of the SM, which here shall be referred by:

1. The left /right-handed chiral approach;
2. The non-trivial bulk Higgs approach;

3. Or the non-trivial curvature approach.

The first technique, the left /right-handed chiral approach, constructs the spectrum
of the fermions by assuming that the left and right handed bulk components, Ld; and Ry,
are localized at distinct positions, and their overlap generates the different masses of the
SM. An illustration of this method is shown in Fig. 27a.

The second one relies on the existence of a non-trivial bulk profile for the Higgs, i.e.
one assumes that ¢ is some complicated function of 6 and y, and its overlap with the wave
functions of the fermions leads to their masses. An illustration of this method is shown in
Fig. 27b.

The third and last method relies on a non-trivial profile for the warp, A, and
conformal, B, factors, which after overlapping with the wave functions of the fermions

leads to their masses. This shall be explored further, but some asymmetry on the metric
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~ SS
DR

Figure 27 — (a) The left/right-handed chiral approach. The solid red and black lines
represent the left, right-handed wave functions, while the dashed black line
represents the overlap between them. (b) The non-trivial bulk Higgs approach.

Figure 28 — The non-trivial curvature approach. The solid black line represents the warp
factor A (here A = B). The solid red, blue and brown represent the normalized
wave functions of the tauon, muon and electron, respectively. The dashed red,
blue and brown lines represent the overlap between the wave functions of
tauon, muon and electron with the warp factor, respectively.

shall be an essential feature of this method. An illustration of this method is shown in Fig.
28.

The first two techniques were investigated by [111, 112, 113, 114, 115, 116, 117,
118, 119, 120, 121], while the third is a novel approach proposed by this manuscript, which
will shall label the asymmetrical mechanism. There are two main advantages of this novel

approach: the three charged leptons are a consequence of single six-dimensional spinorial
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field, and their masses can be analytically determined.

5.1 The Asymmetrical Mechanism

The setup for the proposed mechanism comes from a six-dimensional braneworld
E® that is, as a set, equivalent to the product space M* x R x S!, where M* is some
four-dimensional pseudo-Riemannian manifold, R is the real line and S! is the circle. The

following ansatz is assumed for the metric of S,
g=e MW (nuydx“dxy + r2d6* + pzdyQ) : (5.6)

where A is the warp factor, 7, is the Minkowski metric* of the space-time M*, 6 € S*, r
is the radius of S', ¥ € R and p is the brane model scale. An asymmetry of the braneworld
is achieved by imposing that e™* = f, + f_, where f, and f_ are even and odd non-null

functions, respectively, and f, > |f_| for all y.

5.1.1 The Mechanism for a U(1) Model

To illustrate the mechanism we consider first a U(1) abelian gauge theory, and
present the basic features necessary for the charged lepton spectrum. In a later section,
the mechanism shall be extended to a SU(2);, x U(1)y theory.

In conformally flat metrics, like (5.6), fermionic fields can not be localized at the

vicinity of the brane. Thus the proposal will also rely on the existence of an abelian gauge
field® B = By;dz™, defined by the zero mode

v r I
B, =B, (z"), Bo(y) = T 2pe Fy and B, = 0, (5.7)

where F' is some positive even function of y, e is the electronic charge, and the subscript

index “,” stands for partial derivatives. The gauge field (5.7) drives the localization of

ferminonic modes [73]. The fermions are thus represented by the action
5, = / A5/ —g WO TMD, WO / 452/ —g ), (5.8)

where Dy := 0y + €5y — ieB); is the covariant derivative and €, is the spin connection
of (E%, g). The parameter my sets the scale of the charged lepton masses, which is much
smaller than the brane model scale 1/p, and is treated as a perturbation of the system.

Therefore the mg scale does not affect the co-dimensional wave functions, which are

4 (Clarifying the notation, Greek indices (y, v,...) are valued in the set {0,1,2,3}, uppercase Latin

indices (M, N,...) are valued in {0,1,2,3,4,5}, lowercase Latin indices (m, n, i, j,...) are valued in
{4,5} (and represent the bulk co-dimensions) and the labels z* = § and x® = y, represent the choice
of coordinates for the co-dimensions (B?); finally, tensors when being referred to its (abstract) entirety
will be in boldface, as g, but its components will be cast in regular font, as g, .

Alternatively, one could also consider a scalar field ¢ = ¢(y) as the localization mechanism [122].
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determined as if the fermions were massless. The zero modes are thus described by the
equation

r'p; v = 0. (5.9)

Following a separation of variables technique, Eq. (5.9) is reduced to a Schrodinger-like

equation and the fermionic zero modes are described by®

>k Lo+k(9, Y) éij(fu)
0
v =7 . , (5.10)

> Rox (0, y) L ()

where
k

N

(5.11)

represent the fermionic co-dimensional wave functions, k € Z and the C}, are integration
constants. The existence of the perturbation mg breaks the degeneracy of the zero modes,

implying in a tower of spinors with varying masses driven by integer values, k.

The SM leptons are thus represented by the localizable zero modes and a four-
dimensional observer will model them by an effective action, which follows from substituting
Eq. (5.10) into Eq. (5.8),

Seﬁr = Z/d4$ (@k’)’MDM\Pk - mk@k\llk) s (512)
k
L+
where” U, = | "% | and
Vo
d
mo/dye ATIR mo/ y (f++f)F
= ) (5.13)

\//dy L \//dy ‘R /dyFe%y

Eq. (5.13) gives the effective masses as perceived by a four-dimensional observer. The
mechanism to achieve the charged leptons masses can finally be explained. By assuming

F = sech? (y), which is concomitant to

By = — tanh 5.14
= e tanh (5), (514)
0
+ L+
6 The components \1186) >k 50’“((9 ))¢Ok Ex ; are non-normalizable, since Rd, = L, =
0k
Bke’ikee%ekﬁye%f%dy.
%(k)
7 s . . (6) 0
In a six-dimensional notation ¥, = 0

Vo)
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and that a/2 < 2p/r < a, solely three normalizable fermionic zero modes can be identified,
each of them associated with k = —1, k = 0 and k£ = 1, which are now to be labeled,
respectively, as the electron, tauon and muon, i.e. m_; = m,, my = m, and m; = m,,.

After some straightforward manipulations one finds

[ dy sech (g) 20 (1, + 1)

My oo

[ dy sea® () e 2 (1 + 1)

, (5.15)

Me

and

() (22) a1

> T '
2I (%) / dy sech® (y) cosh (2?y> fi

mr = (M, + me) (5.16)

The largeness of the tauonic mass is an effect of canonical normalization and it is indepen-
dent from the space-time asymmetry. If a is larger but of similar value to 2p/r, then the
wave functions of the electron and muon, which are not localized at the center, become
spread out, while the wave function of the tauon gets localized at the center of the system
of coordinates. After canonical normalization, the electronic and muonic masses pickup a
very small term when compared with the tauonic term, thus explaining the largeness of the
tauon mass. In this way, charged lepton mass constraints can be straightforwardly attained
regardless of the asymmetry, since the tauon mass can be made as large as necessary,
albeit not correctly valued. On the other hand, the relation between the electron and muon
masses relies on the asymmetry of the warp factor. The wave functions of the electron and
muon are a mirror of one each other, and the overlap between each and an asymmetric
warp factor leads to different masses. Yet, not all asymmetric warp factors can conclude
the correct masses, since a very light electron is only realized when f, — f_ goes to zero
much faster than f, + f_ for positive y. It is noteworthy that the co-dimensional wave
functions that represent the fermionic fields are not gauge invariant, but the normalization
condition and the masses as calculated here are gauge invariant. This is clear since the

latter are calculated directly from the action, which is gauge invariant.

In a following section a choice for the metric will be made to exemplify the

mechanism in a more explicit, and parametrized, way.
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5.1.2 The Complete Lepton Sector

The complete lepton sector can be constructed from the action, following the
notation of [123],

(6 , “ l
Ssu),xvy = / d°zy/—g {L( M (VM — igraW§, + 2g’BM> L©®

+ 9T (V) +igBas + Car) e® + 7OTM (W — b ) 9

—me (L(G)He(_‘” + e 9H L<6>> } (5.17)

where Vs := Oy + €y, €y is the spin connection of (ES, g), ¢ is some dark scalar field,

Bas is the hypercharge gauge boson, W¢$, are the SU(2) gauge bosons, g and g’ are the
H

SU(2) and U(1) couplings, 7, = 0,/2 are the SU(2) generators, H={ 1 is the Higgs

Ho
doublet, b is a real constant, and my is the coupling constant with the Higgs field. The

left-handed leptons pair up to transform under SU(2),

(6)
LO =7 b (5.18)

e'd)
where
Pt plt
\I/RJr \I,RJr
(6) v (6) e
vy’ = and e}’ = 5.19
il 0 ¥ 0 (5.19)
0 0

represent the left-handed charged leptons and neutrinos, respectively. While

0
0 0
(6) _ ©) _
e L and v’ = gL (5.20)
Wi R

represent the right-handed charged leptons and neutrinos, which are uncharged under
SU(2).

The charged lepton masses are a consequence of the existence of a Higgs field,

which is driven by the action
Sy = / da;"}/_—g{ [(vM igr, WY, — ;g’BM> H] <VM g WM — ;g’BM> H
— My HIH + V(H)}, (5.21)

2

where V(H) = y?HH — X (HH)
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For conformally flat metrics (cf. (5.6)), fermionic fields can not be localized at the
vicinity of the brane. Hence, the proposal thus relies on the existence of a non-trivial bulk
profile for the hypercharge gauge boson B = By;dz™ and the scalar field® (, each defined
by

r F

1
BM:BM(.%V),WZ:WZ(Z'V),By:W;-l:O,Bg —}fand(—i n(F), (5.22)

where F' is some positive even function of y and the subscript index

W

stands for partial
derivatives. Gauge and scalar fields defined in Eq. (5.22) drive the locahzation of ferminonic

modes? [73, 122], and can be interpreted as background fields.

The parameters 2, X and myg set the scale of the charged lepton masses, which are
much smaller than the brane model scale 1/p or 1/r, and are treated as a perturbation of

the system. This can be justified directly from the action
1 1
g = /d%\/_ l (F“D + 21D, + F9D9> L(©)
P
1 1 _
+&® (F“D +-TYD, + P9D> e —my (L(ﬁ)He(G)Jre(ﬁ)HTL(ﬁ))], (5.23)

which implies that the co-dimensional portion of the action is of the order of 1/r or 1/p,
while the rest is of the order of mg. Therefore the terms 2, A and mgy do not affect the
co-dimensional wave functions, which are determined as if the fermions were massless and

V' (H) vanished. The zero modes of leptons are thus described by the equations

. 1
I (vi n ig’zs,-) L = o, (5.24)
T (V; +ig'B; + ¢;) e = 0, (5.25)

and
I'(V; —b¢) v =o0. (5.26)

Following a separation of variables technique, Egs. (5.24), (5.25) and (5.26) are reduced

to a Schrodinger-like equations and the localizable leptonic zero modes are described by!’

%mk(flfﬂ) eOk( ")
(6)
1% 5A 0 O
L(()fs):{@t;} — 7 YL . e+0_e2ZL 0 , (5.27)
e+0 k
0 0

The scalar field is not essential for the mechanism, however, simpler expressions and more elegant
properties are obtained for the reduced resulting effective four-dimensional action in that case.
With the exception of (M G, rHTH, which serves the purpose of achieving a trivial bulk profile for the
Higgs, as shall be presented later.

Lt p
10 The components ¥ = e Y, Ry, (6,9) w%k_(i ) are non-normalizable, since Ly, =
Ly,

3

~2 and R:{k = Bje H0e™r

i kpy
Ape 0™
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0 0
6) 54 - 0 6) 54 b1 _ 0
elg=¢€2 > Ry, and vy =e> F 2 > Ry | , (5.28)
k k Vyor (")
o () vor ()
where
Lark = Ckeikeek*ﬁyF% and Ry, = Dke’ka keu F%7 (5.29)

represent the fermionic co-dimensional wave functions, k € Z, C, and Dy are integration

constants.

On the other hand, the zero mode of the Higgs field satisfies the equation
/
ViVH—iEBH, =0, (5.30)
r

which after a rescaling and a separation of variables technique, with H = Y, e™*?e24 ¢, Hj, (z+),
reduces to
~ ~ g’ ~ k2 .
Grww + 2 (Aww — 24,2) i + k=3Bod = — 6. (5.31)
r r

—2A

The zero mode of scalar fields are generally like éo = ce™ ", which is the solution of Eq.

(5.31) for'! k = 0, implying in a trivial bulk profile for the Higgs field,
H=cH,(a")=c {¢+ (mﬂ)} , (5.32)
¢o ()
where ¢ is an integration constant. The existence of the perturbation mg breaks the
degeneracy of the zero modes, implying in a tower of spinors with varying masses driven
by integer values, k. The SM leptons are thus represented by the localizable zero modes

and a four-dimensional observer will model them by an effective action, which follows from
substituting Egs. (5.27), (5.28) and (5.32) into Eq. (5.17) and canonically normalizing,

SEff - Z/d45(] [Lk ’}/H (VN — igTaWZ + ;g'BH> Lk + éRk’V” (VH + Zg,Bu) €RL
k

+ﬁ;§7“vuy,; — my ([k Hyegri, + €gk Hg Lk) ] , (533)

where
L+ L
4 14 /l/}e - 14 O
Le=19 0, v = Vi cere=| v = ere = (5.34)
€Lk 0 0 Ok €0k

mo/dy f++f)F€’

and

mg/dye AL R
\//dy ’L ’ \//dy ’ROk’ \//dygbo /dyFe v /dy (f++f-)

Other values of k necessarily imply in a massive mode.

(5.35)

11
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Analogously, a four-dimensional observer will model the Higgs field by an effective
action, which follows from substituting Eq. (5.32) into Eq. (5.21),

s = [ ar { (v —igrwy = 5B Ho| (V- ignW) — Sg'B) Ho+ Veff(Ho>} ,

(5.36)
2
where V5r(Hp) = MgfngHo — Aeff (HgHO) , with
/ dyeffiA / dyefGA
:ugff = e and Ag; =\ _;O 2 (5.37)
/ dye*4 (/ dye_4A>

After breaking the gauge symmetry, the Higgs field acquires a vacuum expectation value

(v.e.v), driven by fierr and Acyy, as

perr | T .
vmﬁwo dy (fy + )", (5.38)

and m; = myv/v/2, from Eqgs. (5.35) and (5.38), gives the effective masses as measured by

a four-dimensional observer,

[y (fo+ p) Py

o KMo —co

mg =
\/ﬁ 7 2
/ dy Fe™#

(5.39)

Eq. (5.39) is exactly the same as Eq. (5.13), with the substitution mo — pmg/v2A.
Therefore, Eq. (5.39) leads to the same mechanism, for a SU(2), x U(1) model, that was

discussed previously for an U(1) model.

5.1.3 The Asymmetry Parametrized

To exemplify the mechanism in effect we propose a model for which f, =

sech’ () cosh (oy) and f_ = sech’ (y)sinh (oy), which, after substitution into Eq. (5.6),
leads to

g = sech? (1) €2 (nuydx“dx” +r?d6? + p2dy2> . (5.40)

The fractions of the charged lepton masses associated with the metric (5.40),
calculated from Egs. (5.15) and (5.16), become

2p 2p
T (lo+;r) T <l+o+2a+r>
T (5.41)

Me I (l+o+a2rp) I <lo+a+2rp> ’
2 2
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and

Mr _ 2 ’ . (5.42)

If 0 is an integer and | — o is an even integer, then Eqgs. (5.41) and (5.42) become
polynomial equations. Particularly, for o = 2 and [ = 4 one can solve Eqgs. (5.41) and
(5.42) analytically to find a = 34.9562 and a — 2p/r = 0.28488. In fact, there are many
combinations of o and [ for which the lepton spectrum is achievable. Fig. 29 depicts the
values of [, a and a — 2p/r with fixed [ — o for which the proper fractions of the masses and
Koide’s formula are realized for the metric Eq. (5.40). Correspondently, Fig. 30 depicts
the values of [, | — o and a — 2p/r with fixed a for which the proper fractions of the masses
and Koide’s formula are realized for the metric Eq. (5.40). The intersection of the curves
in both Figs. 29 and 30 are identified according to the parameter values that lead to the

charged lepton mass spectrum.
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Figure 29 — (a) The charged lepton mass spectrum associated with the metric (5.40) for
[ —o=1. (b) The charged lepton mass spectrum associated with the metric
(5.40) for I — o = 2. The solid black, solid red and dashed black lines represent
the equations m,,/m. = 206.768, m,/m, = 16.817 and K = 2/3, respectively.
Results are for triple intersecting points at [ = 6, 7, 8, and 9.

5.1.4 Beyond The Standard Model

The last important aspect to realizing realistic models is achieving a mass gap
between the zero and massive modes. Being the SM particles represented by the zero modes,
the massive modes are thus associated with beyond SM physics. From a phenomenological

point of view, it is important to realize models that allow for the existence of a mass gap
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Figure 30 — (a) The charged lepton mass spectrum associated with the metric (5.40) for
a = 1. (b) The charged lepton mass spectrum associated with the metric
(5.40) for a = 2. The solid black, solid red and dashed black lines represent
the equations m,/m. = 206.768, m,/m, = 16.817 and IC = 2/3, respectively.
Results are for triple intersecting points at [ = 3, 4, 5, and 6.

[87], between the zero and massive modes, in the spectrum of leptons. Then the energy
scale at which the massive modes can be excited is fixed by this gap, and its existence
is relevant for distinguishing the footprints of the massless modes, identified with stable
four-dimensional SM particles, from those coming from the massive modes, either discrete
or continuous. When no mass gap is present, then there exist several massive modes with

masses small to the point of being indistinguishable from the massless ones.

5.1.4.1 Massive Modes: The Charged Leptons

To realize the massive modes of the charged leptons, the six-dimensional braneworlds

Dirac equation must be evaluated, which is given by
(t*D, + D'T;) ¥ =0, (5.43)

Following the same arguments as outline in Subsecs. 4.3.1 and 4.3.2, one finds four equations

m’L}, +DiDLL}, —i[D},D}] L + DIDLLY, =0, (5.44)

m’R}, + D{ DL R}, +i|D},D}| R, + DI DI R}, =0, (5.45)

m’L,, + DD L, +i|D! D*| L, + D*D° L, =0, (5.46)
and

m?R,, + D'D' R, —i[D!, D’| R, + D°D° R, =0, (5.47)
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that define the massive modes of the leptons, where it is defined

e 1 S ) =1 5

Di - ; [ay - §A,y + ;g/By] , D° = ; [811 +Cy — §A7y + Z'g/By] ’ (5.48)
i 1 d v, i 1 b} "

D = . {89 - §A79 + §g Bg:| and D~ = ” {89 +Co — §A,0 +1g Be} . (5.49)

Substituting Eqs. (5.14) and (5.22) into Eqs. (5.44), (5.45), (5.46) and (5.47), after
a rescaling of the wave functions L} = e®4/2% e*Lt and L = /2=y, ML,

(the same is true for R} and R;,), implies in four Morse-Rosen equations,

/) ;
—L ey ) (2 + 1) sech? (y) — kstanh (y)| L\, = e, L%, (5.50)

+ A (A 2 [
—Rokyy T 513~ 1| sech? (y) — kstanh (y)| R, = e, R}, (5.51)
I, {—)\ (A — 1) sech? () — 2ks tanh (y)} L..=¢€L ., (5.52)

and

—Riyy + [ A (A + 1) sech® (y) — 2k5tanh( )} ~o=e R, (5.53)
where A = g%, s = %, €, = ki; ’\42, k and q is a real valued

constant. Egs. (5.50), (5.51), (5.52) and (5.53) are equlvalent to Egs. (4.91) and (4.92),
therefore their eigenvalue spectrum follows from Eq. (4.99). In this way there is always a

mass gap between the zero and massive modes, be it the discrete or continuous modes.

In conclusion, for configurations with a non-trivial profile for the gauge and scalar
field, like Eq. (5.14), the fermionic massive modes are solutions of Morse-Rosen equations,
for which a discrete set of eigenstates can be identified, each associated with the mass

eigenvalues

(5.54)

and

My, = LU+ D a_j_l)\/(a—j—l)Z—kQ'DQ (5.55)

where j is an integer, 0 < j < a/2 — 1 and mﬁ references the discrete masses of positive

and negative components of spinors, respectively. While continuous modes are related to
masses

mt > 1|a— 2p |K and m~ > 1

2p P

therefore, a mass gap between the zero and massive modes is found whenever the zero

p |kl

r

, (5.56)

r

modes are normalizable.

For metric (5.40) the lepton mass gap, between the continuous and massless

modes, is m ~ 1072/p. A realistic mass gap, for small values of [, is thus achievable for
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p < 107 m, since mov/v/2 ~ m, = 1.7GeV. On the other hand, for large values of [,
tiny values of 1 — o/l and a of the order of unity, a realistic mass gap is achievable for
p < 2T (a)/ [la/QF(a/Z)} 10~1%m, since mov/v/2 =~ 1*/*T'(a/2)/ {QZF(a)} GeV. Therefore, for
[ ~ 50 the mass gap is achievable for p < 1 m.

5.1.4.2 Massive Modes: The Higgs Field

In the same line of reasoning, the Higgs field must also have a mass gap between
the zero and massive modes. But the massive modes of the Higgs depends upon the choice

of metric. Particularly, for the metric considered in this manuscript,
g = sech? (1) €2 (nﬂydx“dx” +r?d6? + pzdyQ) . (5.57)
and the gauge boson is once again
By = —qtanh (y), (5.58)

the bulk profile of the Higgs field follows from the equation

/{52 2
— ¢y + |20 (20 + 1) sech® (y) — (80l — ks) tanh(y) + 41* + 40* + )\j] ¢ = m?p°p,
(5.59)
where A\ = g,fq and s = %. The general solution of Eq. (5.59) takes the form
e Ysech(y)
Oy =crsech? (y) o Py (¢ = 2020+ 1+ g —p+ i ———
¥ goch
+ ey sech? (y) e o Fy (p 22+ 14 pp—q+1; es‘;c(y)> , (5.60)
v/ €2—(8ol—ks)*—e
where ¢ = (\2 ) L p= W and € = m?p? — 41* — 40* — kif. If e > — |80l — ks

then Eq. (5.60) corresponds to the propagating modes. Otherwise, for € < — |80l + ks,
the solution (5.60) leads to the bound states

|8ol—ks| . 4 l _ k —y h

O15(y) = ce 7V sech™ 7 (y) o (—j, H1—j2A41—j— | o 5, ¢ e ()

—J
(5.61)
both associated with the mass eigenvalues
k?s? (80l — ks)?

m2p? = AP +40* + L0 (o — ) = T 5.62
p 22 ( 7) 120 — j)2 ( )

where j is a natural number. In this way there is always a mass gap between the zero
and massive modes, be it a discrete or continuous mode. The mass gap for the Higgs field

follows similar patterns to the ones found for the leptons.
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5.1.5 Neutrino Masses

So far only the charged leptons have been included in the mass generation mecha-
nism, but neutrinos should also present a mass. In this subsection, a speculation of how
the neutrinos may acquire mass is postulated in this six-dimensional setup. First assume

that the neutrinos interact with the Higgs as follows,
S, =— /d% —gmy,Q LR, +7ORLO , (5.63)

where H = tooH*, m,, is the neutral lepton coupling constant with the Higgs field and ¢ is
some dark real scalar field that is a function of only #. The scalar field ¢ is important to
establish the interaction between the different flavors of neutrinos. Secondly, take ¢ to be

the most general scalar field one can fit in S!, i.e.
P (0) =" ;e (5.64)
J

A four-dimensional observer will thus model the neutrino interaction with the Higgs,
which follows from substituting Eqs. (5.27), (5.28), (5.32) and (5.64) in Eq. (5.63) and

canonically normalizing, by an effective term

S = _kaﬂ'/d% (ZeHovy +7, HJL;), (5.65)
k.j
where
bia_,, (i e [y Getide
um, G2 F(a)r(ba)r<’+z*2r)p<l+ i ])
My = (5.66)

V 2\ ab+a a— 2ipy a 202y ba_ 2koy s 2o .
() () e (5 )y () r ()

The full asymmetrical lepton model has nine parameters: c_s/cq, ¢_1/cq, ¢1/co, c2/co,
a, p/r, b, m, and myg. If metric (5.40) is to be assumed then there are two parameters defin-
ing the braneworld model: [ and o. While the SM with the Pontecorvo-Maki-Nakagawa—Sakata
(PMNS) matrix has ten parameters' [123]: 612, 013, 023, 6, my, ma, mz, me, m, and m..
The correct mass matrix for the neutrinos could be achievable with (5.66). Considering
that the parameters a and p/r are fixed by the charged lepton mass fractions, then one
can choose the ¢; such that the mixing angles, 612, 613 and 63, and Dirac phase, 9, of the
PMNS matrix are exactly like the experimentally verified. The parameters m,,, b, [ and
o that are left should be enough to fix the neutrino masses my, ms and mg, such that
they satisfy the constrictions imposed by Solar and atmospheric neutrino oscillations. The
complete analysis of the values of the parameters that fix the correct PMNS matrix is

outside the scope of the present work, and is left for future work.

12 Tt is assumed that the neutrinos masses do not contain a Majorana term.



5.2. For Other Sets of the Classification 123

5.2 For Other Sets of the Classification

So far the proposed mechanism has been presented for trivial-like solutions, thus this
section is dedicated to exploring the mechanism along the other sets in the classification. It
is straightforward to extend the proposed mechanism to string-like solutions. From action
(5.17), and the same assumptions about the gauge and scalar fields, one can achieve the
following expression for the masses, after the Higgs field has broken the gauge symmetry

and acquired a v.e.v,

my = £ / S . (5.67)
V2) \//dyeA_B ’La“klz\//dyeA_B ’Rarkr
Thus, assuming that
g =(fy+ f) nudada” + Q* (fu + f-)* (p*dy? + r*d6?) | (5.68)
which is equivalent to
e P =Q(fr + f-) and e = Q(y), (5.69)
where () is some even function of y, implies in the masses
my = Ho /dy (fr+[)QFe™r (5.70)

- V2x \//dyQFe%i\//dyQFe%f.

Therefore, Eq. (5.70) is equivalent to Eq. (5.35), if one substitutes F' — QF', and the same

conclusions drawn in Secs. 5.1.1, 5.1.2 and 5.1.3 are also valid for string-like solutions'®.

For the intersecting-like models, solely the ones for which p = 0 (or p = 1) can
comport the mechanism, i.e. models 71, IV, V and VI. The other two models, I and II,
do not posses the possibility of an asymmetry in the warp factor, since it is symmetrical
with respect to the center of the configuration. For models 11, IV, V and VI one can
achieve an asymmetry by imposing that A be asymmetrical. Regardless, this section shall
only address the mechanism for model I'V', since it has been confirmed in previous chapters

to correspond to the most physically significant one.

To realize the mechanism for model IV, a new dark scalar field must be introduced

to the formalism, this is to achieve the localization of spinors not only in the direction of

13 A brief caveat is needed here: It is important that while QF is a “localized” function, QF~! must

diverge at infinity, which guarantees that the internal components of the six-dimensional spinors, i.e.
R, and L_, are not-localized.
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y, but also of ¢. To this end, one specifies the action for spinors as

Vo — igraWe, + %g'BM + | LO

Ssu(2),xt; Z/d%\/—g {L(G)FM

+&9TM |V +ig'Bas + Car + b

9 — my [L(G)H e 1+ HTL(6)] },
(5.71)

where the scalar field ¢ = ¢(¢) has been included to guarantee that the zero modes of
spinors are localized, all other fields will be equivalent to the ones previously introduced
in Subsec. 5.1.2. The zero modes of the leptons are similar to the ones at Subsec. 5.1.2,

but the inclusion of the scalar leads to

Dyon (") Yeon (2)
O 127] B R T 0 (6) _ SAN~ 7+ 0
Lo =19 (o (o0 =€2 > Ly e =e? S LY, . (5.72)
€40 K 0 k 0
0 0
and
0
6) 54 _ 0
e_O =€ 2 ZRO]C 5 (573)
& 0
ok (%)
where
L = Cre™#e¢e ™ F2 and Ry, = Dye*e%e 3. (5.74)

Relevant to the leptons masses is the normalization of the lepton wave functions, which

are given by
/dy2 eA’Bf(;Lark :/ dgoeﬁei(k’l)“”e’%’/ dy e(HI:)pyF, (5.75)

the right-handed wave function also follows the same integration. The simplest way for

integral (5.75) to be finite is when ¢ coincides with A/2, therefore implying in
/dy2 A BLy L, = 5lk/ dye" 7" F, (5.76)
which is finite within this formalism. Essentially the scalar field for model IV satisfies

e 2 = cos (n;o) : (5.77)
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To finally find the masses one must now look into the Higgs field. To achieve the

correct masses one must impose the action for the Higgs as
i T
Su = [ da*v=g KVM — igr Wi, — ~gBy + 2¢,M> H]
x (VM —igr Wil — SgBY + 2¢,M> H
— M pHTH + V(H)}, (5.78)

where the Higgs also couples to the scalar field ¢. The zero modes of the Higgs with the

inclusion of the scalar field ¢ are simply

H=ce ™ H (z") = ccos <712gp) H (z"). (5.79)

Finally, the mass matrix of the leptons is given by the equation
_ ne\ r—r—
g /dy2 e~ cos (2) L& RS
Kl = 5 5
V2 \// dy? A B ‘La—k“ \// dy? A8 ]Ro*k]
w ney (ke 0 _ i (+k)py

_umOQT\/X/_WdSD cos? <2>e(k l)“"/oodye A+ F
“Vaan V3

2Am \//Oo dyekrpyF\//OO dyelpTyF

The mass matrix (5.80) is not always diagonal, and therefore does not in general lead to

, (5.80)

the charged lepton mass spectrum. In fact, as long as n > 2, n € N*, the mass matrix is
diagonal and leads to the same conclusions derived in Sec. 5.1. Thus the asymmetrical

mechanism, as described in Sec. 5.1, can be trivially extended to model IV if n > 2.

One could attempt to further extend the mechanism for model IV to include n =1
or n = 2 by changing the coupling constant of the Higgs with the scalar field ¢ from 2 to
some real a. But, it is straightforward to conclude that the mass matrix is diagonal if and
only if n > 2 and « is some even natural positive number, which excludes model IV when

n =1 or n = 2 independently on the choice of a.

A similar procedure could be employed for models /71 and V', but one would have
to fine tune the choice of «, i.e. the coupling between the Higgs and the scalar field ¢,
to achieve a diagonal mass matrix for the charged leptons. Aside from this fine tuning

problem, the asymmetrical mechanism can be straightforwardly achieved for these models.
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6 Conclusion

Some old and novel solutions of braneworld models in (5 + 1)-dimensions were
classified and explored. Such braneworld models were thus employed in a mechanism for
explaining the masses of the charged leptons. In the following, a specialized summary and

discussion of the main results is presented.

6.1 On the Six-dimensional Braneworld Models

As a preliminary proposal, braneworlds generated by two scalar fields were obtained
as solutions depending solely on a single coordinate of the co-dimensions, therefore constitut-
ing an intersection of two thick branes, where the adopted procedure involved constraining
the metric components to be separable functions of the co-dimensions. Braneworlds on
top of two different geometries of S?, the sphere and spheroid, were also constructed, and
trivial and non-trivial extensions of the well known (44 1)-dimensional brane-world models
were identified. All the results implied into six different models, where two of them were
strictly defined (models I and I7) up to some constant p, and the other four (models /71,
IV, V and V1) have maintained some degree freedom not specified by the field equations.

In the first subset, models I and I constituted strictly defined models, determined
from a flat brane where the separation constant p was set different from 1 (or 0) so as
to strictly determine all the involved quantities from the Einstein field equations. The
intrinsic difference between such models emerges from the choice of a constant parameter
¢y for real ¢, one finds model I, and imaginary ¢, one finds model 1. For model I one
identifies a metric with a non-RS-like warp factor, but still noticing that the effective finite
volume of the bulk allows for localizing fields in the brane. The biggest complication of
model [ is its requirement of an infinite amount of energy to achieve the localized gravity
configuration, which induces one to regard it as unphysical. Model /1 is significantly more
interesting in the sense that where several singularities may be identified, its total defect
formation energy is finite. Nevertheless, due to the singularities in the stress energy tensor,

one may regard model /1 also as an unphysical configuration.

In the second subset, models 11, IV, V and VI consisted in braneworld configu-
rations with some degree of freedom not strictly specified by Einstein field equations. They
were constructed by assuming that the auxiliary constant is set p = 0 such that one is able
to obtaining solutions for the whole range of possible values of the cosmological constant A
(=0,> 0or <0). All the solutions contain extensions of some well-known five-dimensional
braneworlds when the separation constant introduced for solving the coupled Einstein

equations is set as C' = 0, being it either a trivial or non-trivial extension. More relevantly,
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some solutions for the sphere and spheroid geometries, where model IV seems to be of

particular interest to physics, have been scrutinized.

In particular, model 111 was constructed upon a flat brane model with two scalar
fields, for which the solution implies into some singularities where the warp factor exhibits
cusped profile. Overall, the fields that constitute model 711 have similar behavior to the
ones in model /7. The above-mentioned model IV seems to be the most relevant solution
here depicted. This model consists in a de Sitter brane with a single scalar field with a
consistently and smoothly well behaved warp factor. No cusps are found in the warp factor
and the so ingrained singularities in the stress energy tensor, which emerge with other
models, are avoided. Regardless, after evaluating the Kretschmann scalar, for model IV,
curvature singularities are still encountered. Model IV also eventually discards the role of
the scalar field ¢, since one could assume any generic form for the stress energy tensor as
long as T%,(u), T*,(u) = 6#T",(u) and T, = 0. Thus model IV may be found into other
applications other than those for thick branes generated by scalar fields. For completeness,
considering the whole spectrum of possible values for the cosmological-like constant A,
model V' was considered upon an anti-de Sitter brane with two scalar fields, where the
separation constant has been set as C' = 0. It resulted into model V' possessing similar
features to model 71, which essentially exhibits the same singularities and cusps of the

latter.

It is also worth to mention that, for models I71, IV, V and VI, from the second
subset, the Einstein equations do not define all fields. The scalar field ¢, the warp
factor A and the potential V of are not strictly defined from field equations and one
thus still has some freedom in choosing such quantities. This opened the possibility for
considering predetermined geometries for the internal space. By choosing A and f with
predetermined geometry, one is able to achieve two setups that allow for the integration
of the corresponding metric Eq. (2.85). From such choices of A and f, one is able to
accomplish a solution over the sphere and spheroid for models /71 and I'V. For the sphere
models, two solutions for model IV and nine solutions for model 111 were achieved, one
for each possible value of a discrete degree of freedom n. In particular, for model IV, for
n = 1, one has found a solution for which the stress energy tensor is smoothly well-behaved,
even if the scalar ¢ exhibit some singularities. On the other hand, the n = 2 model depicts
a dS" space, since there are no scalar fields, only the vacuum. Likewise, the spheroid seems
to enjoy the most interesting features of the S? models. Constructed for model IV, with
n = 2, one is able to achieve several interesting configurations for the warp factor and
the scalar field, which guarantees the localization of gravity. Also, the spheroid solution
pointed to a new solution for (4 + 1)-dimensional models, represented by metric (2.146),

where the actual localization parameter are given in terms of an arbitrary constant, x.

The gravitational fluctuations and phenomenological implications of intersecting-



6.1. On the Siz-dimensional Braneworld Models 129

like braneworlds have also been explored. For the so-called models I, I, II] and VI, zero
modes have been computed, for model IV, the entire spectrum of graviton modes were
analytically identified, and for model V', only some could be computed. In addition, the

implications of spherical internal spaces have been investigated for models 11 and I'V'.

Generically, in contrast to ordinary five-dimensional models, six-dimensional models
rely on a more intricate quantum mechanical two-dimensional analogue problem, where
the assessment of the localization of gravity is driven by the curved space co-dimensional
variables, (B2, &), rendering a Schrédinger-like equation for each co-dimension, from which

localization modes have been identified.

Despite the reiterated physical appealing limitations of models I and IT (cf. Ref. [1]),
the profile of the gravitational constant GGy has been obtained, at least, as a pedagogical
exercise. Results from models I and I attest that the gravitational strength may be as
small as one wishes by setting the parameter p close to 2 or 4, instead of reflecting some

usual brane “radius” (parameters ¢, and ¢,) tuning effect. -

More problematically, model 711 implied into a Schrodinger-like equation whose
massive states are not straightforwardly determined, with the exception for a trivial
extension of five-dimensional models (C' = 0), for which massive states are similar to flat

compactified models.

The most physically appealing intersecting braneworld, model IV, revealed a
Schrodinger-like equation with a Posch-Teller potential, admitting a finite and discrete
number of gravitons, whose masses are bounded from above by an interplay between
the separation constant k and the cosmological constant! A. Any propagating mode was
summarily discarded after imposing unitary boundary conditions, thus rendering the
singularities at the boundaries of space harmless. It is also noteworthy that model IV
presents a mass gap between the zero and massive modes, all the while retaining a smooth
Ricci scalar but a singular Kretschmann scalar. This is in contrast to five-dimensional
models, where mass gaps and a singular Ricci scalar are directly connected [87]. Thus we
conjectured that the existence of a mass gap in higher-dimensional braneworlds, other
than five, may be connected to naked singularities of other scalar invariants besides the

Ricei scalar.

The unique model constructed out of an anti-de Sitter brane, model V', has alluded
to a Schrodinger-like equation with a trigonometric Posch-Teller potential and a discrete
set of gravitational modes. Unfortunately, model V' presents a tachyonic graviton mode,

which points to an instability of the configuration.

Finally, concerning some technicalities pointed out in Sec. 2.4.6, through models

111 and IV, one could also construct braneworld models whose internal space are spheres.

L For instance, if k is non-positive one can find at most two massive gravitons.
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The spherical models constructed out of model 171, but with C' = 0, rely on a trivial
extension of five-dimensional braneworlds. Remarkably, such trivial extensions imply into
a gravitational interaction that behaves like a five-dimensional ADD model, while the
gravitational constant behaves like a six-dimensional one. On the other hand, sphere
models constructed out of model I'V implied in two normalizable modes and the usual
Newtonian interaction, with the gravitational constant being determined by a combination

of the cosmological constant (A) and the radius of S* (r).

The localization of matter fields have also been investigated. Scalar fields generally
follow the same quantum mechanical problem as the gravitational one, and every conclusion
for gravity could be extended to them. Gauge fields are more complicated, their zero
modes localization follow straightforwardly from the equations of motion, but the massive
modes required some extraordinary assumptions. Concerning strictly model IV the full
spectrum of massive gauge modes was determined, with a unique mode being localized,

the zero mode.

Differing from gauge and scalar fields, fermionic matter required a more intricate
analysis. Contrasting to the results of other matter fields, Weyl spinors can not be localized
for the intersecting-like branes. Thus the localization of spinorial fields supported by a
gauge field was investigated. In the trivial-like case, the localization becomes independent
from warp factor, being solely determined from the gauge. In particular, fixing the co-
dimensional components of the gauge field to be B, = 0 and By = btanh (y), transformed
the Schrodinger-like into a Morse-Rosen equation, and its entire spectrum of modes was

evaluated.

At last, for what concerns model IV, a new Schrédinger-like equation, that is dual
to a trigonometric Morse-Rosen equation, was introduced after a special choice for the
gauge field. The eigenvalues are exactly the same as a Posch-Teller system, for which the
deepness of the potential well is controlled by the gauge field strength, but the eigenstates
differ considerably. It is shown that there are finitely many, but degenerate, localized

states, being the continuous modes separated from the bound states by a mass gap.

6.2 On the Lepton Masses

From a classical perspective, fermions are localized at the vicinity of an asymmetric
conformally flat brane by the inclusion of a non-trivial bulk profile for the hypercharge
gauge boson and a dark scalar field; and the proper mass fractions are a consequence of
canonical normalization and the overlap between the fermionic wave functions with the
asymmetric warp factor. A mechanism for explaining the spectrum of the charged lepton
masses was therefore build for both a U(1) and SU(2), x U(1) models, and upon two

parameters: the gauge field strength, a, and the ratio between the co-dimensional sizes,
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p/r

In particular, from a model represented by metric Eq. (5.40), which was proposed
for the sole reason of achieving analytical expressions, the proper fractions between the
electron, muon and tauon masses were obtained, solely requiring that a — 2p/r be tiny.
Even when a is of the order of unity, the correct fractions for the masses can be realized
when the warp factor presents a large asymmetry, which for Eq. (5.40) is achievable when

1 — o/l is tiny.

Furthermore, other asymmetric warp factors, in principle, also have the necessary
structure to realize the needed mass spectrum, but an adjustment of the parameter values
would be necessary. Even if surprising simple integrals have emerged when one assumed
the metric as Eq. (5.40), other setups may not be so treatable as for finding analytical
values for the masses. These results can also be trivially extended to other elements of the

proposed classification, i.e. for string and intersecting-like braneworlds.

In this matter, relevant for next investigations, the same mechanism could also be
employed for describing neutrino and quark mass hierarchy problems, since their diagonal
masses should satisfy a similar spectra. Of course, specific features related to neutrino
and quark interactions, and their implications for the mass generation mechanism, turn
the problem sufficiently more complex for such a preliminary analysis. In particular, the
neutrino mass matrix can be straightforwardly determined, but evaluating the individual

neutrino masses and their mixing angles is an intricate problem.
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APPENDIX A - Details of models I and I/

From solutions (2.66) and (2.67), one is able to write the metric in the form

g :\/cosh [QCU (u + uo)] cosh [2cv (U + vo)] Nudatdz”

cosh” {201, (U + vo)}
+

cosh?~! [20“ (u N uo)} (du2 + dy2) (A1)

from which it is indeed not so clear whether gravity is localized in the brane. One should
notice that if Re(c,) # 0, since p > 1/2, there would be no way of “localizing” fields in the
“direction of v”, since both conformal factors which multiply 7,,dz* ® dz” and dv ® dv
“increase with v”. Thus one is constrained to assume Re(c,) = 0 to achieve an acceptable
physical solutions, which means that the v coordinate can be compactified into a circle St,
or in some other words, v = r¢, where r is the radius of S! and ¢ € S!. Since the metric

must be continuous in S', the e24 factor must be continuous in S', i.e.

lcos (2 |cy| 7 2)] = |cos(0)| = 1 = ey = 43 neN,
r
Likewise, one still needs to verify the localization along the “direction of u”, which can be

achieved in two different ways.

For instance, when I'm(c,) = 0, if one sets p large enough (i.e. at least p > 3), the
effective volume associated with B? becomes finite. Even though the warp factor does not
have a RS-like profile, because the volume of B? is finite, one can still possibly “localize”
gravity and other fields. Otherwise, when Re(c,) = 0, in a similar fashion to the content
discussed for coordinate v, the space coordinate u can be compactified as a circle S'. In
this case, one must impose 1/2 < p < 3, otherwise the effective volume is not finite (this
is clearer when observing the metric from (A.1) for p < 3). Therefore, it is imperative to
choose either I'm(c,) = 0 for models with p > 3 or Re(c,) = 0 for models with p < 3 in

order to obtain consistent solutions with localized gravity.

Even if one is able to localize fields in the brane, the configuration may still not
be physical. If the total energy associated with the configuration is infinite, then one can
argue that the solutions are not physical ones. Therefore, to realize the total energy of the

system one thus writes the stress energy tensor as

cosh? (2c,u)

p—1
joos (%)

TMV = N

(0u) | (Cp)
l S+ 25+ Y| (A.2)
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As claimed above, the energy density which is computed from /—gT),, must be finite,

otherwise the total energy in this configuration will not be finite. One thus has

Tuwv—g= () oS (?)

2
from which it can be noticed that, if Im(c,) = 0, since ¢ = ((v), the integration of

3/2

L cosh®? (2c,u) (A.3)

2

M | (D,0)° + + 2V]

Eq. (A.3) throughout space will necessarily be infinite. Therefore one may claim that the
Im(c,) = 0 configurations requires an unphysical infinite amount of energy to be realized.
Following a similar analysis, from Eq. (A.3), no conclusive assertion about the choice of
Re(c,) = 0 instead of Im(c,) = 0 can be performed. However, as a matter of completeness,

the calculations will be carried out for both configurations.

A.1 Model |

Model I is resumed by expressions (2.69), (2.70), (2.71) and (2.72) and the de-

pendence on ¢ for the warp and conformal factors are depicted in Figs. 31a and 31b.

—24

Figure 31 — (a) Warp factor e~ ** of model I as a function of ¢, for n = 1 (solid black
line), n = 2 (dashed black line), n = 3 (solid red line) and n = 4 (dashed
red line). (b) Conformal factor e 25" of model I as a function of ¢, for p = 3
(black), p = 4 (red) and p = 5 (blue), the solid and dashed lines correspond to
n =1 and n = 2, respectively.

In particular, for by = by = —1, one has ¢, = |¢,| = n/4r. In this case, since ay > 0
one realizes that p > 5/2, which is a tautology since p > 3. For this choice, one finds the

scalar fields and potential in the following form,
V=0, (A.4)
¢' = £v/2p — 5 M? arcsin [tanh (Z:fﬂ : (A.5)
C[ =+V3+2p M? arctanh [sin <n2gp)] . (A.6)
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The scalar fields are depicted in Fig. 32. The structure of the scalar field ¢/, as given by
(A.6), shall recurrently appear as a driver for (5 + 1)-dimensional thick brane-worlds. As
it shall be noticed in the following models, the scalar field dependence on the angular-like

variables in much sense reproduce the behavior depicted in Fig. 32. Interestingly, the scalar

field ¢! is zero when p = 5/2, implying into a singular configuration with a single scalar

field ¢, with VI = 0.

Figure 32 — The scalar fields of model I: (a) ¢*! = ¢!/\2p—5M?%* (b) ¢ =
¢! /\/3+2p M?. The plots are for n = 1 (solid black line), n = 2 (dashed
black line), n = 3 (solid red line) and n = 4 (dashed red line).

Finally, the stress energy tensor for model [ is simply written as

o Mt (5 — 2p)sech? (54) — (2p + 3) sec? (%)

s \/sechp (%) ’cos (%)‘p_l

where its several singularities are consistent with the numerous cusps exhibited by the

(A7)

warp factor. Also, an infinite amount of energy is necessary to achieve such configuration,

as one can check after integrating the previous expression throughout space coordinates.

A.2 Model Il

Model IT can be summarized by expressions (2.76), (2.77), (2.78) and (2.79). The
soft shortcoming of model 17 is concerned with not being possible to rewrite V as function
of ¢ and (, since the expressions for (2.78) and (2.79) are not invertible. It would be
advisable since one had started with the assumption that ¥V = V(¢, (). The shape of the
scalar fields, ¢ and (, and of the potential V' are presented in Figs. 33 and 34, respectively.
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|

N

|
[SRE]
o -
N
N

Figure 33 — Scalar fields of model IT for p = 1/2 (black) and p = 2 (red): (a) ¢* = ¢!1 /M?
as a function of 6; (b) ¢*/f = ¢! /M? as a function of ¢. The plots are for
n =1 =1 (solid lines), n = 2, [ = 1 (dashed lines) and n = [ = 2 (dotted
lines).

Figure 34 — Potential V7 of model IT as a function of (6, ¢), for p = 1/2 (a) and p = 2

(b).

Analogously, the stress energy tensor is expressed by

el (3)]

‘cos ( 5 ) ‘p_l 12 n2

2

T;{If == 2M4n,u1/

+CL< |:1 — bc tan2 (%)} +

which exhibits several singularities, depending on the values for n and [. In fact, for n =1

and [ = 1 it has 2 singularities, one at ¢ = 7 (or —) and another one at § = 7 (or —).
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These singularities explains the number of cusps in the warp factor. In order to realize
physically consistent solutions, the required energy to achieve their internal structure must

be finite. From the perspective of the bulk, such a required energy is given by
m_ 7 6
Bl — /E6 T/ —gd%

os[1 = ot (9] g [t e ()] [T (24 2)

“Lt- see ()] e ()]

with last integral converging for several values of n, [ and p*. Therefore, even though model
11 exhibits several singularities as depicted by the stress energy tensor, the total energy
necessary to accomplish model 7 is finite. This is an evinced advantage with respect
to the model I. The form of the energy density for model I (T /ﬁ \/? ) is depicted in
Fig. 35. Although model I7 has finite total energy, one may still argue against its physical
significance, due to its recurrent singularities, a shortcoming that must be considered in

the following model issues.

Figure 35 — Energy density —7,//=g of model I as a function of (6, ¢), for p = 1/2 (a)
and p =2 (b).

1 For instance, when n = [ =1 and p = 1/2, it integrates to
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APPENDIX B - On the Smoothness of

Hypergeometric Functions

Assume a general wave function of the form

X = cos! (y) 2 [a, B y; cos? ()] (B.1)

its first derivative is simply

Xy = —lcos"™" (y)sin (y) o Fy [aaﬁ§7; cos” (y)} — 2sin (y) cos'™ (y) 2FY {a, B ; cos” (yﬂ '

(B.2)
The derivatives of hypergeometric functions follow the rule
F ,
oF [a, 8575 2] = i 1[d267 ]:f2F1[04+17B+1;'7+1§Z]' (B.3)

Substituting into x , one finds
Xy =cos ™ )sin () { — LoFi [o, B 7:cos® (y)]
— 2cos? (y) Of o Fy {oz + 1,8+ 1;9 + 1; cos® (y)} } (B.4)

Let the parameters «, 3 and v satisfy y—a—8 = 1/2, then o F} [a + 1, B + 1;v + 1; cos? (y)]
will not converge at cos? (y) = 1. To analyze this divergence further one uses the following

property of hypergeometric functions [86]:
NIy —a—p5)

zFl(oz,ﬁ;%z):F(7 T = 5)2F1( Biat B+ 11— 2)
P(NT(a+5—7) o | |
T'(a)D(6) (1—2) 52F1(7—a,7—ﬁ’7_a_5_|_1’1_Z>’ (B.5)

thus the first derivative satisfy

Xy == Leos'™ (y)sin (y) s F [a, B; 7; cos” (y)]

—2cos™ (y) sin af Ly + DI(=1/2) o+ 1; :sin?
2eos'*! (4)sin V)~ —o)T 0y = Sy2F [+ 16+ 1,3/2:50° (y)

of T(y+1)I(1/2)

— 2e08"™ (y)sign sin ()] =~ 5o, Ty gs ¢ 2 [V — v = B;1/2;sin” ()]
(B.6)
and at the vicinity of y = 0 it behaves like
L aB T(y+DI(1/2)
Ko, = ~2snin ) R SR T (B.7)

leading to a discontinuity unless « or 8 is a non-positive integer —7j, 7 € N.
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