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ABSTRACT

Fitting the background-subtracted spectral data of SN 1991T indicates that the gamma

rays emitted by the 56Fe nuclei are shifted to lower energies at the 3.2σ statistical level.

The average energy shift of both the first and second excited states is found to be δE/E =

0.023±0.007 where the uncertainty is given at one standard deviation. Assuming this energy

shift is constant as the universe evolves over time implies that δĖ/E = (5.2±1.7)×10−10 yr−1.

It is assumed that this energy shift is caused by a dynamical pseudoscalar field Q that acts

as dark energy with a coupling to the nucleons of atoms. This interaction would cause an

apparent variation in the mass of the pion, thereby shifting the gamma ray energies. To

relate the energy deviation to the pion mass and Q, the excited 56Fe nucleus is modeled as a

deformed rigid rotor and vibrating liquid drop. The implied pion mass variation, indicated by

the observed energy deviations, is found to be δṁπ/mπ = −(2.2±0.7)×10−10 yr−1, modeling

the nucleus as a deformed rigid rotor, and δṁπ/mπ = −(2.5 ± 0.8) × 10−10 yr−1, modeling

the nucleus as a vibrating liquid drop. It can also be used to determine the value of Q̇, which

corresponds to the term of the dark energy field that changes as the universe evolves. This

quantity will depend on the free parameters α and p, which are the decay constant coefficient

of the field and the power of the quintessence tracking potential, respectively. The maximum

value of Q̇ will result for α = 0.1 and p = 1. These values are Q̇ = (1.07±0.35)×108 GeV/yr

for the nucleus as a rigid rotor and Q̇ = (1.22 ± 0.39) × 108 GeV/yr for the nucleus as a

vibrating liquid drop. The measured values of the dark energy equation of state parameter

determined by DESI observations of the BAO and complemented by Planck observations of

the CMB and SNe indicate that there exists an allowed α–p parameter space. This implies

that the fractional kinetic energy densities determined by Q̇ are consistent with cosmological

observations under the assumptions that are used throughout this work. Here upper limits

are also presented to take into account the possibility that the observed energy deviations

are caused by an unknown systematic error.
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1. OVERVIEW

A novel framework is developed to relate the energy deviations of astrophysical gamma rays

produced in nuclear processes to a quintessence-like field Q through its contribution to the

pion mass. The gamma rays used for this purpose are those emitted by SN 1991T [  1 ], a

peculiar Type Ia supernova that contains iron-56 (56Fe) in an excited state that is produced

by the decay of cobalt-56 (56Co), which is long lived (77-days) relative to its parent nucleus

nickel-56 (56Ni, 6 days) [  2 ]. 56Fe produced in this way is always produced in an excited

state [ 3 ]. This nucleus will emit gamma rays to deexcite to its ground state and produce a

spectrum that is dominated by gamma rays with energies 847 keV and 1238 keV [ 4 ]. Figure

 1.1 shows the best fit of the background-subtracted gamma ray data taken by COMPTEL

[ 5 ].

400
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Figure 1.1. Best fit (χ2/DoF ≈ 1.42) of SN1991T gamma ray data. The
first peak corresponds to the transition of 56Fe from the first excited 2+ state
to the 0+ ground state. The second peak corresponds to the transition from
the second excited 4+ state to the first excited 2+ state.

15



This fit, which was produced using Igor Pro 9 [ 6 ], indicates the average energy shift of

the detected gamma rays from the first and second excited states of 56Fe in SN 1991T is

δE

E
= 0.023 ± 0.007, (1.1)

when compared with gamma rays produced by the same process in terrestrial experiments.

The plus-minus value is the uncertainty at one standard deviation. The above value takes

into account the redshift of the host galaxy NGC4527 caused by its velocity relative to the

Milky Way (z = 0.005791) [ 7 ]. It is assumed that the rate of change of the energy is constant

over time, and since SN 1991T is 13.5 megaparsecs away (44.0 million lightyears), this implies

δĖ

E
= (5.2 ± 1.7) × 10−10 yr−1. (1.2)

While this energy discrepancy may be caused by other physics processes, in this thesis

it is assumed that it results from the coupling of a new light pseudoscalar degree of freedom

(Q) to the hadronic sector [  8 ]. The existence of cosmological pseudoscalar fields is suggested

by the anomalous measurement of cosmic birefringence [ 9 ]. In principle, any pseudoscalar

degree of freedom will contribute to the QCD vacuum angle θ [ 10 ]. This, in turn, will

introduce a contribution of Q to the pion mass through [  11 ]

m2
π

= 2B0

f 2
π

[m2
u + m2

d + 2mumd cos θ]1/2, (1.3)

where B0 is a constant determined by the ratio of meson masses and has value 7.6×106 MeV3,

mu and md are the masses of the up and down quarks taken to be 4 MeV and 7 MeV,

respectively, and fπ is the pion decay constant, which has value 92.4 MeV. If this axion-like

particle (ALP) field changes as the universe evolves, so then too will the mass of the pion as

[ 12 ]
δṁπ

mπ

≈ −0.05dθ2

dt
. (1.4)

Because the exchange of pion(s) characterizes an important contribution to the interaction

of protons and neutrons in the nucleus via the strong force, there will be apparent variations

16



in the nuclear mass, radius, and magnetic moment as the universe evolves [ 8 ]. The variation

of the nuclear radius due to the change in the pion and nucleon mass, parameterized by the

pion mass variation, is given by [  12 ]

δr0

r0
= 1.2δmπ

mπ

, (1.5)

where r0 is a constant that is used to determine the nuclear radius through R0 = r0A
1/3 and

has value 1.2 femtometers.

Two models can be used to determine the dependence of the nuclear transition energies

of the 56Fe excited states on the nuclear radius. These are the nucleus as a deformed classical

rigid rotor and as a charged liquid drop undergoing surface vibrations. It is found that

δĖrig

Erig
= −2δṙ0

r0
, (1.6)

δĖphon

Ephon

= −(1 − 3ξ/2)
(1 − ξ)

δṙ0

r0
. (1.7)

Both of these equations imply that the resulting pion mass variation is

(
δṁπ

mπ

)
rig

= −(2.2 ± 0.7) × 10−10 yr−1,

(
δṁπ

mπ

)
phon

= −(2.5 ± 0.8) × 10−10 yr−1, (1.8)

where the uncertainty is given at one standard deviation. This limit is eight orders of

magnitude larger than the best limit produced by studies of the Oklo natural nuclear reactor

[ 13 ]. However, there exist several differences between this work and the analyses of Oklo that

make this work complementary to Oklo, rather than superseded by it. The studies of Oklo

are conducted using single particle models and the observed disappearance of Samarium-149

for the goal of generating a limit on quark mass variations [ 13 ]. Separate subsequent analyses

use these results to indicate the dark matter energy density (see [  12 ]). This analysis uses

astrophysical gamma rays produced by the deexcitation of the 56Fe nucleus and compare them

to the gamma rays produced in the same process here on earth. Any observed deviation is

quantified using collective nuclear models for the purpose of determining the configuration of

a quintessence-like field acting as dark energy, specifically through its kinetic energy density.
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The use of an extragalactic gamma ray source (SN 1991T), provides a future opportunity to

study differences in the local matter and energy distributions of the Milky Way and NGC

4527 and/or the interactions of the photons as they travel to earth-bound detectors.

If the the decay constant of the ALP field is chosen to be fQ = αMpl/
√

8π where α ≈

O(0.1) and Mpl =
√
~c/G is the unreduced Planck mass and is 1.22 × 1019 GeV, Q can

potentially play the part of a dynamical dark energy field with the characteristics required

by observation (e.g. slow-roll) [  14 ]–[ 16 ]. Assuming that the entire value of the QCD vacuum

is determined by Q allows one to write

θ = Q

fQ

, (1.9)

and produce upper limits on parameters associated with the field from the aforementioned

energy deviations. Further assuming that dark energy is approximately a cosmological con-

stant at the current epoch permits the expansion

Q ≈ QΛ + Q̇(t0)∆t, (1.10)

where QΛ is the constant part of the field that mimics a cosmological constant, Q̇(t0) is

the value of the time-varying part of the field at initial time t0, and ∆t is the interval

between the initial time t0 and the current time t. Finally, values for the upper limits on the

time-dependent part of the field Q̇ are found using the equations

Q̇rig = (αMpl/
√

8π)2

0.24QΛ∆t

δE

E
, (1.11)

Q̇phon = (αMpl/
√

8π)2

0.12QΛ∆t

1 − ξ

1 − 3ξ/2
δE

E
, (1.12)

where α is the decay constant coefficient and ξ is defined to be

ξ ≡ 3
10

Z2e2

εA1/3
1
r0

, (1.13)
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and has value approximately 2.94 for the 56Fe nucleus. In the above equation, Z is the

atomic number, e is the fundamental charge, ε is the surface energy of the liquid drop, and

A is the atomic mass number [ 17 ]. The values of Q̇ can be used to find observable quantities

such as the fractional kinetic energy density

ΩKE ≡ 1
2ρcrit

Q̇2, (1.14)

and the dark energy equation of state parameter

wQ ≡ PQ

ρQ

= ΩKE − ΩV

ΩKE + ΩV

, (1.15)

where ΩV is the fractional energy density of the field’s potential. The determination of the

above quantity is the subject of intense experimental and theoretical efforts. The allowed pa-

rameter spaces for α and p (the power of the quintessence potential) based on measurements

of wQ for both nuclear models are provided in Figures  1.2 and  1.3 .
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Figure 1.2. Allowed parameter spaces of α and p for the rigid rotor model.
The top plot uses the allowed values of dark energy equation of state parameter
as indicated by DESI only. The bottom plot uses the allowed values of dark
energy equation of state parameter as indicated by DESI measurements of the
BAO and Planck measurements of the Cosmic Microwave Background and
Supernovae. The color indicates the fractional kinetic energy density given in
Equation (  1.14 ) and is only allowed to be as high as approximately 6.8%.
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Figure 1.3. Allowed parameter spaces of α and p for the charged liquid drop
model. The top plot uses the allowed values of the dark energy equation of state
parameter as indicated by DESI only. The bottom plot uses the allowed values
of dark energy equation of state parameter as indicated by DESI measurements
of the BAO and Planck measurements of the Cosmic Microwave Background
and Supernovae. The color indicates the fractional kinetic energy density given
in Equation (  1.14 ) and is only allowed to be as high as approximately 6.8%
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2. INTRODUCTION

It has been a well established fact since the 1930s that the universe is expanding after

Edwin Hubble made the observation that the light reaching us from distant galaxies is

red-shifted [  18 ]. A more surprising discovery came in 1998 when observing the redshift of

Type Ia supernovae. Not only is the universe expanding, but the rate of this expansion is

increasing [ 19 ]. Later, this fact would be more firmly established by measurements of the

power fluctuations in the cosmic microwave background (CMB) [  20 ], the comparison of the

baryon acoustic oscillations (BAO) signal to theoretical predictions [  21 ], and the extent to

which light is bent from gravitational lensing [  22 ].

The origin of this acceleration is still a puzzle, but two main paradigms are used to

explain this accelerated expansion. The first is that the theory of Einstein, general relativity,

breaks down at large scales such as those of the universe. Within this paradigm, physicists

desire to find a modified theory of general relativity that correctly includes and explains this

long-range behavior of gravity. Some examples of these extensions are f(R) models [  23 ],

the modified Newtonian dynamics (MOND) theory [ 24 ], and the Dvali-Gabadadze (DGP)

model [  25 ]. The second paradigm posits that there is an unaccounted-for energy density,

referred to as dark energy, that drives the expansion of the universe [ 19 ]. This dark energy

is sourced from exotic matter not included in the standard model. The source and nature of

dark energy are not known, but cosmological observations require models of dark energy to

comprise about 70% of the energy density of the universe in the form of negative pressure

(which corresponds to an equation of state parameter wΛ = −1) [  19 ].

The first and simplest attempt to characterize dark energy was in the form of vacuum

energy and led to the reintroduction of the cosmological constant to Einstein’s equations,

which was first introduced to allow for a static universe [  19 ], [  26 ], [  27 ]. Lambda-Cold Dark

Matter (ΛCDM), sometimes referred to as the standard model of cosmology, is the accepted

model of dark energy and dark matter. Within this model, the vacuum exerts a constant

negative pressure (Λ) that drives the accelerated expansion of the universe [ 28 ] and dark

matter is non-relativistic, weakly interacting, pressure-less matter that holds galaxies to-

gether [ 29 ]. ΛCDM shows excellent agreement with observation and is considered the most
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successful cosmological model in physics. However, there are well-documented perplexities

and tensions that arise from the model (see [  30 ] for a review). This has prompted the view

within the physics community that ΛCDM needs to be extended to address the resulting

"curiosities".

Classically, the cosmological constant does not create any theoretical or observational

discrepancies; however, when considering quantum vacuum fluctuations, there is a major

discrepancy in the expected and measured vacuum energies [  26 ]. Additionally, using the

cosmological constant to model dark energy inevitably introduces issues of fine-tuning, coin-

cidence, and naturalness [  31 ], [  32 ]. To be specific, using the cosmological constant to model

the accelerated expansion of the universe results in a 120 order of magnitude discrepancy be-

tween the theoretical and observed vacuum energies caused by the inclusion of the quantum

fluctuations in the vacuum. This striking issue is commonly referred to as the cosmological

constant problem. There exist means to exactly cancel the additional vacuum contributions

to yield the observed energy density, but there is no comprehensive theoretical explana-

tion motivating this process. These cancellations, usually invoking some variation of the

anthropic principle [ 33 ], introduce fine-tuning concerns to the theoretical treatment of the

accelerating expansion of the universe [  26 ], [ 27 ]. Furthermore, it is observed that the energy

densities of dark energy and matter were comparable to each other in recent cosmic history.

The cosmological constant does not offer any theoretical explanation of why this would take

place or why these two quantities would be related [  34 ]. This is a major coincidence that

can possibly have a deeper physical explanation. As a final point, the theory associated with

a cosmological constant contains no explanation as to why it is so small compared to the

scales of particle physics [  35 ]. Having no satisfying theoretical explanation of the smallness

of the cosmological constant calls into question its naturalness.

Additionally, the use of the cosmological constant does not offer a resolution to the Hub-

ble tension, which refers to the significant 5σ-6σ disagreement that arises when comparing

different determinations of the Hubble rate today (H0) [  36 ]. The first method to determine

H0 is by taking measurements of CMB anisotropies using the Planck satellite and predicting

its value within the context of the ΛCDM model. These estimates (referred to as early-

time estimates), determined by Planck and ACT+WMAP data, consistently yield values of
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67.4±0.5 km s−1 Mpc−1 and 67.6±1.1 km s−1 Mpc−1, respectively [ 36 ]. The second method

to determine H0 is from local measurements of low-redshift probes such as supernovae [ 37 ].

These determinations (referred to as late-time estimates) fall in the range of 70–76 km s−1

Mpc−1 [ 36 ]. This disagreement has not been resolved by increases in the accuracy of cos-

mological measurements. The differences in these values suggest that the behavior of dark

energy is more complex than a constant energy density produced by vacuum, since the latter

cannot produce the observed discrepancy [  37 ], [  38 ].

To attempt to resolve the cosmological constant problem, coincidence problem, natu-

ralness problem, and also provide a possibility for relaxing the Hubble tension, dynamical

models of dark energy have been introduced. The simplest of these abstractions replaces

the cosmological constant by a dynamical scalar field with the stipulation that it behaves

similarly to a cosmological constant at the current epoch [ 39 ]–[ 41 ]. With this model, referred

to as quintessence, dark energy is able to change with the evolution of the universe, which

introduces a time-dependent equation of state [ 41 ]. Furthermore, depending on the form

of the potential of this field, tracking behavior can be exhibited by dark energy. Track-

ing behavior refers to when the energy density of the quintessence field is dependent upon

the evolution of radiation and matter energy densities [  42 ]. These tracking potentials allow

for a natural resolution to the cosmological constant problem and the coincidence problem

without introducing a fine-tuning of initial conditions [ 42 ], [  43 ].

Even more mysterious is the microphysical nature of dark energy. Large scale cosmo-

logical behaviors do not uniquely determine the nature of dark energy [  44 ]. Rather, hints

need to be taken across particle physics and astrophysics, in addition to cosmology, to start

with a well-informed guess of what dark energy could be and then test that hypothesis. For

example, across the aforementioned fields in physics, there is an indication that dark energy

exists as a pseudoscalar field of effective mass ≤ 10−33 eV [ 16 ], [  45 ]–[ 47 ]. This mass is char-

acteristic of a dark energy field. A mass greater than this value would comprise a fraction

of dark matter, which allows the two fields to be distinguished from each other [ 47 ]. This is

the specific form of dark energy that is phenomenologically studied in this thesis.

If dark energy were to exist as a dynamical pseudoscalar field, there would be a plethora

of implied phenomena based on the couplings that this field is assumed to have [  48 ]. In this
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study, it is assumed that the pseudoscalar dark energy field interacts with the nucleons of

atoms. One possible consequence of this is the apparent variation of the mass of pions which,

in turn, affects nuclear properties such as the nuclear mass, radius, and magnetic moment

[ 8 ]. If this is the case, the energies produced by nuclear processes will be affected.

Using this collection of considerations from astrophysics, nuclear physics, and particle

physics along with experimental methods, the time-varying part of a quintessence-like field

(Q̇) is quantified here. Therefore, this study produces a framework for determining the

nature and behavior of dark energy from its effects on nuclear processes. This framework

can be extended to new astrophysical and nuclear systems, so that the fundamental nature

and large-scale behavior of dark energy can be further probed. It also allows for the study

of other models of dark energy, such as K-essence, phantom dark energy, and quintom dark

energy (see [  26 ] and [  34 ] for general reviews) and their effects on the nucleus.

The dissertation is structured in the following way. Chapter 3 will introduce the necessary

background information, including a description of cosmic birefringence, which suggests the

existence of cosmic pseudoscalar fields, axions, which are a light pseudoscalars that find

their origin in quantum chromodynamics (QCD), the formalism and governing equations of

quintessence, and Type Ia supernovae, which is the astrophysical system of study chosen

for this work. Also included in this chapter is a collection of limits on the quark and pion

mass variations and an explanation of what separates this analysis from analyses of the

Oklo natural nuclear reactor from which the best limits are derived. Chapter 4 details the

theoretical ideas that serve as the basis for this work. The origin of the variation of the

fundamental constants as a study, which this work utilizes, is described. This is presented

with an emphasis on how the quark masses and pion mass would change when interacting

with a light pseudoscalar degree of freedom. Two nuclear models are then described, and

their theoretical uncertainties are determined. These models are used to derive the upper

limit for Q̇ and the values chosen for the free parameters are explained. Chapter 5 details SN

1991T, the supernova from which the gamma ray data was extracted, and COMPTEL, the

observing detector. The best fits of the background-subtracted data and a discussion of these

best fits are provided. The upper limits computed for Q̇ are presented along with allowed

parameter spaces as indicated by astrophysical and cosmological observations. Chapter 6
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discusses the difficulties encountered in this work along with possible improvements on the

analysis and avenues of future inquiry. The main results are summarized in Chapter 7.

For this work, natural units are utilized where ~ = c = 1. The Axion refers to the

hypothetical particle that arises from the strong CP problem of QCD. Axion-like particles

(ALPs) refer to any light pseudoscalar degree of freedom that will contribute to the QCD

vacuum angle. Axions refer both to the Axion and ALPS.
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3. PRELIMINARIES

Since the goal of this work is to relate a nuclear energy deviation to a pseudoscalar quintessence

field, all of the concepts have to be introduced and given a brief background. The first intro-

duced is the measurement of cosmic birefringence, which suggests the existence of a cosmic

pseudoscalar field. Next discussed is a compelling candidate of this pseudoscalar motivated

by string theory and particle physics. Canonical quintessence, where the cosmic field is a

scalar, is then described with a focus on what this model attempts to achieve, its advantages

over dark energy as a cosmological constant, how it generates universal accelerated expan-

sion, and the equations that govern the field’s dynamics. Type Ia supernovae will be the

system by which a limit is derived for the time-varying component of the quintessence field.

What these are and the processes by which they generate gamma ray spectra are discussed.

3.1 Cosmic Birefringence

Measurements of photons from the CMB suggest that the polarizations of these photons

are rotated as they propagate. This phenomenon is known as cosmic birefringence [ 49 ]. The

rotation angle is reported, in one case, to be 0.35 ± 0.14 degrees at one standard deviation

producing an unexpected 2.4σ result [ 9 ]. The non-rotation of the polarizations is excluded

with a 99.2% confidence level. Other measurements indicate a similar rotation angle with a

deviation exceeding 3σ in some cases [  47 ]. What is causing the cosmic birefringence of CMB

photon’s polarizations as they travel to orbiting detectors?

The possibility that the birefringence of CMB photons is caused by conventional standard

model physics, such as Thomson scattering, is considered [  50 ]. However, it is believed that

cosmic birefringence is much more likely to arise form beyond standard model physics. Some

possibilities that are explored in the literature are primordial magnetic fields [  51 ], Lorentz

invariance violation [  52 ], non-commutative gauge theories [ 53 ], and photon scattering with

cosmic neutrinos [  54 ]. However, the most prominent view is that the photons reaching
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detectors on or orbiting Earth from the CMB are propagating through a pseudoscalar field

with a Chern-Simons coupling of the form [ 38 ]

LCB = −1
4gCBQFµνF̃ µν , (3.1)

where Fµν is the electromagnetic tensor, F̃µν is its dual, gCB is a coupling constant, and

Q is the pseudoscalar field. This coupling introduces a difference in the dispersion relation

of left- and right-handed photons, making the pseudoscalar field a birefringent medium for

photons [  45 ], [ 55 ]. A well motivated scenario worth exploring is where the pseudoscalar field

that possibly produces cosmic birefringence is the Axion or ALP.

3.2 Axions

The Axion of quantum chromodynamics (QCD) is a hypothetical, light pseudoscalar

particle that find its origin in the strong charge-parity (CP) problem of QCD. The strong

CP problem can be summarized as the confusing fact that the strong interaction is not

observed to violate CP symmetry despite the existence of a CP violating term in the QCD

Lagrangian

Lθ = θ
g2

S

32π2 Gµν
a G̃aµν , (3.2)

where θ is the QCD vacuum angle, gs is the coupling of the strong force, Gµν
a is the gluon

field strength tensor of color a, and G̃aµν is its dual. Measurements of the neutron electric

dipole moment (EDM) show θ̄, which is related to the QCD vacuum angle (θ) by

θ = θ − Arg det(YuYd), (3.3)

where Yu and Yd are the Yukawa matrices for the up and down quarks, to be less than

10−11 [ 56 ]. Since there is no physical reason for the unnatural smallness of θ, axions were

introduced to make θ a dynamical variable with a preferred value of zero [ 57 ], [  58 ].

A common scenario explored in the literature is that the pseudoscalar field of the preced-

ing section is the Axion or an ALP [  14 ], [  46 ], [  59 ], [  60 ]. This is because of the pseudoscalar
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nature of the Axion and ALPs , how well motivated their existence is from considerations

of QCD [  61 ], [  62 ], and how ubiquitous light pseudoscalar degrees of freedom are in string

theories [  45 ]. The small mass that axions can obtain (at and below 10−33 GeV) [  10 ], in

addition to the axion mass range required for the signal of birefringence (see [  55 ]), suggests

that axions can potentially comprise all dark energy and a fraction of dark matter [ 45 ],

[ 56 ], [  63 ], [  64 ]. The case where an axion field is responsible for dark energy in the form of

a quintessence field has been studied using string theory and shown to posses a potential

varying slowly enough to be consistent with cosmological observations [  16 ].

3.3 Quintessence

The modeling of dark energy as a constant energy density from the vacuum (referred to

as the cosmological constant) does not address the coincidence problem or other theoretical

questions related to dark energy [ 33 ]–[ 35 ]. Furthermore, different methods of determining

the expansion rate of the universe yield values that disagree (the Hubble Tension [  36 ]) and

the observed and theoretical values of the cosmological constant disagree by 120 orders of

magnitude ( the cosmological constant problem [  33 ]). The simplest theoretical generalization

to the cosmological constant to address these shortcomings and tensions are quintessence

models. Quintessence is a model where the dynamics of a cosmic scalar field with a minimal

coupling to gravity is responsible for the accelerating expansion of our universe [  26 ], [  27 ],

[ 34 ]. In Quintessence, the total action with non-relativistic matter is

S =
∫

d4x
√

−g

[
1
2

M2
pl

8π
R − 1

2gµν∂µQ∂νQ − V (Q)
]

+ Sm, (3.4)

where Q is the quintessence field, Mpl =
√
~c/G is the unreduced Planck mass, g is the

determinant of the metric tensor gµν , R is the Ricci scalar, and Sm is the action associated

with matter [  35 ], [  41 ].

This action is considered in the standard flat Friedman-Lemâitre-Robertson-Walker (FLRW)

universe where the line element is ds2 = −dt2 +a2(t)dx2 and a(t) is the scale factor at cosmic
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time t. Within this context, varying the action with respect Q yields the equation for the

evolution of the quintessence field

Q̈ + 3HQ̇ + dV

dQ
= 0, (3.5)

where H ≡ ȧ/a [ 27 ], [  34 ], [  43 ]. All quantities with a dot are derivatives of that quantity with

respect to cosmic time.

By taking the variation of the action with respect to gµν (ignoring the matter contribu-

tion since it does not produce accelerated expansion), the energy-momentum tensor of the

quintessence field is derived which is [  26 ], [  34 ], [  43 ]

T (Q)
µν = − 2√

−g

δ(√−gLQ)
δgµν

= ∂µQ∂νQ − gµν

[1
2gαβ∂αQ∂βQ + V (Q)

]
. (3.6)

Using the energy-momentum tensor allows one to find the energy density and pressure of

the field as well as the equation of state parameter wQ [ 34 ]

ρQ = −T
0(Q)
0 = 1

2Q̇2 + V (Q), (3.7)

PQ = 1
3T

i(Q)
i = 1

2Q̇2 − V (Q), (3.8)

wQ ≡ PQ

ρQ

= Q̇2 − 2V (Q)
Q̇2 + 2V (Q)

. (3.9)

It can be surmised from the above expression that the value of wQ that corresponds to the

cosmological constant is −1 since Q̇ will be zero and only the potentials will remain in the

numerator and denominator. Even when studying quintessence models, it is necessary to

require that −1.0 ≤ wQ ≤ −0.972 at the current time in cosmic history due to the amount

of observational evidence that suggests this scenario [  65 ]–[ 69 ]. This implies that the "kinetic

energy" of the quintessence field (Q̇2/2) is much smaller than its potential V (Q). Evaluating

the Einstein equation in the flat FLRW background yields the standard Friedman equations

of [  26 ]

3
M2

pl

8π
H2 = ρQ = 1

2Q̇2 + V (Q), (3.10)
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−2
M2

pl

8π
Ḣ = ρQ + PQ = Q̇2. (3.11)

Imposing local energy conservation yields a continuity equation within quintessence-type

models [  26 ]

∂µξνT (Q)µν = ρ̇Q + 3H(ρQ + PQ) = 0, (3.12)

where ξν is the Killing vector indicating the symmetries of the FLRW spacetime.

The equation governing the accelerating expansion of the universe is obtained by taking

linear combinations of the two Friedman equations [ 26 ]. The result is

−
3M2

pl

4π

[
ä(t)
a(t)

]
= ρQ + 3PQ = 2

[
Q̇2 − V (Q)

]
. (3.13)

The above equations are the general dynamical equations of quintessence. At this point,

the common practice is to begin to build a specific quintessence-type model by choosing an

explicit form of potential V (Q). The choice of potential should allow for an accelerating

universal expansion, the main feature of quintessence, which is achieved by choosing V (Q)

to be flat and currently dominating over matter in our universe [  40 ]. In order to serve its

purpose, a quintessence model must have a mechanism that adequately motivates its recent

dominating contribution to the accelerating expansion (e.g. it must address the coincidence

problem of the cosmological constant) as well as an indication of a natural set of initial con-

ditions to prevent fine-tuning of the theory. This is accomplished with tracker quintessence

models [  70 ].

The original and simplest tracker potential derived by Ratra and Peebles is an inverse

power law that has the general form [  71 ]

V (Q) = M4+pQ−p, (3.14)

where M is a quantity that is fixed by the observed fractional energy density of dark energy

ΩΛ, which is 0.685 [ 27 ], [  72 ]. The main feature of a potential of this form is the quintessence

field tracks the evolution of the matter and radiation energy densities which, in turn, influ-

ences the evolution of the energy density of the quintessence field. In fact, it is found that
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the energy density of the quintessence field, with the potential in Equation (  3.14 ) decreases

less rapidly than the matter and radiation energy densities of the universe [  40 ]. This leads to

a point in cosmic history when the energy density of the quintessence field overtakes the en-

ergy density of matter and becomes the main contributor to accelerated universal expansion.

Another attractive feature of tracker models is that they are insensitive to initial conditions;

a wide range of initial conditions lead to the same cosmic evolution [  27 ], [  70 ].

Quintessence, in this way, is able to relax the cosmological constant problem as well as the

issues of fine-tuning, naturalness, and coincidence that come along with it. Also, it should

be noted that a quintessence field can act as dark energy, dark matter, or both depending

on the effective mass of the field [ 9 ], [  47 ], thereby possibly solving the mysteries of dark

energy and dark matter simultaneously. The Hubble tension is not sufficiently relaxed in

the case of canonical (scalar) quintessence; however, the general idea of quintessence, which

is the departure from the scenario of constant dark energy, can still potentially alleviate the

Hubble tension [  37 ].

Quintessence does relax the aforementioned issues, but it does not solve them outright.

Making the energy density of Q comparable to the matter energy density still requires fine-

tuning. Additionally, for the slow evolution of Q, it is required that

M4+p ≈ (8πG)−1−p/2H2
0 , (3.15)

which is determined by observation and not based on any theoretical first-principles [  27 ].

Any quintessence field will obey the general Taylor expansion

Q(t) = QΛ + Q̇(t0)(t − t0) + ... (3.16)

if Q̇(t0) is approximately constant for a sufficiently small time interval relative to the age

of the universe (13.7 billion years). In the above equation, QΛ is the lowest order term of

the field corresponding to the cosmological constant, Q̇(t0) is the derivative of the field with

respect to cosmic time evaluated at t0, t is the current time after the big bang, and t0 is an

earlier, recent time (cosmically speaking) after the big bang. Since the cosmological constant
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serves as a good approximation of dark energy, Q̇ varies slowly in time and can be seen as

approximately constant since the ratio of ∆t, which is the time it takes light to reach earth

from SN 1991T (44.0 × 106 years), to the age of the universe (13.7 × 109 years) behaves like

10−3.

The above expansion can be seen as the astrophysical version of a similar expansion

that is more applicable to nuclear and atomic experiments. The lab-based version of the

expansion, utilizing the energy-time uncertainty relation, is

Q(t) ≈ QΛ + Q̇(t0)
~

∆E
≈ QΛ + Q̇(t0)

∆ν
, (3.17)

where ∆ν is the frequency drift of a nuclear or atomic transition. The atomic transition

frequency drift has been determined experimentally for the Ytterbium ion (Yb+, Z = 70)

[ 73 ], [ 74 ] and others (see [  75 ]). These results have been used to place limits on the variation

of the quark and hadron masses [  13 ] and used to determine the dark matter energy density

[ 12 ]. The quark mass variation limits will be presented in a later section so that they may

be compared with the limits produced from the astrophysical approach that is developed in

this study.

The simple and generic Taylor series expansion given by Equation ( 3.16 ) suggests three

non-trivial facts: (i) Q̇ can be seen as a measure of how much dark energy deviates from

a cosmological constant, (ii) the larger the value of t − t0, the better the limits (in terms

of their smallness) that are placed on Q̇, (iii) any limits placed on Q̇ can help discriminate

among different quintessence models. In relation to point (ii), it is important to note that

the time interval cannot be large (∆t ∼ 109 years) to the point that Q̇ is no longer constant.

Point (iii) arises from the relation between the time derivative of the field and V (Q) using

Equation ( 3.5 ).

The smallness of Q̇ relative to V (Q) implied by the dark energy equation of state being

close to −1 simplifies the study of quintessence by allowing the assumption that the value is

constant, but also makes any effect associated with Q̇ difficult to detect for time scales small

relative to the age of the universe. In order to mitigate this consequence, it is beneficial to

consider the extreme environments of astrophysical events and cosmological systems. Asso-
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ciated with these systems are long distances, large time intervals, and high-energy regimes

that cannot be achieved in most experiments here on Earth. One example of these extreme

astrophysical events are the deaths of stars, specifically Type Ia supernovae, of which there

exist many that are well studied.

3.4 Type Ia Supernovae

A Type Ia supernova is a distinct death process of a star understood through the delayed

detonation model [  76 ]. This thermonuclear explosion occurs when a white dwarf, formed

when the original star has fused all hydrogen in its core and sheds its outer layer of gas,

accretes enough material from a companion star to reach the Chandrasekhar mass (see

Figure  3.1 ) [ 2 ]. Type Ia supernovae are distinguished from Type II supernovae by the lack of

hydrogen and helium in their spectra and the strong presence of silicon emission lines in the

spectra early after the initial explosion [  77 ]. Later, the spectrum is dominated by emission

lines of iron elements formed in the ejecta of the explosion (which is of particular interest to

this study) [ 2 ]. Due to the high luminosity and homogeneity of the light curves compared to

the other types of supernovae, Type Ia supernovae are used as standard candles to determine

astrophysical distances [  78 ]. The analysis of the redshift of light reaching earth from Type

Ia supernovae was the first indicator that the universe is expanding at an increasing rate,

which would later be further suggested by additional measurements and analyses [  19 ].

The explosion of the white dwarf, after accreting mass to the point where it exceeds

1.4 solar masses, creates an extremely energetic environment in which iron elements can

be formed by nuclear fusion in the exploded white dwarf’s ejecta [ 2 ], [  77 ]. In this way, a

population of nickel can be formed by nuclear fusion in the explosion and would decay into

iron via the radioactive process

56Ni →56 Co →56 Fe. (3.18)

The population of 56Ni produced in the explosion will decay into 56Co by electron capture,

which, in turn, decays into 56Fe, also via electron capture [ 2 ]. Early after the explosion,

the resulting ejecta is optically thick to the gamma rays produced by these nuclear decays,
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Figure 3.1. Artistic rendition of a white dwarf accreting enough mass from
a main sequence companion star to explode in a Type Ia supernova. Image is
taken from [  79 ] .

resulting in a spectrum that contains UV, optical, and IR lines. Only 10–30 days after the

explosion will the ejecta be optically thin and the gamma-ray spectrum be available [ 80 ].

Since 56Ni has a half life of 6 days (see [ 3 ]), the gamma rays produced by the decays of the

population of 56Ni cannot be directly observed. Rather, a gamma ray spectrum will only be

available once the population of 56Co, which has a half life of approximately 77 days (see

[ 3 ]), is decaying into 56Fe. The decay of 56Co into 56Fe occurs with an intensity of 100% and

produces 56Fe in an excited state 100% of the time [  3 ]. The nuclei of the 56Fe population

will deexcite to its ground state by emitting photons. The gamma ray spectra produced by
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these nuclear deexcitations will be dominated by the transition from the second excited 4+

state to the first excited 2+ state and the transition from the first excited 2+ state to the

0+ ground state [ 3 ], [ 4 ]. This is due to the fact that after the decay of 56Co, a gamma ray of

energy 1238 keV is produced in 66.46% of the time and a gamma ray of 847 keV is produced

99.94% of the time [  3 ]. Taking this into account, along with when SN 1991T was observed

(two 14 day periods 66 and 176 days after the explosion and when the ejecta is optically thin

[ 5 ]), the relaxation of the 56Fe nucleus to its ground state will be the gamma ray production

process considered in this work. This places an emphasis on gamma rays produced with

energies approximately 1238 keV and 847 keV, since these are the energies that correspond

to the dominant transitions.

The gamma ray lines that correspond to Dirac peaks in the laboratory will appear as

curves with some width based on the velocity of the ejecta. There are two possibilities

assuming a symmetric ejecta shape, which is a common first-order approximation to make

for a Type Ia supernova. The first possibility of the line profile is a flat-topped peak (see

Figure  3.2 ). This occurs when an ejecta layer is optically thin and acts like a shell with an

outer region of higher density and an inner region of lower density. The second possibility is

the line profile appearing as a parabolic curve (see Figure  3.3 ). This occurs in an ejecta layer

where the density is similar at every point within the layer. The radioactive layer where the

formation of new elements occurs in Type Ia supernovae does not behave as a shell, but a

dense layer of material. Therefore, the true line shape will be in the form of a parabolic

curve. These parabolic line profiles from the radioactive layer are expected to correspond

to Gaussian peaks (see 56Co template in [  5 ]) in the observing detector and subsequent data

analyses assume a Gaussian line profile when observing in the appropriate energy regime.

This is due to the fact that the energy resolution of gamma ray detectors is not small relative

to the energy width caused by Doppler broadening (which will be shown after the 91T data

has been fit). For these Gaussian line profiles, the line energy corresponds to the centroid of

the peak and is not shifted by the line broadening.

The line energy will be affected by the redshift caused by the host galaxy’s motion relative

to the Milky Way. It shall be seen in the coming chapters that a light pseudoscalar field that
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acts as dark energy and interacts with the iron nucleus can also possibly induce an energy

shift in the detected gamma rays of Type Ia supernovae.

Figure 3.2. Line shape for ejecta layer that behaves as a hollow spherical shell.
The width of detected lines, which are in units of energy, will correspond to
the velocity (v) of the ejecta in both directions. The ejecta on the near side
of the star will travel closer to the point of observation and cause a blueshift
of any light emitted. The ejecta on the far side of the star will move farther
from the point of observation and cause a redshift of the light emitted. These
images are contained in a seminar by Dr. Lindsey Kwok and are used with
permission [  81 ].
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Figure 3.3. Line shape for ejecta layer that behaves as a sphere, which is
more applicable to the radioactive layer. The width of detected lines, which
are in units of energy, will correspond to the velocity (v) of the ejecta in both
directions. The ejecta on the near side of the star will travel closer to the point
of observation and cause a blueshift of any light emitted. The ejecta on the
far side of the star will move farther from the point of observation and cause a
redshift of the light emitted. These images are contained in a seminar by Dr.
Lindsey Kwok and are used with permission [ 81 ].
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4. THEORY

The theoretical foundation on which this work is based is described in this chapter. First

described is the study of the variation of fundamental constants that started with the ob-

servation of quasars. This has been extended to different systems such as atoms and nuclei.

In this regard, the variation of the pion mass is detailed. Two different nuclear models (i.e.

the rigid rotor and the vibrating liquid drop) and the relevant equations are given next so

that any observed gamma ray energy deviation can be related to a quintessence field in an

unambiguous way. The theoretical uncertainty of these models is calculated based on how

their predictions compare to observation. Explicit expressions are derived for the upper limit

of Q̇ for each model. These expressions will depend on two free parameters, the constant

term of the field that correspond to the cosmological constant and the decay constant of the

field Q. The choice made for these parameters and the reasons are given in the final section

of this chapter.

4.1 The Variation of Fundamental Constants

The study of the variation of fundamental constants began after the claim that the fine

structure constant was smaller in the past, as indicated by the absorption spectra of quasars

[ 82 ]. The variation of the fundamental constants in physics has become closely tied to the

study of physics beyond the standard model. This is due to the fact that new degrees of

freedom that change in space or time with couplings to the known fields of the universe

can generate these variations [  48 ]. The study of systems associated with the fundamental

constants assists in the detection of these new degrees of freedom and the creation of ex-

perimental limits on the parameters of these new fields. Specifically, from a cosmological

viewpoint, the variation of constants permits the quantification of deviations from General

Relativity and/or the revelation of the nature of dark energy [  48 ].

This idea has been extended to the atomic and nuclear transition frequencies of different

elements. It has been suggested that the transition frequencies depend on the nuclear charge

radius, which can possibly be affected by an interaction with a scalar or pseudoscalar field

39



[ 8 ]. The deviations of the nuclear radius would come as a result of deviations of the hadron

masses, which implies [  12 ]
δr0

r0
=
∑

h

Kh
δmh

mh

, (4.1)

where h is the hadron species, mh is the hadron mass, and Kh is a sensitivity constant. The

value of r0 is 1.2 femtometers and is used to determine the radius of different nuclei through

the relation R0 = r0A
1/3. In turn, the variation of the hadron masses can be related to the

variation of the quark masses by the equation [ 83 ]

δmh

mh

= Kh,q
mq

mq

, (4.2)

where Kh,q is the sensitivity coefficient for the quarks, and mq is the average of first-generation

quark masses. The advantage of considering mass variations at the quark level is that the

resulting radial variation from multiple sources can be represented by a single term with a

constant coefficient. For example, the variation in the nuclear radius depends on how strongly

the nucleons are interacting, which is represented by the pion mass, and how difficult it is

to move the nucleons, represented by the mass of the individual nucleons. These two effects

are quantified by the equation [ 12 ]

δr0

r0
= 1.8δmπ

mπ

− 4.8δmN

mN

, (4.3)

where mπ is the mass of the pion and mN is the nucleon mass. However, the above relation

reduces to
δr0

r0
= 1.2δmπ

mπ

, (4.4)

after relating the nucleon mass to the pion mass through their quark structure [ 12 ]

δmN

mN

= 0.13δmπ

mπ

. (4.5)

The specific fundamental constant that is relevant to this study is the mass of the pion

(mπ). It is assumed that a new ALP degree of freedom acting as a quintessence-like field has
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interactions with the nuclei of atoms. This assumption necessitates the coupling of the new

field to the QCD vacuum term

Lθ = θ
g2

S

32π2 G̃lµνGlµν , (4.6)

where gS is the coupling constant of the strong force, θ is the QCD vacuum angle, Glµν is

the gluon field strength tensor, and G̃lµν is its dual [  8 ]. The new field is not explicit in the

equation above; however, just like the QCD axion, a new light pseudoscalar (ALP) field can,

in principle, contribute to the small value of θ [ 10 ]. In fact, this additional pseudoscalar field

will have a very small mass in this scenario, which makes the small mass (10−33 eV) required

for a field to act as dark energy achievable by particle physics processes [ 10 ]. Since the pion

mass depends on the QCD vacuum angle through

m2
π

= 2B0

f 2
π

(m2
u + m2

d + 2mumd cos θ)1/2, (4.7)

where B0 is a constant determined by the ratio of meson masses and has value 7.6×106 MeV3,

mu and md are the masses of the up and down quarks taken to be 4 MeV and 7 MeV,

respectively, and fπ is the pion decay constant, which has value 92.4 MeV. The coupling in

Equation ( 4.6 ) is found to imply (see [ 8 ] and [  11 ]) that the mass of the pion changes as

δmπ

mπ

≈ −0.05θ2. (4.8)

Equations (  4.7 ) and (  4.8 ) are derived in Appendix  A . Attributing the entire value of the

vacuum angle to the ALP dark energy field by θ = Q/fQ (which is akin to what is done for

axion dark matter [  11 ], [ 12 ]), where fQ is the decay constant of the field generates an upper

limit on Q̇. Expanding θ2 to first order in Q̇ yields

δmπ

mπ

= −0.05Q2

f 2
Q

≈ −0.05(QΛ + Q̇∆t)2

f 2
Q

= −0.05
f 2

Q

(
Q2

Λ + 2QΛQ̇∆t
)

. (4.9)

Once a nuclear model is chosen, the above expression permits a relation between the deviation

of gamma ray energies to the time evolution of the quintessence field Q̇.
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4.2 Nuclear Models

Type Ia supernovae contain the characteristic decay of 56Co into 56Fe by the process of

electron capture. Even for intermediate-mass nuclei such as these elements, nuclear dynamics

and interactions become complex enough that the nuclear shell model is no longer convenient

for predicting the energies of the excited states. The nuclear shell model is an analogy to the

atomic shell model where valence nucleons orbit an inert nucleon core. Rather, it is much

more transparent to understand the excited states of these nuclei through the collective

motion of the nucleons of which they are comprised. To this end, there are two main

models of the nucleus that are commonly employed. The first is a classical rotational model

developed for the case that the nucleus is permanently deformed and free to rotate [  84 ]. The

second is a quantum mechanical vibrational model where the surface of the nucleus is free to

vibrate and associated with the creation of phonons [ 85 ]. In a rotational frame centered on

the nucleus, the nucleus will appear deformed, demonstrating the equivalency of these two

models.

4.2.1 Nucleus as a Rigid Rotor

Nuclei that contain unpaired nucleons orbiting outside of closed shells have their nuclear

properties determined by these valence nucleons and are best described using single particle

models. However, as the number of nucleons increase outside of closed shells, so too does the

number of ways the angular momenta can couple making the determination of the energies

of these quantum states a complex task. Experimentally, the excited states of these nuclei

exhibit a complicated structure of their spectra especially at the higher excited states. This

structure, along with nuclear scattering data and the large difference in the expected and

measured quadrupole moments, suggests that the shape of the nucleus (above A ∼ 150) in

the ground state is increasingly deformed from a spherical shape as more nucleons are added

to unclosed shells [  84 ]. The simplest excited states of these nuclei are represented by imbuing

them with angular momentum which is associated with the classical energies of [  84 ]

E = 1
2Iω2 = J2

2I
, (4.10)
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where ω, I, and J are the angular speed, moment of inertia, and angular momentum of

the nucleus, respectively. However, the nucleus is comprised of quantum particles, so the

appropriate quantum mechanical version of Equation ( 4.10 ) must be used

E = ~2J(J + 1)
2I

. (4.11)

The above equation can be used to predict the energies for the first few excited states of even-

even nuclei, corresponding to low values of J . The quantum number J is restricted to even

values to account for the mirror symmetry of the nuclear wavefunctions [  84 ]. Therefore, the

first excited state of 56Fe corresponds with J = 2 and the second excited state corresponds

with J = 4.

The moment of inertia of a rigid nucleus in the shape of an ellipsoid to lowest order in

the deformation parameter (β) is [  84 ]

Irig = 2
5AmR2

0(1 + 0.31β), (4.12)

where A is the nuclear mass number, m is the proton mass, and R0 is the nuclear charge

radius of the spherical configuration which is given by R0 = r0A
1/3 where r0 = 1.2 fm. For a

nucleus that is modeled as a deformed frictionless fluid, the moment of inertia of the ellipsoid

is [  84 ]

Iirrot = 9
8π

AmR2
0β2. (4.13)

The moment of inertia for the relevant nuclei is experimentally determined to be between

these two extremes [  84 ]. The ratio between the experimental moment of inertia (I) and Irig

can be determined by the deformation parameter (see Figure 17.22 of [  84 ]).

Since the deformation parameter must be known to ultimately determine the energy levels

of the excited states of deformed nuclei, a well-measured quantity related to the deformation

must be utilized. This quantity is the intrinsic quadrupole moment of the nucleus [  84 ]

Q0 = 3√
5π

ZR2
0β(1 + 0.16β), (4.14)
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where Z is the atomic number. It is now possible to predict the energies associated with the

different excited states with multiple nucleons in an unclosed shell using these expressions.

4.2.2 Nucleus as a Vibrating Liquid Drop

An alternative to the classical model described in the previous section is the quantization

of the liquid drop model. This model likens the nucleus to a charged liquid drop made of

nucleons which is free to vibrate about the equilibrium shape of a sphere [ 85 ]. The low-lying

excited states of even-even nuclei are best understood by the excitations of the nucleons in

the unclosed outer shell, which can be thought of as a vibration of the surface of the nucleus,

rather than the vibrations of the inner layers of the liquid drop [ 84 ]. The energies of these

excited states are associated with the frequencies and number of phonons that represent the

vibrations of the nuclear surface. The surface of the nucleus is given in terms of the spherical

harmonic functions as[  85 ]

R(θ, φ) = R0

1 +
∞∑

λ=0

λ∑
µ=−λ

αλµ(t)Y µ
λ (θ, φ)

 , (4.15)

where αλµ(t) are time-dependent deformation parameters. The index λ corresponds to

quadrupole (λ = 2), octupole (λ = 3), and hexadecupole (λ = 4) vibrations. λ = 0

and λ = 1 correspond to radial oscillations and translations respectively. These values of

λ are excluded since the nucleus is assumed to be incompressible and translations of the

center of mass do not correspond to surface deformations [  85 ]. Assuming that the deforma-

tion parameters are small, the Hamiltonian for this system takes on the form of a harmonic

oscillator [ 84 ], [  85 ]

H = T + V ≈ 1
2
∑
µ,λ

Bλ‖α̇λµ(t)‖2 + 1
2
∑
µ,λ

Cλ‖αλµ(t)‖2, (4.16)
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where Bλ is the inertia of the nucleus and Cλ is the restoring force of the potential. These

coefficients are what determine the frequency of the vibrational deformation [  85 ]

ωλ =
√

‖Cλ‖
Bλ

. (4.17)

For an irrotational incompressible fluid these coefficients were found by Rayleigh to be [  85 ],

[ 86 ]

Bλ,irr = ρR5
0

λ
, Cλ,irr = C

(1)
λ − C

(2)
λ , (4.18)

where

C
(1)
λ = SR2

0(λ − 1)(λ + 2), C
(2)
λ = 3

4π

Z2e2

R0

λ − 1
2λ + 1 . (4.19)

Above, ρ is the nuclear mass density for the spherical configuration, e is the fundamental

charge, and S is the surface energy per unit area [  17 ]. The value of the final quantity in this

list is found using the coefficient of the A2/3 in the semi-empirical mass formula. Using the

known values of the mass density and only considering quadrupole vibrational deformations

(λ = 2) the coefficients become

B2,irr = 3
8π

mAR2
0, C2,irr = 4R2

0S − 3
20π

Z2e2

R0
. (4.20)

The quantization of these vibrations leads to phonons with energies [ 85 ]

EN = N~ω2, (4.21)

where N is the number of phonons. It has become convention to associate the first, second,

third... excited states with one, two, three... phonons [  84 ]. Relevant to the study are the

first and second excited states of 56Fe which coincides with N = 1 and N = 2 respectively.

There are now two expressions from two different models of the excited states that can

be used to relate any energy deviations indicated by the spectroscopic data from SN1991T

to the quintessence field.
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4.2.3 Theoretical Uncertainty

The models of the preceding sections cannot be used to predict the energies of excited

nuclei outright. This is because nuclei, especially those of higher mass numbers, are extremely

complex objects where a single nucleon experiences a high number of interactions with its

neighbors. For this reason, the predicted energies given by Equations ( 4.11 ) and (  4.21 ) must

be complemented by the experimental determination of key parameters, namely β, I, C2,

and B2, to correctly match the energies of the excited states that are surmised by energies

of emitted gamma rays. Since this analysis works specifically with the 56Fe nucleus, the

theoretical uncertainty will be found by comparing the predicted energies to the observed

energies of the excited states of this iron isotope. A level diagram of 56Fe can be seen in

Figure  4.1 .

The 56Fe nucleus was determined to have a deformation β = 0.2461 [ 87 ]. This deformation

corresponds to an experimental moment of inertia I ≈ 0.30Irig (see Figure 17.22 of [  84 ]).

The first excited state (J = 2), modeling the nucleus as a rigid rotor (Irig = 1.22 × 104

GeV−1), is predicted to have energy

E2,rig ≈ 817 keV, (4.22)

whereas the measured energy of the first excited state is [ 3 ]

E2,meas ≈ 847 keV. (4.23)

This discrepancy increases for the second excited state (J = 4). The predicted energy is

E4,rig ≈ 2.72 MeV, (4.24)

which can be compared to the measured energy of [  3 ]

E4,meas ≈ 2.08 MeV. (4.25)
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This results in a difference of

∆E4,rig ≈ 640 keV. (4.26)

The origin of this large discrepancy is the approximation, used in this work, that the nu-

cleus is permanently deformed and that this deformation is the same for all excited states.

However, this is not necessarily true as the second excited state may have a different defor-

mation and moment of inertia. This is implied by the inclusion of two different deformation

parameters presented in [  87 ].

Modeling the nucleus of 56Fe as a vibrating liquid drop, the restoring force C2 was deter-

mined to be approximately 40 MeV and the experimental inertia of the nucleus B2 ≈ 15B2,irr

[ 88 ]. The first and second excited states, which have one phonon and two phonons (N = 1, 2)

respectively, are predicted to have energies of (B2,irr ≈ 3.39 × 103 GeV−1)

E1,phon ≈ 894 keV, E2,phon ≈ 1.79 MeV, (4.27)

making the discrepancy between the predicted and measured energies of the second excited

state

∆E2,phon ≈ 295 keV. (4.28)

The origin of this discrepancy comes from the fact that the second excited state is not a

2+ state but a 4+ state. The use of ω2 corresponds to 2+ states and using E2 = 2~ω2

corresponds to the second excited 2+ state, which, in general, have lower energies than

the corresponding second excited 4+ state. The theoretical uncertainty is taken to be the

average of these two larger energy discrepancies for the second excited states which is

∆Etheor ≈ ±470 keV. (4.29)
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This value of the disagreement between the predicted and measured energies of the second

excited 56Fe is assumed to be the uncertainty on the percentage difference of the nuclear

radius δr0/r0. The explicit value of the theoretical uncertainty is then determined to be

δr0

r0
± ∆Etheor

E2
= δr0

r0
± 0.38. (4.30)

However, 38% will result in theoretical uncertainties that are at least an order of magni-

tude larger than the results indicated by the fitting of the SN 1991T data. These uncertainties

are too large to indicate anything useful for the results derived here. If a shell model was

used for this analysis, there are indications that the discrepancy would grow. The theoretical

treatment of the 8Be nucleus employing a shell model approach results in a discrepancy of

approximately 8 MeV between the predicted and measured values of its ground state energy

[ 89 ]. Due to the large values of the associated theoretical uncertainties relative to the results

derived here, and the difficulty in accurately predicting theoretical uncertainties that are

comparable to the results derived, only the fit uncertainties will be included in the reported

values. This is an approach taken in other analyses of quark mass variations for the same

reasons given above, which suggests that the associated calculations can be considered ’order

of magnitude estimates’ (see [ 90 ]).

4.3 Relation Between Gamma Ray Energy Deviations and Q̇

Due to the possible interaction of a new ALP degree of freedom with nucleons, it has

been demonstrated that variations in the nuclear charge radius and nucleon mass will take

place [ 11 ], [ 91 ]. Since the energies of gamma rays emitted from excited nuclei depend on

the nuclear radius (see previous section), this will introduce a deviation in the energies of

these gamma rays. This section will derive the explicit expressions that relate these energy

deviations to the time-varying part of the quintessence field for the model of the nucleus

as a deformed rigid rotor and vibrating liquid drop. The general prescription is to utilize

the equations for the energies of each model to find its percentage difference in terms of the

radial percentage difference over a finite time, insert the equations relating the variation of

the nuclear radius to the variation in the pion mass, and use the dependence of the pion mass
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on the QCD vacuum angle to generate a relation that is dependent on Q̇. These expressions

will depend on QΛ and fQ. The values chosen for these quantities and the reasoning will be

presented here.

4.3.1 Energy Deviation for the Rigid Rotor

The energy of an excited state of the nucleus as a rigid rotor with angular momentum J

is

E = ~2J(J + 1)
2I

. (4.31)

Plugging in the moment of inertia of an ellipsoid, given in Equation (  4.12 ), yields

E = 5~2J(J + 1)
4A5/3M(1 + 0.31β)

1
r2

0
. (4.32)

The variation of the energy with respect to r0 is

δE = − 5~2J(J + 1)
2A5/3M(1 + 0.31β)

1
r3

0
δr0 (4.33)

which is reduced to the very simple equation

δE

E
= −2δr0

r0
. (4.34)

This energy deviation in terms of the QCD angle, using Equations (  4.4 ) and (  4.8 ), is

δE

E
= −2.4δmπ

mπ

= 0.12θ2. (4.35)

Assuming the value of the QCD vacuum angle is entirely due to the ALP dark energy field,

using Equation (  4.9 ), produces

δE

E
= 0.12

f 2
Q

(
Q2

Λ + 2QΛQ̇∆t
)

. (4.36)
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However, the first term is constant and renormalizes all energy levels within the nucleus.

This will not produce any observable energy deviations as time evolves. Therefore, it is

required to take the derivative of each side of the above equation

1
E

dE

dt
= 0.24

f 2
Q

QΛQ̇. (4.37)

Making the approximation that the energy changes at the same rate (dE/dt ≈ ∆E/∆t) and

then rearranging yields the final expression

Q̇rig =
f 2

Q

0.24QΛ∆t

δE

E
. (4.38)

4.3.2 Energy Deviation for the Nuclear Liquid Drop

The energy of an excited nuclear liquid drop associated with quadrupole (λ = 2) surface

vibrations is represented by a number of phonons (N) as

EN = N~ω2, (4.39)

where the phonon frequency is determined to be

ω2 = ς

√
1
r2

0
− 3

10
Z2e2

εA1/3
1
r3

0
, (4.40)

after inserting the coefficients given in Equation ( 4.20 ). In the above equation, ε ≡ 4πr2
0S,

which is approximately 18.56 MeV [  17 ] and ς is defined as

ς ≡
√

8ε

3mA
. (4.41)

Taking the variation of ω2 with respect to r0 yields

δω2 = −ς
δr0

r0


1
r2

0
− 3

2
ξ
r2

0√
1
r2

0
− ξ

r2
0

 , (4.42)
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where ξ is defined to be

ξ ≡ 3
10

Z2e2

εA

1
r0

. (4.43)

Dividing both sides by ω2 results in

δE

E
= δω2

ω2
= −(1 − 3/2ξ)

(1 − ξ)
δr0

r0
. (4.44)

After inserting the appropriate expressions for the variation of the pion mass and its depen-

dence on the QCD vacuum angle, using the approximation that the change in energy is the

same each year, and rearranging, Q̇ is found to be

Q̇phon =
f 2

Q

0.12QΛ∆t

(1 − ξ)
(1 − 3ξ/2)

δE

E
. (4.45)

Due to the similarity between Equations ( 4.38 ) and ( 4.45 ), a general form of the upper

limit for Q̇ can be written as

Q̇i = ηi
f 2

Q

QΛ∆t

δE

E
, (4.46)

where i = 1 corresponds to the nucleus as a rigid rotor and i = 2 corresponds to the nucleus

as a vibrating liquid drop. This implies that the values of ηi are given by

η1 = 1
0.24 , η2 = 1

0.12

(
1 − ξ

1 − 3ξ/2

)
(4.47)

4.4 Choice of Parameters

The resulting upper limits on Q̇ found in the previous section require values for the field’s

decay constant, fQ, and the term of the field that corresponds to the cosmological constant,

QΛ. This section contains the assumptions being made and the choice for the values of these

parameters. The energy deviation, δE/E, will be determined from the analysis of SN 1991T

spectroscopic data in the next chapter.
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4.4.1 QΛ

A large majority of the measurements of the dark energy equation of state parameter are

consistent with a cosmological constant (wΛ = −1) with some possibility for the equation of

state to deviate from this value [  66 ]–[ 68 ]. To be consistent with this observation, it is assumed

that the energy density of the quintessence field, given by Equation ( 3.7 ), is dominated by

the quintessence potential V (Q)

ρQ ≈ V (QΛ). (4.48)

The argument of the potential is given by QΛ instead of Q because the contribution of Q̇ to

the potential will be very small. It is useful to use

ρQ = ΩΛρcrit, (4.49)

where ΩΛ is the percentage of the energy density of dark energy and has value 0.685 [  72 ] and

ρcrit is the critical energy density given by

ρcrit = 3H2
0

8πG
. (4.50)

Here H0 is the present-day value of the Hubble expansion rate.

One of the goals in developing a quintessence model is to alleviate the fine-tuning and

coincidence problem of the cosmological constant as well as the discrepancy between the

measured and expected values of the dark energy density caused by this model [ 31 ]–[ 33 ].

In order to not lose this desired characteristic of quintessence models, the simple form of a

tracking potential derived by Ratra and Peebles will be utilized

V (QΛ) = M4+p

Qp
Λ

= (8πG)−1−p/2H2
0

Qp
Λ

, (4.51)
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where G is Newton’s gravitational constant and p is the power for the power-law potential. In

the last equality, Equation ( 3.15 ) was used to allow for the slow evolution of the quintessence

field. Plugging all of these equations back into Equation (  4.48 ) and solving for QΛ yields

QΛ = 1√
8πG

1
(3ΩΛ)1/p

= Mpl√
8π

1
(3ΩΛ)1/p

, (4.52)

where Mpl is the (unreduced) Planck mass and has value 1.22×1019 GeV. In the last equality,

the relation G = 1/M2
pl is used since ~ = c = 1.

4.4.2 fQ

The results of string theory suggest that a light pseudoscalar degree of freedom can act

as dark energy if the mass of that pseudoscalar is 10−33 eV [  16 ]. To ensure that this mass is

generated by the quintessence field, the decay constant is taken to be

fQ = αMpl/
√

8π, (4.53)

where alpha is a coefficient of order 0.1. In fact, string constructions indicate that the

coefficient can get as low as order 0.001 for dark energy and dark matter [  92 ]. This is

a common choice for ALP quintessence models (see [  14 ], [ 45 ], [ 46 ], [ 60 ], [ 93 ]) due to the

fact that this is the energy scale with which new physics is associated. ALP quintessence

models have two notable successes associated with them. The first is that they are able to

reproduce the surmised energy density of dark energy (specifically in the case of Electroweak

Dark energy [  93 ]) of

SI = 10−122M4
pl, (4.54)

where SI is the vacuum energy indicated by the action of the Electroweak Axion. The second

success of these models is that they provide an opportunity to resolve the Hubble tension

[ 46 ] (see reference [ 36 ] for a review of the Hubble tension). Since this work operates on the

basis that dark energy is an ALP field, and to possibly preserve the advantages of similar

models, Equation (  4.53 ) will be used for the decay constant of the quintessence-like field.
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5. DATA ANALYSIS

This chapter provides a description of how a value for δE/E is generated, the final quantity

needed to produce an upper limit on Q̇. Brief descriptions are given for SN 1991T, which

is the stellar event used for this work, as well as COMPTEL, the instrument that observed

SN 1991T. The best fits of the background-subtracted data are provided and described in

Sections  5.4 and  5.5 . Representative values of the upper limits of Q̇ and the allowed α − p

parameter spaces, indicated by observation, for each nuclear model are given in the final two

sections. Existing limits for the quark and pion mass variations, which this work hinges on,

are provided in table form so that the limits produced here can be compared and put into

perspective. The best limits are derived from studies of the Oklo natural nuclear reactor.

Key differences between this work and Oklo analyses are elaborated upon since the limit

generated here is not expected to be as low as Oklo’s.

5.1 SN 1991T

The astrophysical event utilized for this study is SN 1991T, a Type Ia supernova detected

on April 13, 1991 in the host galaxy NGC 4527 at approximately 13.5 Mpc [  1 ]. Type Ia

supernovae occur when a white dwarf accretes enough mass from its companion star to reach

the Chandrasekhar limit and are characterized by the absence of hydrogen and helium in

their spectra with a distinct absorption line near 6100 Å[ 2 ]. However, due to the peculiar

properties of SN 1991T, a new subtype of Type Ia’s referred to as 91T-like supernovae was

introduced. Supernovae of this subtype (along with 91T) have higher luminosities and less

homogeneity in their light curves and spectra compared to those of standard Type Ia’s [  94 ].

SN 1991T was chosen on account of its distance from earth, which is 13.5 Mpc (44.0

million lightyears). This allows the derivation of limits at least as small as ∼ 10−9 yr−1 in

terms of the pion mass variation, summing an energy shift as high as 10%, without sacrificing

the approximation that Q̇ is constant. This latter point is ensured by the fact that 44 million

years is much less than the age of the universe (13.7 billion years). There do exist observed

Type Ia’s that are much farther from earth than SN 1991T, such as SN Wilson, which is

at a distance of approximately 10 billion lightyears (z = 1.914) [  95 ]. This distance would
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result in an upper limit ∼ 10−11 under the same assumptions; however, Q̇ will no longer

be constant and requires a more complex analysis to account for its changes. Furthermore,

gamma rays emitted by sources at these large distances will generate a trivial flux since

luminosity behaves as 1/r2. Considering that the ratio of the luminosities of these objects

result in
LW ilson

L91T

∼ (44 × 106)2

(10 × 109)2 = 2.0 × 10−5. (5.1)

Assuming that a detector observing SN Wilson has the same instrumentation as COMPTEL

implies that this hypothetical instrument would need to be approximately 50,000 times

larger, in terms of its surface area, to generate the same flux as COMPTEL observing SN

1991T. The construction of this detector would require an amount of time, money, and labor

that makes it an unrealistic project. If one wanted to improve the distance and associated

values on the pion mass variation, there are specific actions that could be taken to achieve

such. For example, if observing a Type Ia that is 10 times further away than SN 1991T

and requiring that the same amount of counts be collected, the observation time could be

increased to a little over 36 days and the radius of the detector increased by a factor of three.

5.2 COMPTEL

The instrument that observed SN 1991T was the imaging Compton telescope COMPTEL,

one of four instruments aboard the Compton Gamma Ray observatory. COMPTEL orbits

the earth at a radius of 450 kilometers and explores phenomena within the energy range

of ∼1–30 MeV. A gamma-ray production process that is included in this energy range is

nuclear de-excitation which is the process utilized for this study [  96 ]. COMTPEL contains

an upper detector array (D1) of liquid scintillator NE213 and a lower detector array (D2)

of NaI (TI) [  97 ]. Detection occurs when a gamma-ray is Compton-scattered in the upper

D1 detector with a subsequent interaction in the D2 detector. A schematic of COMPTEL

is available in Figure  5.1 . The quantities measured are the energy losses in the D1 and D2

detectors, the time of flight between the two detectors, the location of the interaction in the

two detectors, the shape of the pulse in the D1 detector, and the time of the entire event.

The final two quantities in this list are used for background discrimination [  96 ], [  97 ]. The
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instrument is calibrated using the onboard decay of 60Co, producing gamma rays of 1.17 MeV

and 1.33 MeV [  96 ]. For a full description of this process, see reference [  98 ]. COMPTEL’s

large field-of-view, which is one steradian, makes it a source of a large amount of data for

studies related to low-energy gamma-rays.
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Figure 5.1. A schematic of COMPTEL, the instrument aboard the the Comp-
ton Gamma Ray Observatory that observed SN 1991T. Image is taken from
[ 96 ].
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5.3 Energy Resolution Values from Background Model

To correctly predict the width of the upper 56Fe line, the instrumental background and

the lower 56Fe line were used. One example of a background model for COMPTEL is given

by [ 5 ]

fB = a0(1 − e−b(E−E0))e−αE + aKe− 1
2

(
E−EK

σK

)2

+ aDe− 1
2

(
E−ED

σD

)2

, (5.2)

where the first term is a smooth, exponentially decaying background used to characterize the

detectors inherit noise. The second term represents a gamma-ray emission line that consists

mainly of the decay of 40K in the components of the spacecraft. The third term is a line

due to the formation of deuterium in the COMPTEL D1 liquid scintillator. A plot of the

COMPTEL background and its best fit is provided in Figure  5.2 . The background best-fit

indicates that the widths of the 40K complex and the deuterium peak are 79.123 keV and

77.483 keV, respectively. The width of the lower 56Fe line that was used was 36 keV. These

values were used to fit the energy resolution function for the combined scintillation system,

which is described below.

The energy resolution function is a combination of both the liquid scintillator and NaI

detector systems, which we have characterized as [ 99 ]

R ≡ σi

Ei
= (α + βEi)1/2

Ei
, (5.3)

where Ei is the energy of the gamma ray line, α is a noise and offset parameter associated with

the detector, and β is a statistical parameter associated with scintillation photon counting

and taken to be the square root of the number of counts because the total energy observed

is proportional to the square root of the scintillation photon counts in a single event. Using

the values of the widths of the potassium complex and the deuterium Gaussian, a fit was

made to determine the noise parameter α and the statistical parameter β (See Figure  5.3 ).

Subsequently, the width of the upper iron line was determined from the above resolution

function at the energy which it was placed in the best fit. This value was determined to

be 76.9 keV and it will be necessary to fix this value before running Igor to make the fit

consistent with what is known about the instrumentation of COMPTEL.
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Figure 5.2. Best fit (χ2/DoF ≈ 1.35) of a background model of COMPTEL.
This fit was used to determine the value of σ for the upper 56Fe line in the
background-subtracted data.

5.4 Resulting Fits

The spectral data of SN 1991T was analyzed to determine the extent to which a quintessence

-like field could shift the energies of gamma-rays produced by nuclear processes. SN 1991T

was observed for two 14-day periods 66 days and 176 days after the initial supernova explo-

sion [  5 ]. This stellar event was determined to be a peculiar Type Ia supernova at a distance

of approximately 13.5 Mpc. This makes SN 1991T a useful candidate for this study since it

is known at the ∼ 3σ level that 56Co nuclei are decaying to produce the observed gamma-

ray lines [ 5 ] and since it is sufficiently far enough away to provide non-trivial limits. The

background-subtracted data was extracted using WebPlotDigitizer [ 100 ] and then fit using

Igor Pro 9 [ 6 ]

Fitting the background-subtracted SN 1991T data, without any constraints on the fitting

parameters, yields a best-fit (χ2/DoF ≈ 1.29) with three lines. Two of the lines are are placed
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Figure 5.3. Energy resolution versus the line energy fit. The red line is the
two point fit for the 40K complex and deuterium. The black and blue lines are
both the three point and four point fits which are identical. The three point
fit uses the lower iron peak in addition to the two background peaks and the
four point uses both iron peaks in addition to the two peaks in the background
models. The three and four point fits are offset by 1 keV so that they do not
lay on top of one another.

at 824.89 ± 7.78 keV and 1243.6 ± 22.2 keV and correspond to the deexcitations of the 56Fe

nucleus (see Figure  5.4 ). This fit also places a line between the two iron lines at 1117.2 ±

30.9 keV. The existence of this line results from a reduction in the degrees of freedom in the

user-defined fitting function compared to the fits excluding the line. The fitting function

defined and utilized contains three Gaussian peaks to allow for the an additional line to be

produced that is associated with the decay of 27Mg in the instrumentation of COMPTEL

[ 5 ]. However, this decay produces a 1014 keV gamma ray, meaning that the middle line,

which will not be shifted by any astrophysical effect, is placed at too high an energy to be

associated with 27Mg. Furthermore, this fit determines the width of this line to be 29.2±27.6

keV, which is completely inconsistent with the energy resolution function of COMPTEL. The
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fit of the energy resolution function indicates the width of this line to be ∼ 70 keV. For these

reasons, this fit is discarded.
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Figure 5.4. Best fit (χ2/DoF ≈ 1.29) of the SN 1991T data. However, this
fit is discarded because it does not obey the energy resolution function given
in Equation (  5.3 ) and places a 27Mg decay line at an incorrect energy.

Fitting the SN 1991T data after fixing the values of the widths to those determined by

utilizing Equation (  5.3 ) and fixing the position of the 27Mg at 1014 keV results in the best fit

(χ2/DoF ≈ 1.42), provided in Figure  5.5 . In this fit, the two 56Fe are placed at 822.91 ± 7.10

keV and 1200.0 ± 18.2 keV where the plus-minus value indicates one standard deviation. The

lower iron line, which is observed to be associated with a nuclear de-excitation that produces

a gamma-ray of energy 846.8 keV [ 3 ] here on Earth, is expected to be placed at 841.9 keV

after factoring in the redshift that will be caused by the relative velocity of NGC4527. This

is done using the equation

Eexp = EE

1 + z
, (5.4)

where Eexp is the expected gamma ray energy, EE is the observed gamma ray energy here

on earth, and z is the redshift of NGC4527 and has value 0.005791 [ 7 ]. The upper iron line,
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which is related to a 1238.3 keV gamma-ray, is expected to be placed at 1231.2 keV after

factoring in the appropriate redshift. It should be noted that the 27Mg line is absent in this

best fit. Both iron lines are shifted downward in energy, the first with a 2.7σ significance

and the second with a 1.7σ significance. The resulting percentage difference for the first and

second excited state energies are

δE1

E1
= 0.023 ± .008,

δE2

E2
= 0.025 ± 0.015, (5.5)

given to one standard deviation. The weighted average in the energy percentage difference

and the combined standard deviation is found using

δE

E
=
∑

i(δE/E)i(1/σi)2∑
j(1/σj)2 ,

1
σ2 =

∑
i

1
σ2

i
, (5.6)

which result in the values
δE

E
= 0.023 ± 0.007, (5.7)

which is an indication of a 3.2σ result. A collection of these values indicated by the fit is

provided in Table  5.1 .

Table 5.1. Table of the energies of terrestrial, redshifted, and fitted (with
uncertainty) gamma rays from the deexcitations of 56Fe along with the value
of the difference between the expected and fitted energies and their significance.
Also included are the combined percentage difference in the energies and its
significance.

State of 56Fe EE (keV) Eexp (keV) Ef it(Uncrty.) (keV) ∆Eexp,f it (keV) σ-value
Second Excited State 1238.3 1231.2 1200.0(18.2) 31.2 1.7σ
First Excited State 846.8 841.9 822.91(7.10) 18.99 2.7σ

δE/E Significance
Combined 0.023±0.0073 3.2σ

The implied pion mass variation from this averaged energy deviation, along with Equa-

tions (  4.34 ) and (  4.44 ), is

(
δṁπ

mπ

)
rig

= −(2.2 ± 0.7) × 10−10 yr−1,

(
δṁπ

mπ

)
phon

= −(2.5 ± 0.8) × 10−10 yr−1 (5.8)
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Figure 5.5. Best fit (χ2/DoF ≈ 1.42) of the background subtracted SN 1991T
gamma ray data after fixing Gaussian widths and 27Mg decay energy. Negative
counts occur when the background counts exceeds that of the collected data.
This can occur when the model predicts an excess of counts in a particular
energy region and/or the instrument does not register a count for a relevant
gamma ray.

for both the rigid rotor and liquid drop models given to one standard deviation. It is

reiterated that these values are given only with the fit uncertainty since the theoretical

uncertainties are too large and difficult to predict. These values can be compared with the

existing limits compiled in Table  5.2 .

5.5 Discussion of Fits

The combined spectral data of SN 1991T indicates the decay of 56Co with a significance

above 3σ [ 5 ]. However, this claim is contested in the literature (see [ 101 ] and the references

therein). This disagreement arises from the observed gamma rays fluxes being too small

relative to the mass of 56Ni SN 1991T is believed to contain based on its luminosity [  102 ],

[ 103 ]. The small flux of gamma rays cannot be predicted with any known model of Type Ia
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supernovae. In contrast to this objection, it should be noted that Reference [  5 ] was produced

after the publication of References [  102 ] and [  103 ] to address any systematic errors that would

produce a signal that mimics the decay of 56Co. It was concluded by the authors that the

3.3σ signal does not overstate the confidence that there are 56Co decays occurring in SN

1991T suggesting that the objections has been resolved.

The best fits indicate the absence of the 27Mg in the SN 1991T background-subtracted

data, both before and after fixing fitting parameters. This is contrary to the explicit inclusion

of this line by the authors of [  5 ] despite its weak flux relative to the two iron lines. However,

many datasets using COMPTEL were collected, of which one example is provided in [  5 ].

The dataset included is the combined data collected within three degrees of SN 1991T.

Due to the authors’ certainty of the existence of the 27Mg line and their knowledge of the

instrumentation of COMPTEL, it is highly likely that this line was seen in other datasets

and not in the one provided in the dataset publication used in this analysis.

The only line within the background data that is not contaminated by other processes is

the line produced by the formation of deuterium within the D1 liquid scintillator. Deuterium

is known to form after hydrogen captures a neutron and subsequently emits a gamma-

ray of approximately 2223 keV. However, when the background model is fit, the best fits

(χ2/DoF ≈ 1.35) place the line associated with deuterium formation at 2229±1.18 keV.

This may be due to a spectral artifact above the deuterium line which deviates from the

background function. We have found this artifact can reliably be fit with a Gaussian that

is wide relative to the deuterium Gaussian or a function quadratic in the energy, possibly

causing the line to shift to marginally higher energies. Various methods were employed to

determine if this was the case including finding the residual of the artifact and subtracting it

out from the background model or using a different background function to the one provided.

Despite the attempts to account for the artifact, the deuterium line was consistently placed

approximately 6 keV above its expected position. Assuming to first order the COMPTEL

calibration is a linear response function (E(x) = a+bx), this 6 keV shift would correspond to

either a 6 keV shift if due to an error in the a term calibration or an approximate 3 keV shift

at the position of the upper iron-line if due to an error in the b term calibration. Assuming

the maximum shift indicated by the deuterium line to higher energies by 6 keV, this implies
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that the energy deviation of the upper iron-line would be larger by 20% downwards in energy.

In order to present a conservative iron offset, this systematic effect is ignored. Furthermore,

this maximum 6 keV shift will be less than 3% of the combined estimated shift of both lines.

At this point it can be shown that the resolution of COMPTEL is not sufficient for the

spectral line to attain its true parabolic shape when detected. The arithmetic average of the

ratio of the line width (σ) divided by the line energy (E) has the value

σ

E
≈ 0.055, (5.9)

implying that any value below this cannot be fully resolved. It is known that the ejecta of

SN 1991T initially expands with a speed of ∼ 10, 000 km/s that exponentially decays with

time [ 104 ]. This speed can be used to predict the maximum value of the ratio of the width

to the energy as determined by the velocity of the ejecta. The width of the parabolic peak

is taken to be ∼ 20, 000/3 ≈ 6, 500 km/s and results in the value

σ

E
= 1

1 − z
− 1

1 + z
≈ 0.044. (5.10)

This energy width that is determined by the velocity of the ejecta will only decrease with

time implying that the true line shape is not resolvable by COMPTEL. Therefore, it is

reasonable to expect that the detected lines will be in the shape of a Gaussian.

One may argue that the energy shifts may be caused by an asymmetric shape of the

ejecta. However, it has been found that SN 1991T is a marginal case of a spherical explosion

[ 104 ]. Furthermore, the detonation of a white dwarf, regardless of any initial asymmetry, is

expected to create a spherically symmetric distribution of 56Ni after the ejecta is optically

thin [ 105 ]. Even if these expectations are dismissed, applying the conservation of momentum

to an asymmetric radioactive layer will imply that there is a large mass of slow-moving red-

shifted radioactive matter and a small mass of fast-moving blue-shifted radioactive matter

(for example). The larger blue-shift will balance the larger mass of the red-shifted material

and is expected to result in a broadened line at the expected energy. Therefore, the observed
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shift to lower energies in SN 1991T is not likely to be caused by an asymmetric shape of the

ejecta.

5.6 Comparison of Limit on Pion Mass Variation to Existing Limits Derived
from Terrestrial Experiments

The variation of fundamental constants and the resulting effect on the energies and

frequencies of nuclear and optical transitions is a topic of intense study. This is due to the

fact that deviations in these quantities allows one to put constraints on models of new degrees

of freedom such as ultralight dark matter (for an example see reference [  8 ]). It has become

a standard to compare these limits, in terms of the quark and pion mass variations, for this

reason. This study places a limit on a parameter of dynamical dark energy as a consequence

of these mass variations. Therefore, it is instructive to compare this limit, which is generated

by astrophysical considerations, with the limits produced by lab-based experiments. This

section contains a table of those existing upper limits (Table  5.2 ) with the source that was

used to produce them, as well as the reference from which they are taken. Uncertainties are

provided in parentheses when available.

Table 5.2. Theoretical and experimental upper limits on quark and pion
mass variations. Values with a ∗ are an average of strange and charm mass
variations. The values with a † is the mass variation of the strange quark. The
pion mass will not vary in these scenarios since pions are only comprised of
first-generation quarks. The variation of the pion mass is not usually reported
(except in [  12 ]), but can be found by multiplying the quark mass variation by
the appropriate sensitivity coefficient (Kπ,q = 0.498).

Source ‖δṁq/mq‖ (yr−1) ‖δṁπ/mπ‖ (yr−1) Reference
Yb+ transition frequency 0.83(1.25)×10−15 0.21(0.31)×10−15 [ 12 ]
Oklo 2.2×10−18 1.1×10−18 [ 13 ]
Oklo 3.8×10−19∗ N/A [  106 ]
Ratio of p and e− mass 6.6×10−16∗ N/A [  106 ]
Nuclear magnetic moments 9.8×10−15† N/A [  106 ]
Throium nuclear clock 1.5×10−22∗ N/A [  106 ]
Rb transition frequency drift 0.3(2.5)×10−14 1.5×10−15 [ 107 ]
Global fit to transition frequency ratios 7.1(4.4)×10−15 3.1×10−15 [ 75 ]
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5.6.1 Differences Between This Analysis and Terrestrial Analyses

As can be seen from Table  5.2 , the best experimental limits on the quark mass variation

and the resulting pion mass variation are obtained from the Oklo natural nuclear reactor.

This is because Oklo was active 1.8 billion years ago. Since this work will utilize light that

is 44 million years old, limits as low as 10−18 yr−1 will not be derived for the quark mass

variation as indicated by deviations in the energies of nuclear gamma rays. In fact, the limits

derived are

(
δṁπ

mπ

)
rig

= −(2.2 ± 0.7) × 10−10 yr−1,

(
δṁπ

mπ

)
phon

= −(2.5 ± 0.8) × 10−10 yr−1, (5.11)

which are both eight orders of magnitude larger than the Oklo limits and at least four orders

of magnitude larger than other experimental limits. However, there are key differences

between this work and Oklo studies that make this analysis worthwhile despite the large

difference in ’look-back’ time. There also exist differences between this work and the other

experiments/analyses in the table that can be commented on.

The first and most obvious difference with Oklo is that an extragalactic source is utilized

for this work. Oklo is a terrestrial nuclear reactor that will be subject to the same ambient

conditions as any experiment conducted on or near the earth. Any effect observed using Oklo

cannot be used to indicate differences in the local dark matter and/or dark energy densities

and any inhomogeneities that exist across intergalactic distances. These inhomogeneities

can be caused by the local mass content warping spacetime, which can vary at different

regions in space depending on the amount of mass present. For dark matter, an example

of these inhomogeneities are dark matter haloes [ 108 ]. An analogous case for dark energy

is presented in References [  109 ], [  110 ]. Although not performed here, this work provides an

avenue for using energy deviations to inform the interactions of photons as they travel to us

from distant supernovae.

The second difference is that Oklo studies and this work use different processes to place

limits. The limit produced from the Oklo reactor is based on the disappearance of certain

isotopes, mainly Samarium-149 (Z = 62), which contain a neutron resonance close to zero
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and can be understood with single-particle scattering models [ 90 ]. This work compares

astrophysical gamma rays arising from collective models of nuclear deexcitations to their

terrestrial counterparts using spectroscopic data to generate an average energy deviation

over some time interval. This approach requires a new framework to be developed that is

different from the framework used for the Oklo reactor.

The third difference is the type of nucleus utilized for this work. Samarium is a heavy

nucleus with a complex structure. This work uses an intermediate-mass isotope, 56Fe, which

is the most abundant isotope of iron. The less complicated nature of the 56Fe nucleus reduces

the opportunity for the introduction of experimental and theoretical uncertainties. An added

benefit is that 56Fe is known to be synthesized naturally in Type Ia supernovae, of which

the capabilities of observing are currently experiencing an increase in quantity and quality.

This work is distinct when compared to the limits obtained from the variation of atomic

transitions frequencies. Included in these experiments are the Yb+ and Rb atoms, whereas

the global fit includes the results of Hg+, Sr, and Al+ atoms among others [ 75 ]. These limits

are derived by using the experimental results of the drift of electronic oscillations to a fiducial

atom, which, in most cases, is the Cs atom [  12 ]. The electronic transition frequency drift

can be related to a variation in the nuclear radius and is derived in other works [ 12 ], [  83 ],

[ 111 ]. Subsequently, it is then determined what the maximum dark matter energy density

can be to produce this quark mass variation. However, this work considers the energies

produced by nuclear processes, in contrast to atomic processes, and their dependence on

the nuclear radius to intermediately determine the limit on a possible quark and pion mass

variation. The ultimate goal of this work is to determine the configuration of a dark energy

field, instead of a dark matter field, that would produce the pion mass variation required by

any observed energy deviation. A summary of these various differences is provided in Table

 5.3 .
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Table 5.3. Collection of differences between analyses of the Oklo natural
nuclear reactor and this work which studies a Type Ia supernova through its
spectroscopic data.

System This Work

Oklo Same Galaxy Different Galaxy

149Sm 56Fe

Single Particle Quantum States Collective Quantum States

Parity-Odd Fermion State (7/2−) Parity-Even Boson States
(4+, 2+, 0+)

1.8 × 109 years ago 44 × 106 years ago

Goal is quark mass variation Goal is implied
configuration of Q

Subsequent analyses
for Dark Matter Analysis for Dark Energy

Atomic Transition
Frequency Experiments Atomic Processes Nuclear Processes

Terrestrial Extragalactic

Goal is quark mass variation Goal is implied
configuration of Q

Subsequent analyses
for Dark Matter Analysis for Dark Energy
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5.7 Resulting Upper Limit on Q̇

Representative values of the upper limit for different values of the decay constant coeffi-

cient (α) and the tracker potential power (p) are provided in Tables  C.1 and  C.2 of Appendix

 C for the deformed rigid rotor and the vibrating liquid drop, respectively. These values are

calculated after plugging Equations (  4.52 ) and (  4.53 ) into both Equation (  4.38 ) and Equation

( 4.45 ). This yields the two equations

Q̇rig(α, p) = α2Mpl

0.24
√

8π∆t
(3ΩΛ)1/p δE

E
, (5.12)

Q̇phon(α, p) = α2Mpl

0.12
√

8π∆t
(3ΩΛ)1/p

(
1 − ξ

1 − 3ξ/2

)
δE

E
, (5.13)

where Mpl = 1.22 × 1019 GeV, ∆t = 44 × 106 yrs, ΩΛ = 0.685, ξ = 2.94, and δE/E = 0.023.

The MATLAB code for calculating these values, as well as generating the allowed parameter

spaces seen in the next section, is available in Appendix  D .

There are two characteristics of these values that should be taken into account. The first

of these characteristics is that all values of Q̇∆t are small relative to QΛ. For reference, QΛ

takes its smallest value when p = 1 which results in the value

QΛ(p = 1) = Mpl√
8π

1
(3ΩΛ) ≈ 1.2 × 1018 GeV. (5.14)

The largest value of Q̇∆t for p = 1 is obtained when α = 0.1 for both models and has values

Q̇rig(p = 1, α = 0.1)∆t = (4.7 ± 1.5) × 1015 GeV, (5.15)

Q̇phon(p = 1, α = 0.1)∆t = (5.4 ± 1.7) × 1015 GeV, (5.16)

implying the quintessence-like field behaves roughly as a cosmological constant. This is

expected because of the approximation

ρQ ≈ V (QΛ), (5.17)
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made throughout this analysis. The second notable characteristic is that the values of Q̇phon

are 12% higher than Q̇rig for a given value of α and p. This is also expected because the

ratio of Equation ( 4.38 ) to (  4.45 )

Q̇rig

Q̇phon

= 1
2

(1 − 3ξ/2)
(1 − ξ) ≈ 0.88, (5.18)

where ξ is approximately 2.94 for the 56Fe nucleus.

It is not conventional to place limits on the field itself, but on the observable quantities

that the field will produce. These values are the fractional dark energy density ΩΛ, the

fractional matter energy density Ωm ≈ 1 − ΩΛ (assuming the current energy density of

radiation is negligible), and the dark energy equation of state parameter wQ. A recent and

extensive review of the observational constraints on these quantities is available in [  112 ]. This

review compiles results for quintessence and quintessence-like models with various potentials,

focusing on the original tracker potential of Ratra and Peebles due to its simplicity. A

summary of the derived constraints is that none of the recent measurements of the observed

quantities definitively rules out the possibility of dynamical dark energy, including dark

energy as a scalar field with a potential of the form given in Equation (  3.14 ), for different

values of the tracking potential power (here referred to as p) [  112 ], [  113 ]. Noting that

the pseudoscalar nature of the field will not affect the value of these quantities (but the

fundamental interactions it has), the values provided in Tables  C.1 and  C.2 are considered

workable since recent values were used for the observational quantities. This will become

more apparent in the next section where the combined and non-combined DESI data [  65 ]–

[ 68 ] was used to generate allowed parameter spaces.

These upper limits, which are crucial for determining the current configuration of the

quintessence-like field Q today, can act as a ’bridge’ to help inform the fundamental micro-

physical nature of dark energy. This can be achieved by factoring in the interactions this

field would have with experiments that are conducted here on earth. Assuming that the field

is of a pseudoscalar nature provides a starting point of what kind of interactions and effects

to look for, while the limits in the tables above will determine the maximum magnitude of

those interactions. The systems that would most immediately assist in the achievement of
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this goal are those that contain anomalies and tensions. A few famous examples are the

magnetic moment of the muon, neutrino oscillations, and non-zero neutrino masses.

There exists a discrepancy between the theoretical prediction and experimental mea-

surement of the muon magnetic moment. This disagreement, which has been known of for

about fifteen years, is a 3σ-4σ deviation [  114 ]. This discrepancy has become known as the

Anomalous Magnetic Moment of the Muon. Since the method of determining the magnetic

moment of the electron, theoretically and experimentally, produces such a good agreement

between the two (0.1% deviation [ 115 ]), why does the same method produce such a large

disagreement for the muon? It is possible, and even likely, that the disagreement comes

from systematics and incomplete theory. However, factoring in the effects the field Q would

have on the muon magnetic moment would either support or vitiate its existence and further

indicate if dark energy does, in reality, exist in this dynamical pseudoscalar form. The limits

derived above allow for the quantification of any as of yet unaccounted effect.

After the discovery of the neutrino, it was determined that the neutrino should be mass-

less as indicated by standard model symmetries [ 116 ]. However, it is strongly implied, from

the excesses and deficiencies in the fluxes of neutrinos of a certain flavor (electron, muon,

tau), that neutrinos oscillate as they propagate to detectors from their source [  117 ]. This

fact necessitates the existence of a neutrino mass since it would require flavor states to be

a superposition of mass states [ 116 ], [  117 ]. In fact, the kinematics of beta-decays imply

the mass of the neutrino to be very small compared to other standard model masses [  117 ],

[ 118 ]. This observation is in direct contrast with a prediction from the standard model.

Does the field Q and any interactions it has with neutrinos contribute to their small masses

and oscillations? Studying this question provides an avenue to a greater understanding of

both neutrinos and dark energy, which requires the configuration of the field to be known so

that the magnitude of a pseudoscalar effect can be predicted. Furthermore, the recent mea-

surement of a negative value for m2
νe as indicated by the KATRIN data (see [ 119 ]) presents

another opportunity for determining the configuration of the field and comparing it to the

results found here. This is due to the fact that a dark energy field shifting the energy levels

within the nucleus can, in principle, shift the beta-decay endpoint energy from which the

value of the neutrino mass-squared is determined.
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5.8 Allowed Parameter Space

In this section the allowed parameter spaces for the decay constant coefficient α and

tracking potential power p are derived. These parameter spaces are produced for the nucleus

as a rigid rotor and a vibrating liquid drop. There were three main requirements, represented

by the three different plots for each model in Figures  5.6 and  5.7 , for a region not to be

excluded in the parameter spaces. The first was that the fractional kinetic energy density

could not be more than ten percent of the total dark energy density indicated by observation.

This was an arbitrary constraint to remain consistent with the approximation

ρQ ≈ V (QΛ), (5.19)

assumed throughout this work. This constraint was ensured by finding the maximum value

of α for each model using the equations

αmax,rig =
√

8π

Mpl

(
ΩΛρcrit

5

)1/4√0.24QΛ∆t

δE/E
, (5.20)

αmax,phon =
√

8π

Mpl

(
ΩΛρcrit

5

)1/4
√√√√0.12QΛ∆t

δE/E

(1 − 3ξ/2)
(1 − ξ) , (5.21)

which are derived from the relation

Q̇2
rig,phon

2ρcrit
≤ ΩΛ

10 , (5.22)

where ρcrit is the critical energy density and has value 4.76 × 10−6 GeV/cm3. The second

constraint that was enforced was that the maximum value of the fractional kinetic energy

density cannot produce a dark energy equation of state that exceeded the max value indi-

cated by DESI observations (wQ,max = −0.84) [  65 ]. The third constraint is similar to the

previous one, where DESI observations are complemented with observations of the CMB
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and supernovae by the Planck collaboration. This indicates a maximum equation of state of

-0.972 [ 65 ]. These last two constraints are ensured by using the equation

ΩKE,max = −(wQ,max + 1)
(wQ,max − 1)ΩΛ, (5.23)

which is derived from

wQ ≈ ΩKE − ΩΛ

ΩKE + ΩΛ
. (5.24)

The parameter spaces produced exhibit notable behaviors. The first of these is that for

values of α ≥ 0.08, the values of ΩKE (and, by association, Q̇) change rapidly. This can be

seen by the thin areas of a single color as one travels along the vertical axis for a given value

of p. This is in contrast to values of α below 0.08 where the color gradient is more smooth.

A second notable characteristic of these plots is that the curves become horizontal at

higher values of p. This implies that the predictions of quintessence models for the kinetic

energy density of the field will not differ greatly for different values of p around 10 (and

beyond) and a given value of α. This may be more generally true not only for the kinetic

energy density, but other quantities as well. However, for p ≤ 3, models with different powers

in the potential will make significantly different predictions for the values of Q̇, ΩKE, and

wDE for a given value of α. Once again, this may be more generally true for quantities other

than these.

Since the values of Q̇phon are higher by about 12% than Q̇rig for a given value of α and p,

a smaller parameter space is allowed when modeling the nucleus as a drop of vibrating liquid.

However, this difference is small, and there is a large overlap between the parameter spaces

of the same constraint for the rigid rotor and the vibrating liquid drop. In the same vein, for

a given model, there is a large overlap between the spaces for the permissive constraint that

wQ ≤ −0.84 and ΩKE ≤ 0.10ΩΛ. Using the far more restrictive constraint that wQ ≤ −0.972

reduces the allowed parameter space by approximately half.
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Figure 5.6. Allowed parameter spaces for the nucleus modeled as a rigid rotor
along with the value of the fractional kinetic energy density. All constraints
used to produce the plots are given in the titles.

76



Figure 5.7. Allowed parameter spaces for the nucleus modeled as a vibrating
liquid drop along with the value of the fractional kinetic energy density. All
constraints used to produce the plots are given in the titles.
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It is easy to disregard the importance of the parameters α and p, which is caused by the

approximation that Q̇ is constant. However, these two parameters have profound implica-

tions for the evolution of Q over the course of cosmic history. Therefore, a discussion of the

effects α and p, as well as how values for these parameters can be excluded, will be given

here.

Operating under a dynamical view of dark energy, a non-vanishing vacuum energy can be

produced by a field that is not at the true minimum of its potential due to its flatness [  120 ].

This behavior is sometimes referred to as slow-roll (see Figure  5.8 for a visual representation)

In order for the non-vanishing vacuum energy to produce the observed cosmic acceleration,

the effective mass of the field must be [  120 ]

mQ ≤ H0 ≈ 10−33 eV. (5.25)

The parameter α, as mentioned previously, will determine the effective mass of the field Q.

The choice that the field decay constant is fQ = αMpl results in an effective mass that is

approximately 10−33 eV when α is of the order of 0.1 [  15 ]. Therefore, values of the mass

(and, by association, α) that are above this value result in a cosmic acceleration that is too

fast and creates a scenario that is inconsistent with observation.

Figure 5.8. Visual representation of a dynamical field (φ denoted by the
orange ball) ’rolling’ down its potential V (φ). Slow-roll would occur when the
field gets very close to the minimum, but does not yet reach it. This behavior
is more long term for potentials that are very flat. Diagram is taken from
[ 112 ].
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The power of the tracker potential p will determine if a tracker solution exists and will

determine the evolution of Q and the associated quantities ΩΛ, Ωm, and wQ for time scales

where the field is not constant. The existence of a tracker solution is determined by the

quantity [  121 ]

Γ ≡ V ′′(Q)V (Q)
V ′(Q)2 , (5.26)

where a prime denotes a derivative with respect to Q. If Γ > 1, the equation of state evolves

towards a fixed value independent of initial conditions. For the inverse power law tracker

potential of Ratra and Peebles, this quantity has the value [ 121 ]

Γ = 1 + 1
p

, (5.27)

implying that the aforementioned tracking behavior is ensured for p > 0. The behavior of

the energy density and the equation of state of dark energy for different values of the power

(referred to as n) are given in Figure  5.9 . It is clear from this figure that the power p will

determine, in addition to its evolution, the value of the present-day equation of state, which

provides an opportunity to exclude values of p that are not consistent with observation.

Furthermore, the power p determines the evolution of the dark energy density and if there

exists a time in cosmic history that it overtakes the energy densities of matter and radiation.

Values of p that result in dark energy overtaking matter and radiation too early in cosmic

history, or not at all, can be excluded.
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Figure 5.9. Evolution of the dark energy, matter, and radiation energy den-
sities (left) and the dark energy equation of state (right) for the inverse power
law potential (n here) versus redshift. The choice of n will determine the evo-
lution of both of these quantities as can be seen from the shapes of the curves.
More observationally relevant is the fact that different values of n predict a
different dark energy equation of state and different times in cosmic history
for when the dark energy density overtakes the energy density of matter and
radiation. These plots are taken from [  121 ].
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6. FUTURE WORK

There exist many avenues by which to extend this work. The most obvious and most pressing

extension is to study other Type Ia supernovae. One specific supernova was chosen for this

analysis so that the details and nuances of relating potential gamma ray energy deviations

to a quintessence field could be explored. Now that this framework exists, it is imperative to

produce limits on Q̇ from other supernovae to compare them to each other. There are two

interesting determinations that can be made from this line of inquiry. The first is determining

how the limits change as a function of distance. If a Type Ia supernova is twice as close to

the earth as SN 1991T, are the limits increased/decreased by a factor of two? Is the relation

linear or quadratic? Related to this is determining how the limit on the pion mass variation

changes as a function of distance. Since the pion mass is approximately the same as 1
∆t

δE
E

,

there is the possibility that the limit (≈ 10−10 yr−1) will not improve. This is because a

gamma ray traveling to earth from a supernova that is closer will take less time to arrive.

However, it is possible that the percentage difference in the expected and measured energies

of the gamma ray is smaller. It would be instructive to determine if this is the case or if

there is any change in this value.

Additionally, this work can be extended to other stellar events as long as they generate a

gamma ray spectrum via nuclear deexcitations. The most immediate stellar events that can

be included are Type II supernovae, since they too contain 56Co decaying into 56Fe. However,

it would be desirable to include stellar events that contain a different nucleus emitting gamma

rays. This would permit the comparison of the upper limit on Q̇ between different nuclei

belonging to astrophysical objects at roughly the same distance. The dependence of Q̇ on

the atomic number Z and the mass number A could then be determined.

Furthermore, there are many variations that can be made to the quintessence model for

further studies. An approximation made in this work is that Q̇ was constant, which makes

this work applicable only for time intervals small relative to the age of the universe. Higher-

order expansions of the quintessence field would permit the determination of how Q̇ changes

as the universe evolves. This, in turn, makes the expansion valid for earlier epochs in cosmic

history and permits one to study more ancient phenomena.
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The potential chosen for this work was a generalized tracking potential of the form

V (Q) = M4+p

Qp
. (6.1)

However, there exists a generalized potential that includes a larger class of quintessence

models which has the form [  113 ]

V (Q) = M4+p

Qp
e 1

2 (κQ)n

, (6.2)

where κ ≡
√

8πG and n is some power. Included above are tracking potentials (n = 0) and

supergravity (n = 2).

A quintessence model was chosen for this analysis since it is the simplest extension to

the cosmological constant. There do exist more complex models of dark energy that include

the behaviors that are associated with quintessence fields. An example of this are K-essence

models. To further relax the fine-tuning associated with quintessence models that come from

the definition of a potential and the determination of its free parameters, K-essence models

are defined by the inclusion of a non-canonical kinetic energy term into its Lagrangian. This

term becomes the source of universal accelerated expansion (see [  122 ]–[ 125 ]). A generalized

form of this kinetic energy term is given by [  125 ]

LK = K(Q)p̃(X), (6.3)

where K(Q) > 0 and X ≡ 1
2∂µQ∂µQ.

Similar to quintessence models are phantom dark energy models. These models replace

the quintessence field Q with a phantom field φ and a positive kinetic energy term with a

negative kinetic energy term in the Lagrangian [  126 ]

Lphan = −1
2gµν∂µφ∂νφ − V (φ). (6.4)

The main feature of phantom dark energy models is that a dark energy equation of state

less than −1.0 can be produced, which is a value that is allowed by most datasets.
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Quintom dark energy is a model where both a quintessence field and phantom field is

posited that obey the Lagrangian [ 127 ]

LQuint = 1
2gµν∂µQ∂νQ − 1

2gµν∂µφ∂νφ − V (Q, φ). (6.5)

These models allow for a dark energy equation of state less than -1.0 in addition to an

equation of state greater than −1.0. It is evident that there is no shortage of dark energy

models that can be used to place a limit on Q̇ (in addition to φ̇ for the appropriate models).

All these limits can be compared to one another while also determining model-dependent

behavior of Q̇ or φ̇. The framework developed here would have to be extended to quintom

models since these posit two dark energy fields.
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7. SUMMARY

The framework for relating astrophysical gamma ray energy deviations to a pseudoscalar

quintessence field using an observed 3.2σ effect has been developed here. The existence of

this quintessence field is posited because of the inconsistencies and theoretical issues that

go undressed with dark energy in the form of a cosmological constant. The pseudoscalar

nature of this field is suggested by the anomalous measurement of cosmic birefringence. A

tantalizing microphysical object to associate with this pseudoscalar field are ultralight ALPs

because of their simplicity, their suggested existence across many subfields of physics, and

the observational signatures they would reproduce.

This work is based on the possible variations of the pion and quark masses that would

result from the coupling of the pseudoscalar field to nucleons, which fits into the study

of the variation of fundamentals constants more generally. To unambiguously relate the

quintessence field to the gamma ray energy deviations surmised from the spectroscopic data

of SN 1991T, a nuclear model must be chosen. The two models chosen for this purpose are

the nucleus as a rigid rotor and a vibrating liquid drop. In order for a limit to be derived

for the time-varying component of the quintessence field using these models, the lowest

order of the field and the decay constant of the field must be chosen. The former can be

calculated by assuming that most of the energy density of dark energy today is generated by

the field’s potential, which makes this work consistent with observation. The decay constant

was chosen to be proportional to the Planck mass. This choice is common among ALP dark

energy models since this is the scale with which new physics is associated.

The analysis of the SN 1991T data indicates an energy deviation of approximately 2.3%,

which is the averaged shift of the first and second excited states of 56Fe. This deviation

corresponds to a 3.2σ effect. The resulting upper limit on Q̇ is at least 11 orders of magnitude

smaller than the constant term of the field QΛ. There exists an allowed parameter space

for the free parameters α and p as indicated by the fractional kinetic energy density ΩKE

and the dark energy equation of state wQ. This parameter space is large when using only

the observations of DESI, but is drastically reduced by complementing DESI observations

with Planck observations of the cosmic microwave background and supernovae. The upper
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limits on Q̇ correspond to a pion mass variation of approximately 10−10 yr−1. This limit is

eight orders of magnitude higher than the best limits placed using the Oklo natural nuclear

reactor. However, there are distinct differences in this work, as well as future opportunities

for analyses of this type not available to Oklo, that make this work complementary to the

studies Oklo, rather than eclipsed by them. The main results of this study are contained in

Table  7.1 

There exist many opportunities to expand this work. The most pressing and immediate

of these is to extend this analysis to other Type Ia supernovae. However, this work can

include other astrophysical events as long as a gamma ray spectrum generated by nuclear

deexcitations is available. The inclusion of other astrophysical objects allows for nuclei

different from 56Fe to be used for placing a limit on Q̇. Additionally, different models of

dark energy can be used to generate a limit. These dark energy models include K-essence,

phantom dark energy, and quintom dark energy, to name a few.

Table 7.1. Result for energy deviation indicated by the detected gamma
rays of SN 1991T, energy shift per year, pion mass variation per year for the
rigid rotor & phonon models, and max values of the time-varying part of the
quintessence field for the rigid rotor & phonon models. Uncertainties are given
at one standard deviation.

Quantity Result

δE/E 0.023 ± 0.0073

δĖ/E (5.2 ± 1.7) × 10−10 yr−1

(δṁπ/mπ)rig −(2.2 ± 0.69) × 10−10 yr−1

(δṁπ/mπ)phon −(2.5 ± 0.79) × 10−10 yr−1

Q̇max,rig (1.07 ± 0.35) × 108 GeV/yr

Q̇max,phon (1.22 ± 0.39) × 108 GeV/yr
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A. DERIVATION OF PION MASS DEPENDENCE ON THE

QCD VACUUM ANGLE AND ITS VARIATION

The dependence of the pion mass on the QCD vacuum angle θ is derived in [  11 ]. The

derivation will be included in this appendix for the sake of completeness. Also included are

the steps to find the resulting pion mass deviation for small nonzero values of the QCD

vacuum.

A.1 Pion Mass Dependence on θ

The derivation starts with the convenient step of eliminating the CP violating term

Lθ = −θ
g2

S

32π2 GlµνG̃lµν (A.1)

from the QCD Lagrangian by rotating the quark fields

u → eiφuu, (A.2)

d → eiφdd, (A.3)

where u is the up-quark field, d is the down quark field, and φu and φd are their respective

phases that obey

φu + φd = θ. (A.4)

Consequently, the quark mass matrix, given by MU0 where

M =

mu 0

0 md

 , U0 =

eiφu 0

0 eiφd

 , (A.5)

now depends on the QCD vacuum angle. Above, mu and md are the masses of the up and

down quarks, respectively.
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The effective Lagrangian of the sigma model, which is an accurate description of QCD

in the low energy limit, is written as

L ⊃ −1
4f 2

π
Tr
[
∂µU∂µU †

]
+ B0Tr

[
(MU0)U + (MU0)†U †

]
, (A.6)

where U = eπaτa/fπ , πa is the pion field, τa are the isospin matrices (which are proportional

to the Pauli matrices), fπ is the pion decay constant, and B0 is a constant determined by the

ratio of meson masses. These last two quantities are taken to have values of fπ = 92.4 MeV

and B0 = 7.6 × 106 MeV3. The sigma model Lagrangian has many more terms containing

the nucleon fields; however, these are the only two terms needed for finding the value of the

pion mass.

The matrix U can be expanded as

U = eiπaτa/fπ

=
∞∑

n=0

1
n!

(
i

fπ

)n

(πaτa)n,

= 1 + 12
∑

n even

1
n!

(
i

fπ

)n

(πa
π

a)n/2 +
∑

n odd

1
n!

(
i

fπ

)n

(πa
π

a)n/2
(

πaτa

‖~π‖

)
,

= cos ‖~π‖
fπ

+ i πa

‖~π‖
τa sin ‖~π‖

fπ

, (A.7)

where 12 is the 2 × 2 identity matrix and

‖π
a‖ =

√
π2

1 + π2
2 + π2

3. (A.8)

Furthermore, the matrix MU0 can be expanded in the most general form of any 2×2 matrix

as

MU0 = A12 + iB12 + Cτ 3 + iDτ 3. (A.9)

Using both of the above expansions, the potential in the Lagrangian for the pion can be

expressed as

V = −B0Tr
[
(MU0)U + (MU0)†U †

]
. (A.10)
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Once the matrices are multiplied, added, and the trace is taken, the final expression is

V = −B0

[
4A cos ‖~π‖

fπ

− 4D
π3

‖~π‖
sin ‖~π‖

fπ

]
. (A.11)

This can be derived mechanically by expanding each term out as a matrix and using the

usual rules for multiplying and finding the Hermitian conjugate of matrices. To prevent the

contribution of an imaginary term to the quark mass, D must be zero. The expansion of

MU0 implies that the coefficient D is the same as

D = 1
2Tr

τ 3

mu sin φu 0

0 md sin φd


 = 1

2(mu sin φu − md sin φd) = 0. (A.12)

The above equation and Equation (  A.1 ) can be used to find the sine and cosine of each

phase. The derivation of the sin φu will be shown in detail. The other equations can be

found by similar steps.

0 = mu sin φu − md sin φd = mu sin φu − md sin(θ − φu)

= musinφu − md sin θ cos φu + md cos θ sin φu

= musinφu − md sin θ
√

1 − sin2 φu + md cos θ sin φu

Bringing the second term to the left-hand side, squaring both sides, and then isolating sin φu

yields
sin2 φu = (md sin θ)2

(mu + md cos θ)2
1(

1 + (md sin θ)2

(mu+md cos θ)2

)
= (md sin θ)2

m2
u + m2

d + 2mumd cos θ
.

Finally, taking the square root yields

sin φu = md sin θ

(m2
u + m2

d + 2mumd cos θ)1/2 . (A.13)
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The rest of the equations, found in a similar way, are

sin φd = mu sin θ

(m2
u + m2

d + 2mumd cos θ)1/2 , (A.14)

cos φu = mu + md cos θ

(m2
u + m2

d + 2mumd cos θ)1/2 , (A.15)

cos φu = md + mu cos θ

(m2
u + m2

d + 2mumd cos θ)1/2 . (A.16)

The coefficient A is

A = 1
2Tr

mu cos φu 0

0 md cos φd

 = 1
2(mu cos φu + md cos φd). (A.17)

The second order term of Equation ( A.1 ) when expanded corresponds with the pion mass.

The second order term is

m2
π

= 4AB0

f 2
π

= 2B0

f 2
π

(mu cos φu + md cos φd)

= 2B0

f 2
π

(
m2

u + m2
d + 2mumd cos θ

(m2
u + m2

d + 2mumd cos θ)1/2

)
,

which yields the pion mass-squared as

m2
π

= 2B0

f 2
π

(m2
u + m2

d + 2mumd cos θ)1/2. (A.18)
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A.2 Variation of the Pion Mass

How the mass of the pion will vary when θ is a small angle not equal to zero follows

readily from the last equation of the preceding section. Expanding the cosine to second

order and then simplifying the resulting expression is carried out below

mπ ≈
√

2B0

f 2
π

(m2
u + m2

d + 2mumd(1 − θ2/2))1/4

=
√

2B0

f 2
π

(m2
u + m2

d + 2mumd − mumdθ2)1/4

=
√

2B0

f 2
π

[(mu + md)2 − mumdθ2]1/4

≈
√

2B0

f 2
π

(mu + md)1/2 −
√

2B0

f 2
π

mumd

4(mu + md)3/2 θ2,

making the final result

mπ ≡ m̄π + δm̄π. (A.19)

Above, m̄π is the expected mass of the pion with θ = 0. Taking the ratio of δm̄π and m̄π and

plugging in the values of the quark masses yields

δmπ

mπ

= − mumd

4(mu + md)2 θ2 ≈ −0.05θ2, (A.20)

where the bar over mπ was dropped for convenience. The above result agrees with the

expression given in [  12 ].
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B. COMPTEL BACKGROUND AND SN 1991T DATA

This appendix contains the data points for the COMPTEL background and the background-
subtracted gamma ray data from SN1991T. These data points were extracted using
WebPlotDigitizer [ 100 ] from the respective plots in [ 5 ].

B.1 COMPTEL Background Data Points

Table B.1. One example of data points for a background
model of COMPTEL. The count error was taken to be
the square root of the number of counts.

Counts Energy (keV) Count Error
2,620.85 726.397 51.1943
13,799.4 772.54 1117.471
21,460 823.366 146.492
25,849 874.543 160.776
28,386.5 928.072 168.483
29,380 975.311 171.406
29,818.4 1,026.91 172.68
29,700.6 1,072.12 172.339
29,336.1 1,119.51 171.278
28,664 1,175.53 169.304
27,805.9 1,225.12 166.751
27,132.7 1,272.54 164.72
27,077.4 1,324.2 164.552
27,700.5 1,371.47 166.435
28,628.8 1,390.74 169.2
29,743.9 1,422.9 172.464
30,429.3 1,474.48 174.44
27,904.8 1,526.4 167.047
24,824.3 1,574.08 157.557
22,546.5 1,623.82 150.155
20,885.7 1,671.35 144.519
19,780.9 1,723.12 140.645
18,737.7 1,772.73 136.886
17,942.7 1,833.07 133.95
17,330.7 1,876.18 131.646
16,842.5 1,921.42 129.779
16,046.1 1,971.01 126.673
15,497.2 2,024.87 124.488
15,564.8 2,072.21 124.759
16,928.9 2,121.56 130.111
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17,919.7 2,147.28 133.865
18,972 2,170.84 137.739
20,212.9 2,222.35 142.172
18,429 2,272.04 135.753
15,534.1 2,324 124.636
13,194.6 2,373.75 114.868
11,842.7 2,423.4 108.824
11,170.1 2,475.12 105.689
10,744.1 2,524.66 103.654
10,317.8 2,572.05 101.577
10,139 2,623.72 100.693
10,268.3 2,671.05 101.333
10,151.3 2,722.72 100.753
10,218.8 2,770.06 101.088
10,163.2 2,819.56 100.813
9,860.69 2,869.09 99.301
9,496.7 2,920.78 97.451
9,688 2,970.26 98.4276
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B.2 1991T Background-Subtracted Data Points

Table B.2. Spectroscopic data of SN1991T after the
background model is subtracted off. The count error was
extracted from the error bars provided in [ 5 ].

Counts Energy (keV) Count Error
-12.803 726.273 19.5923
211.366 776.828 52.2461
321.246 827.124 62.0422
186.223 876.862 63.6749
-87.5873 925.375 75.1215
-137.693 977.126 78.3602
52.1807 1,026.69 80.0107
117.979 1,076.89 78.378
304.604 1,128.27 78.3691
138.551 1,177.03 81.6345
321.903 1,227.49 84.8999
247.289 1,277.36 78.378
61.6441 1,326.08 78.378
-3.17327 1,375.98 80.0107
29.9708 1,426.1 81.6345
33.7264 1,476.15 83.2672
-29.4582 1,526.05 78.3691
-32.2423 1,575.18 76.7364
-20.3232 1,625.25 75.0948
132.007 1,675.65 68.573
32.8945 1,724.56 71.8383
-136.415 1,774.22 66.9403
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C. REPRESENTATIVE VALUES OF Q̇

Representative values of Q̇ and their uncertainties at one standard deviation for evenly

spaced values of α from 0.005 to 0.1 and values of the power of the tracking potential p

from 1 to 10. These values are calculated from the average energy deviations as indicated

by the gamma rays emitted by 56Fe in SN 1991T. Furthermore, as explained in the previous

chapters, these values result after assuming that the decay constant is fQ = αMpl/
√

8π so

that the mass of the field will not cause an accelerated expansion rate of the universe larger

than the value suggested by observation. Also, it is assumed that most of the dark energy

density is contained in the potential so that Q will behave approximately as a cosmological

constant. The first pair of tables is for the nucleus modeled as a rigid rotor and the second

pair of tables is for the nucleus modeled as a vibrating liquid drop. For this latter model the

values of Q̇ will be larger by approximately 12%.
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D. MATLAB CODE FOR CALCULATING Q̇ AND PLOTTING

PARAMETER SPACES

This appendix contains the code for calculating the values of Q̇ and plotting the allowed
parameter spaces for both the nucleus as a rigid rotor and vibrating liquid drop. All values
used for astrophysical constants and parameters are taken from [ 72 ].

D.1 Rigid Rotor Model

% Clear all variables in MATLAB
clear;

length_conversion = 1.9733*10^(-16); % m*GeV
time_conversion = 6.5823*10^(-25); % s*GeV
planck_mass = 1.22093*10^(19); % GeV

%Fractional energy density of dark energy.
omega_Lambda = 0.685;

% Scaling factor for Hubble expansion rate.
h = 0.673;

rho_crit = h^2*1.05375*10^(-5); % GeV/cm^3
f_Q = planck_mass/sqrt(8*pi); % GeV

% Averaged gamma ray energy deviation.
dEoverE = .023;

% Time light takes to rach earth from 91T.
delta_t = 44*10^6;

% Max allowed value of the DE EoS parameter.
w_DE_max = -0.972;

% Max fractional kinetic energy density allowed for w_DE_max.
Omega_KE_max = -(w_DE_max+1)/(w_DE_max-1)*omega_Lambda;

% Declare variables that will later act as arrays.
Omega_KE_space = 0;
alpha=0;
power_list=0;
Omega_KE=0;
i=0;
alphamax=0;
Q_dot_list=0;

% Loop through values of decay constant coefficients
% from 0.005 to 0.2 in 0.001 increments.
for al=0.005:0.001:0.2
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i=i+1;
j=0;

% Loop through values of the tracking potential power
% from 1 to 10 in 0.01 increments.
for p=1:0.01:10

j=j+1;
alpha(i,j)=al;
power_list(i,j)=p;

% Calculate the cosmological constant term of the
% quintessence field for a value of p.
Q_Lambda = planck_mass/sqrt(8*pi)*1/(3*omega_Lambda)^(1/p);

% Calculate the maximum value of the decay constant
% coefficent such that the kinetic energy density
% doe not exceed 10 percent the energy density of DE.
alphamax(j) = sqrt(.24*Q_Lambda*delta_t*3.154*10^7/time_conversion/dEoverE)*...

(omega_Lambda*rho_crit*length_conversion^3/10^(-6)/5)^(1/4)/f_Q;

% Exclude fractional kinetic energy densities that exceed
% 10 percent of dark energy density.
if al>alphamax(j)

Omega_KE(i,j)=NaN;
else

% Compute Q_dot for rigid rotor model.
Q_dot = (al*f_Q)^2/(0.24*Q_Lambda*delta_t)*dEoverE; % GeV/yr
Q_dot_list(i,j)=Q_dot;

% Convert Q_dot to natural units.
Q_dot_natural = Q_dot*time_conversion/(3.154*10^7); % GeV^2

% Compute kinetic energy density.
rho_KE = Q_dot_natural^2/2; % GeV^4

% Covert kinetic energy density to intuite units.
rho_KE_intuitive = rho_KE/length_conversion^3*10^(-6); % GeV/cm^3

% Compute fractional kinetic energy density.
Omega_KE(i,j) = rho_KE_intuitive/rho_crit;

end

% Exclude fractional kinetic energy densities
% where the equation of state parameter will
% exceed that of w_DE_max.
if Omega_KE(i,j)>Omega_KE_max

Omega_KE_space(i,j) = NaN;
else

Omega_KE_space(i,j) = Omega_KE(i,j);
end
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end
end

% Plot parameter spaces with color bar that indicates
% the value of the fractional kinetic energy density.
figure;
h1=pcolor(power_list,alpha,Omega_KE);
set(h1, ’EdgeColor’, ’none’);
colormap(’jet’);
set(gca,’ColorScale’,’linear’);
c1 = colorbar;
c1.Label.String = ’\Omega_{KE,rig}’;

figure;
h2=pcolor(power_list,alpha,Omega_KE_space);
set(h2, ’EdgeColor’, ’none’);
colormap(’jet’);
set(gca,’ColorScale’,’linear’);
c2 = colorbar;
c2.Label.String = ’\Omega_{KE,rig}’;
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D.2 Phonon Model

% Clear all variables in MATLAB
clear;

length_conversion = 1.9733*10^(-16); % m*GeV
time_conversion = 6.5823*10^(-25); % s*GeV
planck_mass = 1.22093*10^(19); % GeV

%Fractional energy density of dark energy.
omega_Lambda = 0.685;

% Scaling factor for Hubble expansion rate.
h = 0.673;

rho_crit = h^2*1.05375*10^(-5); % GeV/cm^3
f_Q = planck_mass/sqrt(8*pi); % GeV

% Averaged gamma ray energy deviation.
dEoverE = .023;

% Time light takes to rach earth from 91T.
delta_t = 44*10^6;

% Max allowed value of the DE EoS parameter.
w_DE_max = -0.972;

% Max fractional kinetic energy density allowed for w_DE_max.
Omega_KE_max = -(w_DE_max+1)/(w_DE_max-1)*omega_Lambda;

% Atomic number of iron-56.
Z = 26;

% Mass number of iron-56.
A = 56;

% Value of the coefficient of the A^(2/3) term
% in the semi-empirical mass formula.
S = 18.56*10^(-3); % GeV

% Experimentally determined parameter used
% to predict the radius of a nucleus.
r_0 = 1.2*10^(-15)/length_conversion; % GeV^-1

% Fundamental unit charge in
% natural units.
charge = 0.30282;

% Dimensionless constant needed for the
% determination of Q_dot.
xi = 3*Z^2*charge^2/(10*A*S*r_0);

% Declare variables that will later act as arrays.
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alpha=0;
power_list=0;
Omega_KE=0;
Omega_KE_space = 0;
i=0;
alphamax=0;
Q_dot_list=0;

% Loop through values of decay constant coefficients
% from 0.005 to 0.2 in 0.001 increments.
for al=0.005:0.001:0.2

i=i+1;
j=0;

% Loop through values of the tracking potential power
% from 1 to 10 in 0.01 increments.
for p=1:0.01:10

j=j+1;
alpha(i,j)=al;
power_list(i,j)=p;

% Calculate the cosmological constant term of the
% quintessence field for a value of p.
Q_Lambda = planck_mass/sqrt(8*pi)*1/(3*omega_Lambda)^(1/p);

% Calculate the maximum value of the decay constant
% coefficent such that the kinetic energy density
% doe not exceed 10 percent the energy density of DE.
alphamax(j) = sqrt(.12*Q_Lambda*delta_t*3.154*10^7/time_conversion*(1-3*xi/2)/((1-

xi)*dEoverE))...
*(omega_Lambda*rho_crit*length_conversion^3/10^(-6)/5)^(1/4)/f_Q;

% Exclude fractional kinetic energy densities that exceed
% 10 percent of dark energy density.
if al>alphamax(j)

Omega_KE(i,j)=NaN;
else

% Compute Q_dot for phonon model.
Q_dot = (al*f_Q)^2*(1-xi)*dEoverE/(.12*Q_Lambda*(1-3/2*xi)*delta_t); % GeV/yr
Q_dot_list(i,j)=Q_dot;

% Convert Q_dot to natural units.
Q_dot_natural = Q_dot*time_conversion/(3.154*10^7); % GeV^2

% Compute kinetic energy density.
rho_KE = Q_dot_natural^2/2; % GeV^4

% Covert kinetic energy density to intuite units.
rho_KE_intuitive = rho_KE/length_conversion^3*10^(-6); % GeV/cm^3

% Compute fractional kinetic energy density.
Omega_KE(i,j) = rho_KE_intuitive/rho_crit;
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end

% Exclude fractional kinetic energy densities
% where the equation of state parameter will
% exceed that of w_DE_max.
if Omega_KE(i,j)>Omega_KE_max

Omega_KE_space(i,j) = NaN;
else

Omega_KE_space(i,j) = Omega_KE(i,j);
end

end
end

% Plot parameter spaces with color bar that indicates
% the value of the fractional kinetic energy density.
figure;
h1=pcolor(power_list,alpha,Omega_KE);
set(h1, ’EdgeColor’, ’none’);
colormap(’jet’);
set(gca,’ColorScale’,’linear’);
c1 = colorbar;
c1.Label.String = ’\Omega_{KE,phon}’;

figure;
h2=pcolor(power_list,alpha,Omega_KE_space);
set(h2, ’EdgeColor’, ’none’);
colormap(’jet’);
set(gca,’ColorScale’,’linear’);
c2 = colorbar;
c2.Label.String = ’\Omega_{KE,phon}’;
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