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Abstract Sharing nonlocality refers to whether the post-
measurement state in a Bell test can be reused to demonstrate
nonlocality among multiple observers conducting sequential
measurements. It has become one of fascinating and chal-
lenging topics in the past decade. In this study, we shift the
nonlocality sharing scenario to near the Schwarzschild black
hole to explore how Hawking radiation affects sequential
nonlocality sharing. In the ideal case without Hawking radi-
ation, Alice and Bob share a maximally entangled pure state.
Bob measures his half and then passes it to a second Bob,
who repeats the measurement process, and so on. Previous
studies have shown that Bob can perform an infinite number
of measurements to achieve nonlocality sharing with Alice.
If only Alice or Bob is affected by Hawking radiation, the
number of shares becomes finite and depends on the Hawking
temperature. Unfortunately, when both are exposed to Hawk-
ing radiation, sharing nonlocality becomes nearly impossi-
ble. However, we can overcome this limitation by introduc-
ing auxiliary entangled sources. By adding several observers
sharing an entangled state with Alice, we form a star net-
work. Our results indicate that with these auxiliary sources,
sequential network nonlocality sharing is achievable within
this star network.

1 Introduction

Developing quantum technologies for space and space-
related applications is of particular importance as it can sup-
port space exploration [1-4]. This includes the research and
development of technologies in the areas of communica-
tion and sensing [5]. However, conducting quantum experi-
ments in space requires considering the effects of the space

#e-mail: yangshuyuan2000@ 163.com

b e-mail: hekan@tyut.edu.cn (corresponding author)

Published online: 07 August 2025

environment such as extreme temperatures, magnetic fields,
and cosmic radiation [1]. Black holes can emit radiation
through quantum effects, now known as Hawking radiation
[6]. Hawking radiation theory suggests that near the event
horizon of a black hole, quantum fluctuations can cause vir-
tual particle pairs to separate, with some particles escap-
ing as radiation while introducing thermal noise. Previous
research has predominantly concentrated on how the Hawk-
ing effect influences diverse quantum sources, including
quantum steering [7], coherence [8], entanglement [9-11],
Bell nonlocality [12—14], dynamical measurement’s uncer-
tainty [15], and the entropy uncertainty relation [16—19].

In the ideal scenario, to recycle Bell nonlocality, Silva
et al. first introduced the nonlocality sharing scenario [20],
which investigates whether the postmeasurement state in a
Bell experiment can preserve its nonlocality after sequential
measurements by an observer. The process is schematically
illustrated in Fig. 3. They showed that at most two sequen-
tial observers (Bobs) could share nonlocality with a single
Alice through weak measurements. Since then, sharing Bell
nonlocality has been extensively studied [20-26]. Brown et
al. provided the conditions for infinite sharing of nonlocal-
ity when the initial state is a maximally entangled pure state
[23]. Fei et al. extended this to high-dimensional shared ini-
tial states, offering conditions for infinite sharing [24]. Yang
et al. investigated the impact of noise on sharing [25]. Sub-
sequently, it has also been shown that standard projective
measurements can be employed for nonlocality sharing [27—
29]. Researchers have also experimentally demonstrated that
nonlocality sharing is achievable using weak measurements
[26]. However, none of the aforementioned investigates have
taken Hawking radiation into account.

In this study, we shift our attention to the influence of
Hawking radiation on a sequential nonlocality sharing sce-
nario, as illustrated in Fig. 3. Initially, we consider the case

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-025-14565-4&domain=pdf
http://orcid.org/0000-0002-8984-4888
http://orcid.org/0000-0002-4931-2115
mailto:yangshuyuan2000@163.com
mailto:hekan@tyut.edu.cn

850 Page 2 of 10

Eur. Phys.J. C (2025) 85:850

P 4B

Qe P> e x
7\
\

S T e

Fig. 1 Bell scenario. Alice (A) and Bob (B) share a bipartite state
pap, where x and y represent the inputs, and a and b represent the
corresponding outcomes

where only one party (either Alice or Bob) freely falls toward
the event horizon. The study finds that Hawking radiation
limits the number of shares. Specifically, when the Hawking
temperature is high, the initial state shared by Alice and Bob
may become local. Subsequently, we examine the scenario
where both Alice and Bob are affected by the black hole’s
event horizon. When the Hawking temperature is within a
certain range, nonlocality sharing between Alice and Bob can
occur at most once. To overcome this limitation, we introduce
additional sources to form a star network. Upon analyzing the
calculation results, we find that the more branches the star
network has, the more times Bob can perform measurements
while still preserving nonlocality.

2 Preliminaries
2.1 Detection of nonlocality

In this subsection, we review the results on the Bell scenario
shown in Fig. 1. The quantum nonlocality of a bipartite state
pap can be proved by violating Clauser—Horne—Shimony—
Holt (CHSH) Bell inequality [30]

1
SCHSH = 5((A030) + (ApB1) + (A1Bo) — (A1B1)) < 1,
(D

where (A By) = Za_b(—l)“+bp(a, b|x, y) represents the
expectation value of the observations of Alice and Bob when
their inputs are x and y (x,y € {0, 1}), and outcomes are
a and b (a,b € {0, 1}), respectively. Here, A; and B; are
observables satisfying r(A;) < 1 and r(B;) < 1 fori =
0, 1, and r(A) denotes the spectral radius of matrix A. The
probability distributions are given by

pla,blx,y) = tr[(Agx ® Bpjy)pasl, (2)

where Y, (—=1)*Ayy = Ay and >, (=1)’By, = By for
the Alice’s measurement set {Ay|x}q,» and the Bob’s one
{Bbly}b,y.

It is worth noting that SY%* = ,/rlAB + tZAB repre-

sents the maximal CHSH value Scysy for the state pap,

@ Springer

Al
Am
P 4B
AZ
P4,B N
L]
: B %
. ;
A
P 4 Pas 3
AS
A4
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Fig. 3 Abipartite entangled state pg; is initially shared between Alice
and Bob(". Bob()) performs a positive operator-valued measurement
(POVM) on his part. Denote by pi‘zl)? the postmeasurement state. Bob®
also performs a POVM, and this process continues until the Bob®™.
One want to ask how many Bobs can share the nonlocality with Alice
at most

as determined by the Horodecki criterion [31]. Here, t{‘B

and tzAB denote the two larger non-negative eigenvalues of
(T(paB)) T (pag), where T (pap) is the correlation matrix
of pap.

References [32,33] have also investigated the nonlocal
correlations generated by the star network shown in Fig. 2.
The network state is given by pnet = P48 @ PA,B ® -+ ®
pa,, B- Reference [33] has demonstrated that when inequality

m % m %
( r{‘fB) + ( rzA"B> > 1 3)
i=1 i=1

is satisfied, the correlations generated by the network state in
the star network are nonlocal. Here, tlA i and r{‘ iB denote the

two larger non-negative eigenvalues of (7 (o4, aNTT(p A;B)-

max  __
Sstamet -

2.2 Nonlocality sharing scenario

The sequential nonlocality sharing scenario is depicted in
Fig. 3. Initially, Alice and Bob'" share a 2-qubit entangled
state pzll)g. When Bob! performs the measurements deter-
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mined by a binary input Y1) = y, resulting in a binary out-
come B = p, the postmeasurement state between Alice
and Bob® is given by the Liiders rule [34] i.e.,

Py = Z(h@ B\ s (1 ® /B, )

where BIE‘I; is the positive operator-valued measurement

(POVM) corresponding to outcome b for Bob")’s measure-
ment with input y. Repeating this process, the state p, pw)
shared by Alice and Bob® can be computed as

k k—1 k—1 k—1
YR ZU@ By oy (@B )

where Blgllcy_ Y is the POVM for the outcomes b of Bob*—1)’s
measurements with input y.

In the sharing scenario, the primary issue is to determine
the maximum number of measurements Bob can perform
while still ensuring the persistence of nonlocality. When
Py = 19701 (191) = J5(100) + [11))), the POVM
strategies introduced in Ref. [34] allow arbitrarily many inde-
pendent Bobs to share the nonlocality with the single Alice.
These POVM strategies take the following forms

B® =L 6
0[0 * E( 2+ 03), (6)
BY =Lu 7
0|1 —5( 2+ vko1), @)

where o (j = 1, 2, 3) are Pauli matrices, 6 € (0, 7/4] and
Nk € (0,1) foranyk =1,2,...,n

2.3 Dirac fields in the Schwarzschild space-time

In this analysis, we select a fermionic initial state to align with
recent quantum correlation studies in relativistic contexts that
often focus on Dirac particles [7,8,35]. For simplicity, we
set the gravitational constant G, the Planck constant 7, the
speed of light ¢, and the Boltzmann constant kg = 1 in our
subsequent discussion.

To define the vacuum state of the curved space-time for
fermions, one can begin with the following Dirac equation:

(iy%et!D, —m)® =0, 8)

where m is the fermion mass, y are the Dirac matrices, el

is vierbein, D), = 9, — w uboab, Oup = 2{)4,, Vbl w“b is

the spin connection, and ® represents a spinor field.
Consider the Schwarzschild black hole metric:

oM oM\ !
ds? = —(1 - —>dt2 + <1 - —) dr?
r r

+ r2(d6? + sin® 0d¢?), )

Here, r is the black hole’s radius, and M is its mass. The
Dirac equation solutions in regions / (the Universe, phys-
ically accessible) and 71 (inside the black hole, physically
inaccessible) are [36]:
(Dl{-i- :%’e_iw”’ q)lil-i-:%-eiwu’ (10)
where k is the wave vector used to label the modes, & is a four-
component Dirac spinor formed from spinorial spherical har-
monics, w is the monochromatic frequency of the Dirac field,
u = t —r, with the tortoise coordinate r, = r +2M In 554 2M .
To construct a complete basis for analytic modes w1th pos—
itive energy, we employ Kruskal coordinates to perform ana-
lytical continuation following the Damour—Ruffini method
[37]. The resulting Dirac fields are expanded in the appro-
priate Kruskal basis as follows:

Ak
J2cosh(er Mw) (11)

x [clolt +ellol™ ¢l ol= +a/"T ol 7,

where cll( and d{f with I = (Z, II) are the fermion anni-
hilation operators and antifermion creation operators acting
on the Kruskal vacuum. The {4-, —} superscripts on the kets
indicate the particle and antiparticle vacua, respectively.
The Bogoliubov transformation can be used to connect the
operators in black hole and Kruskal space-time [38]. Specifi-
cally, the vacuum and excited states in black hole coordinates
correspond to the Kruskal two-mode squeezed states:

10} — A—10K) 7 10-k) 77 + A+ |17 11-k) 77

_ (12)
11— L) 10267,

with the Bogoliubov coefficients A1 = (e T+ 1)" 2, where
T = 87[ 57 is the Hawking temperature [39]. For simplicity,
we take = 1, |nk)} = |n); and [n_x)7; = n) ;.

3 Nonlocality sharing near a Schwarzschild black hole

This section investigates a specific nonlocality sharing sce-
nario where the initial state is p,(;l); = [p)oT| (lpT) =
\%UOO) +111))). The analysis focuses on three cases: (i) the
case where Bob traverses near the event horizon of the black
hole as shown in Fig. 4a, (ii) the case where Alice traverses
near the event horizon of the black hole as shown in Fig. 4b,
and (iii) the case where both Alice and Bob traverse the event
horizon of the black hole as shown in Fig. 4c.

@ Springer
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Fig. 4  Schematic of the
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nonlocality sharing scenario

under the influence of a

Schwarzschild black hole. a The (411;,
particle of Alice is located
outside the black hole (briefly
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has traversed the event horizon
of the BH. b The particle of Bob
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3.1 The black hole mode for Bob

For the sharing scenario depicted in Fig. 4a, we use the
Kruskal basis shown in Eq. (12) for Bob, while keeping Alice
stationary. This allows us to reformulate the complete tripar-
tite quantum state ,o/(;l)gl By which involves subsystems A and
B (observed by Alice and Bob, respectively) and subsystem
By (observed by anti-Bob inside the black hole). Specifi-
cally, we can obtain

'01(412313” |V aB, B ) (YaB B, (13)
where
1
= —(A_]000) + A+ [011) + [110 14
[V AB; B \/5( | ) +] )+ ) (14)

with A = (¢*F + 1) 7 and T = gl

Since the black hole’s interior is causally isolated from
its exterior, Alice and Bob cannot access the modes within
it. By tracing out the inaccessible mode B;jj, we derive the
reduced density matrix

1
Pz, =§(A2_|00)(00| + A_[00)(11]

+ 22101)(01] 4 A 11)(00] + [11)(11])

1 A2 a2 -
ZZ(IZ®12+ ) I ®o;+ Aoy ®0x
A2 =2 +1
— ooy ® Ty + %oz ®02) (15)

@ Springer

Considering the scenario where Bob(!) performs the mea-

surements shown in Egs. (6) and (7), specifically B0|0 =

(12 + o03) and B0|1 = 5(12 + y101). It follows from Eq.
(4) that the form of the post-measurement state is

o 2tV
Pap =—— 5 Pap, t 7 (12®Uz)p ), (h ® )
i
+ T(Iz ® Ux)PAB, (2 ® ox)

1
=Z(12 QI + b(z)Iz Qo + tmax ® oy
(2)

+170y @ 0y + 1,70, ® o) (16)
I+ /1=y2 32 _32 _
with b = Tm% @ = A0 o
-y @ _ 40 177
—A_+——,and ;7 = A~ T~

Since Bob is st111 near the event horizon at this time, Eq.
(12) can still be used to obtain pfgl By By tracing out the
inaccessible mode Bjj, we derive the reduced density matrix

Py, = (12 ®hL+ L bBPr: —12)s,

+ t(z)k oy ® 0y + t2 )A oy ®oy
+ 19220, @ o). (17)
Continuing with the above steps, Bob performs measure-

ments in the form of Eqs. (6) and (7) successively. And by
taking the partial trace over the modes inside the black hole,
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we can obtain the correlation matrix of the quantum state
after Bob has performed n — 1 measurements as

T(p43,)

| o =g (%)"71 0 . s

52 n—1
0 0 Gy <7>

where F,, = I—[;:ll 1—y?andG, = ]—[:7;11(1+ 1—y2).
Here n > 2.

By using the form of the correlation matrix of pg";] shown
in Eq. (18), we can obtain its maximum CHSH value as

max
SaB!

19)

For the sake of analysis, it is assumed that the measure-
ments performed by each Bob are identical, i.e., y; = y» =
-++ = y,—1 = y.Inthis case, the quantum state that is formed
after n — 1 measurements can be specifically characterized
as

A 2n—2
Siby = (7> +0(n, ), (20)
where
Qn,y)
N2 L 2\
=max { Fj, <?> , Gy (7_) 21

with i = (e T +1)"2, F, = (1 — 2" ' and G, =

(1 +T—yH™2

To obtain the maximum number of shares, we calculate
the maximum CHSH value ng’;, for the quantum state pg";[
with n = 2,3, ..., 6. These values are shown in Fig. 5. As
the Hawking temperature 7 increases, quantum nonlocality
diminishes. From Fig. 6, we observe that a smaller y in Bob’s
measurement allows for more nonlocality shares. When y is
large, nonlocality disappears after Bob’s second measure-

ment.
3.2 The black hole mode for Alice

In the sharing scenario shown in Fig. 4b, only Bob performs
measurements successively. This section considers the case

where Alice, who does not perform measurements succes-
sively, is near the event horizon of the black hole and pro-
vides the conditions for sharing nonlocal correlations 7 times.
Using the Eq. (12), we get

1)

'OAIA[]B = |WA,A”B)<¢A1A”B|, (22)
where

1
|V aB,B;,) = E(A—IOOO) + A4 [110) +[101)) (23)

with A+ = (X7 + 1)72 and T = gl At this point,
the subsystems A; and B, observed by Alice and Bob, are
considered, along with the subsystem Aj;, which is observed
by anti-Alice inside the black hole. Given that the interior of
the black hole is causally disconnected from its exterior, thus
the physically accessible quantum state is

(1) (€]
Pag =UA; (P a,,B)

:%(ﬁm) (00] + A_|00)(11]

+ 22 110)(10] 4 A_|11)(00] + [11)(11])
2 2

- A T

1
=Z(12®12+ 0, QI+ A0y ®0y

22 =22 +1
—)\,Gy®0y+—+

0z @ 07) (24)
After Bob performs the measurement Béllg = %(12 + 03)

and Bélll) = %(12 + y101), the post-measurement state takes
the form

s 24 1=y 1
2/ 1 1 1
o =T C T el o
L= 1=vi W
+ T([g & Ux)pA,B(I2 ® ox)

1
24_1(12 ® DL+ aéz)az ® I+ tl(z)ax R oy

2 2
+1%0, @0, + 1170, @ 0,) (25)
' 2,2 J1—y2
with aéz) = —A7 ;++1, [1(2) = %, t2(2) = —)\,_—2 I , and

i . . . .
. Since Alice is near the event horizon of

the black hole, by using Eq. (12), we can obtain the form of

2)
PA A B and

) .2 1+,/1— 2
1P =2

2) (2)
Pa;B ZtrA”(,OAIA”B)

1
=, (h®hL+ @22 =22, @ I

@ Springer
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Fig. 5 The x-axis represents 12 12
the Hawking temperature 7', and n=2 n=2
the y-axis represents the value i n=3 L n=3
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Fig. 6 The x-axis represents 12 12
the Hawking temperature 7', and 1.1
the y-axis represents the value 1 'y
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T T
() y=0.5 (d) y=0.7
+ tl(z)k_ox ® oy + tz(z)x_ay ® oy T(p(") )
ArB
2
+147220, ®0,). (26) Al
(7*) 0 0
Following this procedure, we can always obtain the state A\t
) | o -r(%) o | @

p,p after Bob has performed n — 1 measurements, as well
as the physically accessible pf4"I>B. The correlation matrix of

,oXlI)B can be written as

@ Springer

where F,, = ]_[;’z_ll 1-y?andG, = = a+,/1 - s

i=1
Clearly, we can observe that T(pixnl)a,) = T(pg’l)B).
By comparing the forms of Egs. (18) and (27), itis evident
that the correlation matrix of the postmeasurement state pg’;[
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Fig. 7 The x-axis represents the Hawking temperature 7', and the y-
axis represents the value of ST

A B}

and pX?B remains unchanged, regardless of whether Alice
or Bob is near the event horizon, as long as only Bob per-
forms sequential measurements in the sharing scenario. Con-
sequently, the analysis of Figs. 5 and 6 can still be employed
to illustrate nonlocality sharing. We can draw the conclusion
that the number of nonlocality sharing increases when the
Hawking temperature is low and the measurement parame-
ter ¢ decreases.

3.3 The black hole mode for both Alice and Bob

Assume that both Alice and Bob traverse the event horizon
of the black hole in sharing scenario. The schematic dia-
gram is shown in Fig. 4c. Applying the transformation of
Eq. (12) to both Alice and Bob, we derive a four-partite state
pff]) AL BBy This state involves modes A; and B; observed
by Alice and Bob, and modes A;; and Bj; observed by anti-
Alice and anti-Bob in the interior of a black hole. Tracing
over the inaccessible modes Aj; and Bj; gives the reduced
density matrix

(1

(1)
pA]B] tI‘AIIBII(’OAIA”B[B”)

_ 1 ) )
——(12®12+b3 12®Gz+t1 ox ® 0oy

+18V0, @0y + 110, ® ay), (28)

where b;l) =22 —L. 13 ) =
254 — 222 + 1. Let the maximal CHSH value of pﬁfl)B,

be Smax Figure 7 shows the value of Sglagl at different
15
Hawkmg temperatures 7 when y = 0.005. This means that

a Hawking temperature 7 € [0, 1.14] is required to ensure
the shared initial state is nonlocal.
If Bob) performs the measurement B(()|0) = L+ 03)

M _ 52 D) _
- Ly’ = =

and B(glll) =3 (12 + y101), then we get

2
an 2HYI-v o, )

1
Pap = 4 Pag, T Z(Iz ® UZ)'OAIBI(I2 ®0:)

1—/1—y}

(@ 0pl)y, (k@)

|
=L@ L+b"h®o. +1{ 0 ® oy

+ t§2)ay ® Uy + t§2)GZ ® GZ)? (29)
14,1 D
where b(2) b(l)Tyl, 1(2) — |2 , (2) /1 _ Vl i

and t(3) = L(1 +,/1—= ylz). Since both Alice and Bob have
traversed the event horizon of the black hole, we can obtain

2 2
P, ——(12 ® L+ b2 —2)Leo.

+ tl(z))»z_ox R oy + t2(2)k2 oy ® oy

F1E20% — P02 =220 0. @), (30)

In the sharing scenario, we consider that Bob sequentially
performs the measurements indicated by Egs. (6) and (7),
given that both Alice and Bob are in the vicinity of the black
hole’s event horizon. Consequently, after Bob has performed
n — 1 measurements, we can always obtain p5\n1)B1' The cor-

relation matrix of pr‘"I)BI can be calculated to be

2 Az nl
22 (2) 0 0

(n) n—1
T = 2 , (31
()5, o _px (%> o |- ey
0 0 H,
where
Hy =1y"2% — 9722 —32)2%,

n—1
= 1—[ 1/ ]/l s
lén) \ [?5" 1))\‘4 b(n 1))\‘27

)A 1,
bé”) \/ —J/n 1 §" 1)A2 )&)’
1? = o R T YR YRR Y
= — l_yl (32)

It follows from Sect. 2.1 that the maximal CHSH value of

Pa,B, 18

@ Springer
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Fig. 8 The x-axis represents 075 075
the Hawking temperature 7', and o7 o7
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horizon, with an initial state of %w Bob"|{BH )| Bob"”
(1) (1)
Pnet = Pyp ® pBlc- b o0 %, 2
Represents Alice and Bob near i e
the black hole horizon, with an . (B :
’ Charlie, p‘ ) Bob“’ (BH >|Bob" Charlie,
initial state of | |(; _)| |
Pnet = pAB ® p(l) After Bob @ ®)
performs measurements, the
corresponding network state (BH
@2 _ @ (2)
becomes g = P45, ® Pp,c- o @ ® ® )
¢ Represents Alice and Bob near pA:B: Pis P, 15 Pz Pis,

AN i
Px,c

the black hole horizon, with an

. ' POVM -
initial state of .

& @ o

B,C
: 0 ()
Charlie,(«~  pi".  pi.

Charlie Charlie,

Pnet = pAB ® p(l)
After Bob performs n — 1
measurements, the
corresponding network state
become p =

net -
(n) (n)
Pa,B ®/’B,c® “® Pp,c

A 1B A/B!
max 1
AB! = + 2 (33)
A;B? A|B? .
where 7,/ and 7, ' denote the two larger non-negative

eigenvalues of (T(pg"l)Bl))TT(p(n) ). Assuming that Bob

performs identical measurements sequentially, ie., y1 =

y» = -+ = Yu—1 = y in Egs. (6) and (7), we can compute

the value of Sma"n. Figure 8 shows the corresponding val-
1

max

ArB! when the number of measurements is 1, 2, 3, 4

ues of S

@ Springer

FOYM.> Bobo) Bob®| >+ * * 3{Bob "]

(©)

and 5, respectively, for different y values. By analyzing the
results in Fig. 8, it is evident that regardless of the number
of parameters chosen for Bob’s measurements, Sma"n <1
when n > 2. This indicates that near a black hole s event
horizon, with low Hawking temperature, Alice and Bob can
share nonlocal correlations at most once.

To increase the nonlocality sharing times, we expand the
original state p/glz); by adding a party Charlie; and a source,
forming a star network with 3 parties and 2 sources. The
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Fig. 10 The x-axis represents the Hawking temperature 7', and the
y-axis represents the value of SFg*
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Fig. 11 The x-axis represents the Hawking temperature 7', and the y-

axis represents the value of ST The values of SE&*, ST o, S;ﬁi‘r’go and

Sitoo correspond to the ST values of the postmeasurement state in

a star network with 2, 10, 50, and 100 sources, respectively, after Bob
has performed n — 1 measurements

shared initial state is pgs = p,(all)s ® pgé with pgé = 101(411)3'
The network state influenced by the black hole horizon is

,01(51; = P;l,) 5 ® '01(91,)C (see Fig. 9a). Using the form of S{imes

we get the value of Sg¢™ for ,og g Figure 10 shows the value of
Sgs™ at different Hawking temperatures 7 when y = 0.005.

Compared with Fig. 7, this scenario allows nonlocality to
persist when Hawking temperature 7 € [1.14, 1.88].

After Bob performs a measurement (see Fig. 9b), the net-
work state takes the form ,o(EZ_% = ,01(421) 5 ® pg[)c. Egs. (30) and

(17) denote the forms of states /’1(421) B, and péz,)c respectively.

We can obtain the value of SEE* corresponding to network
state pg; After Bob performs multiple measurements, for

each postmeasurement state, we can analogously calculate
Sgs™ , and the results are presented in Fig. 11a. The analysis
of Fig. 11aindicates that despite the addition of a source, the
network nonlocality vanishes immediately following a mea-
surement performed by Bob. This suggests that the network
nonlocality can only be shared once at maximum.

To address this issue, we attempt to add m — 1 source
states pgé = p/(;l); = |¢pT) (¢ to transform the original
network into a star network with m sources. After Bob per-
forms n — 1 measurements, the network state is denoted as
,Or(lzt) = ,OXII)B , ® pg)c ®--® pz(anl)c (as shown in Fig. 9c). For
m = 10, 50, 100, we calculate the ST* _ of the network state

starnet
pr(]';t) after Bob performs n — 1 measurements, and present the

results in Fig. 11. From the Fig. 11, it can be seen that if the
number of sources in the star network is increased, Bob and
Alice can share network nonlocality more times when the
Hawking temperature 7' approaches 0.

4 Conclusion and discussion

This paper delves into nonlocality sharing scenarios impacted
by a Schwarzschild black hole, focusing on cases where
either Alice or Bob is near the horizon. Overall, the influ-
ence of black holes increases the difficulty of nonlocality
sharing. Especially, when both are near the horizon, even
a single measurement by Bob causes the nonlocal correla-
tion to disappear. This highlights the black hole significant
impact on quantum nonlocal correlations, particularly their
extreme fragility when both parties are near the horizon. We
find that adding extra sources can sustain nonlocality shar-
ing. This finding demonstrates that star networks remain a
more robust architecture even when Hawking radiation is
present. Moreover, our results can be leveraged to further
examine quantum-information tasks under the influence of
black holes, such as randomness certification and random
encoding.

Over the past extended period, projective measurement
was regarded as unsuitable for nonlocality sharing due to
its tendency to cause state collapse. However, recent stud-
ies have demonstrated that observers can employ projective
measurement to achieve nonlocality sharing. An interesting
subsequent question is to analyze the impact of Hawking
radiation on nonlocality sharing when projective measure-
ment is utilized.
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