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In the non-Hermitian system, the complex-valued spectrum leads to a unique topology known

as the point-gap topology. Recent studies within a single-particle picture have shown that the

nontrivial point-gap topology induces the non-Hermitian skin effect (NHSE), which denotes

significant dependence of the eigenstates and eigenvalues on boundary conditions. However, most

of the studies focus on the noninteracting case, and little is known about the effect of interactions

on the point-gap topology. In this paper, we study the one-dimensional non-Hermitian fermionic

system with a complex-valued interaction. By performing the numerical diagonalization, we

demonstrate that the strong interaction induces the NHSE. Moreover, we show that the many-body

topological invariant takes a nonzero value corresponding to the NHSE.
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I. INTRODUCTION

Recently, non-Hermitian physics is attracting much at-
tention both theoretically and experimentally [1-3]. The
non-Hermiticity allows eigenvalues of the Hamiltonian to
be complex, which leads to the two types of gap struc-
tures in non-Hermitian systems [1]. One is the line-gap
and the other is the point-gap. Although the line-gap
topology is the generalization of the Hermitian topology,
the point-gap topology is unique to non-Hermitian sys-
tems [1,2]. In the single-particle picture, it has been elu-
cidated that the nontrivial point-gap topology causes the
non-Hermitian skin effect (NHSE) [4,5], which exhibits
the extreme sensitivity of eigenvalues and eigenstates to
boundary conditions [6]. Specifically, under open bound-
ary conditions (OBC), an extensive number of eigen-
states are localized near the boundary. The NHSE has
been experimentally observed in classical and quantum
systems such as mechanical metamaterials [7] and ultra-

cold atoms [8].
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Although a lot of studies have been conducted to
explore non-Hermitian topological phenomena, most of
them have been restricted to noninteracting cases, and
several studies have focused on the NHSE in interact-
ing systems [9-12]. As representative examples, Refs. [9]
and [10] treat the Hamiltonian with asymmetric hop-
ping, which causes the NHSE even in single-particle sys-
tems. We note that although the Liouvillian skin effect
induced by on-site interactions was proposed in Ref. [13],
the eigenstates and eigenvalues of the non-Hermitian ef-
fective Hamiltonian were not analyzed in detail. Thus,
the possibility of the NHSE induced by onsite interac-
tions without asymmetric hopping remains unclear.

In this paper, we investigate the effect of onsite interac-
tions on the point-gap topology. Specifically, we find that
onsite interactions induce the NHSE in one-dimensional
fermionic systems. Correspondingly, we observe that the
topological invariant defined under the twisted bound-
ary condition takes a nonzero value. The findings of this
study suggest the crucial importance of interactions in

the non-Hermitian topology.

®8 This is an Open Access article distributed under the terms of the Creative Commons Attribution Non-Commercial License
(http://creativecommons.org/licenses/by-nc/3.0) which permits unrestricted non-commercial use, distribution, and reproduction in any

medium, provided the original work is properly cited.


http://dx.doi.org/10.3938/NPSM.73.1178
http://crossmark.crossref.org/dialog/?doi=10.3938/NPSM.73.1178&domain=pdf&date_stamp=2023-12-29
mailto:hamanaka.shu.45p@st.kyoto-u.ac.jp
mailto:yamamoto@phys.titech.ac.jp
mailto:yoshida.tsuneya.2z@kyoto-u.ac.jp
http://creativecommons.org/licenses/by-nc/3.0

Point-Gap Topology of Non-Hermitian Many-Body Systems — Shu HAMANAKA®! - Kazuki YAMAMOTO!? 1179

II. MODEL

In this section, we provide the model, which exhibits
the NHSE in interacting systems. We study a Falicov-
Kimball model [14] with a complex-valued interaction.
The Hamiltonian is written by H= .H() + ffw where

Hy= > &oHap(k)irpr, (1)
kEBZ,a
Hy = (V=i7) > fjprivgp,- (2)

J

Here, é;rma(ékw) is a fermionic creation (annihilation)
operator with the momentum £k = 2%(] =0,...,L—-1)
in the orbital o = a,b with the spin o =1, | state. We
note that V' (> 0) reflects the repulsive interaction be-
tween atoms and v (> 0) denotes the effect of dissipation.
A complex-valued interaction V — i can be introduced
in ultracold atoms by inducing inelastic collisions of the
particles [15,16]. The non-Hermitian Hamiltonian H de-
scribes the dynamics between the quantum jumps in the
quantum trajectory approach [17]. The Bloch Hamilto-
nian H,g(k) in the orbital space reads [18]

H(k) = dy(k)oy + d= (K)o, (3)

where
dy,(k) =2t —0.5tsink, (4a)
d,(k) = 2tcosk. (4b)

Here, 0, (j = z,y,2) express the Pauli matrices in the
orbital space. We note that the Hamiltonian H has no
hopping term of the down-spin state. Moreover, we do
not consider the interaction of the particles in the or-
bital a with the down-spin state. Although this model is
somewhat artificial, the experimental realization of the
Falicov-Kimball model in ultracold atoms is proposed in
Ref. [19]. In the following, we set ¢ as an energy unit
(t=1).

ITI. TOPOLOGICAL INVARIANT AND
INVERSION SYMMETRY

In this section, we discuss how the many-body wind-
ing number has been treated in non-Hermitian interact-

ing systems. Although the many-body winding number is

fixed to zero under the inversion symmetry [see Eq. (7)],
the winding number can be finite for our model because
the first term of Eq. (4a) breaks such symmetry con-
straints.

First of all, when we compute the topological invari-
ant, we have to block diagonalize the Hamiltonian. The
non-Hermitian Hamiltonian H commutes with the total
number operator in the up-spin state NT, and the local

number operator in the down-spin state 73, as
[H, Ny| = [H,70,] = 0. (5)

By making use of the relation given in Eq. (5), we can
obtain the block-diagonalized Hamiltonian H Ny, {n,} for
the subspace with Ny and {n;}. The total number of
particles in the up-spin state and the configuration of the
particles in the down-spin state are denoted by Ny and
{n,} respectively. With the block-diagonalized Hamilto-
nian, we can compute the topological invariant in each

subspace as [9-11]

2m
do d N
WNT’{ni}<Eref) :% %@ log det [HNT’{nL}(e) — Eref .

0

(6)
Here, E.f € C is the reference energy. The non-
Hermitian Hamiltonian ﬁNm{m}(a) is defined under
twisted boundary conditions, which mean that the hop-
ping term at the boundary is multiplied by e+, i.e.,

CJ{(MCL(,/U/GW and czancla/alefw.
Next, we discuss the symmetry constraint on the topo-
logical invariant defined in Eq. (6). When the Hamilto-

nian has the inversion symmetry

IA}AINT,{nL}(_e)IAil :]:INm{ni}(e)a (7)

the winding number Wiy, 1, }(Fret) takes zero. Here,

I is the inversion operator which is unitary and acts

on the creation operator as I é;rmgf -1 = éT_ koo and
I ézbaf -1 = —ét wbo - 111 the presence of the inversion sym-

metry, the winding number takes zero [Wi, () (Eref) =
0]. This triviality can be checked by first substituting
Eq. (7) into Eq. (6). Then, we obtain Wiy, (5, }(Fret) =
~Wn, qn,} (Eref), which leads to the triviality of the
winding number [WNT’{M}(Eref) =0].

Finally, we show that the Falicov-Kimball model given
in Egs. (1) and (2) breaks the inversion symmetry even

for the noninteracting case (V = v = 0). The inversion
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Fig. 1. (Color online) (a) Eigenvalues of the Hamiltonian under OBC (orange) and PBC (blue) for L = 50. (b)
Argument of det [ﬁNFL{m}(G) — Eref:| for L = 20 and Fyef = 0.0 — 1.8i. (¢) Particle density in the up-spin state

under OBC (orange) and PBC (blue) for L = 10. In these figures, the parameters are set to be Ny = 1,V = 0.5, and
~ = 4.0. The configuration of the particles in the down-spin state is set to be {n}, = {1,---,1}.

symmetry given in Eq. (7) in the momentum space is

written by
o H(=k)o = H(k). (8)

This leads to the constraints dy(k) = —d,(—k) and
d,(k) = d,(k). The first term 2¢ given in Eq. (4a) breaks
the constraint d, (k) = —d,(—k). Although breaking the
inversion symmetry is just a necessary condition for a
nonzero topological number, we demonstrate that the
winding number takes a nonzero value in the following

section.

IV. RESULTS

In this section, we numerically study the effects of in-
teractions on the point-gap topology. In particular, we
demonstrate that onsite interactions make the point-gap
topology nontrivial and induce the NHSE. We note that
when the system is noninteracting, i.e. V =~ = 0, the
NHSE is absent because the Hamiltonian becomes Her-
mitian.

First, we show the case where the total number of par-
ticles in the up-spin state equals to one, i.e. Ny = 1,
and then we treat the Ny = 2 case. Figure 1(a) shows
the spectrum for Ny = 1 case under OBC and peri-
odic boundary conditions (PBC). We observe that, un-
der PBC, the spectrum forms a loop structure. Under

OBC, the spectrums collapse inside the PBC spectrum

in a similar manner to the Hatano-Nelson model [20], a
prototypical model exhibiting the NHSE. To verify the
correspondence between nonzero topological number and
the NHSE for Ny = 1 case, we numerically calculate the
winding number given in Eq. (6). Figure 1(b) shows the
argument of the determinant of ILTTNT:L{M} (0)—Eyer as a
function of the twist angle . We see from Fig. 1(b) that
the winding number takes one. Figure 1(c) shows the par-
ticle density under OBC and PBC. We find that although
the density exhibits spatially uniform distribution under
PBC, the skin modes appear near the right boundary
under OBC. From the Figs. 1(a)—(c), we conclude that
onsite interactions induce the NHSE for Ny = 1 case.
Second, we discuss another case where the total num-
ber of particles in the up-spin state equals to two. As
shown in Fig. 2(a), the spectrum exhibits a complicated
structure. We observe that the spectrum forms three
clusters. Moreover, we find that the spectrum under OBC
collapses inside the spectrum under PBC. This is the
qualitatively similar behavior to that of the Ny =1 case.
Moreover, we see in Fig. 2(b) that the winding number
takes two. The winding number taking a large value is
one of the characteristic features in many-particle sys-
tems [9, 10]. We also observe that particles are local-
ized near the right edge only under OBC [see Fig. 2(c)].
We note that contrary to Ny = 1 case, the Pauli exclu-
sion principle between the particles in the up-spin state
emerges for Ny = 2 case. The relation between the non-
trivial winding number and the localization of the parti-
cles under OBC is consistent with the previous studies,
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Fig. 2. (Color online) (a) Eigenvalues of the Hamiltonian under OBC (orange) and PBC (blue) for L = 15. (b)

Argument of det {ﬁNTzz,{m}(g) -

Erefj| for L = 6 and E,r = 4.9 —0.8:. (¢) Particle density in the up-spin state under

OBC (orange) and PBC (blue) for L = 10. In these figures, the parameters are set to be Ny =2,V = 0.5, and v = 1.0.
The configuration of the particles in the down-spin state is set to be {n}, ={1,---,1}.

which have shown that the nontrivial winding number
has a connection with the localization of the particle un-
der OBC away from half-filling by analyzing the corre-
lated Hatano-Nelson model [9,10]. Figs. 2(a)—(c) show
that even in the presence of the Pauli exclusion principle
of the particles in the up-spin state, interactions induce
the NHSE.

V. SUMMARY AND DISCUSSION

In this paper, we have studied the effect of interac-
tions on the point-gap topology. Specifically, by analyz-
ing the fermionic system with a complex-valued inter-
action, we have demonstrated that onsite interactions
induce the NHSE. Correspondingly, we have shown that
the winding number takes a nonzero value. Our results
shed light on the significant role of onsite interactions in
non-Hermitian many-body systems.

It is worth noting that some symmetries and two or
more spatial dimensions lead to various kinds of skin ef-
fects such as symmetry-protected skin effects and higher-
dimensional skin effects in noninteracting systems [4].
Analyzing the effect of interactions on these novel skin
effects is left for a future study. We also note that the gen-
eralization of our results to the Lindblad master equation

is interesting.
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