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Abstract
Symmetry of non-Hermitian matrices underpins many physical phenomena.
In particular, chaotic open quantum systems exhibit universal bulk spectral
correlations classified on the basis of time-reversal symmetry† (TRS†), coin-
ciding with those of non-Hermitian random matrices in the same symmetry
class. Here, we analytically study the spectral correlations of non-Hermitian
randommatrices in the presence of TRS† with signs+1 and−1, corresponding
to symmetry classes AI† and AII†, respectively. Using the fermionic replica
non-linear sigma model approach, we derive n-fold integral expressions for the
nth moment of the one-point and two-point characteristic polynomials, valid
for any matrix dimension. We also study, in the limit of large matrix dimen-
sions, the replica limit n→ 0 to derive the density of states and level–level
correlations of non-Hermitian random matrices with TRS†. We compare our
analytical findings with numerical results.
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1. Introduction

Randommatrix theory (RMT), originally developed byWigner to describe the energy levels of
heavy atomic nuclei [1, 2], has since evolved into a versatile tool for understanding complex
systems [3]. Its applications span numerous subfields of physics, including quantum chaos,
Anderson localization, quantum chromodynamics , statistical mechanics, quantum informa-
tion, and quantum gravity. Beyond physics, RMT has found widespread use in disciplines
such as number theory, biological systems, and data science, among others. At its core, RMT
studies the statistical properties of matrices with randomly chosen elements, providing insight
into the behavior of large, interacting systems. In many cases, the eigenvalue distributions of
these random matrices exhibit universal properties, meaning that they are largely independent
of the specific details of the matrix ensemble. This universality is one of the most compelling
features of RMT, making it applicable to diverse problems.

Non-Hermitian RMT extends the powerful framework of the traditional RMT to the study
of matrices that lack Hermiticity [4]. While Hermitian matrices are central in quantum mech-
anics, non-Hermitian matrices emerge naturally in a wide array of physical systems where dis-
sipation, gain, or non-conservative interactions play a role [5, 6]. These include open quantum
systems, non-equilibrium statistical mechanics, disordered materials, and biological and soci-
ological systems. The study of non-Hermitian random matrices began in earnest with the
work of Ginibre [7], who introduced ensembles of non-Hermitian random matrices. Unlike
Hermitian matrices, eigenvalues of non-Hermitian matrices generally spread over the complex
plane, leading to rich and intricate spectral structures. One of the most remarkable features of
non-Hermitian RMT is the emergence of complex spectral distributions, such as Girko’s cir-
cular law [8], which describes the eigenvalue distribution for large non-Hermitian matrices
with independent, identically distributed entries. Other classic works on non-Hermitian RMT
are found, for example, in [9–15]. The relevance of non-Hermitian RMT has grown consid-
erably in recent decades, particularly with the recognition of non-Hermitian physics in vari-
ous fields. For example, beyond the Hermitian regime, the physics of Anderson localization
in non-Hermitian systems has attracted growing interest [16–32]. Additionally, topological
phenomena intrinsic to non-Hermitian systems have been extensively explored, offering new
insights into the behavior of these systems [33, 34].

One of the key impacts of non-Hermiticity is the enrichment of symmetry classification,
expanding the traditional 10-fold classification [35–38] to amore complex 38-fold scheme [39,
40]. This expanded classification is crucial not only for non-Hermitian RMT but also for under-
standing chaotic behavior in open quantum systems [41–69]. Similar to their Hermitian coun-
terparts, spectral properties of non-Hermitian random matrices encode information about the
dynamics of the associated physical system, many of which are expected to be universal. They
are insensitive to the details of the ensemble distribution and classified based on the symmetry
of the matrices in the ensemble.

For non-Hermitian matrices, time-reversal symmetry† (TRS†) plays a particularly import-
ant role [48]. It is defined by the relation T HT −1 = H†, whereH is a non-Hermitianmatrix and
T is an anti-unitary operator. We distinguish two symmetry classes of non-Hermitian random
matrices, AI† and AII† [40], which respect TRS† with T 2 =+1 and T 2 =−1, respectively.
The presence of TRS† induces correlations among nearby complex eigenvalues. This should
be contrasted with other discrete symmetries such as TRS, particle-hole symmetry (PHS)
and PHS†—they relate complex eigenvalues with their complex-conjugate or opposite-sign
partners. As a consequence, TRS† alters level statistics in the bulk of the complex spectrum,
while TRS, PHS, and PHS† primarily affect spectral statistics around (near) symmetric lines
or points. Moreover, just as the bulk spectral correlations of Hermitian random matrices in
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symmetry classes A, AI, and AII are known to be universal, the bulk spectral correlations of
non-Hermitian random matrices in symmetry classes A, AI†, and AII† are also expected to
exhibit universal behavior. While numerical evidence supports this universality [48], a rigor-
ous proof remains an open challenge. In this work, we take a step forward in this direction
by analytically computing spectral correlations in the Gaussian ensemble for these symmetry
classes. Figure 1 shows numerically calculated density of states and two-point correlation func-
tions for classes A, AI† and AII†. The goal of our work is to develop analytical understanding
of these quantities.

Non-linear σ models (NLσMs) have long been employed to calculate correlation functions
in disordered systems [70]. Subsequently, field-theoretic treatments using the replica trick have
been successfully used, even for non-Hermitian matrices. In [71], this method was used to cal-
culate the density of states for non-Hermitian randommatrices in classes A, AI, and AII. In this
work, we further develop replica space NLσMs for classes AI† and AII†, which are relevant
to the threefold universality classes of the bulk spectral correlations. Specifically, we con-
sider the nth moments of the k-point characteristic polynomials Z(k)n (z1, z̄1, . . . ,zk, z̄k), defined
in equation (3), for Gaussian non-Hermitian random matrices in classes AI† and AII†. We also
study the density of states, R1(z, z̄), and the two-point correlation function, R2(z1, z̄1,z2, z̄2), of
the complex spectrum, derived from these polynomials via the replica limit n→ 0.

Our main results are summarized as follows. We derive general replica space matrix
integrals for Z(k)n (z1, z̄1, . . . ,zk, z̄k) in both symmetry classes AI† (equation (18)) and AII†

(equation (68)). We then study the cases k= 1 and k= 2 in detail. For non-Hermitian random
matrices of size N, we obtain exact expressions for Z(1)n (z, z̄) with arbitrary N (equation (25)
for class AI† and equation (73) for class AII†) and for Z(2)n (z1, z̄1,z2, z̄2) in the limit N→∞ in
both symmetry classes (equation (47) for class AI† and equation (90) for class AII†). These
expressions are in the form of n-fold or 2n-fold integrals over replica space singular values or
cosine-sine values. We confirm these exact results by comparing them with numerically com-
puted ensemble averages of characteristic polynomials. Furthermore, following the approach
in [71–74], we perform the replica limit n→ 0 of these n-fold integrals to obtain closed form
expressions for the spectral distributions R1(z, z̄) (equations (33) and (80)) and R2(z1, z̄1,z2, z̄2)
(equations (56) and (99)) in the regimes |z| ≪

√
N and |z1 − z2| ≪

√
N, respectively. We

compare our analytical findings and numerical results. For the density of states, our results
show reasonable agreement with the numerics within the range of their validity. However,
for the two-point function, our results substantially deviate from the numerics in the regime
|z1 − z2|≲

√
gwhere level repulsion among complex eigenvalues is prominent. To obtainmore

accurate results, refining our current approach or adopting amore systematic method for taking
the replica limit may be necessary.

2. NLσM for class AI†

2.1. Replica space matrix integral for characteristic polynomials

Non-Hermitian matrices in class AI† are defined to respect TRS† with sign +1:

H† = T HT −1 = H̄, (1)

where we choose the symmetry operator T to be complex conjugationK, and H̄ denotes com-
plex conjugate of H. This is equivalent to H= HT, where HT denotes the transpose of H. We

3



J. Phys. A: Math. Theor. 58 (2025) 225202 A Kulkarni et al

Figure 1. Numerical calculations for one-point (left) and two-point (right) functions
for the three universality classes. We sample matrices of size 103 × 103 for classes
A and AI† and size

(
2× 103

)
×
(
2× 103

)
for class AII†. To numerically obtain R1,

we simply compute the histogram of the sampled spectra in each class. The numerical
computation of R2 is more subtle. To analyze bulk correlations, we must choose eigen-
values away from the edge of the spectrum. Our prescription is to choose eigenvalues
within a disc centered at the origin with 2/3rd the radius of the spectrum. In this region,
R2 depends only on the distance |z1 − z2|. Therefore, the Mathematica library function
PairCorrelationG can be used, which gives ρ−2R2(

√
ρ|z1 − z2|), where ρ is the dens-

ity of eigenvalues in this region. We then average this quantity over 103 samples in each
class. In the above plot, to compare correlations across different classes, we have scaled
the data such that ρ is identical for each class. For comparison, we also plot the known
analytical result for the bulk two-point correlation function in class A [75].

thus consider a Gaussian ensemble of symmetric N×N complex matrices H:

P(H)dH= dHexp
[
−g−1tr H†H

]
=NAI†

N∏
i=1

dHiidH
∗
ii

∏
1⩽i<j⩽N

dHijdH
∗
ij exp

−g−1

 N∑
i=1

|Hii|2 + 2
∑

1⩽i<j⩽N

|Hij|2


(2)

where g parameterizes the width of the Gaussian and the normalization NAI† is defined by
setting

´
dHP(H) = 1. Our main objects of interest are the nth moments of kth-order charac-

teristic polynomial of H, defined as

Z(k)n (z1, z̄1, . . . ,zk, z̄k) =

⟨
k∏
l=1

det(zl−H)n det
(
z̄l−H†)n⟩ , (3)

where the angular brackets represent the ensemble averaging with respect to the probability
measure in equation (2), ⟨· · · ⟩=

´
dHP(H) · · · . Following the replica trick, the k-point cor-

relation functions of complex eigenvalues of H can be determined using Z(k)n (z1, z̄1, . . . ,zk, z̄k)
(see [71, 76] for details). For simplicity, we will first derive the replica space matrix integral
for k= 1. A few modifications will give the auxiliary field matrix integral for general k.

The determinants are re-expressed as Grassmann integrals,

Z(1)n (z, z̄) =
ˆ

dHP(H)
ˆ

dψdψ̄ exp
[
−ψ̄ia

(
zδijδab−Hijδab

)
ψja
]

×
ˆ

dχdχ̄exp
[
−χ̄ia

(
z̄δijδab−

(
H†)ij δab)χja] , (4)
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where ψia, ψ̄
i
a,χ

i
a, χ̄

i
a are independent Grassmann variables. They satisfy the anti-commutation

relation {η,ξ }= 0, where η,ξ are any of ψia, ψ̄
i
a,χ

i
a, χ̄

i
a. In equation (4) and from now on, we

use the convention for implicitly summing repeated indices. For Grassmann integrals, we use
conventions from [70]. The indices i, j = 1, . . . ,N are color/matrix indices, and a,b= 1, . . . ,n
are flavor/replica indices. Since H is symmetric, it is only coupled with the symmetric part of
the fermion bilinears

⌊
ψaψ̄

T
a

⌋
= 1

2

(
ψaψ̄

T
a − ψ̄aψ

T
a

)
. Specifically, we have

ψ̄iaH
ijψja =−tr

(
H
⌊
ψaψ̄

T
a

⌋)
. (5)

The Gaussian integral over H gives a quartic action for the fermions,

Z(1)n (z, z̄) =
ˆ

dψdψ̄dχdχ̄ eS[ψ,χ], (6)

S [ψ,χ] = z̄tr
(⌊
χaχ̄

T
a

⌋)
+ ztr

(⌊
ψaψ̄

T
a

⌋)
+ gtr

(⌊
χaχ̄

T
a

⌋⌊
ψbψ̄

T
b

⌋)
. (7)

The quartic term above is expressed in terms of color-spacematrices.We rearrange it as follows
to express it in terms of flavor/replica space matrices,

tr
(⌊
χaχ̄

T
a

⌋⌊
ψbψ̄

T
b

⌋)
=

1
2

((
ψTbχa

)(
χ̄Taψ̄b

)
−
(
ψ̄Tbχa

)(
χ̄Taψb

))
. (8)

Now, we introduce replica space auxiliary fields to decouple these quartic terms into quadratic
terms using the Hubbard–Stratonovich transformations. We use ‘Tr’ for the trace in flavor
space. We introduce flavor space matrices Q and R ∈ Cn×n to decouple, respectively, the first
and second terms of equation (8),

exp

[
−1

2
gTr
((
ψ̄Tχ

)(
χ̄Tψ

))]
∝
ˆ

dQexp

[
−1

2
g−1Tr

(
QQ†

)
− 1

2
Tr
(
ψ̄TχQ†

)
+

1
2
Tr
(
Qχ̄Tψ

)]
.

(9)

Similarly, we have

exp

[
1
2
gTr
((
ψTχ

)(
χ̄Tψ̄

))]
∝
ˆ

dRexp

[
−1

2
g−1Tr

(
RR†

)
− 1

2
Tr
(
R†ψTχ

)
− 1

2
Tr
(
χ̄Tψ̄R

)]
.

(10)

If we collect all Grassmann variables into one vector

Ψi =
(
ψi1, . . . ,ψ

i
n,χ

i
1, . . . ,χ

i
n, ψ̄

i
1, . . . , ψ̄

i
n, χ̄

i
1, . . . , χ̄

i
n

)T
, (11)

and define the 4n× 4n matrix

M=
1
2


0 R̄ −2zIn Q

−R† 0 −Q† −2z̄In
2zIn Q̄ 0 −R
−QT 2z̄In RT 0

 , (12)

then the resulting action has the quadratic form, S=− 1
2Ψ

iTMΨi. The matrixM is an antisym-
metric matrix. The integral over the Grassmann fields can now be performed, which gives the
Pfaffian of M:

Z(1)n (z, z̄) =
ˆ
Cn×n

dQ
ˆ
Cn×n

dRexp

[
−1

2
g−1tr

(
Q†Q+R†R

)]
det

N
2 M. (13)
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By a basis change, detM can be rewritten as the determinant of the following 2n× 2nmatrix:

1
2


2z̄In 0 RT −QT

0 2z̄In Q† R†

−R̄ −Q 2zIn 0
Q̄ −R 0 2zIn

=

(
z̄In Q
−Q† zIn

)
, Q=

1
2

(
RT −QT

Q† R†

)
. (14)

The matrix Q satisfies

Σy
nQ= Q̄Σy

n, Σy
n = σy⊗ In =

(
0 −iIn
iIn 0

)
. (15)

By noticing tr(Q†Q) = (1/2)tr(QQ† +RR†), the characteristic polynomial is expressed as

Z(1)n (z, z̄) =
ˆ
M

dQ e−g−1trQ†Q detN/2
(
z̄In Q
−Q† zIn

)
, (16)

with

M=
{
Q∈ C2n×2n | Σy

nQ= Q̄Σy
n

}
. (17)

Now, we generalize this expression to the k-point characteristic polynomial. A straightfor-
ward extension of the above procedure gives the same expressions as above, with zIn and Σy

n

replaced by matrices Z and Σy
nk, defined momentarily. Using a suitable (orthogonal) similarity

transformation on Q,Z, and Σy
nk, we can choose Z= diag(z1, . . . ,zk)⊗ I2n and Σy

nk = σy⊗ Ink
without loss of generality. The characteristic polynomial for the k-point function is then given
as

Z(k)n (z1, z̄1, . . . ,zk, z̄k) =
ˆ
M

dQ e−g
−1trQ†Q detN/2

(
Z̄ Q

−Q† Z

)
, (18)

with

M=
{
Q∈ C2nk×2nk | Σy

nkQ= Q̄Σy
nk

}
. (19)

In the subsequent sections, we will compute this integral for k= 1 and k= 2 under suitable
limits.

2.2. One-point characteristic polynomial

The integral expression in equation (16), playing a role of the partition function, can be further
evaluated in various ways. Let us first discuss the behavior in the large-N limit. In the limit
N→∞, we can use the saddle-point approximation to calculate Z(1)n (z, z̄). The saddle-point
equation for the action in equation (16) is

Q†Q=

(
gN
2

− |z|2
)
I2n. (20)

For |z|2 < gN/2, the solution is simply

Q=

√
gN
2

− |z|2U, (21)

6
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where U is a unitary matrix that satisfies Σy
nU= ŪΣy

n (or equivalently, UΣ
y
nUT =Σy

n), i.e. U ∈
Sp(n). Now, we substitute this solution into equation (16) and obtain the dominant contribution
at large N, leading to

Z(1)n (z, z̄)≃
ˆ
Sp(n)

dU e(g
−1|z|2− N

2 )trI2n detN/2
(
g
N
2
I2n
)

= e2ng
−1|z|2

[
e−nN

(
gN
2

)nN

Vol (Sp(n))

]
. (22)

Note that the factors inside the square bracket drop out in the replica limit n→ 0. In the next
subsection, we will use this expression to discuss the density of states.

Now, let us go back to equation (16) and evaluate it without the large-N approximation. We
consider the singular-value decomposition of Q,

Q= UΛV; V ∈ Sp(n) , U ∈ Sp(n)/Sp(1)⊕n , Λ = diag
(
λ

1
2
1 , . . . ,λ

1
2
n ,λ

1
2
1 , . . . ,λ

1
2
n

)
(λa ⩾ 0) .

(23)

To find the measure in terms ofU,Λ, and V, we must calculate the determinant of the Jacobian
∂Q

∂[U,Λ,V] for this transformation. See appendix B and [77] for more details. Themeasure is given
as

dQ= dUdV|∆(λ) |4
n∏

a=1

dλaλa, ∆(λ) =
n∏

a>b

(λa−λb) . (24)

Here, dU and dV represent the Haar measure on Sp(n), the integral over which is just an overall
constant and is irrelevant in the replica limit. The only relevant degrees of freedom in the replica
space are λa, and hence we have

Z(1)n (z, z̄)≃
ˆ ∞

0

n∏
a=1

dλa e
−2g−1λa

(
|z|2 +λa

)N
λa|∆(λ) |4. (25)

We highlight that this is an exact expression for all moments of the one-point characteristic
polynomial at arbitrary N and z, up to an overall constant. This can also be thought of as
a partition function for replica space degrees of freedom λa. We note that there exist other
results on this quantity in [78, 79]. We also note that there exists another work [80] which
studies similar objects.

In figure 2, we plot the analytical expression in equation (25) of the characteristic poly-
nomial for various values of N and n as a function of |z|. We also compare the analytical
result in equation (2) with numerical results where we numerically generate non-Hermitian
random matrices from the Gaussian ensemble in equation (2) and calculate the characteristic
polynomial. For all values of N and n we studied, we have a good agreement between the ana-
lytical and numerical results. While figure 2 shows a good agreement of the derived formula in
equation (25) and the numerics, it should be noted that, in the interest of the universal statistics
of non-Hermitian random matrix theory, it is known that the small N behaviour is not a good
approximation for the large N limit. This fact was pointed out for class A in [41] and was also
further studied for the N= 2 behaviour of classes AI† and AII† in [81].

7
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Figure 2. Plot of Z(1)n (z,̄z)

Z(1)n (0,0)
e−2ng−1|z|2 as a function of |z| for class AI†. For each value of

N, we sample 105 non-Hermitian random matrices according to equation (2) with g= 2.
The solid markers show the ensemble-averaged characteristic polynomials. The black
dashed curves show the same quantity calculated by the NLσM in equation (25).

2.2.1. Density of states. The density of states, R1(z, z̄), is determined from the first-order
characteristic polynomial by [71, 76]

πR1 (z, z̄) = lim
n→0

1
n
∂z∂z̄Z

(1)
n (z, z̄) . (26)

To begin with, we extract the dominant contribution to R1(z, z̄) at large N. We expect this
contribution to be a uniform distribution on a disk centered at the spectral origin, which is
verified from the NLσM as follows. In the large N limit, using equations (22) and (26), we
obtain

πR1 (z, z̄) = lim
n→0

1
n
∂z̄∂zZ

(1)
n (z, z̄) =

2
g

for |z|2 < gN
2
. (27)

Indeed, at large N, the density of states is a uniform distribution on a disc of radius
√
gN/2

centered at the origin, which is consistent with Girko’s circular law [8].
To discuss the density of states near the edge of the spectrum, we use equation (25)

and analyze its behavior at large N and in the limit n→ 0. For large N, we can further
perform a saddle-point approximation. We set g= 2 for simplicity and consider the factor
I(λ) = e−λa

(
|z|2 +λa

)N
in the integrand. For large N, I(λ) approaches an un-normalized

Gaussian. The saddle point obtained by solving ∂λ ln(I(λ)) = 0 is λsp = N− |z|2. We Taylor-

expand the action around this saddle point, ln I(λ)∼−λsp +N lnN− (λ−λsp)
2

2N , and substitute
this back into equation (25). Rescaling λ→ λspλ and ignoring irrelevant overall factors, we
obtain

Z(1)n (z, z̄)≃ e−nλspλ2n2
sp

ˆ ∞

0

n∏
a=1

dλa exp

(
−
λ2
sp

2N
(λa− 1)2

)
|λa||∆(λ) |4. (28)

8
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Now, we rewrite the contour of integration as a sum over two contours:
´∞
0 dλ→

´∞
−∞ dλ−´ 0

−∞ dλ for each λ. This gives us

Z(1)n (z, z̄)≃ e−nλspλ2n2
sp

∑
p

(−1)p
(
n
p

)ˆ 0

−∞

p∏
a=1

dxa exp

(
−
λ2
sp

2N
(xa− 1)2

)
|xa||∆(x) |4

×
ˆ ∞

−∞

n−p∏
a=1

dya exp

(
−
λ2
sp

2N
(ya− 1)2

)
|ya||∆(y) |4. (29)

We have considered the regime where λ2
sp/2N is large enough so that x and y accumulate

near the maxima of the weight function, i.e. 0 and 1. As such, we can approximate ∆(λ)≃
∆(x)∆(y), and the x and y variables become decoupled. In the y-integral, since the Gaussian
is narrowly peaked at 1, we replace the factor of ya in the integrand with 1. The remaining
integral is then a Selberg integral that is evaluated exactly,

ˆ ∞

−∞

n−p∏
a=1

dya exp

(
−
λ2
sp

2N
(ya− 1)2

)
|∆(y) |4 ≃

(
λsp√
N

)−2(n−p)2+(n−p)(
2
π

)p/2 n−p∏
a=1

Γ(1+ 2a) .

(30)

Before proceeding to the x-integral, we should look at the coefficient of the pth term in
this expansion and identify which terms survive in the replica limit n→ 0. The coefficient
is
(n
p

)∏n−p
a=1Γ(1+ 2a). At order n, the coefficient is 1 and n for p= 0 and 1, respectively, and

vanishes for all p⩾ 2. We then have

ˆ 0

−∞
dx1 exp

(
−
λ2
sp

2N
(x1 − 1)2

)
|x1| ≃

N2

λ4
sp

exp

(
−
λ2
sp

2N

)
for

λ2
sp

2N
≫ 1. (31)

Putting it all together, we have

Z(1)n (z, z̄)≃ 1− nλsp + n lnλsp − n

(
2
π

)1/2(
λsp√
N

)−7

exp

(
−
λ2
sp

2N

)
+O

(
n2
)
. (32)

Finally, plugging this into equation (26) and keeping the leading-order terms lead to

πR1 (z, z̄) = 1− 1
4u2

−
√

2
πN

e−2u2

16u4
− e−2u2

16
√
2πu5

, (33)

where we introduce u=
√
N− |z| as the distance of z from the edge of the spectrum, and use

λsp ≃ 2u
√
N. We expect that the fermionic replica method can only reproduce the tail of the

density of states for |z|<
√
gN/2 [71]. Furthermore, note that we assumed |z| ≪

√
gN/2 in

our approximations. In the above analysis and in equation (33), the g dependence can be added
back using dimensional analysis.

In figure 3, we compare the analytical result from equation (33) with the density of states
obtained from numerical calculations for g= 2 and N= 103. Note that figure 3 is a logar-
ithmic plot for the difference π (R1(0,0)−R1(z, z̄)), which may visually amplify the spread of
the numerical data. Additionally, equation (33) is strictly valid only for |z| ≪

√
gN/2≈ 31.6

given the choice of parameters in figure 3. Within these limitations, the NLσM result and the
numerical calculations appear consistent for 22≲ |z|≲ 30. For |z|≳ 30, equation (33) begins

9
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Figure 3. Comparison between the analytical result in equation (33) and the density of
states obtained from numerical calculations. The numerical results are obtained using
2× 104 realizations of 103 × 103 non-Hermitian random matrices in class AI† sampled
according to equation (2) with g= 2. Note that this is a logarithmic plot. This might
cause the spread of the numerics in the plot.

to deviate from the numerical results. For |z|≲ 20, the analytical result and the numerical data
are consistent within∼10−2, although the numerical data scatter due to the logarithmic plot. A
more precise comparison with large-scale numerics, along with an analysis that includes cor-
rections beyond the saddle-point approximation, is left for future study. Furthermore, while
our approach of taking the replica limit is inspired by [72–74], there remains room for improve-
ment on these calculations. For example, in the standard case of the Gaussian unitary ensemble
in Hermitian RMT, the replica limit can be taken more systematically once we know the recur-
sion relation satisfied by the replica partition functions with different replica indices, and also
the partition functions with negative replica indices, which can be obtained from bosonic rep-
lica NLσM [72–74, 82–85]. In the context of non-Hermitian random matrices, these issues
were discussed in detail for the Ginibre unitary ensemble in [86]. Additionally, it should be
useful to develop a supersymmetric NLσM approach.

2.3. Two-point characteristic polynomial

We now discuss the second-order characteristic polynomial, Z(2)n , starting from equation (18).
For large N, the integral over Q can be approximated by an integral over the saddle-point
manifold. We introduce the radius of the spectrum, rs =

√
gN/2, and focus on the region in

the bulk of the spectrum, |z1,2| ≪ rs, where the saddle-point equation is simplified to

Q†Q= r2s I4n. (34)

The solution is Q= rsU, with a unitary matrix U. Moreover, owing to Q∈M (see
equation (19)), we have

UΣy
nkU

T =Σy
nkŪU

T =Σy
nk. (35)

10
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Thus, U is symplectic and unitary, and thus belongs to the symplectic group Sp(2n). We sub-
stitute the saddle-point solution back into the expression for Z(2)n (z1, z̄1,z2, z̄2), leading to

Z(2)n (z1, z̄1,z2, z̄2)≃
ˆ
Sp(2n)

dU e−g−1r2s 4ndetN/2
(

Z̄ rsU
−rsU† Z

)
≃
ˆ
Sp(2n)

dU exp
[
g−1tr

(
U†Z̄UZ

)]
. (36)

When we introduce z= (z1 + z2)/2, ω = z1 − z2, and s= diag(1,−1)⊗ I2n, we have Z=
zI4n+ 1

2ωs and hence

Z(2)n (z1, z̄1,z2, z̄2)≃ eg
−14n|z|2YSp(n)

(
|ω|2
)

where YSp(n)

(
|ω|2
)
=

ˆ
Sp(2n)

dU exp
[
|ω|2

4g
tr
(
U†sUs

)]
.

(37)

Observe that for U ∈ Sp(2n), U†sU lies on the symplectic Grassmannian Sp(2n)/[Sp(n)×
Sp(n)]. Thus, the target space of this NLσM is the symplectic Grassmannian. In the following,
we calculate this integral in the regime |ω|2 ≫ g.

2.3.1. Cosine-sine decomposition. Analogous to the singular-value decomposition used in
section 2.2, we find that a cosine-sine (CS) decomposition for the symplectic group is effective
in calculating the second-order characteristic polynomial Z(2)n . The CS decomposition of a
symplectic unitary matrix U ∈ Sp(2n) is described below [87]. We start with the following
parametrization,

U=

(
u1 0
0 u2

)(
cosΘ sinΘ
−sinΘ cosΘ

)(
v1 0
0 v2

)
, (38)

with

Θ= diag(θ1,θ1, . . . ,θn,θn),where θi ∈ [0,π), u1,2,v1,2 ∈ Sp(n). (39)

Notice that each angle is repeated twice. One can regard each θi as the commuting part of the
2× 2 matrix representation of a quaternion. While u1,2 and v1,2 are generic matrices in Sp(n),
they must be compensated by an Sp(1)⊗n phase factor inside the CS matrix. A parametrization
for Sp(1)∼= S3 is eiϕ(m·Σ) with ϕ ∈ [0,π] and m ∈ R3 satisfying |m|2 = 1 (i.e. m ∈ S2). We
thus obtain a new CS decomposition without redundancy by

U=

(
u1 0
0 u2

)(
cosΘexp(iΦM ·Σ) sinΘ

−sinΘ cosΘexp(−iΦM ·Σ)

)(
v1 0
0 v2

)
, (40)

with

u1,2 ∈ Sp(n)/Sp(1)⊗n
, v1,2 ∈ Sp(n) ; (41)

M ·Σ= diag(m1 ·Σ, . . . ,mn ·Σ) , Φ = diag(ϕ1,ϕ1, . . . ,ϕn,ϕn)
[
mi ∈ S2,ϕi ∈ [0,π]

]
.

(42)

11
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Now, we proceed to derive the Haar measure in terms of these new variables. Let Λ be the
CS matrix. By using the invariance properties of the Haar measure, it is sufficient to consider
a neighborhood of u1,2 = v1,2 = I2n, leading to

U†dU=

(
dv1 0
0 dv2

)
+Λ†

(
du1 0
0 du2

)
Λ+Λ†dΛ. (43)

The calculations follow quite similarly to the unitary case from here on. The contribution from
Λ†dΛ is simply an extension of the measure for Sp(2) matrices given in [88]. The second term
is the non-trivial part, which by comparison to the unitary case contributes∆(cos2Θ)4. Finally,
the Haar measure is obtained as

dUHaar ∝ duHaar
1 duHaar

2 dvHaar
1 dvHaar

2 |∆
(
cos2Θ

)
|4

n∏
i=1

sin3 (2θi)sin
2 (ϕi)dθi dϕi d

2mi. (44)

Now, we recall the saddle-point integral in equation (37). The integrand in terms of the new
variables is

exp

(
|ω|2

4g
tr
(
UsU†s

))
= exp

(
|ω|2

2g
tr(cos2Θ)

)
. (45)

Thus, ignoring irrelevant overall constants, we have

YSp(n)

(
|ω|2

)
≃
ˆ π

0

n∏
i=1

dθi sin
3 (2θi)exp

(
|ω|2

2g
trcos2Θ

)
|∆
(
cos2Θ

)
|4

=

ˆ 1

−1

n∏
i=1

dλi
(
1−λ2

i

)
e|ω|

2∑
iλi |∆(λ) |4, (46)

where we set g= 1 for simplicity and introduce λi = cos2θi, satisfying trcos2Θ= 2
∑

i λi.
To make a comparison with Selberg integrals, we make the shift λ→ 1−λ and then rescale
λ→ 2λ, resulting in

Z(2)n (z1, z̄1,z2, z̄2)≃ e4n|z|
2

YSp(n)

(
|ω|2

)
, (47)

YSp(n)

(
|ω|2

)
≃ en|ω|

2
ˆ 1

0

n∏
i=1

dλiλi (1−λi) e
−2|ω|2

∑
iλi |∆(λ) |4. (48)

In figure 4, we plot the analytical expression in equation (47) of the second-order charac-
teristic polynomial for various values of N and n as a function of |z2 − z1|. We also compare
the analytical result in equation (47) with numerical results where we numerically generate
non-Hermitian random matrices from the Gaussian ensemble in equation (2) and calculate the
characteristic polynomial. Here, it should be noted that equation (47) is valid only for large
N although it allows us to access the small |ω| regime, which is relevant for level repulsion.
While the numerics for small N deviates from equation (47) for large z2, it is consistent with
equation (47) for large enough N and for small enough z2.

12
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Figure 4. Logarithmic plot of the two-point characteristic polynomial in class AI†. We

plot the expression Z(2)n (0,0,z2 ,̄z2)

Z(2)n (0,0,0,0)
e−2ng−1|z2|2 instead of Z(2)n (0,0,z2, z̄2) for better visualiz-

ation. For each value of N= 2 and N= 5, we collect 106 realizations of non-Hermitian
random matrices, while for N= 10 and N= 50 we collect 5× 106 realizations. In all
cases, we use g= 2. The solid markers show the numerically computed ensemble-
averaged moments of characteristic polynomials. The black dashed curves show the
same quantity calculated with the NLσM for large N in equation (47).

2.3.2. Two-point correlation function. We now discuss the two-point correlation function.
The two-point correlation function is obtained from the second-order characteristic polynomial
Z(2)n by [71, 76]

π2R2 (z1, z̄1,z2, z̄2) = lim
n→0

1
n2
∂z1∂z̄1∂z2∂z̄2Z

(2)
n (z1, z̄1,z2, z̄2) , (49)

where Z(2)n is given by equation (18) with k= 2. Using the fact that Z(2)n factorizes into a z-
dependent and ω-dependent part, we can simplify this as follows,

π2R2 (z1, z̄1,z2, z̄2) = lim
n→0

1
n2
(
∂2
ω − ∂2

2z

)(
∂2
ω̄ − ∂2

2̄z

)
e4n|z|

2

YSp(n)

(
|ω|2

)
= 2+ lim

n→0

1
n2
∂2
ω∂

2
ω̄YSp(n)

(
|ω|2

)
. (50)

To evaluate R2, we go back to equation (47) and analyze its behavior in the limit n→ 0. It is
difficult to evaluate this integral exactly on the domain [0,1]n. However, we aim to evaluate it
only up to order n2. For this purpose, we can expand the domain to [0,∞]n and then system-
atically add or subtract corrections at increasing orders in n. Only finitely many terms in this
series survive at order n2. To perform this procedure, we rewrite the contour of integration in
equation (47) as a sum over two contours,

´ 1
0 dλ→

´∞
0 dλ−

´∞
1 dλ. This gives

YSp(n)

(
|ω|2

)
≃ en

t
2

ˆ ∞

0

n∏
i=1

dλi |λi (1−λi) |(1−Θ(λi − 1)) e−t
∑

iλi |∆(λ) |4

≃ e4n|z|
2

en
t
2

n∑
p=0

(
n
p

)
(−1)p

ˆ ∞

1

p∏
i=1

dxi |xi (1− xi) |e−t
∑

i xi

×
ˆ ∞

0

n−p∏
i=1

dyi |yi (1− yi) |e−t
∑

i yi |∆(x,y) |4 (51)
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with t= 2|ω|2. For large t, the x and y variables accumulate near the peak of the weight function
|λ(1−λ)|e−tλ within their respective domain. To the leading order in 1/t, these are simply
located at x= 1 and y= 0, respectively, and hence we can make the approximation ∆(x,y)≃
∆(x)∆(y). Let us focus on the y-integral. Since the y variables accumulate close to the origin,
we can approximate |yi(1− yi)| ≃ yi. Thus, we have

ˆ ∞

0

n−p∏
i=1

dyi yi e
−t

∑
i yi |∆(y) |4 =

(
1
t

)2(n−p)2

Γ(3)p−n
n−p∏
k=1

Γ(2k)Γ(1+ 2k)

≃
(
1
t

)2(n−p)2

Γ(3)p
n∏

k=n−p+1

(Γ(2k)Γ(1+ 2k))−1
. (52)

After taking the
(n
p

)
factor into account, only p= 0,1 terms survive at order n2. On the other

hand, the x-integral for p= 0 is trivially 1. For p= 1, it is
ˆ ∞

1
dx1 x1 (x1 − 1) e−tx1 =

e−t (t+ 2)
t3

. (53)

Thus, we have

YSp(n)

(
|ω|2

)
≃ en

t
2

(
1
t2n2

− 4n2e−t (t+ 2)
t5

)
≃
(
1+

nt
2
+
n2t2

8
− 2n2 ln t− 4n2e−t

t4

)
. (54)

We rewrite equation (49) in terms of ∂ω,∂z,∂ω̄ and ∂z̄ to obtain

π2R2 (z1, z̄1,z2, z̄2) = lim
n→0

1
n2
(
∂2
ω − ∂2

2z

)(
∂2
ω̄ − ∂2

2̄z

)
e4n|z|

2
(
1+

nt
2
+
n2t2

8
− 2n2 ln t− 4n2e−t

t4

)
= 2+ lim

n→0

1
n2
∂2
ω∂

2
ω̄

(
1+ n|ω|2 + n2|ω|4

2
− 2n2 ln

(
|ω|2

)
− n2e−2|ω|2

4|ω|8

)
.

(55)

Then, the two-point correlation function is obtained from equation (49), to leading order in
1/|ω|, as

π2RAI†
2 (ω)≃ 4

(
1− e−2|ω|2

|ω|4

)
. (56)

A similar saddle-point integral was also calculated in [74] (see appendix A for details).
However, the relevant parameter µ is assumed to be real in [74], while it should be imagin-
ary in our calculations. For comparison, we also analytically present the two-point correlation
function R2 (z1, z̄1,z2, z̄2) for 2× 2 non-Hermitian randommatrices in class AI† in appendix C.

In figure 5, we compare the result in equation (56) with numerical calculations. We recall
that the regime of validity for this result is

√
g≪ |z1 − z2| and |z1|, |z2| ≪

√
gN/2, although in

this regime the effect of level repulsion is very small and difficult to detect numerically. Amore
interesting regime is |z1 − z2| ≃

√
g. In this regime, our result for the two-point correlation

function appears to deviate from the numerics substantially. In contrast, for the case of the one-
point function and the density of states, in section 2.2.1, the analytical result in equation (33)

14



J. Phys. A: Math. Theor. 58 (2025) 225202 A Kulkarni et al

Figure 5. Comparison between the analytical result in equation (56) and the two-point
correlation function obtained from numerical calculations. The numerical results are
obtained by 2× 104 realizations of 103 × 103 non-Hermitian random matrices in class
AI† sampled according to equation (2) with g= 2.

appear to do a better job even outside of the regime of its validity. Taking equation (47) as a
starting point, future work may investigate other contributions and provide important insights
into the correlations of nearby eigenvalues in class AI†. Moreover, as we discussed previously
at the end of section 2.2.1, we should explore more systematic approaches to taking the replica
limit.

3. NLσM for class AII†

3.1. Replica space matrix integral for characteristic polynomials

Non-Hermitian matrices in class AII† respect TRS† with sign T 2 =−1. We choose the sym-
metry operator to be T =ΣyK, with complex conjugationK andΣy = σy⊗ IN. Thus, the sym-
metry condition reads

H† = T HT −1, i.e., ΣyHTΣy = H. (57)

Here,H is a 2N× 2N complex matrix. The symmetry condition may equivalently be expressed
by representing H as follows,

H=

(
a b
c aT

)
where a,b,c ∈ CN×N and bT =−b, cT =−c. (58)

The Gaussian probability measure on H is given as follows,

P(H)dH= dHexp
[
−g−1tr H†H

]
=NAII†

N∏
i,j=1

daijda
∗
ij

∏
1⩽i<j⩽N

dbijdb
∗
ijdcijdc

∗
ij

× exp

−2g−1

 N∑
i,j=1

|aij|2 +
∑

1⩽i<j⩽N

(
|bij|2 + |cij|2

) , (59)
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where g parameterizes the width of the Gaussian and the normalization NAII† is defined by
setting

´
dHP(H) = 1. As before, the general characteristic polynomial for k-point functions

is defined as in equation (3). We first focus on the k= 1 case and then generalize to k> 1.
After rewriting the determinants in terms of Grassmann variables, the replica characteristic
polynomial for the one-point function is given by

Z(1)n (z, z̄) =
ˆ

dHP(H)
ˆ

dψdψ̄dχdχ̄

× exp
[
−ψ̄ia

(
zδijδab−Hijδab

)
ψja− χ̄ia

(
z̄δijδab−

(
H†)ij δab)χja] , (60)

where the indices i, j now run from 1 to 2N, and a,b run from 1 to n. Now, we account for the
symmetry of H and distill the relevant fermionic degrees of freedom by noting

ψ̄iaH
ijψja =− tr

(
Hψaψ̄

T
a

)
=+tr

(
HΣyψ̄aψ

T
aΣ

y
)
=−tr

(
H⌈ψaψ̄Ta⌉

)
, (61)

where we define the modified symmetric part of the fermion bilinear as

⌈ψaψ̄Ta⌉=
1
2

(
ψaψ̄

T
a +

(
Σyψaψ̄

T
aΣ

y
)T)

=
1
2

(
ψaψ̄

T
a −Σyψ̄aψ

T
aΣ

y
)
. (62)

Indeed, the modified symmetric part respects TRS† in class AII†: Σy⌈ψaψ̄Ta⌉TΣy = ⌈ψaψ̄Ta⌉.
In perfect analogy to class AI† (see section 2.1), we integrate out the H variables and are left
with the following integral,

Z(1)n (z, z̄) =
ˆ

dψdψ̄dχdχ̄ exp
[
gtr
(
⌈χaχ̄Ta⌉⌈ψbψ̄Tb⌉

)
+ z̄tr

(
⌈χaχ̄Ta⌉

)
+ ztr

(
⌈ψaψ̄Ta⌉

)]
.

(63)

We expand the four-fermion term as

gtr
(
⌈χaχ̄Ta⌉⌈ψbψ̄Tb⌉

)
=

1
2
g
[
−
(
ψ̄Tbχa

)(
χ̄Taψb

)
+
(
ψTbΣ

yχa
)(
χ̄TaΣ

yψ̄b
)]
. (64)

We introduce flavor-space matrices Q and R ∈ Cn×n to decouple, respectively, the first and
second terms in equation (64),

exp

[
−1

2
gTr
((
ψ̄Tχ

)(
χ̄Tψ

))]
∝
ˆ

dQexp

[
−1

2
g−1Tr

(
QQ†

)
− 1

2
Tr
(
ψ̄TχQ†

)
+

1
2
Tr
(
Qχ̄Tψ

)]
.

(65)

Similarly, we have

exp
[
1
2
gTr
((
ψTΣyχ

)(
χ̄TΣyψ̄

))]
∝
ˆ

dRexp
[
−

1
2
g−1Tr

(
RR†)− 1

2
Tr
(
R†ψTΣyχ

)
−

1
2
Tr
(
χ̄TΣyψ̄R

)]
.

(66)

Following similar steps as before, we express the characteristic polynomial as

Z(1)n (z, z̄)≃
ˆ
R2n×2n

dQ e−g−1trQTQ detN
(
−z Q
QT z̄

)
. (67)
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Now, we generalize this expression to the k-point characteristic polynomial. The procedure is largely
identical to the one above, resulting in

Z(k)n (z1, z̄1, . . . ,zk, z̄k) =
ˆ
R2nk×2nk

dQ e−g−1trQTQ detN
(
−Z Q
QT Z̄

)
, (68)

with

Z= diag(z1, . . . ,zk)⊗ I2n. (69)

In the subsequent sections, we will compute this integral for k= 1 and k= 2 under suitable limits.

3.2. One-point characteristic polynomial

We study the first-order characteristic polynomial Z(1)n (z, z̄) in more detail and use it to derive the density
of states for class AII†. First, we extract only the dominant contribution for large N. In this limit, the
integral in equation (67) can be approximated by integrating over the saddle point. The saddle-point
equation is

QTQ=
(
gN− |z|2

)
I2n. (70)

For |z|<
√
gN, it is solved byQ=

√
gN− |z|2O, with O ∈ O(2n). Dropping the overall factors irrelev-

ant in the replica limit, we get Z(1)n (z, z̄)≃ e2ng
−1|z|2 , which gives πR1(z, z̄) = 2g−1 from equation (26).

This is consistent with numerical calculations and Girko’s circular law [8].
Now, let us study the characteristic polynomial Z(1)n (z, z̄) in more detail without any approximations.

Below, we assume g= 1 for simplicity. Notice that the integrand in equation (67) remains invariant if we
multiply Q by an orthogonal matrix on the left or on the right. Thus, we can reduce the matrix integral
to an integral over singular values of Q. Let the singular-value decomposition of Q∈ R2n×2n be

Q= UΛV; U,V ∈ O(2n) , Λ = diag
(
λ

1
2
1 , . . . ,λ

1
2
2n

)
(λa ⩾ 0) . (71)

The integration measure on Q is transformed into the following measure on U, V, and Λ,

dQ= dUdV|∆(λ) |
2n∏
a=1

dλaλ
− 1

2
a , ∆(λ) =

n∏
a>b

(λa−λb) . (72)

Since the integrand is independent of U and V, the integrals over U and V simply give the volume of
O(2n). This is an irrelevant overall factor in the replica limit and hence ignored. The remaining integral
is

Z(1)n (z, z̄)≃
ˆ ∞

0

2n∏
a=1

dλaI(λa)λ
− 1

2
a |∆(λ) |, I(λ) = e−λ

(
λ+ |z|2

)N
. (73)

We refer the reader to [78, 79] for other results on this quantity.
In figure 6, we plot the analytical expression in equation (73) of the first-order characteristic poly-

nomial for various values of N and n as a function of |z|. We also compare the analytical result in
equation (73) with numerical results where we numerically generate non-Hermitian random matrices
from the Gaussian ensemble in equation (59) and calculate the characteristic polynomial. For all values
of N and n we studied, the analytical and numerical results are consistent.
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Figure 6. Plot of Z(1)n (z,̄z)

Z(1)n (0,0)
e−2ng−1|z|2 as a function of |z| for class AII†. For each

value of N, we sample 105 realizations of non-Hermitian random matrices according
to equation (59) with g= 2. The solid markers show the ensemble-averaged charac-
teristic polynomials. The black dashed curves show the same quantity calculated by
equation (73) obtained from the NLσM.

3.2.1. Density of states. As in the case of class AI†, we consider the large-N limit and approxim-

ate I(λ) with an un-normalized Gaussian: I(λ)≃ NNe−λsp exp(− (λ−λsp)
2

2N ). Here, λsp = N− |z|2 is the
solution to the saddle-point equation ∂λ ln I(λ) = 0. Rescaling λ→ λspλ, we obtain

Z(1)n (z, z̄)≃ e−2nλspλ2n2
sp

ˆ ∞

0

2n∏
a=1

dλa√
|λa|

exp

(
−
λ2
sp

2N
(λa− 1)2

)
|∆(λ) |. (74)

We rewrite the range of integration as
´∞
0 dλ=

´∞
−∞ dλ−

´ 0
−∞ dλ. We consider the regime where

λ2
sp

2N is
large enough so that x and y accumulate near the maxima of the weight function, i.e. 0 and 1, respectively.
As such, we can approximate∆(λ)≃∆(x)∆(y), and hence the x and y variables become decoupled, as
follows:

Z(1)n (z, z̄)≃ e−2nλspλ2n2
sp

∑
p

(−1)p
(
2n
p

)ˆ 0

−∞

p∏
a=1

dxa√
|xa|

exp

(
−
λ2
sp

2N
(xa− 1)2

)
|∆(x) |

×
ˆ ∞

−∞

2n−p∏
a=1

dya√
|ya|

exp

(
−
λ2
sp

2N
(ya− 1)2

)
|∆(y) |. (75)

Furthermore, in the y-integral, since the Gaussian is narrowly peaked at 1, we replace the factor of |ya|−
1
2

in the integrand with 1. The remaining integral is a Selberg integral, evaluated exactly as

ˆ ∞

−∞

2n−p∏
a=1

dya exp

(
−
λ2
sp

2N
(ya− 1)2

)
|∆(y) | ≃

(
λsp√
N

)− (2n−p+1)(2n−p)
2

2
3
2
(2n−p)

2n−p∏
a=1

Γ

(
1+

1
2
a

)
.

(76)

We should check the coefficient of the pth term in this expansion and identify which terms survive in the
limit n→ 0. The coefficient is

(2n
p

)∏2n−p
a=1 Γ

(
1+ 1

2a
)
. At order n, the coefficients are 1, 2n, and−n/

√
π

for p= 0, 1, and 2, respectively, and zero for all p⩾ 3. On the other hand, there is no x-integral for p= 0.
For p= 1, it is

ˆ 0

−∞

dx1√
|x1|

exp

(
−
λ2
sp

2N
(x1 − 1)2

)
≃

√
πN
λsp

exp

(
−
λ2
sp

2N

)
for

λ2
sp

2N
≫ 1. (77)
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Figure 7. Comparison between the analytical result in equation (80) and the density
of states obtained from numerical calculations. The numerical results are obtained by
104 realizations of

(
2× 103

)
×
(
2× 103

)
non-Hermitian randommatrices in class AII†

sampled according to equation (59) with g= 2. Note that this is a logarithmic plot. This
might cause the spread of the numerics in the plot.

For p= 2, it is

ˆ 0

−∞

dx1√
|x1|

ˆ 0

−∞

dx2√
|x2|

exp

(
−
λ2
sp

2N

[
(x1 − 1)2 +(x2 − 1)2

])
|x1 − x2| ≃

2N2

λ4
sp

exp

(
−
λ2
sp

N

)
for

λ2
sp

2N
≫ 1.

(78)

Putting it all together, we have

Z(1)n (z, z̄)≃ 1− 2nλsp − n lnλsp −
n
λsp

√
πN
2

exp

(
−
λ2
sp

2N

)
− n

4λ5
sp

√
N5

π
exp

(
−
λ2
sp

N

)
+O

(
n2
)
.

(79)

Plugging this into equation (26) and keeping the leading-order terms, we obtain

πR1 (z, z̄) = 2+
1

4u2
−
√
2πe−2u2

(
u+

1
4u

+
1

8u3

)
− e−4u2

8
√
π u3

+O
(

1
u5

)
, (80)

where we introduce u=
√
N− |z| as the distance of z from the edge of the spectrum and use λsp ≃ 2u

√
N.

Similar to equation (33), we expect that the fermionic replica method can only reproduce the tail of the
density of states for |z|<

√
gN [71].

In figure 7, we compare the analytical result from equation (80), with the density of states obtained
from numerical calculations. Notably, the positive term +1/4u2 in equation (80) is unique to class AII†

and does not appear in class A or AI†. As seen in figure 7, this term may explain the observed trend
in the numerical data-specifically, the increase in the density of states near the edge of the spectrum.
Similar to the discussion in Section 2.2.1, two caveats should be noted: (i) the validity of equation (80),
which holds only for |z| ≪

√
gN≈ 44.72, and (ii) the spread of numerical data due to the logarithmic

scale of the plot. A more precise comparison with large-scale numerics, including corrections beyond
the saddle-point approximation, as well as a more systematic approach to taking the replica limit, are left
for future study.
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3.3. Two-point characteristic polynomial

We recall the replica spacematrix integral for the second-order characteristic polynomial in equation (68).
For large N, we can approximate the Q-integral by an integral over the saddle-point manifold of Q.
Unlike our discussion in section 3.2 for the density of states, Z andQ do not commute, which makes the
saddle-point equation more involved. However, in the regime z1,2 ≪

√
gN, it is simplified to

QTQ= gNI4n, (81)

which is solved asQ=
√
gNO with an orthogonal matrix O ∈ O(4n). The integral over the saddle-point

manifold is

Z(2)n (z1, z̄1,z2, z̄2) =
ˆ
O(4n)

dO e−4nNdetN
(

−Z
√
gNO√

gNOT Z̄

)

≃
ˆ
O(4n)

dOexp
[
g−1tr

(
OTZOZ̄

)]
. (82)

Here, we introduce z= (z1 + z2)/2, ω = (z1 − z2), and s= diag(1,−1)⊗ I2n, and then have Z= zI4n+
1
2ωs, leading to

Z(2)n (z1, z̄1,z2, z̄2)≃ eg
−14n|z|2

ˆ
O(4n)

dOexp

[
g−1tr

(
|ω|2

4
OTsOs

)]
. (83)

When we define W= OTsO, this change of variables maps the integration manifold to the orthogonal
Grassmannian,

Z(2)n (z1, z̄1,z2, z̄2)≃ eg
−14n|z|2

ˆ
O(4n)/[O(2n)×O(2n)]

dWexp

[
g−1tr

(
|ω|2

4
Ws

)]
. (84)

3.3.1. Cosine-sine decomposition. We further simplify the above integrals by using the CS decom-
position of the orthogonal group O(4n),

O=

(
u1 0
0 u2

)(
cosΘ sinΘ
−sinΘ cosΘ

)(
v1 0
0 v2

)
, (85)

with

Θ= diag(θ1, . . . ,θ2n), θi ∈ [0,π), u1,2,v1,2 ∈ O(2n). (86)

The integrand is only a function of Θ, not dependent on u and v,

exp

(
|ω|2

4
tr
(
OsOTs

))
= exp

(
|ω|2

2
cos2Θ

)
, (87)

where we have set g= 1 to lighten the notation. Now, we express the Haar measure on O(4n) in terms of
u,v, and Θ. Due to the invariance properties of the Haar measure, we can assume that u1,2 and v1,2 are
in the neighborhood of identity. Thus, the Haar measure in terms of u, v, and Θ is given as

∧
4n⩾i>j⩾1

(
OTdO

)
ij
=
∧
k>l

(dv1)kl (dv2)kl
∧
m

dθm
∧
i>j

(du1)ij ∧ (du2)ij∆(cos2Θ) . (88)
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Figure 8. Plots of the two-point characteristic polynomial in class AII†. We plot the

expression Z(2)n (0,0,z2 ,̄z2)

Z(2)n (0,0,0,0)
e−2ng−1|z2|2 instead of Z(2)n (0,0,z2, z̄2) for better visualization.

For each value of N, we sample 2× 106 realizations of non-Hermitian random matrices
in class AII†. In all cases, we use g= 2. The solid markers show the ensemble-averaged
characteristic polynomials. The black dashed curves show the same quantity calculated
by the NLσM for large N in equation (90).

For u and v, the measure is just the Haar measure on O(2n), which only contributes an irrelevant overall
factor. The relevant part is the measure on Θ. Thus, we finally have

Z(2)n (z1, z̄1,z2z̄2)≃ e4n|z|
2
ˆ π

0
dΘ |∆(cos2Θ) |exp

(
|ω|2

2

∑
i

cos2θi

)
. (89)

Introducing λi = sin(θi)2 and t= |ω|2, we further have

Z(2)n (z1, z̄1,z2, z̄2)≃ e4n|z|
2

YO(2n)

(
|ω|2

)
, (90)

YO(m) (t) = emt/2
ˆ 1

0

m∏
i=1

dλi (λi (1−λi))
− 1

2 e−t
∑

i λi |∆(λ) |. (91)

In figure 8, we plot the analytical result in equation (90) for the second-order characteristic polynomial
as a function of |z2 − z1|,N, and n and compare this with numerically generated data. For the numerics, we
sample non-Hermitian random matrices in class AII† from the Gaussian ensemble in equation (59) and
calculate the characteristic polynomial by exact diagonalization. Note that while equation (90) is valid
only for large N, it allows us to access the small |z1 − z2| regime, which is relevant for level repulsion.
Indeed, in figure 8 we see that while the numerics deviates from equation (90) for small N and large z2,
it is consistent with equation (90) for large enough N and for small enough z2.

3.3.2. Two-point correlation function. As before, we extend the range of integration from [0,1]
to [0,∞) and deform the integration contour for each λi as

´ 1
0 dλ→

´∞
0 dλ−

´∞
1 dλ. Now, we make

several approximations. We observe that in each branch of the contour, the dominant contribution comes
from the endpoints 0 and 1. At these endpoints, (λi(1−λi))

− 1
2 can be approximated as λ− 1

2 and (1−
λ)−

1
2 . We can also factorize the Vandermonde determinant such that variables on different contours are

decoupled. Introducing t= |ω|2, we thus have

YO(m) (t) = emt/2
m∑
p=0

(
m
p

)
(−1)p

ˆ ∞

0

m−p∏
i=1

dyi |yi|−
1
2 e−t

∑
i yi |∆(y) |

× e−pt
ˆ ∞

0

p∏
i=1

dxi |xi|−
1
2 e−t

∑
i xi |∆(x) |. (92)
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The y-integral is a Selberg integral evaluated as

ˆ ∞

0

m−p∏
i=1

dyi |yi|−
1
2 e−t

∑
i yi |∆(y) |= t−(m−p)2/2 1

Γ
(
3
2

)m−p

m−p∏
k=1

Γ

(
k
2

)
Γ

(
1+

k
2

)
. (93)

The combinatorial factor to be expanded in small n is then

F p
n =

Γ(m+ 1)
Γ(p+ 1)Γ(m− p+ 1)

m∏
k=m−p+1

Γ

(
k
2

)−1

Γ

(
1+

k
2

)−1

. (94)

At order n2, the non-zero terms are p= 0,1,2. The relevant x-integrals for p= 1 and 2 are respectively

ˆ ∞

0
dx1 x

− 1
2

1 e−tx1 =

√
π
t, (95)

ˆ ∞

0
dx1dx2 (x1x2)

− 1
2 e−t(x1+x2)|x1 − x2|=

2
t2
. (96)

Thus, to leading order in t, we have

YO(m) (t)≃ 1+
mt
2

+
m2t2

4
− m2

2
ln t− m2π

4
e−t

t
+
m2

16
e−2t

t4
+O

(
m3
)
. (97)

Now we use equation (49) to calculate the two-point function. Notice once again that the factorization
of Z(2)n into separate z-dependent and ω-dependent parts yields

π2R2 (z1, z̄1,z2, z̄2) = lim
n→0

1
n2

(
∂2
ω − ∂2

2z

)(
∂2
ω̄ − ∂2

2̄z

)
e4n|z|

2

YO(2n)

(
|ω|2

)
= 2+ lim

n→0

1
n2
∂2
ω∂

2
ω̄YO(2n)

(
|ω|2

)
. (98)

Combining this with the approximation for YO(2n) we obtain the following expression for the two-point
function of class AII†

π2R2 (ω)≃ 4−π |ω|2e−|ω|2 . (99)

This is compatible with the saddle-point integral in [74] (see appendix A for details). For comparison,
we also analytically present the two-point correlation function R2 (z1, z̄1,z2, z̄2) for 4× 4 non-Hermitian
randommatrices in class AII† in appendix C. In figure 9, we compare the analytical result in equation (99)
and the numerically generated two-point correlation function.

Similar remarks that we made for figure 5 apply here. Namely, the analytical result in equation (99)
deviates substantially from the numerics in the regime |z1 − z2|≲

√
g. However, in future works,

equation (90) can be used as a starting point to study this regime. Finally, as we discussed in section 2.2.1,
2.3.2, and 3.2.1, we should keep in mind that there may be more systematic ways of taking the replica
limit.

4. Conclusion

In this work, we investigated the spectral properties of Gaussian non-Hermitian randommatrices in sym-
metry classes AI† and AII†. Using the fermionic replica NLσMs, we computed the one-point and two-
point characteristic polynomials.We compared our results with finite-N numerical calculations and found
good agreements. The method developed in this work can be applied to other symmetry classes of non-
Hermitian RMT [76]. Taking the replica limit, we also calculated the density of states and the two-point
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Figure 9. Comparison between the analytical result in equation (99) and the two-point
correlation function obtained from numerical calculations. The numerical results are
obtained by 104 realizations of

(
2× 103

)
×
(
2× 103

)
non-Hermitian random matrices

in class AII† sampled according to equation (59) with g= 2.

correlation functions. As discussed in section 2.2.1, there remains room for improvement on these calcu-
lations. Another important challenge is to establish the universality of level statistics. Our derivation of
the NLσMs yields different target spaces for different symmetry classes which provides support to the
universality conjecture. However, our treatment is currently limited to Gaussian ensembles. Extending
our treatment to non-Gaussian ensembles will be necessary to rigorously establish universality. Further
studies will be required to address this limitation. Lastly, it is interesting to explore applications of our
results to physical systems, such as Lindblad superoperators.

Note added.—A part of this work was presented in [89]. When we were finalizing the draft, we learned
about a related work [78]. After the initial submission of this work, we also learned about another related
work [79].
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Appendix A. Saddle-point integral

A.1. Class AI†

We calculate the saddle-point integral using the results from [74], which computed the following sigma
model matrix integral:

YS(n) (−iµ) =
ˆ
S(2n)/[S(n)×S(n)]

DWexp

[
− iµα

4
Tr(sW)

]
. (A1)

The group S(n) can be O(n), U(n), or Sp(n), corresponding to α= 2, α= 2, or α= 1, respectively. When
we define W= U†sU and substitute µ= 2ig−1|ω|2, this becomes almost the same matrix integral in
equation (37). We note, however, that µ is assumed to be real in [74], while it should be imaginary in
our calculations. Assuming that the measure is identical, we have the following expression for Z(2)n up to
z-independent factors that reduce to 1 in the replica limit,

Z(2)n (z1, z̄1,z2, z̄2) = e4g
−1n|z|2Yn

(
g−1|ω|2

)
. (A2)

We rewrite R2 in terms of Yn and ∂ω,∂z, and so on, and assume g= 1 for simplicity, leading to

π2R2 (z1, z̄1,z2, z̄2) = lim
n→0

1
n2

(
∂2
ω − ∂2

2z

)(
∂2
ω̄ − ∂2

2̄z

)
e4n|z|

2

Yn
(
|ω|2

)
= 2+ lim

n→0

1
n2
∂2
ω∂

2
ω̄Yn

(
|ω|2

)
. (A3)

Hence, we only need to keep terms of order n2 in Yn. For the symplectic case, at large µ, we use the β= 1
result from [74]:

Yn→0 (−iµ) = 1− iµn+ n2
(
−µ

2

2
− 2lnµ+

e2iµ

4µ4

)
. (A4)

In our calculations, we instead need µ= iν, ν ∈ R>0. The sign of the e2iµ/µ4 term is ambiguous for
µ= iν. We here choose the sign based on a physical expectation and replace lnµ→ ln |µ|. Then, we
have

Yn→0 (ν) = 1+ νn+ n2
(
ν2

2
− 2lnν− e−2ν

4ν4

)
(A5)

for ν ∈ R>0. By using the above expression for Yn, the term z2∂2
ω + z̄2∂2

ω̄ should vanish in the n→ 0
limit. We are thus left with

π2R2 (z1, z̄1,z2, z̄2) = 2+ ∂2
ω∂

2
ω̄

(
ν2

2
− 2lnν− e−2ν

4ν4

)
= 4− 4e−2|ω|2

|ω|4 +O

(
e−|ω|2

|ω|2

)
+O

(
e−2|ω|2

|ω|4

)
, (A6)

where we introduce ω = z1 − z2 and ν = g−1ωω̄. While we here assume g= 1 for simplicity, the g
dependence is recovered as

π2R2 (z1, z̄1,z2, z̄2) = 4g−2

(
1− e−2g−1|ω|2

g−2|ω|4 +O

(
e−g−1|ω|2

g−1|ω|2

)
+O

(
e−2g−1|ω|2

g−2|ω|4

))
. (A7)
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A.2. Class AII†

For the orthogonal case, at large µ, we use the β= 4 result from [74]:

YO(2n) (−iµ) = 1− 2iµn+ 4n2
(
−µ

2

2
− 1

2
lnµ+Γ2 (3/2)

e2iµ

2µ
+

e4iµ

28µ4

)
+O

(
n2
)

(A8)

for µ ∈ R. As equation (A3), we rewrite the two-point correlation function in terms of z and ω derivatives
and assume g= 1 for simplicity, leading to

π2R2 (z1, z̄1,z2, z̄2) = 2+ lim
n→0

1
n2
∂2
ω∂

2
ω̄YO(2n)

(
|ω|2/2

)
. (A9)

Thus, we have

π2R2 (z1, z̄1,z2, z̄2) = 2+ 4∂2
ω∂

2
ω̄

(
|ω|4

8
− 1

2
ln

(
i|ω|2

2

)
− π

4
e−|ω|2

|ω|2 +
e−2|ω|2

24|ω|8

)

= 4−π |ω|2e−|ω|2 + e−2|ω|2O
(

1
|ω|6

)
. (A10)

Putting the g dependence back by dimensional analysis, we have

π2R2 (z1, z̄1,z2, z̄2) = g−2
(
4−π g−1|ω|2e−g−1|ω|2 + e−2g−1|ω|2O

(
1

g−3|ω|6

))
. (A11)

Appendix B. Jacobian of quaternion SVD

In this appendix, we derive the Jacobian of the singular value decomposition (SVD) of a quaternion
matrix. Let Q be an n× n quaternion matrix. The SVD is given by

Q= UΛV, Λ = diag
(√

λ1, . . . ,
√
λn
)
, λi ∈ R⩾0, V ∈ Sp(n) , U ∈ Sp(n)/Sp(1)⊕n . (B1)

The Euclidean measure on Q written as a differential form is
∧
c

∧
i,j dQ

(c)
i,j where the index c= 0, . . . ,3

represents the various components of the quaternion numbers. This measure is invariant under multiply-
ing Q on the left or right with a quaternion unitary matrix. We use this freedom to choose U,V in the
neighborhood of identity. We then have

dQ= dUΛ+ΛdV+ dΛ. (B2)

Due to unitarity, we also have dU=−dU† and dV=−dV†. In particular, this means that the diagonal of
dU is zero and the real part of the diagonal of dV is zero. The Euclidean measure (up to an overall sign)
is therefore given as

3∧
c=0

∧
i,j

dQ(c)
i,j =

(∧
i

d
√
λi

)(
3∧

c=1

∧
i

dV(c)
ii

√
λi

) 3∧
c=0

∧
i<j

(
dU(c)

ij

√
λj +

√
λidV

(c)
ij

)
∧
(
dU(c)

ij

√
λi +

√
λjdV

(c)
ij

)
=

(∧
i

√
λi

3d
√
λi

)(
3∧

c=1

∧
i

dV(c)
ii

) 3∧
c=0

∧
i<j

dU(c)
ij ∧ dV(c)

ij (λi −λj)


= dUHaardVHaar2−n

∧
i

dλiλi∆(λ)4 . (B3)
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Figure 10. Two-point correlation functions R2 (z1,z2) of 2× 2 (4× 4) non-Hermitian
random matrices in classes A and AI† (AII†). The vertical axis R̃2 (|z1|) is defined by
R2 (z1,z2) =: δ (z1 + z2) R̃2 (|z1|). The normalization constants are chosen asC2 = C3 =
C5 = 1.

Appendix C. Two-point correlation functions of small non-Hermitian random
matrices

In this appendix, we calculate the two-point correlation function of 2× 2 (4× 4) non-Hermitian random
matrices in classes A and AI† (class AII†). Similar to the Wigner surmise, this gives a simple analytical
expression for the two-point function. We should however keep in mind that the small-N result may not
be a good approximation to the large-N limit. See similar comments around equation (25).

In these cases, non-Hermitian random matrices host only an opposite-sign pair of complex eigenval-
ues. The two-point correlation function reads

R2 (z1,z2) = δ (z1 + z2)⟨trδ (z1 −H)⟩. (C1)

Here, ⟨trδ (z1 − z)⟩ depends only on |z1| and is given as 2⟨δ (z1 − z)⟩ with an eigenvalue z ∈ C of H.
Hence, we have

R2 (z1,z2) =
δ (z1 + z2)⟨δ (|z1| − |z|)⟩

π |z1|
. (C2)

On the other hand, the level-spacing distributions are defined as

ps (s) := ⟨δ (s− 2 |z|)⟩. (C3)

Consequently, we have (figure 10)

R2 (z1,z2) =
2δ (z1 + z2)ps (2 |z1|)

π |z1|

=
2
π
δ (z1 + z2)
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;
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2
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) (
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)
,

(C4)
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with the modified Bessel function of the second kind, K0 (x). Here, we use the analytical results of ps (s)
in [48] with arbitrary positive constants C2, C3, C5 ⩾ 0. For |z1|, |z2| ≪ 1, we have

R2 (z1,z2)≃
2
π
δ (z1 + z2)


−16C4

2 |z1|
2 ln
(
4C2

2 |z1|
2
) (

class AI†
)
;

16C4
3 |z1|

2 (class A) ;

16C4
5 |z1|

2 /3
(
class AII†

)
.

(C5)
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