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P H Y S I C A L  S C I E N C E S

Factorization dynamics between quantum Fisher 
information and quantum coherence
Xinzhi Zhao1, Xinglei Yu1, Liangsheng Li2, Wenting Zhou1, Chengjie Zhang1*

Quantum Fisher information (QFI) quantifies the sensitivity of a quantum state to a parameter change and plays a 
key role in quantum metrology. Meanwhile, quantum coherence is a crucial resource for quantum information 
processing. However, despite extensive studies on various aspects of quantum metrology, the interplay between 
the dynamics of the QFI and quantum coherence remains unexplored. Here, we explore the factorization relation-
ship between the QFI and quantum coherence, both theoretically and experimentally. We prepare pure states in 
qubit and qutrit systems and apply unitary evolution to investigate this relationship. Our results confirm the fac-
torization law, offering strong evidence for this relationship. Furthermore, we establish a lower bound on the vari-
ance of the estimated parameter that does not require the final state information. This approach reveals a deep 
connection between the QFI and quantum coherence, providing insights into quantum parameter estimation. 
These findings have potential applications in quantum sensing and quantum metrology.

INTRODUCTION
Quantum parameter estimation is a key topic in many scientific and 
technological fields, as it aims to find the unknown parameters of a 
quantum system with high precision. Phase estimation is a common 
problem in this area, which involves challenges such as state prepara-
tion, loss, and decoherence (1–6). The main tool for quantum pa-
rameter estimation is the quantum Fisher information (QFI) (7–12), 
which measures the sensitivity of a quantum state concerning chang-
es in the parameters encoded in it, where its inverse is known as the 
quantum Cramér-Rao bound (QCRB) (13, 14). The QFI has many 
applications in quantum information theory, such as uncertainty re-
lations (15, 16), entanglement detection (17–19), characterizing the 
non-Markovianity of open systems (20–22), and determining the 
optimal measurements for estimating parameters (23–25). The QFI 
is a versatile and powerful concept that has been studied extensively 
in various scenarios and settings (26–28).

As a central task in quantum metrology, quantum parameter es-
timation has brought renewed attention to quantum coherence, rec-
ognizing that quantum coherence plays a key role in enhancing 
precision (29–32). Quantum coherence is a crucial physical resource 
that enables interference phenomena and quantum information 
processing (29–51). Coherence was originally a concept for describ-
ing wave interference, but quantum coherence has become a central 
topic in quantum engineering, such as quantum metrology (30–32), 
quantum key distribution (34), and quantum computing (35). Re-
cently, it has also been recognized for its crucial role in quantum 
secure direct communication (36,  37) and high-order quantum 
Pancharatnam-Berry phase studies. Quantum coherence is the es-
sence of quantum physics and its advantage over classical physics. 
Various methods have been proposed to detect and quantify quantum 
coherence on a fixed basis, such as coherence witnesses (31, 32, 38), 
trace distance (39, 40), and skew information (41, 42), as well as 
other methods in a basis-independent way (43–48). In addition, 
recent works have highlighted the role of quantum coherence in 

various systems. For example, in the two-electron spin system, 
coherence and entanglement are influenced by interaction parame-
ters and external magnetic fields within certain ranges (52). Similarly, 
the analysis of the fractional Schrödinger equation has shown that 
the QFI and coherence can be related under fractional evolu-
tion (53).

While quantum coherence serves as a key resource and the QFI 
quantifies the ultimate precision limit in quantum metrology, the 
precise relationship between them remains insufficiently under-
stood. Furthermore, gaining a deeper understanding of this rela-
tionship is of great importance. Quantum coherence refers to the 
ability of a quantum system to maintain superposition. This prop-
erty serves as a valuable resource in improving the performance of 
quantum metrology tasks, such as the phase discrimination game 
(33) and quantum parameter estimation (29, 34, 35). A simple ex-
ample of quantum metrology where quantum coherence is essential 
was given in (29, 34): Suppose we have a D-dimensional Hilbert 
space and a nondegenerate Hamiltonian Ĥ, whose eigenvectors form 
the reference basis for quantifying quantum coherence. Then, an 
output state ρθ = UθρU

†

θ
 , where Uθ = e−iĤθ , can be used to estimate 

an unknown parameter θ if and only if the input state ρ has nonzero 
coherence on the reference basis. Moreover, as it is known, the rela-
tionship between the QFI and quantum coherence remains to be 
widely explored. There are still several intriguing open questions 
that have yet to be addressed: How does quantum coherence deter-
mine the QFI in general quantum systems? Is it possible to establish 
a lower bound on parameter estimation variance based solely on the 
coherence of the initial state when the final state information is un-
available? To address these challenges, our work bridges this gap by 
presenting a complete dynamical process linking the coherence of 
the input initial state to the QFI, which typically depends on the fi-
nal state.

In this work, we theoretically and experimentally investigate the 
factorization law between the QFI and the coherence for pure states, 
which states that under unitary transformations, the QFI of an out-
put state is bound by the product of the maximal QFI and the coher-
ence of its input pure state. We test our theory in qubit and qutrit 
cases and find good agreement between the experimental and theo-
retical results. Our experimental results provide evidence for the 
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factorization law between the QFI and quantum coherence. Fur-
thermore, we conduct experiments on quantum parameter estima-
tion under optimal measurement conditions in the two-dimensional 
(2D) scenario. This approach demonstrates that the QFI, central to 
quantifying precision limits in quantum metrology, can be directly 
inferred from the quantum coherence of the initial state, bypassing 
the need to analyze the final state. This highlights the potential of 
quantum coherence as a resource for enhancing estimation accura-
cy, as it fundamentally influences the precision limits in quantum 
metrology, independent of the final state measurement outcome.

The paper is organized as follows. The next section establishes 
the theoretical framework that supports our research, providing a 
foundation for the subsequent experimental design and analysis. 
Then, we introduce the experimental design in detail, including the 
setup, procedures, and the rationale behind our methodological 
choices. The results of the experiments are presented and analyzed 
thoroughly, highlighting the key findings and their implications. 
Last, we summarize the main contributions of this work and suggest 
potential directions for future research.

RESULTS
Connection between the QFI and quantum coherence
The QFI is a measure of the precision of a quantum measurement, 
while the QCRB is the limit of that precision. Here, the QCRB is 
expressed as Var

(
θ̂
)
≥
[
nθ

]−1 , where n denotes the number of 

measurements, θ̂ denotes an unbiased estimator of θ , and  (θ) re-
fers to the QFI. The variance of any unbiased estimator is at least 
greater than the inverse of the QFI. That is, the QFI defines the theo-
retical limiting boundary on the precision of the variance that can 
be achieved by the optimal parameter estimates (9–11, 23).

In this study, we consider one of the simplest forms of QFI, i.e., 
in the pure state, the Hamiltonian quantity Ĥ is independent of the 
parameter θ . Then, the quantum state ∣ψθ⟩ with parametric informa-
tion is ∣ψθ⟩ = Uθ ∣ψ⟩ = e−iĤθ ∣ψ⟩ , and the QFI with parameter in-
formation is the form of the following variance

The QFI is maximized when the input state is a superposition of 
eigenstates corresponding to maximal and minimal eigenvalues, 
a situation referred to as the channel QFI, which can be ex-
pressed as (12)

λmax and λmin correspond to the maximum and minimum values 

of the eigenvalues of Ĥ , respectively.
Coherence serves as a fundamental physical resource in quan-

tum systems, so we can use it to get the expression form of the QFI 
that includes state coherence. Theoretically, the coherence of a 
quantum state can be measured by measuring its off-diagonal ele-
ments; the l2-norm of coherence is defined as (54)

For a pure state of one qubit (D = 2), we obtain the factorization 
law of the QFI and coherence as

The detailed construction is described in Materials and Methods. 
Moreover, for a pure state of one qudit (D > 2), the factorization law 
of the QFI and coherence can be obtained as

it should be noted here that the selection of the initial state must 
meet the condition of 

∑
i<j

∣a
i
∣2 ∣a

j
∣2 < 0.25 , and  Eq.  5 becomes 

trivial when 
∑

i<j
∣a

i
∣2 ∣a

j
∣2 ≥ 0.25 . The detailed construction is de-

scribed in Materials and Methods. On the basis of the QCRB 
and Eq. 5, we can also derive a lower bound for the variance Var

(
θ̂
)

 
as (see the Supplementary Materials for details)

where n denotes the number of measurements, θ̂ is said to be an 
unbiased estimator of θ , and θ(θ) refers to the QFI of final states.

An illustration of the factorization law of the QFI and coherence 
is demonstrated in Fig. 1. On the basis of Eqs. 4 and 5, one can con-
clude that if the coherence of an input state is zero [ Cl2

(∣ψ⟩) = 0 ], 
then the QFI of its output state must be zero [ θ(∣ψθ⟩) = 0 ]. In 
other words, the input state must be coherent such that its output 
state can be used for estimating an unknown parameter θ . More-
over, Eq. 5 establishes the upper bound that the QFI can attain. In 
the following, we will experimentally verify the factorization law 
between the QFI and coherence by testing Eqs. 4 and 5.

Experimental setup
As shown in Fig. 2, the main components of our setup include the 
initial state preparation and an interferometric network with uni-
tary evolution operations. Last, the QFI of the final state after uni-
tary evolution is obtained by measuring the measurement operators. 
For the heralded single-photon source, we use a 405-nm continuous-
wave diode laser, a periodically poled potassium titanyl phosphate 
(PPKTP) crystal. Degenerate photon pairs produced by collinear 
type II spontaneous parameter down-conversion (SPDC) are col-
lected into the fiber couplers. Because photons come in pairs, each 
detection of an idler photon indicates the presence of a signal pho-
ton. The K in Fig. 2 represents the signal photon entering the actual 
optical path, which is finally counted by trigger, D1 and D2 (D3 and 
D4). The HWPs (H0 and H1) and BD1 allow a series of polarized 
qubit states containing path information to be encoded on the signal 
photon, which is then sent into the interference networks.

θ

�
∣ψθ⟩

�
=4

��
ψθ ∣Ĥ

2

∣ψθ

�
−
�
ψθ ∣Ĥ∣ψθ

�2
�

(1)

θ,max =
(
λmax−λmin

)2 (2)

Cl2
(ρ) =

∑

i, j

i≠ j

∣ρi,j∣
2

(3)

θ(∣ψθ⟩) = 2Cl2
(∣ψ⟩)θ,max (4)

θ(∣ψθ⟩) ≤ 2Cl2
(∣ψ⟩)θ,max (5)

Var

�
θ̂
�
≥

1

nθ(∣ψθ⟩)
≥

1

2nC
l2
(∣ψ⟩)θ,max

(6)

A

B

Fig. 1. Relation of the QFI and quantum coherence. Diagram of the factorization 
law for the QFI with coherence in the pure state model, Uθ = e−iĤθ . (A) Factorization 
law for the QFI. (B) Corresponding evolution process.
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Moreover, we present two cases for verifying the correlation 
between the QFI and coherence, the qubit case, and the high-
dimensional case (taking qutrit cases as an example), as shown 
in Fig. 2. In the qubit case, K is connected to K2 to input the signal 
photon into the subsequent optical path. The preparation of the ini-
tial state ∣ψ2D

⟩ = cos2α
19
∣H⟩ + sin2α

19
∣V⟩ ( ∣H⟩ : the horizontal po-

larization state; ∣V⟩ : the vertical polarization state) is relatively 
simple; only a polarized beam splitter (PBS) and the half-wave plate 
(HWP) H19 can be done. Because information about the coherence 
of the initial state is required, BS2 is used for beam splitting. The off-
diagonal elements meta information of the initial state is measured by 
H22 and PBS in the reflection path, with the photon detected by a 
single photon detector (D4). In the transmission path, interleaving 
quarter-wave plates (QWPs) Q5 and Q6 and H20 are used to imple-
ment the Uθ1

 operation. After the initial state ∣ψ⟩ evolves under Uθ , 
the final state was measured using σx via H21 and PBS, and the pho-
tons were collected with D4.

In the qutrit case, K is connected to K1 to input the signal photon 
into the subsequent optical path. In the qutrit case, the initial state 
preparation is different from the qubit case, and the path information 
needs to be encoded in the polarization state. The prepared initial state 
is ∣ψ3D

⟩=a
0
∣0⟩+a

1
∣1⟩+a

2
∣2⟩= sin2α

1
sin2α

0
∣0⟩−cos2α

1
sin2α

0
∣1⟩+ 

cos2α
0
∣2⟩,  where ∣0⟩≔∣H⟩∣c⟩,∣1⟩≔∣V⟩ ∣c⟩, ∣2⟩≔∣H⟩∣b⟩ , and 

∑2

i=0
∣a
i
∣2 =1 . 

The path b represents the path through which the light completely pass-
es, while path c refers to the path that is shifted upward on the basis of 
the original light path. We used PBS, HWPs H0 and H1, and BD1 for the 
initial state preparation (H2 function is only to complete the subsequent 
interference networks, which does not affect the initial state prepara-
tion), as shown in Fig. 2. In addition, we need information about the 
coherence of the initial state; here, BS1 is used for beam splitting. Be-
cause the polarization information is divided into two paths by BD1, the 
two paths (b and c) are combined into one path by using wave plates 
H16, H17, and BD5 in the BS1 reflection path. To obtain the complete 
information of the initial state, it is necessary to measure with H18, PBS, 
and moving BD5, and the photons is detected by D2. The path contains 

polarization information; we decompose the unitary operation by the 
established methods (see the Supplementary Materials for details), i.e., 
Uθ2

= U12U02U01 , where Uij is the unitary operations acting on the 2D 
subspaces of the qutrit system (55), with the complementary subspace 
unchanged (see the Supplementary Materials for details). Wave plates 
H3–12 and Q1–4 were used to prepare the unitary operator Uij , and the 
final state was measured by σx using H15, BD4, and PBS; the photons 
were collected with D1.

Experimental data and results
In the following, we denote αk as the angle of the HWP Hk (where k 
varies from 0 to 22) and denote βt as the angle of the quarter wave 
plate Qt (where t varies from 1 to 6). In the qubit case, we chose the 
Hermitian operator Ĥ1 as Ĥ

1
=∣0⟩ ⟨1 ∣ + ∣1⟩ ⟨0∣ . The corresponding 

unitary operation Uθ1
 is shown in the Supplementary Materials. In 

the experiment, we choose fixed parameters and select different ini-
tial states to get different QFI. We select the parameter θ1 = 24◦ . 
Because the Uθ1

 is implemented through the QWPs and an HWP, 
we choose the following angles: β

5
= 90◦ , β

6
= 90◦ , and α20 = 12◦ . 

For the measurement of θ1
 , we calculate the measured value of θ1

 
according to the density matrix of the measured final state. The 
experimental results of Eq. 4 are shown in Fig. 3A, where the x 
axis represents the angle α19 corresponding to the different initial 
state. Different initial states can be achieved by rotating the HWP 
H19 { α19 ⊆ [0◦, 21◦] }. The maximal and minimal eigenvalues corre-
sponding to Ĥ1 are 1 and −1, respectively ( θ1,max

= 4 ). Obviously, 
the left and right sides of Eq. 4 should be strictly equal. The unitary 
evolution Uθ1

 in qubit cases is relatively simple, and the concrete 
form and results can be found in the Supplementary Materials. In 
our experimental results, there was a slight difference between the 
left and right sides. One of the sources of error was the suboptimal 
calibration of the wave plate, leading to a deviation from the intended 
initial state and the unitary operation of the construction being 
slightly off from the expected setup.

Fig. 2. Illustration of the experimental setup. An experimental device for testing the factorization law for the QFI and coherence, including qubit cases (2D) and qutrit 
cases [three-dimensional (3D)]. Pairs of single photons are generated via spontaneous parameter down-conversion (SPDC) using a type II periodically poled potassium 
titanyl phosphate (PPKTP) crystal. For a wave plate group consisting of an HWP and a quarter-wave plate (QWP), the signal photons with arbitrary linear polarization states 
are prepared by using a polarized beam splitter (PBS), beam displacer (BD), and HWPs. On a 50:50 unpolarized beam splitter (BS), the photons of the BS reflection path are 
measured in the initial state. The transmitted photons achieve unitary evolution through interference networks. The interference network consists of a wave plate group 
and BDs. The variance information was obtained by measuring σx corresponding to the case of different qubit and qutrit cases. As shown in the figure, the photons are 
detected by single-photon detectors (SPDs). The purple dashed box in the figure represents the initial state preparation part in the 3D case. Because the initial state 
preparation in the 2D case is relatively simple and can be completed with H19 alone, there is no specific annotation in the figure. The blue dashed boxes in the figure 
represent the measurement part for both 2D and 3D cases. Fiber couplers, FCs; long-pass filter, LPF; dichroic mirror, DM.
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In the qutrit case, we chose the Hermitian operator Ĥ2 as 
Ĥ

2
=(∣0⟩⟨1∣+ ∣1⟩⟨0∣+ ∣1⟩⟨2 ∣+ ∣2⟩⟨1∣)∕

√
2 . The corresponding uni-

tary operation Uθ2
 has been shown in the Supplementary Materials. 

The verification of factorization law of the QFI and coherence 
in Eq. 5 is shown in Fig. 3 (B to D). In the experiment, we choose 
fixed parameters and select different initial states to get different 
QFI. Because the selection of the initial state needs to satisfy the 
condition 

∑
i<j

∣a
i
∣2 ∣a

j
∣2 < 0.25 , we choose two cases (B and C). As 

shown in Fig. 3B, a special case is illustrated, namely α1 = 0◦ . As shown 
in Fig. 3C, a more general case is illustrated, i.e., α1 = 10◦ . In Fig. 3D, 
the equality in Eq. 5 holds when the chosen initial state is a super-
position state of ∣0eig⟩ and ∣2

eig
⟩ , ∣ψ�⟩ = sin2α ∣0

eig
⟩ + cos2α ∣2

eig
⟩ , 

where ∣0
eig
⟩ and ∣2

eig
⟩ are the eigenbases of Ĥ2 (see the Supplemen-

tary Materials for details).
In addition, we select the parameter θ2 = 29◦ in the qutrit case. 

We decompose the Uθ2
 , i.e., Uθ2

= U12U02U01 . For U01 , we choose the 
following angles: β

1
= 0◦ , β

2
= 0◦ , α3 = −10◦ , and α4 = 0◦ . The H2 

function is only to complete the subsequent interference networks, 
so α2 = 45◦ . For U02 , we choose the following angles: α5 = 2◦ and 
α
6
= 0◦ . The H7 function is only to complete the subsequent inter-

ference networks, so α7 = 45◦ . The H8 function is as a compensating 
wave plate, so α8 = 0◦ . For U12 , we choose the following angles: 
β
3
= 0◦ , β

4
= 0◦ , α9 = 0◦ , α10 = 0◦ , α11 = 10◦ , and α12 = 0◦ . For the 

unitary evolution Uθ2
 in the case of qutrit, when θ2 = 29◦ , there is a 

slight error between the corresponding theoretical matrix and the 
matrix prepared in the experiment, and the concrete form and re-
sults can be found in the Supplementary Materials. For the measure-
ment of θ2

 , we calculate the measured value of θ2
 according to 

the density matrix of the measured final state. The maximal and 

minimal eigenvalues corresponding to Ĥ2 are 1 and −1, respectively 
( θ2,max

= 4 ). According to the theoretical result, the left side 
of  Eq.  5 should be less than or equal to the right side. As shown 
in Fig. 3, both cases corresponding to (B) α1 = 0◦ and (C) α1 = 10◦ 
satisfy Eq. 5, where the x axis represents the angles α0 corresponding 
to the different initial states. Obviously, in Fig. 3 (B and C), the ex-
perimental values corresponding to Eq. 5 are relatively compatible 
with the theoretical curve. In Fig. 3D, we verify the equality of the 
right-hand side (RHS) and left-hand side (LHS) of Eq. 5, where the 
x axis represents the angles of α corresponding to different initial 
states. It should be emphasized that the preparation of α is accom-
plished through the combination of H0 ( α0 ) and H1 ( α1 ) (see the 
Supplementary Materials for details). The possible sources of error 
include the imperfections of the prepared pure state, the imperfect 
separation of the horizontal and vertical polarizations by the BDs, 
and the deviation of the experimentally prepared unitary operators 
from the theoretical one.

Our experiments further validated a lower bound on the vari-
ance of the estimated parameter on the basis of the relationship be-
tween Var

(
θ̂
)

 and 1∕θ( ∣ψθ⟩ ) , with the results depicted in Fig. 4. 
An arbitrary Hermitian operator Â (see the Supplementary Materi-
als for details) is used as a measurement operator to estimate the 
parameter θ by measuring the normalized final state ∣ψθ⟩ postevolu-
tion and using the maximum likelihood estimation (see the Supple-
mentary Materials for details). In the 2D scenario, the relationship 
between Var

(
θ̂1

)
× n and 1∕θ1

�
∣ψθ1

⟩
�
 is illustrated in  Fig.  4, 

where the x axis represents the angles α19 corresponding to the dif-
ferent initial states. For the processing of the final state, we selected 
the projection measurement operator |0〉〈0| on the Pauli σz basis. 
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Fig. 3. Results for the QFI and quantum coherence. Factorization law for the QFI and coherence in the pure state, including (A) qubit cases and (B to D) qutrit cases. Us-
ing a fixed combination of unitary operators, we input different initial states. We denote αk as the angle of the HWP Hk, α19 as the angle of the initial states for qubit cases, 
and α0 ( α ) as the angle of the initial states for qutrit cases ( α is prepared jointly by α0 and α1 ). (A) Equation 4 is used to verify the factorization law of the QFI and coherence 
in qubit cases. The blue and red dots display the experimental values for the right-hand side ( RHS = 2Cl2

θ1 ,max ) and the left-hand side ( LHS = θ1
 ) in Eq. 4, and the theo-

retical value curve is represented by the solid line. (B to D) Equation 5 is used to verify the factorization law of the QFI and coherence in qutrit cases (3D). The experimental 
values for the RHS = 2Cl2

θ2 ,max and LHS = θ2
 of Eq. 5 are indicated by blue and red dots, respectively, while the theoretical values are depicted by the solid lines. Panels 

(B) and (C) present the result diagrams for α1 set at 0◦ and 10◦ , respectively, with each diagram resulting from adjustments to the angle α0 . (D) The condition for the equality 
to hold in Eq. 5 is that the initial state must be a superposition state of  ∣0eig⟩ and ∣2eig⟩ in the eigenstates of Ĥ2 , expressed as ∣ψ�⟩ = sin2α ∣0eig⟩ + cos2α ∣2eig⟩ (see the 
Supplementary Materials for details). The error bars for the 3 σ deviations from the Poisson distribution are smaller than the size of the points and have been omitted.
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The experimental results indicate that the estimated Var
(
θ̂1

)
× n 

fits the theoretical curve quite well, and our findings also reveal 
that when the initial state is ∣ψ0

⟩ = cos2α
19
∣0⟩ + sin2α

19
∣1⟩ =∣0⟩ , 

where α19 = 0◦ , using |0〉〈0| as the measurement operator can 
achieve optimal measurement (see the Supplementary Materials for 
details). In this work, we introduce a method for quantum parame-
ter estimation in quantum systems by decomposing the estimation 
process into components related to the initial state and the quantum 
channel, as in Eq. 6. This method reveals that the accuracy of quan-
tum parameter estimation is influenced by both the initial state and 
the quantum channel properties. Notably, in complex scenarios, 
measuring only the coherence of the initial state is sufficient for ac-
curate estimation. Certainly, one can optimize the initial state to 
minimize estimation variance, thereby enhancing precision.

DISCUSSION
We propose a measurement strategy for quantum parameter estima-
tion that diverges from conventional methodologies. When direct 
measurement of the QFI ( θ ) is infeasible, the coherence of the ini-
tial state serves as a criterion for establishing the lower bound of 
quantum parameter estimation (Eq. 6; see the Supplementary Mate-
rials for details). In addition, we have identified several other works 
(56–58) that warrant further exploration and citation by researchers 
in the field. Moreover, some works on non-Hermitian quantum 
metrology have demonstrated remarkable performance, achieving 
(59) or even surpassing the Heisenberg limit under certain chosen 
conditions (60). Compared to the previous works, our theoretical 
framework is not confined to qubit scenarios but has been expanded 
to include the more general case of qudit, thereby broadening the 
applicability of our findings. Furthermore, we provide a perspec-
tive that overcomes the conventional reliance on final-state infor-
mation for obtaining the QFI. Our proposed factorization law 
enhances the lower bound on parameter estimation variance by 
optimizing the coherence of the input state and the quantum chan-
nel. This comprehensive approach has been substantiated through 
experimental validation.

In this work, the factorization law for pure states was theoreti-
cally and experimentally investigated. However, only the qubit and 
qutrit cases were tested. If one considers higher dimensions 
with D > 3, the experiment will be more challenging, which will 
be our future research. In addition, we have provided a detailed dis-
cussion of the factorization law of the QFI in mixed states (see the 
Supplementary Materials for details).

MATERIALS AND METHODS
Factorization law of the QFI for pure states
First, let us consider the qubit case (D = 2). We define the initial 
state ∣ψ⟩ and the Ĥ as follows

It is worth noting that the basis for the initial state ∣ψ⟩ needs to 
be expanded under the eigenstates of Ĥ . Then, the corresponding 
QFI is θ(∣ψθ⟩) = 4(λ

1
−λ

0
)2 ∣a

0
∣2 ∣a

1
∣2 . We stipulate λ1 > λ0 , and 

Eq. 2 can be rewritten as θ,max
=
(
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)2 . In the qubit case, on 
the basis of Eq. 3, one can obtain Cl2

( ∣ψ⟩ ) = 2 ∣a
0
a
∗
1
∣2 . Therefore, we 

obtain the factorization law of the QFI and coherence as Eq. 4.
Furthermore, in the qudit case where  D > 2, we need to first define 

the ∣ψ⟩ and the Ĥ in the multidimensional case as

In this case, Eq. 1 is

using 
∑

i
∣a

i
∣2 = 1, Eq. 9 becomes to

For the coherence of states in the qudit case, on the basis of Eq. 3, 
one can obtain Cl2

(∣ψ⟩) = 2
∑

i<j∣ai ∣
2 ∣aj ∣

2.
Hence, in the qudit case, the factorization law of the QFI and coherence 

can be obtained as Eq.5, it should be noted here that the selection of 
the initial state must meet the condition of 

∑
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i
∣2 ∣a

j
∣2 < 0.25 , 

and Eq. 5 becomes trivial when 
∑

i<j
∣a

i
∣2 ∣a

j
∣2 ≥ 0.25.

Experimental design
Our experiments were designed to investigate the relationship be-
tween the QFI and quantum coherence, with additional discussions 
on quantum parameter estimation. By adjusting different wave plate 
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Fig. 4. Var
(
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  and 1∕
�

�
∣�

�
⟩
�
 for varying the initial states of qubit cases. Equation 6 

is used to verify the relation of Var
(
θ̂1

)
× n and 1∕θ1

�
∣ψθ1

⟩
�
 in qubit cases. The 

experimental variances (blue dots) roughly correspond to the theoretical estima-
tion accuracies (blue solid lines) (see the Supplementary Materials for details). The 
theoretical curve of 1∕θ1

�
∣ψθ1

⟩
�
 is represented by an orange dashed line.
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angles, we quantify their association with the desired unitary evolu-
tion operations. Measurements on the final state after evolution are 
conducted to calculate the QFI, quantum coherence, and the vari-
ance of the estimated parameters for different initial states. All 
experimental data are accurate and genuine.

Statistical analysis
To mitigate experimental errors arising from variations in coincidence 
event rates over extended periods, we implemented a strategy of 
recording coincidence events within a 1-s window. Furthermore, we 
adjusted the initial state angle every 180 data points. This methodology 
effectively reduced the variability in measurement counts between 
two distinct projection operators.

Supplementary Materials
This PDF file includes:
Supplementary Text
Figs. S1 and S2
Tables S1 to S9
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