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Abstract

Quantum computers have generated much excitement over recent years due to their potential to out-

perform classical computers in many difficult problems. While a fully fault tolerant quantum device

is yet to be built, there has been much work pushing for noisy intermediate-scale quantum (NISQ)

devices to achieve quantum advantage. One of the most promising fields to accomplish this is in

quantum simulation of quantum many-body systems. A classical computer is able to simulate a

general quantum system but suffers from exponential memory requirements in system size. Thus,

for exact results, classical computers are limited to simulating just tens of particles whereas realis-

tic quantum systems are comprised of ∼ 1023. Quantum computers are able to reduce this memory

cost to polynomial growth making them key to understand the physics of many-body systems. One

area that is notably difficult to simulate is confinement physics. Confinement is the phenomenon in

which the energy of two particles grows indefinitely with their separation - most prominently found

between quarks in quantum chromodynamics (QCD). In this work we will consider the application

of quantum devices to simulate such phenomena. In particular, we consider simple condensed matter

systems, namely variations of the Ising model, that exhibit confinement physics. In the first half of

this work we perform an analytical and numerical study of confinement, and develop a trotteriza-

tion protocol to enable the quantum simulation of such physics on a digital quantum computer. We

present results obtained directly on an IBM quantum computer showing the non-equilibrium effects

of confinement in such systems. In order to achieve these results we developed state-of-the-art error

mitigation methods to combat the large errors inherently faced in current NISQ devices. In the latter

half, we propose physical phenomena that may act as a benchmark for quantum devices in the fu-

ture. Collisions of mesons (boundstates of two particles) with impurities are considered in which a

long-lived metastable state is found to form. Such collisions have potential to be simulated on dig-

ital quantum computers in the near future. We then consider collisions of mesons in systems with

long-range interactions. We show how collisions of interacting mesons can lead to the formation of

hadrons (boundstates of many constituent particles) in a fusion type event. While these proposals are

beyond current digital quantum computer capabilities, analogue quantum simulation devices such as

trapped ion setups or Rydberg atom experiments are well suited to realise this physics.
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Chapter 1

Motivation

Physics attempts to accurately describe the world around us. However, the problem of describing any

part of nature at the fundamental quantum level is that its building blocks are so small. Anything that

exists at the human scale is made up of an unimaginable number of elementary particles. Thus, even

when considering the behaviour of some seemingly simple materials, the sheer number of degrees of

freedom faced make the mathematical task of fully describing it by hand insurmountable. Luckily,

for systems close to equilibrium, physicists can take advantage of the high level of universality in

nature. This allows a statistical approach to accurately describe many phenomena. However, when

trying to understand emergent behaviours of strongly correlated quantum many-body systems such as

high temperature superconductivity, the underpinnings of molecular properties in quantum chemistry,

or the very nature of interactions between particles in QCD, this approach fails. It is in these areas in

which a computer becomes a useful tool to solve the large mathematical systems that are inherently

faced in physics research.

One area of physics that computers are vital for is the study of quantum many-body systems. How-

ever, despite modern high performance computers having access to many thousands of CPUs/GPUs

and terabytes of available data for storage, when considering a simple one-dimensional system of

fermions, only tens of particles can be considered - a far cry from the Avogadro’s constant number

of particles in a true physical system. This is due to the exponential growth of memory cost and

computation time with respect to system size. Typically, physicists resort to approximations in their

calculations, two examples of which are Monte Carlo methods [6], which suffer from the “minus-sign

1



2 Chapter 1. Motivation

problem” [7], and the Density Matrix Renormalization Group method [8], which does not cope well

with multidimensional systems and highly entangled states.

The work outlined in this thesis is motivated by the promise of quantum computers to solve the is-

sue of exploding memory costs when simulating quantum systems. Due to the one-to-one mapping

between qubits (the fundamental building blocks of a quantum computer) and fermions, the mem-

ory cost of simulating the same one-dimensional system of fermions becomes linear. Thus, given

a quantum device that has as many qubits as a traditional classical computer has bits, we would be

able to simulate exponentially larger systems. This could lead to a better understanding of molecular

properties in quantum chemistry, improve our ability to simulate Hamiltonian evolution as well as

accurately describing the fundamental interactions between elementary particles.

In this work we consider the ability of current quantum computers - both digital and analogue - to

simulate confinement dynamics between particles. Confinement is typically found in the context of

interactions between quarks due to the strong nuclear force. Understanding confinement physics is

notoriously difficult, exemplified by the Clay Mathematics Institute offering a prize of $1,000,000 to

the person who is able to complete the mathematical description of this phenomenon [9]. Confinement

has recently seen an influx of interest from the condensed matter physics community due to it appear-

ing in many simple one-dimensional spin chain systems that are already well studied [10, 11, 12, 13].

As previously mentioned, not only are these spin systems much simpler to analyse they also map eas-

ily onto a quantum computer – making them a prime target for near term quantum simulation efforts.

It was the aim of this work to do just this, as well as propose the first steps in pushing closer to a full

simulation of the SU(3) gauge theory of QCD on a quantum computer.
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1.1 Outline

This thesis is structured as follows. In Chapter 2, the main concepts that will be considered throughout

this thesis are introduced. Firstly, the building blocks of a quantum computer, the qubit and quantum

gates are presented. After this, some of the different methods of how a quantum computer is used

to probe physical systems are described, from obtaining the ground state energy to simulating time

evolution dynamics. In particular, a recent protocol utilising repeated randomised measurements

for calculating Rényi entropies is outlined; this protocol is heavily used throughout this body of

work. Finally, the errors inherent in current NISQ devices and current methods to deal with these

are discussed. In Chapter 3, confinement physics in the setting of quantum spin chains is introduced

and explanations are given as to why it is an ideal testing ground for current quantum computers.

Two mechanisms to induce confinement in the Ising model are the focus. Finally, signatures of

confinement present in the non-equilibrium dynamics of these systems that can act as a smoking gun

of confinement are outlined.

Chapter 4 will present results from a real IBM quantum device that directly observe confinement

physics, including the first ever measurements of the second order Rényi entropy on a digital quantum

computer. In Chapter 5, an error mitigation protocol is presented that is not only effective, allowing

us to observe signatures of confinement that were previously out of reach on from a NISQ device,

but also is generally applicable and simple to implement. In Chapter 6 and 7, collisions with mesons

are considered, in which exotic many-particle states are excited with long lifetimes. Such collisions

are considered with experimental feasibility in mind, with the aim of outlining a future direction for

NISQ quantum simulation efforts.



Chapter 2

Quantum Simulation

In order to appreciate the complexity of simulating quantum many-body systems consider a one-

dimensional quantum spin chain of length N . Each spin can be in a superposition of both up and

down spin states with some probability pi of being measured in an up state and 1 − pi of being

measured in a down state, here i labels the spin in consideration. Thus, one might naively think that

only N parameters are required to fully describe the quantum spin chain. However, this is only true

for product states, for a general quantum state entanglement breaks this intuition. The Hilbert space of

such a spin chain is spanned by the 2N basis states |j⟩, with 0 < j ≤ 2N . Thus, the general quantum

state |ψ⟩ of this spin chain is written out as the linear combination of all these 2N basis states,

|ψ⟩ =
2N∑
j=1

αj |j⟩ , (2.1)

where αj are complex numbers with
∑

j |αj|2 = 1. When storing such a quantum state on a classical

device, each individual complex coefficient is comprised of two floating point numbers, one for the

real part and one for the imaginary part. If 4 bytes are used to store each of these floating-point

numbers individually, then the memory required to store the general quantum state of a spin chain

grows as 8N bytes. In order to store the Hamiltonian of such a system, a matrix of size 2N × 2N is

required - costing a further 22N+3 bytes. These memory requirements quickly supersede the current

available memories of classical devices. The time evolution of one of the largest spin chains ever

calculated was N = 36, requiring a Terabyte of memory and multiple CPUs [14].

4



5

The first notions of using quantum mechanics to better technological power was in the, now famous,

lecture given by Feynman in Caltech titled ‘There’s Plenty of Room at the Bottom: An Invitation to

Enter a New Field of Physics’ on 29th December 1959. Here, he proposed that in the future physicists

would develop nanoscale machines that “arrange the atoms the way we want”. Feynman further

reiterated this in his famous talk ‘Simulating physics with computers’ at MIT in 1981 [15];

“Nature isn’t classical, dammit, and if you want to make a

simulation of nature, you’d better make it quantum

mechanical, and by golly it’s a wonderful problem,

because it doesn’t look so easy.”

The first successes in quantum simulation came through analogue methods. The idea behind analogue

quantum simulation is to map a complicated quantum system, Hsys, one that we cannot directly

describe, to a quantum system that we have good control over, Hsim. In this way, we can make use

of our abilities to experimentally control a system described by Hsim to reproduce the details of the

desired physics of Hsys. The most advanced, and perhaps most successful experimental setup that has

allowed for the simulation of many phenomena is ultracold atoms trapped in an optical lattice [16].

These optical lattice setups have promise to probe different many-body physics problems out of reach

for classical supercomputer [17]. Namely, these systems have been used to probe properties of the

doped Fermi-Hubbard model, the ground state of which is expected to give insight into the nature

of high-temperature super conductors [18]. Furthermore, they have been used to simulate the non-

equilibrium time dynamics of two dimensional many-body systems [19, 20]. Optical lattices have

even been used to realise quantum spin chains [21].

While analogue quantum simulation has promise to supersede the power of classical supercom-

puters, their capabilities are limited by the inherent physics that governs them; if a mapping from

Hsys ↔ Hsim does not exist, analogue quantum simulation fails. A more ambitious goal is currently

at the height of popularity in academia, as well as industrial physics research - the development of a

universal quantum computer, a device that can simulate any quantum phenomena to arbitrary accu-

racy. In the following we introduce the basic building blocks of quantum computing, namely, qubits

and quantum gates.
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Figure 2.1: A graphical depiction of the Bloch sphere for a qubit described by the density matrix
ρ = 1

2
(I + rxσx + ryσy + rzσz)

2.1 Qubits and Quantum Gates

The building blocks of classical computers are bits, each of which is a binary digit that can either be

in the state ‘0’ or ‘1’. These are realised in modern computers though electromechanical transistors

which can map electrical signals into one of two states. By encoding information into binary, we are

able to store information on a set of bits. The quantum equivalent of bits are quantum bits or qubits.

Qubits are quantum objects that can be described by a two-level quantum mechanical Hilbert space

in which the general state is given by

|ψ⟩ = α0 |0⟩+ α1 |1⟩ . (2.2)

This qubit has a probability |α0|2 of being measured as 0 and a probability |α1|2 of being measured as

1. Note, α0 and α1 must follow the condition that |α0|2+|α1|2 = 1, or that the sum of the probabilities

is unity. Thus qubits can also exist in the states ‘0’ and ‘1’ but also any superposition of the two.

A common description of the qubit state is the density matrix formulation. Consider a general quan-

tum state that has probabilities pi of being measured in the states ψi. The density matrix of this state
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NOT
Input Output

0 1
1 0

NAND
Input Output
(0,0) 1
(0,1) 1
(1,0) 1
(1,1) 0

NOR
Input Output
(0,0) 1
(0,1) 0
(1,0) 0
(1,1) 0

Table 2.1: Truth tables for the NOT, NAND and NOR classical logic gate.

is given by

ρ =
∑
i

pi |ψi⟩ ⟨ψi| . (2.3)

The density matrix formulation of a quantum system allows us to fully describe the state. If pi = 0

for all i ̸= j and pj = 1, the quantum system is said to be in a pure state and the purity of the

state, Tr(ρ2) = 1. If more than one of the probabilities are non-zero the quantum state is in a mixed

state. In this case, the purity satisfies 1
d
≤ tr(ρ2) ≤ 1 in which d is the dimension of the Hilbert

space. Furthermore, given any observable Ô, in the form of a Hermitian matrix, its expectation value

is given by Tr
[
Ôρ
]
. The density matrix of a general qubit is

ρ =
1

2
(I + rxσx + ryσy + rzσz), (2.4)

where I is the 2 × 2 identity matrix, σx, σy and σz are the Pauli matrices and (rx, ry, rz) is a vector

with ||r|| = 1. Given this representation, the state of a qubit can be visualised pictorially on the Bloch

sphere, see Fig. 2.1.

In order to do classical computation with bits, computers implement gates. These are functions that

take binary inputs and output a binary sequence. For example, the NOT gate given the input ‘0’

outputs ‘1’, and given the input ‘1’ outputs ‘0’. The truth table is shown in Table. 2.1. Similarly,

quantum computers are able to do calculations with qubits via quantum gates. A quantum gate is a

unitary operator that, given a quantum state as an input, outputs a quantum state, i.e. U such that

|ψout⟩ = U |ψin⟩ . (2.5)

Note that for any quantum gate U there does not exist two quantum states, |ψ1⟩ and |ψ2⟩ such that

U |ψ1⟩ = U |ψ2⟩, i.e. quantum computation is reversible [22]. In order for a classical computer
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to be universal it must be able to implement the functions of all logic gates to arbitrary accuracy.

Henry M. Sheffer proved that this can be achieved via just two gates, the NAND and NOR gates;

see Table. 2.1 for their truth tables [23]. Similarly, for a quantum computer to be universal it must

be able to implement the functions of all quantum gates to arbitrary accuracy. A commonly used set

of quantum gates that achieve this are the single qubit rotation gates, Rx(θ), Ry(θ) and Rz(θ), the

single qubit phase shift gate, P (ϕ), and the two-qubit controlled-NOT (CNOT) gate. Given the vector

representation of a single qubit state

|ψ⟩ = α0 |0⟩+ α1 |1⟩ →

α0

α1

 , (2.6)

and the vector representation of the two-qubit state

|ψ⟩ = α00 |00⟩+ α01 |01⟩+ α10 |10⟩+ α11 |11⟩ →



α00

α01

α10

α11


, (2.7)

the definitions of these gates are below:

Rx(θ) =

 cos θ
2
−i sin θ

2

−i sin θ
2

cos θ
2

 , Ry(θ) =

cos θ
2
− sin θ

2

sin θ
2

cos θ
2

 , Rz(θ) =

e−i θ
2 0

0 ei
θ
2

 , (2.8)

CNOT =



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


, P (ϕ) =

1 0

0 eiθ

 . (2.9)

The Solovay–Kitaev theorem proves that with a set of universal quantum gates, we are able to effi-

ciently approximate a general quantum gate [24]. While it is possible to decompose deep quantum

circuits using these matrices by hand, the task quickly becomes overwhelming. A concise notation

for quantum circuits is commonly used in the relevant literature that will be briefly introduced here.
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2.1.1 Quantum Circuits

Consider a N qubit circuit. Pictorially we represent this as N lines stacked vertically with the hori-

zontal axis representing time:

Figure 2.2: A blank quantum circuit of N qubits.

A unitary operation acting on a subset of these qubits is represented as a rectangle that overlaps the

qubit registers that it effects. Note that the horizontal length of this rectangle typically is a rough

intuition of the relative gate depth required to realise this unitary:

Figure 2.3: A generic quantum circuit of N qubits.

At the gate level, each commonly used gate has a pictorial representation used in quantum circuit

notation. Below we give the notation for the rotation gates, Rα(θ), phase shift gate, P (ϕ), CNOT

gate and a measurement. Note that the below representation of the CNOT gate acts on the lower qubit

with respect to the upper qubits state.

Figure 2.4: The pictorial representations of the rotation gates, phase shift gate, a CNOT gate and a
qubit measurement.
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Given the framework of qubits and quantum gates, there are many theoretically possible calculations

that a quantum computer would be able to perform far quicker than a classical super computer [25].

The most well known is the exponential speed up of the quantum Fourier transformation utilised in

the quantum phase estimation algorithm, an algorithm that determines the eigenvalue of an eigenvec-

tor [26, 27, 28]. This algorithm is a subroutine in the notorious Shor’s algorithm which solves both

the discrete logarithm problem and integer factorization in polynomial time [29]. This algorithm is

proposed to break the widely used RSA algorithm for encryption that relies on the NP-hard problem

of decomposing a large integer into its constitute prime factors [30]. However, in this work it is the

promise of quantum computers to simulate physical systems that will take main stage. In the fol-

lowing, three popular directions for quantum simulation, namely variational quantum eigensolvers,

Hamiltonian evolution and randomised measurement methods are introduced.

2.2 Variational Quantum Eigensolvers

A popular area of active research in quantum simulation using digital quantum computers is varia-

tional quantum eigensolvers (VQE). VQE methods are examples of quantum/classical algorithms that

aim to utilise quantum state preparation and measurement in combination with classical optimisation.

The aim of these algorithms are to find the ground state of a given Hamiltonian [31, 32, 33]. While it

is tangential to the work presented in this thesis, for completeness it is briefly introduced here.

The setup for VQE requires a general unitary operator, U , that has many tunable parameters, θ, which

can be used to initialise a vast number of quantum states on the quantum computer, |ψ(θ)⟩ = U(θ) |0⟩.

The exact form of this ansatz will vary depending on what is efficient given the hardware in use. To

begin, we initialise this ansatz with random inputs and measure the energy with respect to the Hamil-

tonian in consideration; this will define the cost function of the protocol. Furthermore, the gradients

of the energy with respect to the tunable parameters are also measured on the quantum device; this

can be done via the parameter shift rule for example [34]. From this we can use classical optimisation

methods to tune the parameters of the ansatz to minimise the cost. Given many optimisation steps

and that the ansatz is general enough, an upper bound on the ground state of the Hamiltonian can be

found.
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Figure 2.5: A schematic of the VQE algorithm. We first initialise the ansatz with the parameters θ
on the quantum computer via acting the unitary U(θ) on the fiducal state |0⟩. Then we measure the
local observables Ôi which allow us to classically obtain the energy of the quantum state. Finally, we
use classical optimisation to update θ to minimise the energy.

To perform this process on a classical computer would require an exponential number of bits with

respect to system size to fully parameterise a general quantum state. On a quantum computer only

a linear number of qubits are required. However, there are powerful classical algorithms that can

perform this task efficiently given the quantum state in consideration is low-dimensional, such as

the density matrix renormalisation group approximation [8]. Thus, while there is scope to achieve

quantum advantage using a VQE algorithm, perhaps a more exciting prospect is that of the simulation

of the non-equilibrium dynamics of a quantum many-body system.

2.3 Quantum Simulation of Non-Equilibrium Dynamics

In order to exactly simulate the time dynamics of a quantum system classically you must first store the

Hamiltonian. As previously mentioned, the large memory cost limits the size of the system you can

simulate. Secondly, you must calculate the time evolution operator, U(t) = e−iHt, a computationally

costly task. Finally, you must perform the calculation U(t) |ψ(0)⟩, which is again computationally
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costly. In the following we outline how the time dynamics of a quantum system can be simulated on

a digital quantum computer.

2.3.1 Suzuki-Trotter decomposition

To simulate time evolution of a system on a quantum computer we must be able to decompose the

time evolution operator, U(t) = e−iHt as a product of the elementary gates available on the quantum

hardware in use. Note, here we have restricted our focus to time independent and local Hamiltonians.

In general, a Hamiltonian is the sum of many non commuting terms, that is

H =
∑
j

Hj, (2.10)

where [Hi, Hj] ̸= 0. This poses a problem to experiments as, in practise, each term cannot be imple-

mented simultaneously. Thus, it is common to turn to the Suzuki-Trotter decomposition [35, 36]. We

first recall the Baker–Campbell–Hausdorff formula [37]. Consider the operator U(t) = ei(Â+B̂)t in

which Â and B̂ do not commute in general, then

U(t) = eiÂteiB̂te
t2

2
[Â,B̂]e−i t

3

6
(2[B̂,[Â,B̂]]+[Â,[Â,B̂]]) + · · · . (2.11)

Next we note that U(t) = U(t/n)n and consider large n such that t2

n2 → 0. Mathematically, this limit

leads to the result

U(t) =
(
ei(Â+B̂) t

n

)n
= lim

n→∞

(
eiÂ

t
n eiB̂

t
n

)n
. (2.12)

This is the Suzuki-Trotter decomposition [38]. For large but not infinite n, the error of the Suzuki-

Trotter decomposition is O( t2

n2 ). However by using a symmetric decomposition we can reduce this

error further such that [39]

U(t) ≈
(
eiÂ

t
2n eiB̂

t
n eiÂ

t
2n

)n
+O(

t3

n3
). (2.13)

Thus, given an initial quantum state, |ψ(0)⟩, and a Hamiltonian, H =
∑

j Hj , and that ∆t = t
n
≪ 1,

the quantum state |ψ(t)⟩ = U(t) |ψ(0)⟩ ≈ (
∏

j e
iHj∆t)

t
∆t |ψ(0)⟩. Note, for simplicity we have not
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,

Figure 2.6: The quantum gate for N (α, β, γ), here θ = π
2
− 2γ, ϕ = 2α− π

2
and λ = π

2
− 2β.

considered the symmetric decomposition here.

2.3.2 Gate Decomposition

A digital quantum computer makes use of a universal set of quantum gates. Hence, it is important to

be able to decompose a generic n-qubit unitary into the native gates in use. In this section, we will

assume the native gates are CNOT, phase shift and rotation gates as these are the most popular choice

in realised systems. It is clear by visualising the Bloch sphere depicted in Fig. 2.1 that any single qubit

unitary can be achieved through the three rotation gates in combination with the phase shift gate. In

particular, for the special case that H = σα, in which α is x, y, or z, the gate corresponding to e−iHdt

is identically the native rotation gateRα(2dt).

However, a general multi-qubit unitary is non-trivial. Work done by Loı̈c Herviou et. al. [40] calcu-

lated the optimal circuit decomposition for the two qubit case. A general two qubit unitary can be

decomposed as U = (V1 ⊗ V2)· N (α, β, γ)· (V3 ⊗ V4), where Vi are single qubit unitaries and

N (α, β, γ) = exp[i(ασx ⊗ σx + βσy ⊗ σy + γσz ⊗ σz)]. (2.14)

The quantum circuit of N (α, β, γ) is shown in Fig. 2.6. It turns out that for quantum spin chain

simulations,N (α, β, γ) itself is highly useful as it allows us to simulate most commonly used Hamil-

tonians for condensed matter systems. For the case that α = 0 and β = 0, i.e. U = eiγσ
z⊗σz , which

will be highly relevant in this thesis, the circuit diagram for N (α, β, γ), simplifies to
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.

Figure 2.7: The quantum circuit for U = eiγσ
z⊗σz .

While circuit decompositions of three qubit unitaries and beyond are known [41, 42], they require

many composite gates to realise and thus are beyond the scope of this work.

While the qubit requirements of the quantum simulations methods introduced here have been linear,

extracting the information encoded in the qubits after the implementation is non-trivial. It turns

out that, while a system of N qubits can encode 2N bits of information, only N bits of the data

are accessible with each measurement - this is known as the Holevo bound [43]. Thus, in order

to fully characterise a quantum state prepared on a quantum computer, an exponential number of

measurements are required; this process is called full state tomography and is hugely inefficient.

Thankfully, for many purposes the full quantum state is not required. A new technique for quantum

simulation using NISQ devices has recently shown much promise, namely, randomised measurement

methods [44].

2.4 Randomised Measurement Methods

In the family of randomised measurement protocols the fundamental idea is that, by repeating a

simulation many times and performing measurements randomly sampled from a fixed ensemble, post-

processing can be used to obtain details of the quantum state in consideration. This post-processing

can be tailored for the characterization of topological order [45], for quantum chaos diagnostics [46]

and more generally for machine learning problems for quantum many-body systems [47]. In this

thesis we are interested in the use of randomised measurements to calculate the Rényi entropy of a

system.

Entanglement is not only an important diagnostic for non-ergodic quantum dynamics such as ther-

malisation [48] and many-body localisation [49, 50] but also systems that generate high levels of
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Figure 2.8: The circuit required to measure Tr(ρ2A) = X̄ of the subsystem A on a NISQ device. Here,
U is the unitary that initialises the state of interest and Ri are random single qubit unitaries.

entanglement are required to achieve quantum advantage [51]. The level of entanglement in a system

is typically probed via entanglement entropies. The nth-order Rényi entropy is defined as

Sn(ρA) =
1

1− n log2Tr(ρ
n
A), (2.15)

where ρA is the reduced density matrix of the subsystem A. Note the special case of n = 1 which

corresponds to the von Neumann entropy. The general process of measuring these Rényi entropies on

a quantum device is outline in Ref. [52]. However, for the case of n = 2 there is a simplified protocol

that is introduced in the following [53].

Consider a quantum circuit that initialises a quantum state via a unitary U . Given this quantum state,

to measure the second-order Rényi entropy of the subsystem A we apply random single qubit gates

on each of the qubit registers within the subsystem A, see Fig. 2.8. Here, each of these unitaries is

taken from the circular unitary ensemble. These qubits are then measured in a fixed basis. Through

repetition of this process, with a new set of unitaries drawn for each measurement, statistics can be

obtained and S(2)(ρA) can be approximated by

S(2)(ρA) = − log2 X̄,with X = 2NA

∑
sA,s′A

(−2)D[sA,s′A]P (sA)P (s
′
A), (2.16)
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Figure 2.9: The simplest superconducting circuit that can be used as a qubit. Here, there is a capacitor
in series with a Josephson junction (depicted by a cross). To interact this qubit with others, a gate
capacitor is attached in parallel that will extend to other circuits. A schematic of the anharmonic
energy levels of this circuit is also shown.

where sA denotes a measurement outcome, P (sA) is the probability of measuring sA, D[sA, s
′
A] is the

Hamming distance between sA and s′A (the number of positions at which the measured qubit states

are different), NA is the dimension of A and X̄ denotes the ensemble average of X over the set of

different random single qubit gates used. In Chapter 4 we present the first ever measurements of the

second-order Rényi entropy on a digital quantum device.

2.5 Experimental Realisation of Quantum Computers

In this section we briefly summarise a number of commonly used platforms for building a digital

quantum computer. The first experimental proposal to realise a CNOT gate was developed by Ig-

nacio Cirac and Peter Zoller in 1994 for a trapped ion setup [54]. This was later achieved in 1995

by Christopher Monroe and David Wineland [55]. However, while this is a huge milestone in the

experimental realisation of a quantum computer, a device able to perform an algorithm such as Shor’s

requires many logical qubits and the ability to perform deep, high fidelity circuits of many consecutive

gates.

Many different physical systems have been used to build real devices. A popular experimental setup

that has seen much financial backing by companies such as IonQ [56], Honeywell [57] and ORCA
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Figure 2.10: The unit cell of qubits used to build the IBM devices. Here, qubits are shown as num-
bered circles, and the connections between qubits is represented via solid black lines.

Computing [58] is a trapped ion setup. There has also been some work with neutral atoms by

PASQAL [59] and planqc [60]. However, the most popular technology to build a quantum device

is the superconducting qubit. These setups are built by companies such as Google [61], IBM [62],

Rigetti [63] and Intel [64]. Throughout this body of work results were taken from the IBM digital

quantum computers, thus these will be the focus of much of this thesis.

To realise a qubit it is required to isolate a two level quantum system from the environment. While

both trapped ion and neutral atom qubits make use of the inherent properties of individual atoms,

superconducting qubits use quantum effects on macroscopic degrees of freedom on superconducting

circuits first proposed by Leggett [65]. A superconducting LC−circuit - consisting of an inductor,

with inductance L, and capacitor, with capacitance C - is well described by a harmonic oscillator

approximation. Here, the energy levels are equally spaced, thus, we are not able to isolate a two

level system and these circuits do not make usable qubits. However, when the indicator is replaced

by a Josephson junction the energy levels become anharmonic due to the non-linear inductance, see

Fig. 2.9. The result is a unique energy gap between the two lowest energy levels which are therefore

easily isolated. This idea is the foundation of the superconducting qubit which is the building block

of the IBM quantum devices [66]. IBM has many NISQ devices that range from one qubit to 127

qubits [67]. The typical topology of these devices is built from rectangular unit cells of 12 qubits

shown in Fig. 2.10. These devices typically have single qubit errors ofO(10−3), two qubit gate errors

of O(10−2) and measurement errors of O(10−2). Here, errors are defined by one minus the fidelity.
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The thermal relaxation time, T1 - defined as the time for a qubit to move from the excited state to

the ground state - and coherence time, T2 - defined as the time before a qubit’s resonance frequency

becomes unidentifiable - are ∼ 100µs with gate times ∼ 500ns. To explicitly show the abilities of

a NISQ device, in the next section a simple example of a shallow quantum circuit run directly on an

IBM quantum computer is given.

2.5.1 Generating a Bell State on an IBM Device

As a simple example of the capabilities of an IBM quantum computer the results from a trivial quan-

tum circuit that realises the Bell state |ψ⟩ = |00⟩+|11⟩√
2

is presented. The circuit to prepare such a state

is simply two Hadamard gates, one applied to each qubit. Note, a Hadamard gate is defined as

1√
2

1 1

1 −1

 . (2.17)

These are then followed by a CNOT gate, see Fig. 2.11. When measuring this state with 10, 000 shots

we would expect to see roughly half the measurement outcomes as 11 and half as 00. However, from

Fig. 2.11 we see that while most the shots are in the expected states, there are some measurements of

10 and 01 indicating errors. Furthermore, there is a slight bias to the 00 state. As circuits get deeper

this error accumulates and the physical signals become hard to interpret. There are two directions for

dealing with such errors, namely the long term goal of implementing error correction codes as well

as the short term fix of error mitigation; these two fields are introduced in the next section.

2.6 Errors in NISQ devices

Naturally in any experiment there are errors due to imperfect equipment and influence from the en-

vironment. In order to limit the effect of these errors in classical computers, we implement error

correcting codes (ECC). The fundamental idea is to encode data with redundant information in such

a way that the error can be detected and corrected. The original ECC was developed by Richard
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Figure 2.11: (a) The quantum circuit required to create the Bell state |ψ⟩ = |00⟩+|11⟩√
2

. Here, a
Hadamard gate is performed on each qubit, followed by a CNOT gate and finally each qubit is mea-
sured. (b) The results from running this circuit on the ibmq nairobi [68].

Hamming in 1950 for classical computers, which is now called the Hamming Code [69]. The most

simple form of this code is the (n, 1)−Hamming code, or the n-repetition code.

Given information in the form of a bit string, the idea behind n-repetition code is that instead of

directly sending this message down a noisy information channel you send a bit string in which each

element is repeated n times. For example, for n = 3 and the message ‘0’, the transmitted message

becomes ‘000’. This extended message is transmitted down the noisy communication channel and is

received with some errors. For each n digits that correspond to a single bit in the original message, the

message is read as the value that occurs most often. In our example, assume that the second bit in this

message experiences a bitflip error, such that the received message after the noisy communication

channel is ‘010’. This protocol will still read as the correct message ‘0’, as there are two ‘0’s and

one ‘1’, hence our error correction code has worked. Given the probability of bit error down the

noisy communication channel is p, the probability of incorrectly reading the original message bit is

O(p
n−1
2

+1); with p ≪ 1 the probability of error can be all but eradicated with n set as just a small

integer.

This idea cannot be directly mapped onto qubits in a quantum computer due to the no-cloning theo-

rem [70, 71], a general wavefunction cannot be replicated multiple times. Instead, the repetition code

inspired the three-qubit bitflip code designed by Asher Peres in 1985 [72]. In this protocol the quan-

tum state α |0⟩+β |1⟩ is extended to the state α |0L⟩+β |1L⟩ in which |0L⟩ = |000⟩ and |1L⟩ = |111⟩.

This can be achieved through two CNOT gates and two ancillary qubits [27], see Fig. 2.12. This ex-
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Figure 2.12: (a) The quantum circuit to perform the three-qubit bitflip code. (b) A table highlighting
the quantum gates required to correct bitflip error given measurements M1 and M2.
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Figure 2.13: A schematic that shows the general effect of error mitigation schemes. The mean of
the result obtain with error mitigation is closer the ideal result but the uncertainty in the results has
increased from the unmitigated case [74]

tended message is then passed through the noisy quantum channel. Finally, assuming that at most one

bitflip error has occurred, we are able to encode information about the state of the message into two

more auxiliary qubits, such that, once these extra two qubits are measured we can locate the bitflip

error. By simply acting a Pauli−X gate on the corresponding qubit we can fix the error without col-

lapsing the wavefunction of the original message. Further optimisations both in the required physical

qubits to logical qubit ratio as well as in the level of error protection have been made in recent years;

Ref. [73] gives a thorough review of current quantum ECCs. In practise, ECCs are beyond reach of

NISQ devices. The reason for this can be understood from the example of the three-qubit bitflip code;

to perform this ECC algorithm there were two requirements. Firstly, the probability of error was low,

and secondly, we were able to add auxiliary qubits into the circuit. In NISQ devices, the inherent

errors are large and we have limited numbers of qubits.

While NISQ devices are not able to use ECC algorithms, error mitigation techniques can be used.

Error mitigation methods aim to estimate the effect of noise in a quantum simulation and infer what

the error-free results would be. Typically these methods improve the mean result of a simulation but

increase the variance. Error mitigation is a large area of research with many subfields. In particular,

mitigation methods either aim to address measurement errors [75, 76, 77, 78, 79, 80, 81, 82, 83] or

consider optimisation of an algorithm and/or deal with gate errors [84, 85, 86, 87, 88, 89, 90, 91].

There has been strong progress in this field but an effective general error mitigation method is yet to

be discovered. Typically, mitigation protocols rely on high levels of control of the quantum device in
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use, or, are designed for a specific algorithm i.e. exploiting specific symmetries [92]. One promising

direction is to employ machine learning algorithms for error mitigation [93, 94, 95, 96]. In general

these methods use the abilities of machine learning to learn the effect of error in noisy simulations and

thus infer the error-free result. However, the implementation of such methods requires a large increase

in classical computational overhead. These methods can also be somewhat uncontrolled. For example,

many protocols are based on systematically increasing error in the device and then extrapolating back

to the zero error case [89, 97, 98, 99, 100, 101, 102, 103]. Tuning the error rates is typically device

dependant and the fitting process requires expert knowledge of the specific hardware. Throughout our

work two standardised mitigation protocols are used that are introduced in the following.

2.6.1 Choosing the Layout of Qubits

In IBM devices measurement and gate errors vary from qubit to qubit - the error rates for each qubit

in every device are available on the IBM website and are routinely updated [62]. Thus, it is important

to choose the set of qubits within the machine that not only have the topology that you require but

also that minimise the inherent errors. The method chosen in this work is as follows. We define the

total error of a set of qubits as

Etot =
∑
i

αeCNOT
i +

∑
j

βeU3
j + γeMj , (2.18)

where, eCNOT is the CNOT gate error, eU3 is the single qubit gate error, eM is the measurement error,

α, β and γ are weightings that allow for the prioritisation of different errors, i labels the connections

between qubits and j labels the qubits. By calculating Etot for each set of qubits with the desired

topology, we are able to select the set of qubits that have the lowest error rates. In this work we

choose α = 1, β = 1 and γ = 0 as deep circuits have many gates but are only measured once, hence

gate error is more important to minimise. Note, this protocol method only works in small system sizes

but in the NISQ era it is sufficient.
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2.6.2 Measurement Error Mitigation

Qiskit is an open-source interface for working with quantum computers remotely [75]. Within the

Qiskit package there are many available protocols for different quantum computer applications. In

particular, a measurement mitigation package is utilised throughout this body of work.

Consider a system of N qubits in which a subset of Nm are to be measured. These Nm qubits span a

2Nm dimensional Hilbert space that can be spanned by a basis of the z-polarised product states. The

measurement mitigation employed by Qiskit works as follows. The subset ofNm qubits are initialised

into each of the individual z-polarised basis states and measured. From this a mapping matrix from

the ideal results to the measured results can be made

Rnoisy =MRideal, (2.19)

whereRnoisy are the measured results,M is the mapping matrix, andRideal are the expected results on

a fully fault tolerant device. Once M is known, we are able to invert the equation to obtain a mapping

from the noisy measurements to the ideal results

Rideal =M−1Rnoisy. (2.20)

For example, assume we are measuring a system of two qubits, i.e. Nm = 2. These qubits are

initialised in each of the states 00, 01, 10 and 11 separately and are measured. From this we obtain

the probability of measuring the state j given we initialised in state i, P(i,j). From this we build the

matrix M as:

M =



P(00,00) P(00,01) P(00,10) P(00,11)

P(01,00) P(01,01) P(01,10) P(01,11)

P(10,00) P(10,01) P(10,10) P(10,11)

P(11,00) P(11,01) P(11,10) P(11,11)


. (2.21)

Note, for the zero error case this matrix will be the identity. This matrix is simple to invert and thus we

can obtain the desiredM−1. While this measurement mitigation method works well for small systems,

the number of basis states grows exponentially with system size. Scalable methods of measurement
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error mitigation is a current area of research [104, 105].

Despite using both of these error mitigation techniques, namely, carefully choosing the correct lay-

out of qubits as well as measurement error mitigation, we have found that for observing nontrivial

confinement dynamics the noise on the device is still too large to obtain physical results. Thus, we

developed a novel error mitigation protocol that is not only is generally applicable, but also highly

effective. This method is presented in Chapter 5.



Chapter 3

Confinement Dynamics

In this chapter the physical phenomenon that we have chosen for our quantum simulation efforts,

namely confinement, is introduced. In doing so, we will also justify why it was chosen. The elemen-

tary particles, quarks, are never found in isolation in nature. The reason for this is that the interaction

strength between two quarks grows as a function of their separation. As a consequence the energy

required to split a meson, a two-quark particle, is sufficient to excite a new quark anti-quark pair, the

result of which is the creation of two mesons – a phenomenon known as string breaking [106]. The

description of this physics is given by quantum chromodynamics (QCD). The mathematical underpin-

ning of QCD is the Yang-Mills theory, which is still an active area of research. In fact, the unsolved

Yang–Mills existence and mass gap problem is famous in mathematical physics, the solution of which

would prove there is a lower bound on the mass of glueballs – a particle made up of many gluons.

The Yang–Mills existence and mass gap problem is one of the seven Millennium Prize Problems de-

fined by the Clay Mathematics Institute, eaching having a prize of US $1, 000, 000 for any individual

able to solve them [9]. This exemplifies the importance put on a full understanding of confinement

physics. Furthermore, confinement is an example of a non-perturbative quantum many-body effect,

which makes it extremely difficult to simulate on a classical computer.

25
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3.1 Two Particle Model

Many experiments have shown that the confinement potential between quarks is proportional to their

spatial separation at large distances [107]. The simplest model of two confined quarks is the one

dimensional Schrödinger equation for a two particle system moving in a potential proportional to

the difference in their real space coordinates. Given the position of two particles of mass m/2 and

positions x1 and x2, this system is described by

−2ℏ
m

[
∂2

∂x21
+

∂2

∂x22

]
ψ(x1, x2) + C|x1 − x2|ψ(x1, x2) = Eψ(x1, x2), (3.1)

where ℏ is the Planck’s constant, C is the gradient of the potential, and E is the system’s energy. By

defining x = x1 − x2, we obtain the centre of mass Schrödinger equation

−ℏ
m

d2

dx2
ψ(x) + C|x|ψ(x) = Eψ(x). (3.2)

Due to the symmetry of the potential around x = 0 we have to consider both a symmetric solution

- the particles are bosons - and skew-symmetric solution - the particles are fermions. Assuming a

skew-symmetric wave function, ψ(x) = −ψ(−x), we obtain the boundary condition ψ(0) = 0 for

continuity. Similarly, for a symmetric wavefunction ψ(x) = ψ(−x) the boundary condition is such

that d
dx
ψ(0) = 0. If we consider the dimensionless variables ϵ and y such that

E = ϵ

(
C2

mℏ2

) 1
3

, y = x

(
ℏ2

mC

) 1
3

, (3.3)

and consider the transformation z = y − ϵ , we are left with the differential equation

d2

dz2
ψ(z)− zψ(z) = 0. (3.4)

This differential equation has linearly independent solutions that correspond to the Airy functions,

ψ(z) = αAi(z) + βBi(z). For normalisation of the wavefunction we require that β = 0, and as a

consequence α = 1. Due to the boundary condition at x = 0, the energies are given by Ai(−ϵ) = 0

and Ai′(−ϵ) = 0 for the skew-symmetric and symmetric cases respectively. In Fig. 3.1 we plot the
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Figure 3.1: The wavefunction for the 20th energy level. We see the turning points at |y| ∼ 20, these
correspond to the limits in the particle separation due to the confining potential.

wavefunction for the 20th energy level. We clearly see that, while the two particles have a nonzero

probability to be found at a varying number of distances, there are turning points for z ∼ 20 which

correspond to |y| = ϵ. Physically these are interpreted as the maximal separation between two parti-

cles, i.e. the particles are confined together to form a meson.

3.2 Confinement in Spin Chains

It turns out that many simple condensed matter systems also exhibit confinement physics, for example

domain-wall confinement in quantum spin chains. Examples include the transverse field Ising model

(TFIM) with an additional longitudinal field [108, 1, 3], the TFIM with long-range interactions [12, 4],

the lattice Schwinger model [13, 109] and the Potts Model [110, 111, 112, 113]. Not only are these

spin systems much simpler to analyse than full QCD, they also map easily map onto a quantum

computer – making them a prime target for near term quantum simulation efforts. In our work we

consider additions to the TFIM that induce confinement dynamics between the native excitations,

namely, a longitudinal field and long-range interactions. In the follow section, we first introduce the

pure one dimensional TFIM, its properties and exact solutions.
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Figure 3.2: The phase diagram for the one dimensional transverse field Ising model.

3.2.1 The Transverse Field Ising model

The one dimensional TFIM is given by the following Hamiltonian

H = −J
[∑

i

σz
i σ

z
i+1 + h

∑
i

σx
i

]
, (3.5)

where the basis considered is the z-polarised product states, i.e. a basis state is given by |ψ⟩ =⊗N
i=0 |ai⟩where, i labels the site,N is the length of the spin chain and ai is either ↑ or ↓. Here, J is the

Ising exchange of nearest neighbour spin-1/2 and h is the relative strength of the transverse field. The

TFIM can be exactly diagonalised via a Jordan-Wigner and subsequent Bogoliubov transformations

and describes free fermions, see the Appendix A.1 for details. The resulting form of the Hamiltonian

is

H =
∑
q

ω(q)η†qηq, (3.6)

ω(q) = 2J
√
1− 2h cos k + h2, (3.7)

where, η†q are fermionic operators. For a transverse field strength below its critical value, hc = J ,

(J > 0) the fermions are well approximated by domain-wall excitations |... ↑↑↓↓ ...⟩ [108]. These

domain-walls are topological excitations interpolating between the two degenerate ground states. This

is the ordered phase. For a transverse field strength above the critical value, the paramagnetic phase,

the fermions are spin-flip quasiparticles |...→→←→→ ...⟩, see Fig. 3.2.
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While a non-zero transverse field in principle breaks the conservation of domain-walls, providing

the transverse field strength is small, resonances between different particle number states are greatly

suppressed and can be safely neglected [114]. This can be understood simply by noting that the

energy cost to create new domain-wall excitations is of the order J and, given that the transverse

field is the source of dynamics of spins, if J ≫ h there are large energy gaps between subspaces of

varying numbers of domain-walls. Thus, we can accurately understand non-equilibrium dynamics by

projecting the full Hilbert space into subspaces with a conserved number of domain-walls as long as

we remain in the limit h≪ J .

3.2.2 The Transverse Ising Model with a Longitudinal Field

Perhaps the simplest model that exhibits confinement effects is the one-dimensional TFIM with an

additional longitudinal field [10, 11]. In the limit of negligible longitudinal field strength, we recover

the freely propagating domain-wall excitations. However, with the introduction of a non-negligible

longitudinal field strength the Z2 spin-flip symmetry is broken. The Hamiltonian of the TFIM with

an additional longitudinal field is given by

H = −J
[∑

i

σz
i σ

z
i+1 + hx

∑
i

σx
i + hz

∑
i

σz
i

]
, (3.8)

where hx/z are the relative strengths of the transverse and longitudinal fields. In this work we re-

strict our focus to transverse field strengths below the critical value, hc = J , in the ordered phase,

where fermions are approximately described by domain-walls excitations |... ↑↑↓↓ ...⟩. The addi-

tion of a longitudinal field lifts the degeneracy of the ground state and gives rise to a confining po-

tential between domain-walls strongly affecting the non-equilibrium dynamics of the system. An

established way to elucidate the confinement physics is to study the dynamics in a restricted two

domain-wall subspace. We project Eq. 3.8 into the two domain-wall subspace written in the ba-

sis |j, n⟩ = |↑↑ ... ↑↓j ... ↓j+n−1↑ .. ↑↑⟩. Note, for periodic boundary conditions 0 ≤ j < N and
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0 ≤ n < N . This givesH = P−1HP , in which P is the projection operator and

H =− hx
∑
j,n

[
|j, n+ 1⟩+ |j, n− 1⟩+ |j + 1, n− 1⟩+ |j − 1, n+ 1⟩

]
⟨j, n|

+
∑
j,n

V (n) |j, n⟩ ⟨j, n| ,
(3.9)

where we have set J = 1, removed constant terms and V (n) = 2hzn. The first term of this subspace

Hamiltonian is a kinetic term that allows the domain-walls to ‘hop’, and the second term is the ef-

fective potential, V (n), linearly increasing with domain-wall separation n. As a result, domain-walls

are bound together and form mesons. This spin chain model has been an exciting area of research in

recent years due to its experimental relevance [115, 116, 117, 1].

Recovering the Airy Function Wavefunctions

By analysing this system in the semiclassical limit - where we now ignore lattice effects - we are

able to recover the Airy wavefunction solutions as in the continuous two particle model from Eq. 3.2.

Consider the weakly confined region, i.e. hz small but not zero. In this limit we can obtain a semi-

classical system in which the phase space of the two fermions belonging to a meson is labeled by the

momentum and position of each fermion, (k1, x1) and (k2, x2). The dynamics are governed by the

effective Hamiltonian

Hcl = ω(k1) + ω(k2) + 2σ̄hz|x1 − x2| (3.10)

where ω(k) is given by Eq. 3.7 and σ̄ = (1− h2x)
1
8 is the expectation value of ⟨σz⟩ for hz = 0 [118].

Note, that in the classical case the coordinates x1, x2 are continuous and we consider an infinite

system. The derivation of this Hamiltonian is given in full in Appendix A.2. By considering the

coordinates of the center of mass X = (x1 + x2)/2, P = (k1 + k2)/2 and relative coordinates

x = x1 − x2, p = k1 − k2, this Hamiltonian becomes

Hcl = ϵ(p;P ) + 2σ̄hz|x| (3.11)

where ϵ(p;P ) = ω(p + P/2) + ω(p − P/2). Physically, ϵ(p;P ) can be interpreted as the kinetic

energy of the meson and 2σ̄hz|x| as the confining potential. Conservation of energy and momentum
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give us the following conditions

ϵ(p(t);P ) + 2σ̄hz|x(t)| = E = const, P (t) = const. (3.12)

From here we consider the limit of small momentum, p≪ 1, in which

ϵ(p;P ) ≈ ϵ(P ) + ∂2P ϵ(p;P )|p=0 p
2/2. (3.13)

Given that this Hamiltonian is quadratic in the momentum, the problem is reduced to a Schrödinger

equation in the exact form of Eq. 3.2 and we recover Airy function solutions:

1

2
∂2pϵ(p;P )|p=0

d2

dx2
ψ(x) + 2σ̄hz|x|. = (ϵ(P ) + E)ψ(x). (3.14)

Eigenvectors and Energies of the Two domain-wall Subspace

Away from the semiclassical limit it is possible to fully diagonalise the two domain-wall subspace

Hamiltonian and obtain the fully quantum mechanical energy levels retaining the lattice effects. We

note that Eq. 3.9 has translational symmetry in j, allowing us to take the Fourier transform, |k, n⟩ =
1√
L

∑
j exp

(
−ik n

2
− ikj

)
|j, n⟩, obtaining

H =
∑
k,n

[
V (n) |k, n⟩ ⟨k, n| − 2hx cos

k

2

(
|k, n⟩ ⟨k, n− 1|+ |k, n⟩ ⟨k, n+ 1|

)]
(3.15)

which, for an infinite chain can be diagonalised using the transformation

|k, α⟩ =
∑
n

CαJn−νk,α(xk) |k, n⟩ , (3.16)

where νk,α =
Ek,α

2hz
, xk =

2hx cos k
2

hz
, J is the Bessel function of the first kind and the coefficient Cα is

used for normalisation [114]. See Appendix A.3 for details. The energy levels Ek,α can be computed

via the boundary condition that J−νk,α(xk) = 0. In fact, using the correct asymptotic approximations

of the Bessel functions, it is possible to recover the semiclassical Airy function solutions from this

result as well [118].
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Figure 3.3: The energy levels of the two domain-wall subspace for N = 10, J = 1, hx = 0.2
and hz = 0.1. Given that the energy of the polaraised state has been shifted to zero, the minima of
each energy level corresponds to a meson mass. The lowest three meson masses have been marked.
Furthermore, the meson velocity is given by the group velocity, or ∂E

∂k
. The first three maximal meson

velocities, the maximal gradients of the energy levels, have been marked.

3.2.3 The long-range Ising Model

Confinement can also be induced between the fermionic excitations in the TFIM through the addition

of long-range interactions. The one dimensional Ising spin chain with long-range interactions is given

by

H = −
∑
i,r

J

rα
σz
i σ

z
i+r − h

∑
i

σx
i (3.17)

where r denotes the distance between two sites. Again, we are interested in the regime where the

transverse field is weak h ≪ J . In the limit of large α, the short-ranged TFIM is recovered and the

fermion excitations freely propagate. As α is reduced, longer ranged domain-wall interactions are

induced. We can again project the full Hilbert space into the two domain-wall subspace using the

basis |j, n⟩ resulting in a Hamiltonian of the same form as Eq. 3.9, however, this time inducing a

confining potential (for an infinite chain) of the form

V (n) = 4nζ(α)J − 4J
∑
1≤l<n

∑
1≤r≤l

1

rα
, (3.18)

where ζ(α) is the Riemann zeta function [12]. For α < 1 the potential V (n) diverges, signaling a

transition to an infinitely-long-ranged model without well-defined local excitations. Therefore we will

always consider the regime α > 1. For α > 2, this potential is a monotonically increasing function of

n with a finite maximum limn→∞ V (n) = Vmax < +∞. In contrast, in the regime 1 < α < 2, V (n) is
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Figure 3.4: (a) The potential between two domain-walls as a function of their separation in the long-
range Ising model for an infinite chain. Here, J = 1 and h = 0.27. For α = 2.3 we see that the
potential is bounded above and is not a truly confining potential. However, for α = 1.9 this potential
grows indefinitely and thus induces confinement dynamics. (b) The energy levels of the two domain-
wall subspace with J = 1, h = 0.27, α = 2.3 and N = 22. We clearly see boundstates for low
energies but a continuum at high energies. This is due to the bounded nature of the domain-wall
potential for α > 2.

unbounded and domain-walls cannot be pulled infinitely far apart without paying infinite energy, thus

exhibiting strict confinement. While there is no known transformation to diagonalise this Hamiltonian

analytically, in Fig. 3.4 the energy levels calculated numerically are presented.

3.3 Signatures of Confinement

It was Marton Kormos et. al. [108] that first showed the effects of confinement on the non-equilibrium

dynamics of a spin chain model. In their work, they consider the dynamics after a quantum quench

in the TFIM with an additional longitudinal field of varying strengths. They define the ‘masses’ of

mesons as the gap between the ground state and a meson energy level and show how spectroscopy

can be performed to measure these from the measurements of magnetisation. Secondly, they show

the slowing of correlation spread due to meson formation. In fact, this slower correlation results in a

subtle light cone in which the gradient can be related to the maximal velocities of the mesons. Finally,

they show that entanglement is suppressed due to confinement, and that the amount of suppression

is directly linked to the longitudinal field strength. Later, Fangli Liu et. al. [12] showed similar

signatures of confinement in the non-equilibrium dynamics of the long-range TFIM. Again, they

showed how spectroscopy can be used to measure the meson masses and how the correlation spread
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Figure 3.5: (a) Real-time dynamics of the local magnetisation. The initial state is fully polarised and
the Hamiltonian parameters are hx = 0.1, hz = 0.25 and N = 11. (b) The power spectrum of these
dynamics, clear peaks are seen that match with the theoretical predictions of meson masses from the
two domain-wall approximation.

is suppressed due to confinement. In their work they go on further to show how confinement prolongs

the time for the system to thermalise. These effects can be considered signatures which we use as

evidence that the physics being observed in this thesis is the result of quasi-particle confinement. In

the next section we directly show these signatures of confinement as well as discuss their viability in

the context of a NISQ device.

3.3.1 Meson Masses

In the pure TFIM, the real time dynamics of the local magnetisation after a quantum quench, namely,

ρzi (t) = ⟨ψ(t)|σz
i |ψ(t)⟩ , (3.19)

exponentially decays to zero [119]. However, the introduction of a confining potential halts this decay

and leads to persistent oscillations. This can be seen in Fig. 3.5 (a). The ‘masses’ of the mesons

formed by the domain-wall pairs are defined by the difference between energy levels and the ground

state; these masses are marked on Fig. 3.3. Note, in the two domain-wall subspace calculations the

ground state energy has been shifted to zero. As a first clear signature of confinement, these masses

can be extracted from the most prominent frequencies in the measurements of local magnetisation in

the real time dynamics from a low energy initial state via spectroscopy, see Fig. 3.5.
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Figure 3.6: Real time dynamics of domain-wall positions within the two domain-wall subspace fol-
lowing a quantum quench to the TFIM without and with additional longitudinal field hz. These results
are calculated via exact diagonalisation of the two domain-wall subspace. Here, L = 101, hx = 0.5
and the initial state is ferromagnetic with a single flipped spin in the centre. (a) hz = 0, the light
cone structure of free particles is visible. (b) hz ̸= 0, two velocities are observable, an initial velocity
(dashed) equal to the free case and the meson velocity (solid) at longer times [1].

While classically this signature of confinement is easy to perform, when considering this method of

meson mass extraction in the context of a NISQ device, we see that the precision requirements are

large to perform; the amplitude of the oscillations is small and there are many contributing frequencies

to capture. Hence, long times are needed. In work done by W. L. Tan et. al. [120] it is shown how

one can vary the dominant frequency observed by choosing a particular initial state that has a large

overlap with the energy level corresponding to the desired meson mass. This in turn allows the masses

of mesons in the long-range TFIM to be measured in a trapped ion set up and makes the meson mass

measurements viable for a NISQ device.

3.3.2 Meson Velocities

As quasi-particles move through the spin chain they spread quantum correlations. Due to the Lieb-

Robinson bound [121] there is a maximal velocity, vmax, in which these quasi-particles can propagate

and all connected correlations at distance l vanish for times t < l/2vmax. This can be seen through

the measurement of the light cones produced by the two point correlation function, namely

ρzzi,j(t) = ⟨ψ(t)|σz
i σ

z
j |ψ(t)⟩ − ρzi (t)ρzj(t). (3.20)
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Marton Kormos et. al. [108] compared the correlation spread in the free fermion case with the con-

fined region. In the free case, a simple linear light cone was observed with a velocity given by the

maximal gradient of the TFIM dispersion relation, v = ∂E
∂k

= 2Jmin(1, hx). However, in the meson

dynamics, two velocities are seen, an initial velocity, as well as a second slower velocity, see Fig. 3.6.

This initial velocity agrees with the free domain-wall motion described by the pure TFIM and the

second velocity is interpreted as the maximal meson velocity; as this meson velocity is slower than

the free fermion velocity, confinement suppresses correlation spread. This second velocity can be

directly calculated via the maximal gradient of the energy levels shown in Fig. 3.3. This provides

another smoking gun signiture of confinement in the spin chain.

In order to observe this meson velocity, Marton Kormos et. al. [108] presented results saturated at

ρzzi,j(t) < 10−5. With classical computers able to reach a precision far beyond this level, this is a clear

signature of confinement. On a NISQ device, the errors are orders of magnitude larger than 10−5

and thus, in the context of observing this signature of confinement on a NISQ device the required

precision is far beyond reach. However, by using an altered correlation function, in particular

∆zz
i = ⟨ψ(t)| 1

2
(1− σz

i σ
z
i+1) |ψ(t)⟩ , (3.21)

that explicitly measures the position of domain-walls, these two velocities are visible at O(10−1), and

the meson velocity becomes a viable signature of confinement for a NISQ device, see Fig. 3.6.

3.3.3 Entanglement Spread

Another key signature of confinement is the suppression of entanglement entropy spread [108]. Sim-

ilarly to correlation spread, entanglement is carried throughout the spin chain via quasi-particle dy-

namics; given that there is a maximal velocity in which these quasi-particles can move, we expect to

see a linear growth. However, with the introduction of a confining potential this growth is suppressed

in a characteristic fashion; the stronger the confining potential, the slower entanglement spreads, see

Fig. 3.7.

While this signature of confinement requires less precision than both the meson masses and velocities,
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Figure 3.7: The half chain second order Réyni entropy for the transverse field Ising model with
varying longitudinal field strengths. Here, J = 1, hx = 0.5 and N = 6. With no longitudinal field,
clear linear entropy growth is observed. As a longitudinal field is introduced the entropy spread is
suppressed. This suppression is greater for larger hz.

in general, entanglement entropy is not easy to calculate on a real quantum computer as it requires

some form of state tomography. However, as presented in Chapter 2.4, a method to measure the

second order Rényi entropy was developed by Tiff Brydges et. al. [53] via the use of randomised

measurement. This makes the suppression of entanglement spread a viable signature to observe con-

finement on a NISQ device.

Given these signatures of confinement observable in the real time dynamics of spin chains, in the

next chapter we present the first realisation of a non-perturbative quantum phenomenon on a digital

quantum computer.



Chapter 4

Digital Quantum Simulation of Confinement

Dynamics

In order to use current NISQ devices as new tools for quantum simulation, it is necessary to carefully

design the measurement setup to obtain unambiguous signatures. There are many factors to take into

account. The first step is understanding the capabilities of the device at your disposal; in this work

we had access to the IBM digital quantum computers, thus, these will be the focus of the following

discussion. In particular, the IBM devices have few qubits arranged with a topology that has limited

connectivity. As a result, to simulate two dimensional systems or long-range interactions would

require many SWAP gates, each of which is comprised of three CNOTS. With the CNOT error on the

scale of O(10−2), such systems are beyond reach. Hence, we are limited to short, one dimensional

nearest neighbour models. In Section 2.3, the gate decomposition of the time evolution operator for

a given Hamiltonian was introduced. When simulating time dynamics on a quantum device, there

are two types of errors to be aware of: error from the Suzuki-Trotter approximation - in practise we

are incapable of using the limit of infinite Trotter steps - as well as the gate errors introduced with

each Trotter step. This consideration strongly restricts the times that can be accurately simulated on a

NISQ device. For long times we require many Trotter steps for accurate results but many Trotter steps

lead to a deep quantum circuit that in turn results in large gate errors. Thus, any quantum phenomenon

to be simulated is required to be observable in short times.

38



4.1. Quantum Circuit and Initialisation 39

With these considerations, confinement dynamics in the TFIM with a longitudinal field is an ideal

choice for simulation efforts. The Hamiltonian is simple, comprised of just one and two qubit in-

teractions and the effects of confinement are observable in short times and in small systems. We

begin by introducing the quantum circuit that is required to simulate this physics on an IBM quantum

computer. This chapter closely follows the work published in Ref. [1].

4.1 Quantum Circuit and Initialisation

In order to observe confinement dynamics on a quantum computer, we need the ability to prepare the

desired initial quantum state as well as realise the time evolution operator. The initial states that are

considered in this chapter are all product states aligned in the z-direction. Given that the IBM devices

naturally initialise qubits in the up z-polarised state, all initial states can be prepared simply by using

Pauli-X gates to flip the desired spins.

In order to implement time dynamics onto a quantum computer we decompose the time evolution

operator, U(t) = e−iHt, using the standard Suzki-Trotter decomposition introduced in Section 2.3. In

particular, in the following we use the second order symmetric decomposition given by:

U(t) = e−iHt = e−ia t
2 e−ibte−icte−ia t

2 +O(t3), (4.1)

with a = −Jhx
∑L

i=1 σ
x
i , b = −Jhz

∑L
i=1 σ

z
i and c = −J∑L

i σ
z
i σ

z
i+1. Note that e−ibt is not sym-

metrised in this expression as [b, c] = 0. A schematic of the gate sequence required to implement this

is given in Fig. 4.1. Given a small t and multiple consecutive implementations of this quantum circuit

we would be able to reach simulations up to arbitrary times, if it were not for gate errors. However,

each Trotter step induces large errors and thus we are restricted with the number of Trotter steps we

can reasonably use. In the following results we found that by keeping the number of Trotter steps

fixed and varying t, i.e. keeping the exact gate sequence fixed but varying the circuit parameters, we

were able to keep the error rate approximately constant. This constant error rate was valuable with

regards to performing error mitigation. We introduce the protocols utilised in this work that reduced

the effect of error in the following section.
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Figure 4.1: The gate sequence in each Trotter step performed on the quantum computer. Here, A =

e
itJhx

2

∑L
i=1 σ

x
i , B = eitJhz

∑L
i=1 σ

z
i and C = eitJ

∑L
i σz

i σ
z
i+1 .

4.2 Error Mitigation

Throughout the results presented in this chapter, we employed both the qubit selection protocol in-

troduced in Section 2.6.1, and the measurement error mitigation introduced in Section 2.6.2. Beyond

this, we consider two other mitigation methods that are specifically tailored the TFIM model with a

longitudinal field.

Firstly, the initial states considered here have an inherent inversion symmetry around the centre site

such that the data should reflect this symmetry. However, because of inhomogeneous errors in the

IBM device, this symmetry is lost. We found that by enforcing this symmetry - averaging the data with

its mirror image - that qualitative structure of the physics can be recovered. Secondly, we projected the

data into the two domain-wall subspace. For our initial states and quench setups, the error-free time

evolution mainly takes place within this subspace, and crucially, it contains the desired confinement

physics. Hence, this post selection to the two domain-wall subspace is a viable tool for eliminating

errors. To quantify the extent to which the two domain-wall subspace dictates the motion of domain-

walls, one can look at ϕ(t) defined as

ϕ(t) =
∑
i

| ⟨i|ψ(t)⟩ |2, (4.2)

where, |ψ(t)⟩ is the full many-body wave function of the spin chain at the time t after the global

quantum quench and
{
|i⟩
}

are the basis states of the two domain-wall subspace. ϕ(t) can be seen
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Figure 4.2: A measure of the contribution of the two domain-wall subspace, ϕ(t), after a global
quantum quench to the TFIM with a longitudinal field on the state

∣∣L−1
2
, 1
〉
. Here hx = 0.5 and

L = 9.

as the percentage of the full wave function, |ψ(t)⟩, that remains in the two domain-wall subspace. In

Fig. 4.2 it is clear that the two domain-wall subspace is responsible for the majority of the dynamics

of the full Hilbert space. Hence, by post selecting states measured in the two domain-wall subspace

the correct states will be selected up to reasonable error.

A simple intuition behind the effectiveness of this mitigation technique is as follows. Let δ be the

probability of bit flip error for a qubit. For a two domain-wall state there are just four possible

erroneous spin flips that do not result in the measurement to be outside the subspace. Therefore to

first order approximation the error that will not be mitigated is just 4δ, which does not scale with

system size. In turn, the probability of error in simulations that can be mitigated via a projection into

the two domain-wall subspace is (N − 4)δ. At second order, the probability of two consecutive errors

occurring that take the result out of and then back into the subspace is of order δ2. With a small δ this

second order process is much less likely. For an example of the effectiveness of the error mitigation

methods outlined in this section see Appendix B.1. Given these protocols, in the following chapter

we present results from the IBM digital quantum computers that show qualitative and quantitative

signatures of confinement dynamics.
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4.3 Results

4.3.1 Meson Velocities

To obtain results of the meson velocities we employed a global quench protocol to the TFIM with and

without a longitudinal field. The initial state considered was a product state with a single spin flipped

at the centre, i.e. the state
∣∣L−1

2
, 1
〉
. The observable measured ∆zz

i given in Eq. 3.21. In Fig. 4.3

we show results (with hz = 0, 0.5 and hx = 0.5) from the IBM machine, obtained via Trotterised

time evolution, compared with both continuous time exact diagonalization (ED) and Trotterised ED,

both projected to the two domain-wall subspace. The short time dynamics is governed by the free

motion of domain-walls (dashed) before the boundstates form and propagate at the slower meson

velocity (solid). From these results, initial velocities and subsequent slower velocities were extracted.

In Fig. 4.4 we compare the obtained velocities with the theoretical values for both the free and meson

cases. Here, we see that the extracted velocities are in quantitative agreement with the ideal values.

In order to extract the initial free domain-wall and later meson velocities from the mitigated data

obtained by the IBM device, the gradient of the light cone formed in ∆zz
i data is computed. Due

to the inherent error in the NISQ device, there is a level of uncertainty in the saturation levels that

should be used. Thus, a range of velocities are computed and the averages and standard deviations

are obtained.

To obtain the initial velocities quench dynamics up to tJ = 4 are considered, the time before boundary

effects are noticeable. Here, four Trotter steps were used. In these results there are initialisation errors

that would cover up the free domain-wall velocity unless they are removed. Fig. 4.5 shows ∆zz
i data

collected for sites i ∈ {0, 1, 2} after forcing the minimum of each to be zero, removing the effect of

the initialisation error. To calculate a velocity one can choose a saturation level, S, and find the times

at which ∆zz
i surpasses this number for each site i ∈ {0, 1, 2}. This gives three (x, t) coordinates for

which the gradient of a line of best fit gives the velocity. When computing the light cone gradients for

initial velocities the same range of saturation levels were used for each value of hz for consistency.

It turns out that the meson velocities are much more simple to obtain because the meson velocities
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Figure 4.3: Data for ∆zz
i after a global quantum quench to the TFIM with and without a longitudinal

field starting from the state
∣∣L−1

2
, 1
〉
. In all presented data hx = 0.5 and L = 9. The graphs on the

left show the free domain-wall case, hz = 0 and the graphs on the right the confined one hz = 0.5.
Clear suppression of the domain-wall separation can be seen in the latter as well as the emergence of
a second slower velocity – both signatures of confinement.
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Figure 4.4: Comparisons of the two velocities, the initial velocity (IV) and meson velocity (MV), as
measured on the IBM quantum computer (hx = 0.5 and L = 9) after error mitigation and as theoreti-
cally predicted. Error bars displayed are the standard deviation of a range of velocities obtained.

themselves are observed at the scale O(10−1). Data was collected up to tJ = 8, a time such that

boundary effects are not present, using seven Trotter steps. An initial time of tJ = 4, roughly the

time at which mesons form, was used as the starting point of the light cone to measure the meson

velocities. The light cones produced for a given saturation level, S = 0.21, and the corresponding

velocities are shown in Fig. 4.6. Again, the same range of saturation levels was used for each value

of hz to obtain an average velocity.

4.3.2 Suppression of Entropy Spread

The second order Rényi entanglement entropy results are presented in Fig. 4.7. Here, we compare

the exact results calculated via ED and Trotterisation with the data from the IBM device. Note, due

to the randomised measurement protocol required to obtain data for the entanglement entropy, the

error mitigation protocols of symmetrisation and projected into the two domain-wall subspace could

not be implemented. Hence, errors can still be seen in the results. Nevertheless, the IBM device

reproduces the suppression of entanglement spreading that depends on the strength of the confining
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Figure 4.5: Re-scaled data for ∆zz
i after a global quantum quench to the TFIM with a longitudinal

field on the state
∣∣L−1

2
, 1
〉
. In all presented data hx = 0.5 and L = 9. Green points correspond to the

(x, t) coordinates used to calculate the initial velocities for a saturation level of S = 0.05. Each figure
shows clearly the free domain-wall movement from sites 2 to 0. The velocities measured depend
heavily on the saturation levels used hence the use of a large range to get an average.
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Figure 4.6: Light cones produced by saturating ∆zz
i data. Data saturated at S = 0.21 for ∆zz

i after a
global quantum quench to the TFIM with a longitudinal field on the state

∣∣L−1
2
, 1
〉
. In all presented

data hx = 0.5, and L = 9. Clear light cones are formed with varying velocities that depend on the
strength of the longitudinal field.

longitudinal field. However, while the qualitative structure of Rényi entanglement entropy obtained

on the IBM machine is correct, in order to obtain quantitative agreement with ED results a constant

shift is needed.

To further probe this shift error we considered circuits with a varying number of Trotter steps that only

evolve the state to very short times, tJ = 0.01, preparing a quantum state that will have an expected

Rényi entropy of zero to the degree of accuracy which is obtainable by the IBM device. This protocol

increases gate errors as a function of the number of Trotter steps, NT . From the inset of Fig. 4.7 it

can be seen that the error in performing gates on the IBM device has the effect of a constant entropy

shift observed for all times measured on the device that grows with the number of Trotter steps used

linearly. In Chapter 5, we diagnose this error and suggest a mitigation scheme that allows for the IBM

devices to give quantitative results for entanglement entropy.

4.3.3 Probability Maps

The last result presented in this chapter is a simple viable diagnostic of confinement - the probability

maps of domain-wall positions [122]. After time evolution the probabilities of the first domain-wall

position with respect to the position of the second domain-wall is mapped to show that, in the presence

of an additional longitudinal field, it is favourable for the two domain-walls to reside close to each
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Figure 4.7: Time evolution of the half chain Rényi entropy measured on the IBM device. The left
panel shows the data for the half chain second order Rényi entropy as a function of time after a quench
to the initial state |3, 2⟩. The right panel shows explicitly this constant shift due to gate error with the
inset plot showing how this shift depends on the number of Trotter steps, NT . This shift is time
independent and grows with NT
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other, i.e. the domain-walls form a meson.

Fig. 4.8(a) displays the probability maps of domain-wall motion collected from the quantum computer

after a global quench protocol to the TFIM with and without a longitudinal field. The initial state is

a polarised state with a single spin flipped at the centre. In the free fermion picture, these domain-

walls can freely propagate around the system and after some time will have an approximately uniform

distribution; this is reflected in the hz = 0 results. However, in the confining case, these domain-walls

form a meson and should reside close to one another for long times, this can be seen in the hz = 0.5

results by the large probability of measuring the domain-walls 1− 2 sites away from each other - the

diagonal of the probability map.

Note, in order to corroborate our findings, it is crucial to confirm that the halting of domain-wall

spreading for increasing hz arises from coherent quantum dynamics and not just disorder or noise

from the machine which have plagued previous attempts [92]. In Fig. 4.8(b) we show the evolution

of the local magnetisation for a quench with hx = hz = 0.5 and L = 7. Clear oscillatory patterns of

the confined domain-wall motion are observed in Fig. 4.8(c) which provide direct evidence of higher

order interaction effects and not a simple featureless decay of correlations.

Despite the effectiveness of the error mitigation methods used in this work, to fully account for the

constant shift seen in the Rényi entropy measurements as well as extract out more subtle signatures

such as the meson masses, stronger mitigation is needed. Thus, in the following chapter a hardware

agnostic, simply implementable and effective error mitigation protocol is presented.
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Figure 4.8: Data from the IBM device of the probability maps of domain-wall position after a global
quantum quench with and without a longitudinal field (for hx = 0.5 and L = 9) on the state

∣∣L−1
2
, 1
〉
.

The graph on the left shows the free domain-wall case, hz = 0 and in the graph on the right hz =
0.5. Clearly if hz = 0, the domain-walls have no preference to remain close together as there is no
confining field. However, for hz = 0.5, the domain-walls have a much larger probability to reside
close to one another than being separated. (b) The local magnetisation after a global quantum quench
with hx = hz = 0.5 and L = 7 on the state

∣∣L−1
2
− 1, 3

〉
. These results show clear oscillatory motion

of domain-walls. This is a high order effect that is only seen with interactions and not just disorder. (c)
The local magnetisation of the first qubit before symmetrisation, σz

1 , is shown explicitly, highlighting
the oscillatory behaviour captured by the quantum computer.



Chapter 5

Simple Mitigation of Global Depolarising

Errors in Quantum Simulations

It is known that NISQ simulators are plagued with large initialisation, measurement and gate errors

but a full description of their effect is beyond current knowledge. In general, errors using a NISQ

device to perform quantum simulation will have both incoherent and coherent effects. This lack of

understanding results in error mitigation methods either relying on strict knowledge of the device in

use or the simulation being performed, and thus are not generally applicable, or attempting to learn

the effects of errors currently being faced, leading to large overheads and computational costs. In

this section, we present a mitigation protocol that does not attempt to fully understand the inherent

errors on a quantum device but assumes that given the current circuit is deep enough, we can mitigate

the average effect. The underlying approximation of this error mitigation protocol is outlined in the

following section.

This chapter closely follows the work published in Ref. [3] in which Joseph Vovrosh was the main

contributor with the other authors having significant input. In particular, all authors were involved in

the preliminary discussions, with the conceptual ideas led by Joseph Vovrosh and Kiran E. Khosla.

The classical simulations were performed by Kiran E. Khosla following discussions with Joseph

Vovrosh. The experiments performed directly on the IBM digital quantum computers were jointly

performed by Joseph Vovrosh and Sean Greenaway.

50
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Figure 5.1: A schematic showing how the repetition of an entangling gate on a single qubit, R̃(θ), can
lead to the maximally mixed state, i.e. a depolarising error.

5.1 A Global Depolarising Error Model

This error mitigation protocol is based on the assumption that the gate errors that plague a deep

quantum circuit are well described by a global depolarising error model. For a rigorous derivation

of the ansatz used in this paper we turn to work done by Zhenyu Cai [102]. In this, the author starts

with the assumption that the noise of a quantum device can be well described by a general Pauli noise

model. From this, they derive the resulting density matrix, which they present as a series expansion.

The global depolarising ansatz used in our work is a special case of the leading order term in this

expansion. However, here we give a heuristic argument to justify this approximation from the starting

point of depolarising gate errors.

Depolarising errors are inevitably present in any digital quantum simulator platform and can be treated

without much specific knowledge about the device performance (which also fluctuates over time [92]).

An n-single qubit depolarising error channel can be modelled via

E⊗n(ρ) = (1− p)nρ+
∑

α∈[x,y,z]

n∑
j=1

(1− p)n−1p

3
σj
αρσ

j
α + ... , (5.1)

where E is the error channel, p is the probability of an error occurring for each qubit (assumed to be
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equal for each qubit, and for each Pauli error) and ‘...’ indicates higher-order terms corresponding to

errors on multiple qubits [27]. One important feature of this mathematical formulation is that the sec-

ond term, which describes the depolarising error, commutes with any unitary operator. Consequently,

the error on the ith qubit in a quantum circuit with purely depolarising errors is

E i(ρ) = (1− pi)ρ+ pTri[ρ]⊗
Ii
2
, (5.2)

in which ρ is the density matrix, Ii/2 is the maximally mixed (i.e. completely depolarised) state for

the ith qubit, Tri is the partial trace over the ith qubit and pi is the error on the ith qubit.

Instead of dealing with all combinations of single qubit errors, we approximate the total error channel

of Eq. (5.1), under the assumption of symmetric depolarisation, Eq. (5.2), as an effective depolarising

channel on the entire quantum state

ρ = (1− ptot)ρexact + ptot
I⊗n

2n
(5.3)

where the effective total error probability is ptot. In principle ptot is well approximated by
∏

i(1−pi),

however, we do not make that identification here - we will soon show that ptot can be measured

directly on the device. The many partial traces over single qubits, which would have conserved some

coherence in the remaining qubits, have been replaced by the maximally mixed state I⊗n/2n over the

global quantum state, destroying all coherence. We stress that even though this may not be a good

approximation for a single layer of qubit errors, it becomes a reasonable approximation for the error

channel of a many layer, many qubit circuit. Eq. (5.3) is our basic ansatz for an effective error model

after a many-layered unitary circuit and ρexact is the exact density operator without noise.

The simplicity of this ansatz allows it to be easily calculated. It has already been shown to be useful

when mitigating measurement error [123], however we later demonstrate that it is a powerful tool

for mitigating global depolarising errors which do not themselves originate from local depolarising

errors. Furthermore, we later numerically demonstrate that this ansatz does not rely on the assumption

of single- and two-qubit depolarising errors. Moreover, our focus on depolarising errors has the

advantage of being treatable mathematically in a controlled way as detailed below. Last but not least,
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the large improvement in the quality of results on the IBM device motivate our choice of depolarising

errors a posteriori. The full error mitigation protocol based on this ansatz is presented in the next

section.

5.2 Mitigation Protocol

With this ansatz one can analytically calculate the effect of errors on a measured observable, Ô, via

⟨Ô⟩ = (1− ptot) Tr
[
Ôρexact

]
+
ptot
2n

Tr
[
Ô
]
. (5.4)

Our approach estimates ptot in order to apply error mitigation. We propose and test two approaches for

finding ptot; the first based on estimating the purity of the final state and the second based on studying

specific observables. To estimate the purity, we employ the recent protocol for obtaining the trace

of the reduced density matrix squared, Tr[ρ2A], via randomised measurements [124, 125], where A is

a subspace of the full density matrix. This randomised measurement scheme has been successfully

implemented in trapped ion quantum simulators [53] and recently by some of us on the IBM quantum

computer [1]. We stress the present mitigation is a far simpler task compared to inverting the quantum

error channel to tomographically reconstruct the error free quantum state ρ.

As current quantum devices initialise systems in pure states that are then manipulated with unitary

transformations, Tr[ρ2] over the full Hilbert space should lead to a result that is identically one. How-

ever, since the noisy implementation of quantum circuits will in general deviate from unitarity, after a

given quantum circuit is run on a quantum processor this will generally not be the case. Instead, with

Eq.(5.3) we expect that

Tr
[
ρ2
]
= (1− ptot)2 +

ptot(1− ptot)
2n−1

+
p2tot
2n

(5.5)

using the fact that ρexact is pure. Now, given that the left hand side, Tr[ρ2], can be measured directly

on the device [1, 53], this quadratic equation can be solved to obtain the total error ptot [123, 126]. We

stress that unitary errors in quantum circuits do not increase entropy and thus ptot obtained via this
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method should really be understood as the global depolarising error probability. While this mitigation

approach does not address coherent errors, it could additionally be combined with other techniques

such as twirling [127, 128, 129, 130].

Therefore, with ptot extracted and ⟨Ô⟩ measured the only unknown quantity in Eq. 5.4 is the desired

error-free observable Tr
[
Ôρexact

]
. Note, we assume that Tr

[
Ô
]

can be calculated, which for most

practical cases should be the case, e.g. see our application examples in the following sections.

Putting all steps together, we finally obtain our general error mitigation protocol:

1. Prepare the quantum state of interest by running a quantum circuit and measure Tr[ρ2], e.g. via

randomized measurements [125, 53, 1];

2. Use the results to obtain values for ptot via Eq. 5.5;

3. Prepare the quantum state again and measure the desired observable ⟨Ô⟩; 1

4. Use Eq. 5.4 with the measured value of ptot to obtain the desired Tr
[
Ôρexact

]
.

Statistical Errors Introduced by the Error Mitigation

As with any error mitigation protocol, the uncertainty of the simulation result grows through this

process. The statistical uncertainty of ptot can be derived assuming an error in the measurement of

the purity from a NISQ device, δTr(ρ2), as

δptot = ±(1− ptot)
δTr(ρ2)

2(2n − Tr(ρ2))
. (5.6)

Note that δTr(ρ2) can be estimated by resampling e.g. Jackknife or Bootstrap [53, 1]. As a re-

sult, when using the proposed error mitigation on a measurement of an observable Ô, the additional

uncertainty on top of the measurement errors is given by

δ⟨Ô⟩ = ±
(
δmeas⟨Ô⟩
1− ptot

+
δptot

(
⟨Ô⟩ − 2−nTr

(
Ô
))

(1− ptot)2

)
, (5.7)

1As errors on the quantum devices can vary over time (see Ref. [92]), the determination of ptot has to be recalibrated
accordingly.
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where δ⟨Ô⟩ is the error in the mitigated value of ⟨Ô⟩ and δmeas⟨Ô⟩ is the error in the measurement

of ⟨Ô⟩. As alluded to earlier, it turns out that given the global depolarizing error ansatz, other, more

simple error mitigation protocols can be proposed. In the following we introduce one such method

that we saw some success with.

5.2.1 Simplified Method

An alternative approach to estimating ptot is to consider specific observables whose expectation values

are known. For example, consider the time dynamics of a system in which our quantum circuit

approximates the time evolution operator U(t) = exp{−iHt} where we wish to measure ⟨O(t)⟩ for

a range of times. We can tune the circuit such that t ∗ (Emax) = ϵ << 1, where Emax is the largest

eigenvalue of the Hamiltonian (shifted so Emin = 0), so that our quantum circuit now approximates

the identity operation. Assuming that ⟨O(t = 0)⟩ is known, we can use the measurements from the

quantum device and Eq. 5.4 to obtain ptot. In the following we are mainly interested in the time

dependence of the local magnetization, which further simplifies with Tr[σα] = 0 in Eq. 5.4 to

⟨σα
i ⟩ = (1− ptot)⟨σα

i ⟩exact. (5.8)

Given that ⟨σα
i ⟩ is measured and ⟨σα

i ⟩exact is known, ptot can be calculated. Note, for infinite dimen-

sional Hamiltonian with unbounded eigenvalues, the approximation is slightly more subtle, but does

not apply to qubits. We show that while this method is more efficient, it does not discriminate between

unitary and entangling errors and thus sometimes fails. In the following we compare the effectiveness

of both the full mitigation protocol and this simplified method using classical simulations.

5.3 Simulated Results

Our protocol can be applied to essentially any quantum circuit and quantum simulation device. In

order to obtain a large amount of data to support our mitigation technique, we numerically simulate the

layered circuits with noisy gates. Qiskit’s circuit simulator allows one to simulate arbitrary gate-based
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Figure 5.2: Scaling of our mitigation schemes (circles) with circuit depth for four different opera-
tor expectation values. Single operator (red circles) show some improvement, while trace mitigated
(green circles) show a robust improvement over the unmitigated results. These numerical simulation
uses the ibmq santiago error model, and circuits are layers u3 and CNOT, with the depth equal to the
number of entangling layers. Note there are some combinations (e.g. TFIM at depth 14 etc) where the
single expectation value mitigation found ptot = 1, and therefore did not improve results. Likewise
there are other combinations (e.g. TFIM depth 22) where the single expectation value mitigation is
omitted because it gave an unphysical estimate of ptot < 0. Inset numbers show ptot as estimated for
the trace estimation.

noise models by specifying independent Kraus operators for each single- and two-qubit gate [27].

Using this noisy simulator, we can directly test how gate-level non-depolarising errors can result in

an effective global circuit-level depolarising error, and how well our mitigation technique works in

the presence of local non-depolarising errors. To simulate a realistic noise model, we take the Kraus

operators directly from the ibmq santiago backend [131] (as of 12th March 2021). This error model

goes beyond the single gate depolarising assumption, by including (asymmetric) thermal relaxation.

In order to test local, non-local, single and many Pauli-string operators, we have chosen the following

operators: a single Z operator (local, single term), the TFIM Hamiltonian (local, many terms), a

random Pauli string (non-local, single term) and the molecular Hamiltonian of an H4 (non-local,

many terms). Here ‘many terms’ refers to the number of non-commuting Pauli strings that must
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be measured to construct the expectation value, and ‘locality’ refers to only containing single and

two-qubit Pauli strings. For this hydrogen Hamiltonian, openfermion [132] was used to compute

the orbital integrals (for a row of four H-atoms with 0.1 nm inter-atomic distance), then map the

problem to qubits using the symmetry conserving Bravyi-Kitaev transformation [133] and finally

the Z2 symmetries (corresponding to particle spin) are removed, reducing the number of qubits by

two. Note, the four hydrogen Hamiltonian is chosen as a simple molecular test case with a large

Hilbert space, and where we can ignore complications from freezing out orbitals. For the TFIM,

the Hamiltonian was reduced to two non-commuting Pauli strings from which the total Hamiltonian

can be evaluated. Finally the single Z, and XY ZIXX (chosen randomly) operators were measured

trivially. We do not directly account for State-Preparation and Measurement (SPAM) errors, but we

note that we can (and do) include SPAM errors as contributing to ptot in our channel ansatz.

We numerically simulate circuits consisting of layers of parameterized u3 gates, generic single-qubit

rotation gates with three Euler angles, followed by an entangling layer. The circuit depth is defined

by the number of entangling (CNOT) layers. There is a final u3 layer before measurement. The

parameterized circuit now creates a state ρ(θ), and varying θ changes the state and corresponding

operator expectation values. For the numerical simulations we consider how our mitigation performs

for different depth circuits. For each depth the calibration ptot must be done independently, as ptot is

an effective parameter for the whole quantum channel and cannot simply be calculated a priori for

different depths.

5.3.1 Calibration

Two independent methods of calibrating ptot are considered. Firstly, via a single expectation value:

direct simulation of a circuit with fixed parameters, which is then compared to the error free expec-

tation value to find ptot. Secondly, via trace: from directly measuring Tr[ρ2] and estimating ptot via

Eq. 5.5.

For single expectation calibration, a single fixed parameter circuit was used to find ⟨O⟩ (for each

operator O considered). This result was compared to the error free simulation of the exact same

circuit to estimate ptot. To evaluate these expectation values 4096 shots were used for each non-
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Figure 5.3: Quench dynamics of local magnetization from Trotterized time evolution of the TFIM
with longitudinal field before and after error mitigation. Here, J = 1, hx = 0.5, hx = 0.75 and
n = 7. Data is shown for, Nt, the number of trotter steps Nt = 5, 6. Results go from qualitative
agreement to quantitative agreement. After fitting a cosine function (dashed green) to the mitigated
data (green dots) the dominant frequency is clearly captured by the IBM device. Note, more details
of the circuit composition of the evolution operator can be found in [1]

commuting term in the decomposition of the given operator into Pauli strings. For trace mitigation,

an extra 500 circuits are used to estimate ptot using 8196 shots per circuit. This was broken up into

five lots of 100 circuits to estimate ptot at five different (random) circuit parameterizations. For each

parameterization, the method of Ref. [125] is used to find five independent estimates of ptot, which

are then averaged to reduce the bias in the estimate of ptot for the circuit.

5.4 Results form the IBM Devices

5.4.1 Meson Masses

Recent work using a trapped ion quantum simulator to simulate the long-range TFIM model showed

how, by choosing a variety of initial states, the meson masses can be measured through the persistent

oscillations of local magnetization [120]. Previous attempts to perform a similar measurement on a

digital quantum computer have failed for the short ranged TFIM because the results are too noisy
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Figure 5.4: (a) The quench dynamics of the z-axis local magnetization is shown for different initial
states. Here, J = 1, hx = 0.75, hx = 0.75 and n = 7. Results calculated via exact diagonalizionc
are compared with the mitigated results from the IBM device Toronto [134]. Here, clear dominant
oscillations are extracted that quantitatively agree with the analytically derived values. (b) A compar-
ison of the masses obtained from the IBM device and the analytically derived values for varying hz
showing this quantitative agreement. Note, more details of the circuit composition of the evolution
operator can be found in [1]

to resolve the smaller amplitude of oscillations [1]. Here, we show that our new error mitigation

enables us to obtain the meson masses from the IBM device. As normal, the time dependence can

be calculated by applying a quantum circuit from a Trotterisation of the time evolution operator.

Increasing the number of trotter steps, NT , leads to a deeper circuit and the ensuing increase in errors

results in a peculiar dampening of the magnetization dynamics which can be removed via our error

mitigation. We are then in a position to suppress the noise to a level which enables us to extract

different meson masses on the IBM device by a basic fit of the main oscillation frequency. In Fig. 5.4

we show the data for the first three masses obtainable by starting from different initial states, see

insets. Note, we obtained a range of results with a different number of trotter steps. Under the

assumption that (1 − ptot) scales as (1 − pT )
NT , where pT is the error in one trotter step, we can

extrapolate the results back to the error-free case, see green data points in Fig. 5.3. Here, 7 spins

are mapped onto 5 qubits resulting in a circuit with 5NT + 5 single qubit gates and 8NT CNOT

gates with NT = 5, 6. Remarkably, we find quantitative agreement between the mitigated results and

the theoretical predictions for the scaling of the meson masses with the transverse and longitudinal

fields [1].
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Figure 5.5: Results from the IBM device Paris [135] of the second order Rényi entanglement en-
tropy. Quench dynamics before and after error mitigation of the second order Réyni entropy for the
transverse field Ising model with varying longitudinal field strengths. Here, J = 1, hx = 0.5 and
n = 6. Note, 800 random unitaries were used to collect this data giving an uncertainty in the purity of
δρ ∼ O(10−2). Clearly the mitigation allows results to go from qualitative agreement to quantitative
agreement with the results obtained numerically through ED.

5.4.2 Suppression of Entanglement Spread

As a second example of the effectiveness of this mitigation protocol we again study the suppression

of half chain entanglement entropy spreading due to confinement. In Chapter 4 qualitative agreement

for entanglement dynamics of six spins compared to an ED calculation was presented, but for a

quantitative agreement a large shift of the results was needed. By using the ansatz in Eq. 5.3 we can

see that the effect of global depolarizing errors on measurements of Tr[ρ2A], where A is a subsystem

in consideration, is

Tr
[
ρ2A
]
=(1− ptot)2Tr

[
ρ2A,exact

]
+
ptot(1− ptot)

2nA−1
+
ptot2

2nA
.

(5.9)

If ptot is known, Tr
[
ρ2A,exact

]
can be extracted and the second order Rényi entropy measurement is

calculated via

S(2)(ρexact) = − log2(Tr
[
ρ2A,exact

]
). (5.10)
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Fig. 5.5 shows how this mitigation protocol eliminates the error in the second order Rényi entropy

results. With our error mitigation protocol and Eq. 5.9 we now obtain quantitative agreement with ED

results for six spins and can account for the large shift of the results.

With strong mitigation methods such as the one presented in this chapter, more ambitious simulation

efforts can be performed. In the following chapters we consider two possible directions in which

confinement effects can be used as a benchmark of NISQ devices in the future.



Chapter 6

Confinement Induced Impurity States in Spin

Chains

Given the strict limitations when attempting to use a NISQ device for quantum simulation, we are

restricted in the types of Hamiltonians that are feasible. Despite this, simple systems can result in

deep physics that is yet to be unearthed. In this chapter we consider extensions to confinement in

the short range TFIM with experimental feasibility in mind. This chapter closely follows the work

published in Ref. [2] in which Joseph Vovrosh was the main contributor with the other authors having

significant inputs. In particular, all authors were involved in the theoretical discussions led by Joseph

Vovrosh and Alvise Bastianello. The analytical calculations were performed by Alvise Bastianello

following discussions with Joseph Vovrosh. The semiclassical and two domain-wall simulations were

performed by Joseph Vovrosh. Finally, the Time-Evolving Block Decimation simulations (TEBD)

were preformed by Hongzheng Zhao.

Most of the studies of confinement in spin chains have focused essentially on single-meson physics

and the interplay among mesons themselves, or with other constituents, is yet to be fully addressed.

These are crucial questions from the perspective of simulating high-energy experiments which are

based on scattering events. In a broader context, genuine many-body physics of confined excitations

can be rightfully expected to be far richer – and challenging – than the already intriguing single-

meson phenomena. Very recently, this program has been started in Refs. [136, 137, 138] with the
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investigation of mesonic scattering in the TFIM with an additional longitudinal field. Due to the

composite nature of mesons, the scattering of two wavepackets is deeply inelastic with the possibility

of exciting mesonic internal degrees of freedom different from the injected ones. Nevertheless, only

asymptotic states of two-quark mesons can be obtained and particles formed by a larger number of

constituents, i.e. baryon analogues, do not exist in the spectrum of the theory (see however Refs. [139,

112]).

In condensed matter, scattering processes with the possibility of boundstate formation appear promi-

nently in the context of impurities. On a practical side, any experimental setup unavoidably features

defects whose effect must be understood. More interestingly in the quantum simulation realm, impu-

rities in the form of localized potentials can themselves serve as probes of the quantum properties of

the host. Famous examples are the distinct impurity response of singlet versus triplet superconduc-

tors (SCs) [140, 141], the characteristic impurity signal establishing the d-wave symmetry of high-

temperature cuprate SCs [142], as well as the local response of fractionalized edge spins in Haldane

spin chain compounds [143]. Alternatively, impurities as truly dynamical objects strongly couple to

the background matter, giving rise to the venerable Kondo effect [144] or polaronic boundstates for

mobile but heavy impurities [145, 146].

In this chapter, we study the interplay of confinement and impurity dynamics in a spin chain set-up.

Similarly to the direct meson-meson interaction, scattering of a meson with an impurity is deeply

inelastic. Apart from the main transmission (I) and reflection (III) processes of a scattering event,

see Fig. 6.1, we show that in our system a nontrivial capture (II) may appear because the different

nature of the impurity and the confined excitations allows for the creation of new composite particles,

with a long lifetime. Thus, the confinement-induced impurity boundstate – an elementary example of

baryon formation – can serve as a new probe of confinement physics, which is readily implementable

in available quantum simulators.
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(III) Reflection

Figure 6.1: Pictorial representation of the impurity-meson scattering and boundstate formation. Be-
sides the instantaneous transmission (I) and reflection (III), the colliding impurity can quantum-tunnel
through the first quark and form a metastable boundstate (II). This composite excitation decays when
the impurity tunnels again through one of the two quarks.

6.1 The Model

Given the quantum simulation results from previous chapters we focus on the TFIM with an additional

longitudinal field, Eq. 3.8, as an experimentally feasible setting. In the following we have replaced

the notation of j, the position of the first domain-wall, and n, the width of a meson, with j1 and j2

in which ji labels the position of the ith domain-wall. Furthermore, we set J = 1 without loss of

generality. While the form of the Hamiltonian governing the bulk dynamics is crucial for the capture

process, the precise form of the impurity is not, as clarified by the forthcoming semiclassical picture.

Nevertheless, for the sake of concreteness we focus on a simple local spinflip coupling of the impurity

to the spin chain,

V =
∑
j

(hx − d)σx
j c

†
jcj ; HI = −

∑
j

τ(c†j+1cj + c†jcj+1). (6.1)

This basic tight-binding term allows the study of a dynamical impurity with hopping strength τ . The

entire system evolves with H = HIsing +HI + V . For d = 0, the spin flip is entirely suppressed at the

impurity’s position and for d = hx the impurity is invisible. For a single impurity, cj can be equiva-

lently chosen to obey standard fermionic or bosonic commutation relations. In the following section

we show that the interplay of confinement physics and an impurity can lead to exotic metastable

particles.



6.2. Confinement and Metastable Trapping 65

6.2 Confinement and Metastable Trapping

In a scattering event between a meson and the impurity, the meson can be reflected by the impurity or

transmitted through the impurity, the latter of which only occurs if both domain-walls tunnel through

it. Given that the domain-wall-impurity transmission probability, T , is small but not negligible, a

single domain-wall-impurity transmission may occur but the simultaneous tunneling of both domain-

walls is suppressed as it has a probability of O(T 2), see Fig. 6.1. In this case and in the absence

of confinement, the transmitted and reflected fermions will eventually leave the scattering region.

However, a confining force in combination with a small transmission rate can trap the two domain-

walls on opposite sides of the impurity for very long times. To substantiate this intuitive picture, we

first consider the limit of an infinitely massive impurity, τ = 0, where the defect loses any dynamics

and remains pinned. We first use a semiclassical description of meson impurity collisions which gives

a surprising depth of understanding.

6.2.1 Semi Classical Approximation

In our spin chain the classical limit is approached for vanishing longitudinal field; this was introduced

in Section 3.2.2. In the following we treat the static impurity as a point-like scattering center, which

transmits a fermion with probability T (k). Aside from the randomness in the scattering process, the

fermions are evolved with the deterministic classical equation of motion. We stress that T (k) is not

the mesonic transmission rate, but the much simpler one-particle tunneling computed in the absence

of confinement, given by

T (k) =
4 sin2 k

(d/hx)2 + (d/hx)−2 − 2 cos(2k)
; (6.2)

the derivation of this can be found in Appendix C.1. We now consider the lifetime of an already

trapped meson, which is most conveniently labeled by the momenta of the two fermions at the mo-

ment of impact with the impurity (k, q). Let Pt=0(k, q) be the probability of forming the boundstate

immediately after the scattering; we are now interested in addressing the probability that it remains

bound after a time t. Notice that, in the case of a static impurity, τ = 0, the fermions scatter with the
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Figure 6.2: In the two domain-wall subspace, we initialize the two fermions in a wavepacket centered
at X and shoot it at a static impurity (τ = 0). X is used as control parameter to attain the classical
limit X → ∞, by increasing the variance of the wavepacket and reducing the confining potential
χ ∝ X−1, see Appendix C.1 for details. Top: the scattering event at short times is analyzed by
plotting the fermion density for the largest X = 20. In particular: left quantum simulation, middle
domain-wall trajectories for few classical events highlighting the three scattering process sketched in
Fig. 6.1. While most of mesons are reflected (III), some are transmitted (I) and others remain trapped
(II). Right: saturation to a large number of classical events (∼ 4 × 104). Bottom: trapped fraction∑

j1≤0,j2>0 |ψ(j1, j2)|2 as a function of time. We show the quantum curves for X = 10, 15, 20 and
the classical curve for X = 20, since only small differences were observed for the other choices. The
time is measured in units of h−1

x .
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impurity always with momenta (k, q) for the whole boundstate lifetime. Boundstates with the longest

lifetime are characterized by small transmission probability of the fermions. Their lifetime can thus

be computed as the probability that neither of the two fermions is transmitted. Hence, the probability

of being trapped at time t is

Pt(k, q) = exp
[
−tχ

2

(
|k|−1T (k) + |q|−1T (q)

)]
Pt=0(k, q) ; (6.3)

see Appendix C.2 for details. At low momentum, the discrete fermion-impurity Hamiltonian can be

treated in the continuum Heff = −(2meff)
−1∂2x + veffδ(x), leading to a quadratically vanishing trans-

mission T (k) ∝ k2 as k → 0. Therefore, small momenta have a divergent lifetime. Following this

argument, one could expect a power law decay of the total trapped fraction
∫
dkdqPt(k, q), but this

is not the case because the two momenta (k, q) are not independent. In particular, it is not possible

to have k ≃ q ≃ 0 at the same time and the exponential decay is restored. To determine the initial

trapped probability Pt=0, the full time evolution of the colliding meson must be addressed. Remark-

ably, Pt=0(k, q) can be explicitly computed in the limit of broad wavepackets, see Appendix C.2.

While semiclassical methods are able to build out the intuitive picture of metastable trapping into a

solid physical phenomenon, in order to capture the quantum details we utilise the two domain-wall

approximation.

6.2.2 Two Domain-Wall Subspace

To test the general semiclassical treatment and clarify the nature of quantum corrections, we revert to

the weak transverse field regime where the Ising dynamics can be projected onto the two domain-wall

subspace given by Eq. 3.9. The effect of the defect is to replace the hopping amplitude on the defect

site form hx → d. There are several advantages within this approximation. First, the effective two-

body problem can be simulated for large system sizes and for long times. Second, one has far better

control of the form of the initial wavepacket. Third, the fermion-impurity transmission probability

T (k) can be exactly computed.

In Appendix C.1 we show how a standard truncated Wigner approximation [147] allows to quan-
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Figure 6.3: In the two domain-wall subspace, we fix χ/hx = 0.5 and d/hx = 0.4. Top: wavepackets
of similar envelope (see Appendix C.1 for details), but different mean energy E and variance σE
are shot at the defect. The density plot of the fermion density is shown. Middle: for the middle
and rightmost parameter choice displayed in the density plots, we show the trapped magnetization∑

j1≤0,j2>0 |j1 − j2||ψ(j1, j2)|2 as a function of time. Insets: Fourier transform (vertical axis constant
but arbitrary units), the pins track the energy differences of the semiclassical quantized boundstate
energies within one sigma from the wavepacket mean energy. As σE is reduced, fewer metastable
states are excited and the oscillations due to interferences are damped. The time is measure in units
of h−1

x . Bottom: on a system of L = 80 sites with periodic boundary conditions (defect at site 40),
we numerically compute the participation ratio R =

∑
j1<j2

|ψ(j1, j2)|4 of the energy eigenstates.
Pins are the semiclassical quantized energies. boundstates have large R when compared with naive
asymptotic states. The small oscillating tails of the density profile leaving the defect region (inset,
P (j) =

∑
j1≤j |ψ(j1, j)|2+

∑
j2>j |ψ(j, j2)|2) lead to the finite lifetime. Green and orange bar shown

the extension of the energy interval within one sigma from the average energy probed by the two plots
in the middle.
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Figure 6.4: In the total zero momentum sector, we consider the scattering of a mobile impurity with a
meson. The initial conditions, defect strength and confinement are kept fixed while varying τ and are
such that for τ = 0 they match Fig. 6.2 with X = 20.

titatively connect the initial quantum mechanical wavepacket with the proper classical phase space

distribution. In Fig. 6.2 we provide the quantum-classical comparison, showing good agreement.

In Fig. 6.3 we consider a scattering event in the two domain-wall subspace, but with larger longi-

tudinal field and far from the semiclassical regime. Pronounced oscillations appear in the density

of fermions leaving the defect and in the time evolution of the trapped magnetization. We will now

show that these frequencies are in good qualitative agreement with a semiclassical quantization of the

boundstate energies.

From the classical perspective, a trapped meson is a pair of fermions on opposite sides of the impurity,

see Fig. 6.1 (II). Each of the two fermions feels a constant force pulling towards the barrier, which

acts as a hard wall until a tunneling event takes place. Pushing this interpretation to the quantum

regime, we can write the single particle time-independent Schrodinger equation for the right fermion

as Enψ(j) = −hx(ψ(j + 1) + ψ(j − 1)) + χ|j|ψ(j), valid for j > 0 and with boundary condition

ψ(0) = 0. An analogue equation holds for the left fermion. This equation can be analytically solved

for the quantized energies {En}∞n=0. Therefore, the energies of a metastable state are labelled by two

quantum numbers En1,n2 = En1 +En2−χ, with the χ−shift taking into account the string tension on

the defect link. In Fig. 6.3, we show that the oscillation frequencies are close to the energy differences

of the quantized metastable states. We selectively excite the quantized metastable states by shooting

wavepackets with mean energy E and narrow variance σE . If σE is large enough to excite more than

one metastable energy, clear oscillations are produced.

We now address the case of a truly dynamical impurity with τ ̸= 0. For the sake of simplicity, we
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consider the weak transverse field regime and the subspace of a fixed constant momentum, which

can be addressed in the two domain-wall approximation. The semiclassical picture we discussed for

a static impurity can be readily applied to the case τ ̸= 0 by using the equation of motion and the

fermion-impurity transmissivity rate, which can be exactly computed for weak hx, see Appendix C.1.

As expected, τ ̸= 0 increases the relative impurity-fermion motility, increasing the transmission rate

and shortening the lifetime of the metastable state which is nevertheless still present, see Fig. 6.2.2.

However, the simple result of Eq. (6.3) cannot be applied any longer, since each fermion is not simply

reflected as k → −k due to the momentum exchange with the impurity. In contrast, the fermion-

impurity scattering process is largely affected by the defect’s velocity [148, 149] and, outside the two

domain-wall approximation, the moving impurity can act as a moving source of excitations [150].

Finally, in order to validate that metastable trapping of a meson around an impurity is not limited to

subspace approximations, we turn to a time-evolving block decimation approximation to simulate the

time dynamics of the full Hilbert space.

6.3 Time-Evolving Block Decimation Results

We finish by numerically simulating the meson-impurity scattering with the time evolving block

decimation (TEBD) method to allow us to confirm that the few domain-wall approximations ac-

curately describe the full Hilbert space [151, 152]. Details on the numerical implementation and

the wavepacket preparation are given in Appendix C.3. After shooting a meson at the impurity (see

Fig. 6.5) we see that part of the wavepacket can be trapped within the defect region for long times,

depending on the confining force and the defect strength. We experience that for stronger defects

the signal is mostly reflected, but a small part of it remains trapped for longer times, suggesting the

sought after metastable boundstate does indeed form.

While the current capabilities of the IBM quantum computers restrict our focus to short range models,

other setups do not - namely trapped ion and neutral atom based devices. Thus, in the following

chapter we consider a broader context of experimental feasibility and explore collisions of mesons

that form in the long-range TFIM introduced in Section 3.2.3.
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Figure 6.5: TEBD simulation of the scattering of a meson against an infinitely massive impurity. The
correlator ⟨σz

jσ
z
j+1⟩ (connected part) tracks the position of domain-walls. We chose hx = 0.3, hz =

0.12. and different values of the defect strength. Left: density plot for d = 0.1, showing domain-walls
are trapped on the impurity at the origin for very long times. Right: domain-wall density on the defect
for different defect strengths. After a large peak corresponding to the impact of the meson wavepacket
with the defect, some signal remains trapped for longer times. As the defect’s strength is increased,
the magnitude of the trapped signal is reduced, but its lifetime is increased. Details on the wavepacket
implementation can be found in Appendix C.3



Chapter 7

Dynamical Hadron Formation in

Long-Range Interacting Quantum Spin

Chains

In the previous chapter we studied collision events in the short-range Ising model with both transverse

and longitudinal fields. In order to observe a ‘fusion’ event we considered the addition of a heavy

impurity to the system. Deep inelastic scattering events with exotic particle formation without the

addition of a foreign body require richer microscopic dynamics. In this work, we investigate another

mechanism that can lead to dynamical hadron formation by addressing the TFIM with long-range in-

teractions which, in addition to confinement, naturally induces interactions among mesons and hosts

multi-meson boundstates, akin to hadrons. We will further show that the presence of long-range

interactions between mesons can result in the formation of long-lived hadronic metastable bound-

states, which can form dynamically in scattering events between fundamental mesons as depicted

in Fig. 7.1. This chapter closely follows the work published in Ref. [4] in which Joseph Vovrosh

was the main contributor. In particular, all authors were involved in the theoretical discussions led

by Joseph Vovrosh, the analytical calculations and numerical simulations were performed by Joseph

Vovrosh and the experimental feasibility established by Rick Mukherjee following discussions with

Joseph Vovrosh. We begin by showing how long-range interactions can lead to boundstates of pairs

of mesons, which we call tetraquarks.

72
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Figure 7.1: A schematic of a scattering event between two wavepackets of confinement-induced
mesonic (two domain-wall) states. Apart from the elastic meson reflection, the long-range interaction
between the composite particles may also lead to the formation of multi-particle boundstates, here in
the form of a metastable four domain-wall state akin to a tetraquark.

7.1 Hadrons in the Long-Range Ising Model

In this work, we consider the one dimensional Ising spin chain with long-range interactions given

in Eq. 3.17. As our goal is the observation of hadron-like excitations, we need to consider interac-

tions among mesons. Thus, we focus on the dynamics within the four domain-wall subspace and

use a straightforward extension of the two domain-wall projection Eq. 3.9. We consider the basis

|j1, n1, j2, n2⟩ = |↑ ... ↑↓j1 ... ↓↑j1+n1 ... ↑↓j2 ... ↓↑j2+n2 ... ↑⟩, in which the projected Hamiltonian

takes the shorthand form

H =
∑

j1,n1,j2,n2

V (n1) |j1, n1, j2, n2⟩ ⟨j1, n1, j2, n2|

+ V (n2) |j1, n1, j2, n2⟩ ⟨j1, n1, j2, n2|

+ I(j1, n1, j2, n2) |j1, n1, j2, n2⟩ ⟨j1, n1, j2, n2|

− h
[
hopping terms

]
.

(7.1)

Here, I(j1, n1, j2, n2) can be seen as the meson interaction such that [153]

I(j1, n1, j2, n2) = −4
∑

j1<r≤j1+n1

∑
j2<s≤j2+n2

1

(s− r)α (7.2)
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Figure 7.2: The low energy states of the four domain-wall subspace are shown for L = 20, α = 2.6
and h = 0.1. The energies strongly depend on the average size of the constituent mesons resulting in
large gaps between levels of different meson sizes. A schematic picture of the local spin configura-
tions within each subspace are depicted above the corresponding energy levels. Importantly, due to
the long-range interaction the energy within each subspace also depends on the distance between the
two mesons, i.e. the closer the mesons are together the lower their energy. The inset shows the ener-
gies of the 1-meson subspace as a function of momentum. The lowest energy levels in this subspace
are boundstates of multiple constituent domain-walls.

and “hopping terms” refer to those of the form |j1 ± 1, n1∓, j2, n2⟩ ⟨j1, n1, j2, n2| or equivalently for

the second meson. Note, the form of the interaction, I , depends on the choice of boundary conditions.

Here, we consider open boundaries. This effective interaction between mesons falls off as d−α in

which d is the meson separation ∼ (j2 − j1). Thus, individual mesons which are far apart from each

other interact only weakly.

In Fig. 7.2 we show some of the lower energy levels of the four domain-wall subspace. We clearly

see large energy gaps in correspondence with internal quantum numbers, labeling the energy levels

of the two domain-wall mesons. Additional structure is then provided by boundstates of fundamental

mesons and asymptotic scattering states (see inset). In the case of deep boundstates where the binding

energy is much larger than the transverse field h, the two domain-wall mesonic wavefunction is very

peaked on integer values of the relative distance, hence the meson has approximately fixed length

which is in one-to-one correspondence with the internal energy levels. In this regime, we can picto-

rially use the meson’s size as a good quantum number. Nonetheless, this correspondence is blurred

as boundstates become shallower and domain-walls can oscillate with internal dynamics. To further
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substantiate this intuition, we spend some time analysing the subspace of two mesons each with width

n = 1 in the next section.

Note, as mentioned previously in Section 3.2.3, confinement in a strict sense requires 1 < α < 2 such

that domain-walls cannot be separated. Nonetheless, also for larger α the two domain-wall subspace

shows the presence of deep boundstates and asymptotic states of freely propagating domain-walls can

be very high in energy and extremely difficult to excite. Therefore, as long as asymptotically propa-

gating domain-wall states can be neglected, the dynamics of these deep two domain-wall boundstates

closely resemble those observed in the strictly confined regime, and with a slight abuse of jargon

we refer to both as “mesons”. Due to the fact that larger values of α mitigate finite-size corrections

caused by the long-range potential, we will mainly focus on the regime α ∼ 2.5 but stress that similar

physics appears for 1 < α < 2.

7.2 The 1-Meson Subspace

Consider the subspace of n−mesons in the low energy regime where n is a approximately con-

served. To first order in h, projecting the four domain-wall subspace Hamiltonian, given in Eq. 7.1,

to the n−meson subspace does not include dynamics of the mesons. This is due to the fact that

any spin flip process will leave this subspace; the mechanism of dynamics within the 1−meson

subspace is depicted in Fig. 7.3. Thus, in order to get an accurate description within a restricted

n−meson Hamiltonian we must consider second order processes. This derivation can be obtained

through perturbation theory, for example, consider the 1−meson subspace with the simplified basis

|j1, j2⟩ = |↑ ... ↑↓j1↑ ... ↑↓j2↑ ... ↑⟩. Our starting point for the projection of the Hamiltonian into the

1−meson subspace is the Hamiltonian H given in Eq. 7.1 which may be factored into a diagonal part

H0 and an off-diagonal part V proportional to what we will consider the perturbative parameter h,

that is H = H0 + hV . Our goal is to find a unitary transformation generated by an operator S such

that the expansion Heff = eSHe−S ∼ H0 + h2M + O(h3) i.e. the lowest order hopping events are

proportional to h2. V contains the hopping terms of the Hamiltonian; the resulting effective Hamilto-

nian thus contains only on-site potentials and two-site hopping interactions (plus higher order terms

which are absorbed into the O(h3) factor). This rotation is known as the Schrieffer-Wolff transforma-
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Figure 7.3: A schematic of the second order hopping process required for a 1−meson to move.

tion [154]. To proceed, we write down the Baker–Campbell–Hausdorff expansion of eSHe−S up to

second order in h:

Heff = eSHe−S = H0 + hV + [S,H0] + h[S, V ] +
1

2
[S, [S, V ]] +O(h3) . (7.3)

We can eliminate the first order terms by choosing S such that [S,H0] = −hV . The simplest way to

do this is element-by-element, enforcing

⟨p|S|q⟩ = h⟨p|V |q⟩
Ep − Eq

, (7.4)

where |p⟩, |q⟩ are eigenvectors ofH0 with eigenvaluesEp, Eq. With this enforced, the effective Hamil-

tonian becomes

Heff = H0 +
h

2
[S, V ] +O(h3) . (7.5)

We then project this effective Hamiltonian into the 1−meson subspace and obtain two contributions

to the Hamiltonian, a hopping coefficient, hj , in which a 1−meson hops one site away from the other.

There is also a second order effect in which a 1−meson can ‘hop to itself’ through a process in which

a neighbouring spin flips and then flips again to leave the initial state unchanged, Uj . In the 1−meson
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subspace this can be seen as an effective on site potential. These contributions are given by

hj =
h2

2

[
1

V (1)− V (2) + 4
j+1α

+
1

V (1)− V (2) + 4
jα

]
, (7.6)

Uj = 2h2
[

1

V (1)− V (2) + 4
j+1α

+
1

V (1)− V (2) + 4
j−1α

]
, (7.7)

where j = j2 − j1. Given these contributions the 1−meson subspace is

H =
∑
j1,j2

hj2−j1 [|j1, j2 + 1⟩ ⟨j1, j2|+ |j1 − 1, j2⟩ ⟨j1, j2|+ h.c.]

+
(
Uj2−j1 −

4

nα

)
|j1, j2⟩ ⟨j1, j2| . (7.8)

From here, we can take advantage of translational invariance and focus on the sector with global

momentum k, where we use the relative distance j = j2−j1. The momentum-dependent Hamiltonian,

Hk, acting on the states |k, j⟩ is given by

H =
∑
k,j

2hj cos
k

2

[
|k, j + 1⟩ ⟨k, j|+ h.c

]
+
(
Uj −

4

jα
)
|k, j⟩ ⟨k, j| , (7.9)

which we can use to calculate the energies as a function of momentum. In Fig. 7.4 we compare the

energies of the 1−meson subspace with the corresponding energies of the four domain-wall subspace

as well as the full Hilbert space. Here we see that not only does the 1−meson subspace have good

agreement with the four domain-wall subspace as expected but also with the full Hilbert space.

One can clearly see that the lowest energy levels are discrete with large gaps between them, which

correspond to boundstates of two mesons that reside only a few sites away from each other, i.e. they

describe tetraquarks. In addition, there is a continuum of energy levels at higher energy corresponding

to mesons which are spatially separate and interact only weakly, i.e they are free to propagate.

Before turning to real-time numerical simulations of scattering events, it is useful to further comment

on the meson-meson boundstate structure, i.e. our cartoon picture of hadrons. As shown in Fig. 7.2,

energy levels corresponding to hadrons are clearly visible in the spectrum, their number and gap

with respect to the asymptotic scattering states depends on the “size” (i.e. the energy) of the binding
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Figure 7.4: A comparison of 1−meson energies in the 1−meson subspace, the four domain-wall
subspace as well as the full Hilbert space. Here L = 20, h = 0.1 and α = 2.5. We see excellent
agreement between all three. Note, the energies of the full Hilbert space have been shifted by a
constant to account for finite size effects.

mesons. These boundstates are clearly orthogonal to asymptotic scattering states, hence scattering

events cannot couple to them. If we wish to observe dynamical hadron formation, we should aim for

metastable states arising from asymptotic scattering states whose wavefunction is large when mesons

are close, which means that they are qualitatively close to true boundstates. Heuristically, these states

are most likely to be present where the spectrum shows a smooth transition between boundstates and

scattering states, i.e. when the energy gap between the two is small. As it is clear from Fig. 7.2,

this is the case for large mesons. This picture is also suggested by semiclassical arguments, since for

large mesons the relative position of the domain-walls can oscillate. Therefore, part of the scattering

energy of the two incoming mesons can be converted to internal energy of the mesons upon scattering

and a boundstate may form. This is not possible for tightly bound mesons, where the relative position

of the domain-walls cannot be changed. These considerations motivate the use of large mesons in the

following natural scattering protocol.
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Figure 7.5: The dynamical formation of a tetraquark through an inelastic collision of large mesons.
Here, the Hamiltonian parameters are L = 150, α = 2.6 and h = 0.1. The full details of initial
wavepacket can be found in Appendix D.1. (a) The collision between a mobile meson initialized with
a width of 4 sites and a stationary meson with initial width of 10 sites. Although the vast majority of
the incoming wavepacket is reflected there is a subtle excitation of a tetraquark that can be seen as the
faint vertical lines at sites ∼ 25. Furthermore, an inset plots the cross section of the time dynamics
at site 25 showing the long life time of the tetraquark formed. Note, we choose to plot sites up to
100 as this contains the relevant information for our discussion. (b) The probability distribution of
md = j2 + n2 at times tJ = 0, the initial wavepacket, and tJ = 5000, after the collision event. After
the collision, we clearly see that the majority of the wavepacket is reflected, however, there is a subtle
peak at site ∼ 25 that corresponds to a bound tetraquark state.

7.3 Inelastic Collisions of Large Mesons

We now consider the Hamiltonian projected in the four domain-wall subspace and numerically ex-

plore scattering events between mesons. As initial states, we choose Gaussian meson wavepackets

with a well-defined momentum. Furthermore, we fix the average length of each meson to cover a

few lattice sites ∼ 4 − 12. Details on the wavepacket wavefunctions can be found in Appendix D.1.

Simulations in the four domain-wall subspace are challenging for large system sizes. Therefore, we

take advantage of global momentum conservation and focus on the sector with zero total momentum.

Using translational invariance we measure the domain-wall coordinates with respect to the leftmost

domain-wall which can reduce the Hilbert space dimension by a factor L allowing us to access much

larger systems.

In the zero-momentum sector we can then label the Hilbert space by only three variables |n1, j2, n2⟩

as the first domain-wall can be pinned to j1 = 0. As a consequence of this convention, in our real-time

simulation the leftmost meson will appear stationary. In Fig. 7.5(a) we show a collision event between
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a left meson of initial width n1 = 10 with a right meson with initial width n2 = 4. We employ the

observable PK(i) = | ⟨ψ| (1− σz
i σ

z
i+1) |ψ⟩ |2 which can be seen as the probability that a domain-wall

is located on site i. In Fig. 7.5 we observe that scattering is dominated by elastic reflection events.

However, by plotting the logarithm of the data we are able to highlight subtle details, e.g. a small

portion of the wavepacket ∼ 10−3 remains close to the stationary meson for long times after the

collision which can be seen as a vertical line of intensity at site ∼ 25 in Fig. 7.5(a).

Next, we study a basic measure of the ‘distance’ between the two mesons md = j2 + n2 − j1 . In

Fig. 7.5(b) we plot the probability distribution of md before (tJ = 0) and after the collision (tJ =

5000). After the collision the distribution has two components. First, the overwhelming probability

accounts for reflection events seen as the large hump for sites > 40. However, there is a second,

small peak around site ∼ 25 which is a signature of our sought-after metastable tetraquark state.

However, for all parameter and initial state choices we have explored, the signatures of dynamical

tetraquark formation are weak as elastic scattering dominates. Therefore, in the following, we propose

two simple extensions of the natural meson scattering protocol which allow for an unambiguous

observation of dynamical tetraquark formation.

7.4 Inducing Fusion Events

To enhance the effect, we propose two different modifications of the scattering protocol. Firstly, by

an abrupt dynamical change of an external field one can modify the mesons’ kinetic energy and in-

duce a non-trivial overlap between the initial asymptotic states and the hadronic boundstates of the

post-quench Hamiltonian. As a result, infinitely long-lived boundstates are created and clearly observ-

able. Secondly, we consider time-independent Hamiltonians with a modified long-range spin interac-

tion, which leads to a non-monotonic meson-meson interaction. Consequently, scattering mesons can

tunnel to a local minimum of the relative interaction and dynamically form a long-lived metastable

boundstate, which again becomes clearly observable in the collision.
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Figure 7.6: The dynamical formation of a tetraquark with an abrupt change of the transverse field
(calculated in the full four domain-wall subspace). Here, the Hamiltonian parameters are L = 50 and
for α = 2.6. The full details of the initial wavepacket can be found in Appendix D.1. In section A
(up to the yellow dashed line) two 1-meson wavepackets move toward each other with a large kinetic
energy (transverse field h = 0.2). Then at the point of meson collision (tJ = 125) a abrupt change
to a smaller transverse field (h = 0.1) is performed reducing the kinetic energy in section B. This
reduction of kinetic energy can be seen by comparing the fast velocity of the meson wavepackets
in section A to the slow velocity in section B. We see that this process induces the formation of a
tetraquark with exotic internal dynamics.

7.4.1 An Abrupt Change to the Transverse Field

In natural collisions of mesons we only observed weak signals of dynamically formed tetraquark

states. True boundstates are clearly present in the spectrum but as we have already mentioned, these

are orthogonal to the scattering states of our wavepacket. In the following we explore the possibility

to artificially induce non-trivial overlaps between these two classes of states by dynamical changes

in the Hamiltonian. As the most basic example, we consider abrupt changes in the transverse field h

at the time of collision t∗. We note that the very nature of the so-obtained hadrons is very different

from the previously considered metastable states because now true boundstates are excited with an

infinitely-long lifetime.

In Fig. 7.6 we implement the proposed protocol. We initialize the 1−meson Gaussian wavepackets

with well-defined momentum and suddenly reduce the transverse field at a time t∗ when the scattering

takes place (dotted horizontal line in the figure). The main part of the signal remains indeed trapped

in a boundstate at the center of the chain, thus realising the desired dynamical hadron-forming event.

In Fig. 7.7 we show the dispersion relations of the pre/post-quench Hamiltonians as a function of

the total momentum k. Boundstates appear as well-separated bands below a high-energy continuum
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Figure 7.7: Analysis of oscillations in the fusion event shown in Fig. 7.6. (a) The energies of the
1−meson subspace before (left) and after (right) the change in the transverse field at the time of
collision. The larger transverse field broadens the continuum of free meson states which corresponds
to increasing their kinetic energy. (b) The time dependence of the central site 25 from Fig. 7.6 showing
the internal dynamics of the dynamically formed tetraquark. An inset shows the spectrum of the
oscillation frequencies observed. Clear agreement is seen between the dominant frequencies observed
and differences in the energy levels Ei of the 1−meson subspace after the change of field to h = 0.1,
these are shown by the vertical red lines.

of asymptotic states. Notice that the boundstates for h = 0.1 have an almost flat dispersion, hence

very small velocities, which explains the trapped stationary signal observed in Fig. 7.6. Albeit hardly

moving, the trapped boundstate is oscillating in time. In Fig. 7.7(b) we show that the oscillating

frequencies are indeed compatible with the energy gaps between the boundstate energies of the post-

quench Hamiltonian.

While the abrupt change of the transverse field protocol is very efficient in exciting boundstates, it

can arguably be regarded as an artificial shortcut to our goal of observing multi-meson binding in

scattering events. Therefore, we now consider possible modifications of the interactions which can

enhance the phenomenon without time-dependent changes.

7.4.2 Modifying the Long-Range Interactions

In the following, it is again useful to focus on the 1−meson subspace and consider the relative in-

teraction between two mesons shown in Fig. 7.8(a) which is a monotonically decreasing function of
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the relative distance (dashed line). An enhancement of boundstate trapping can then be achieved by

modifying the spin interactions to form a potential well. For example, this can be achieved with the

minor modification of the Hamiltonian

H = −
∑
i,r

J

rα
σz
i σ

z
i+r − h

∑
i

σx
j +

J

dα

∑
i

σz
i σ

z
i+d, (7.10)

inducing a potential well in the relative potential at separation d, see the solid curve in Fig. 7.8(a).

Two colliding mesons will now see a potential barrier of finite width and a quantum tunneling event

may occur in the collision. Physically, this can be understood as increasing the energy of states that

have up spins d sites away from each other. In terms of the 1−meson Hamiltonian this is equivalent

to removing the interaction between mesons that are d sites away from each other.

Fig. 7.8(b) shows the effect of the modified interaction for allowing a long-lived tetraquark to form

dynamically. Here, we initialized two meson wavepackets with opposite momentum. We observe,

as expected, that in the presence of the effective potential well there is a small probability that the

mesons tunnels through the potential barrier forming a metastable tetraquark decaying with a lifetime

τ . We also show the results of measuring PTQ(i) =
∑

C |ψ(j1, n1, j2, n2)|2 where C is the set of basis

states such that there is a domain-wall at the ith site and j2 − (j1 + n1) ≤ d. This observable can be

seen as the probability that a tetraquark is located around site i. From this we indeed see that at the

point of collision, a tetraquark forms and has a long lifetime (right panel).

The decay of a metastable boundstate via quantum tunnelling is reminiscent of one of the first

paradigms of quantum physics – α-particle decay as observed about a century ago and explained by

Gamow’s famous semi-classical theory [155]. We can go one step further with our spin chain anal-

ogy and compare the decay times of bound tetraquarks for varying energies, which can be achieved

through varying the depth of the potential well, J
dα
→ J

dα
− ϵ. In Fig. 7.9(a) we plot

∑
i PTQ(i) to

observe the decay of states initialized as a tetraquark wavepacket for varying potential well depths.

We observe that tetraquarks decay exponentially in time. The lifetime is longer for tetraquarks with

lower energy which is consistent with the larger potential barrier between the bound tetraquark and

free meson states.
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Figure 7.8: The dynamical formation of a tetraquark from a collision of 1−mesons using a modified
long-range interaction with an additional potential well in the form of Eq. 7.10 with d = 4. Here,
the Hamiltonian parameters are α = 2.6 and h = 0.1. The full details of the initial wavepacket
can be found in the Appendix D.1. Panel (a): The resulting meson-meson interaction is displayed
as a function of separation which shows the formation of a tetraquark well. Note, here I(j) =
Uj− 4

jα
. Panel (b): In addition to the main elastic scattering channel, a small portion of the wavepacket

quantum tunnels into the tetraquark well forming a long-lived tetraquark state. In the left hand plot
we present the real time results for PK(i) of a meson collision. Here we see that while the majority
of the incoming meson wavepackets are reflected, some tunnel into the tetraquark well and persist
for long times. In the right hand plot we explicitly show the probability of a tetraquark forming by
presenting PTQ(i) for the same collision event.
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Tetraquark Decay

Similar to Gamow’s theory of α-particle decay, we can utilize a WKB approximation to calculate

the transmission probability of a tetraquark through the potential barrier. We note that our lattice

calculation with a rapidly changing potential is beyond the strict range of applicability of any semi-

classical approximation. Nonetheless, we will show decent agreement with our numerical calculations

which corroborates the use of spin chain simulators of small size for probing confinement physics.

Here we derive transmission probability of a meson through a potential barrier of V (n) for a Hamil-

tonian of the form of Eq. 7.9 with k = 0 given by

H =
∑
n

[
Jn
[
|n+ 1⟩ ⟨n|+ |n⟩ ⟨n+ 1|

]
+ V (n) |n⟩ ⟨n|

]
, (7.11)

where Jn is the site dependent hopping strength. We use the WKB approximation, ψ(n) = Neϕ(n),

in which ϕ is a complex function and N is a normalization constant. This leads to the eigenvalue

equation

Eeϕ(n) = Jne
ϕ(n+1) + Jn−1e

ϕ(n−1) + V (n)eϕ(n). (7.12)

We make the approximation that eiϕ(n+dx) ∼ eϕ(n)+dnϕ′(n) such that dn = 1 leading to

E = Jne
ϕ′(n) + Jn−1e

−ϕ′(n) + V (n). (7.13)

Given that ϕ(n) is smooth, we let ϕ(n) =
∫ n

q(ϵ)dϵ. Now

(V (n)− E) + Jne
q(n) + Jn−1e

−q(n) = 0. (7.14)

We can solve this quadratic equation in eq(n) to obtain

q±(n) = ln

[−(V (n)− E)±
√

(V (n)− E)2 − 4JnJn−1

2Jn

]
. (7.15)

It turns out that q+ ∼ −q− away from the potential barrier, thus, we can think of q+ as a particle

travelling to the right and q− as a particle travelling to the left. Therefore, given that ψ1 is the
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wavefunction in the potential well, ψ2 is the wavefunction in the classically forbidden region and ψ3

is the wavefunction after the potential wall we set up the problem as

ψ1(n) = e
∫ n
n0

q+(x)dx
+Re

∫ n
n0

q−(x)dx
,

ψ2(n) = Ae
∫ n
a q+(x)dx +Be

∫ n
a q−(x)dx,

ψ3(n) = Te
∫ n
b q+(x)dx,

(7.16)

where R is the reflection coefficient, T is the transmission coefficient and n = a and n = b are the

classical turning points.

Physically these are interpreted as ψ1: a particle in the well approaching the potential and a reflection

term from a collision with the potential, ψ2: a general solution to the eigenfunction problem above and

ψ3: the transmitted particle. We then use the standard procedure that ψ1(a) = ψ2(a), ψ′
1(a) = ψ′

2(a),

ψ2(b) = ψ3(b) and ψ′
2(b) = ψ′

3(b) to solve for T :

T =
e
∫ a
n0

q−(x)dx
e
∫ b
a q+(x)dx(qL−(a)− qL+(a))

(q−(a)− qL+(a))
, (7.17)

where the superscript ‘L’ indicates if the value of q± should be evaluated as the left hand limit of

the potential at the discontinuity, n = a. Given that q−(x) is purely imaginary over the interval

n0 < n < a and the transmission probability is given by |T |2, we have that the exponential factor of

the transmission probability is

|T |2 ∝ e2
∫ b
a Re[q+(x)]dx. (7.18)

One can estimate the probability of emission at any given time by 2x1

v
T in which v is the average

velocity of the boundstate. Due to the exponential nature of T it gives the dominating contribution to

the lifetime τ , which can be predicted within the WKB theory as

ln(τ) ∼ C + 2

∫ x1

x0

q(x)dx, (7.19)

with a constant C [155]. In Fig. 7.9(b) we show that by fitting the constant C, we see a remark-

ably good agreement between the WKB theory calculations of the lifetime of tetraquarks and those
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Figure 7.9: The lifetime of tetraquarks vary as a function of their energy. (a) The decay of tetraquarks
for various initial energies. Here, the Hamiltonian parameters are L = 40, α = 2.6 and h = 0.1. (b)
A comparison of the relationship of the natural logarithm of lifetime, ln(τ), of a tetraquark, calculated
from the real time simulations as well as the WKB approximation as a function of the initial energy.
The WKB approximation agrees well with the lifetimes observed in the real-time dynamics.

extracted from the numerical simulations up to the limit of a deep tetraquark well, E
J
< 10.045.

7.4.3 Inducing Fusion Events for Larger Mesons

In this section we would like to confirm that our dynamical protocols enabling fusion events in meson

collisions is not exclusive for 1−mesons. One could argue that 1−mesons are special because they do

not have any internal dynamics and are simply equivalent to magnon spin flips. Here, we repeat both

the abrupt change in the transverse field as well as the local alteration of the long-range interactions

in the Hamiltonian for initial wavepackets composed of 2−mesons. Fig. 7.10 shows the results which

are very similar to the 1-meson collisions shown in the above sections. In these we clearly see that

the protocols outlined in this work are not unique to 1−mesons. The case of the abrupt change in the

transverse field also results in continued oscillations localized for a long time around the scattering

region for larger mesons. In the case of the induced tetraquark potential well we again see a long lived

metastable tetraquark formed during the collision.
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Figure 7.10: The dynamical formation of a tetraquark from a collision of 2-mesons. (a) Using an
abrupt change of the transverse magnetic field at tJ = 300. Here, the Hamiltonian parameters are α =
2.6, h = 0.175 in region A and h = 0.1 in region B. Similar results as in Fig. 7.6 are observable except
that the oscillations of the tetraquark formed have a larger amplitude as well as slower frequencies,
which is expected for a tetraquark formed from mesons with larger masses and non-trivial internal
dynamics. (b) Performing a local alteration of the long-range interactions consisting of two terms of
the form 7.10 with d = 4 and d = 5. Here, the Hamiltonian parameters are α = 2.6, h = 0.1. We
clearly see that in the collision a long lived metastable tetraquark is formed for 2−mesons.

7.5 Experimental Feasibility

A physical realization of our meson scattering protocols requires the implementation of the one di-

mensional TFIM with power-law interactions as described by Eq. 3.17. Although there are several

platforms available for the experimental realization of long-range Ising models with hundreds of spins

e.g. with polar molecules [156, 157], trapped ions [158] and Rydberg atoms [159, 160, 161, 162], they

are often realized in higher dimensional lattices. However for one dimensional systems, the number

of spins available for quantum simulation range from 3-53 for ions trapped in a Paul trap [163, 164,

165, 166] or 20-51 in the case of a trapped array of Rydberg atoms in optical tweezers [167, 168],

thus reaching the necessary system sizes for our scattering protocols.

In these setups, the many-body state with all spins down can be naturally realised. Then the initial

state preparation of a pair of mesons (domains) located far apart from each other can be achieved

through local quenches with help of lasers by performing flips on one or more spins at appropriate

sites. The lattice spacing and the width of the laser beam determines the size of the domains which

has been demonstrated both for trapped ions [169, 170, 171] and Rydberg atoms [167, 172, 168].

For initial states to propagate along the spin chain with well defined momentum, controlled nearest
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neighbour spin exchange is required. For trapped ions, spin exchange between sites is engineered

using Mølmer-Sørenson type protocols [169]. Effective transitions between |↑⟩ and |↓⟩ are driven

with the help of a bichromatic laser with frequencies ω± = ω0 ± ∆ that shines upon the ion array,

where ∆ is the detuning of the laser field from the transition frequency ω0 of the atomic transition

|↑⟩ ↔ |↓⟩. For Rydberg systems, the spin exchanges are achieved either by resonant dipole-dipole

interactions or by off-diagonal van der Waals flip-flop interactions between Rydberg states [173]. In

some cases, spin-exchange can also be induced via the standard van der Waals interaction [174].

Apart from the natural scattering dynamics of the mesons, we have proposed two other effective

routes for the dynamical formation of tetraquarks: (i) by abruptly changing the kinetic energy as

depicted in Fig. 7.6, and by (ii) fusion of mesons induced via a potential well as shown in Fig. 7.8(a).

Method (i) can be implemented by abruptly changing the time dependent transverse field. Such type

of quench dynamics are commonly executed in both systems, trapped ions [175, 120] as well as

Rydberg atoms [176, 177]. An advantage of trapped ions is that one can easily tune the strength of

the long-range interactions (1 < α < 3) in the Ising model with the help of Raman lasers as recently

demonstrated in the investigation of domain-wall dynamics [120].

However, the approach (ii) requires a non-trivial modification of the spin-spin interactions to a non-

monotonic long-range form. Such exotic potentials may not be obvious for trapped ions, but in the

following we sketch how they can be implemented using the highly tunable effective interactions of

laser-dressed Rydberg atoms [178, 179, 180, 181]. A dressed Rydberg atom is primarily a ground

state atom that is weakly superposed with an excited state corresponding to a large principal quantum

number (n ∼ 20 − 100) [182]. The amount and type of the Rydberg character in the dressed su-

perposition state is controlled using dressing lasers that eventually determine the strength and shape

of the effective potential [183, 184]. Recent experimental validations of Rydberg-dressed interac-

tions include the measurement of pairwise interaction between two atoms [185], many-body Ising

interactions [186, 187], as well as distance selective interactions [188].

The key idea for our modified long-range interactions is to construct a spin-1/2 state using two long-

lived states (|g±⟩) of an atom which can either be a pair of hyperfine ground states or a ground

state and a meta-stable state found in alkaline-earth atoms [184]. A pair of lasers (left and right
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circularly polarized with phases set to zero without loss of generality) drive the atoms from |g±⟩

states to Rydberg states |e±⟩ off-resonantly with detunings ∆± and Rabi frequencies Ω±. The full

Hamiltonian in the atomic basis is H =
∑

i(H
A
i +HL

i ) +
∑

i<j H
vdW
ij , where the individual terms are

the following

HA
i = −∆+ |e+⟩i ⟨e+| −∆− |e−⟩i ⟨e−| , (7.20)

HL
i =

Ω+

2
|g−⟩i ⟨e+|+

Ω−

2
|g+⟩i ⟨e−| , (7.21)

HvdW
ij = V (rij) |eα⟩i ⟨eα| ⊗ |eα′⟩j ⟨eα′| , (7.22)

where V (rij) = C6(θ, ϕ)/r
6
ij is the van der Waals interaction between Rydberg atoms located at

sites i and j and α, α′ ∈ {±}.The effective spin-spin interactions between two atoms can then be

obtained with respect to their ground states in the weak coupling limit Ω± ≪ Eα,α′ , where Eα,α′ are

the eigenenergies of the relevant atomic systems, HA
i +HA

j +HvdW
ij . Using perturbation theory, one

derives the effective interactions between the ground states which are expressed in the two-atom basis

as follows,

Heff =
∑
α,β
α′,β′

Ṽ α,β
α′,β′(Ω±,∆±, V (rij)) |gαgβ⟩ij ⟨gα′gβ′| . (7.23)

The second order terms in the perturbation theory correspond to light shifts which serve as longi-

tudinal fields for the spin Hamiltonian, while the fourth order terms provide the Ising interaction

and transverse field term. The anisotropy in the van der Waals interaction depends on the magnetic

quantum numbers and the relative angles (θ, ϕ) between the atoms with respect to the laser.

Overall, our main point is that there is sufficient tunability of the spatial interaction profile in order

to engineer a local minimum of the effective interaction similar to the one of Fig. 7.8. However,

while this effective modified potential between mesons can be achieved through the van der Waals

interactions, its asymptotic decay 1/r6ij is not enough to ensure the stability of individual meson

states. In order to stabilise them one can exploit the long-range dipole-dipole interactions which is

also present. For this purpose, one then needs to consider both levels of the two-level system as

Rydberg states for which boundstates have indeed been shown to exist [189]. Alternatively, switching

on a weak longitudinal field would also ensure the formation of individual meson states while their
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mutual interaction would be governed by the longer range potential discussed above.

A detailed quantitative modeling of experimental protocols is beyond the scope of this work, however

we provide here some estimate for coherence times. In the case of Rydberg-dressed setups, the

typical values of Rabi frequencies are in the range of tens of kHz to few MHz while the detunings

are an order of magnitude larger. Rydberg states ranging from n = 50 − 70 for Rb atoms will have

bare lifetimes around 80− 130µs [190]. However as a result of the weak coupling to Rydberg states,

the lifetime of the effective two-level system is extended to milliseconds [188]. For such Rydberg

states, the interactions are in the order of GHz [190] and thus for lattice spacings of 0.5-1.5 µm, one

can simulate effective spin-spin interactions which are in the order of few kHz [186] to hundreds

of kHz [185]. Assuming J = 800 kHz and the time of scattering occurring at tJ = 100 (after

optimization of the protocol dynamics), coherence times of 0.125 ms are well within the reach of

many-body Rydberg-dressed state lifetimes [188]. Although the dynamical timescales shown in this

theoretical work are beyond what has been observed in experiments previously, the use of quantum

optimal control theory [191, 192, 193] to reduce these timescales is promising especially with the

access to a variety of control parameters such as maximising transverse field h while maintaining the

domain-wall approximation, minimising the initial meson separation, tuning the initial meson size

and exponent α. Indeed achieving the dynamical timescales and coherence times needed for this

work is a challenge for future experiments.



Chapter 8

Conclusion

8.1 Summary of Thesis Achievements

This thesis presents results that further our understanding of quantum simulation, both in practical

computation using a NISQ device (quantum simulation of confinement dynamics, Chapter 4 and

error mitigation, Chapter 5) as well as paving the way for future simulation attempts (impurity states,

Chapter 6 and dynamical hadron formation, Chapter 7).

In Chapter 4 we established that current IBM digital quantum computers are able to simulate non-

perturbative quantum effects like confinement. Using a carefully designed quench setup has allowed

us to show confinement signatures and the formation of domain-wall boundstates, deemed mesons, in

the paradigmatic TFIM with a longitudinal field. Randomized measurement protocols have enabled

us to show the confinement-induced slow-down of entanglement spreading on a digital quantum com-

puter.

We propose an error mitigation technique in Chapter 5 that is simple to implement but also retains the

mathematical rigour of more complicated techniques. This protocol is directly applicable to any quan-

tum simulation whose measurements are basic expectation values of local observables. Furthermore,

although our error mitigation method may not replace full state tomography, we expect it to be use-

ful in measuring more complicated quantities beyond simple observables. With this error mitigation

protocol we were able obtain quantitative results for confinement and entanglement dynamics of a
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quantum spin chain which were previously unobtainable. We have been able to extract the first meson

masses of confinement induced boundstates and observed the corresponding halting of entanglement

spreading. In general, this simple error mitigation enables us to exploit available NISQ devices for

their applications with significantly reduced errors.

In Chapter 6 we demonstrated the creation of exotic and long-lived composite particles from the

interplay of confinement and impurity dynamics. We quantitatively framed the problem within a

simple semiclassical picture and described quantum corrections by semiclassically quantizing the

metastable boundstate eigenenergies. Our predictions should be readily observable in state-of-the-art

quantum simulators, where defects can be easily engineered [170, 194].

Finally, in Chapter 7 we showed that confinement-induced boundstates of many elementary domain-

wall excitations exist in the long-range Ising model akin to composite hadronic particles in QCD.

We studied the collision of simple two-particle mesonic boundstates and found signatures of the dy-

namical formation of metastable four-domain-wall states in analogy to tetraquarks. However, natural

meson collisions are mainly elastic and the signal for natural hadron formation is weak. Therefore, we

proposed two alternative protocols to induce dynamical fusion events in the long-range Ising model

that are much more controllable and allow for an unambiguous detection of dynamical hadron forma-

tion. Finally, we argued that all three of these methods, while challenging, are in principle realisable

with current quantum simulator setups. In particular, we sketched the experimental requirements for

initial state preparation as well as the use of laser-dressed Rydberg atoms for engineering the modified

long-range interactions.

8.2 Future Work

Overall, the work presented in this thesis both benchmarks the capabilities of current digital quantum

computers and builds on the useful software available. Furthermore, possible future directions for

quantum simulation efforts are outlined that are one step closer to full simulations of confinement

dynamics previously unachievable with a classical device. This thesis opens up many interesting

questions for future research. In the following, two possible directions are briefly introduced; one
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that builds upon the theoretical phenomena that are considered previously and one that considers

improvements of quantum simulation methods.

8.2.1 Dynamical Hadron Formation in the Lattice Schwinger Model

A next step towards the long-term goal of understanding fusion events in the full SU(3) gauge theory

of QCD would be the quantum simulation of scattering events with dynamical hadron formation in

simplified lattice gauge theories (LGTs). For example, one dimensional versions of U(1) LGTs have

been studied intensively in the past years with many connections to quantum simulation architec-

tures [195, 170]. A prime candidate would be the Schwinger model in which confinement dynamics

can be studied efficiently with time-dependent density-matrix renormalization group methods [13].

This Hamiltonian can be directly mapped to a spin model via the use of the Jordan Wigner transfor-

mation in which an excitation on the odd sites corresponds to a quark and an excitation on the even

sites represents an anti-quark. In fact, scattering events in this model are considered in Ref. [196] in

which it is shown that two colliding Schwinger bosons with high enough momentum can produce two

boundstates, each of which contain two Schwinger bosons themselves. Thus, in principle such fusion

events are theoretically possible.

8.2.2 Scalable Error Mitigation

The computational overhead of implementing the error mitigation protocol in Chapter 5 is dominated

by the cost of evaluating the purity, Tr(ρ2), on the quantum device. The number of corresponding

measurements is NuNm where Nu is the number of randomised unitaries and Nm is the number of

random measurements. Within the randomised scheme of Ref. [125], for a given error level, this

grows exponentially with the system size [53], which poses a potential problem for large quantum

computers.

Given a local observable, this scalability issue could be elevated by considering the purity of a ‘patch’

around the sites being measured, i.e., a subsystem A that contains the qubits to be measured. By

extension of the global depolarising error approximation we can make the assumption that the reduced
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density matrix on the subsystem A is

ρA = pTrj /∈A(|ψ⟩ ⟨ψ|) + (1− p) I
2|A| , (8.1)

where |ψ⟩ is the quantum state prepared on the quantum device, |A| is the cardinality of the patch A

and I is the identity of size |A| × |A|. The purity of this patch is thus

Tr(ρ2A) = p2Tr(ρ2A,exact) +
(1− p)2
2|A| +

p(1− p)
2|A|−1

. (8.2)

Given knowledge of Tr(ρ2A,exact) we are able to extract out the probability of error on this patch p.

After p is known the rest of the mitigation protocol is equivalent to before. In general the calculation

of Tr(ρ2A,exact) is just as difficult as calculating the full density matrix of the system. However, if the

quantum circuit in use is general enough to be tuned to the time dynamics of a well studied quantum

system - this is typically the case for deep circuits - we are able to use universal results for Rényi

entropy growth to extract p, for example in the TFIM [197]. Here, we are making the assumption

that the error is a function of the gates in the quantum circuit not the parameterisations of the gates

themselves. This method would allow error mitigation for local observables in a scalable manner that

will be useful even after NISQ devices have achieved quantum advantage.
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Quant02, Quintiii, R. I. Rahman, A. Raja, R. Rajeev, I. Rajput, N. Ramagiri, A. Rao, R. Ray-

mond, O. Reardon-Smith, R. M.-C. Redondo, M. Reuter, J. Rice, M. Riedemann, Rietesh,

D. Risinger, P. Rivero, M. L. Rocca, D. M. Rodrı́guez, RohithKarur, B. Rosand, M. Ross-

mannek, M. Ryu, T. SAPV, N. R. C. Sa, A. Saha, A. Ash-Saki, S. Sanand, M. Sandberg,

H. Sandesara, R. SApra, H. Sargsyan, A. Sarkar, N. Sathaye, N. Savola, B. Schmitt, C. Schn-

abel, Z. Schoenfeld, T. L. Scholten, E. Schoute, M. Schulterbrandt, J. Schwarm, J. Seaward,

Sergi, I. F. Sertage, K. Setia, F. Shah, N. Shammah, W. Shanks, R. Sharma, P. Shaw, Y. Shi,

J. Shoemaker, A. Silva, A. Simonetto, D. Singh, D. Singh, P. Singh, P. Singkanipa, Y. Siraichi,

Siri, J. Sistos, I. Sitdikov, S. Sivarajah, Slavikmew, M. B. Sletfjerding, J. A. Smolin, M. Soeken,

I. O. Sokolov, I. Sokolov, V. P. Soloviev, SooluThomas, Starfish, D. Steenken, M. Stypulkoski,

A. Suau, S. Sun, K. J. Sung, M. Suwama, O. Słowik, H. Takahashi, T. Takawale, I. Tavernelli,

C. Taylor, P. Taylour, S. Thomas, K. Tian, M. Tillet, M. Tod, M. Tomasik, C. Tornow, E. de la

Torre, J. L. S. Toural, K. Trabing, M. Treinish, D. Trenev, TrishaPe, F. Truger, G. Tsilimigk-

ounakis, D. Tulsi, D. Tuna, W. Turner, Y. Vaknin, C. R. Valcarce, F. Varchon, A. Vartak, A. C.

Vazquez, P. Vijaywargiya, V. Villar, B. Vishnu, D. Vogt-Lee, C. Vuillot, J. Weaver, J. Weiden-

feller, R. Wieczorek, J. A. Wildstrom, J. Wilson, E. Winston, WinterSoldier, J. J. Woehr, S. Wo-

erner, R. Woo, C. J. Wood, R. Wood, S. Wood, J. Wootton, M. Wright, L. Xing, J. YU, Yaiza,

B. Yang, U. Yang, J. Yao, D. Yeralin, R. Yonekura, D. Yonge-Mallo, R. Yoshida, R. Young,

J. Yu, L. Yu, Yuma-Nakamura, C. Zachow, L. Zdanski, H. Zhang, I. Zidaru, B. Zimmer-

mann, C. Zoufal, aeddins ibm, alexzhang13, b63, bartek bartlomiej, bcamorrison, brandhsn,

chetmurthy, deeplokhande, dekel.meirom, dime10, dlasecki, ehchen, ewinston, fanizzamarco,

fs1132429, gadial, galeinston, georgezhou20, georgios ts, gruu, hhorii, hhyap, hykavitha,

itoko, jeppevinkel, jessica angel7, jezerjojo14, jliu45, johannesgreiner, jscott2, kUmezawa,

klinvill, krutik2966, ma5x, michelle4654, msuwama, nico lgrs, nrhawkins, ntgiwsvp, ordmoj,

sagar pahwa, pritamsinha2304, rithikaadiga, ryancocuzzo, saktar unr, saswati qiskit, septembrr,



BIBLIOGRAPHY 105

sethmerkel, sg495, shaashwat, smturro2, sternparky, strickroman, tigerjack, tsura crisaldo, up-

sideon, vadebayo49, welien, willhbang, wmurphy collabstar, yang.luh, and M. Čepulkovskis,
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M. Endres, M. Greiner, V. Vuletić, and M. D. Lukin, “Probing many-body dynamics on a

51-atom quantum simulator,” Nature, vol. 551, pp. 579–584, Nov 2017.



BIBLIOGRAPHY 117
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Appendix A

A.1 The Jordan-Wigner Transformation

In this section, we introduce the Jordan-Wigner transformation in the context of diagonalising the

transverse field Ising model (TFIM). The TFIM is given by the Hamiltonian:

H = −J
L∑
i

[σz
i σ

z
i+1 + hσx

i ]. (A.1)

This Hamiltonian is exactly mapped to a free fermion system via Jordan-Wigner and Bogoliubov

transformations. The Jordan-Wigner transformation is given by

c†j = e+iπ
∑j−1

k=1 σ
+
k σ−

k σ+
j , (A.2)

cj = e−iπ
∑j−1

k=1 σ
+
k σ−

k σ−
j . (A.3)

It helps to note the following properties of this transformation

c†jcj = σ+
j σ

−
j , (A.4)

σx
j = 2c†jcj − 1, (A.5)

σz
j =

σ+
j + σ1

j

2
=

j−1∏
k=1

(1− 2nk)
(
cj + c†j

)
, (A.6)
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e±
∑j−1

k=1 σ
+
k σ−

k =

j−1∏
k=1

(1− 2nk). (A.7)

Substituting these into the Hamiltonian gives

H =−
L∑

j=1

j−1∏
k=1

(1− 2nk)
(
cj + c†j

) j∏
k′=1

(1− 2nk′)
(
cj+1 + c†j+1

)
− h

L∑
j=1

(2c†jcj − 1)

= −
L∑
i=1

[
i∏

j=1

(1− 2nj)

]2(
ci + c†i

)
(1− 2ni)

(
ci+1 + c†i+1

)
− h

L∑
j=1

(2c†jcj − 1)

≡ −
L∑
i=1

(
c†i − ci

)(
ci+1 + c†i+1

)
− 2h

L∑
j=1

c†jcj.

(A.8)

We exploit the translational symmetry by computing the Fourier transform of the Hamiltonian

cj =
1√
N

∑
k

eikjck, (A.9)

c†j =
1√
N

∑
k

e−ikjc†k. (A.10)

This gives

H =
∑
k

[
c†k c−k

]− cos(k)− h −i sin(k)

i sin(k) cos(k) + h


 ck
c†−k

 . (A.11)

From here, this Hamiltonian can be diagonalised via a Bogoliubov Transformation of the form

 ηq
η†−q

 =

uq ivq

ivq uq


 cq
c†−q

 , (A.12)

in which the new η operators obey the standard fermionic commutation relations. This leads to the

Hamiltonian taking the form

H =
∑
q

ω(q)η†qηq, (A.13)

ω(q) = 2J
√
1− 2h cos k + h2. (A.14)

where, the fermionic operators η†q approximately describe domain-walls in the spin chain in the limit

J ≫ h.
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A.2 Semiclassical Two Fermion Subspace Hamiltonian

To derive the two fermion subspace for the TFIM with a longitudinal field we start fromH = H0+HI ,

where H0 is the transverse field Ising model and HI is the longitudinal,

HI = −hz
∑
i

σz
i . (A.15)

We can project this Hamiltonian in the two fermion subspace and obtain

PH |k1, k2⟩ = (ϵ(k1) + ϵ(k2)) |k1, k2⟩ − hz
∫
dq1dq2
(2π)2

|q1, q2⟩ ⟨q1, q2|
∑
i

σz
i |k1, k2⟩ . (A.16)

To continue let us consider

∫
dq1dq2
(2π)2

|q1, q2⟩ ⟨q1, q2|
∑
i

σz
i |k1, k2⟩ . (A.17)

By using the translational symmetry of the system we can make the transformation, i.e σx
j = eiP jσ0e

−iP j

and get ∫
dq1dq2
(2π)2

|q1, q2⟩
∑
i

e−i(q1+q2−k1−k2)j ⟨q1, q2|σx
0 |k1, k2⟩ . (A.18)

From here we can use a form factor approach outlined by S. B. Rutkevich in Ref. [118], and consider

the limit that the transverse field strength is small. This results in the approximation

σ̄−1 ⟨q1, q2|σx
0 |k1, k2⟩ ∼

2i

q1 − k1
2i

q2 − k2
− 2i

q1 − k2
2i

q2 − k1
. (A.19)

Leaving us with

σ̄

∫
dq1dq2
(2π)2

|q1, q2⟩
∑
i

e−i(q1+q2−k1−k2)j

[
2i

q1 − k1
2i

q2 − k2
− 2i

q1 − k2
2i

q2 − k1

]
. (A.20)

To proceed we define the states in the coordinate representation as the Fourier transforms of the

fermion eigenstates

|j1, j2⟩ =
∫
dk1dk2
(2π)2

eik1j1+ik2j2 |k1, k2⟩ (A.21)
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Then

⟨l1, l2|HI |j1, j2⟩ ∼ hzσ̄

∫
dq1dq2dk1dk2

(2π)4
|q1, q2⟩

∑
i

e−i(q1+q2−k1−k2)j

× e−i(q1−k1)l1e−i(q2−k2)l2

[
2i

q1 − k1
2i

q2 − k2
− 2i

q1 − k2
2i

q2 − k1

]
(A.22)

We now consider only the first term and define Pi =
qi+ki

2
and pi = qi − ki

σ̄hz
∑
i

∫
dP1dP2dp1dp2

(2π)4
e−iP1(l1−j1)−iP2(l2−j2)e

−il1p1
2

+
−il2p2

2
+

−ij1p1
2

+
−ij2p2

2 e−i(p1+p2)j
2i

p1

2i

p2
. (A.23)

Computing the integrals over P1 and P2 we obtain

σ̄hzδl1,j1δl2,j2
∑
i

∫
dp1dp2
(2π)2

e−ij1p1−ij2p2e−i(p1+p2)j
2i

p1

2i

p2
. (A.24)

The sum over j gives a factor of 2πδ(p1 + p2) leaving us with

σ̄hzδl1,j1δl2,j2

∫
dp1
2π

e−i(j1−j2)p1
4

p21
. (A.25)

This is a standard integral type, leaving us with (now including both contributing terms)

⟨l1, l2|HI |j1, j2⟩ ∼ 2σ̄hz(δl1,j1δl2,j2 − δl1,j2δl2,j1)|j1 − j2|. (A.26)

Form here is clear to see the semiclassical effect of the longitudinal field is a confining potential linear

in fermion separation with a gradient of 2σ̄hz.

A.3 Eigensystem of the Two domain-wall Subspace

Recall the two domain-wall subspace Hamiltonian given by Eq. 3.15,

H =
∑
n

2hzn |n⟩ ⟨n| − 2hx cos
k

2

[
|n⟩ ⟨n− 1|+ |n⟩ ⟨n+ 1|

]
, (A.27)
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where |n⟩ is corresponds to a meson state with width n, k is the meson momentum, hx and hz are

constants. Note, as the Hamiltonian is already diagonal in momentum space we have dropped is as a

quantum number for clarity. The eigenvalue equation for this Hamiltonian is given by

(2hzn− E)ψ(n)− 2hx cos
k

2
[ψ(n+ 1) + ψ(n− 1)] = 0. (A.28)

By defining the variables νk,α =
Ek,α

2hz
and xk =

2hx cos k
2

hz
, this eigenvalue equation becomes

ψ(n+ 1) + ψ(n− 1) =
2(n− νk,α)

xk
ψ(n). (A.29)

The recurrence relation for the Bessel functions is given by Fξ+1(x) + Fξ−1(x) =
2ξ
x
Fξ(x), thus we

can quickly read of that

ψ(n) = AJn−νk,α(xk) +BYn−νk,α(xk), (A.30)

where J is the Bessel function of the first kinda and Y is the Bessel function of the second kind. For

an infinite system we know B = 0 as the Bessel function of the second kind is unbounded. Hence,

the eigenfunctions of this Hilbert space on an infinitely long spin chain are given by

|k, α⟩ =
∑
n

CαJn−νk,α(xk) |k, n⟩ , (A.31)

where we have recovered the momentum as a quantum number and Cα is a normalisation constant.



Appendix B

B.1 Effectiveness of Error Mitigation Methods

This section is lifted from the supplementary material of Ref. [1].

Figure B.1: A comparison of result collected from the IBM device with and without error mitigation.
The IBM results for ∆zz

i with hx = 0.5, hz = 0.5 and L = 9. The bare result are shown first
followed by the same data after post selection of the two domain-wall subspace states, and finally the
symmetrised results. The background noise is considerably reduced by the two domain-wall subspace
projection and the light cones are restored by the process of forcing the inversion symmetry of the
initial state. This allows the confinement physics to be observed and the gradients of light cones to be
measured.

In Fig. B.1 a comparison of the results taken from the IBM device before and after error mitigation

are presented. In the bare results we see that there is some evidence of the qualitative structure of
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the light cones expected, but it is not obvious. After the two domain-wall subspace projection, the

background noise of the results is reduced highlighting the domain-wall position more clearly. Finally,

after symmetrisation two light cones can be seen, one corresponding to each expected velocity. This

highlights the effect of the subspace projection as well as enforcing the inversion symmetry of the

initial state in projecting away background noise and extracting the physical results.



Appendix C

This appendix is lifted from the supplementary material of Ref. [2].

C.1 Impurities in the Two Domain-Wall Subspace

Let us consider the subspace with two domain-walls and an impurity |j1, j2, y⟩ = |↑ ... ↑↓j1 ... ↓↑j2 ... ↑⟩

and a single impurity with position y. We label the three particle state as |j1, j2, y⟩ and wavefunction

ψ(j1, j2, y) = ⟨j1, j2, y|ψ⟩. By projecting the Hamiltonian in this subspace Ĥ → ĤP we find

ĤPψ(j1, j2, y) = −hx
[
ψ(j1 + 1, j2, y) + ψ(j1 − 1, j2, y) + ψ(j1, j2 + 1, y) + ψ(j1, j2 − 1, y)

]
+ χ|j1 − j2|ψ(j1, j2, y) +−τ [ψ(j1, j2, y + 1) + ψ(j1, j2, y − 1)]

−(d−hx) [δj1,y+1ψ(j1 − 1, j2, y) + δj1,yψ(j1 + 1, j2, y) + δj2,y+1ψ(j1, j2 − 1, y) + δj2,yψ(j1, j2 + 1, y)] .

(C.1)

Above, the exclusion j1 < j2 is enforced when needed. The confining force is χ = 2hz and the

first line describes the fermion-fermion (i.e. meson) dynamics, the second line contains the impurity

dynamics and lastly the third line captures the meson-impurity interaction. We can conveniently focus

on a sector with a well defined total momentum and reduce the problem to a two dimensional one.

With a slight abuse of notation we set

ψ(j1, j2, y)→ eiK(j1+j2+y)ψ(j1 − y, j2 − y) (C.2)

125



126 Appendix C.

and Hamiltonian

ĤPψ(j1, j2) = −hx
[
eiKψ(j1 + 1, j2) + e−iKψ(j1 − 1, j2) + eiKψ(j1, j2 + 1) + e−iKψ(j1, j2 − 1)

]
+ χ|j1 − j2|ψ(j1, j2) +−τ

[
eiKψ(j1 − 1, j2 − 1) + e−iKψ(j1 + 1, j2 + 1)

]
−(d−hx)

[
δj1,1e

−iKψ(j1−1, j2)+δj1,0eiKψ(j1+1, j2)+δj2,1e
−iKψ(j1, j2−1)+δj2,0eiKψ(j1, j2+1)

]
.

(C.3)

For the sake of simplicity, in this work we always focus on the case of zero total momentum K = 0.

The fermion-impurity scattering matrix

A key ingredient in the semiclassical treatment of the metastable state is the transmission amplitude of

the fermion-impurity scattering. In the weak transverse field limit, this can be analytically computed.

In order to do this, we now remove the confinement in Eq. (C.3) and focus on the single domain-wall

problem ψ(j1, j2) → ψ(j1). In this case, we now look for the eigenvectors of the time-independent

Schrodinger equation

Eψ(j) = −(hxeiK + τe−iK)ψ(j + 1)− (hxe
−iK + τeiK)ψ(j − 1)− (d− hx)[δj,1e−iKψ(j − 1)

+ δj,0e
iKψ(j + 1)]. (C.4)

The asymptotic scattering solution can be written as

ψ̃(j) =


ψin(j) = eiqj + r(q,K)eiq̄j j ≤ 0,

ψout(j) = t(q,K)eiq̄j j ≥ 1.

(C.5)

Notice that due to the motion of the impurity the incoming momentum q is not reflected to −q, but

rather on all the possible eigenenergy solutions q̄ where E = ϵ(q) = ϵ(q̄) and

ϵ(q) = −2hx cos(K + q)− 2τ cos(K − q). (C.6)
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Above, we are assuming ∂qϵ(q) = v(q) > 0, the case v(q) < 0 is symmetric under parity reflection.

r(q,K) and t(q,K) are the reflection and transmission coefficient respectively, while R(q,K) =

|r(q,K)|2 and T (q,K) = |t(q,K)|2 are the reflection and transmission probability. Of course, one has

R + T = 1. The coefficients r, t are determined by imposing the Schrodinger equation at j = {0, 1}

and after some simple algebraic manipulations one gets the conditions

((hxeiK + τe−iK)

(d− hx)eiK
+ 1
)
ψout(1) =

(hxe
iK + τe−iK)

(d− hx)eiK
ψin(1), (C.7)

((hxe−iK + τeiK)

(d− hx)eiK
+ 1
)
ψin(0) =

(hxe
−iK + τeiK)

(d− hx)e−iK
ψout(0) . (C.8)

From these, the following expression for r(q,K) is easily computed

r(q,K) = −
1−

(
(d−hx)

(hx+τei2K)
+ 1
)−1(

(d−hx)
(hx+τe−i2K)

+ 1
)−1

1− ei(q̄−q)
(

(d−hx)
(hx+τei2K)

+ 1
)−1(

(d−hx)
(hx+τe−i2K)

+ 1
)−1 (C.9)

and the transmission rate follows as T (q,K) = 1 − |r(q,K)|2. Notice that in the case of static a

impurity τ = 0, the transmission rate becomes K−independent as expected and has the simple form

T (q) =
4 sin2 q

(d/hx)2 + (d/hx)−2 − 2 cos(2q)
. (C.10)

The mesonic energies

The form of the mesonic energies in the bulk are given in Appendix A.3. We use a similar analysis

to now provide the details on the semiclassical requantization of the energies of the metastable bound

states, focusing on τ = 0. As we discussed in the main text, we look at the metastable state as two

independent fermions bouncing on a hard wall potential. In this respect, the energy of the metastable

boundstate is given by Ej1,j2 = Ej1 + Ej2 + χ with Ej the quantized energy levels of each fermion.

Focusing on the right fermion, its wavefunction obeys the time-independent Schrodinger equation

EjψEj
(x) = −hxψEj

(x+ 1)− hxψEj
(x− 1) + χxψEj

(x) x > 0 (C.11)
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Figure C.1: Two-fermion wavepacket collision against a static impurity for the same initial conditions,
but in the presence and absence of confinement and defected bond (see text). Here, we focus on the
domain-wall probability as a function of space and time (measured in units of hx).

and boundary condition ψEj
(0) = 0. This equation, apart from a numerical factor, is very similar to

the wavefunction in the relative coordinates of two confined domain-walls, hence it can be solved in

a similar manner. The eigenfunctions are parametrized by Bessel functions

ψEj
(x) = Jx−Ej/χ (−2hx/χ) . (C.12)

The energies are then found by imposing the condition J−Ej/χ (−2hx/χ) = 0.

Numerical simulations in the two domain-wall subspace

Within the two domain-wall subspace, we have great control on the numerical simulations of the

meson scattering. In Fig. C.1 we provide extra evidence on the possibility of forming metastable

bound states through the interplay of the confinement and impurity-scattering. We initialize the two

domain-walls in two narrow wavepackets with momentum −π/2 and relative distance 25 sites. The

domain-wall closest to the static impurity (centered at j = 0) is placed at 25 sites from it. Then, we

let evolve the two domain-walls in four different cases. From the left to the right: no confining force

χ = 0 and no impurity d = hx; confinement χ = 0.1hx but no defect d = hx; no confinement χ = 0

but non-trivial defect d = 0.2hx; and finally the case where both confinement χ = 0.1hx and defect

d = 0.2hx are present. In the latter case, there is clearly a finite probability of trapping the meson

on the impurity. We wish now to supplement the analysis of Fig. 6.3 concerning the metastable state

formation in the quantum regime with further analysis.

Hence, we take the quantization of the metastable states one step further by exploring the effect on the
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Figure C.2: By initialising in the wavepacket given in Eq. C.13 with carefully chosen values of k and
σk we are able to explore energy space precisely. Here we use hx = 1, hz = 1

3
, X = 65 and α = 2

with a stationary impurity located at site 30 such that d = 0.7. In the upper panel we choose σ2
k such

that the variance in energy space is small, σE ∼ 0.12. By varying k we are able to ‘scan’ across
energy space and directly capture metastable states via a resulting long lived meson at the impurity.
In the lower panel we initialise k such that we observe a metastable state and slowly increase σE by
decreasing σk. This allows us to observe the resonances between different metastable states in the
form of emergent oscillations in the trapped fraction of wavepacket in the non-equilibrium dynamics.

resulting non-equilibrium dynamics of the initial wave packet with respect to changes in its energy, E,

as well as the variance of this energy, σE . In order to have optimal control we turn to a sophisticated

initial wavepacket given by

⟨j1, j2|ψ⟩ =
∫
dq e−σ2

k(q−k)2eiq(
j1+j2

2
−X)Jj2−j1−νq,α

(
2hx
hz

cos
q

2

)
(C.13)

where k is the initial expected momentum of the wavepacket, X is the initial centre of the wavepacket

and νq,α = ϵq,α
2hz

in which ϵq,α is the energy of the two domain-wall subspace and α labels the energy

level [1]. This wave packet allows us to directly choose the energy level we consider but also, via the

choice of k and σk, we have good control of E and σE .

Firstly, we ‘scan’ through energy space with a wavepacket that has a small σE . This directly shows

that, when a wavepacket is centred on the energy of a metastable state, we observe the long lifetime of

a meson trapped at the defect. As we move away form this energy, we in turn loose this signature, this
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can be seen in the upper panel of Fig. C.2. Furthermore, we present results of the resonances observed

as we increase σE of a wavepacket with energy centered such that we are capturing a metastable state.

Clearly seen in lower panel of Fig. C.2, as the variance grows, more resonances are captured leading

to more pronounced oscillations in the trapped fraction of the wavepacket. This is consistent with the

interpretation that these oscillations are due to resonances between metastable state energies, i.e., as

we increase σE a large number of metastable states are excited.

Further details about Fig. 6.3 and 6.2.2

To generate the data for Figs. 6.3 and 6.2.2, we used a wavepacket similar to Eq. (C.13), but in a

simpler factorized form

⟨j1, j2|ψ⟩ = e−σ2( j1+j2
2

−X)
2

eik/2(j1+j2)ϕ(j1 − j2) . (C.14)

This factorized wavefunction naturally arises when considering the semiclassical limit in the next

section and, if the wavepacket is sufficiently smooth, it is very close to Eq. (C.13). In Fig. 6.3

we choose the free parameters trying to not alter the global envelope of the wavepacket, hence we

kept σ,X, k fixed and vary the energy spreading by acting on ϕ. In particular, we chose k = 1.15,

σ2 = 0.08 and X = 10, while the defect and confinement strengths are d/hx = 0.4 and χ/hx =

2hz/hx = 0.5. The time scale is in units of hx, which plays the role of a global energy scale. Then,

the relative wavefunction is chosen as the exact wavefunction within a finite range ϕ(|j| ≤ Λ) =

Jj−νk,1

(
2hx

hz
cos(k/2)

)
and zero beyond ϕ(|j| > Λ) = 0. The choices Λ = {3, 4, 12} create the

wavepackets with σE = {1.53, 1.06, 0.63} respectively.

In Fig. 6.2.2 we present quantum simulations within the two domain-wall approximation of the

metastable state lifetimes in the presence of impurities with varying mobility. We achieve this by

using different values of τ . Here, we use the same initial wavepacket of Fig. 6.2, which we dis-

cuss in the next section. With reference to the parametrization of Eq. (C.14) and (C.19), we choose

d/hx = 0.2, χ/hx = 0.25, k = −2, σ = 0.125, ℓ = 1, x̄ = 3ℓ.

Numerical simulations are carried out by considering the two dimensional wavefunction on a fi-
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nite segment [−L/2, L/2] and the wavefunction is evolved through matrix-exponentiation of the two

domain-walls subspace Hamiltonian (C.3). In order to remove finite size corrections by simulating

a true infinite system, we add dissipation at the boundaries, thus removing the departing meson and

preventing the wavepacket to return to the defect after it has been scattered away. This approach is

thoroughly discussed in the framework of tensor network simulations in Sec. C.3.

C.2 The Semiclassical Limit

In this section we quantitatively match the semiclassical approximation against the quantum problem

by means of a truncated Wigner approximation [147]. For the sake of simplicity, we focus on the

two domain-wall subspace and consider a static impurity, but the method is readily generalized to

the moving case. Let the initial state be described by a density matrix ρ̂, then we use a coordinate

representation |j1, j2⟩ and define the Wigner quasi-distribution as

⟨j1 + y1/2, j2 + y2/2|ρ̂|j1 − y1/2, j2 − y2/2⟩ =
∫

dp1dp2W (j1, p1, j2, p2)e
iy1p1+iy2p2 . (C.15)

In principle, one needs to enforce j1 + y1/2 and all the other coordinates to be integers, but this will

not be important. Indeed, classical physics emerges in the case where the wavefunction is smooth and

the confinement is weak, thus coarse graining the discrete nature of the underlying lattice. We focus

on the bulk of the dynamics, leaving the impurity aside for the moment, and consider the Schrodinger

equation of motion i∂tρ̂ = [Ĥ, ρ̂] with Ĥ given in Eq. (C.1). By applying the equations of motion to

the left hand side of Eq. (C.15) and expressing them in terms of the Wigner distribution, after some

long but straightforward algebra one finds

∂tW (j1, p1, j2, p2) + 2hz (sin(p1) + sin(p2))W (j1, p1, j2, p2)

− V ′(j1 − j2)(∂p1 − ∂p2)W (j1, p1, j2, p2) ≃ 0 (C.16)

with V ′(x) = ∂xV (x) and V (x) = χ|x|. In the derivation, one assumesW to have a slow dependence

on j1, j2 (smooth wavepacket) and asks V (x) to be a smooth potential. In the case of confinement,
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V (x) = χ|x| is not smooth in the origin, but this correction vanishes in the limit of small χ. In Eq.

(C.16) one recognizes the classical Liouville equation for the phase space distributionW (j1, p1, j2, p2)

evolving with the classical Hamiltonian Hcl reported in the main text (in the weak transverse field

regime, ϵ(k) = −2hz cos(k) and v(k) = ∂kϵ(k) = 2hz sin k). It is useful to consider the classical

equation of motion


∂tp1 = −χsgn(j1 − j2)

∂tj1 = v(p1)


∂tp2 = −χsgn(j2 − j1)

∂tj2 = v(p2)

, (C.17)

and notice the following scale invariance

t→ Xt x1,2 → Xx1,2 χ→ χ/X (C.18)

where X is some positive scale. Notice that this invariance holds in the classical limit, but it is broken

in the quantum regime. Nevertheless, we can use it as a convenient way to attain the classical limit,

by means of rescaling to larger spaces and times.

The Wigner distribution of the wavepacket

When comparing quantum simulations with semiclassics, it is important to correctly capture the initial

conditions. Here, we provide the initial Wigner distribution for simple wavepackets that we use in

the simulations. We consider pure states ρ̂ = |ψ⟩⟨ψ| in the factorized form already anticipated in

Eq. (C.14), but the wavefunction in the relative coordinates ϕ(x) is now chosen to be smooth. For

example, a convenient choice is

ϕ(x) ∝


e−

1
4ℓ2

(|x|−x̄)2 x < 0

0 x ≥ 0

. (C.19)

Above, we ensured that the wavefunction vanishes when j1 < j2. By tuning the free parameters

σ, k,X, ℓ, x̄ one can engineer a wavepacket of well defined momentum and control its energy. Notice

that the wavefunction is factorized in terms of the center of mass and relative coordinates, therefore
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the Wigner distribution has a factorized form as well

W (j1, p1, j2, p2) =W
(
j1 + j2

2
, p1 + p2

)
w

(
j1 − j2,

p1 − p2
2

)
. (C.20)

With this specific choice of wavefunction, one finds

W(x, p) =
1√
2πσ2

exp

(
− 1

2σ2
(p− k)2 − 2σ (x−X)2

)
. (C.21)

The truncation of the Gaussian defining ϕ(x) in Eq. (C.19) prevents a simple analytical solution.

However, in the limit where e−x̄2/(2ℓ2) ≪ 1 the tails can be neglected and one simply finds

w(x, p) ∝ exp

(
−|x| − x̄)

2

2ℓ2
− 2ℓ2p2

)
. (C.22)

The proportionality constant is not important and it can be fixed by ensuring the correct normalization

of the state.

Details on Fig. 6.2

In Fig. 6.2 we compared simulations within the two domain-wall approximation against the truncated

Wigner approach. We consider different choices of wavepackets governed by a global length scale in

such a way the limit of infinitely smooth wavepacket collapses on a well defined classical limit. With

reference to the wavefunction (C.14) and (C.19), we chose the initial position of the wavepacket X

as our scaling parameter and set d/hx = 0.2, χ = 5/X , k = −2, σ = 2.5/X , ℓ = 0.05X , x̄ = 3ℓ.

As we commented in Eq. (C.18), the classical equations are invariant under simultaneous rescaling of

positions, time and confining strength. In the truncated Wigner, the exact invariance of the classical

simulation is broken by the X−dependence of the momentum distribution, but it is restored in the

X → +∞ limit.
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The lifetime of the metastable state

We now wish to provide further details about the analytical determination of the metastable state

formation after a scattering event. For the sake of simplicity, we focus on the static impurity τ = 0,

but the same analysis can be ready generalized to the moving impurity as well. We divide the problem

in two steps

1. Compute the lifetime of an already trapped meson.

2. Compute the probability of get trapped in the scattering event.

Furthermore, we are interested only in the longest lived metastable states. Within this assumption, one

can greatly simplify the analysis. If one considers an already trapped meson, it will remain trapped for

long times only if the transmission probability of both fermions is very small. Within this assumption,

we can compute the two points above within these approximations

1. Escape after first transmission: a trapped meson leaves the defect as soon as one of the two

fermions is transmitted and it cannot be captured back.

2. Capture after a single transmission: since transmission is unlikely, we assume the meson is

captured after a single transmission event of the fermion.

We have already discussed this simple calculation in the main text, here we quickly recap it and add

some details. It is convenient to parametrized the classical trapped meson in terms of the momenta

of the fermions when they hit the barrier. Following the same notation of the main text, we call them

(k, q). Before transmission, each fermion evolves independently from the other, feeling a constant

force pulling it towards the reflective barrier. Hence, in between two scatterings, the left fermion

obeys the equation of motion k̇ = χ , ẋ = v(k) (we refer to the figure below for notation)
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The period of the oscillation is readily computed noticing that, right after the reflection, the momen-

tum of the fermion changes sign k → −k and the oscillation period tosc(k) is the time needed for the

force to bring the momentum back to k, i.e. k = −k+χtosc(k). We now consider the probability that

the leftmost fermion is not transmitted after n scatterings or, equivalently, the probability of being

reflected R(k)n = (1−T (k))n ≃ exp[−nT (k)] ≃ exp[−T (k)t/tosc(k)]. Using the oscillation period

and asking that both fermions are not transmitted until time t, one gets Eq. (6.3) for the time evolution

of the trapped probability, i.e.

Pt(k, q) = exp
[
−tχ

2

(
|k|−1T (k) + |q|−1T (q)

)]
Pt=0(k, q) . (C.23)

The initial probability Pt=0(k, q) depends on the details of the scattering, but surprisingly it can be

computed in terms of geometrical considerations without solving the equation of motion.

We now consider the probability of forming a metastable state by shooting a mesonic wavepacket at

the defect. For the sake of simplicity, we assume the meson has a well defined energy E and total

momentum K. Furthermore, we approximate the capture time to be negligible (i.e. all the mesons

of the wavepacket are captured within a time window much smaller than the decay time) and set

t = 0 as the scattering time. Also within the assumption that the meson is captured only after a single

transmission event, there are several possible processes where some reflections take place before the

desired transmission shown below.

Each of these processes leads a different pair {(kℓ, qℓ)}ℓ=1,2,... of momenta for the trapped meson. The

momenta kℓ and qℓ are not independent, but they must satisfy the constraint E = ϵ(kℓ) + ϵ(qℓ): we

prove it in the case of ℓ = 1 with the aid of the picture below, the argument is easily extended to the

case of generic ℓ. Let us focus on the first transmission event: in our notation, the impact of the first
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transmitted fermion happens at momentum −k1. Meanwhile, the companion fermion is placed at a

distance d and with momentum q̃1. The total energy of the meson is thusE = ϵ(−k1)+ϵ(q̃1)+χd, for

simplicity we can use the energy parity ϵ(−k1) = ϵ(k1). After the first fermion gets transmitted, the

other will move independently with momentum q(t) and distance from the defect d(t) and obeying

the equation of motion q̇ = −χ ḋ = v(q(t)). Of course, E ′ = ϵ(q(t)) +χd(t) is a conserved quantity.

By comparison, with the energy of the meson, we have E ′ = E− ϵ(q̃1). On the other hand, q(1) is the

momentum at the moment of impact and can be found by asking d(t) = 0, hence E = ϵ(q1) + ϵ(k1).

The same argument can be generalized to arbitrary ℓ by noticing that the scattering with the defect

conserves the total energy of the meson.

Energy conservation allows one to find qℓ if kℓ is known. As a next step, we build a recursive set of

equations that fixes kℓ from the knowledge of the moment at first impact k1, together with the total

energy and momentum of the fermion. With the help of the figure below, let us consider −k1 the

momentum at first impact and, as before, let q̃1 be the momentum of the companion. Right before the

impact, the total momentum K = −k1 + q1 then the scattering fermion gets reflected and the total

momentum becomes K → K ′ = k1 + q̃1. Our next task is finding the momenta k̄, q̄ at the moment of

the scattering among the two fermions. This is easily found by imposing that the total energy of the

meson is purely kinetic and using the conservation of K ′ = k̄ + q̄

E = ϵ(k̄) + ϵ(k1 + q̃1 − k̄). (C.24)
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Lastly, from k̄ and energy conservation one finds −k2. Let be d̄ the distance between the defect and

the position of the scattering among the two fermions. With the current convention on the momenta,

one has ϵ(q̄) = ϵ(k1) + χd, but also ϵ(k̄) = ϵ(k2) + χd, whose comparison gives the simple equation

ϵ(k̄) + ϵ(q̄) = ϵ(k1) + ϵ(k2). In summary, and moving to the general case kℓ, the recursive relation

kℓ → kℓ+1 is found as the solution of


E = ϵ(k̄ℓ) + ϵ(kℓ + q̃ℓ − k̄ℓ),

ϵ(k̄ℓ) + ϵ(kℓ + q̃ℓ − k̄) = ϵ(kℓ) + ϵ(kℓ+1),

−kℓ+1 + q̃ℓ+1 = kℓ + q̃ℓ.

(C.25)

Since from momentum conservation one has q̃1 = K − k1, the full sequence (kℓ, qℓ) is entirely

determined by k1.

Let p(k1) being the probability that the meson hits the impurity with a fermion of momentum −k1.

Hence, it will create a trapped meson (k1, q1) with probability p(k1)T (−k1). The pair (k2, q2) is

instead created if the first scattering is reflective and then transmissive, hence it will be excited with

probability p(k1)(1 − T (−k1))T (−k2) and so on so forth. Eventually, the probability Pt(E,K) that

a meson with energy E and momentum K gives a metastable boundstate at time t is

Pt(E,K) =

∫
dk p(k1)

∞∑
ℓ=0

T (−kℓ)
{

ℓ−1∏
i=1

[1−T (−ki)] exp
[
−χt

2

(
|kℓ|−1T (kℓ) + |qℓ|−1T (qℓ)

)]}
E=ϵ(kℓ)+ϵ(qℓ)

.

(C.26)

The last ingredient is determining p(k1) that in general depends on the fine details of the initial state

and the whole time evolution. However, there is at least one case where p(k1) can be easily obtain, i.e.

in the approximation that the size of the wavepacket is much larger than the typical size of the meson.

If it is the case, the impact of the fermion will randomly happen at a given position in its trajectory. In

the figure below (left), the position of the defect can be arbitrarily moved within a maximum interval

of lengthD. Notice thatD is nothing else than the distance traveled by the meson within his breathing

period, which we can compute with the help of the right figure.

Let p and K − p the momenta of the two fermions when they scatter. Hence, by conservation of

energy p is fixed solving E = ϵ(p) + ϵ(K − p). Let us follow the trajectory of the fermion with
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initial momentum p: after an oscillation period and right before scattering with the companion, its

momentum will be K − p. Let us now focus on the displacement: from the equation of motion, we

have D =
∣∣∫ τ

0
dtv(p(t))

∣∣ with τ the oscillation period and p(t) the time-evolving momentum. By

using ṗ = χ and v(k) = ∂kϵ(k), we can easily compute D as D = χ−1|ϵ(K − p) − ϵ(p)|. Finally,

we can compute km from energy conservation ϵ(km) = ϵ(0) + χD. Putting the pieces together, km is

defined by solving 
ϵ(km) = ϵ(0) + |ϵ(K − p)− ϵ(p)|,

E = ϵ(p) + ϵ(K − p).
(C.27)

Within the allowed window of momenta, we are considering a flat average over the position of the

meson at the moment of impact. When changing coordinates to the momentum space, one needs to

consider the proper Jacobian: this is easily done from the equation of motion |k̇| = χ and |ẋ| = |v(k)|,

hence dk1 = dx|v(−k1)|χ−1. Thus, one finds

p(−k1) ∝ |v(−k1)|θ(|km| − |k|)θ(k1sign(v(k1))) , (C.28)

where θ is the Heaviside theta function and the proportionality constant is fixed by imposing that

p(−k1) is normalized to unity.

C.3 The Tensor Network Simulations

In this section we discuss the tensor network simulations and details for Fig. 6.5. However, first we

discuss how the initial mesonic wavepacket can be prepared and controlled.
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The wavepacket initialization: the meson creation operator

Here we discuss how to create two fermions in the transverse Ising chain via spin operators. It will be

later employed for the creation of a moving meson as the initial state in the tensor network numerical

simulation. We start by considering the transverse field Ising model

H = −
∑
j

1

2

[
σz
jσ

z
j+1 + hxσ

x
j

]
, (C.29)

The system can be mapped into the free fermion representation with a Jordan Wigner transformation

dj =

j−1∑
i=−∞

σx
i σ

−
j (C.30)

with σ±
j = (σz

j ± iσy
j )/2. Then one defines the modes in the Fourier space as

dj
d†j

 =

∫ π

−π

dk

2π
eikj

 cos θk i sin θk

i sin θk cos θk


 γ(k)

γ†(−k)

 , (C.31)

where θk = 1
2i
log
[
(hx − eik)/(1 + h2x − 2hx cos(k))

]
. With this choice, the Ising Hamiltonian is

diagonal in the mode operators γ(k) and the ground state is identified with the vacuum γ(k)|0⟩ = 0.

As a next step, we would like to create a pair of fermions on top of the vacuum. To this end, let us

consider an operator defined in the following form

Oj =
∑
ℓ≥0

σ+
j

j+ℓ−1∏
i=j

σx
i σ

+
j+ℓF (ℓ) =

∑
ℓ≥0

d†jd
†
j+ℓF (ℓ), (C.32)

with a fast decaying, e.g. exponential, space-dependent function F (ℓ). From the Oj operator, we

create O(P, j0) as

O(P, j0) =
∑
j

e−(j−j0)2/σ2

eiP j(Oj +A). (C.33)

The idea is that O(P, j0) tries to create a wavepacket in motion, centered around j0 and with momen-

tum P . A is a constant inserted for imposing the normal ordering with respect to the γ operators and

is determined below.
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When we express Oj in terms of modes, it will contain operators in the form γ†γ† (which create two

fermions), but also γ†γ, γγ† and γγ. We are interested in the action of O(P, j0) on the vacuum and if

we fix the constant A as

A = −
(∑

ℓ>0

F (ℓ)

∫
dq

2π
e−iqℓ (i sin θq cos θq)

)
, (C.34)

we obtain a two-fermions state

O(P, j0)|0⟩ =
∑
j

e−(j−j0)2/σ2

eiP j

(∑
ℓ≥0

F (ℓ)

∫
dk

2π

∫
dq

2π
e−ikje−iq(j+ℓ) cos θk cos θqγ

†(k)γ†(q)

)
|0⟩.

(C.35)

We now first sum over j and define

W (P − k − q) =
∑
j

e−(j−j0)2/σ2

ei(P−k−q)j, (C.36)

which becomes very peaked in the momentum space limσ→∞W (P − k − q) = 2πδ(P − k − q) for

large σ. We further define

F̃ (q) =
∑
ℓ≥0

F (ℓ)e−iqℓ, (C.37)

leading to the following compact expression

O(P, j0)|0⟩ =
(∫

dk

2π

∫
dq

2π
W (P − k − q)F̃ (q) cos θk cos θqγ†(k)γ†(q)

)
|0⟩. (C.38)

Lastly, we use the asymmetry of the fermions to rewrite the last expression as

O(P, j0)|0⟩ =
(∫

dk

2π

∫
dq

2π
W (P − k − q) F̃ (q)− F̃ (k)

2
cos θk cos θqγ

†(k)γ†(q)

)
|0⟩. (C.39)

Clearly,
∣∣∣W (P − k − q) F̃ (q)−F̃ (k)

2
cos θk cos θq

∣∣∣2 is the semiclassical probability of the wavepacket.

Tuning σ and the function F we can change the wavepacket. So far we kept F arbitrary but we require

F to be fast decaying in ℓ for both computational reasons and to get a more localized wavepacket. F

must be tuned if one wants to act on the probability distribution of the difference in the momentum
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of the two fermions (while W acts on the total momentum). A convenient choice is choosing F as a

Kronecker delta

F (ℓ) = δℓ,ℓ0 (C.40)

for a certain ℓ0. Note, the state |Ψ⟩ = O(P, j0)|0⟩ is not normalized. It must be renormalized before

running the simulation. After this, the state |Ψ⟩ will exactly contain two fermions, i.e. one meson.

Numerical details on the Tensor network calculation

The tensor network simulation of the dynamics is implemented via the Python library TeNPy as

detailed in Ref. [152]. The strong confinement in our mode significantly suppresses the spreading of

correlations throughout the whole system, hence, permitting an efficient tensor network simulation

with a low bond dimension for a long time.

We first use the Density Matrix Renormalization Group (DMRG) algorithm to prepare the system of

length L = 240 with open boundary in its groundstate of the Hamiltonian

HIsing = −
∑
i

σz
i σ

z
i+1 − hx

∑
i

σx
i − (d− hx)σx

0 − hz
∑
i

σz
i , (C.41)

where the defect located on site 0. The transverse field is chosen as hx = 0.3, and a non-zero but small

longitudinal field hz = 0.01 is used to break the two-fold groundstate degeneracy. As the groundstate

is approximately a simple ferromagnetic state without long-range correlation, a low bond dimension

χ = 20 is sufficient.

Now we want to create the initial meson wavepacket with a non-zero velocity such that it can move

towards the impurity. As introduced in the last section, we construct a string operator O (P, j0)

according to Eq. (C.33),

O (P, j0) =
∑
j

e−(j−j0)
2/σ2

eiP j (Oj +A) , (C.42)



142 Appendix C.

with

Oj =
∑
ℓ≥0

σ+
j

j+ℓ−1∏
i=j

σx
i σ

+
j+ℓF (ℓ), A = −

(∑
ℓ>0

F (ℓ)

∫
dq

2π
e−iqℓ (i sin θq cos θq)

)
, (C.43)

and F (ℓ) = δl,1. Numerically we choose j0 = 10, P = π/2, σ =
√

4L/π and the summation over

j to be limited within [j0 − 10, j0 + 10]. Acting the operator O (P, j0) on the groundstate creates a

wavepacket with a total momentum P . However, the created meson is a superposition of excitations

of different energies, and therefore, each of them has a different velocity.

D(j, t) 6= 0
<latexit sha1_base64="PFn0kcUeIm9ISU+P9cZLwDftIe8=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoM6sFjBPOA7BJmJ73JmNnZdWZWCCG/4cWDIl79GW/+jZPHQaMFDUVVN91dYSq4Nq775eSWlldW1/LrhY3Nre2d4u5eQyeZYlhniUhUK6QaBZdYN9wIbKUKaRwKbIaDq4nffESleSLvzDDFIKY9ySPOqLGSf12+PzHHvsQH4naKJbfiTkH+Em9OSjBHrVP89LsJy2KUhgmqddtzUxOMqDKcCRwX/ExjStmA9rBtqaQx6mA0vXlMjqzSJVGibElDpurPiRGNtR7Goe2MqenrRW8i/ue1MxNdBCMu08ygZLNFUSaIScgkANLlCpkRQ0soU9zeSlifKsqMjalgQ/AWX/5LGqcVz614t2el6uU8jjwcwCGUwYNzqMIN1KAODFJ4ghd4dTLn2Xlz3metOWc+sw+/4Hx8Az8lkIE=</latexit><latexit sha1_base64="PFn0kcUeIm9ISU+P9cZLwDftIe8=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoM6sFjBPOA7BJmJ73JmNnZdWZWCCG/4cWDIl79GW/+jZPHQaMFDUVVN91dYSq4Nq775eSWlldW1/LrhY3Nre2d4u5eQyeZYlhniUhUK6QaBZdYN9wIbKUKaRwKbIaDq4nffESleSLvzDDFIKY9ySPOqLGSf12+PzHHvsQH4naKJbfiTkH+Em9OSjBHrVP89LsJy2KUhgmqddtzUxOMqDKcCRwX/ExjStmA9rBtqaQx6mA0vXlMjqzSJVGibElDpurPiRGNtR7Goe2MqenrRW8i/ue1MxNdBCMu08ygZLNFUSaIScgkANLlCpkRQ0soU9zeSlifKsqMjalgQ/AWX/5LGqcVz614t2el6uU8jjwcwCGUwYNzqMIN1KAODFJ4ghd4dTLn2Xlz3metOWc+sw+/4Hx8Az8lkIE=</latexit><latexit sha1_base64="PFn0kcUeIm9ISU+P9cZLwDftIe8=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoM6sFjBPOA7BJmJ73JmNnZdWZWCCG/4cWDIl79GW/+jZPHQaMFDUVVN91dYSq4Nq775eSWlldW1/LrhY3Nre2d4u5eQyeZYlhniUhUK6QaBZdYN9wIbKUKaRwKbIaDq4nffESleSLvzDDFIKY9ySPOqLGSf12+PzHHvsQH4naKJbfiTkH+Em9OSjBHrVP89LsJy2KUhgmqddtzUxOMqDKcCRwX/ExjStmA9rBtqaQx6mA0vXlMjqzSJVGibElDpurPiRGNtR7Goe2MqenrRW8i/ue1MxNdBCMu08ygZLNFUSaIScgkANLlCpkRQ0soU9zeSlifKsqMjalgQ/AWX/5LGqcVz614t2el6uU8jjwcwCGUwYNzqMIN1KAODFJ4ghd4dTLn2Xlz3metOWc+sw+/4Hx8Az8lkIE=</latexit><latexit sha1_base64="PFn0kcUeIm9ISU+P9cZLwDftIe8=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoM6sFjBPOA7BJmJ73JmNnZdWZWCCG/4cWDIl79GW/+jZPHQaMFDUVVN91dYSq4Nq775eSWlldW1/LrhY3Nre2d4u5eQyeZYlhniUhUK6QaBZdYN9wIbKUKaRwKbIaDq4nffESleSLvzDDFIKY9ySPOqLGSf12+PzHHvsQH4naKJbfiTkH+Em9OSjBHrVP89LsJy2KUhgmqddtzUxOMqDKcCRwX/ExjStmA9rBtqaQx6mA0vXlMjqzSJVGibElDpurPiRGNtR7Goe2MqenrRW8i/ue1MxNdBCMu08ygZLNFUSaIScgkANLlCpkRQ0soU9zeSlifKsqMjalgQ/AWX/5LGqcVz614t2el6uU8jjwcwCGUwYNzqMIN1KAODFJ4ghd4dTLn2Xlz3metOWc+sw+/4Hx8Az8lkIE=</latexit>

Figure C.3: Dynamics of the connected correlation ⟨σz
i σ

z
i+1⟩ calculated via TEBD algorithm. Left:

no dissipation and no impurity. Middle: No impurity d = hx. Dissipation is included such that only
one wavepacket survives. Right: Both dissipation and impurity d=0.1 are present and the metastable
state is clearly visible. For all three plots, we use hx = 0.3, hz = 0.12, L = 240.

The time evolution of the dynamics is achieved by the Time Evolving Block Decimation (TEBD)

algorithm with a low bond dimension χ = 20. We use a time step dt = 1 and the fourth order

Suzuki-Trotter decomposition for the time evolution. The connected part of the correlation ⟨σz
i σ

z
i+1⟩

is employed to trace the position of the meson. As shown in the left panel of Fig. C.3, the wavepacket

quickly spreads with distinct velocities, corresponding to different excitations of the system.

In the absence of the impurity, the wavepackets with the faster velocities bounce at the boundary and

reflect back, interfering with the slowly moving wavepackets at later times. Although not shown here,

such interference happens more severely when the impurity is present. Consequently, the trapped me-

son is not clearly visible and its lifetime is difficult to analyze. To address this, we further additionally
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introduce the non-Hermitian Hamiltonian to induce week dissipation of the form

Hdis(t) = i
∑
j

D(j, t)
(
σz
jσ

z
j+1 + hxσ

x
j

)
, (C.44)

where D(j, t) is a time-dependent function with a positive amplitude (the maximum value is around

0.01) that smoothly decays in space. For a fixed time t0 < 750, D(j, t0) is non-zero in regions where

undesired meson components move through and get dissipated, permitting us to select the meson

wavepacket with an approximately constant velocity. As shown in the middle panel of Fig. C.3, we

choose a profile D(j, t) nonzero in the red regions such that only one wavepacket survives and the

amplitude of the correlation function also gets amplified due to the normalization of the wavefunction.

At later times, we also use a non-zero D(j, t) at the boundary to reduce the finite size effect. In the

end, in the right panel, we introduce the impurity d = 0.1 same as Fig. 6.5 at the middle of the system

and plot the dynamics where a long-lived metastable state can be clearly identified.

d = 0.18
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d = 0.14
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d = 0.10
<latexit sha1_base64="ZeV+UhMD5XZf2s+FfLCag2IeZJ8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KlkR9CIU9OCxgv2AdinZbLaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhangxmL87a2srq1vbJa2yts7u3v7lYPDllGZpqxJlVC6ExLDBJesabkVrJNqRpJQsHY4upn67SemDVfywY5TFiRkIHnMKbFOakXXuObjfqWKa3gGtEz8glShQKNf+epFimYJk5YKYkzXx6kNcqItp4JNyr3MsJTQERmwrqOSJMwE+ezaCTp1SoRipV1Ji2bq74mcJMaMk9B1JsQOzaI3Ff/zupmNr4KcyzSzTNL5ojgTyCo0fR1FXDNqxdgRQjV3tyI6JJpQ6wIquxD8xZeXSevc5VXz7y+q9dsijhIcwwmcgQ+XUIc7aEATKDzCM7zCm6e8F+/d+5i3rnjFzBH8gff5AwMtjhg=</latexit><latexit sha1_base64="ZeV+UhMD5XZf2s+FfLCag2IeZJ8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KlkR9CIU9OCxgv2AdinZbLaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhangxmL87a2srq1vbJa2yts7u3v7lYPDllGZpqxJlVC6ExLDBJesabkVrJNqRpJQsHY4upn67SemDVfywY5TFiRkIHnMKbFOakXXuObjfqWKa3gGtEz8glShQKNf+epFimYJk5YKYkzXx6kNcqItp4JNyr3MsJTQERmwrqOSJMwE+ezaCTp1SoRipV1Ji2bq74mcJMaMk9B1JsQOzaI3Ff/zupmNr4KcyzSzTNL5ojgTyCo0fR1FXDNqxdgRQjV3tyI6JJpQ6wIquxD8xZeXSevc5VXz7y+q9dsijhIcwwmcgQ+XUIc7aEATKDzCM7zCm6e8F+/d+5i3rnjFzBH8gff5AwMtjhg=</latexit><latexit sha1_base64="ZeV+UhMD5XZf2s+FfLCag2IeZJ8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KlkR9CIU9OCxgv2AdinZbLaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhangxmL87a2srq1vbJa2yts7u3v7lYPDllGZpqxJlVC6ExLDBJesabkVrJNqRpJQsHY4upn67SemDVfywY5TFiRkIHnMKbFOakXXuObjfqWKa3gGtEz8glShQKNf+epFimYJk5YKYkzXx6kNcqItp4JNyr3MsJTQERmwrqOSJMwE+ezaCTp1SoRipV1Ji2bq74mcJMaMk9B1JsQOzaI3Ff/zupmNr4KcyzSzTNL5ojgTyCo0fR1FXDNqxdgRQjV3tyI6JJpQ6wIquxD8xZeXSevc5VXz7y+q9dsijhIcwwmcgQ+XUIc7aEATKDzCM7zCm6e8F+/d+5i3rnjFzBH8gff5AwMtjhg=</latexit><latexit sha1_base64="ZeV+UhMD5XZf2s+FfLCag2IeZJ8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KlkR9CIU9OCxgv2AdinZbLaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhangxmL87a2srq1vbJa2yts7u3v7lYPDllGZpqxJlVC6ExLDBJesabkVrJNqRpJQsHY4upn67SemDVfywY5TFiRkIHnMKbFOakXXuObjfqWKa3gGtEz8glShQKNf+epFimYJk5YKYkzXx6kNcqItp4JNyr3MsJTQERmwrqOSJMwE+ezaCTp1SoRipV1Ji2bq74mcJMaMk9B1JsQOzaI3Ff/zupmNr4KcyzSzTNL5ojgTyCo0fR1FXDNqxdgRQjV3tyI6JJpQ6wIquxD8xZeXSevc5VXz7y+q9dsijhIcwwmcgQ+XUIc7aEATKDzCM7zCm6e8F+/d+5i3rnjFzBH8gff5AwMtjhg=</latexit>

Figure C.4: Dynamics of the half-system entanglement entropy.

We further provide the dynamics of the half-system entanglement entropy defined as

SL/2(A) = − tr ρ̂L/2 log ρ̂L/2, (C.45)

where ρ̂L/2 denotes the reduced density matrix of half of the system. As the impurity locates at the

center of the chain, before the meson-impurity scattering happens, there is almost no entanglement

established between two halves of the system. Entanglement entropy suddenly increases around

t ∼ 2×103 where one domain-wall tunnels through the impurity and becomes entangled with the other

domain-wall reflected back. It drops down when the transmitted and reflected particles eventually
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leave the impurity. Overall, the entanglement of the whole system remains at low values permitting

the efficient long-time simulation of the dynamics with a low bond dimension.

Details on Fig. 6.5

Here we give a brief summary of parameters used for Fig. 6.5. For the initial state generation, we use

F (l) = δl,1, j0 = 10, P = π/2 and σ =
√

4L/π to determine string operator in Eq. C.43. For the time

evolution, we use bond dimension χ = 20, dt = 1 and the fourth order Suzuki-Trotter decomposition.

The Hamiltonian parameters are hx = 0.3, hz = 0.12 and L = 240. The defect size is d = 0.1 in the

left panel.



Appendix D

This section is lifted from the supplementary material of Ref. [4].

D.1 Meson Wavepackets

The initial state used in the collision of mesons in Fig. 7.5 is given by

|ψt=0⟩ ∝
∑

n1,j2,n2

∫
dk e

− (n1−N1)
2

2σ2
1 eik(j2+

n2
2
)e

− (k−q)2

2σ2
k e

− (j2+n2/2−c)2

2σ2
c e

− (n2−N2)
2

2σ2
2 |n1, j2, n2⟩ , (D.1)

where q is the average momentum of the mobile meson with a standard deviation σk, c is the average

centre of mass of the mobile meson with standard deviation σc and Ni is the average width of the

ith meson with standard deviation σi. In particular I use the parameters q = −1, σk = 0.1, σc = 2,

N1 = 10, N2 = 4, σi = 1 for i ∈ 1, 2 and c = 60.

The initial states used in the collision of mesons in Fig. 7.6 and Fig. 7.8 are given by

|ψt=0⟩ ∝
∑
j1,j2

e−ikj1− (j1+n−2c1)
2

4σ2 eikj2−
(j2+n−2c2)

4σ2 |j1, n, j2, n⟩ , (D.2)

where k is the initial momentum of each meson, ci is the centre of the wavepacket of the ith meson

and σ is the standard deviation of the wavepacket in real space. In particular the parameters used in

Fig. 7.6 are k = −1.5, c1 = 15, c2 = 35 and σ = 0.1. The parameters used in Fig. 7.8 are k = −1,

c1 = 10, c2 = 30 and σ = 3.
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Finally, the tetraquark wavepacket used in the simulations presented in Fig. 7.9 is given by

|ψt=0⟩ ∝
∑
j

e−ikj− (j1−c)2

2σ2 |j, d⟩ . (D.3)

where k is the tetraquark momentum (which I set to zero), c is the average position of the first meson

and σ is the standard deviation of the wavepacket. In particular the parameters used are d = 4, k = 0,

c = 18 and σ = 5.

D.2 Truncation of Meson Width

Figure D.1: A comparison of meson dynamics for different truncations in meson width, n1, n2 ≤
N , for the four domain-wall subspace. Here, L = 20, h = 0.1 and α = 2.5. The upper panel
considers an initial state of two spatially separate 1-mesons, |4, 1, 12, 1⟩ and the lower panel considers
an initial state of two spatially separate 2-mesons, |4, 2, 12, 2⟩. From this we see that as N increases
the dynamics are converge to the what is the dynamics of the full four domain-wall subspace.

In order to simulate large system sizes I turned to the four domain-wall subspace described by the

Hamiltonian given by Eq. 7.1. The size of this subspace grows as L4, here L is system size. This still

poses a problem when considering the system sizes required to observe collision events. In order to

reduce the computational cost of simulations to quadratic growth, I used a truncation in the meson

width, n1, n2 ≤ N for some constant N . When considering small mesons, varying the width of a

meson vastly changes the energy of the state. Thus, in order to conserve energy, the meson width will
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only experience small fluctuations. As a result, accurate approximations of the full four domain-wall

subspace are achieved by only considering n1 and n2 values below some constant that is at least larger

than the meson widths of the initial state. Fig. D.1 compares time dynamics of mesons for initial states

of meson width 1 and 2 simulated in the four domain-wall subspace with varying truncations. We

clearly see that both 1−mesons and 2−mesons are accurately simulated with a truncation of N ∼ 5.

This approximation will naturally become less accurate as the initial state contains larger mesons.


	Abstract
	Acknowledgements
	Motivation
	Outline
	Quantum Simulation
	Qubits and Quantum Gates
	Quantum Circuits

	Variational Quantum Eigensolvers
	Quantum Simulation of Non-Equilibrium Dynamics
	Suzuki-Trotter decomposition
	Gate Decomposition

	Randomised Measurement Methods
	Experimental Realisation of Quantum Computers
	Generating a Bell State on an IBM Device

	Errors in NISQ devices
	Choosing the Layout of Qubits
	Measurement Error Mitigation

	Confinement Dynamics
	Two Particle Model
	Confinement in Spin Chains
	The Transverse Field Ising model
	The Transverse Ising Model with a Longitudinal Field
	The long-range Ising Model

	Signatures of Confinement
	Meson Masses
	Meson Velocities
	Entanglement Spread

	Digital Quantum Simulation of Confinement Dynamics
	Quantum Circuit and Initialisation
	Error Mitigation
	Results
	Meson Velocities
	Suppression of Entropy Spread
	Probability Maps

	Simple Mitigation of Global Depolarising Errors in Quantum Simulations
	A Global Depolarising Error Model
	Mitigation Protocol
	Simplified Method

	Simulated Results
	Calibration

	Results form the IBM Devices
	Meson Masses
	Suppression of Entanglement Spread


	Confinement Induced Impurity States in Spin Chains
	The Model
	Confinement and Metastable Trapping
	Semi Classical Approximation
	Two Domain-Wall Subspace

	Time-Evolving Block Decimation Results


	Dynamical Hadron Formation in Long-Range Interacting Quantum Spin Chains
	Hadrons in the Long-Range Ising Model
	The 1-Meson Subspace
	Inelastic Collisions of Large Mesons
	Inducing Fusion Events
	An Abrupt Change to the Transverse Field
	Modifying the Long-Range Interactions
	Inducing Fusion Events for Larger Mesons

	Experimental Feasibility

	Conclusion
	Summary of Thesis Achievements
	Future Work
	Dynamical Hadron Formation in the Lattice Schwinger Model
	Scalable Error Mitigation




	Bibliography
	
	The Jordan-Wigner Transformation
	Semiclassical Two Fermion Subspace Hamiltonian
	Eigensystem of the Two domain-wall Subspace
	
	Effectiveness of Error Mitigation Methods
	
	Impurities in the Two Domain-Wall Subspace
	The Semiclassical Limit
	The Tensor Network Simulations
	
	Meson Wavepackets
	Truncation of Meson Width









