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We study the relation between the gauge-invariant quantity obtained by T. Masuda and
H. Matsunaga (arXiv:1908.09784) and the Feynman diagrams in the dressed B0 gauge in
the open cubic string field theory. We derive a set of recurrence relations that hold among
the terms of this gauge-invariant quantity. By using these relations, we prove that this gauge-
invariant quantity equals the S-matrix at the tree level. We also present a proof that a set
of new Feynman rules proposed by T. Masuda and H. Matsunaga (arXiv:2003.05021)
reproduces the on-shell disk amplitudes correctly by using the same combinatorial
identities.
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1. Introduction
In a recent paper [1], a new formula for the tree-level S-matrix in Witten’s open string field
theory [2] was proposed. In this formula, the tree-level S-matrix is expressed by using a classical
solution � and a reference tachyon vacuum solution �T. The formula reads

I (N )
� ≡ I (N )

� ({O j}) = CN

∑′ ∫ N∏
j=1

(A + W� )O j, (1.1)

where {O j} (1 ≤ j ≤ N) is a set of states, corresponding to incoming and outgoing open strings,
which satisfies Q�O j = 0 (we call O j an external state); N is the number of external states;
CN is a constant1 depending only on N; A is given by A = AT − A� , where AT is a so-called
homotopy state for the reference tachyon vacuum solution �T, and A� is a formal homotopy
state for the Becchi–Rouet–Stora–Tyutin (BRST) operator around the classical solution Q� ;
W� is given by

W� = AT(� − �T) + (� − �T)AT; (1.2)

1CN will be determined in Sect. 3.3.
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and
∑′

represents the symmetrization over {O j}. We will give a precise characterization of
∑′

in Sect. 3. Note that when Eq. (1.1) is expanded, only the terms containing three W�s and (N
− 3) As survive, because the ghost numbers of O j , W� , and A are 1, 0, and −1, respectively.

It is shown in Ref. [1] that I (4)
� matches the four-point S-matrix with the boundary condition

represented by �, but the proof that I (N )
� matches the S-matrix for general N has been missing.

We will provide a proof of this statement in the present paper.
Now, let us give an outline of our proof. For convenience, let us call an expression of the

following form an “urchin”:

∫ N∏
j=1

XjO j, (1.3)

where Xi is either A or W� . We find that, for a class of classical solutions (the so-called Okawa-
type solutions), urchins are related to Feynman diagrams in the dressedB0 gauge; see Eq. (2.28).
We then derive a set of recurrence relations among the urchins, Eq. (3.8). By using this relation,
we characterize a vector space VN spanned by a set of linearly independent urchins. The proof
that I (N )

� is the S-matrix is obtained by converting the Feynman diagrams into a sum of urchins
and expanding it in the basis of VN.

Later, the authors of Ref. [3] proposed a new set of Feynman rules that produces an expression
for the S-matrix similar to I (N )

� . Let us denote this set of Feynman rules by R�. The propagator
of R� is given by

P�φ = A
2W�

∗ φ + (−1)gh(φ)φ ∗ A
2W�

, (1.4)

and each Feynman diagram of R� is an urchin. Indeed, for on-shell four-point amplitudes, R�

reproduces the very formula in Eq. (1.1); however, for N ≥ 5, the S-matrix calculated using R� is
a sum of urchins with non-trivial weights, and the equivalence between this expression and I (N )

�

has not so far been shown. In this paper we prove the equivalence by using the above-mentioned
recurrence relations among the urchins.

The structure of this paper is as follows. In Sect. 2, we present a formula for converting Feyn-
man diagrams in the dressed B0 gauge into urchins. In Sect. 3.1, using the results of Sect. 2,
we derive a set of relations that hold among different urchins. Following some preliminary
work in Sect. 3.2, we prove that the formula in Eq. (1.1) represents the S-matrix in Sect. 3.3. In
Sect. 4, we prove that the expression obtained from the set of Feynman rules R� matches the
gauge-invariant quantity I (N )

0 . In Sect. 5, we conclude the paper with some remarks.

2. Feynman rules in the dressed B0 gauge
We give a brief review of the dressed B0 gauge in Sect. 2.1, and then present the formula linking
Feynman diagrams to urchins in Sect. 2.2.

2.1 Summary of the dressed B0 gauge
The dressed B0 gauge was introduced in Ref. [4] as a generalization of the Schnabl gauge. The
Schnabl gauge condition is stated as

B0� = 0, (2.1)
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where B0 is the zero mode of the b-ghost b(z) in the sliver frame,

B0 =
∮

dz
2π i

zb(z). (2.2)

Its BRST transformation is the zero mode of the energy–momentum tensor T(z):

{Q,B0} = L0 =
∮

dz
2π i

zT (z). (2.3)

We also define

B−
0 = B0 − B�

0, L−
0 = L0 − L�

0, (2.4)

which are derivatives with respect to star products. They commute with each other: [B−
0 ,L−

0 ] =
0. The operators B−

0 and L−
0 act on {K, B, c} as2

1
2
B−

0 K = B,
1
2
L−

0 K = K,

1
2
B−

0 B = 0,
1
2
L−

0 B = B,

1
2
B−

0 c = 0,
1
2
L−

0 c = −c.

Note that 1
2B

−
0 is trivial in the matter sector and 1

2L
−
0 simply counts the scaling dimension of

the boundary operator inserted in the wedge state with zero width.

2.1.1 Gauge-fixing condition. The dressed B0 gauge condition is stated as

B� = 0, (2.5)

with B = BF,G defined by

BF,G • = 1
2

F (K )B−
0

[
F (K )−1 • G(K )−1]G(K ), (2.6)

where F(K) and G(K) are functions of K satisfying certain regularity conditions. We also assume
F(0)G(0) = 1. If we take F = G = eK/2, the gauge condition in Eq. (2.5) reduces to the Schnabl
gauge, whereas F = G = 1/

√
1 − K corresponds to the gauge condition of the phantomless

solution in Ref. [4].
The on-shell physical states in this gauge condition are of the form

ϕi = F (K )OiG(K ), (2.7)

where Oi is an identity-based state of ghost number 1, satisfying QOi = 0. More concretely, we
may choose it as Oi = cVi, where Vi is a dimension −1 primary boundary operator in the matter
sector inserted in the wedge state with zero width. Note that Oi satisfies [B−

0 , Oi] = [L−
0 , Oi] = 0.

2.1.2 Propagator and simplified propagator. The propagator in the dressed B0 gauge is given
by

Pd = PsQP�
s , (2.8)

2Throughout the paper, we follow the convention of Ref. [1].
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with3

Ps = lim
�→∞
ε→0

(∫ �

0
dse−sL +

∫ �+i∞

�

dse−s(L−iε)
)
B. (2.9)

Here, L is the BRST transformation of B,

L • = 1
2

F (K )L−
0

[
F (K )−1 • G(K )−1]G(K ), with L = {Q,B}, (2.10)

and � and ε are regularization parameters to take care of the on-shell pole, or in other words,
the boundary term associated with the kernel of L (see, e.g., Ref. [5] for a recent discussion).
They are chosen such that � � 1 and ε� � 1.

An important remark is that the dressed B0 gauge is a singular gauge just like the Schnabl
gauge. From the Feynman diagram point of view, this is essentially because the above formal
propagator does not generate propagation of the open string midpoint. For a proper treatment
of scattering amplitudes, we need to introduce a class of regular gauges as discussed in Refs. [6,
7]. A conclusion there is that the naive propagator can be used for tree-level calculation, even
though loop amplitudes have to be treated carefully with the regularized propagator in order
to cover the closed string moduli appropriately.

In the following, we will assume F(K) = G(K).

2.1.3 Feynman diagram conventions. We will use the following three maps to express the Feyn-
man diagrams in formulas:

(i) the star product m : H ⊗ H → H,

m(φi, φ j ) = φi ∗ φ j; (2.11)

(ii) the propagator Pd in Eq. (2.8) (or the simplified propagator Ps in Eq. (2.9));
(iii) the Belavin–Polyakov–Zamolodchikov (BPZ) inner product I : H ⊗ H → R,

I (φi, φ j ) =
∫

φi ∗ φ j . (2.12)

We also define Yx(φi, φ j ) = Px m(φi, φ j ) (x = d, s) for notational simplicity.

2.1.4 W and A for the Okawa-type solutions. In the following, we will need W( ≡ W� = 0) and
AT to write down urchins. When the tachyon vacuum solution �T is the Okawa type,

�T = F (K )c
KB

1 − F (K )2
cF (K ), (2.13)

W and AT are given by

W = −F (K )2, AT = 1 − F (K )2

K
B. (2.14)

Note that A = AT − A� = 0 is formally written as

A = −F (K )2

K
B = W

B
K

. (2.15)

3Here, the subscript d stands for the dressed B0 gauge, whereas the subscript s stands for the simplified
propagator.
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2.2 Converting Feynman diagrams into urchins
2.2.1 Formula without the boundary term. Let us first present a formal argument where the
regularization of the propagator in Eq. (2.9) is not considered. We found the following simple
relation:

Pd
[
F (K )OiF (K )2O jF (K )

] = F (K )Oi
1 − F (K )2

K
BO jF (K ), (2.16)

or in other words,

Yd(ϕi, ϕ j ) = √−WOiATO j
√−W . (2.17)

Note that the left-hand side of Eq. (2.17) is written in terms of the Feynman rules, and the
right-hand side is written with W, AT, and O j , and can be regarded as a constituent element of
the main part4 of the formula in Eq. (1.1).

Proof of Eq. (2.17) Since m(ϕi, ϕj) is BRST closed and

Pd = Ps − (PsP�
s

)
Q, (2.18)

it holds that

Yd(ϕk, ϕl ) = Ys(ϕk, ϕl ). (2.19)

We find that the right-hand side Ys(ϕk, ϕl) is reduced to∫ ∞

0
dse−sLB

[
F (K )OkF (K )2Ol F (K )

] =
∫ ∞

0
dsF (K )e−s 1

2L
−
0

1
2
B−

0

[
OkF (K )2Ol

]
F (K )

= −
∫ ∞

0
dsF (K )e−s 1

2L
−
0
[
OkH ′(K )BOl

]
F (K )

= −
∫ ∞

0
dsF (K )

[
OkH ′(Ke−s)Be−sOl

]
F (K )

= F (K )
[
OkH (e−sK )

B
K
Ol

]s=∞

s=0
F (K )

= F (K )Ok(1 − F (K )2)
B
K
Ol F (K ), (2.20)

where H(K) = F(K)2. �

By using Eq. (2.17), we can convert four-point Feynman diagrams into urchins or vice versa,

I (m(ϕ1, ϕ2),Yd(ϕ3, ϕ4)) = −
∫

O1WO2WO3ATO4W. (2.21)

By summing over the s- and t-channels, the right-hand side of Eq. (2.21) produces the main
part of the gauge-invariant quantity I (N )

0 .

2.2.2 Formula with the boundary term. We can reproduce the contribution of the bound-
ary terms in I (N )

� by more careful handling of the propagators. Let us consider the simplified
propagator with the regularization in Eq. (2.9). Acting this regularized propagator on the star

4Here, the main part of I (N )
� refers to I (N )

� excluding the contribution of A� . See Sect. 4 of Ref. [1] for
details.
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Fig. 1. A schematic picture for T2(ϕi, ϕj) and T3(ϕi, ϕj, ϕk).

product of two on-shell states in the dressed gauge gives

Ps [FO1HO2F ]

= F
[∫ �

0
dse− s

2L
−
0

1
2
B−

0 (O1HO2)
]

F + F
[∫ �+i∞

�

dse−s( 1
2L

−
0 −iε) 1

2
B−

0 (O1HO2)
]

F

= −F
[∫ �

0
dse−sO1BH ′(e−sK )O2

]
F − F

[∫ �+i∞

�

dseiεse−sO1BH ′(e−sK )O2

]
F

= −FO1

[∫ 1

λ

dxH ′(xK ) + 1
K

H (λK )
]

BO2F + O(ε), (2.22)

where we introduced λ = e−� � 1. Also, in the last equality we used∫ �+i∞

�

dseiεse−sH ′(e−sK ) =
∫ λ

e−(�+i∞)
dxx−iεH ′(xK )

=
[

x−iε 1
K

H (xK )
]λ

e−(�+i∞)

+ iε
∫ λ

e−(�+i∞)
dxx−1−iε 1

K
H (xK )

= 1
K

H (λK ) + O(ε), (2.23)

where we used λε = e−ε� � 1 and assumed that the integral in the third line does not give any
1/ε singularity.

The first term in the square bracket of the right-hand side of Eq. (2.22) corresponds to AT,
and the second term corresponds to A0 = A� = 0,

− lim
λ→0

∫ 1

λ

dxH ′(xK )B = −F (K )2 − 1
K

B = AT, (2.24)

lim
λ→0

1
K

H (λK )B = B
K

= A0. (2.25)

Therefore, Eq. (2.22) can be expressed as

Yd(ϕi, ϕ j ) = √−WOiAO j
√−W . (2.26)

2.2.3 Generalization. Now we wish to generalize Eq. (2.26) and present a formula for n ex-
ternal states. Let us define Tn(ϕ1, …, ϕn) recursively by (Fig. 1)
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T1(ϕ1) = ϕ1, Tn(ϕ1, . . . , ϕn) =
n−1∑
i=1

Yd(Ti(ϕ1, . . . , ϕi), Tn−i(ϕi+1, . . . , ϕn)). (2.27)

The generalized formula is then given by

Tn(ϕ1, . . . , ϕn) = √−WO1A · · ·On−1AOn
√−W . (2.28)

The derivation of this formula is straightforward. We can use this formula to convert a partial
sum of Feynman diagrams into urchins. In the following, the arguments of Tn may be omitted
if there is no risk of confusion: Tn = Tn(ϕ1, …, ϕn).

2.2.4 Genuine propagator and simplified propagator. Note that we can use the simplified prop-
agator Ps instead of the genuine one to calculate Tn,

Tn = T (s)
n , (2.29)

where T (s)
n is defined by

T (s)
n (ϕ1, . . . , ϕn) =

n−1∑
i=1

Ys(T
(s)

i (ϕ1, . . . , ϕi), T (s)
n−i(ϕi+1, . . . , ϕn)), (2.30)

with the initial condition T (s)
1 = ϕ1. The formula in Eq. (2.29) follows from the fact that P−1Tn

is BRST closed,

QP−1Tn(ϕ1, . . . , ϕN ) = 0, (2.31)

where P−1 means amputation of the propagator attached to Tn,

P−1Tn(ϕ1, . . . , ϕn) =
n−1∑
i=1

m (Ti(ϕ1, . . . , ϕi), Tn−i(ϕi+1, . . . , ϕn)) . (2.32)

The statement in Eq. (2.31) follows by induction on n.

2.3 Tn and scattering amplitudes
We can decompose N-point disk amplitudes into (N − 1)! pieces by the cyclic ordering of ex-
ternal states. For example, a four-point amplitude A(4) can be decomposed as

A(4) = (A1234 + A1243 + A1324 + A1342 + A1423 + A1432), (2.33)

where Ai jkl has a definite cyclic ordering [i, j, k, l]. More generally, N-point amplitudes are
decomposed as

A(N ) = A12...N + ((N − 1)! − 1) terms. (2.34)

We call amplitudes with a definite cyclic ordering “color-ordered amplitudes” by analogy with
non-Abelian gauge theories, and the cyclic ordering of the color-ordered amplitude is labeled
by its subscripts as we have displayed.

By using Tn, the color-ordered amplitude A12...N can be written as5

A12...N = (−1)NI
(
T1(ϕ1),P−1TN−1(ϕ2, . . . , ϕN )

)
. (2.35)

We present a proof of this formula in Appendix A.1 for completeness. Since we have the relation
in Eq. (2.29), we can use T (s)

N−1 in place of TN − 1. In this sense, we can calculate the on-shell
amplitude using the simplified propagator, although it does not satisfy the BPZ property.

5Note that our definition of the star product differs from that in Ref. [2]; if we follow the convention
in Ref. [2], the sign factor (−1)N is not necessary.
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Fig. 2. Partial sum of the Feynman diagrams for a five-point amplitude.

In addition to Eq. (2.35), there are other formulas that represent S-matrices by using Tn. We
will present them in Appendix A.2. These expressions provide a simple alternative proof that
the formula in Eq. (1.1) represents the S-matrix.

We conclude this section by presenting an example of turning the sum of Feynman diagrams
into urchins.

Example 2.1. Consider the partial sum of the Feynman diagrams shown in Fig. 2. This can be
expressed as

I (T3(ϕ1, ϕ2, ϕ3), m(ϕ4, ϕ5)) = −
∫

O1AO2AO3WO4WO5W. (2.36)

The sum of these Feynman diagrams can also be expressed as

I (ϕ3, m(T2(ϕ4, ϕ5), T2(ϕ1, ϕ2))) + I (ϕ1, m(T2(ϕ2, ϕ3), T2(ϕ4, ϕ5)))

= −
∫

O1AO2WO3WO4AO5W −
∫

O1WO2AO3WO4AO5W. (2.37)

From these calculations, we find a relation among urchins:∫
O1AO2AO3WO4WO5W =

∫
O1AO2WO3WO4AO5W

+
∫

O1WO2AO3WO4AO5W. (2.38)

3. Properties of urchins
As we saw at the end of the previous section, there is more than one way to convert given
Feynman diagrams into urchins by using Eq. (2.28) in general. This degree of freedom leads
to nontrivial relations among different urchins. These relations are aggregated into a single
identity, Eq. (3.8), as we describe below.

From now on,
∑′′

represents the cyclic sum over the labels of the external lines, and
∑

rep-
resents the sum over their permutations. We also introduce

∑′
such that

∑ =∑′∑′′
. In other

words,
∑′

represents the summation over configurations of external lines which are different
modulo cyclic permutation;

∑′
represents summation over the circular permutation.

3.1 Recurrence relation among urchins
It is convenient to introduce a partial sum of Feynman diagrams 〈x, y, z〉 (x, y, z ∈ N) defined
by

〈x, y, z〉 =
∑′′

I
(

(Tx)x
1 , m

((
Ty
)x+y

x+1 , (Tz)x+y+z
x+y+1

))
, (3.1)
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where (Tw)p+w−1
p is given by

(Tw)p+w−1
p = Tw(ϕp, ϕp+1, . . . , ϕp+w−1). (3.2)

From the definition of Tn(ϕ1, …, ϕn), it follows that

y−1∑
i=1

〈x, i, y − i〉 =
x−1∑
j=1

〈y, j, x − j〉, x, y ≥ 2. (3.3)

Now define the partial sum of the urchins [l, m, n] by∑∫
(AO)l−1

1 WOl (AO)l+m−1
l+1 WOl+m (AO)l+m+n−1

l+m+1 WOl+m+n, (3.4)

where

(AO)q
p = AOpAOp+1AOp+2 · · · AOq. (3.5)

By definition, [x, y, z] is invariant under the cyclic permutation of its arguments

[x, y, z] = [y, z, x]. (3.6)

From Eq. (2.28), 〈x, y, z〉 can be represented by using [l, m, n],∑′〈x, y, z〉 = [x, y, z]. (3.7)

This leads to a relation that holds among urchins. Let x, y be natural numbers equal to or
greater than two. It then follows that

y−1∑
i=1

[x, i, y − i] =
x−1∑
j=1

[y, j, x − j]. (3.8)

Before proceeding to the next section, let us define a symmetric sum of Feynman diagrams
〈x, y〉 as

〈x, y〉 =
∑′′ y−1∑

i=1

I
(

(Tx)x
1 , m

((
Ty−i

)x+y−i
x+1 , (Ti)

x+y
x+y−i+1

))
. (3.9)

In other words, 〈x, y〉 is obtained by connecting (Tx)x
1 and

(
Ty
)x+y

x+1 with one propagator re-
moved:

〈x, y〉 =
∑′′

I
(

(Tx)x
1 , (P )−1 (Ty

)x+y
x+1

)
. (3.10)

We also define a two-headed urchin [x, y] by

[x, y] =
y−1∑
i=1

[x, y − i, i] =
∑′〈x, y〉. (3.11)

By definition,

[x, y] = [y, x], 〈x, y〉 = 〈y, x〉. (3.12)

Figures 3 and 4 show schematic pictures of urchins, which are often useful for manipulating
formulas.

We conclude this subsection with a remark on the gauge invariance of Eq. (3.8). We have
proved the relation in Eq. (2.28) by using Feynman diagrams in the dressed B0 gauge, and it is
assumed accordingly that �T is an Okawa-type solution and � = 0. Nevertheless, Eq. (3.8) is
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(a)

(b)

Fig. 3. (a) A schematic picture for [x, y, z]. The number written in each circle represents the “length” of
the three parts separated by W in the urchin. (b) A schematic picture for [x, y].

Fig. 4. A schematic description for the definition of [x, y] (the first equality) and the basic relation in
Eq. (3.8) among the three-headed urchins (the second equality).

valid regardless of the gauge-fixing conditions of � and �T. This can be proved by considering
an infinitesimal gauge transformation of Eq. (3.8) in a similar manner to that used in Ref. [1,
Sect. 4.3]. See Appendix B for details.

3.2 Basis for urchins
Having obtained the relation among urchins in Eq. (3.8), we now wish to find a set of linearly
independent urchins. In the following, we do not distinguish [x, y, z]s obtained by a cyclic shift
of their arguments; that is, we identify [x, y, z] and [y, z, x]. Let VN be a vector space of urchins
defined in this way:

VN =

⎧⎪⎨
⎪⎩
∑
x,y,z

cx,y,z[x, y, z]

∣∣∣∣∣∣∣
cx,y,z ∈ R, x, y, z ∈ N,

x + y + z = N,

[x, y, z] ∼ [y, z, x]

⎫⎪⎬
⎪⎭ . (3.13)
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3.2.1 Dimension of VN. The dimension of VN is given by6

dimVN =
⌊

1
6

(N − 1)(N − 2) + 2
3

⌋
−
⌊

N − 3
2

⌋
. (3.14)

Here, �x� is the floor function, namely the maximal integer n which satisfies n ≤ x.

Proof of Eq. (3.14) To prove Eq. (3.14), we first count the number of triplets of natural numbers
(x, y, z) whose total is N under the identification (x, y, z) ∼ (y, z, x),

#(x, y, z) ≡ #

⎧⎪⎨
⎪⎩(x, y, z)

∣∣∣∣∣∣∣
x, y, z ∈ N,

x + y + z = N,

(x, y, z) ∼ (y, z, x)

⎫⎪⎬
⎪⎭ . (3.15)

The answer depends on whether N is a multiple of three:

#(x, y, z) =

⎧⎪⎪⎨
⎪⎪⎩

1
6

(N − 1)(N − 2) (3 � N ),

1
6

(N − 1)(N − 2) + 2
3

(3 | N ),

(3.16)

or this can be expressed in a single line as

#(x, y, z) =
⌊

1
6

(N − 1)(N − 2) + 2
3

⌋
. (3.17)

The number of constraints from Eq. (3.8) equals that of [x, y]s with 2 ≤ x < y and x + y = N.
Thus, we find

#(constraints from Eq. (3.8)) =
⌊

N − 3
2

⌋
. (3.18)

The difference between Eqs. (3.16) and (3.18) therefore gives the number of linearly independent
urchins. �

3.2.2 A basis for VN. The following form a basis for VN:{
[x, y, z]

∣∣ 2 ≤ x, y, z, x + y + z = N
} ∪ { [1, 1, N − 2]

} ∪ { v−
i, j

}
, (3.19)

where

v−
i, j = [1, i, j] − [1, j, i] (2 ≤ i < j, i + j = N − 1), (3.20)

v+
i, j = [1, i, j] + [1, j, i] (2 ≤ i ≤ j, i + j = N − 1). (3.21)

Indeed, the number of elements in Eq. (3.19) corresponds to Eq. (3.14). Also, we can always
erase v+

i, j by using the following formula:

v+
i,N−i−1 = 1

3

∑
2≤p,q,r≤N−4

p+q+r=N

(ρi(p) + ρi(q) + ρi(r)) [p, q, r] + [1, 1, N − 2], (3.22)

where

ρi(x) = �(N − i ≤ x ≤ N − 4) − �(2 ≤ x ≤ i), (3.23)

6This implies that growth in the number of urchins (with respect to the number of external states N) is
slower than growth in the number of Feynman diagrams; the number of Feynman diagrams contained
in Tn is given by the Catalan number, which grows asymptotically as

Cn ∼ 4n

√
πn

3
2

.
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with �(p) a Boolean-valued function:

�(statement) =
{

1 if statement is true,
0 if statement is false.

(3.24)

Proof of Eq. (3.22) Let us rewrite (3.8) as

v+
2,N−3 + K (2) = [1, 1, N − 2],

v+
3,N−4 + K (3) = v+

2,N−3,

v+
4,N−5 + K (4) = v+

3,N−4 + K (N − 4),

...

v+
i,N−i−1 + K (i) = v+

N−i,i−1 + K (N − i), (3.25)

where K(i) is defined by

K (i) =

⎧⎪⎨
⎪⎩

N−i−2∑
k=2

[i, k, N − i − k] (1 ≤ i ≤ N − 4),

0 (otherwise).

(3.26)

Another useful expression for K(i) is

K (l ) = 1
3

∑
2≤p,q,r≤N−4

p+q+r=N

(δl,p + δl,q + δl,r)[p, q, r]. (3.27)

By summing the equations in Eq. (3.25), we obtain7

v+
i,N−i−1 =

N−4∑
l=N−i

K (l ) −
i∑

k=2

K (k) + [1, 1, N − 2], (3.28)

and, by using Eq. (3.27) we obtain Eq. (3.22). �

3.3 Proof that I (N )
� is the S-matrix

Now we shall prove that I (N )
� in Eq. (1.1) represents the on-shell scattering amplitude. On one

hand, the tree-level S-matrix in the dressed B0 gauge is given by

A(N )(ϕ1, . . . , ϕN ) = (−1)N
∑′

I (ϕN,P−1TN−1(ϕ1, . . . , ϕN−1)) = (−1)N−1 1
N

[1, N − 1].

(3.29)

The factor 1/N is due to an extra summation over cyclic permutations of the external states in
the definition of [1, N − 1]. We expand this quantity in terms of the basis in Eq. (3.19):

[1, N − 1] = [1, 1, N − 2] + [1, 2, N − 3] + · · · + [1, N − 3, 2] + [1, N − 2, 1]

= 2[1, 1, N − 2] + 1
2

N−3∑
i=2

v+
i,N−i−1

= N
2

[1, 1, N − 2] − N
6

∑
p+q+r=N

2≤p,q,r≤N−4

[p, q, r]. (3.30)

Here we used Eq. (3.22) in the last equality.

7We follow the convention that when the upper limit of the summation index is lower than the lower
limit, the sum is zero,

∑b
i=a(. . .) = 0 (a > b).
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On the other hand, from Eq. (1.1), I (N )
0 is given by

I (N )
0 = 1

3
CN

∑
p+q+r=N

1≤p,q,r≤N−2

[p, q, r], (3.31)

which can be written as

I (N )
0 = 1

3
CN

⎛
⎜⎜⎝3[1, 1, N − 2] + 3

2

N−2∑
i=2

v+
i,N−i−1 +

∑
p+q+r=N

2≤p,q,r≤N−4

[p, q, r]

⎞
⎟⎟⎠

= CN

⎛
⎜⎜⎝N − 2

2
[1, 1, N − 2] − N − 2

6

∑
p+q+r=N

2≤p,q,r≤N−4

[p, q, r]

⎞
⎟⎟⎠ , (3.32)

where we again used Eq. (3.22) in the last equality. Therefore, we conclude that I (N )
0 is the S-

matrix if we choose CN to be

CN = (−1)N−1

N − 2
. (3.33)

4. The S-matrix from the new set of Feynman rules presented in Ref. [3]
In this section we review the new set of Feynman rules R� introduced in Ref. [3], and then
prove that R� gives correct on-shell amplitudes, which matches I (N )

� . Throughout this section
we choose A as

A = W�AT

1 + W�

, (4.1)

with AT satisfying A2
T = 0, following Ref. [3].8 Under this choice, A and W� satisfy A2 = 0 and

[A,W� ] = 0.

4.1 Summary of the new Feynman rules R�

Inspired by the formula for I (N )
� , a new propagator P� was devised in Ref. [3]:9

P�φ = A
2W�

∗ φ + (−1)gh(φ)φ ∗ A
2W�

. (4.2)

Here, φ denotes a test state and gh(φ) the world-sheet ghost number of φ.
The validity of P� is discussed in Ref. [3] by using the homological perturbation, but the

authors did not prove the validity of some of their assumptions, including that on the physical
states. In particular, when we choose the Okawa-type solution, the validity of their argument
is not clear due to the inverse of K (see Appendix C.2), which is hidden behind a formal power
series that may not converge. The validity of the perturbation theory using P� is therefore not

8In the context of Ref. [3], the right-hand side of Eq. (4.1) is interpreted in terms of formal power series.
In the present context, however, we can define the right-hand side of Eq. (4.1) by using a superposition of
wedge states, and Feynman diagrams of R� are calculable in general. Note that the inverse of K appearing
there is treated by the method of Ref. [1].

9For general cases, where A does not commute with W� , we can take P� as

P�φ = 1
2

(
1√
W�

A
1√
W�

∗ φ + (−1)gh(φ)φ ∗ 1√
W�

A
1√
W�

)
,

and the discussion in this section still holds.
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yet established. Also, the gauge-fixing condition or the physical states for R� have not been
clarified.

In the following discussion, which is independent of Ref. [3], we only assume that the external
state ϕj (for R�) and O j (in Eq. (1.1)) are related by ϕ j = √−W�O j

√−W� , and do not assume
anything about O j except that O j is a Q�-closed state at ghost number 1. We do not need to
specify the gauge-fixing condition of ϕj in the following discussion.

Example 4.1. Let us calculate an on-shell five-point amplitude with R�. Since all five Feynman
diagrams are topologically equivalent, the five-point amplitude can be written as∑

I (m(ϕ4, ϕ5),P�m(P�m(ϕ1, ϕ2), ϕ3)) = 1
4

(2[2, 2, 1] + [3, 1, 1]) .

We can confirm that this expression is equivalent to Eq. (1.1) by using Eq. (3.8).

In the next subsection we evaluate the Feynman diagrams in R� and show that their sum
equals the on-shell scattering amplitude.10

4.2 Proof that R� gives the correct tree-level amplitudes
We divide the proof into three steps. First, we classify the non-vanishing Feynman diagrams.
Then, we evaluate the sum of each class of the Feynman diagrams. Finally, we prove that the
sum of the Feynman diagrams equals (1.1).

4.2.1 A classification of non-vanishing diagrams. A notable feature of R� is that the Feynman
diagrams satisfying a specific condition always vanish. Let us describe this condition precisely.
Let p(g) be a subdiagram of a Feynman diagram g which is obtained by getting rid of all the
external lines of g. If the number of branching points in p(g) is greater than one, then the
contribution of g is zero. This is because g has more than three W�s when it is expressed by
using W� , A, and O j , which implies collision of the As.11

We therefore only need to consider Feynman diagrams for which p(g) does not have a branch-
ing point (type A), or those for which p(g) has one branching point (type B).

4.2.2 Evaluation of the Feynman diagrams. We first present the formula for the sum of the
Feynman diagrams of each type, and then move on to the proof. The contribution from the
Feynman diagrams of type A is(

−1
2

)N−3 N−4∑
p=0

(
N − 4

p

)
[N − p − 2, p + 2], (4.3)

while the contribution from the Feynman diagrams of type B is

1
3

(
−1

2

)N−3 ∑
p+q+r=N−6

0≤p,q,r

2 f (p, q, r)[p + 2, q + 2, r + 2], (4.4)

10It can generally be proved that the on-shell scattering amplitude does not depend on the choice of
the propagator. However, it is quite unclear whether this argument holds in the presence of B/K. This
is why we will evaluate the Feynman diagrams explicitly in Sect. 4.2. We will discuss this point in more
detail in Appendix C.2.

11In the case where we chose A which does not satisfy A2 = 0, let us say A = W�AT
W�+1 + Qχ , we can still

prove that the Feynman diagrams satisfying the above condition vanish as a result of partial integration
with respect to Q.
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Fig. 5. A schematic picture of the counting procedure for the type A Feynman diagrams, phase 1. The
red segment represents p(g). The black, purple, and pale-blue lines represent the external states, of which
there are N in total.

Fig. 6. Counting procedure for the type A Feynman diagrams, phase 2. The external lines are connected
to p(g).

where

f (p, q, r) =
p∑

p1=0

q∑
q1=0

r∑
r1=0

(
p1 + r − r1

p1

)(
q1 + p − p1

q1

)(
r1 + q − q1

r1

)
. (4.5)

Proof of Eqs. (4.3) and (4.4) To calculate the sum of all the type A Feynman diagrams, it is
convenient to consider the following three phases in constructing and evaluating the Feynman
diagrams.

Phase 1. We first set the numbers of external lines on each side of p(g) (see Fig. 5). The red
segment represents p(g). Let p be the number of external lines on one side of p(g), which are
represented by purple lines. Accordingly, there are N − p − 4 external lines on the other side,
which are represented by pale-blue lines.

Phase 2. We then attach these external lines to p(g) (see Fig. 6). There are(
N − 4

p

)
(4.6)

ways to do this.

Phase 3. Now we convert the Feynman diagram into a sum of urchins. For every propagator
P� we draw a dotted yellow line, which is rooted in P� and growing on either side of it (see
Fig. 7). This dotted yellow line represents a factor of 1

2 A. As shown in Fig. 8, there are dotted
lines between every neighboring pair of external lines, except for only three pairs. (To obtain a
non-vanishing Feynman diagram, two As must not collide.) We put W�s in these three empty
places. Two of these three W�s are always placed at both ends of p(g).
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Fig. 7. The propagator P� and A. The dotted line represents the position where A is inserted when the
Feynman diagram is expressed as an urchin.

Fig. 8. Counting procedure for the type A Feynman diagrams, phase 3.

From this figure we can read off the corresponding expression as an urchin; we only need
to place O js, As, and W�s in the same order as in the figure and add the integration symbol

∫
with the factor (−1)N

( 1
2

)N−3
. Note that, if the position of three W�s is given, the configuration

of the dotted lines is uniquely determined. Therefore, summing all possible configurations of
dotted lines yields the following result:

−(−1)N
(

1
2

)N−3
⎛
⎝N−p−3∑

i=1

[p + 2, N − p − 2 − i, i] +
p+1∑
j=1

[ j, p + 2 − j, N − p − 2]

⎞
⎠

=
(

−1
2

)N−3

2[p + 2, N − p − 2]. (4.7)

Finally, by taking the factor in Eq. (4.6) into account and summing over p, we obtain Eq. (4.4).
Next, let us calculate the sum of all the type B Feynman diagrams by a similar method.

Phase 1b. Let us first set the number of the external lines which are on each side of every branch
of p(g). We express these numbers by using the six variables (p, q, r; p1, q1, r1) as in Fig. 9.

Phase 2b. We then attach the external lines to p(g). There are(
p1 + r − r1

p1

)(
q1 + p − p1

q1

)(
r1 + q − q1

r1

)
(4.8)

ways to do this.

Phase 3b. Now we convert the Feynman diagram into a sum of urchins. We draw a dotted
yellow line for every propagator P� as before. For given (p, q, r; p1, q1, r1), there are exactly
two possible configurations of the dotted lines. Therefore, summing these two configurations

16/26

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2022/1/013B07/6412550 by D

ESY-Zentralbibliothek user on 24 February 2022



PTEP 2022, 013B07 T. Masuda et al.

Fig. 9. A schematic picture of the counting procedure for the type B Feynman diagrams with f(p, q, r).
The red graph represents p(g).

of yellow dotted lines yields the following result:

(−1)N
(

1
2

)N−3

2[p + 2, q + 2, r + 2]. (4.9)

Finally, by taking the factor in Eq. (4.8) into account and summing over (p, q, r; p1, q1, r1),
we obtain Eq. (4.4). �

4.2.3 Proof of equality. We are left to prove that the sum of Eqs. (4.3) and (4.4) equals12

I (N )
� = − (−1)N

2(N − 3)

N−2∑
i=2

[i, N − i]. (4.10)

To prove this, we expand Eqs. (4.3), (4.4), and (4.10) by using the basis of urchins in Eq. (3.19).
The urchin [i, N − i] (2 ≤ i ≤ N − 2) is expanded in this basis as

[i, N − i] = [1, 1, N − 2] + 1
3

∑
p+q+r=N

2≤p,q,r≤N−4

(νi(p) + νi(q) + νi(r)) [p, q, r], (4.11)

where

νi(x) = �(N − i ≤ x ≤ N − 3) − �(2 ≤ x ≤ i − 1). (4.12)

Proof of Eq. (4.11) From the basic relation in Eq. (3.8) we have

[i + 1, N − i − 1] − [i, N − i] = −K (i) + K (N − i − 1) (4.13)

for 2 ≤ i ≤ N − 3, and therefore

[i, N − i] = [2, N − 2] +
N−3∑

j=N−i

K ( j) −
i−1∑
k=2

K (k). (4.14)

By using Eq. (3.27) we obtain Eq. (4.11). �

12This expression follows from Eqs. (3.29) and (3.32), as Eq. (3.32) implies

I (N )
� = (−1)N−1

3(N − 2)

{
[1, N − 1] +

N−2∑
i=2

[i, N − i]

}
.
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From Eq. (4.11), we find that13

(4.10) − (4.3) = 1
3

(
1
2

)N−4 ∑
p+q+r=N

2≤p,q,r≤N−4

( p−2∑
x=0

+
q−2∑
x=0

+
r−2∑
x=0

)(
N − 4

x

)
[p, q, r]

− 1
3

∑
p+q+r=N

2≤p,q,r≤N−4

[p, q, r]. (4.15)

With the help of an identity for the binomial coefficients,14

f (x, y, z) +
x∑

j=0

(
n
j

)
+

y∑
j=0

(
n
j

)
+

z∑
j=0

(
n
j

)
= 2n, (4.16)

where n = x + y + z + 2, we find that Eq. (4.15) equals Eq. (4.4), which completes our
proof.

5. Concluding remarks
We have proved that the gauge-invariant quantity I (N )

0 equals the sum of the tree-level Feynman
diagrams in the dressed B0 gauge. By combining our results with those of Ref. [6], we conclude
that I (N )

0 correctly reproduces the tree-level S-matrix.
We have only considered the gauge-invariant quantity I (N )

0 around the perturbative vacuum
� = 0 in Sects. 2 and 3. This restriction is for the sake of simplicity; indeed, our proof can
be extended to general classical solutions � in a straightforward manner. As shown in Ref. [1,
Sect. 5], we can calculate I (N )

�EM
around the Erler–Maccaferri solution �EM [8, 9] in essentially

the same way as I (N )
0 . In particular, the relation in Eq. (2.28) is appropriately generalized, and

the discussion in Sect. 3 is also valid in this case. Assuming every classical solution is gauge
equivalent to an Erler–Maccaferri solution, we can conclude that I (N )

� is the tree-level S-matrix.
The dressed B0 gauge is regarded as a singular limit of a series of regular gauge-fixing con-

ditions, as discussed for the Schnabl gauge in Refs. [6, 7]. It is still not clear why I (N )
0 is related

to Feynman rules with such a singular gauge-fixing condition. It might be because of the for-
mulation of I (N )

0 itself, while it is also possible to assume that it comes from the gauge-fixing
condition of the tachyon vacuum solution �T, which is also the dressed B0 gauge. It might be

13Here we have used
N−4∑
x=0

(
N − 4

x

)
νx+2(p) = 2

p−2∑
x=0

(
N − 4

x

)
− 2N−4.

14This identity follows from the Chu–Vandermonde identity. Or, the following identities would be more
fundamental:

p+q+r∑
p1=0

p+q+r∑
q1=0

p+q+r∑
r1=0

(
p1 + r − r1

p1

)(
q1 + p − p1

q1

)(
r1 + q − q1

r1

)
= 2p+q+r+2 − δp,0 − δq,0 − δr,0,

p+q+r∑
p1=p+1

p+q+r∑
q1=q+1

p+q+r∑
r1=r+1

(
p1 + r − r1

p1

)(
q1 + p − p1

q1

)(
r1 + q − q1

r1

)
= 0,

p∑
p1=0

p+q+r∑
q1=q+1

p+q+r∑
r1=0

(
p1 + r − r1

p1

)(
q1 + p − p1

q1

)(
r1 + q − q1

r1

)
=

p∑
j=0

(
p + q + r + 2

j

)
− δr,0.

The original identity is obtained by adding these identities by shifting the summation indices.
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interesting to ask whether we can relate I (N )
0 with a Feynman rule of a more regular gauge-fixing

condition by choosing �T for different gauge conditions.
We also proved that the tree-level S-matrix calculated with the new set of Feynman rules R�

matches the gauge-invariant quantity I (N )
� . This means that R� is valid at least for an on-shell

tree-level calculation. As mentioned earlier, there is an unfinished part in the foundation of the
Feynman rules R�, but if we could complete it, it would allow us to extend our result to the
loop level.

We believe that our analysis casts light on the rather unconventional object AT − A� and its
relation to propagators in the conventional perturbative calculation. It would be great if our
work could help in obtaining a simplified expression or description for the loop amplitudes.
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Appendix A. Tn and Feynman diagrams
In this appendix we provide proofs of the statements regarding Tn and scattering amplitudes.
In particular, Eq. (A.3) can be regarded as a graphical proof of the equivalence of Eq. (1.1)
and the on-shell scattering amplitude.

A.1 Tree amplitudes in cubic open string field theory
This subsection presents a proof of Eq. (2.35). Before addressing the main point, let us sum-
marize how to calculate open string scattering amplitudes using Feynman rules. As we stated
in Sect. 2.3, N-point amplitudes are decomposed as

A(N ) = [A12...N + ((N − 1)! − 1
)

terms
]
. (A.1)

To calculate the color-ordered amplitude, we need to sum over the possible non-crossing dia-
grams with fixed cyclic ordering of the external states.

Sketch of the Proof of Eq. (2.35) Suppose that we have a tree, non-crossing diagram g which
has N external lines labeled counterclockwise by ϕ1, ϕ2, …, ϕN. Since g is a tree diagram, we can
assign each internal line (propagator) a direction away from ϕ1. Let a dotted line grow from the
right side of each internal line and assign it the label Y, as in Fig. A1. By arranging the ϕjs and
Ys according to cyclic order in the graph, with ϕ1 leftmost, we can express g using the functions
Yd, I, and m. For example, the graph in Fig. A1 corresponds to

ϕ1ϕ2YY ϕ3ϕ4ϕ5 → I (ϕ1, m(ϕ2,Yd(Yd(ϕ3, ϕ4), ϕ5))). (A.2)

Since m(ϕ2, Yd(Yd(ϕ3, ϕ4), ϕ5)) appears in P−1T4(ϕ2, ϕ3, ϕ4, ϕ5), we see that Eq. (A.2) appears
in Eq. (2.35) for N = 5. We can confirm that this correspondence is one to one onto. �
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Fig. A1. Illustration of Eq. (2.35).

A.2 Other expressions for A12...N

In this subsection we present two more formulas for the scattering amplitude in addition to
Eq. (2.35). By focusing on propagators, we have

A12...N = (−1)N

2(N − 3)

N−1∑
i=2

[
I
(
P−1Ti(ϕ1, . . . , ϕi), TN−i(ϕi+1, . . . , ϕN )

)

+ ((N − 1) cyclic permutations w.r.t. ϕi
)]

, (A.3)

where we note that each Feynman diagram is counted 2(N − 3) times because it contains (N −
3) propagators, with two possible orientations, and so the prefactor 1/2(N − 3) is to compensate
for this over-counting.

Proof of Eq. (A.3) What we need to prove is the following identity:

2(N − 3)〈1, N − 1〉 = N
N−3∑
i=2

〈i, N − i〉. (A.4)

Let GI be a set of the Feynman diagrams (tree, non-crossing) with external states ϕi1, . . . , ϕiN

arranged in a counterclockwise direction, where I denotes a series of indices I = i1, …, iN. Let
A(g) denote a set of (ornamented) Feynman diagrams obtained from g ∈ GI by marking one
of the propagators with an oriented symbol and marking one of the external states (Fig. A2).
Define BI ≡⋃g∈GI

A(g). In the following, we will calculate the sum of Feynman diagrams in
BI by ignoring the marks on propagators and external lines. We will see that the result is the
left- or right-hand side of Eq. (A.4), depending on the method of calculation.

Method 1. Let l1(g′) (g′ ∈ BI) denote the index i of the marked external line of g′. We first sum
over the Feynman diagrams in BI with i = l1(g′) fixed. Then we sum over the index i. The result
corresponds to the right-hand side of Eq. (A.4).15

Method 2. By removing the marked propagator from a Feynman diagram g′ ∈ Bl, we obtain
an ordered pair of natural numbers l2(g′) ≡ (i, j) (i + j = N, i, j ≥ 2), each representing the
number of external states in the resulting subgraphs. We first sum over the Feynman diagrams

15The factor 2 is from the orientation of the mark on the propagators, and the factor (N − 3) is from
the number of propagators.
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Fig. A2. An example of A(g). Note that we have dropped the labels of the external lines on the right-hand
side of the second equality for simplicity.

in BI with a fixed l2(g′) = (i, j). We then sum over (i, j). The result corresponds to the left-hand
side of Eq. (A.4).16 �

Yet another formula for scattering amplitudes is obtained by focusing on vertices:

A12...N = (−1)N

3(N − 2)

∑
i+ j+k=N

i, j,k≥1

[〈
Ti(ϕ1, . . . , ϕi), Tj (ϕi+1, . . . , ϕi+ j ), Tk(ϕi+ j+1, . . . , ϕN )

〉

+ ((N − 1) cyclic permutations w.r.t. ϕi
)]

, (A.5)

where

〈Ti, Tj, Tk〉 = I (Ti, m(Tj, Tk)). (A.6)

Equation (A.5) is proved in a similar manner to the proof of Eq. (A.3); in this case, the factor
1/(N − 2) cancels out the number of vertices, and the factor 1/3 compensates for the rotation
around each vertex. In terms of urchins, the right-hand side of Eq. (A.5) corresponds to that
of Eq. (1.1). Thus, the derivation of Eq. (A.5) provides a short alternative proof that Eq. (1.1)
represents the S-matrix.

Appendix B. Gauge invariance of the identity in Eq. (3.8)
In this appendix we prove the gauge invariance of the basic identity in Eq. (3.8) by considering
an infinitesimal gauge transformation of it. The method is basically the same as that in [1,
Sect. 4.3]. We borrow the notation from there and define the following quantities:

H (p,q,r) =
∑′′∑′

H (p,q,r)
I , (B.1)

T (p,q,r) =
∑′′∑′

T (p,q,r)
I , (B.2)

T j(p,q,r) =
∑′′∑′

T j(p,q,r)
I , (B.3)

T̃ [ j](p,q) =
∑′′∑′

T̃ [ j](p,q)
I . (B.4)

16The factor N is from the position of the mark on external lines.
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We assume here that all the subscripts in these expressions are elements of ZN = Z/NZ, where
N is the number of external states. These quantities are all translationally invariant:

H (p,q,r) = H (p+d,q+d,r+d ), T (p,q,r) = T (p+d,q+d,r+d ), (B.5)

T j(p,q,r) = T j+d (p+d,q+d,r+d ), T̃ [ j](p,q) = T̃ [ j+d ](p+d,q+d ). (B.6)

Urchins and H(p, q, r) are related by17

H (p,q,r) = [q − p, r − q, N + p − r] (1 < p < q < r < N ). (B.7)

The basic relation can then be expressed as
r−1∑

α=p+1

[α − p, r − α, N + p − r] =
N+p−1∑
α=r+1

[r − p, α − r, N + p − α], (B.8)

or
r−1∑

α=p+1

H (p,α,r) =
N+p−1∑
α=r+1

H (p,r,α). (B.9)

Note that this equals [N + p − r, r − p]. An infinitesimal gauge transformation of H(p, q, r) is

δH (p,q,r) =
∑

i/∈{p,q,r}
T i(p,q,r) + T̃ [p](q,r) + T̃ [q](p,r) + T̃ [r](p,q). (B.10)

We have

T̃ [i](p,q) =
∑

r�=p,q,i

s(r, i; p, q)T i(p,q,r). (B.11)

Note that the sign factor s(w, x; y, z) is well defined even for arguments that are elements of
ZN . Now, let us consider an infinitesimal gauge transformation of each side of Eq. (B.9):

δ(LHS) =
r−1∑

α=p+1

δH (p,α,r)

=
r−1∑

α=p+1

( ∑
i/∈{p,α,r}

T i(p,α,r) +
∑

x �=p,α,r

s(x, p; α, r)T p(α,r,x)

+
∑

x �=p,α,r

s(x, α; p, r)T α(p,r,x) +
∑

x �=p,α,r

s(x, r; p, α)T r(p,α,x)

)

= AL + BL, (B.12)

where

AL =
r−1∑

α=p+1

N+p−1∑
i=r+1

T i(p,α,r) +
r−1∑

j=p+1

N+p−1∑
x=r+1

T j(p,x,r), (B.13)

BL =
r−1∑

α=p+1

∑
x �=p,α,r

s(x, p; α, r)T p(α,r,x) +
r−1∑

α=p+1

∑
x �=p,α,r

s(x, r; p, α)T r(p,α,x), (B.14)

17It is more accurate to write [qR − pR, rR − qR, N + pR − rR] (1 ≤ pR < qR < rR ≤ N) for the right-hand
side. Here, xR ∈ Z is the representative corresponding to x ∈ ZN . But we wrote it as in Eq. (B.7) as there
is no risk of confusion.
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whereas

δ(RHS) =
N+p−1∑
α=r+1

δH (p,α,r)

=
N+p−1∑
α=r+1

( ∑
i/∈{p,α,r}

T i(p,α,r) +
∑

x �=p,α,r

s(x, p; α, r)T p(α,r,x)

+
∑

x �=p,α,r

s(x, α; p, r)T α(p,r,x) +
∑

x �=p,α,r

s(x, r; p, α)T r(p,α,x)

)

= AR + BR, (B.15)

where

AR =
N+p−1∑
α=r+1

r−1∑
i=p+1

T i(p,α,r) +
N+p−1∑
j=r+1

r−1∑
x=p+1

T j(p,x,r) (B.16)

BR =
N+p−1∑
α=r+1

∑
x �=p,α,r

s(x, p; α, r)T p(α,r,x) +
N+p−1∑
α=r+1

∑
x �=p,α,r

s(x, r; p, α)T r(p,α,x). (B.17)

We have

AL = AR, BL = BR. (B.18)

Thus we conclude that Eq. (B.9) holds regardless of the gauge-fixing condition of � or �T.

Appendix C. More on unconventional propagators
In Sect. C.1 we present some propagators other than Eq. (4.2) with which the Feynman dia-
grams calculated are given by a sum of urchins. In particular, the simplified propagator given
in Eq. (C.2) does not satisfy the BPZ property but can be used to calculate on-shell scattering
amplitudes as in the case of Ps. In Sect. C.2, we first present a formal argument that the on-shell
amplitude does not depend on the choice of propagators. Then, we show that this argument
fails when we consider the unconventional propagator P�.

C.1 Other unconventional propagators
Note that our propagator P� can be written as

P� = 1
2

(
P� + P�

�
)
, (C.1)

where the simplified propagator P� and its BPZ conjugation are given by

P�φ = A
W�

φ, P�
�φ = (−)gh(φ)φ

A
W�

. (C.2)

This simplified propagator satisfies {Q,P�} = 1, and can be used to calculate on-shell ampli-
tude if we are careful about its orientation, for the same reason that Eq. (2.9) can be used for
calculation of the S-matrix.

In addition to P�, it is natural to consider the propagator

P� = P�QP�
�, (C.3)
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which is the other combination of P� and P�
� respecting the BPZ property. We can check im-

mediately that this second propagator gives a result consistent with I (N )
� . Indeed, we have

T �
n (ϕ1, . . . , ϕn) = (−1)n 1√−W

AO1AO2 · · · AOn−1WOn
√−W . (C.4)

Here, T �
n is defined by Eq. (2.27) with the propagator replaced by P�. From Eq. (2.35), we

conclude that

A12...N = I
(

T �

1 (ϕ1),P−1T �

N−1(ϕ2, . . . , ϕN )
)

. (C.5)

C.2 P-independence of on-shell amplitudes: A conventional argument
Let us pretend that we have two operators, P1 and P2, which satisfy

{Q,P1} = {Q,P2} = 1, P�
1 = P1, P�

2 = P2. (C.6)

We wish to show that scattering amplitudes computed with them are identical. For this purpose,
let us define the following one-parameter family of operators:

P (x) = xP1 + (1 − x)P2, (C.7)

which satisfies

{Q,P (x)} = 1, P (x)� = P (x). (C.8)

A useful property is that its derivative in x is BRST exact:

∂xP (x) = P1 − P2 = {Q,P2}P1 − P2{Q,P1} = [Q,P2P1]. (C.9)

The x-derivative of the scattering amplitudes computed with P = P (x) reads

∂xA12...N =
N−1∑
i=2

I
(
P−1Ti(ϕ1, . . . , ϕi), (∂xP )P−1TN−i(ϕi+1, . . . , ϕN )

)

=
N−1∑
i=2

I
(
P−1Ti(ϕ1, . . . , ϕi), [Q,P2P1]P−1TN−i(ϕi+1, . . . , ϕN )

)
= 0, (C.10)

where we used Eq. (2.31) in the last equality. (Also, the first equality follows by the same rea-
soning as in the proof of Eq. (A.3) in Sect. A.2.) Since the amplitudes are x-independent, those
computed with P1 and P2 are identical and so amplitudes are independent of the choice of
the propagator. Notice here that we have shown that tree-level amplitudes are invariant under
replacement of the propagator by an arbitrary operator P satisfying {Q,P} = 1 and P� = P .18

Now we try applying this argument to the propagator P�. Suppose P1 = P� and P2 = P�. In
Eq. (C.10), we have assumed that a state of the form QP�P�φ is BRST exact and its contraction
with the BRST-closed state is zero. However, this does not hold in the present case. To see this,
let us consider the following state:

QP�P�φ123 = B
K

φ1 ∗ φ2 ∗ φ3 + φ1 ∗ φ2 ∗ φ3
B
K

, (C.11)

where φ123 = φ1∗φ2∗φ3, with φj an element of the BRST cohomology at ghost number 1. If
this state was BRST exact, the contraction of it with φ4 would vanish. In fact, the result is not

18The discussion in this subsection is a simplified version of that in Ref. [3], and by inserting projec-
tion operators regarding domains of Pis into formulas in this subsection, we can reproduce the formal
argument in Ref. [3].
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zero but an integration over part of the moduli space,∫
φ4QP�P�

(
B
K

φ1 ∗ φ2 ∗ φ3 + φ1 ∗ φ2 ∗ φ3
B
K

)
=
∫ 1

0
dx〈φ3(0)φ4(x)φ1(1)φ2(∞)〉UHP,

(C.12)

as calculated in the previous study [1, Sect. 5].19 This expression is reminiscent of the formal
expression for the S-matrix as the Witten integral of a BRST-exact state, which is presented in
Ref. [1, Sect. 4.4].

The formal proof above is thus not satisfactory, if not broken, due to the problem caused by
B/K. This is why we calculated the sum of the Feynman diagrams to prove the validity of R�

for the on-shell amplitudes in Sect. 4.2.

Appendix D. I (N )
� for the Erler–Maccaferri solution

In this Appendix we consider the Erler–Maccaferri solution representing BCFT∗ with the
boundary condition ∗. Let H∗ denote the state space of BCFT∗. In the following, states with a
superscript ∗ belong to H∗. Namely, �∗

T, K∗, B∗, and A∗
T ∈ H∗. The Erler–Maccaferri solution

describing BCFT∗ is given by

� = �T − ��∗
T�̄, (D.1)

where � and �̄ are called the regularized BCC operators, satisfying

�̄� = 1, QT� = QT�̄ = 0, [AT, �] = [AT, �̄] = 0. (D.2)

We choose �T and �∗
T to be the Okawa-type solution, Eq. (2.13). Then, W� is given by

W� = (� − �T)AT + AT(� − �T) = −�F (K∗)2�̄. (D.3)

The formal homotopy state A� is given by

A� = �
B∗

K∗ �̄. (D.4)

The external state O j is given by

O j = �O∗
j �̄, (D.5)

where the state O∗
j ∈ H∗ satisfies

QO∗
j = 0. (D.6)

Therefore, we obtain

I (N )
� = CN

∑′ ∫ N∏
j=1

(A + W� )O j = CN

∑′ ∫ N∏
j=1

(
A∗

T − B∗

K∗ − F (K∗)2
)
O∗

j . (D.7)

This equals I (N )
0 in Eq. (1.1) with the boundary condition replaced by ∗.
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