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Abstract—Multi-stage quantum walks (MSQW) are a promis-
ing near-term quantum algorithm. Although studies on MSQW
have recently been cultivated, there is still limited evidence
regarding their effectiveness for constrained combinatorial opti-
mization problems (COPs). This study applied methods proposed
in previous studies, which restrict the quantum state to a feasible
space and are effective for quantum annealing, to MSQW. As a
result, we reveal that the proposed method has the potential to
efficiently solve constrained COPs compared to penalty-based
naive formulations.

Index Terms—continuous-time quantum optimization, con-
strained combinatorial optimization problems, multi-stage quan-
tum walk, penalty method, XY model

I. INTRODUCTION

Continuous-time quantum optimization algorithms represent
promising approaches for solving combinatorial optimization
problems (COPs). Quantum annealing [1] is an established
algorithm, whose guiding principle is the adiabatic theo-
rem [2]. The adiabatic theorem guarantees the optimal solution
at the final time, provided the evolution is sufficiently slow.
However, the required annealing time to satisfy the adiabatic
condition increases exponentially with the system size for hard
instances, making them intractable on hardware with limited
execution time. In contrast, previous studies have proposed
multi-stage quantum walks (MSQW) as a promising approach
that eliminates reliance on the adiabatic theorem. MSQW
enhances the performance of QW [3], [4], which obtains high-
quality solutions with short execution times with multiple runs,
and the studies related to MSQW have been cultivated [5],
[6].

Despite the potential of MSQW, the effectiveness for con-
strained COPs that are essential for real-world applications
remains unexplored. For equality-constrained COPs, one ap-
proach proposed in earlier studies [7] demonstrated that re-
stricting quantum annealing to a feasible subspace enhances
performance compared to the penalty method.
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In this study, we investigate MSQW performance for
equality-constrained COPs, comparing the penalty method
with a constraint-preserving formulation.

II. METHOD
Using time ¢, the MSQW Hamiltonian is expressed as

H(t) = Hq + D(t)Hy, 0<t<T, 1)

where T'(t) is the annealing schedule and 7 is the execution
time. Here, H, is an Ising Hamiltonian whose ground state
corresponds to the best solution of the COP, and H, is a driver
Hamiltonian.

The annealing schedule follows a staircase-like schedule:
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where v, = (k— 1)I'max/(Nstep — 1) + Totset, With I'iyax and
Toffset as hyperparameters.

We use the graph partitioning problem (GPP) as a bench-
mark for COPs with equality constraints. The objective func-
tion and constraint term are given by

Hobj = Z

(i,J)€E

1

2 N 2
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where F is the edge set of a random graph with edge density
1/2, and unit weights. We set N 8. of denotes a-
component of the Pauli operator on site <. We compare two for-
mulations: (i) Penalty method: H, = Hopj+pHest, Where g is
the penalty coefficient. (ii) XY model: H, = Hqp;j, where the
XY model is expressed as Hxy = — Zf\il(afaﬁ_l ool 1)
with periodic boundary conditions.
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Fig. 1. (a) Dynamics of (#Hp), (b) dynamics of (Hp), for a GPP instance
randomly selected from GPP instances with edge density 1/2 and N = 8, and
each edge weight is unity. The annealing schedule is determined following
Eq. (2) with I'max = 2.0 and I'ogget = 0.5.

We test penalty coefficients u € {0.5, 1.0, 3.0, 5.0} based on
the theoretical bounds for homogeneous GPP [8]. We selected
the valid parameters to compare the penalty-based naive and
constraint-preserving formulations under different conditions
by numerically performing MSQW, since the performance of
the MSQW depends on the hyperparameters. The number of
steps and execution time are set to Ngep = 4 and 7 = 120,
respectively. Also, I'ogset and 'yax are set to 'ogset = 0.5 and
IMmax = 2.0, respectively. When p = 0.5, we assume we can
theoretically estimate the penalty coefficient. In contrast, when
we set larger values of the penalty coefficient, we assume that
it is difficult to estimate the penalty coefficient correctly.

For analysis, we decompose the expectation value follow-
ing [6]:

(Hy) = (o] €13, |5)

= (Hp)+ D En S| B (B M| En) (Enls)
Em#En
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where |s) denotes the initial state, and E,, and |E,,) represent

the mth eigenenergy and eigenstate, respectively. In Eq. (4), H

is the time-independent part of the total Hamiltonian in Eq. (1)

during each phase of MSQW in a staircase-like schedule. We

refer to (7:[})) as the steady-state energy, which reflects the
static properties of the MSQW.

ITI. RESULT

We investigated MSQW performance by numerically solv-
ing the Schrodinger equation via QuTiP [9], [10]. Figure 1(a)
shows that expected energy increases with penalty coefficient
1, contrasting with steady-state energy behavior in Fig. 1(b).
Large p values increase the Ising Hamiltonian energy scale,
effectively reducing relative annealing schedules and suppress-
ing state transitions, trapping the system in local minima.
Small p values enable better steady-state tracking but may
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converge to higher steady-state energies. The XY model
significantly outperforms the penalty method, achieving both
lower expected energies (Fig. 1(a)) and lower steady-state
energies (Fig. 1(b)). This demonstrates that the XY model
successfully integrates optimal steady-state followability with
low steady-state energy by searching only feasible space.
Although the hyperparameter conditions that indicate better
performance differ in different instances, we also confirmed
similar behavior in different GPPs with different system sizes.
Therefore, the superiority of constraint-preserving formulation
in MSQW will be maintained even in larger system sizes.

IV. CONCLUSION

The study aimed to evaluate the performance of the MSQW
for constrained COPs with equality constraints. The numerical
investigation revealed that MSQW with the XY model out-
performs MSQW with the penalty method regarding energy
dynamics and steady-state energy. This evidence indicates the
potential of the MSQW for real-world application with near-
term quantum hardware with limited execution time.
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